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Abstract

The thesis is devoted to the study of certain combinatorial objects called non-crossing partitions. The
enumeration properties of the lattice NC*(n) of non-crossing partitions were studied since the work of
G. Kreweras in 1972. An important feature of NC”(n), observed by P. Biane in 1997, is that it embeds
into the symmetric group &,; via this embedding, NCA(n) is canonically identified to the interval
[€,70] € &, (considered with respect to a natural partial order on &,,), where ¢ is the unit of &,, and
v, is the forward cycle.

There are two extensions of the concept of non-crossing partitions that were considered in the recent
research literature. On the one hand, V. Reiner introduced in 1997 the analogue of type B for NCA(n) .
This poset is denoted NCB(n) and it is isomorphic to the interval [e,,] of the hyperoctahedral group
B,,, where now , stands for the natural forward cycle of B,,. On the other hand, J. Mingo and A. Nica
studied in 2004 a set of annular non-crossing partitions (diagrams drawn inside an annulus — unlike
the partitions from NC*(n) or from NCB(n), which are drawn inside a disc).

In this thesis the type B and annular objects are considered in a unified framework. The forward
cycle of B, is replaced by a permutation which has two cycles, v =[1,2,...,p][p+1,...,p+ ¢, where
p+ g = n. Two equivalent characterizations of the interval [e,7] C B,, are found — one of them is in
terms of a genus inequality, while the other is in terms of annular crossing patterns. A corresponding
poset NCB(p, q) of annular non-crossing partitions of type B is introduced, and it is proved that
[e,7] =~ NCB(p, q), where the partial order on NCB(p, q) is the usual reverse refinement order for
partitions.

The posets NCB (p, q) are not lattices in general, but a remarkable exception is found to occur in the
case when ¢ = 1. Moreover, it is shown that the meet operation in the lattice NCB (n-1, 1) is the usual
“intersection meet” for partitions. Some results concerning the enumeration properties of this lattice
are obtained, specifically concerning its rank generating function and its Mobius function.

The results described above in type B are found to also hold in connection to the Weyl groups of type
D. The poset NCP (n-1, 1) turns out to be equal to the poset NCP(n) constructed by C. Athanasiadis
and V. Reiner in a paper in 2004. The non-crossing partitions of type D of Athanasiadis and Reiner
are thus identified as annular objects.

Non-crossing partitions of type A are central objects in the combinatorics of free probability. A parallel
concept of free independence of type B, based on non-crossing partitions of type B, was proposed by P.
Biane, F. Goodman and A. Nica in a paper in 2003. This thesis introduces a concept of scarce G-valued
probability spaces, where G is the algebra of Graiman numbers, and recognizes free independence of

type B as free independence in the “scarce G-valued” sense.
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Chapter 1

Introduction and Thesis Outline

The lattice NC”(n) of non-crossing partitions of type A has been studied since the early 70’s,
starting with the work of Kreweras. In 1997, Biane observed that NCA(n) embeds into the
symmetric group &,,, considered with a natural partial order; via this embedding NCA(n) is
identified to the interval [e,7,] of &,,, where € denotes the identity permutation on the set

{1,2,...,n} det [n], and 7, stands for the forward cycle.

A similar result was obtained by Reiner, also in 1997, this time in connection to the hyperoc-
tahedral group B,. Reiner defined a type B analogue for NCA(n) , denoted NCB(n) , which is
also identified to the interval [e,,], where now ~, € B,, denotes the natural forward cycle on
the set {1,2,...,n,—1,-2,...,—n} def [£n].

In 2004, moving into a different direction, Mingo and Nica studied a set of annular non-crossing
partitions, denoted NCA (p, q) . These partitions still connect to the symmetric groups, where

now the natural forward cycle is replaced by a permutation which has two cycles

y=0,2...,p)p+1L,p+2,....,p+¢q).

The partitions from NCA (p, q) are drawn inside an annulus, unlike the partitions from NCA(n)
and NCB(n) , which are drawn inside a disc. However, the results in the annular framework are
not as nice as in the disc case; this is due to a good extent to the fact that NCA (p, q) cannot

be identified as an interval of &, .

Our main point in this thesis is that by imposing symmetry conditions of type B, the problems

encountered in the annular framework disappear.
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We introduce a poset of annular non-crossing partitions of type B, which we denote NC® (p, q) and
we prove that this poset is isomorphic to the interval [e,y] of the hyperoctahedral group B4,

where

’Y:<17277p7_17_277_p)(p+17p+277p+q7_(p+1)7_(p+2)77_(p+Q))

The posets NCB (p, q) are not lattices in general, but a remarkable exception is found to
occur in the case when ¢ = 1. Moreover, we show that the meet operation in the lattice
NCB(n-1, 1) is the usual “intersection meet” for partitions. Some results concerning the
enumeration properties of this lattice are obtained, specifically concerning its rank generating

function and its Mobius function.

The results described above in type B are found to also hold in connection to the Weyl groups
of type D. The poset NCP (n-1, 1) turns out to be equal to the poset NCP(n) constructed
by C. Athanasiadis and V. Reiner in a paper in 2004. Therefore, the non-crossing partitions
of type D of Athanasiadis and Reiner are identified as annular objects, thus giving a first

application of the above results.

Non-crossing partitions of type A are central objects in the combinatorics of free probability.
A parallel concept of free independence of type B, based on non-crossing partitions of type B,
was proposed by P. Biane, F. Goodman and A. Nica in a paper in 2003. This thesis introduces
a concept of scarce G-valued probability spaces, where G is the algebra of Graiman numbers,
and recognizes free independence of type B as free independence in the “scarce G-valued”

sense.

In the remaining part of the introduction we give a more detailed description of the results in

the thesis and we also indicate how the thesis is organized.
Non-crossing partitions

After a short review, given in Section 2.1, of some general facts and terminology from poset
theory that are used in this thesis, the rest of Chapter 2 is devoted to non-crossing partitions.
Thus section 2.2 deals with non-crossing partitions of “type A”, originally introduced and
studied by G. Kreweras in [Kre72]. Block containment (or, equivalently, reversed refinement)
defines a partial order relation on the set II(n) of all partitions of the set X = {1,2,...,n} =
[n]. However, we will focus on the subposet, denoted NCA(n) , of partitions which satisfy
a certain non-crossing condition. We note that NCA(n) itself is a lattice, but it is not a
sublattice of II(n) (the meet operation on NC”(n) coincides with the one on II(n), but the



join operation is not the same anymore). Partitions are usually drawn in the following way:
the points of the set [n] are spread on a circle, in clockwise sense and then joined into some
convex hulls according to their block structure. By looking at such pictures the choice of the
name “non-crossing” in the name of NC”(n) becomes self-explanatory — a partition 7 of [n]
is non-crossing when the convex hulls drawn for the blocks of 7 are pairwise disjoint. Such a
drawing is shown in Figure 2.1 on page 16. We also mention that NCA(n) plays a fundamental
role in the combinatorics of free probability (see e.g. [NS06]).

Section 2.3 concerns the case of non-crossing partitions of type B which were introduced by V.
Reiner in [Rei97]. They are partitions of the ordered set {1,2,...,n,—1,—2,...,—n} def [£n].
The extra condition which is imposed on a partition 7 from NCB(n) is a symmetry condition
which must be satisfied by the blocks of 7 ( condition (2.24) specifically). NCB(n) is a sublattice
of NCA(£ n). The symmetric arrangement of the blocks of a type B non-crossing partition

appears very clearly on their pictures (see Figure 2.2 on page 19).
The marked group framework

Starting with the paper [Bia97] it became apparent that there is an intimate connection
between partitions and permutations. This connection is best understood in the marked group
framework, which is presented in detail in Section 3.1. The main idea is the following: consider
a group G with the group operation written multiplicatively and the set of generators T" and
look at the minimal factorizations of an arbitrary element x of G as products of the generators.
The number of generators appearing in any of the minimal factorizations gives the length of
x, denoted ¢, (). Under some extra assumptions on the set 7', the length induces a partial

order on G by declaring
<, y=4L,y) =4, (x)+ 1, (z™1y). (1.1)

Most of the facts from Sections 3.1 are presented with their proofs as, although they are

well-known, we were not able to find a suitable reference in the existing literature.

In Section 3.2 we apply these notions to concrete examples of groups, most notably to the

symmetric group S, , the hyperoctahedral group
B, ={1€64, |7(=i)=—7(i),1 € X = [£n]},

and the Weyl group

D, ={r € B, |7 isan even permutation}.
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Three ways of looking at &4.(X,,)

In Section 3.3 we start looking at the set of non-crossing permutations, denoted GﬁC(X Vo) s
where X = [n] and , denotes the forward cycle of [n]. There are three points of view that one

can take when looking at G2 (X, 7,); the following table gives a summary of how this goes.

A permutation 7 of X is in &A.(X,7,)if and only if every cycle
I | of 7 is compatible with ~,, and if 7 avoids a suitably defined

crossing pattern with respect to ~,.

A permutation 7 of X is in &A.(X,~,)if and only if it achieves

II | equality in a certain genus inequality for T and ~,.

&M (X,7,) is the interval [g,7,] in the symmetric group &,, ,
IIT | where ¢ is the identity permutation of X

Table 1. Three ways of looking at & 4.(X, 7).

i

The “genus inequality for 7 and ~,” simply says that

H(T) + #(r71y,) <n+1, (1.2)
where #(7) denotes the number of cycles of 7, counting the fixed points.
The equivalence between II and III is thus immediate by comparing (1.1) and (1.2).

Let us also point out that non-crossing permutations are related to non-crossing partitions via

the poset isomorphism
[£,7%] 27— Q(7) € NCA(n) (see [Bia97]), (1.3)

where Q(7) denotes the partition of X into the orbits of 7 € &,,.



Type B analogue of G2 (X,~,)

In Section 3.4 we look at the type B analogues of the facts from Section 3.3. If we denote
& he(X,70) = & n(X,%) N By (1.4)

it turns out that the approach III from Table 1 has a very nice type B counterpart; that is,

one has
Sn(X,%) = [E:%ls, ={T €Bnle <, T <y, Yo}

where v, = (1,2,...,n,—1,—2,...,—n) denotes the forward cycle on [£n]|. Moreover, one has
the type B analogue for the poset isomorphism from (1.3), also implemented by the same orbit
map £

[e,%]p, 2T+ Q) € NCB(n) . (1.5)

The proofs of these facts are much more recent than for the corresponding facts in type A — they
appeared independently in [BW02], [Bes03], [BGN03], not long after the lattice NCB(n) was

introduced by Reiner.
Annular objects

In Section 4.1 we take on another variation of the situation presented in Table 1, recently
considered in [MNO4], where the forward cycle v, is now replaced by a permutation v which
has two orbits. We denote the orbits of v by Y and Z (disjoint non-empty subsets of X, such
that Y U Z = X). Both the approaches IT and III in Table 1 turn out to have straightforward
analogues in this situation. However, the analogue of (IIT) does not look very good, as it turns

out that the interval [e,v],  is canonically identified to the direct product [e,a] X [, 5] C

S
Gy x &z, where a € 6 a);d B € &z ) are the cyclic permutations induced by «. (In other
words, we have [g,7] ~ GA.(X,a) x G2 (X, ), and this takes us back to the case when we
consider “reference” permutations with only one orbit.) It is thus more promising to define
&AM (X,7) via the analogue of (II) from Table 1:

(1.6)

SA (X,7) = {T € Sy the genus inequality for 7 and ~ }
nc Y - .

holds with equality

The permutations in G4 (X,v)are said to be annular non-crossing; the word “annular” is
used here in connection to the fact that such permutations are usually drawn in an annulus,
where the elements of Y are represented as points on the outer circle of the annulus, while the
elements of Z are represented as points on the inner circle of the annulus, in the cyclic orders

indicated by . Examples of such drawings can be seen in Figure 4.1 on page 51.
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It is easily seen that the set &2 (X, v) defined by Equation (1.6) contains the interval [e, Yoy >
and the inclusion is strict. To be precise, [, ’y]GX turns out to consist of exactly those permu-

tations in &4 (X,~) which are “y — disconnected” (in the sense of 4.1.1).

Referring again to Table 1, one can then ask what is the annular analogue, relevant to
GA(X,v), for the approach I in that table. This question was answered in [MNO4]. In
that paper it is explained what is the suitable definition for the fact that “every cycle of 7 is
compatible with v”, and what are the crossing patterns that have to be avoided by 7, in order
for 7 to belong to GA.(X, ). The description of & (X, ) via annular crossing patterns looks
a bit ad-hoc, but is nevertheless very useful, due to the fact that it is done in terms of localized
conditions: if a permutation 7 € Gx does not belong to GA.(X,v), then this is detectable
by inspecting a subset of not more than six elements of X, and by finding that they fail to

satisfy either an annular crossing pattern, or a condition of compatibility with ~.

Finally, let us record here a troubling issue which appears when we move to the annular
framework: the orbit map 7+ Q(7) is not one-to-one on GA.(X,v). In Section 4 of [MNO04],
the pathology causing the non-injectivity of the orbit map is identified precisely. Because of
this (and because of the fact that [e,] is here only a proper subset of G4 (X,~)), the nice

poset isomorphism mentioned in (1.3) above is quite far from having an annular counterpart.
Symmetric annular objects
Starting with Section 4.2 the new things which are brought in by this thesis are presented.

Our main point is to show that

the problems encountered in the annular framework disappear

when symmetry conditions of type B are added.

We will denote
vy=(1,2,...,p,—1,=2,...—p)(p+1,....n,—(p+1),...,—n)
and, by analogy with (1.4) let us define
Sre(X,7) = G(X,7) N B

The first issue which did not hold in the type A annular framework was that GA.(X,) #

[€,7%0]s, - But in the type B annular framework we obtain that

GB(X,y) = le,7]5, (see Theorem 4.2.3).



The second fact which did not hold in the general annular framework, but does hold for
G&B (X,7), is that the orbit map  is one-to-one on GB (X,~). We will work with a small
adjustment of the orbit map, which in addition to being one-to-one is also order-preserving
between the partial order on GB (X, ) (viewed as an interval in B,,) and the reversed refine-
ment order on partitions of X. The adjusted orbit partition of a permutation 7 € &8 (X, )
will be denoted by Q; Q (7) is obtained by bundling together all the non-zero blocks of Q(7)
into a single block of € (7). By letting

NCE (p, a) = {Q(7) | 7€ SR(X,7)}
we prove that the following analogue for the poset isomorphism from (1.5):
SB(X,y) 37— Q(r) e NCB(p, q) (see Theorem 4.2.18)

is a poset isomorphism, where GnBC(X, v)is partially ordered as an interval of B,, while

NCB (p, q)is partially ordered by reversed refinement.
NCEB (n-1, 1) is a lattice

One of the reasons for the interest shown to the posets of non-crossing partitions is that many
times they are lattices. The poset NCB (p, q)is not a lattice if p, ¢ > 2, but it is interesting to
see that that NCB (n-1, 1) is a lattice, for every n > 2. The meet operation on NCB (n-1, 1)is

the restriction of the meet operation on the lattice II(n) of all partitions of [n].

The rank cardinalities for NCB (n-1, 1) are found in Section 5.3, specifically in formula (5.16).
When comparing formula (5.16) to Proposition 6 of [Rei97], one notices the somewhat sur-
prising fact that NCB(n-1, 1) has exactly the same rank generating function as the lattice
NCB(n) . An immediate thought related to this is that perhaps NCB (n-1, 1) might just be
equal to (or at least isomorphic to) NCB(n) . The particular case n = 2 does not contradict
this thought, as it is indeed true that NCB (1, 1)= NCB(2). But, already for n = 3 it is
no longer true that NCB (2, 1)= NCB(3) (a direct way to see that NCB (2, 1) % NCB(3) is
by examining the Hasse diagrams of these two lattices) and in fact, the Mobius formula for
NCB (n-1, 1), which is found in Section 5.4, shows that NCB (n-1, 1) 22 NCB(n) , for all n > 3.

A first application

A first application of our results is found in Chapter 6. In section 6.2 it is observed how type D
analogues can be obtained for the above Theorems 4.2.3 and 4.2.18. In fact, for each of these

two theorems, the analogue of type D is an easy consequence of the corresponding fact in type
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B. The key observation is to recognize the non-crossing partitions from NCP(n)appearing in
the type D construction proposed in the paper [AR04] (which is explained in Section 6.1) as

annular objects coming from NCP (n-1, 1), where
NCP (p, q) ={Q(7) | T € BR(X,7) = Sh(X,7) N Dy}

The fact that £, = ¢, finishes the argument.

In [ARO4] it is also shown that NCP(n)is a lattice. However this does not follow from our
result since the meet operation considered in that paper does not coincide with the usual

non-empty block intersection meet operation from II(+n).
A second application

In Chapter 7 a second application is found. So far [BGNO03] is the only paper in the literature
which replaces NCA(n) with NCB(n) in the context of combinatorics of free probability and
proposes a type B freeness theory. We introduce the concept of scarce A -valued probability
space, where A is a commutative algebra over the algebra C of complex numbers. When A is
taken to be the commutative algebra G of Grafiman numbers, we show how the concept of
“type B freeness” from that paper can be seen in the framework of scarce G -valued probability

space.



Chapter 2

Non-Crossing Partitions

2.1 Background on Posets and Mobius Inversion

2.1.1 Definition. We will use the abbreviation poset for “partially ordered set”. We will only
consider finite posets. The partial order on a poset will be usually denoted by “<”, or, when

necessary, by “<,”.

7. e For a,b € P we denote

def
a<b <

[a<b & a#b).
e b is called a cover for a, or b is said to cover a if a < b and if there is no other element

¢ in the poset P strictly between a and b, that is

b covers a 4L [a<b & (a<ec<b= ce{a,b})]. (2.1)

e The set {c € P | a < ¢ < b} is called the interval [a,b].

e A totally ordered subset of P is called a chain. The length of a finite chain is defined
to be the number of elements in that chain less one. A poset P is called ranked if all
maximal chains are finite and if they all have the same length. In a ranked poset, the

length of any of the maximal chains is called the rank of the poset.
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13. e For a subset S C P the sets of the minorants (or lower bounds) of S, £(S), and that
of the majorants (or upper bounds) of S, U(SS), are defined as follows

L(S) def {beP|b<a, VYaeS} and,respectively,

US) epr|b=a VaceS).

e Given P O S a subposet of P, the smallest majorant of S, if it exists, is called the least
upper bound of S and it is denoted L.u.b.(S); the greatest minorant is called the greatest
lower bound of S, and it is denoted g.1.b.(S). If Lu.b.(S), g.1.b.(S) exist then they are

the unique elements of P which satisfy

glb.(S) eU(S) & glb.(S)<b, WbeU(S) and,
Lub.(S) € L(S) & Lub.(S)>=0b, Vbe L(S5).
e For a finite subset A =: {a1,a1,...,a,} C P, we will use the “meet” and “join”
notations for g.1.b.(A4), Lu.b.(A). Thus,
ay Nag A--- Aap =1lubday,ag,...,a,} and

arVayV---Va, =glb{a,as,... an}.

14%. The poset P is called a lattice if any two elements of P have both a meet and a join.

2.1.2 Remark. Let P be a finite lattice. An induction argument shows that any family
{ai,...,a,} € P must have meet and join. In particular, by listing {ai,...,a,} = P it
follows that the finite lattice P must have minimal and maximal elements, denoted Op and

1p, respectively: Op <z < 1p, Vx € P.

The following lemma gives a criterion which is useful in verifying that concrete posets are

lattices.

2.1.3 Lemma. Let P be a finite poset. If P has a mazimum element 1p and if every two

elements a,b € P have a meet a Ab then P is a lattice.

Proof. Let a,b € P. The goal is to show that they have a join. The set of upper bounds for
a, b, must be finite since P itself is finite. Also, the set U({a,b}) is not empty, since it contains

1p. List U({a,b}) = {u1,ug,...up}. Since we know that every two elements have a meet
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then any finite family must have a meet, in particular {u;,ug,...u,}. The meet of the family

{uy,ug,...u,} is the join of a and b, i.e.
aVb=ur Aug A+ Auy.
[

2.1.4 Remark. Let P, P»,..., P, be posets. The direct product P; x --- x P, becomes a
poset w.r.t. the partial order defined by

(01,y..cyopn) < (M1, ..,mp) < 0; <™, V1I<i<n
The meet and join operations are given by

(01, yon) AN (1, ooymn) = (0L AT, .oy o AT)

(01, ey0n) V(1o ymn) = (01 VT, .oy o V ).
2.1.5 The Mobius Inversion Formula in Finite Posets. Let P be a finite poset and let
P? —{(r,0)e Px P|7 < o}. (2.2)

For F,G : P® — C we define their convolution F * G to be the function

FxG:P? —C, (FxG)(ro) def Z F(m, p)G(p,0). (2.3)

peP
pe|m,o]

Also, for functions f : P — C and G : P®) — C their convolution is defined by

fxG:P—C, (f+G)0) £ f(pG(p.o). (2.4)

peP
p<o

The convolution operations defined above are associative and distributive w.r.t. the operation
of taking linear combinations of functions on P® or on P. The wunit for the convolution

operations is the function

@ 1, if m=0
0: P¥Y—C, §(mo)= (2.5)
0, if m<o.

The following lemma describes the invertible functions w.r.t. convolution.
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2.1.6 Lemma. Let P be a finite poset and consider the convolution operation for functions
on P asin (2.3). A function F : P® — C s invertible w.r.t. convolution iff F(m,7) # 0
for every w € P.

2.1.7 Definition. Let P be a finite poset. The zeta function of P is
¢: PP —cC, ((myo) =1, V(r,0) e P?, (2.6)

The inverse of { under convolution is called the Médbius function of P, and it is denoted by

or, when necessary, by .

The Mébius function p : P — C satisfies the Mdbius Inversion Formula, that is, for every

pair of functions f,¢g: P — C , we have that

fm) =) glo) <= glo)=) f@u(ro), VmoeP (2.7)

o< <o

The above equivalence is immediate, being equivalent to
f=g9xC<=g=[x*p
Moreover, the function u satisfies
wu(m,m) =1, VmeP, (2.8)

and

Z u(m,p) =0= Z wip, o), V7 <o. (2.9)

pElm,o] pE[m,o]
Equation (2.9) above can be used to compute the M&bius function recursively, by induction

on the length of interval [, p|.
2.1.8 Lemma. Let P,Q, Py, P»,..., P, be finite posets.
1. If ®: P — Q is a poset isomorphism, then
1 (B(7), 8(0)) = pp(m0), V7 <, o
11. The Mébius function is multiplicative. That is,

(7['1,..- 77Tk) < (0-17"‘ 70k) - l’LP((ﬂ-17’ . .,TFk),(O'17... 7Uk)) = Mpl (71-170-1) ,LLP)C (ﬂ'k,O’k).
(2.10)
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2.2 Non-Crossing Partitions of Type A

Let X be a finite non-empty set. The cardinality of X is denoted by | X|. The following special

notations are used without reference throughout the thesis
{1,2,...,n} =[n], and {£1,£2,...,£n} = [£n]. (2.11)

2.2.1 Partitions. Let By,..., By be mutually disjoint non-empty subsets of X which cover
X. Then m = {Bi,..., By} is called a partition of X. That is, 7 is a partition of X if the sets
B; are such that

Bi#0, 1<i<k

B,NB;j=0, i#j 1<i,j<k

BiU...UBy=X.

The sets Bi,..., By are called the blocks of m. The set of all partitions of X is denoted by
II(X). If n is a positive integer, we write II(n) instead of II([n]) and II(£n) instead of II([£n] ).

o If 7 € II(X), then #(m) denotes the number of blocks of 7.

e We denote by ~ the equivalence relation on X determined by the partition 7, and which is

defined by

T def

a~ b = aand b belong to the same block of 7. (2.12)

e If Y is a non-empty subset of X and m € II(X) , then the restriction of w to Y is the partition
in II(X) denoted 7|y and defined by

def
Ea X, a,bey.

a wy b
2.2.2 The Poset II(X). The set II(X) is partially ordered by reverse refinement:
T<p SN every block of p is a union of blocks of . (2.13)

If # < p then 7 is also called a refinement of p.

The smallest partition (w.r.t. the reverse refinement order) is the one made of singletons only
and it is denoted by Ox while the largest is the one with the single block { X'} and it is denoted
by 1x. For the special cases when X = [n] and X = [£n], 1x,0x are denoted by 1,,0, and
11y, 04y, respectively.
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An immediate exercise shows that reverse refinement is a partial order which induces a lattice

structure on II(X). The meet and join operations are denoted by “A” and “V”.

e The meet of two partitions is simply given by non-empty block intersection, i.e. if 7 =
{P1,---,Ppn}and p={Ry,---,R,} are two partitions in II(X) then

tAp={PNR; | 1<i<m, 1<j<n, PBNR;#0}. (2.14)

e The join in II(X) is described in the following way. Given two partitions , p € II(X) look
at the equivalence relations on the set X which they determine, denoted ~ , and respectively

£ . Define now a new equivalence relation on the set X, as follows.

dm>1,3 x,21,...,%2m € X such that

™ P T T p
T=Tor~ Ty~ T2~ T3 "~ Tam—-1 "~ T2m = Y-

T~y SN (2.15)

” ”

It is easily verified that “~” is indeed an equivalence relation. The equivalence classes of “~

form a partition in II(X). This partition is exactly the join “w V p” of 7 and p.

2.2.3 Remark and Notation. The property of a partition of having crossings makes sense
on any finite linearly ordered ground set X. On the other hand any such set X is identified
as an ordered set with the set {1,2,...,n} = [n]. For this reason we will only present the
non-crossing partitions of [n]. We also use the convention that elements in each block are
listed in increasing order, i.e.

H(n)97‘(':{Bl,...,Bk}BBi:{bil,...,bim} — bi1<"'<b'

Tm *
2.2.4 Non-Crossing Partitions. <. A partition = € II(n) is called non-crossing if

[(1<ia<ji<jo & i1~ j1 & igjo]=i1~ i~ j1 &~ jo. (2.16)

ii. The subset of II(n) consisting of all non-crossing partitions is denoted NCA(n) . The
superscript A in the notation will become meaningful after reading Section 2.3 which

deals with type B non-crossing partitions.

There are two standard ways of graphically representing partitions, linear and circular. We

choose to draw partitions from II(n) on a disc. Figure 2.1 illustrates how this is done.
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2.2.5 Remark. <. It is clear that every non-crossing partition of [n] has at least one block

which is an interval (which may be a singleton). If
™ = {Bl,...,Bk},Bi = {bil,...,bim},l < 7 < k
is a partition in II(n), then

7€ NCA(n) <= the interval [b;,b;,] consists of a union of blocks of .

It is immediate that NCA(n) contains 1,, and 0, and it is a sublattice of II(n) (one needs
to verify here that if NCA(n) D {m,p} then 7 A p € NCA(n) as well. This is immediate

from (2.14) and best seen via the graphical description of non-crossing partitions).

However, the situation with the join operation is different. In NC”(n) the join operation

is not given by the procedure described in 2.2.2 (formula (2.15)). For instance,

{{1,3},{2,4} }¢ NCA(4), in II(4)

{{1,3},{2},{4}} v {{1},{2.4},{3}} = {L2.3,4))=1, i NCA).

The total number of non-crossing partitions is the n* Catalan number

1 [2n
A —
cardNC™(n) = n+1<n)' (2.17)

Given 1 < k < n the number of non-crossing partitions in NCA(n) having n — k blocks

is called the (type A) Narayana number, and is given by

card{r € NCA(n) | rank(r) = k} — ;(Z) <k " 1). (2.18)

One fundamental difference between the lattice (IT(n), <) and (NCA(n) , <) is that the one of

non-crossing partitions is self-dual while the lattice of all partitions is not. A counterexample

for the last statement is provided by looking at the Hasse diagram of II(4), 4 being the first

number for which the notion of crossing makes sense. An order-reversing lattice isomorphism

on NCA(n) is implemented by the Kreweras complementation map which is introduced below.

2.2.6 The Kreweras Complement. Aside from the finite linearly ordered set [n] consider
the “dual” finite linearly ordered set [n/] gf{l’ < 2/ <... < n'} and the linearly ordered set
[n : n/] obtained by “interlacing to the right” [n] and [n'], i.e.

m:n] < <2<2 <. <n<n}
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Figure 2.1: The non-crossing partition = = {{1,5},{2,3},{4},{6,8},{7}} and its Kreweras
complement K () = {{1,3,4},{2},{5,8},{6,7}}.

Via the natural poset isomorphism [n] — [n/] : k —— £/, elements of II(n") will be identified
as partitions in II(n). Given 7 € II(n)and ¢’ € II(n’), then by taking the union of all the
blocks of both 7 and ¢’ (a union of disjoint subsets of two disjoint sets) one obtains a partition
in II(n : n’) which, being obtained as a set union, will be denoted by 7 U ¢’. Even if 7 and o’
are chosen to be non-crossing it is not true in general that their union 7w U ¢’ is non-crossing

on [n: n'] (immediate counterexamples can be found).

Given 7 € NCA(n) , the Kreweras complement of w is defined to be the largest non-crossing
partition of the set [n/] for which 7 U o is non-crossing on the set [n : n/]. The Kreweras

complement of the partition 7 is denoted K ().

e By considering the “left-hand” version of the set [n : n/], i.e. by considering the set

' :n] T <1<2 <2< </ <nl,

and by repeating the definition given for K above, one obtains a “left-hand” version of the
Kreweras complement, denoted K’. The left and right Kreweras complements are related by

the formula

K'o K =id, where id denotes the identity function on NC”(n) .
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e The map
K :NCA(n) — NCA(n) : 7+ K(7)

is a lattice anti-isomorphism, i.e.
T < o< K(rm) > K(o). (2.19)
e Another useful fact regarding the Kreweras complement is that
#(m) + #(K(n)) =n+1, V¥rxeNCA(n). (2.20)

2.2.7 The M&bius Function of NC#(n) . If we denote by 0, 1 the minimal and, respectively,

maximal element of NCA(n) and if we put M, def INCA(n) (0,1) then

M = (-t (2" - 2), n>1 (see [Kre72)). (2.21)

n—1

The numbers M;j determine completely the M&bius functions for the lattices NCA(n) , due
to a phenomenon of “canonical factorization of intervals”. Indeed, it turns out that for every
n > 1 and for every 7 < p in NCA(n) one has a canonical factorization of the subposet
[7,p] € NCA(n) as

[m, p] = (NCA(1) )™ x (NCA(2))"* x - - (NCA(n) )™, (2.22)

for some integers p1,p2,...,pn = 0 (see e.g. Lecture 10 of [NS06]). Equation (2.22) immedi-

ately implies, via the multiplicativity property of the Md&bius functions, that we have

ey () = (M7 (A )P (33 P - (M) (223)

2.3 Non-Crossing Partitions of Type B

In this section we fix the finite linearly ordered ground set
4n] £ {1<2< - <n<-1<-2< - < —n},
which, under the obvious map, is isomorphic to
2n]={1<2<---<n<n+1<--- < 2n}.

I1(2n) and TI(#£n), and respectively, NCA(2n)and NCA(£ n) are thus isomorphic as posets.
The set [£n] comes with its natural “inversion map” =z —— —z. The image of a subset

B C [+n] under the inversion map is denoted —B.
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2.3.1 Definitions, Notations and Remarks. 4. A partition II(+n)> 7 is called invari-

ant under the inversion map if
B is ablock of m<= —B isablockof m, (2.24)

and the notation for the set of all invariant partitions is

II(+n) D I18(n) Qef { all invariant partitions of [+n] }.

Given IT1B(n) 3 7, one distinguishes two different kinds of blocks of m: those which are,
and those which are not inversion invariant.
e An invariant block B = —B of a partition is called zero-block.

e By (2.24) it is clear that the nonzero-blocks must come in pairs.

e An invariant partition 7 € I18(n) will be thus listed as

7#={Bi1,Bs,...,Be,—B1,—By,...,—By, Z1, %, ..., % }. (2.25)

nonzero-blocks zero-blocks

e Given 7 € NCB(n) , the number of pairs of non-zero blocks of 7 will be denoted by

#paired (77)

A partition which is invariant and non-crossing is called type B non-crossing partition.

The set of all type B non-crossing partitions is

NCB(n) Z'NCA(% n) nTIB(n) | (2.26)

e Because of the non-crossing condition which appears in the definition of NCB(n) it is

immediate that a partition 7 ENCB(n) can have at most one zero-block.

e It is also immediate from the definition that NCB(n) is a sublattice of NCA(+£ n).
NC B(n) has the same minimal and maximal elements 04, and 14, respectively, and the
meet operation is the same as in NCA(=% n), given by non-empty block intersection, as

in (2.14).

o It is easily seen that NCB(n) is invariant for both right and left Kreweras complemen-
tation maps K, K’ : NCA(£ n) — NCA(£ n) ,i.e.

K(NCB(n)) cNCB(n) & K'(NCB(n))cC NCB(n), (2.27)
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Figure 2.2: Two type B non-crossing partitions: without  zero-block
{{1,-4,-6},{-1,4,6},{2,3},{-2, -3}, {5}, {-5}}, and with zero-block
{{17 _6}7 {_17 6}7 {37 4}7 {_37 _4}7 {27 57 _27 _5}}

therefore the notations K (), K'(7) are unambiguous regardless of whether the partition
7 is viewed in NCB(n) or in NCA(+£ n).

e Observe that formula (2.20) gives that
#(m)+#(K(r)) =2n+1, forany w & Il(£n), (2.28)

therefore, since 2n + 1 is an odd number and since both 7 and K(7) have at most one
zero-block (and an even number (possibly 0) of nonzero-blocks), it must be that ezactly

one of m and K () has a zero-block.

The convention that we use throughout this thesis is to draw partitions of a finite linearly
ordered set X inside a circle: put the elements of X on the circle, going clockwise in their
increasing order, at equal distance from each other and connect them in the disc according
to the block structure of the partition. The very special block-structure for the type B non-
crossing partitions will reflect very clearly in their pictures. Some of them will have a zero-
block which contains the center of the circle in its interior, and all the other blocks will be
symmetrically arranged, as they come in pairs. The partitions without zero-block will just
have pairs of non-crossing blocks inside the disc. Figure 2.2 illustrates how the diagrams of

such partitions may look.
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2.3.2 Absolute Value in NCB(n) . The relationship between NC”(n) and NCB(n) is best
shown by using the idea of “absolute value” of a type B partition. The absolute value map is

defined as follows.
Abs: [+n] — [n]: £ir—i, forevery 1< i< n,
and it is then extended toII(£n)
Abs : II(£n) — II(n) : m —— Abs(m def {Abs(B) | B block of m}.

The following results about the absolute value map appear in [BGNO3].
2.3.3 Lemma. © € NCB(n) = Abs(t) € NCA(n) .

2.3.4 Lemma. m € NCB(n) = Abs(K(n)) = K(Abs(r)), i.e. the following diagram is

commutative.

NCB(n) 2%~ NCA(n)
K JK
NCB(n) —=~ NCA(n)

2.3.5 Proposition. NCB(n) >« Abs Abs(T) € NCA(n) is an (n+1)-to-1 map.
Given p € NCA(n), the set Abs™'(p) is given a detailed description. There are (n -+ 1)
partitions from NCB(n) mapped by “Abs” to p.

The number of non-crossing partitions of type B (as counted in [Rei97]) is obtained as a

consequence of the above Proposition 2.3.5.

INCA(n) |= n41—1 <2:) — |NCB(n)|= <2n”) (2.29)

The Narayana numbers for NCB(n) are also counted in [Rei97]. They are given by

o\ 2
card{m € NCB(n) |rank(r) =k} = <k> : (2.30)

2.3.6 The Mobius Function of NCB(n) . Similarly to the situation from the lattice
NCA(n) , the minimal and maximal elements of NCB(n) (which in fact are the same as in
NCA(n) ) are denoted by 0 and, respectively, 1. Further, if we let M, geprCB(n) (0,1), then

M= (1)"<2”n_ 1), n>1  (see [Rei97]). (2.31)
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The numbers from M: determine completely the Mobius functions for the lattices NCB(n) .
The “canonical factorization of intervals” also holds in the case of NCB(n) . Indeed, it turns
out that for every n > 1 and for every 7 < p in NCB(n) one has a canonical factorization of

the subposet |7, p] € NCB(n) as

n

[, o] ~ TT(NCA(0) ) x TT(NCBG))®, (2.32)
j=1

i=1
with p1,...,0n,q1,...,qn = 0. The factorization (2.32) gives, of course, a corresponding

formula for pynce () (7, p), namely

n

Inc(n) (T, P) = H(Mz‘A )" H(Mf )" (2.33)

i=1 j=1






Chapter 3

Non-Crossing Permutations

3.1 Marked Groups

Let us consider a multiplicative group G with a finite set of generators 7. Assume also that

T does not contain the unit e of G.

3.1.1 Definition. The pair (G,T) is called a marked group if the set T is invariant under
taking the inverse and if the conjugate of any of the generators is also a generator, i.e. if the

following two conditions are met.

MGl. €T = zteT.

MG2. €T, c€G=claceT.

3.1.2 Definition and Remark. Let (G,T) be a marked group and e # a € G. The length
of the element a is defined to be the smallest positive integer n such that there exists a
factorization @ = x1---xy,, v; € T, 1 < i < n and is denoted by | a |, or by ¢,(a). By
convention the unit e has length 0 (and it is the only element with this property). The only

elements of length 1 are the generators.

If the generators of the group are thought of as “letters”, then arbitrary products of them
would produce “words”. With this analogy in mind, a product of generators z1---z, = a
can be thought of as a “reduced word”, whenever | a | = n. The product z; - - - x,, would then

be a shortest factorization of a as product of generators.

23
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3.1.3 Properties of the Length Function. The length function | - |: G — N has the

following properties.

L1. a,be G = ]ab|<|a|+|b]| (the “triangle inequality” of the length function).
[2. a€G =|al|=|al

L3. a,c€G =|c tac|=|al.

Proof. Suppose that a,b are reduced words of lengths n, m, respectively.
a =x1 T, |al=n, x; €T,
b =z 2zm,, |bl=m, z €T,
L1. abmust be x1---xy, - 21 2y hence its length must be at most m + n.
L2. follows immediately from MG1.

L3. Follows immediately from MG2.

3.1.4 Distance on a marked group. The length function induces a distance function
denoted d, defined by

d:GxG—N:(a,b)— d(a,b)=|a"'b]. (3.1)

From now on, the distance between two elements a,b in a marked group will be, as needed,

any element in the set
{la7'0 ], [07al, [ba™" |, |ab™" |} ={d(a,b)}.

Also, d is symmetric, satisfies the triangle inequality (hence it is indeed a distance on G).
Moreover d is invariant under left and right translation by elements of G . Thus for any
a,b,c, f € GG, d satisfies the following.

p1. d(a,a) =0 & d(a,b) = d(b,a) since |a~tb|=|b"ta]. [by L2. |

Dp2. d(a,b) <d(a,c)+d(e,b) since |a™1b|<|ale|+|c1b]. [by L1.]
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D3. d(caf,ebf) = | fta te7tebf | = | f~taof | =] a '] = d(a,b). [by L3. ]
D4. d(a,b) = d(a=1,b71). [by D3. withc = b™' & f = a~!, and then apply D2. |

3.1.5 Partial order on a marked group. The distance function on a marked group induces
an order relation ”<”. Let a,b be elements of the marked group G with unit e. If a,b € G

then

b L dle,a) +d(a,b) = d(e,b). (3.2)

a

N

Taking into account (3.1) the partial order can be described by

a<b<la|+|atb|=|b]| (3.3)

3.1.6 Remark. Any subset H of a marked group (G,T) becomes thus a poset w.r.t. the
inherited partial order. Of course, it may happen that a certain subset H is a subgroup which
may be generated by a different set of generators T” which still satisfy conditions MG1, MG2
and hence make (H,T") into a marked group too, having a (possibly) different length function,
distance and hence partial order. In order to avoid any possible confusion, at certain occasions

the partial order on (G,T') might appear as “<,” rather then just “<”.

3.1.7 Lemma. “<”is a partial order on (G,T).

Proof. The proof is immediate. E.g., let us check the transitivity:

a<b & b<c=a<ec

We need to prove that |a |+ |a"lc|=]c].
lc|<|a]+|ate [by the triangle inequality L1 applied to | a | & | atc|]

lale| <la™ b+ |0 e [by the triangle inequality for a=1b & b~ lc]
—la|+|ate|<lal+]a b+ b | [by adding | a | on both sides]
=[b|+]|b 7 c] [since a < 0]

=|c]. [since b < (]



26 CHAPTER 3. NON-CROSSING PERMUTATIONS

Continuing for a moment with the “generators” as “letters” analogy, the order relation can
thus be formulated as follows: a < b if and only if there exists a shortest factorization of a as

a product of generators which is a “prefix” of some shortest factorization of b.

3.1.8 Remark. While the minimal element in any marked group is always unique, it is

possible for some marked group (G, <) to have more than one maximal element.

3.2 Intervals in Marked Groups.

3.2.1 Remark. <. Let a,b be elements of the marked group G. Then

a<b & a 'b isa generator,
a covers b<—

and |a|+1=|b].
We note the following immediate properties.

a = |a|<|b]

b
b

NN

-1

a — o lgp!

b covers a <= b ! covers al.

14. It is easily seen that any interval in a marked group is a ranked poset. If x is any element
of the marked group G then the rank of the interval [e, z] will be simply called the rank
of the element x. A quick argument shows that in fact the rank of x is in fact equal to

the length of x, i.e.
rank(z) = £, (). (3.4)

It is advantageous to reduce the study of arbitrary intervals [a, b] to the particular intervals

having the identity e as minimal element, i.e. intervals of the form [e, b].

3.2.2 Definition. For a,b elements in a marked group G the element a~'b will be denoted

by Cy(a).

3.2.3 Proposition. Let (G,T) be a marked group and b € G. Then

i. a <b<= G(a) <.



3.2. INTERVALS IN MARKED GROUPS. 27

ii. [e,b] 3 a — Gyla) € [e,b] is well-defined (by <.), decreasing (i%.1.) and bijective

Proof. 4. A direct computation shows that
a<b<=|al+]atb|=|b]|
b tab |+ |a b |=|b| [by L3]
| (a ') o +]ab|=]b]|
> a'b=Cy(a) <D
1%.1. We must prove that [z <y = Cy(z) > Cp(y)]. We know that z <y < b, so

b= Tyl=ly~'b]
lyl=lz|=]a""y]

[0 —|a|=|2z""b].
Then  [b|—|z|=[(bl-ly)+(yl—-|z])
e b=y o+ |27y |
=lab =]y o[+ |y | by L2]
=z W=y |+ | b lyz b | [by L3]

a7 =y |+ (yT0) (270 |

= Cylz) = Gy(y)-

i1.2. That the above mapping is one-to-one is obvious: [z7'b = y~'b = 2 = y]. Now for the
surjectivity part let y € [e,b]. Since Cp(by~!) = y it suffices to show that by~! € [e, b].

Indeed
[y [+ by )70 =y 0| + |y [by property L2]
=|b]. [since y < b]
|

3.2.4 Proposition. Let (G,T) be a marked group. Then

i. a <b<ec= Gla) < Cla).
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1%. Suppose that a < b in G. Then [a,b] > t — ®(t) = G(a) € [e, G(a)] is a poset
isomorphism.
Proof. 4. A direct computation gives that
ab<ale=|a |+ ]| (a ) e e|=]a | [by (3.3)]
—la b+ b le|=]a ]
= (|b]—=|a])+(c|=|b]) =lc|—|a]. [because a < b < (]
14. P is well-defined and increasing by 4. and also one-to-one, since
alb=alce=b=c

To prove that it is also surjective let y € [e,a™'b]. It suffices to prove that ay € [a,b]
since ®(ay) = a~(ay) =y, i.e. to prove that [y < a~'b = a < ay < b]. Observe that

a

N

ay A=la|+]aNay) |=|ay|=:B
<
b C=lay|+|y'a”'b|=|b|=: D,

N

ay
so the goal is to prove that A= B & C = D. Note first that A+ C = B+ D. Indeed,

A+C=B+D<|a|+|y|+ |y tatb|=|b]

—lyl+lytab|=b|—]|al
—|a'b|=|atb]. [since y < a~'b and a < b].
It is also true that
A> B, by the triangle inequality for a & vy
C > D, by the triangle inequality for ay & (ay)~'b.

Now it becomes clear that A =B & C = D must be the case.

Hence ® is an increasing bijection from from [a, b] to [e,a~'b], but this is not enough yet
to ensure that ® is indeed a poset isomorphism. ®~! maps [e,a~'b] back to [a,b], is of
course bijective too, is defined by the formula ®~1(z2) = az for every z € [e,a™'b], but
we still need to prove that ®~! is also increasing, i.e. that [z <y < a™'b = az < ay].
Now, azx < ay <=| az | + | (ax)lay |=| ay |<=| azx | + | 271y | =] ay |.

To prove the last equality write down individually each of the terms involved:

laz | =[b|— | (az)""0 | [since @1 (x) = ax < V]
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=|b|—|a |- |z [since © < a~'b]
lay | =] b |~ (ay)""0 | [since @~ (y) = ay < b]
—1b| =]~ |yl [since y < a~15]
Also |z 'y | =|y|—| |, so everything adds up as it should and the proof is complete.
[

3.2.5 Remark. Let G be a marked group and z be any element in G. If y is any element in

the conjugacy class of x then the interval [e, z] is isomorphic to the interval [e, y].

Proof. Let y = ¢ 'azc for some ¢ € G and define

le, 2] — [e, 9], ®(a) = ¢ 'ac,  and

D:le,x
T : [e,y] — [e, ], ®(b) = cbc L.

It is immediately verified that ® and W are poset isomorphisms inverse to each other and thus

e, x] ~ [e, y]. [

3.3 Examples of Marked Groups

The symmetric group &,, , the hyperoctahedral group B,, and the group D,, are most relevant
to this thesis. We will apply the general notions of length, induced partial order, intervals and
covers to these examples. The first example, (Z3, -), is included to illustrate the marked group

framework in a different context than that of permutations.

3.3.1 Example. The Group (Z3,-).

7% is the group of cardinality 2" whose elements are n-tuples with entries either 1 or —1. Two

such n-tuples are multiplied coordinatewise :
721 = {(517 e )En) ‘ € € {_17 1}7]- < 1 g ’I’l}, (81) et 7€n)(017 o ,O'n) - (51017 et 75n0n)-

Of course, this is a commutative group and the unit is the n-tuple e = (1,---,1). We let our

set of generators be

T={ti=(e1,-- &, ,en) | &s=—1 and e;=1 for i#j}.
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[13

A generator is thus an n-tuple with exactly one “—1” entry. The position at which the “—1”

is to be found in the n-tuple gives the name of the generator.
The axioms of a marked group are trivially satisfied.

MG1: it is clear that t; = ti_l, 1 <7 < n (and in fact that every element in this group equals

its own inverse).

MG2: T is also invariant under conjugation since the conjugacy classes are singletons:

gELL €T = g 'tig=g 'gt; =t;.

Length formula on (Z5,T). The length of an element equals the number of its “—1” entries.
Indeed, the length of e is 0 and also the length of any generator is 1. Suppose now that g is

an n-tuple with k£ > 2 “—1” entries, say
92(61,-" ,€n), i1 = iy :"'ZEik =1 & €j =1 fOI" ]§é {il,-~- ,ik}.

It it clear that g can be written as g = t;,t;, ---t;, and consequently that | g |= k, since

i
at least k generators are necessary to produce k occurrences of“—1” among the entries of g.
This is in fact just another way of saying that (in the particular case of (Z5,T), but not
in general) the length of the product of k generators is k precisely when they are pairwise
distinct. In this group a generator can appear in a shortest factorization at most once and in

¢

fact shortest factorizations are unique, up to order: if g has “—1” in the positions i1,..., 1

then g =t;, - - ;.

Partial order on (Z%,T). The partial order on a marked group (G,T') was defined according
to formula (3.3), which read

a<b<|a|+|ab|=|b].
Now pick a,b reduced words in Zy, say a =t;, ---t;, and b =t; ---t; . Then
a<b<=kt|a'bl=pe=la b=ttty = p— ks

Obviously this cannot happen unless k <p & (i1,...,i) = (j1,.--,Jk), i.e. unless a short-
est factorization of a is a prefix of a shortest factorization of b. It is now easy to see that a

3

is less than b if and only if, whenever an entry of a is “—1” then the corresponding entry of b

must be “—1” too ( but if “1” is the entry of @ in a certain position then b is allowed to have
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a “—1” in that particular position; in fact the more often this occurs the “further away” b is

from a). Note that (—1,—1,---,—1) is greater than any other element in the group.

Covering relations in (Z3,T). Let a = t;, ---t;, and b = t;, ---t;,. Then b covers a when
a<b & p=k+1,ie bisa cover of a if they are different in exactly one position: a

position where a has a “1” and b has a “—1".

Intervals in (Zy,T). Let a = t;, ---t;, and b = tj, ---t;,, as before. The positions where a
has “—1” are “locked in” throughout the interval (i.e. every element in this interval has “—1”
in those positions where a does). What Proposition 3.2.4 says in this case is that [e,a™1b]
(isomorphic to [a, b]) is the interval obtained by first writing down [a, b] and then switching all

the “—1” entries of a to “1” in every element of the interval.

In view of Proposition 3.2.4 it suffices to consider intervals of the form [e,¢]. [e,¢|, where
c=althc = tjwsr = tj,,m = p — k. This interval has 2™ elements (by deleting the “1”
entries of ¢ it becomes isomorphic to Z3' and there are exactly (T) elements of length r. For
instance, if Z3 > b = t1tsty = (—1,1,—1,—1) then

le,b] = {e, t1,ts,ta, t1ts, t1ta, t3ts, b}

Remark. It is quite easy to notice that in fact (Z3, <) is a isomorphic to the lattice of all

subsets of the set {1,2,...,n}, ordered by inclusion. The identification is the following: write
a subset (listed in increasing order) {i1,12,...,it} of {1,2,...,n} as an n-tuple with “—1” in
the positions i1, 19,...,1; and “1” everywhere else.

Next in line are three more examples of marked groups, each one of them being a group of
permutations: the symmetric group, the hyperoctahedral group B, and the Weyl group D, .
The purpose of this section is to describe the length formulas and the covering relations for

each of these groups.

3.3.2 Definitions, Notations and Remarks. The conventions and notations regarding
partitions of a finite set used in Chapter 2 are being kept here. Some of them are recalled for

convenience.

Let X be a finite set. The number of elements of X is denoted by | X|. The sets {1,2,--- ,n}
and {1,2,--- ,n}U{-1,-2,--- ,—n} are denoted by [n] and [£n], respectively.
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1. e The set of all permutations of X is denoted by &x. Cycle notation will be employed

for permutations in Gx.
e A permutation with a single cycle is called a long cycle.

e Regardless of what the ground set X is, the identity permutation will be always denoted
by € .

o If the set X is linearly ordered then the forward cycle (that is, the unique permutation
7 of X with the property that © < 7(z),Va € X \ {max X} and 7(max X) = min X )
will always be denoted by ~,. The ground set will always be clear from the context in

concrete situations.

e In the two particular cases when X = [n] and X = [+n], &x is denoted &,, and &,
respectively, and, according to the previous convention, the special symbol v, denotes
both the forward cycles (1,2,--- ,n) and (1,2,--- ,n,—1,-2,--- ,—n) on &, and &4, ,

respectively.

e The number of cycles of a permutation 7 € Gx, is denoted by # (7). Note that
fixed points are counted in #(7). However, when writing down permutations the fixed
points are usually omitted (for instance “r = (ai,a2,a3)(b1,b2) € Sx” means that
a1, az, as, by, by are five distinct elements of X, that we have 7(a1) = ag, 7(a2) = a3, 7(ag) =
ay and 7(b1) = by, 7(b2) = b1, and that 7(z) = x for every x € X \ {a1,a2,as,b1,b2}).

We will strive to avoid any ambiguities that might arise in this way.

21. Let 7 be a permutation of X. The action of 7 on X splits X into a collection of subsets
called orbits of 7 (where z,y € X are in the same orbit of 7 iff there exists m € Z
such that 7 (z) = y). The orbits of a given permutation 7 form a partition of X. An

orbit-map 2 is thus obtained from permutations to partitions
Sx o7+ Q1) € II(X). (3.5)
The number of blocks of Q(7) is clearly equal to the number #(7) of cycles of 7.

3.3.3 Example. The Symmetric Group 6,

The set of generators T,, is taken to be the set of all transpositions (i,7),i,j € [n]. The

n(n—1)
2

cardinality of T}, is . The axioms of a marked group are easily checked.

MG1: T, is obviously closed under taking the inverse since every transposition is its own

inverse.
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MG2: T, is also closed under conjugation: for every 7 € S, and for every transposition
(i,7) € T, the permutation 7 1(i,j)7 is also a transposition, namely (771(i),771(5)), as a

direct verification shows.

Therefore (&,,,T,,) is a marked group. It should be mentioned here that the symmetric group
can be generated by fewer elements, e.g. only by the consecutive transpositions but then
condition MG2 would not be fulfilled since one can easily find a permutation 7 € &,, such that

(771(i), 771(j)) is not a consecutive transposition even if (i, 5) is.
Length formula on G,,. It is well known that the length formula in &, is given by
le, (1) =Irl=n—#(7). (3.6)

Thus, the maximum length a permutation in &,, can achieve is n — 1, and it is attained by any

long cycle.
e For example, if 65 > 7 = (1)(2,5,3)(4,6) then
Q(r) ={1}uU{2,3,5} U {4,6} € I1(6)
| 7]=6—-3=3.
In particular this implies that (2,5)(3,5)(4,6) is a minimal factorization of 7.

e Any finite linearly ordered set X is poset isomorphic to [n]. For this reason the length

formula in Gx is the same as in &,,,
bl (T)=|T| = |X|—#(7). (3.8)

The covering relations in (&, ,T),) are explained by the following observation: assume 7 € &,,
has p orbits. When multiplied by the transposition ¢ = (i,7) the result 7-¢ has p+ 1 or
p — 1 orbits, depending on whether the set {7, j} is contained in the same orbit of 7 or in two
different orbits, respectively. In the first case the orbit which contains both 4, j is split into
two orbits whereas in the second case the orbit which contains i is joined to the one containing
Jj-

This fact is recorded in following lemma.

Lemma (Covering Relations in &,,). Let 0,7 € &,,,| 7| ¢ {0,n — 1}. Then

oc=71-t with t=(i,j)
o covers T <= 3t such that (3.9)
and 1,5 belong to different orbits of T
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Proof. Assume that the unique decomposition of 7 into disjoint cycles (counting fixed points)

is 7 = c1---¢cp. The length of 7 is thus n — p.

We know that o covers 7 hence (from the description 4. in 3.2.1 of covers in a marked
group) that means that we have that
7| +|77'o|=|o]|, and
[T +1=lol,

1

hence | 7710 |= 1 so 7710 must be a generator, say 7 1o = (i,j) =t € T,. It follows that

oc=rT-t.
We must now prove that i, j cannot lie in the same orbit of 7.

Assume the contrary is true, i.e. that i,j belong to the same orbit, w.l.o.g. say c¢; (since the

cycles are disjoint they commute) of 7 = ¢; - - - ¢,. To fix the notations assume also that

Clz(ilv"'v7iS+17"'77il+17"'7im)7 m>2

A direct computation shows that

Clt - Cl(i&il) — (ila e )7il+1 s T aim)(is-‘rlv e a)'
This means that | 0 [=n—p—1 < n—p =| 7|, contrary to our assumption that | o |=| 7 | +1.

It is clear that | 770 |=|(i,5)| = 1 so we only need to prove that | o |=| 7 | +1 or
equivalently that #(7) — # (o) = 1, whenever o = 7-t,t = (4, j) with 4, j coming from different

orbits of 7.

W.l.o.g., as in proving the other direction, assume that ¢ comes from c¢;, j comes from co and
let

Clz(ila'”)iszi 7i8+17"'7ik)7 CQZ(jl)"'77j'f‘+1)"'7jm)7 ]{57777,2].
A direct computation shows that
ClCQt = clcQ(iaj) = (ilu"' ) Z>S =1 7jT+17'” ajmnjlu”' )j’r‘—l) j’r‘ :j 7i5+1)"' 7ik>7

which implies that | 7| — | o |=(n —p) — (n —p — 1) = 1, as desired. |
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Intervals in G,,. In view of Proposition 3.2.4 we know that it suffices to look at intervals
which start at the identity permutation €. Furthermore, Remark 3.2.5 combined with the fact

that the conjugacy class of any permutation 7 € &,, is determined by the cycle structure of

7 imply that the cycles of the permutation 7 completely determine the interval [e, 0~ !70], for
any o € &,.
In his paper [Bia97], P. Biane shows that if the orbits of 7 are X1, Xs, ..., X,, then

e, 7] = NCA(|X1]) x NCA(|X2]) x -+ x NCA(| X)), (3.10)

where | X;| denotes the cardinality of the orbit X;, for 1 <i < m.

3.3.4 Example. The Hyperoctahedral Group B,

e For A C [£n], denote —A = {—i | i € A}.
e A subset A of [£n] is called inversion-invariant if —A = A.

e The cycles of a permutation 7 € &, are called inversion-invariant if the orbits which they

determine are such.

e A permutation 7 € &, is called signed if it has the property that
7(—1) = —7(i),i € [£n]. (3.11)

The following special notations are consistently and without reference used throughout the

thesis.
d (ilv"' ’ik‘)(_il" o v_ik) = ((ilv"' ’ik))a for any {i1,~ e 7ik} - [in] s |Z]| 7é |il|’ fOl"j 7é l.
[ ] (il,"- ,ik,—il,'-' ,—ik) =: [il,"- ,ik] fOI‘ any {il,"- ,ik} g [:I:n} ,ij 75 il, fOl“j 75 l.

Direct verifications show the following immediate formulas
[i][5] = ((&,9))((7, —5)) = (&, =5))((4, 5))
[i, - i) = [ia] (81, 42)) -+ - (=1, 1)) (3.12)
(i, -+ siw)) = ((i1,42)) -+ - ((dk—1, k).

Definition. The subset of &, which consists of signed permutations is clearly a subgroup.

This subgroup is called the hyperoctahedral group, and it is denoted B,,. Thus

By ={re 6y, | 7(—i) = —7(i),i € [£n] }. (3.13)
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The set of generators of B,, is taken to be

Ro={li]|ie[£n]]} U {((i,)]ij€[En],|il#]j]} =Ry URL. (3.14)
v ;
denoted R/ denoted RY

The superscripts ¢ and p stand for invariant and paired, respectively.
e For a cycle ¢ of a permutation 7 € B,, there are only two possibilities.

1° ¢ is inversion-invariant, i.e. of the form [i1,- - ,ig]; the orbit corresponding to such a cycle

will be called invariant orbit.

1

2° ¢ is not inversion-invariant; in this case “—c¢” must also appear (because of (3.13)) in the

(PN}

cycle decomposition of 7 and the orbit corresponding to such a cycle “c” will be called paired

(non-invariant) orbit.

e The number of pairs of non-invariant orbits of a (signed) permutation 7 will be denoted by

#paired (7). For instance if 7 has no invariant orbits then 1 #(7) = #paired (7).

Therefore in the cycle decomposition of a permutation from B, the non-inversion-invariant
cycles must come in pairs (and so do the corresponding paired orbits). One such pair will
be a cycle of the form ((i1,--- ,ix)). Naturally, the number of paired orbits of a permutation
T € B, is always even. The disjoint cycle decomposition of a permutation 7 in B,, will thus
look like:

F= (D) (DL (3.15)
—C1,C1 —C2,C2 —Ck,Ck \Z(\Z;/ \z:/

Note the similarity with the way a non-crossing partition of type B is listed in (2.25).
Let us now verify the axioms of a marked group for the set T" of generators.

MG1: R} and R} are both invariant under taking the inverse since every element of R, is its

own inverse.

MG2: R, is also closed under conjugation by elements of B,, (but not by elements of G4,, in

general). In fact even more is true: each of the sets R} and R/ is invariant under conjugation.

Verification for RY: for every 7 € B,, and for every transposition ((,j)) € R} the permutation
771((3,7))7 is also a transposition in RY, namely ((771(i),77%(j))), as a direct verification

shows (and which uses the fact that 7 is signed).
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Verification for R!: for every 7 € B, and for every transposition [i] € R! the permutation
77i]7 is also a transposition in Rf, namely [r71(i)]. The verification of this also uses the

fact that 7 is signed.

Again, like in the case of the symmetric group &, , it should be mentioned here that the
hyperoctahedral group B,, can be generated by fewer signed transpositions, for instance one
could take only the consecutive ones {((i,7 +1)),1 < i <n — 1} C R and the transposition

[1] € R:. However, this set of generators is not closed under conjugation so MG2 fails.

Length Formula on B,. The symbols £, £, , | - | will denote the length function on
B,,, and will be used interchangeably depending on the level of specificity required in concrete

situations.

The minimal number of signed transpositions whose product is a signed permutation 7 is
obtained by subtracting the number of pairs of non-invariant orbits of 7 from n. The length

on the hyperoctahedral group B,, is thus given by the formula:
eBn (T> - eB (T) :‘ T |: n— #paired(T)' (3.16)

Covering Relations in B,. Let us now look at the covering relations in B,. Suppose
7,0 € By, are such that 7 # o and 7 <; 0. By the description of covers from 4. in 3.2.1 we

know that

o=rT-t, and ¢ is a generator,
o covers T < (3.17)

and | o |=| 7| +1
Now, any generator ¢ is either balanced, ¢ = [i], or paired, ¢ = ((4,5)). The condition that
| o |=| 7| +1 from equation (3.17) is equivalent to the fact that o = 7 - ¢ falls into either one
of the following four possible cases. These cases are presented below according to the relevant

cycles of 7 and o.

cycle(s) of o cycles(s) of 7 t
i1, d2, .- yik) = ((i1,d2,. .- ,ik) - [ik] (Be 1)
[il,ig,...,ik] = [’L 319,y ]((Z]+1,Zj+2,...,ik)) . ((Z],Zk)) (BC 2 )
((ilai%--'aik’)) = ((21712)"'7 ))((Z]+1azj+27 aZk’)) ’ ((’Ljvlk)) (BC 3 )
[ilai%--"ij”ij+1aij+2a"'7ik] = ((213127”'7 )) ’ ((_Zj,lk:))‘ (BC 4)
cycleé of o cycle(s) of T t

(see e.g. Example 2.6 in [BGNO3]).
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Intervals in B,,. Paralleling the situation described in in the case of &,,, the paper [BGNO03]

gives a factorization similar to the one from (3.10), and which works for any interval [e, 7] with

T <p, Yo
In that paper it is shown that if 7 € B,, has an inversion-invariant orbit Z = —Z and if the
other orbits which are not singletons are denoted X1, —Xj, ..., X, —X,, then

[e,7] ~ NCA(|X1]) x NCA(|X3|) x --- x NCA(|Xm|) x NCB(|Z]/2) . (3.18)

In the case when the permutation T <, 7, has no invariant orbits and the other orbits with

more than one element are Xy, —X1,..., X;, — X, it is shown that
e, 7] = NCA(|X1]) x NCA(|X2]) x --- x NCA(| Xm]) - (3.19)

3.3.5 Example. The Group D,

As with the hyperoctahedral group, the symbols £, £, ,| - | will denote the length function

yYpD o

on the marked group (D,,, RY).

Definition. D,, denotes the subgroup of index 2 of B,, consisting of even permutations. That
is,

def

D, = {7’ € 64y

7(=i) = —7(i), i€ [£n], and 3 (3.20)

T is an even permutation

It is easily seen that D,, is generated by RY = R, \ R = {((i,5)) | i,7 € [£n], | i |#| 7 |}
Indeed, by writing 7 as a product of generators of B,, and then by successively using formulas

(3.12) 7 can be written as

7 = ((i1,51))((i2,J2)) - - - (i, ) [ea[ea] . [em]

even number of these: 2k m even since T is even

Since [4][j] = ((4,4))((¢, —7)) we are done.

The marked group axioms MG1, MG2 for D,, have already been verified at the same time with
the group B,, when we noted that both of the sets R2 and Rfl are invariant under taking the

inverse and under conjugation.

Remark. Let us point out that in fact the length formula on the group D,, is the same as the

one on B,. That is,

ly, (T) =1 — #paired(T) =| 7 |= L, (1) =L, (T), VT E Dy (3.21)
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Proof. We want to prove that the following implication holds

v €Dy = L, (v)={, (7). (3.22)
We will prove this by double inequality. Recall that the length of an element x in a marked
group is by definition the minimal number of generators whose product is z.
. This is immediate since D,, has fewer generators than B,,: RY C R,,.
. Let g1 - - - g», be a shortest factorization of x, g1,...,9n € Ry.
Case 1. If all of g1, ..., gn, happen to be from the set RY of generators of D,, then we are done.

Case 2. Suppose now that some of the g;’s come from the set R}, i.e. they are transpositions
of the form [i] = (i,—i). The number of such transpositions must be even, as z itself is an

even permutation ([¢] is odd, while ((7, 7)) is even, Vi, j). The element = will thus look like

If we can prove that we find a shortest factorization of x where all the odd generators [ ] are

grouped together,

z= (GG ) (GDUEE-- T (3.23)

then we are done because by using the formula [¢][j] = ((¢,7))((¢,—7)) the total number of

generators in the factorization of x does not change.

The grouping as in Equation (3.23) can be done due to the following equality, which is checked
directly,

[i]((u,v)) = ((u,—v))[i], Vi,u,v € [£n].

]
If 5 denotes the inclusion function on &4, then it is clear that
(Dn, <p, ) < (Bn, <p, ) is order preserving
ie. T, 0T, o0, V 1,0€D, (3.24)

The covering relations in D,, are not used in this thesis. They are obtained in a similar manner
as in the case of B, (see e.g. [BW02]).
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As for intervals in D,,, the above Equation (3.24) can be used to infer that for any x,y € D,

we have in fact that
[xv y]Dn = [.T, y]Bn N Dy.

The above equality will be used again in Chapter 6 when we will derive type D results from

their type B counterparts.

3.4 Permutations and Partitions: Type A

Starting with the paper [Bia97] it became apparent that there is an important relationship
between non-crossing partitions and permutations. In that paper the lattice NCA(n) was

embedded in &, and shown to be poset isomorphic to the interval [e,7,]s, -

We will embed NCA(n) into &, , following the approach from [Bia97]. The idea is to associate
to each block of a partition a cycle in a unique way, determined by a compatibility condition

with the forward cycle 7,. Let us begin by introducing the necessary tools.

3.4.1 Definition and Remark. <. Let X be a finite set, let Y C X be a subset of X and
fix the permutation 7 € &x . The permutation induced by 7 on the set Y is denoted by
7 1Y and it is the permutation in &y defined by letting (7 | Y')(y) be the first element
in the list {7(y),7%(%),...,7"(y),...} which belongs to Y. For example consider

G427 =(1,2)(3,4) and Y =1{1,2,3} C [4].
Then
T(l)=2eY=(7]Y)1)=2
(M2)=1eY=(7]1Y)2) =1
7(3)=4¢Y,72B)=74)=3€Y = (11 Y)(3) =3,
and thus G357 | Y = (1,2)(3).
11. Let o denote a fixed permutation in ©x . The permutation 7 € &x is called compatible

with o if
Tl V=0lV, for every orbit V of 7. (3.25)

1%%. In the case when 7 € G,, is compatible with the forward cycle 7, on [n], T is said to be

standard in the disc sense.
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A quick look at the above example in %. makes it clear that the relation between (7)
and Q(7 | Y) is the following: the orbits of 7 | Y are obtained by intersecting Y with the
orbits of 7 (when the intersection is non-empty, of course). 7 | Y is a cyclic permutation
of Y if and only if one of the orbits of 7 completely contains Y. It is also immediate
that if 0 £ Z CY C X then (r|Y) | Z=7|Z.

We now move on to another significant fact which holds for permutations of an arbitrary set

X and which plays an important role in this thesis.

3.4.2 The Genus Inequality. Let 7 and 3 be permutations in &x . The action of the
subgroup of &x generated by {7, 3} splits the ground set X into orbits. Their number is
denoted #(7,3). The following inequality, known as “the genus inequality”, is well-known

and appears in various forms in the literature.

3.4.3 Proposition.

#() +#(TTIB) +H#(B) < X[ +2#(7,6) (6I)

For a proof see e.g. Section 2 in [GJ97].
We will be especially interested in those permutations which manage to achieve equality in GI ,

for a fixed 8. Because of their importance to this thesis, we assign them a special notation.

def

Geerus(X,8) = {r€6x | #()+#('B)+#(B) = | X|+2#(r.0)}. (GE)
3.4.4 Definitions, Notations and Remarks. <. Define the map
H(nIl(n) > 7 perm, (7) € &,

where perm () denotes the unique permutation in &,, which is compatible with v, and
whose orbits are exactly the blocks of the partition 7. perm, does the following: given
a partition 7, perm , turns each block of 7 into a cycle, by keeping the increasing order
into which the elements of that block were listed. After transforming each block into a

cycle, it multiplies the cycles together. The result is perm., (7).

We will denote

Scompatible (1, Yo) def {r € &, | 7 is standard in the disc sense}




42 CHAPTER 3. NON-CROSSING PERMUTATIONS
Observe that the set Scompatible(7, Vo) is precisely the image of II(n)through the map
perm,,

6compatible(n,’)/o) = petm, (H(n)) C Gy, (3'26)
and also that perm is one-to-one onto its image and that its inverse is precisely the
orbit map €2

perm,  —
6compatible(nv ’Yo) —a H(n) . (327)
Let also note that
11. Let &,y (n,7,) denote the subset of permutations in &,, which do not satisfy a “crossing
condition” in the disc, denoted DC, that is,
Sone (157%) Qe {r €6, | 7 does not satisfy condition DC}|C &S,, (3.28)
where 7 satisfies property DC if
a,b,c,d = (a,b,c,d
3 distinct elements [n] 3 a,b,c,d and T L } ( ) (DC)
7 1 {a,b,c,d} = (a,c)(b,d).
24%. The subset of G,, of permutations which are both standard in the disc sense and have
no crossings is also assigned a special notation,
def
6disc—nc(nv 'Yo) = 6compatible(na '70) N GDNC (TL, '70) - S, . (329)
iv. In the particular case when X = [n] and 8 = the forward cycle ~,, a permutation 7

satisfies the genus inequality GI iff

#T)+#(IB) +#(B) < X[ +2#(r,f) =
#M) +# 0) +#(00) < n+ 2#(1,7) =
H(T)+#(771y) <Kn+2-1 [since #(7,) = #(7,7,) = 1]

The last inequality is nothing but the triangle inequality L3 applied to 7 and 77 17,.
Indeed,

bs., (1) + Lo, (T719) <Ly, (70) <= [by the length formula in &,, ]
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[n—#(7)] + [0 — #(7719)] < n — #(7) <= [since 7, has one orbit]
n— [#(1)+#( ) <n+ 1l
<

#(1)+ #(771,) <n+ 1.

We define the set of permutations which achieve equality in the genus inequality to be

6genus(na")/o) d:ef {T €6, ‘ #(T) + #(771’70) =n-+ 1} c 6. (3'30)

As a consequence, we obtain the following lemma.

3.4.5 Lemma. Ggenys(n, o) = [&’Yo]en .

Proof.
relel i, (1) g, (T0) =L, ()
= H#(r)+#( ) =n+ 1. [by (3.4.4, iv)]

Even though the proof is very simple, we should however note that Sgenus(n2,7,) provides us
with a very “compact” characterization of the interval [e,7,] , which only uses the number of

cycles of permutations.

3.4.6 Lemma. Ggicnc(n,v,) and NCA(n) are mapped into one another by the poset

isomorphisms perm,  and €.

—perm_

Gn 2 6disc—nc(n/')/o) ?2__)’ NCA(H) g_ H(n) )
Proof. Condition DC is in a sense the “&,,” version of the crossing condition (2.16) for parti-
tions in II(n) . One might naturally expect then to be able to identify NCA(n) with &, (n,Y,) -
Modulo adjusting &, (n, ) , by keeping only its permutations which are standard in the disc
sense (i.e. by intersecting it with Scompatible (72, 70) ), this is in fact exactly what happens. That

Q2 and perm, ~ are bijective and inverse to each other is obvious from their definition. |

Gdisc-nc (1, 7o) is thus the set of “non-crossing permutations” (coming from &, (n,v,) ) which

are also “standard in the disc sense” (compatible with the forward cycle ~,, i.e. coming
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from Scompatible(7, Vo) ). The compatibility condition is chosen to provide us with a “clock-
wise sense” of winding on the cycles. This also makes the orbit map {2 injective. However,
since we will only look at permutations which are standard in the disc sense, the elements
of Ggisc-nc (1, Vo) Will be simply called “non-crossing permutations” (rather than “non-crossing
permutations standard in the disc sense”). Moreover, the word “disc” is being kept in the

notation because starting with Chapter 4 we will move to an “annular” framework.
The theorem below shows that NCA(n) is in fact isomorphic to an interval in &,, .

3.4.7 Theorem. S giscnc(n,vo) = [&%]@,n .

The proof of this result is found in [Bia97] (see Theorem 1 from Section 1).

3.4.8 Remark. Regarding the isomorphism between the lattices NCA(n) and &4.(X,,) , we
mention here that the Kreweras complementation map K : NCA(n) — NCA(n) corresponds

to the order reversing map [e,7,]s, 3 7+ Cy,(7) =7 17, ie.
Qt) =7 = Q(r71,) = K(n). (3.31)

3.4.9 Type A Summarizing Diagram. The three equivalent descriptions of the interval

€,%)]s. are summarized in the following “type A diagram”.
&n

6genus(nv '70) = Gdisc—nc(nv ’Yo) = [5a ’Yo]gn

QL |1 pem,,

NCA(n)

3.4.10 Definition. An element of any of the three sets in the upper row of the above diagram is
called type A mon-crossing permutation. Thus, the set of all type A non-crossing permutations
is defined to be

def
Gﬁ‘c(Xa 70) = 6genus(nv’)’o) = Gdisc-nc(n;’)/o) = [E,’Yo]en (3.32)

3.5 Permutations and Partitions: Type B

The notation from Sections 2.2 and 2.3 are used without reference in the present section. We

recall here that the symbol 7, is used for both forward long cycles

(1,2,...,n) on &,, and, respectively
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(1,2,...,n,—1,-2,...,—n)=[1,2,...,n] on G&iy.

We are now looking at partitions in the set II(£n), and at permutations in &, . Obviously,
the diagram which summarized the preceding section carries through to the present setting,
where the ground set [n] is replaced by [£n]. To fix the notations, we reproduce it with the

updated symbols

6genus(:l:na ’Yo) = 6disc—nc(:tn’ '70) = [55 ’YO]G:tn
Q[T perm

NCA(=£ n)

The element of the the upper row which we focus upon, as the image of NCA(i n), is the

interval [e,7o]s -

The first thing we note here is that the forward cycle S, 2 v, = (1,2,...,n,—1,-2,...,—n) =

[1,2,...,n] happens to be a signed permutation, and thus it belongs to the hyperoctahedral
group B,,. Referring to the formulas (3.12), we have that

Yo = [17 2,... 7”] = [1]((17 2))((27 3)) e ((TL - lvn))' (3'33)

Let us also record the length of v,, as an element of &4, and B,, respectively. Since 7,
is made of a single cycle, which is invariant, the length formulas in &4, and B, give that
bs, (Vo) =2n—1while £, (7)=n.

We are therefore exactly in the situation described in Remark 3.1.6, with the group G = &4,
generated by all transpositions and its subgroup H = B, generated by all signed transposi-
tions. Hence we are dealing with two different partial orders, which are denoted by < Sun and

<3, - This is the reason for having the subscript in [, 7o) . Since 7, € B, it makes sense

Sin
to consider the set [g,7,], of all signed permutations which sit under ~,, with respect to the

partial order defined by the set of signed transpositions.

3.5.1 Remark. In the paper [BGNO3] it is shown that, if 7 denotes the inclusion function on
G4y, then

(e, > <s,) <, (S1n, e, ) is order preserving.
That is, 71 <z T2 <z, Y% = T Sey, T2 (3.34)
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Let us observe that the fact that both 71, 7% are sitting under v, w.r.t. < B really matters.

One can easily find 71 < B, T2 but ;{Gin . For instance, pick

1 = ((1’2))7 an (7—1)
=12, {;, (72)

and then use the formula [1][2] = ((1,2))((1, —2)).

_(m)

14, 2
2,56:‘:” (7’2) 2

)

In the same paper [BGNO3] it is also shown that the poset isomorphism NCA(n) 2 [e, Yols,,

(and, implicitly NCA(% n) = [5,%]6in ) has the perfect “B” analogue:

3.5.2 Theorem. NCB(n) is poset isomorphic to [£,%0] s, -

3.5.3 Remark. <. By spelling out the formula for the length function in B, we get that

def _
T an Yo — an (T) + eBn (T 170) - eBn (’YO)
T

<~ [n - #paired(T)] + [n - #paired( _1'70) =n

— #paired(T) + #paired(T_l’Yo) =n

and therefore [,7,], = {7 € By | #paired(T) + #paired (T 170) = n}.

i4. Let us now look at the “type B” versions of the equivalent descriptions of & 4.(X,~,) from
the type A diagram of non-crossing permutations. It is clear from Remark 3.5.1 that the

following equality (this is simply an equality of sets) holds.

{r€eGyy |7 <z, Yot ={71 €64, | T ey, Yo} N By

that is, e, %l 5, = [€:0ls,, N Ba (3.35)
Now, since Sgenus(£1,70) = [€,70]es,, [by Lemma 3.4.5]
and  [g,%]5, = [€,7%]s,, N Bn, [by (3.35)]

it follows that [£,%])5, = Ggenus(£1,70) N By
Similarly, Sdiscnc (£, %) = [e, 70]6in [by Lemma 3.4.6]
and  [g,7%], =[€,7%]s,, NBn [by (3.35)]

imply that [57 VO]BH = 6dist:—nc(:l:'rla’)/O) N By.
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3.5.4 Type B Summarizing Diagram. The facts presented in this section are summarized

in the following “type B diagram”

Ggenus(ina '70) NnB, = [57 '70] Bn — 6disc—nc(:l:na '70) N By,
Q[T perm

NCB(n)

3.5.5 Definition. Any element of any of the three sets in the upper row of the type B diagram
is called a type B non-crossing permutation. Thus, the set of type B non-crossing permutations
is defined to be

def
G EC(X, ’Yo) = G7’g;enus(:l:nv 70) N By, = G:~7disc—nc(:tna')/o) N By, = [57 'Yo]Bn (336)

3.5.6 Type A - Type B Summarizing Diagram. Type B non-crossing permutations
(partitions) are intrinsically depending on the type A non-crossing permutations (partitions)
as they are defined as subsets of G, (NCA(%£ n)), respectively. The way how “type B sits
inside type A” is also compactly presented below in a “type A—type B” diagram

3.5.1
Gin 2 6/:‘C<X7 70) 1 GEC(X7 70)
Ql Tperm’Yo Ql Tpem’Yo







Chapter 4

Type B Annular Posets

4.1 Permutations and Partitions: The Annular Case

The set NCB(n) of type B non-crossing partitions, is obtained from the set of non-crossing
partitions of type A by changing the ground set from [n] to [£n]and asking that the condition
(2.24) is satisfied:

B is ablock of 7<= —B isa block of . (2.24)

In section 3.4 and section 3.5 the posets NCA(n) and NCB(n) were embedded inside &,, and
By, respectively, and their images were seen to be in fact the intervals consisting of all the per-
mutations which sit under the corresponding forward cycle ,, with respect to the appropriate
partial orders < and <, . The images of NCA(n) and NCB(n) under the map perm ~, Were
denoted by &4.(X,7,), and &8 (X,~,), respectively.

Non-crossing partitions are drawn inside a disc. The points of the ground set are spread on
the boundary of the disc, in clockwise sense, as indicated by the linear order of the ground set
and they are connected according to the block structure of the partition which is being drawn.

A non-crossing partition will produce a figure whose contours will not intersect.

The exact same drawing which is associated to a non-crossing partition also represents a
non-crossing permutation, with the only difference that we must put some arrows on the
boundary of the contour associated to each block. These new “arrowed contours” represent
the cycles, and the arrows indicate the clockwise sense of winding inside each cycle. The

clockwise orientation is given algebraically by a compatibility condition with the forward cycle

49
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Yo- It is clear that the very same drawing (the one with arrows) can be used to represent both

partitions and permutations.

The importance of drawings should not be diminished by the fact that all the formal arguments
were carried through without explicitly using them. They are important as they really help
with the intuition. We view these graphical representations as some sort of intermediate
objects between the world of permutations and the world of partitions, as objects which we

do not rigorously define but which can help the intuitive understanding of what is going on.

In this section we look at annular objects. They were introduced in [MNO04]. Before making the
concrete definitions let us make a short heuristic presentation, modeled on the “non-rigorously

defined” drawings.

Suppose that instead of one circle we now have two circles, an inner circle drawn inside an
outer circle and suppose that we put some points (say p points) on the outer circle and some
other points (say g of them) on the inner circle. If we start connecting these p + ¢ points
between them we would get some contours which lie inside the annulus determined by the two
circles. We say that one such contour can be connected if it is obtained by using points from
both circles, and that it is disconnected in the opposite case. The regions enclosed by the
contours may, or may not intersect. Of course only drawings with non-intersecting contours
are to be of any relevance. We also might consider placing some arrows on a contour if at
some point we are to make it into a cycle of a permutation. Figure 4.1 exemplifies the kind of

drawings that we have in mind.

It turns out that the type of annular drawings just described works better with permutations
rather than partitions. Three issues must be addressed before making the definition of non-

crossing annular permutations.
e What is the ground set where the points from the two circles arise.

e The “annular” version of the map perm, has a chance to work only if we can fix a unique
sense of winding inside each cycle (thus on each contour of a drawing); what is the analogue

of 79, (say 7) which would determine a “standard in the annular sense” condition.

e What are the possible crossing patterns and what are their algebraic descriptions (the annular

versions of the crossing condition DC).
These conditions lead to the following working hypotheses and tentative answers.

ee If we have p points on the outer circle and ¢ points on the inner circle then the ground set
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Figure 4.1: Examples of annular non-crossing permutations.
disconnected:(1,2)(3,4,-1,-4)(5,6,-6,-7)(-5)(7), and
connected: (1,2,3,-6,6)(-5,7)(-1,2,-3,-4)(4)(5)(-7).

is [p+ ¢|, the points on the outer circle are Y = {1,2,...,p} and the points on the inner circle
are Z ={p+1,p+2,...,p+ q}. The annular non-crossing permutations will live in the set
Sp+4; also, to be consistent with the clockwise orientation for connected contours, the points

on the inner circle must be placed in counterclockwise sense.

ee [f some contour of a drawing is obtained only with the p points from the outer circle
then the orientation inside that contour must be “standard in the disc sense”, thus it will be

¢

obtained from a compatibility condition with the “ outer forward cycle”, denoted 7., , on the
set [p] (Ve is @ permutation of &, , we call it “outer forward cycle” because it really permutes
forward only the outer points keeping the inner ones fixed). Similarly the “inner forward
cycle”, denoted ~,., on the set [p+¢]\[p] = {p+ 1,p+2,...,p + g} will implement the
orientation on the hulls made only with the ¢ points from the inner circle. The orientation for

contours made with points from both the outer and the inner circle will be implemented by

def
fy = ’Yext ’Yint .

ee The crossing patterns in the annulus turn out to be more complicated than in the disc.
The annular version of the crossing condition DC is in fact a set of three conditions which will
be denoted AC1 ,AC2and ACS3.

Let us now formalize the tentative answers and elaborate on the above ideas.
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4.1.1 Definitions, Notations and Remarks. 4. Let us fix two positive integers p, ¢ with

p 4+ q = n and make the following notations.

( def
X = p+4q]=[n] ~ the ground set
Y def [p] ~»  the points on the outer circle
Z def p+q \[p={p+1,....,p+q} ~ the points on the “inner” circle

Vext def (1,2,...,p) ~» the “outer” forward cycle
(

def

Yint p+1,p+2,....p+q) ~ the “inner” forward cycle

~
It is clear that

def

’Yext’yint - ’Yint’Yext - (1727‘ . 7p)(p+ 17p+27 . 7p+Q)

Y1Y =794 | Y =9, the forward cycle on Y,
and also, Y1 Z =% | Z=7, the forward cycle on Z.

e A subset A C X with the property that ANY # () # ANZ will be called v — connected.

e A partition 7 € II(X) is called v — connected if it has at least one v — connected block,
and it will be said v — disconnected in the opposite case.

e Sy > 7 is called v — connected ety Q(7) e II(X) is v — connected.

e Sx > 7 is called v — disconnected BN Q1) € II(X) is v — disconnected .

e Viewing G x (and II(X)) as being made of the disjoint union of the y—connected and y—
disconnected permutations (and, respectively, partitions) proves useful to our purposes;

for this reason we assign these sets the following special notations

def

Gy = {r€6yx |rTisy— connected }
Gy 2ef {r € 6x | 7is v — disconnected },
' (X) def {m € II(X) | wis v — connected }

and " def
II'(X) = {well(X)|nis vy — disconnected }.

It is clear from the definition that the orbit map Q sends & to II'(X) and G to 1" (X) ,

respectively.

A permutation is standard in the disc sense if the winding direction inside each of its

cycles is the clockwise direction. Algebraically speaking, this was seen to be equivalent
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with that permutation being compatible (as in 3.4.1) with the forward cycle ~,; in the
annular framework, compatibility (as in 3.4.1) with v is not sufficient to reflect pictorially
the “clockwise winding” condition on the cycles. A permutation 7 € &x will be called
standard in the annular sense if for every orbit A of 7 the following two conditions are

met:

TLANY)=~r]1(ANY) & 7| (ANZ)=~v](ANZ) (4S 1)

3 at most one element a, € ANY suchthat 7(a,)€ Z, and (45 2)
3 at most one element a, € ANZ such that 7(a,) €Y.

We denote

S compatible (X, Y) def {r € 6x | 7 is standard in the annular sense} (4.1)

Let us note that if 7 € &x is standard in the annular sense then both of 7 | Y € &y

and 7 | Z € & are standard in the disc sense.

Condition DC was used to explain when two hulls cross, in the disc case. In the annular
case it turns out that there are three possible crossing patterns, denoted AC1 ,AC2 and
AC3 . The crossing pattern AC1 is

3 4 distinct elements a,b,c,d € X such that
v 1{a,b,c,d} = (a,b,c,d) & 7| {a,b,c,d} = (a,c)(b,d). (AC1)

For the remaining two crossing patterns we introduce the following “AC-test permuta-

tion”: for every y € Y and z € Z let

Mz = (@@, P W) (2), 7 (2), T (). (4.2)

It is obvious that if we switch y and z in the above definition then A, ,= A, .. They
will be used interchangeably as needed. A, . is thus the permutation in &x which fixes

y and z and organizes X \ {y, z} in a cycle in the following way

Yext () — 24 (y) - - B (y)

'yi‘{qzl(z) - 7i2nt(z) ~— 7ine(2)
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If we imagine the annulus “cut” along the curve which connects y and z then a topological
disc is obtained and the points of X \ {y, z} lie on the boundary of this disc in the order
prescribed by A, .. The crossing patterns AC2 and AC3 are defined below.

4 5 distinct elements a,b,c€ X,y €Y,z € Z such that
>\y,Z \l/ {a7 b7 C} = (a7 b7 C) & T \l/ {a? b? C’ y? Z} = (a7 C? b)(y7 Z) (ACZ)

and,

3 6 distinct elements a,b,c,d € X,y € Y,z € Z such that
Aye La,be,d} = (a,b,c,d) & 71 {ab,c,dy 2} =(a,c)(bd)(y,z). (AC3)

i1v. We define the set of permutations of X which have no crossings to be

def

S v (X, 7) {r € &x | 7 does not satisfy conditions AC1, AC2, AC3}
(4.3)

In analogy with the disc case, the annular non-crossing permutations are defined to be

those permutations which have no crossings and are standard in the annular sense. The

notation is

def
6ann-nc(AXa 'Y) e 6compatible (Xa 7) N 6ANC (X, 7) - Sx (4'4)

Since any permutation in G is either v —connected or v —disconnected , so is any annular non-
crossing permutation. The set Gann-nc(X, ) is thus split into the disjoint union of connected

and disconnected permutations, denoted &, ., .o(X,7)and &, .

(X,7), respectively.

4.1.2 Remark. Suppose that 7 is a v — disconnected permutation. Then

" 1Y eSAY, and
T € Gannnc(X,7) = ! (¥27) (4.5)

T Z€e€SN(Z).

For a proof see Remark 3.8 in [MNO04]. The proof is carried out by observing that for permuta-
tions which are v — disconnected conditions AC2 and AC 3 do not even apply, while AC 1 leads
directly to (4.5).

4.1.3 Corollary. Remark 4.1.2 has the following immediate consequence.

"

Sannnc(X;7) = [5770]63/ x [67'70]62 = [577]6)( :
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The last equality in the equation above follows from Remark 3.10. It is thus clear that, unlike
in the disc case, the subset of Gx of annular non-crossing permutations cannot be identified

with the interval [e,7], . That is,

Sx

"

6ann—nc()(a '7) 2 6ann—nc(*X/.Y) = [&’Y]GX :

4.1.4 Annular Non-crossing Permutations and The Genus Inequality. Let us now
look at the subset of permutations of &y = &,, which satisfy the genus equality GE (where
now we take # = v in Equation (GE)). Thus

Ggenus(X,7) L' {reSx |#() +#E )+ #() = X | +2-#(1,7)}. (46)

Now, since 6x = 6;( U 6;/(, the set Ggenus(X,7)is split accordingly into Géenus(X,v) U

Ggﬁenus(X ,7) - These two sets are described in the following remark.

4.1.5 Remark. Obviously |X| = n = p+¢q, #(y) = 2 and #(1,7) = 2 if 7is v —

disconnected or #(7,v) =1 if 7 is vy — connected .

1. Suppose T is a v — connected permutation. Since the genus inequality GI is satisfied by

all permutations we have that
TEGy = [#(0) +#01) +#0) < X [ +2-#(r.0) =
#(T) +#(TTN+H2<] X [ 201 =
#(r) +#(r ) < IX] ]

Therefore,
6éenus()(? 7) = {7— € 6x | #(7-) + #(7-_17) = |X| }

%4. Similarly, if 7 is a v — disconnected permutation we get that
TEGx = [#(0) +#) +#(0) < X [ +2-#(.0) =
#(M)+H#E T F2< X [ +2-2 =
#(r)+#(r 7y < IX[+2 .

Therefore,
Sgenus(X,7) = {7 € &x | #(7) + #(r717) = | X[ +2}.

4.1.6 Theorem.
6genus(AXa '7) = 6ann—nc(‘Xa 'Y) . (47)
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For a proof see [MN04] ( Theorem 6.1). This theorem is the very nice annular analogue of the
equality
6g;enus(n, '70) = 6disc—nc("’%'?/o) >

from the disc case. The proof is carried out by showing separately that

!/

S (X7 ’7) = G;nn-nc(Xv 7) and

genus
" 1

6genus(Xﬂ '7) - 6ann—nc(Xv7 7) .
4.1.7 Corollary.
T € Gann-nc(X,7) <= 777 € Sannnc(X,7) - (4.8)

Proof. Observe first that both of the sets © ;( and & )N( are invariant under the complementation

map 7 +— Cy(7) = 771y, Indeed

1

T is ~ —disconnected <= 7! is ~ — disconnected <= 7'y is ~ — disconnected.

Also, a direct verification shows that 7 and 71y satisfy the genus equality exactly at the same
time, thus

T EC 6genus()(y 7) <~ 7—71’7 € Ggenus(Xa 'Y) .

In fact, by Remark 4.1.5, we have that

T € Gpenus(X,7) = 7719 € Gpenus(X,7) (4.9)

1

and implicitly that TE6, (X, ) = T 1y¢ G genus(X;7) -

genus

The result follows by the above Theorem 4.1.6. |

4.1.8 Annular Non-crossing Partitions. By analogy with the disc case, the set of non-
crossing annular permutations is defined to be the image in II(X) of the set of non-crossing

annular partitions through 2.

AGamnnc(X,7)) £ NCA(p, q) CII(X) (4.10)

Again, just like in the disc case, the superscript “A” is due to the existence of an analogue of

type B which will be discussed in the next section.

4.1.9 Proposition. Suppose 7 is a v — disconnected partition. Then

i. Imee € I(Y) and m, € II(Z) such that m = {Toy, Tine }-
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e € NCA(Z) (= NCA(p))

ii. 1€ NCA(p, q) —
Toe € NCA(Y) (2 NCA(q)).

iii. ™€ NCA(p, q) = I'r e G;Inn_nc(X, v)  such that Q(7)=m.

Proof. 4. and 4. follow directly from Remark 4.1.2. For 441., denote perm. (et ) = Tew and
petm (7. ) = T . Then, if we pick 7 = 7, - 7., it follows that Q(7) = 7. This 7 is denoted
by perm., (7). [

4.1.10 Proposition. Suppose w is a v — connected partition and suppose also that m has at

least two v — connected blocks. Then
TeNCA(p, q) = ' 7€6,,,..(X,7) suchthat Q(r)=m.

4.1.11 Remark. We have seen in the disc case that the “orbit map” € and the “cycle map”
perm ., were poset isomorphisms inverse to each other between NCA(n) and [e, 7,], , and also
between NCB(n) and [€,%0] s, -

However, in the annular framework, the orbit map 2 is not injective anymore. Indeed, suppose
that C' is the only 7 — connected block of the fixed partition = € II(p+q). If we denote
Cy = CNY and Cz = C N Z, then there are exactly | Cy | - | Cz | permutations in
Gann-nc (X, 7y) which are sent to 7 by the orbit map 2. That is

card {7 € Gannnc(X,7) | Q) =7} =|Cy |- | Cz| (4.11)
For further details see Proposition 4.6 in [MNO04].

4.1.12 Annular Type A Summarizing Diagram. The facts presented in this section are

summarized in the following “type A annular diagram”

6genUS(X7’Y) = Gann-nc(X,7) 2 [&’Y]ex
bad correspondence

NC*(p, q)

4.1.13 Definition. Any element in either of the sets Gannnc(X,7) or Ggenus(X,y)is called a

type A annular non-crossing permutation. Thus, the set of all type A annular non-crossing

permutations is

GAX,Y) L Sunnc(X,7) = Ggenus(X, ) (4.12)
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4.2 Posets of Type B Annular Non-Crossing Partitions

In this section we start presenting some of the new things brought in by this thesis.

We have seen in the previous section that the properties of annular non-crossing permutations
are not as nice as in the disc case. First, we have seen that Gannnc(X,7)is not equal to
[e,7] ey - Secondly, NCA(p, q) , the set of non-crossing annular partitions, (defined as the
image of Gannnc(X,y) through the orbit map 2) is not poset isomorphic to Sannnc(X,7) .

And finally, the orbit map € fails to be injective in the annular case.

By simply modifying the ground set from X = [n] = [p + ¢] to X = [£n], it is clear that
everything that was done in Section 4.1 still holds. Thus X =Y U Z, where

def
Yy £ {1,....pju{-1,...,-p}

(4.13)

def

Z {p+1,...,n}U{-(p+1),...,—n}.

The order on X is {1 <2< ---<n<—-1<-2<--- < —n}. We are now looking at annular

non-crossing permutations inside &4, .

However, something new makes sense now: we can restrict our attention only to the signed
annular permutations and hope that maybe some of the things which failed in the type A
annular case will get fixed in the new type B annular framework. This is indeed the case but

it requires a certain amount of work before becoming apparent.

Let us briefly recapitulate: we have two circles and an annulus between them, we also have a
total of 2n points. 2p of them (the ones in the set Y') are to be found on the outer circle in
increasing order and clockwise sense. The remaining 2¢ points (the ones from Z) are spread

in increasing order and counterclockwise sense on the inner circle.

The outer and inner forward cycles on the sets Y and Z, denoted ~., and =, respectively,

and their commutative product y def Yexe * Vine are listed below.

Vext :(1727'”7p7_17_27°"a_p):[1527"'7p] & ’yextlY:’le:’yo‘

Yint :(p+17"'7”7_(p+1)7"'7_n):[p+17p+27"'7n]7’7int J/Z:P}IJ/Z:VO
def

Y= Yer Ve = (1,2, 0P+ 1L,p+2,...,n].
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The permutation .. € G4, permutes forward the elements of Y and keeps the elements of
Z fixed. Similarly v,, € G4, permutes forward the elements of Z and keeps the elements of

Y fixed. They are called “forward cycles” with this convention in mind.

Let us now take another look at the “type A annular diagram” with the symbols updated and

ready for a type B approach

6genus(*Xv, "Y) = Gann—nc(X77) 2 [877]

Sin

bad properties of | { and perm

NC” (£p, £q)

The upper row in the diagram consists of subsets of &4, . It is clear that
6genus(va ’Y) N By, = 6ann—nc(‘Xa '7) N By,. (4‘14)
where B,, denotes the hyperoctahedral group, as in Section 3.2.

4.2.1 Definition. Any element in either of the sets Gannnc(X,7) N By or Sgenus(X,7y) N By,
is called a type B annular non-crossing permutation. Thus, the set of all type B annular

non-crossing permutations is defined to be

def
GB(X,7) = Gannnc(X,7) NBp = Ggenus(X,7) N B, (4.15)

4.2.2 Remark. It is obvious that v = [1,2,...,p][p+ 1,p+ 2,...,n] € B,. Note that v has
only two cycles, both of them inversion-invariant. Thus #pajred(7) = 0 and so £, (v) = n;

the above decomposition is a shortest factorization.
The first fact which failed in the type A annular setting but is recovered in the type B annular
framework is shown in the following theorem.

4.2.3 Theorem. The set of type B annular non-crossing permutations forms an interval in

the hyperoctahedral group B,. That is
S Ec(Xv ’Y) = [57 ’Y]Bn . (4'16)

The statement of the theorem will follow by analyzing separately the cases of v — disconnected
permutations (in Proposition 4.2.4 below) and «y—connected permutations (in Proposition 4.2.7
below).
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4.2.4 Proposition. Suppose that T is a v — disconnected permutation in Sx . The following

are equivalent.

(1) T € 6B (X,7) (i.e. T is a type B annular non-crossing permutation).
(2) T1Y €BB(Y,q,) and 1 Z2ec68(Zn,).

(3) 7 €lels, -

Proof. | (1) <= (2)|. This is immediate from Remark 4.1.2, which reads

Gannnc(X,7) 3 7is v — disconnected <= [r | Y € 62(Y,7,) and 7] Z e &L (Z,7,)],
combined with the simple observation that
TEB,<=|[r|Y € By and T | Z € By, (4.17)

where By and Bz denote the type B Weyl groups on Y and Z, respectively.

(2) = (9)|. From the hypotheses in (2) it is clear that 7 € B,. On the other hand, by
using the type B length formula, it is immediately verified that

Uy, (1) =Ly, (T 1Y)+ Ly (7] 2), (4.18)

where £, () and £, (-) are the lengths of type B defined (in the obvious way) on the groups
By and By, respectively. We also have an equation analogous to (4.18), which refers to 71y
instead of 7 (this is because 7717 also is a v-disconnected permutation in B,,, same as 7); in

other words, we have that

Loy (T719) = Loy ((F79) 1Y) 0, [(719) 1 Z)
— o [ 1Y) 0] 4, (7L 2)7 ) (419)

By adding together Equations (4.18) and (4.19) we obtain that

EB.,L (T) + an (7_17) =
o, (TLY) 4Ly (T LY) 0] + €y, (71 2) Ly, [(7 L Z) 0] =

-~

EBY (7o) + EBZ (Yo) =
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=p + «

At the second equality sign in the above calculation we used the fact that (7 | Y) <, 7, in
By and (7 | Z) <, 7, in By; this fact comes from the hypotheses that 7 | Y € B (Y,~,) =
[€:%0lp, and 7| Z € GB(Z,7,) = €Yol 5, -

We have thus obtained that £, (7)+ £, (77') = n, which is exactly the desired conclusion
that 7 <, v in By.

(2) <= (8)|. From the hypotheses of (3) it is clear that 7 | Y € By and 7 | Z € By. Note
also that the formulas found in (4.18) and (4.19) above hold here as well (indeed, these two

formulas only depended on the fact that 7 is a v — disconnected permutation in B,,).
As in the proof of (2) = (3), we will rely on the known fact that
S ne(Y.%0) = 6,75, and &5c(Z,%) = [6,%lp,
Thus our goal in this part of the proof is to check that
(t1Y) <, %eBy and (7] Z2) <, 7 € Bz,

or in other words, we have to check that the inequalities

loy (T1Y) 4L [(1 1Y) 1)

=
U, (TLZ) 4145, [(T | 2)7 )] >

both hold with equality. Clearly, it suffices to verify that the sum of the two inequalities holds
with equality. And indeed, we have:

(o, FIV) + 6, (L) )|+ [, (7 12) 4, (7 L 2)M0)| =

(

[Bywmw C12)] [, 7 L) e+, (7 L 2) M)
)+
)

=0, (1) + 4, (T71) [by Equations (4.18) and (4.19)]
=Ly (v [due to the hypothesis that 7 <, 7]
=g, (Vo) + {5, (7o)- [since n = p + q|
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We now move towards proving the v — connected case of the equality appearing in Theorem
4.2.3 by first observing that v — connected permutations in & B (X, ~) cannot have inversion-
invariant orbits. This is a useful fact since the partial order <, on [g,7], is defined in
terms of the length formula £, , which in turn involves only the non-invariant cycles. It thus
seems like a good idea to count the number of pairs #paired(7) of @ v — connected permutation
7€ G (X, %)

4.2.5 Lemma. Let 7 be any permutation in &B.(X,~,). Then T cannot have a v — connected

orbit which is inversion invariant.

Proof. By contradiction: assume that 7 has an orbit A which is inversion-invariant and v —

connected . Then there exist ¢, 7 such that

ANY D {i} & {j} CANZ suchthat 7(i) =7, [since A is v — connected |
ANY D{—-i} & {—j}CANZ suchthat 7(—i)= —j. [since A is inversion-invariant]

Condition 4S8 2 (from 4.1.1) is not fulfilled since both of 7(i) and 7(—%) belong to Z. Thus 7

cannot be standard in the annular sense, and implicitly 7 ¢ GB.(X,~,). [

4.2.6 Proposition. Let 7 be a v — connected permutation in &5.(X,~,). Then T has no

mversion-invariant orbits.

Proof. By assumption 7 has at least one 7 — connected orbit, C', which cannot be inversion-
invariant (as the preceding lemma shows) hence —C' N C' = ). Let us fix the (unique, by

condition AS 2) elements i, 7 with the properties
CnYD{i} & {j} CCNZ suchthat 7(i)=j, [since C' is v — connected ]
-CNnY 2 {-i} & {—j}<C-CNZ suchthat 7(—i)=—j. [since T is signed|
We are left with the possibility that 7 has a v — disconnected orbit A which is inversion-
invariant. Suppose, by contradiction, that this is indeed the case and let {k, —k} be any pair

of elements of A. Then the 6 distinct elements —1i,—j k,—ke X,i€Y,jeZ

satisfy the annular crossing pattern

)‘Z}j ! {_iv -7k, _k} = (_iu —J,k, _k) &
Tl{_ia_jaka_kaivj} :(—Z,k)(—],—k‘)(l,j)
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4.2.7 Proposition. Suppose that T is a v — connected permutation in Sx . Then

TEGEC(X,’}/) = T, 7.

Proof. Corollary 4.1.7 and Lemma 4.2.2 imply that the following equivalence holds
GB(X,7,) 37 is y—connected <<= GB(X v,) 37!y is y—connected, (4.20)

and therefore, by Proposition 4.2.6, both 7 and 7~ have no inversion-invariant orbits. On
the other hand, the description of Gg/enus(X ,7) from Remark 4.1.5 implies that

() + #(r ) = 20

Now let us use the length formula in B,

by, () =~ Hpiea(r) &y (779) =1~ a7 ) —
U, (1) =n— %#(7) &  l, (') =n-— %#(T—LY) .
b, (D) L5, (7717) = 20— %[#(7) +#)] =m—n=n=10, (y) =

T S<p, V- [by definition (3.3) of partial order]

We use again the description of Gg/enus(X ,7) from Remark 4.1.5, so we need to prove
that

#() + #(r71y) = 2n.

As observed there, it is true in general for any v — connected permutation 7 € 6;( that

#(7) + #(r71y) < 2n,

hence in order to prove the equality we just need to prove that

#(1) + #(77 1) = 2n. (4.21)

Let us denote the number of invariant orbits of 7 and 7=y by k and [, respectively. Now

an (T) =n- #paired (T) & EBn (7—717) =n-— #Paired (7—717) <
by =n-3#O-K & L, @m0 =



64 CHAPTER 4. TYPE B ANNULAR POSETS

_ 1 _
b, (N =n="L; (N)+ Ly, (777) = 20— S[#() +#( ) — k=] —
H) +#T ) —k—1 = 2m+k+1>2n
and thus inequality (4.21) is proved. [ |

At this point we have thus “fixed” the strict inequality GA.(X,7) 2 [e, Moy,
in the “type A annular” diagram, in the sense that, when moving to type B annular we now
have that

which appeared

6EC(X7,Y) = [57’7]}3” :

In view of the same type A diagram, let us now move on towards fixing the “bad” correspon-
dence &2 (X,v) «— NCA(+£p,+q) , where NCA (£p, +q) was simply defined as the image
of &2 (X, ~)through the orbit map €. The first problem in type A annular was that Q was
not injective. It looks encouraging that in type B this is not possible since there are no type
B annular permutations with a single v — connected block, thus the annoying non-injectivity
phenomenon cannot occur in this framework.

However, it is not a good idea to define “type B annular non-crossing permutations” as the
image of & B (X,~)through Q because, even if the orbit map is now injective, it is not or-
der preserving (the partial orders being <, and the reversed refinement <, respectively).
Indeed, if 7 € GB (X, ) is v — connected then

T <, v but Q) £ Qy) ={Y,Z}. (4.22)

This shortcoming is remedied without any damage by replacing 2 with an adjusted orbit map

denoted €2 and which is introduced in (4.2.13) below. Before that, some work must be done.

4.2.8 Orbits of permutations from G B (X,~). We will denote

def

OB(pq) = {AQX

37 € 6B (X,~) such that } . (4.23)

A is an orbit of T

4.2.9 Remark. Let A be a set in O8(p,q). A permutation in B (X,~)which has A as an
orbit must also have —A as an orbit, and this implies that either A = —A, or AN (—A) = 0.
In the case when A = —A, we must have that A C Y or A C Z, because a permutation in

& B (X,v)which has an inversion-invariant orbit must be v — disconnected (see Proposition
4.2.6).
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4.2.10 Lemma. . Let A€ OB(p,q) be such that A is v — disconnected (that is, we have

ACY or ACZ). Let 7€ GB(X,) be such that A is an orbit of 7. Then

TLA = 4] A (4.24)

ii. Let A € OL(p,q) be such that A is v — connected (that is, ANY # () # ANZ). Let

7€ GB(X,7) be such that A is an orbit of . On the other hand consider two elements
y€ ANY and z € ANZ, and look at the AC-test permutation Ay, € Sx (defined as in
Equation (4.2)). Then

TlA =Xy . |A (4.25)

Proof. 4. WACY,thent | A=(r]Y)]|A=(y]Y)] A=~] A (we used the equality

7 1Y =~ | Y, which is part of the requirements of compatibility between 7 and =).

The case when A C Z is analogous.

As observed in Remark 4.2.9, we have AN (—A) = 0. So —y,—z ¢ A, which in turn
implies that A_, _, | A is a cyclic permutation of A.

If |A| < 2, then the equality (4.25) follows just from the fact that both A_, . | A and
7 | A are cyclic permutations of A.

Suppose then that |A| > 3. If the equality (4.25) would not hold, then there would exist

three distinct elements a, b, ¢ € A such that

Ay—z L{a,bc} = (a,b,¢), 7] {abc}=(a,cb)

But then the five elements a,b, ¢, —y, —z would produce an occurrence of the crossing

pattern ACZ2in 7 — contradiction.

4.2.11 Definition. Let A be a set in O2(p, q). From the preceding lemma it is immediate

that if 71,7 are permutations in &8 (X,~)which have A as an orbit, then we must have

71 | A=m | A. It thus makes sense to define a permutation us € &4 by stipulating that

ua =11 A, (4.26)

where 7 is an arbitrary permutation in &8 (X, ) having A as an orbit. We will refer to ux

as the canonical permutation of A.
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4.2.12 Remark. Let A be a set in (’)nBC (p,q) , and consider the canonical permutation g € G 4

defined above.

1. Equations (4.24) and (4.25) from Lemma 4.2.10 give us “explicit” formulas for p4: if A

is v — disconnected then
pa =714, (4.27)
while if A is v — connected (which implies that AN (—A) = @) then
HA=A_y—» | A, (4.28)
for an arbitrary choice of y € ANY and z € AN Z.

17. Note that in the case when A is 7 — connected we still have that
pal (ANY) =~ (ANY), pal (ANZ)=v](ANZ). (4.29)

The first of these two equalities follows from the immediate observation that

Ay L (Y \{=y}) =7 L Y\ {-y}),

combined with the fact that ANY C Y \ {—y}. We use a similar argument for the

second equality, this time in reference to AN Z.

14%. Let us record here a fact that will be used later: suppose that A is v-connected, and that
we are given four distinct elements a, b, c,d € A, such that pa | {a,b,¢c,d} = (a,b,c,d).
Then it is not possible to have a,c € Y and b,d € Z. Indeed, let us pick some elements
y€ANY and z € AN Z. From part <. of this remark it follows that

)\,%,Z 1 {a7 b, c, d} =pa l {(I, b, c, d} = (CL, b, c, d)a

and it is clear, directly from the definition of A_, ., that A_, _, | {a,b, c,d} could not
be (a, b, c,d) if we were to have a,c € Y and b,d € Z.

4.2.13 The Partitions Q(7) and Q(). We move on from individual orbits to orbit partitions
for permutations in G (X,~), that is, we look at the orbit map

GE(X,y) 27— Q(r) € TI(X).

It is worth noting that this map is one-to-one. Indeed, if we know that a permutation 7 €

GB (X,7) has orbit partition 7 € II(X), then we know how to determine 7 — we just have to



4.2. POSETS OF TYPE B ANNULAR NON-CROSSING PARTITIONS 67

“multiply” (in the sense of viewing &4 C Gx with the elements from X \ A fixed) together
the canonical permutations ps € &4, where A runs in the set of blocks of m — by analogy with
the disc case, 7 obtained in this fashion from 7 will be denoted perm ., (7).

As noted in Equation (4.22), the orbit map € is not order-preserving. We introduce an adjusted

orbit map denoted Q as follows.

4.2.14 Definition. Let 7 be a permutation in B,. We define (1) to be the partition of X
which is obtained from Q(7) by grouping together all the inversion-invariant blocks of Q(7) (if
such blocks exist) into only one block of Q (7). That is: if

Q(T) = {Al, .. .,Ak,Bl, —Bl, e ,Bl,—Bl},

with A; = —A; for 1 <1 < k, then

Q(T) gef {AlU-"UAk,Bl,—Bl,...,Bl,—Bl}. (430)

Before starting to prove that Qand perm are indeed the right B-annular counterparts of 2

and perm,, from the disc case, let us first make the following definition.

4.2.15 Definition. The image through Q of GB (X,7)is defined to be the set of type B

annular non-crossing partitions, and it is denoted as follows

Q(68.(X,7) = NCB(p, q) CIIX) (4.31)

If - € B (X, ) then moving back and forth from Q(7) to Q (7) is a fairly minor adjustment,

as explained in the next lemma.

4.2.16 Lemma. Let 7 be a permutation in &B(X,~), and consider the following condition

on the partition Q (7):
“There exists a block A of Q () which is inversion-invariant and v — connected.”  (4.32)

If this condition is fulfilled, then the block A with the deemed properties (A = —A and ANY #
0+ AN Z) is uniquely determined, and Q(7) is obtained from (1) by splitting A into ANY
and AN Z. In the opposite case, when the above condition is not fulfilled, we have that
Q1) = Q (7).
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Proof. We discuss separately the cases when 7 is v —connected and when it is v —disconnected .

T is v — connected : then we know that 7 has no inversion-invariant orbits (by Proposition
4.2.6). In this case we observe that Q (7) = Q(7), and that, on the other hand, Q (7) does not

satisfy the condition (4.32). The conclusion of the lemma checks out.

T is 7 — disconnected : then ©(7) has at most two inversion-invariant orbits; and moreover,

if Q(7) has exactly two inversion-invariant orbits, then one of them is contained in Y and the
other is contained in Z. This follows immediately from Proposition 4.2.4, and the fact that
a permutation in NCB(p)or in NCB(q) has at most one inversion-invariant orbit. It is thus
clear that the only possibility for Q (7) # Q(7) is when both 7 | Y and 7 | Z have inversion-
invariant orbits. This also is the only possibility for having (1) satisfy the condition (4.32)

— hence the conclusion of the lemma checks out in this case as well. [ |

4.2.17 Corollary. The adjusted orbit map (B, <z )3T +— Q(7) € (II(X), <) is one-to-

one and order preserving.

Proof. For the “order preserving” part, let us first note that it suffices to prove that €2 (1) <

Q (12) whenever 79 covers 7. This follows from a case-by-case analysis of the covering relations

Be 1,1 < i< 4,in the hyperoctahedral group B, which were reviewed in Section 3.3.

The “one-to-one” part is also immediate: if o, 7 € &8.(X,~) are such that Q (o) = Q (7), then
Lemma 4.2.16 implies that Q(c) = Q(7), and then the injectivity of the orbit map €2 implies
that o = 7. |

Let us recall at this point that our goal in this section is to establish the isomorphism between
the posets (GB.(X,~), <p, ) and (NC B(p, q), <). Up to now we have seen that the adjusted
orbit map Q) sends permutations to partitions in a one-to-one and order-preserving fashion. Of
course, it remains to prove that whenever Q (o) < Q (7) it follows that o < 5, T- The theorem

which we want to prove is thus:

4.2.18 Theorem. Let us denote

NCE(p, q) E{Q(r)|re&E (X, 7)) (4.33)

Then the map
SE(X,y) 37— Q(r) e NCE (p, q) (4.34)

is a poset isomorphism, where 6§C(X, v) is partially ordered as an interval of By, while

NCB (p, q)is partially ordered by reversed refinement.
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The proof will follow from Corollary 4.2.17 and Proposition 4.2.22 below.

We need to prove first several technical lemmas concerning the canonical permutations g4

with A coming from OB (p, q).

4.2.19 Lemma. Let A,B € OL(p,q) be such that AC B. Then ug | A= pa.

Proof. If A is v — disconnected, then both pu4 and pup | A are equal to v | A. Let us then
assume that A is v — connected , and let us pick two elements y € ANY and z € ANZ. We
have in particular that y € BNY and z € BN Z, and it follows that both 4 and up | A are
equal to A_, _. | A. [ |

4.2.20 Lemma. Let A € OL(p,q), and suppose that o is a permutation in & B (X, ~,) such
that A is a union of orbits of o. Then o | A € GA(A, a) .

Proof. We will use the description of G/ (A, j14)in terms of crossing pattern DC, as in Defi-
nition 3.4.4.

We first check that o | A is compatible with p4. This amounts to checking that for every
orbit B of o | A we have
(01 A) | B=palB. (4.35)

But every orbit B of o | A is in fact an orbit of o (since it is given that A is a union of
orbits of ); thus B € OB (p, q), and both sides of Equation (4.35) are equal to the canonical

permutation pp (where on the right-hand side we invoke the preceding lemma).

We now prove that ¢ | A cannot display the crossing pattern DC with respect to p4. Assume
by contradiction that there exist four distinct points a, b, c,d € A such that

wua l{a,b,c,d} = (a,b,c,d), (0| A)]{a,b,c,d} = (a,c)(bd). (4.36)

We distinguish two cases.

Case 1.{a,b,c,d} is a y—disconnected subset of X; that is, we have that either {a,b,c,d} CY
or {a,b,c,d} C Z.

In this case, Equation (4.29) from Remark 4.2.12 implies that ua | {a,b,¢c,d} =~ | {a,b,c,d}.

Thus the conditions in (4.36) amount to

PY l« {a‘? b7 C7 d} = (a7 b7 c? d)7 g \l/ {a7 b? c? d} = (a’ C)(b7 d)?
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and this implies that o displays the crossing pattern AC 1 with respect to . But this is in
contradiction with the hypothesis that 0 € GB.(X,v) C 64.(X,7) (and where we invoke the
description of G4.(X,v)in terms of annular crossing patterns AC1, AC2, AC3).

Case 2. {a,b,c,d} is a v — connected subset of X; that is, {a,b,c,d} NY # 0 # {a,b,c,d} N Z.

In this case we must have that at least one of the two sets {a, c} and {b,d} is v — connected .
Indeed, if both {a,c} and {b,d} were v — disconnected, then it would follow that either we
have a,c € Y and b,d € Z, or vice-versa, we have a,c € Z and b,d € Y; but this comes in
contradiction with Remark 4.2.12 ¢4%. In the remaining part of the proof we will assume that
{b,d} is v — connected (the discussion based on the assumption “{a,c} is v — connected” is

similar and omitted here).

Let us next record that the six elements a, b, c,d, —b, —d of X are distinct from each other.
Indeed, we have that a, b, ¢, d are distinct elements of A, while —b, —d are distinct elements of
—A, and Remark 4.2.9 implies that AN(—A) = () (we use here the fact that A is v —connected ,
which holds because A D {b,d}).

i From the second equality stated in (4.36) and the fact that o € B,, it is immediate that
o | {a,b,c,d,—b,—d} = (a,c)(b,d)(—b,—d),
while on the other hand we see that

)\fb,fd l {a7 b7 Gy d} = (Afb,fd J, A) l {a7 ba &) d}

=pa l{a,b,c,d} [by Equation (4.28) in Remark 4.2.12]
= (a,b,c,d).
Hence o displays the crossing pattern AC3 with respect to v — contradiction. |

4.2.21 Lemma. Let B and C be sets in OB (p,q) such that B=-BCY and C = -C C Z.
We denote BUC = A. Suppose that o is a permutation in GEC(X, v) such that A is a union
of orbits of 0. Then o | A € GA.(A,va) .

Proof. The permutation v | A has exactly two orbits, namely B and C. We will prove that
o] Ac SA (A v4) by using the description of GA (A, v4)in terms of the annular crossing

patterns.

Let us first look at the verification that o | A is compatible with v | A. Here we have to check
that every orbit U of o | A satisfies the conditions A4S 1 and AS2 of Definition 4.1.1 ¢%., in
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the appropriate reformulation where Y and Z are replaced by B and C. And indeed, these
reformulated conditions 4S-% (1 < i < 2) are immediate consequences of the corresponding
conditions 4S -1 satisfied by ¢ € GA.(X,v), and where we use the same U. In order to
illustrate what happens, let us work out for instance the condition 451 . In the reformulation

for o | A, this condition has the form
(ol A) L UNB)=(y1A4) 1 UNB),

where U is an orbit of o such that U C A. So we are required to check that o and v induce the
same permutation on U N B. But the corresponding condition which we know to be satisfied by
oisthat o | (UNY) =+~ | (UNY), and this does indeed imply that o | (UNB) =~ | (UNB),
sinceUNY DUNB.

The verification that o | A does not display any of the annular crossing patterns AC1, ACZ2,
AC 3 with respect to v | A goes on the same lines as in the preceding paragraph. That is, if
o | A would display a crossing pattern AC -7 with respect to v | A (1 < i < 3), then the
same set of 4, 5 or 6 points of A could be used to infer that o displays the crossing pattern
AC -1 with respect to . The verification of this fact is straightforward and it is skipped. We
only note here that when treating the crossing patterns AC2 and AC3 one has to take into
account the following simple observation: if b € B, ¢ € C, and X\, € Gx is the AC-test
permutation defined as in Equation (4.2), then the counterpart of \,. with respect to to
S A(A,~4) coincides with Ay, | A. [

4.2.22 Proposition. Let 0,7 € GB(X,~,) be such that Q (o) < Q (7). Then o <z, T

Proof. Case 1. Both ¢ and 7 are v — disconnected .

In this case each of o and 7 is completely determined by its restriction to Y and to Z. Let
By and Bz be the Weyl groups of type B corresponding to the sets Y and Z, respectively.
It is immediate that the required inequality o <, 7 in B, will follow if we can prove that
oclY <z, 7|!YinByando | Z <z, 7| Zin By.

Now, from the hypothesis that Q(5) < Q(r) it follows that Q(c | Y) < Q(r | Y), since
the blocks of o | Y (respectively 7 | Y') are obtained by intersecting the blocks of Q (o)
(respectively the blocks of (7)) with Y. But Proposition 4.2.4 gives us that o | Y,7 |
Y € By ~ B,. Thus if we know that Q(c | YV) < Q(7 | Y), then we can invoke the
poset isomorphism between NCB(n) and &8 (X, ~,) (as in the type B summarizing diagram)
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to conclude that o | Y < By T 1 Y. The inequality o | Z < B, T | Z is obtained in a similar

manner.

Case 2. T has no inversion-invariant orbits.

In this case o cannot have inversion-invariant orbits either. We have Q(c) = Q(c) and
Q (1) = Q(7), thus our hypothesis is that Q(c) < Q(7).

Let A be an orbit of 7. Then A is a union of orbits of ¢, and Lemma 4.2.20 gives us that
o] Ac GA(A 14). Observe that

(0l ATl A)=(c7"7) L 4,
thus the genus equality gives us that
#(o | A)+#('1) | A) =1+]A| (4.37)

In Equation (4.37) let us sum over all orbits A of 7, where we take into account that every
orbit of o is contained in precisely one orbit of 7, and that (consequently) the same is true for

every orbit of o~17. We get that

#(o) + #(o7I1) = #(7)+ 2n. (4.38)

Finally, we convert Equation (4.38) into a formula which involves lengths in B,. If a permu-
tation ¢ € B, has no inversion-invariant orbits, then the relation between the length ¢, (¢)

and the number of cycles #(y) is

#(p) = 2(n — £ (p))- (4.39)

l7 and 7 (where in the case of o~!7, the absence of

This formula applies to each of 0,0~
inversion-invariant orbits follows from the inequality Q(c~'7) < Q(7)). By substituting this
into (4.38) we get precisely that ¢, (o) + £, (0717) = £, (), and the required inequality

o <, 7 follows.

Case 3. o and 7 are neither as in Case I nor as in Case 2.

In this case 7 must have inversion-invariant orbits (otherwise Case 2 would apply). Proposition
4.2.6 thus implies that 7 is v — disconnected . But then ¢ has to be v — connected , otherwise
Case 1 would apply. From the given inequality (o) < Q (1) and the fact that o is v —

connected we next infer that the partition (1) is v — connected .
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In the preceding paragraph we saw that 7 is v — disconnected, but the partition Q (1) is
v —connected . The only way this can happen is if 7 has exactly two inversion-invariant orbits,
an orbit B=—B CY and an orbit C = —C C Z. Then, denoting BU C = A,, we have that
A, is the unique v — connected block of Q () (while all the other blocks of € (7) are actual
orbits of 7, and each of them is either contained in Y or contained in Z). In the preceding
paragraph we also saw that o is v — connected ; note that, due to the inequality Q(o) < O (1),

all the v — connected orbits of ¢ must be contained in A,.

We now start to count orbits of o and of ¢~ 7, in the same way as we did in the Case 2. For
every orbit A of 7 such that A # B, C we have that A is a union of orbits of ¢ and we can do
exactly the same calculation as shown in Case 2. We obtain, analogously to Equation (4.37)
from Case 2, that

#(o | A)+#(0'7) | A)=14]A|, VA orbitof 7, A# B,C. (4.40)

On the other hand, A, = B U C also is a union of orbits of 0. Lemma 4.2.21 applies to
this situation, and gives us that o | A, € G(A,7 | A,). It is convenient to replace here
v 1l A, by 7 | A, (the equality v | A, = 7 | A, is the combination of the two equalities
vyl B=7|Band~y | C=r7|C, which hold because 7 is compatible with v. So we obtain
that o | A, € GA(A, 7 | A,), and the genus inequality for o | A, and 7 | A, must thus hold
with equality. Out of the two cases discussed in Remark 4.1.5 we have to pick the first one,
case 7. (indeed, o has v — connected blocks which are contained in A,, and this implies that
o | Ao is (1 | A,)-connected). Hence the equality which we add to those recorded in Equation
(4.40) is

#(o | A) +#((0717) | Ay) = | Aol (4.41)

Let us now sum in Equation (4.40) over all the orbits A # B, C of 7, and let us also add up
Equation (4.41) to the result of that summation. We get (analogously to Equation (4.38) from
Case 2), that

#(0) + #((o'7) = (#(7)—2) +2m. (4.42)

Finally, we convert Equation (4.42) into a formula which involves lengths in B,,. We omit here
the verification of the fact that the permutations o and o~'7 do not have inversion-invariant
orbits (the verification has only one non-trivial point, namely the absence of inversion-invariant
orbits of (¢7'7) | A,, which is obtained by applying a “re-denoted” version of Proposition
4.2.6 to the permutation (¢717) | A, € 62 (A,7 | A,)). Hence the conversion from # (o)
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and # (o~ 17) to the lengths ¢, (o) and ¢, (0717) is done via the same formula (4.39) as we
used in Case 2. The permutation 7 has two inversion-invariant orbits, hence the formula used

for 7 has to be
#(1) = 2(n—{, (7) +1).

When we use these formulas in order to rewrite Equation (4.42) in terms of lengths in B,,, we
get that £, (0) + £, (07'7) = €, (1), and the required inequality o <, 7 is obtained in this

case as well. [

Finally, it is clear that Theorem 4.2.18 now follows, when we combine the statements of
Corollary 4.2.17 and of Proposition 4.2.22.



Chapter 5

The Lattice NCB (n-1, 1)

5.1 Intersection Meets for Partitions in NCB (p, q)

In this section we continue to use the framework from Chapter 4. The two positive integers p
and ¢, and all the notations introduced in connection to them, specifically in Section 4.2. are

fixed for the present chapter.

X =A{1,...,n}u{-1,...,—n},
Y:{lvvp}u{_lva_p}v for n:p—l-q
Z=A{p+1,....n}uU{—=(p+1),...,—n},

We are thus looking at NCB (p, q), which is a set of partitions of X. For any partitions 7, p
of X we will use the notation m A p to refer to the intersection meet of m and p. That is,
7 A p is the partition of X into blocks of the form AN B where A is a block of 7, B is a block
of p, and AN B # (). Tt is immediate that m A p is the meet for 7 and p in the lattice I1(X) of
all partitions of X.

In connection to the notation 7 A p, we emphasize that the implication
mpeNCP(p,q) = 7wApeNCB(p, q)

is not true in general. And in fact, while NCB (p, q)is always a ranked poset with partial
order given by reverse refinement, it is not true in general that NCB (p, q) would be a lattice

with respect to this partial order. The goal of the present section can be summarized by

75
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saying that we look at the following question: if m,p € NCB(p, q) and if it is to be that
7 Ap&NCB(p, q)), then why exactly does this happen?

5.1.1 The case when 7 A p is 7 — disconnected

5.1.1 Definition. Let 6 be a partition in NCB(p), and let w be a partition in NCB(q). We
define a partition 7 of X which will be denoted by “®(0,w)”, and is described as follows.

1. Whenever A is a block of 8 such that A = —A, we take A to be a block of .

4i. Whenever B is a block of w such that B # —B, we take B’ to be a block of m, where

B :=={b+p|be B, b>0}u{b—p|be B, b< 0} C{p+l,...,ntU{—(p+1),...,—n} C X.

11%. Let U C X be the union of all the blocks of 7 considered in (i) and (ii) above. If U # X,
then we take X \ U to be a block of 7.

5.1.2 Remark. Let 6,w and m = ®(f,w) be as above.

19 It is clear that if M is a block of 7, then —M is a block of w as well. It is also clear that m can
have at most one inversion-invariant block M, namely the block X \ U from %%%. of Definition
5.1.1 (if it is the case that U # X). A moment’s thought shows that the construction of =
can be succinctly described as follows: “Every block of 8 and every block of w is identified to
a subset of X, in the natural way; this gives a partition 7, of X. Then 7 is obtained from 7,
by joining together all the inversion-invariant blocks of 7, (if such blocks exist) into one block

of m”.

2° By using the canonical identifications

S he(Y:7) N By = &5 (Y,7,) = NCB(p) and &).(Z,7) N Bz = & 5.(Z,7) =~ NC(q)

(5.1)
the construction of the partition 7 = ®(6,w) can also be described as follows: we identify 6
and w with permutations from &4.(Y,7,) N By and respectively from &A.(Z,7,) N Bz, in
the canonical way from (5.1). The two permutations so obtained (one of Y and one of Z)
can be combined together into one permutation 7 of X. Note that, by Proposition 4.2.4, 7 is
a v — disconnected permutation in &8 (X,~). Then 7 can be defined as being the partition
Q (1) for this particular 7 € 68.(X, 7).
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5.1.3 Proposition. 1° For every § € NCB(p) and w € NCB(q), the partition ®(0,w) defined
above belongs to NCB (p, q).

2° The map ® : NCB(p) x NCB(q) — NCEB (p, q) is injective, and its range-set can be described
as {Q(7) | 7€ 6B(X,~), T is v — disconnected}.

Proof. Part 1° and the description of the range-set of ® in part 2° follow from the description
of ®(f,w) observed in Remark 5.1.2.2. The injectivity of ® is immediate from the description
of ®(6,w) given in Definition 5.1.1. [

5.1.4 Corollary. The subset {Q2(7) | 7 € SB.(X,~), 7 is v — disconnected} of NCB (p, q)is

closed under the operation “A” of intersection meet.

Proof. This is immediate from Proposition 5.1.3 and the straightforward verification (made
directly from Definition 5.1.1) that we have ®(0,w) A ®(0',w') = (O A 0',w AW'), for every
6,0 € NCB(p) and every w,w’ € NCB(q). [ ]

5.1.5 Corollary. Let 7, p be in NCB (p, q), and let us denote 7 A p =: v. If v has inversion-
invariant blocks, then v € NCB (p, q).

Proof. Let N be an inversion-invariant block of v, and let us write N = M N M’ where M is
a block of m and M’ is a block of p. Then M N (=M) O N, hence M N (—=M) # 0, and M
must be an inversion-invariant block of 7. Similarly, M’ must be an inversion-invariant block
of p. From Proposition 4.2.6 it follows that we must have 7 = € (7) and p = Q (/) for some
~ — disconnected permutations 7, 7 € &8 (X,~). But then Corollary 5.1.4 gives us that v also
is of the form (o) for some 7 — disconnected permutation 0 € &8 (X,v), and in particular

we find that v € NCB (p, q). [ ]

In the remaining part of this subsection we will prove another statement going on the same
lines as the above corollary, but where the hypothesis on v will be that it is v — disconnected .

When doing that, it will come in handy to use the following notation.

5.1.6 Notations. Let 7 be a partition of X.

1. We will denote by ¥;(m) the partition of {1,...,p} U{—1,..., —p} into blocks of the form
A= MnNY, with M a block of w such that M NY # (.
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1%. We will denote by Wo(m) the partition of {1,...,q}U{—1,...,—q} into blocks of the form
B={b—p|lbeMnNZ b>0}U{b+p|lbe MNZ b<0}

with M a block of 7 such that M N Z # .

5.1.7 Lemma. Let 7 be a partition in NCE (p, q), and consider the partitions 6 := ¥y (n)

and w := Wy(7) from the preceding notation. Then 6§ € NCB(p) and w € NCB(q).

Proof. We denote by 7 the unique permutation in & B.(X,~) which has Q(r)=m.

Assume by contradiction that & ¢ NCB(p). Then there exist two distinct blocks A and A’ of
0 and elements a,c € A, b,d € A’ such that « | {a,b,c,d} = (a,b, ¢, d), where

a::"le:(1’,,,’p7—17,..,—p)GGY-

The blocks A and A’ can be written as M N'Y and respectively M’ N'Y, where M and
M’ are two distinct blocks of w. By using the fact that 7 = Q (1), it is easily seen that
7 | {a,b,c,d} = (a,c)(b,d). On the other hand it is clear that

v l{a,b,c,d} =a | {a,b,c,d} = (a,b,cd),
and it follows that 7 satisfies the crossing pattern AC 1 — contradiction.

The verification that w € NCB(q) is made on the same lines as shown for 6 in the preceding

paragraph. |

5.1.8 Corollary. Let m,p be in NCE(p, q), and let us denote 71 A p =: v. If v is vy —
disconnected , then v € NCB (p, q).

Proof. We will assume that v has no inversion-invariant blocks (if it has such blocks, then we

just invoke Corollary 5.1.5).

Consider the partitions ¥;(v) and Wy(v); we claim that ¥ (r) € NCB(p) and ¥o(v) € NCB(q).
Indeed, directly from how the maps W;(-) and Wy(-) are defined (see Notation 5.1.6) it is
immediately checked that

Ui(v) =Ui(m A p) =Ti(m) A¥y(p), and Ua(v) = WUa(m A p) = Wa(m) A Ua(p).

But ¥y (7), U1 (p) € NCB(p) (by Lemma 5.1.7), and NCB(p) is closed under intersection meets,
hence ¥y (v) € NCB(p). A similar argument shows that Wy(rv) € NCB(q).
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Now let us look at the partition ®(W;(v),VUa(r)). Note that ¥;(r) and Wo(v) have no
inversion-invariant blocks (due to the hypothesis that v has no such blocks). The descrip-
tion of ®(¥;(v),Va(v)) given in Remark 5.1.2.1 thus says that ®(¥;(v), ¥2(v)) is simply
obtained by identifying the blocks of ¥;(r) and of ¥o(v) to subsets of X, in the natural way.
But then it becomes clear that ®( ¥ (v), Ua(v)) is v itself, and Proposition 5.1.3.1 implies
that v € NCB (p, q)), as required. [

5.1.2 The case when 7 A p is v — connected

5.1.9 Lemma. Consider the collection of sets OB (p, q) introduced in 4.2.8 . Let B be a set in

nc

OB(p,q) such that BN (—B) =0, and let A be a non-empty subset of B. Then A € OE(p,q).

Proof. By the definition of OB (p,q), we can find a permutation 7 € GB.(X,~) such that B
is an orbit of 7. Then —B is an orbit of 7 as well. Let o be the permutation of X defined as

follows:
1° The sets A and —A are orbits of o, and we have o | +A4 =7 | +£A.
2° Every element of B\ A and every element of (—B) \ (—A) is a fixed point for o.

3° On the set X \ (BU (—B)) (which is a union of orbits of 7) the permutation o acts exactly

as 7 does.

We claim that 0 € &8 (X,~). Indeed, on the one hand it is clear that o € B,. On the other
hand, the fact that 0 € G2 (X,~) is easily verified by using the description of G2 (X,~)in
terms of annular crossing patterns: the compatibility of o with v follows immediately from
the compatibility of 7 with ~+, and it is also immediate that if ¢ would satisfy the crossing
pattern AC -7 for some 1 < ¢ < 3 then 7 would satisfy the same crossing pattern, for the same
set of points of X. (In the verification of the latter fact one uses the obvious remark that fixed
points of permutations of X can not be involved in any of the crossing patterns AC1, ACZ2,
AC3)

So 0 € 6B (X,7) and A is an orbit of o, which implies that A € OB (p,q). [ |

nc

5.1.10 Proposition. Let 7, p be in NCB (p, q), and let us denote © A p =: v. Suppose that v

is 7 — connected , and has no inversion-invariant block. Then
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1° Every block A of v belongs to the collection of sets O (p,q), and we can thus talk about

the canonical permutation pa, defined as in 4.2.11.

2° Let T be the permutation of X which is uniquely determined by the requirements that Q(7) =
v and that T | A = pa, for every block A of v. Then T belongs to the group By, it is compatible
with v, and does not display the crossing patterns AC1and ACZ2.

Proof. 1° Let A be a block of v, and let us write A = BN C where B is a block of m and C
is a block of p. It cannot happen that B and C are both inversion-invariant (if B = —B and
C = —C then it would follow that A = —A, in contradiction to the hypotheses given on v).

Assume for instance that B is not inversion-invariant.

Observe that B € OB (p,q). Indeed, B is a block of 7, and r is of the form € () for some
¢ € 6B (X,~). (From the definition of Q (¢) it follows that either B is an orbit of ¢ or a
union of orbits of ¢. But the latter possibility is ruled out by the fact that BN (—B) = 0 (by
the definition of Qas in (4.30)). Hence B is an orbit of ¢, and hence B € OB (p, q).

But then Lemma 5.1.9 applies to B and A, and gives us that A € OB (p,q) as well.

2° The fact that 7 € B,, is immediate. It is also immediate that 7 satisfies the conditions of
compatibility with . Indeed, these conditions are actually defined for the individual cycles of
T, hence they have to be fulfilled since (by the definition of the canonical permutations p4)

every cycle of 7 comes from some permutation in & B (X, ~).

The proof that 7 cannot satisfy AC1 and ACZ2 relies essentially on the fact that the definition
for each of these crossing patterns involves elements from only two orbits of 7. We will only

show the proof for AC2 | the argument for AC 1 being analogous.

So let us assume by contradiction that 7 displays the crossing pattern AC2 , hence that there
exist five distinct points a, b, c,y,z € X, with y € Y and z € Z, such that

Ayz L {a,b,¢} = (a,b,¢) and 7] {a,b,c,y,2} = (a,¢,b)(y, 2). (5.2)

We claim that {a,b,c} must be a 7 — connected subset of X. Indeed, let A be the orbit of
7 which contains {a,b,c}. If it happened that {a,b,c} C Y or {a,b,c} C Z then we would
deduce that

7 1 {a,b,c} = pa | {a,b,c} [by definition of 7]
=~ 1{a,b,c} [by Equation (4.29) in Remark 4.2.1247%. |
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=Ayz | {a,b,¢c} [directly from the definition of A, .]

in contradiction to what was assumed in (5.2).

Now let A be as above and let A’ denote the orbit of 7 which contains {y, z}. Then A, A" are
blocks of v, so we can write A = BN C and A’ = B’ N C’ where B, B’ are blocks of m and
C, C" are blocks of p. We have that either B # B’ or C' # C’ (in the opposite case it would
follow that A = A’, in contradiction to how 7 acts on {a,b,¢,y, z}). By swapping the roles of
7 and p if necessary, we will assume that B # B’. Note that each of the two blocks B and B’
of m is v — connected (since B D {a,b,c} and B’ 2 {y, z}).

Let ¢ be the unique permutation in & B8_(X, v) with the property that Q (¢) = . Observe that
¢ is v — connected : indeed, if ¢ was to be 7 — disconnected then (as seen directly from the
definition of O ) the partition Q () would have at most one y— connected block, while we know
that 7 has at least two such blocks, namely B and B’. From the fact that ¢ is v —connected we
further infer that ¢ has no inversion-invariant orbits (Proposition 4.2.6). This implies that

Q(p) = Q(¢) = 7, and we can therefore be certain that B and B’ are orbits of .

We next prove that ¢ | {a,b,c} = (a,c,b). To this end we consider the canonical permutation

pp associated to the set B € OB (p,q) and we write:

v l{a,b,c} =pup | {a,b,c} [by definition of pup]
=(up | A) | {a,b,c} [because B 2 A D {a,b,c}]
=pa | {a,b,c} [by Lemma 4.2.19])
=7 {a,b,c} [by definition of 7]
= (a,c,b) [by (5.2)].

We have thus found that ¢ has two distinct orbits B and B’ such that B D {a, b, c}, B’ 2 {y, 2},
and such that ¢ | {a,b,c} = (a,c,b). It is then clear that ¢ | {a,b,c,y, 2z} = (a,c,b)(y, 2); in
conjunction with the equality X\, . | {a,b,c} = (a,b,c) from (5.2) this shows that ¢ satisfies

the crossing pattern AC2 — contradiction. |

5.1.11 Remark. At this moment we have narrowed down quite a bit the possibilities for how
it can happen that m,p € NCB(p, q), but v := 7 A p & NCB(p, q): we must have that v is
~ — connected and without inversion-invariant blocks (because of Corollaries 5.1.5 and 5.1.8),
and the permutation 7 constructed in Proposition 5.1.10 must display the crossing pattern
AC3 .
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It is somewhat disappointing to see that if p, ¢ > 2, this one possibility that was left (with 7
displaying the crossing pattern AC3) can in fact occur. This is immediately seen by looking

at the example where m = Q(0) and p = Q(7) for

{0 = ((1,2,p+1,p+2)),

(5.3)
= ((17 _(p + 2),]? +1, _2))

In fact, if p,q > 2 then one can argue directly that NCB (p, q)is not a lattice, in the following

way: let 0,7 be as in (5.3), and consider on the other hand the permutations

0o = ((17p+ 1))7 To = ((2ap+ 2)) € By. (54)

We denote Qo) = m, Q1) = p, Qo,) = 7o, U70) = po. It is straightforward to check that
T, Py To, Po all belong to NCB (p, q), satisfy the inequalities 7, < 7, 7, < p, po < 7T, po < p,
and yet there is no partition » € NCB (p, q) such that m,,p, < v < m,p.

Figure 5.1 shows how the partitions and permutations of this example look, in the particular

case when p = ¢ = 2.

On the other hand, note that the above example takes advantage of the existence of at least
4 points on each of the two circles of the annulus. This detail really turns out to be essential
— in the next section we will see that it is possible to “finish the argument” for the fact that

TApeNCB (p, q), if we place ourselves in the particular situation when p =n—1 and ¢ = 1.

5.2 NCB(n-1, 1)is a lattice

This section inherits all the notation from Section 5.1 with the specification that the positive

integers p, g are now set to be

p=n—1, ¢=1, forsomen > 2. (5.5)
So the set X continues to be {1,2,...,n} U{—1,-2,...,—n}, but Y and Z have now become
Y={1,2,....n—1}U{-1,-2,...,—(n—1)}, Z={n,—n},

v is the permutation
vy=((1,...,n—1)) - [n] € By,

etc. Our goal for the section is to show that we have the following.
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1 ((1,-4,3,-2)) ((1,2,3,4) 1

MEET DOES NOT P

TS

-1 (1,3)) ((2,4) -1

Figure 5.1: Type B annular permutations with no meet

5.2.1 Theorem. NCB (n-1, 1)is a lattice.

5.2.2 Remark. In order to prove that NCB (n-1, 1)is a lattice, all we need to do is prove
that NCB (n-1, 1) is closed under the operation “A” of intersection meet (which is reviewed in
Section 2.2). Indeed, once this is established, it becomes clear that every 7, p € NCB (n-1, 1)
have a greatest common lower bound in NCB (n-1, 1), which is precisely their intersection meet,
hence “A” really gives a meet operation on NCB (n-1, 1). On the other hand it is obvious that
NCB (n-1, 1) has a largest element, the partition of X into only one block. Therefore Lemma

2.1.3 can be used here.

5.2.3 Remark. Let 7, p be two partitions in NCB(n-1, 1), and consider their intersection
meet v := 7w A p. Let us suppose that v is v — connected and has no inversion-invariant blocks,
and let 7 be the permutation of X defined as in Proposition 5.1.10 above: the orbit partition of
T is equal to v, and for every block A of v we have that 7 | A = p4 (the canonical permutation
of A as in Definition 4.2.11). We will spend most of the present section in examining whether

7 can display the crossing pattern AC3, in order to eventually conclude that this cannot
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happen.

So let us assume that 7 does satisfy AC3 ,i.e. that there exist six distinct elements a, b, ¢, d, y, z €
X such that y € Y, z € Z, and where we have

Ay,z L {a,b,¢e,d} = (a,b,¢,d), 7] {a,b,ec,dy,z} = (a,c)(bd)(y,z2). (5.6)

In the current remark we make some observations about what this entails, and we set some

notations.

The main observation we want to record here is that exactly one of the sets {a,c} and {b,d}
is 7y — connected . Indeed, it is clear that {a, c} and {b,d} can’t both be v — connected , as this
would imply that among a,b, ¢, d,y, z there are three distinct elements of Z (namely z, one
element from {a,c} N Z and one from {b,d} N Z). This is not possible, since Z = {n, —n} has

only two elements.

Suppose on the other hand that none of {a,c} and {b,d} are v — connected, i.e. that each
of them is either contained in Y or contained in Z. Note that it is not possible to have
{a,b,c,d} CY or {a,b,c,d} C Z. Indeed, if we had for instance that {a,b,c,d} C Y then it
would follow that

Ay7z ! {a7 b, c, d} = ()‘y,z ! (Y \ {y})) ! {a7 b, ¢, d}
=~ | {a,b,c,d}.

This would lead to
v 1{a,b,¢c,d} = (a,b,c,d), 7| {a,b,c,d} = (a,c)(b,d),

and would imply that 7 satisfies the crossing pattern AC1 , in contradiction to Proposition
5.1.10. So if we assume that {a,c} and {b,d} are both v — disconnected then it must follow
that {a,c} CY and {b,d} C Z or vice-versa ({a,c} C Z and {b,d} C Y). But this situation
can’t occur either, because, as explained in Remark 4.2.1244%., it is not compatible with the
assumption that A, . | {a,b,c,d} = (a,b,c,d).

Hence we know that exactly one of {a,c} and {b,d} is v—connected . By considering a circular
permutation of a,b,c,d (which does not affect the two equalities from (5.6)) we may assume

that {a,c} is v — connected , and moreover, that a € Z and c € Y.
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Now, a and z are distinct elements of Z; since |Z| = 2, we deduce that
a=—z, Z=/{a,z}, (5.7)

and the remaining four elements b, ¢, d, y that play a role in (5.6) all belong to Y. It is useful

to also record here that the cyclic order of b, ¢,d,y on Y is given by the formula

v 1 A{bc,d,y} = (b,c,d,y); (5.8)

this follows immediately by using the assumption (5.6) that A, . | {a,b,c,d} = (a,b,c,d), and
by checking how the long cycle of A\, . goes, when one starts at the point a € Z.
In what follows we will denote by A, A" and A” the three distinct orbits of 7 (equivalently,

blocks of v) which contain {a,c}, {b,d} and {y, z}, respectively. Since v = 7w A p, we can write
A=BnC, AA=B'nC', A”=B"nC", (5.9)
where B, B', B” are blocks of m and C,C’,C” are blocks of p. Note that we have the relations
B'=-B, " =-C, (5.10)

which hold because B” 3 2= —a€ —Band C" 3 2= —a € —C.

5.2.4 Lemma. Consider the setting of the Remark 5.2.5.

1° It is not possible that any two of the three blocks B, B', B"” of m are distinct from each other.
Similarly, it is not possible that any two of the three blocks C,C’,C" of p are distinct from

each other.

2° It is not possible that B = B' = B”, and similarly, it is not possible that C = C' = C".

Proof. 1° Assume for a contradiction that B, B’ and B” are three distinct blocks of 7. Let
¢ be the unique permutation in NCB (n-1, 1) with the property that Q (¢) = m. Since 7 has
at least two distinct y-connecting blocks (namely B and B”), we can use Lemma 4.2.16 to
infer that € () coincides in this case with the orbit partition Q(p). Hence B, B, B” are three
distinct orbits of ¢, where B 2 A 2 {a,c}, B' 2 A’ D {b,d}, and B” D> A” D {y, z}. It is then
clear that

¢ | {a,b,c,d,y, 2z} = (a,c)(b,d)(y, 2),

and in conjunction with our standing assumption that A, . | {a,b,¢c,d} = (a,b,c,d) (made in

Equation (5.6)), this implies that ¢ satisfies the crossing pattern AC3 — contradiction.
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The argument that C,C’, C” cannot be three distinct blocks of p is identical to the one shown
above for B, B’, B".

2° If we had that B = B’ = B” then it would follow that C,C’,C" are three distinct blocks
of p (since the intersections A = BNC, A’ = B'NC" and A” = B" N C" give three distinct

orbits of 7); but this is not possible, by part 1° of the lemma. A similar argument rules out
the possibility that C' = C' = C”. [ |

5.2.5 Lemma. Consider the setting of the Remark 5.2.3. Then B # B" and C # C".

Proof. Assume for a contradiction that B = B”. We observed above (see (5.10)) that we also
have B"” = —B; hence B is an inversion-invariant block of 7. It is moreover clear that B is
~v-connected, since BNY > ¢,y and BNZ > a, 2.

Let ¢ be the unique permutation in &8 (X, ~,) (n—1, 1) with the property that Q () = 7. By
Lemma 4.2.16, B is the unique block of = which is both inversion-invariant and v — connected .
The same lemma tells us that the partition Q(¢) of X into orbits of ¢ consists of BNY,
BN Z, and all the blocks of m which are different from B. Note in particular that B’ has to
be an orbit of ¢ (indeed, B’ is a block of 7, and cannot be equal to B = B”, by part 2° of the

preceding lemma).

But then let us look at the distinct orbits BNY and B’ of ¢, and at the elements ¢,y € BNY
and b,d € B’. All these four elements belong to Y, and we have v | {b,c,d,y} = (b,¢,d,y) (see
Equation (5.8) above). This leads us to the conclusion that ¢ satisfies the crossing pattern

AC 1 — contradiction.

So the assumption that B = B” leads to contradiction, hence B # B”. The fact that C' # C”

follows in the same way. ]

5.2.6 Remark. Consider the setting of the Remark 5.2.3. Due to the facts proved in this
setting in Lemmas 5.2.4 and 5.2.5, we now know that the blocks B, B’, B” of 7 are such that
either B’ = B or B’ = B” (indeed, Lemma 5.2.5 states that B # B”, so having B’ # B and
B’ # B” would contradict Lemma 5.2.4.1). Similarly, the blocks C,C’,C" of p are such that
either ¢’ = C or C' = C".

Observe that it is not possible to have B’ = B and C' = C, because A = BNC and A’ = B'NC’
are distinct orbits of the permutation 7. Similarly, it is not possible to have that B’ = B” and

C" = C". So we are either in the case when B’ = B, C' = C”, or we are in the case when
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B’ = B", ¢! = C. By swapping, if necessary, the roles of m and of p in the above discussion,
we can (and will) assume in what follows that it is the first of these two cases which takes

place.

So from now on we can continue our discussion by writing everything in terms of the blocks
B and C. Indeed, the blocks B’, B” and C’,C"” that were introduced in (5.6) can now be

replaced in terms of B and C:
B' =B, B"=-B, '=C"=-C. (5.11)

In terms of B and C alone, the statement of Lemma 5.2.5 becomes that B and C are not

inversion-invariant; hence we know that
BN (=B)=0, and CN(-C) = 0. (5.12)

It is useful to also record here that (as an immediate consequence of (5.11) and of how B, B', B”
and C,C’,C" were defined in Remark 5.2.3) we have

a,bc,d,—y€ B, a,—b,c,—d,—y e C. (5.13)

5.2.7 Proposition. Let 7, p be two partitions in NCB (n-1, 1), and consider their intersection
meet v : = A p. Suppose that v is y-connected and has no inversion-invariant blocks, and let
T be the permutation of X defined as in Proposition 5.1.10 above: the orbit partition of T is
equal to v, and for every block A of v we have that T | A = py (the canonical permutation of
A). Then 7 € 8B (X,~), where y =[1,2,...,n—1] - [n].

Proof. The only thing to be proved about 7 which was left out in Proposition 5.1.10 is that
it does not satisfy the crossing pattern AC3 . Assume for a contradiction that 7 does satisfy
AC3 , and consider six distinct points a,b,c,d,y,z € X with y € Y and 2z € Z, such that the
relations (5.6) from Remark 5.2.3 hold. The arguments presented in Remark 5.2.3, in Lemmas
5.2.4 and 5.2.5, and in Remark 5.2.6 then tell us the following: at the cost of doing a cyclic
permutation of a, b, ¢, d and of swapping if necessary the roles of 7w and p, we may assume that
there exist a block B of m and a block C' of p such that (5.12) and (5.13) hold. Moreover, the

cyclic permutation we performed on a, b, ¢, d ensures that
a=—z {a,z} =2, and b,c,d,y €Y, v | {b,c,d,y} = (b,¢c,d,y)

(see Equations (5.7) and (5.8) in Remark 5.2.3).
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Let ¢ and ¥ be the permutations in & B (X, ) which have Q (¢) = 7 and Q (1) = p. Observe
that B is an orbit of ¢. Indeed, the only way B could be a block of O (¢) but not an orbit
of ¢ would be if B was the union of two inversion-invariant orbits of ¢; but this would imply
that B = —B, and we know from (5.12) that B # —B. A similar argument shows that C is
an orbit of 1.

Let us next look at the elements b, —b,c,d,y € Y. We claim that these are five distinct
elements of Y. Indeed, b,c,d,y have to be distinct because they are part of the set of six
distinct elements a, b, c,d,y, z € X that we started with. We next observe that —b is distinct
from b, ¢, d because b,c,d € B, —b € —B (by (5.13)), and BN (—B) = 0 (by (5.12)); a similar
argument shows that —b # y (we have —b e C, y € —C, and C' N (—=C) = 0).

We consider the cyclic permutation induced by 7 on the set {b, —b, ¢, d,y}. Since we know that
v L {b,e,d,y} = (b,c,d,y), there are in fact only four possibilities for what « | {b, —b, ¢, d,y}
can be. We group these four possibilities into two cases, and we argue that each of the two

cases leads to contradiction.

700'86 1. Y l {b7 _ba Cy d7 y} = (b7 _b7 ) d7 y)7 or 7y l {b7 _b7 Cy day} = (b7 Cy _b7 da y)

In this case we have that v | {b, —b,d,y} = (b, —b,d,y), with b,d € B and —b,y € —B. Since
B and —B are two distinct orbits of ¢, it follows that 7 | {b, —=b,d,y} = (b,d)(—b,y), and we
find that ¢ satisfies the crossing pattern AC 1 — contradiction.

M 7 »L {ba _ba ¢, da y} = (bv ¢, d7 _b7 y)a or 7 \L {bv _bv ¢, d:y} = (b7 ¢, da Y, _b)

In this case we have that v | {b,¢,d,—b} = (b,¢,d,—b), with b,d € —C and ¢,—b € C. Since
C and —C are two distinct orbits of v, it follows that 7 | {b,¢,d, —b} = (b,d)(c, —b), and we
find that v satisfies the crossing pattern AC 1 — contradiction. ]

5.2.8 Corollary. If 7, p are two partitions in NCB (n-1, 1), then the intersection meet 7 A p
also belongs to NCB (n-1, 1).

Proof. This follows immediately when the statement of Proposition 5.2.7 is combined with the

discussion given in Remark 5.1.11 at the end of the preceding section. |

Finally, Theorem 5.2.1 follows from Corollary 5.2.8, in the way observed in the above Remark
5.2.2.
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[1]_[3] {12)[3] ((123) 1,2, 3)) [112] ((1.-3-2)) ((1.3-2)) ((1-2)I3]  [2[3]

12) [1] ({1 3)) ( \-3)) [3] 23)) ((2 3 [2] (1 -2))
|{:ient’|tyw
1 2
-2 -1

Figure 5.2: The lattice NCB (2, 1)
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5.3 Rank Cardinalities in NCB (n-1, 1)

5.3.1 Remark. In any marked group an interval [e, z] is a ranked poset and the rank of an
element y € [e, x] is simply given by its length. In particular, NCB(n) and NCB (p, q), being
isomorphic as posets with intervals coming from the hyperoctahedral group B,, are also ranked

posets.

The goal in this section is to find the number of elements having rank k in the lattice
NCB(n-1, 1). We start by pointing out in Remark 5.3.2 below that this was answered in
the case of NCB(n) in [Rei97].

5.3.2 Remark. The number of elements in NCB(n) of fixed rank k is

2
card {m € NCB(n) | rank(n) =k} = <k‘> . (5.14)

This matches the fact that the total number of elements of NCB(n) is (27:”), since, as it is

well-known, we have
n 2
n 2n
Z<k> =<n) (5.15)
k=0

It is interesting to see that NCB (n-1, 1) has in fact the same generating function as NCB(n) (see
Proposition 5.3.3 below) and thus a natural question one may ask is: couldn’t it be that
NCB (n-1, 1) is isomorphic to (or maybe even the same as) NCB(n) ? An immediate argument
shows that for n = 2 we have in fact that NCB (1, 1) = NCB(2). However we shall see in the
next section that, already for n = 3, NCB (2, 1)is not isomorphic to NCB(3), and in general
NCB (n-1, 1) is not isomorphic to NCB(n) .

Let us now state and prove the main result of the section.

5.3.3 Proposition. Given n > 2 and 0 < k < n we have that

2
card{r € NCB (n-1, 1) | rank(r) = k} = (Z) : (5.16)
Proof. Let us fix n > 2 and 0 < k < n. We will show equivalently that

2
card{r € GB(X,~) | rank(r) = k} = <Z> ,  where X =[*tn|,y=11,2,...,n—1][n].
(5.17)
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We will do the count separately for the y—connected and respectively y—disconnected permutations
of GB.(X,7). Let us denote

{r e 68 (X,) | rank(r) =k and 7 isy — connected } = C
{re 6B (X,y) | rank(r) =k and 7 is~ — disconnected } = D
{reD|7(n)=n and 7(—n)=-n}=D;
{reD|7(n)=-—n and 7(—n)=n}= Dy

Claim 1.
n—1\2 n—1\?
card D = card Dy + card Dy = i + 1) (5.18)
Verification of Claim 1. Since v = [1,2,...,n — 1][n] and since 7 is v — disconnected it follows

that there are only two ways of permuting n and —n (the only two points on the inner circle),
thus D = D; U Dy. The remaining points [+(n — 1)] are all sitting on the outer circle and are

permuted by 7 in a non-crossing and symmetric fashion. It becomes now clear that

n—1\2
card Dy = card {p € NCB(n-1) | rank(p) = k} = < i > . [by (5.14)]

As for D5, since the points on the inner circle are not fixed it must be that exactly two points

on the outer circle are fixed, hence

1\ 2
card Dy = card {p € NCB(n-1) | rank(p) =k — 1} = (Z 1)
and thus (5.18) follows.

ClaZ”L 2.

Let us first note that if the above Equation (5.19) is assumed to be true then it implies,
together with Equation (5.18) that Equation (5.16) follows:

S R [y R vy I (G R Ve |
- <Z>2 [by Pascal’s Triangle]



92 CHAPTER 5. THE LATTICE NCB (N-1, 1)

Verification of Claim 2. The main point is to observe that the maps « and 3 in the diagram

below are bijections and thus v = 3 o « is also bijective.

{(0,2) | 0 € NCA(n-1), z € [£(n — 1)]} Pl {r € NCB(n-1, 1) | 7isy — connected }

A

B=(p,2)—(Abs(p),z)

{(p,2) | p € NCB(n-1) with zero-block Zand z € Z}

Let us now explain how « is defined. Suppose that 7 € NCB(n-1, 1) is v — connected and
the pair of blocks connecting to n,—n are denoted Bi,—B; and the rest of the blocks of
T are C1,—Cq,...,C;,—C;. Now if we let Z = {B; U —B1} \ {n,—n} then it is clear that
p=1{%0C1,—C1,...,C;,—C;} € NCB(n-1). Finally, z is always chosen to be the point on the

outer circle which is the image of n 7.

Let us illustrate how the diagram above works by looking at a concrete example. Let n = 5
and 7 = ((1,5,—4))((2,3)). Then p = [1,4]((2,3)),2 = —4 and 0 = (1,4)(2, 3) (permutations

are identified with partitions (via the poset isomorphisms §~2) for reasons of brevity).

Conversely, 0 and z = —4 recover p: we are choosing the block {1,4} > 4 = |z| of ¢ to
be lifted into the zero-block Z of p. A moment’s thought shows that (p, z) together with the
non-crossing conditions in an annulus and the clockwise winding sense inside cycles completely

reconstruct 7. Thus v is indeed a bijection.

Let us pick now an element 7 € S8 (X,7) ~ NCB(n-1, 1) of rank k. The length formula in
the hyperoctahedral group gives that k = €, (T) = n — 2 #paired(7) = n — 3#(7) and therefore
the number of blocks of 7 is #(7) = 2(n — k).

By following the arrows in the diagram above it is clear that the number of blocks of a(7)
is 2(n — k) — 1 and also the number of blocks of o = ~(7) is n — k. The rank of o is thus
n—1—#(0)=n—-1—(n—k)=k—1.

Since o and z are chosen independently, we have thus obtained that
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card{T € 6B (X,~) |rank(r) = kand 7is~y — connected } =
= card{(o,z) |0 € NCA(n-1), #(0) =n — kand z € [+(n — 1)]}
= card{(o,z) | 0 € NCA(n-1), #(0) =n —k}-2(n — 1)
= card{( 0,z) | 0 € NCA(n-1), rank(c) =k — 1} - 2(n — 1)

<Z — 1) (n - 1> L9(n—1) [by using equation (2.18)]

=2(Zii>(”?)'

5.4 The Mobius Function of NCB (n-1, 1)

In this section we look at the M&bius function for the lattices NCB (n-1, 1), n > 2. We will in

fact concentrate on calculating explicitly the numbers

B def PN
Mn—l,l = 'U’NCB(n—l, 1) (07 1)7” =2 (520)

where in (5.20) the symbols 0,1 denote the minimal and respectively the maximal element of

NCB(n-1, 1).

In order to explain why the numbers M _1,1 are important, let us start by recalling that the
main point in the Mobius function calculations for NC*(n) and NCB(n) (as in Section 2.2 and

Section 2.3) is to determine explicitly what are the numbers

MA d:efluNcA(n) (O, i) and MB d:ef MNCB(n) (0, i), n > 1 (521)

n n

More precisely, we have that

and that
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Returning to the lattices NCB (n-1, 1), it can be shown that one has canonical factorizations

analogous to those from (2.22) and (2.32), which now look as follows

n

n n

[ o) = TT(NCAG) ) x TT(NCBG))® x TT(NC® (n-1, 1))"™, (5.22)
i=1 j=1 k=1

for an interval [r, p] € NCB(n-1, 1), and where p1,...,Pn, q1, -+, qn, 71, - - ., T aTe noN-negative

integers. Similarly as in (2.23) and (2.33), the factorization (5.22) then provides us with a

formula for what pyce (n-1, 1) (m, p) is, in terms of the numbers from the sequences appearing

in (5.20) and (5.21).

The canonical factorization from (5.22) is not hard to obtain, but it is somewhat inconvenient
(in terms of notation) to describe explicitly. Here we will not pursue the explicit description of
the factorization, but we will rather focus on determining concretely the numbers M:—l,l from
(5.20). In order to do so, we will rely on a general fact concerning the Mobius function of a

lattice, which is reviewed in the next proposition.

5.4.1 Proposition. Let P be a finite lattice, let 0 and 1 denote the minimal and the mazimal

element of P, respectively, and let w be a fized element of P, where w # 0. Then

> pp(0,m) =0. (5.23)

TeP
TVw=1

Proof. For a proof of Proposition 5.4.1, we refer to Section 3.9 of [Sta97] or (in identical

formulation and notations as here) to Corollary 10.13 of [NS06]. [

The main result of the present section is then stated as follows.

5.4.2 Theorem. The number Mffl,l introduced in the above Equation (5.20) is

B n n—4 (2n-—2
M, 4, =(-1) .2n—2.< n > (5.24)

Proof. The idea is to apply Proposition 5.4.1 above to the particular case when P = NCB (n-1, 1)
considered with reverse refinement order, while w is the orbit partition of 7 = [n| = (n,—n) €
6B (X,v) with X = [+n],y=[1,2,...,n — 1][n].

The first step when applying (5.23) to this specific situation is to determine exactly what are
the partitions 7 € NCB (n-1, 1) which satisfy “r Vw = 1”. We note that

TVw=1+= K(r)AK(w) =0, (5.25)
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where K is the Kreweras complementation map on NCB(n-1, 1). We recall here that the
map K is the order-reversing isomorphism on NCB (n-1, 1) obtained, via the isomorphism
NCB(n-1, 1) ~ [e, Y]g,, > from the order-reversing isomorphism

Cyiles, — [6ls, : Cy(r) Erly,

as the following diagram shows.

C
[677}371 — [57’7]]3” :GEC(X’,-}/)

= (5)
B K B
NC®(n-1,1) =——— NC®(n-1, 1)

Thus, we calculate K (w) by moving from NCB (n-1, 1)to GB.(X,~),

Kw) =@ ') =0(L2,...,n—1)) = Q (1) = [£(n — 1)]. (5.26)
We need to describe explicitly the set
{peNCB(n-1,1) | pA K(w) = 0}. (5.27)

When looking at (5.27), we prefer to use partition language, since we know that “A” for

NCB (n-1, 1)is just the usual intersection meet. We get that the set in (5.27) actually equals
{0,w} Ui i € £ — 1)}, (5.25)
def /. .
where p; = ((i,n)), for |i| <n —1.
By taking K1 in (5.28) we get that
{reNCB(n-1,1) |[rvw=1} = {1, K Y (w)}U{m | i€ [£(n—1)]}, (5.29)

where m; = K~1(p;), for |i| <n — 1.

For K~1(w) we get the same partition as for K (w) in (5.26), due to the fact that 71y = 4771

KMNo)=QC0@rH=Q(1,2,...,n—1]) = Q (Y ) = [£(n — 1)]. (5.30)

We now compute 7;:

=K 'p)=Q(v-((i,n) =((+1,i+2,...,—i,n)). (5.31)
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Hence 7; is the partition made of exactly one pair of non-invariant blocks which are obtained
from the cycles of the permutation which sends n to ¢ 4+ 1. It is then clear that [f), ;] is poset
isomorphic with NCA(n) and therefore we have

(2n —2)!

(0, m;) = C—l)n+1(;f:fijf;ﬁ-

(5.32)
On the other hand we have that the interval [0, K ~!(w)] is poset isomorphic with NCB(n-1) and

thus

1(0, K@) = (~1)"! <2” - 3), (5.33)

n—1

2nn—1) )

by following the paper [Rei97] which gives that M(ONCB(n) ,iNCB(n) ) = (—1)”(
We can now see that Equation (5.21) becomes, in the this particular case
0=p(0,1) +p(0, K ' w) + > u(0,m) (5.34)
li|<n—1
which implies that

. 2 — 3)! 2(2n — 2
=(=1) 1'(n—(1)!(n—2)!'<1+ n )>

(2n —3)! 5n —4
m—1)!'(n=2! n

= (-1t

We have thus obtained that

A R R 2n — 3)!
p0.1) = 1 (Oucoguay  dncey ) = (" G = 4. (535)

5.4.3 Remark. By comparing Equations (2.31) and (5.24) it is easy to check that
M: ?é M:—l,l y = 3>

which implies that
NCB(n-1,1) £ NCB(n) ,n>3.
For n = 2 we have Mfl = M; (= 3); this equality had to be true since NCB (1, 1) = NCB(2).

But for larger values of n we find that

My, =—11#-10= My, My, =40435= M, etc.



Chapter 6

Type D Annular Posets

6.1 Non-Crossing Partitions of Type D

Type D non-crossing partitions were introduced fairly recently in [AR04]. The present section
is intended to provide the reader with the definition “type D non-crossing partitions” as it

appeared in the cited paper.

The notations which we employ to define type D non-crossing partitions are consistent with
the ones used in the thesis (specifically with the notations from Chapter 2) but some of them
will differ from the ones used in [ARO04].

6.1.1 Type D Partitions. A partition = € II(n) is called a type D partition if it is of type B
and if it satisfies the following property: the zero-block, if present, does not consist of a single
pair {i, —i}. The set of all type D partitions, denoted I1P(n)is the subposet of the poset of
non-crossing partitions of type B defined below

I1°(n) Qef {r€lI®B(n) | B zero-block of © == B# {i,—i},1<i<n}. (6.1)
We have seen in the previous section that the non-crossing condition in type B is inherited
from the “original” non-crossing condition from type A. However, in type D this is not the

case. The non-crossing condition, as it appeared in [AR04] goes as follows.

6.1.2 Type D Non-Crossing Partitions. Let us label the vertices of a regular (2n —2)-gon,
going in clockwise order, by 1,2,...,n —1,—1,—2,...,—(n — 1). The centroid of the same

(2n — 2)-gon is labeled by n and —n, simultaneously.
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Now let 7 € IIP(n) and B a block of w. Denote the convex hull of the points coming from the
block B by p(B).

i. The blocks A and B of the partition 7 € IIP(n) are said to cross if p(A) # p(B) and if
the intersection of the relative interior of p(A) and p(B) is nonempty.

ii. A partition 7 € IIP(n) is said to be non-crossing if no two of its blocks cross. The poset

of type D non-crossing partitions is thus defined as
NCP(n) def {r €IP(n) | 7 is non-crossing}. (6.2)
One of the main results in [AR04] is given in the proposition below (see Proposition 3.1 in
[ARO4)).

6.1.3 Proposition. The poset NCP(n)is a lattice.

Figure 6.1 shows the Hasse diagram of NCP(3). The partitions are drawn exactly as in [AR04].

The Narayana numbers and the Mobius function of NCP(n)are also given in the same paper

(see Theorem 1.2 in [AR04]). We include them for completeness.

6.1.4 Theorem. 3. card{m € NCP(n) | rankn =k} = (2)2 - Ll(";l) (Z:})

n—

ii. card NCP(n) = (27’;) — (2n_2).

n—1

128 HpnCD(n) 0,1) = (-1)" (2(%{2) - (2::13)>'

6.2 NCP(n)= NCP(n-1, 1)

In Section 3.3 we have seen that the Weyl group D,, is a subgroup of index 2 in B, and,
more importantly, that the length function on D,, coincides with the restriction of the length

function from B,,. Equation (3.24) read:

Ty, OF=T<, 0, V T,0€ D, (3.24)

Considering type D annular objects comes thus naturally.

e In the disc case the forward cycle 7, which is not an even permutation (it has only one

inversion) and therefore v, does not belong to D,, (but 7, does belong to By,).



6.2.

NCP(N) = NCP (N-1, 1)
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Figure 6.1: The lattice NCP(3)
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e Since we have seen that in the type B annular case things turn out nicely, at the level of

permutations as well as at the level of partitions, we make the following definition.

6.2.1 Definition. Paralleling the B case, we define the set of type D annular non-crossing

permutations to be

GEC(X, ’Y) gSf 6ann—nc(X77) N Dy, (6.3)

An immediate corollary of the corresponding type B result (Theorem 4.2.3) is that the set of

type D annular permutations is an interval of the group D,,.

6.2.2 Corollary. 65.(X,7) =[e,7],,

Proof.
le,7p, =175, N Dn [because of equation 3.24]
=68 (X,7) nD, [by Theorem 4.2.3]
= [Gann-nc(X,y) N BN D, [by definition 4.2.1 of G B (X,~)]
= Gann-ne(X,) N Dy [since D,, C B),]
=60 (X,y). [by definition 6.2.1 of GP.(X,~)]
|

Similarly, the counterpart of type D for Theorem 4.2.18 is a corollary of Theorem 4.2.18.

6.2.3 Corollary. Let us denote

NCP (p, q) :=={Q(7) | T € SR.(X,7) }. (6.4)

Then the map
(X, 7) 37 Q(r) e NCP(p, q) (6.5)

18 a poset isomorphism, where GHDC(X, ) is partially ordered by “<p, 7 as an interval of Dy,

while NCP (p, q)is partially ordered by reversed refinement “< 7.

Proof. ;From the equivalence in (3.24) it follows that the partial order considered on &, (X, v)is
the one induced from &8 (X,7). On the other hand it is clear that the partial order on
NCP (p, q)is the one induced from NCB(p, q) (since for m,p € NCP (p, q) the inequality

[43

7w < p” means that every block of p is a union of blocks of 7, and this is independent
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of whether 7, p are viewed as elements of NCP (p, q) or as elements of NCB (p, q)). But then
the fact that in (6.5) we have a poset isomorphism follows by appropriately restricting the

poset isomorphism from Theorem 4.2.18. |

Finally, let us discuss the counterpart of type D for Theorem 5.2.1. This does hold, that is,
NCP (n-1, 1) is a lattice with respect to the partial order given by reversed refinement “<”.
But this is not an immediate corollary of Theorem 5.2.1. Indeed, NCP (n-1, 1)is a subposet
of NCB (n-1, 1), but is not a sublattice of NCB (n-1, 1)~ for 7, p € NCP (n-1, 1)), the meet
of m and p in NCP (n-1, 1) doesn’t generally coincide with the “intersection meet” 7 A p from
the lattice II(X) of all partitions of the set X ! The result is however true by the work of
Athanasiadis and Reiner in [AR04].

We conclude this section by pointing out a couple of clues that have to be followed in order
to make the connection between the poset NCP(n) from [AR04] and the poset

NCPD (n-1, 1) of this paper. The construction made in [ARO4] goes by drawing the points
1,2,...,n—1,—-1,-2,...,—(n — 1) around a circle, and by placing both n and —n at the
center of the circle. But if instead of putting n and —n right at the center we put them on
a small circle concentric with the one containing +1,+2,...,+(n — 1), then the partitions
considered in the definition of NCP(n) (see Section 3 in [AR04]) become annular non-crossing.
Another point in [AR04] which looks puzzling at first sight is that if a partition 7 € NCP(n)
has an “inversion-invariant” block (also called in [AR04] a “zero-block” — a block B such that
B = —B), then +n are forced to belong to that block. But this corresponds exactly to the
passage from Q(7) to Q (1) discussed in the paragraph which precedes Theorem 4.2.18. Indeed,
if a permutation 7 € G2 (X, 7)) has inversion-invariant orbits, then it turns out that 7 must
have exactly two such orbits, M and N, where M C {1,...,n —1}U{-1,...,—(n —1)} and
N is forced to be {n,—n}; so the partition Q (1) has exactly one inversion-invariant block,
M U N, which is forced to contain +n.

Figure 6.2 shows the Hasse diagram for the lattice NCP (2, 1) (which is, of course, the same
lattice as NCP(3)). We have included this diagram to illustrate more clearly how type D

non-crossing partitions can be viewed as annular objects.
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Chapter 7

G -valued Non-Crossing Cumulants

7.1 Overview of Free Independence.

The definition of the concept of B - valued probability space, as originally introduced by D.

Voiculescu goes as follows.

7.1.1 Definition. A B - valued non-commutative probability space is a pair (M , E) where

M is a unital algebra over the algebra C of complex numbers, such that
B CM, as a unital subalgebra, (7.1)
and £ : M — B is complex-linear and satisfies
E(b)=0bYbe B, and
E(bixby) = biE(x)be, Vre M ,b1,be €B .
A linear functional satisfying conditions (7.2) above is called conditional expectation.

7.1.2 Non-commutative probability spaces. A prominent particular case is obtained
when we specialize to the case B = C . In this situation we will re-denote E by ¢ and the pair
(M ;) will be simply called a non-commutative probability space. An element of a € M is

called a random variable and the values ¢(a™) are called the moments of a.

A non-commutative probability space is thus a pair (M , ) with the properties that M is a

unital algebra over C (with unit denoted 14 ) and ¢ is a C - linear functional on M satisfying
e(lm) =1 (7.3)
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Equation (7.3) is the particular case of Equation (7.2) when B = C .

Non-commutative probability spaces provide the natural framework for the theory of free

probability.

7.1.3 Freeness. Let (M , ¢) be a non-commutative probability space. The unital subalgebras
Ay As .. A of M are said to be freely independent, with respect to ¢, if the following

implication holds.

n>=1 and 1<dy,...,0, <k, i1 Fi2F... % iy

a1 € A, a2 € Ay .. an €A, =  p(atag---a,)=0. (7.4)
plar) = p(az) = ... = p(an) =0
The random variables aq,...,a, are called freely independent if the algebras they generate

are.

7.1.4 Examples of computations with free random variables. Let a be a random
variable in M . It is clear that

pla—¢(a) 1pm) = ¢la) —e(a) - o(Ipm) = ¢la) — ¢(a) = 0. (7.5)
The assignment M 3 a+— a — ¢(a) - 1y is called centering of the random variable a.

The following examples illustrate how mized moments of free random variables can be com-

puted from the individual moments of the variables, using the method of centering.

1. Let a and b be random variables freely independent in (M , ). We have that

0=o((a—wa) 1pm)-(b—@b)- 1rpm))
= p(ab) —p(a-1m)p(d) — pla)p(Im - b) + @la)p(d)p(lm)
= p(ab) — p(a)p(b).

‘We have thus obtained that
p(ab) = p(a)p(b).

More generally, one finds that

pa™ - b -a") = cp(a"'”)go(bm), Vn,m,r > 0.
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2%4. By a similar computation, starting from

((a—w(a) 1y )(b— @) 1)@ —p(a)  Ta)(b— () - 1m)) =0

one obtains that

p(abab) = p(aa)p(b)p(b) + p(a)p(a)p(bb) — ¢(a)p(b)p(a)p(b). (7.6)

7.2 Cumulant Functionals on a Scarce A -Valued Probability
Space

We now consider another variation around the concept of B -valued non-commutative prob-
ability space, where we no longer ask that B C M | as in Equation (7.1). We fix a unital
commutative algebra A over C . The unit of A is denoted by 14 .

7.2.1 Definition. The pair (M , V) is called a scarce A -valued probability space if
UM — A 1y 1, isC -linear, (7.7)
where M is a unital algebra over C and 1, is the unit of M .

7.2.2 Remark. As already pointed out above, we no longer ask that A is canonically embed-
ded as a unital subalgebra inside M and that ¥ is a conditional expectation. This explains
the choice of the adjective “scarce” in Definition 7.2.1. “Scarce” is an ad-hoc term and it is

used in this thesis only.

7.2.3 Definitions, Notations and Remarks. Let (M ,¥) be a scarce A -valued probability

space.

7. Forn}ldeﬁne)\i:/\/l"%A by

def
)\f1 (a1,as...,an) = U(ajas- e ap). (7.8)

ii. More generally, for n > 1 and 7 € NCA(n) consider the C -multilinear map
)\fr M — A

defined by

def p
Nplar,az,. . an) £ T Ay (@ an) 1), (7.9)
Ablock of w
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where we have used the following notation: if the block A = {i1,...,is} then

def
(a1,...,an) |a = iy * iy * * Ay, -

14%. Let us note that (7.9) is indeed more general than (7.8) as /\i: )\ﬁn, where 1,, is
the partition of NCA(n) made with a single block. For every n > 1 and for every
7€ NCA(n) , A and A" are called the moment functionals of (M |, ¥). Let us also note
the product on the right hand-side of (7.9) is well-defined due to the commutativity of
A

7.2.4 Definition. Let (M ,¥) be a scarce A -valued probability space. For n > 1 define
¥ n
Ky :M™— A by

Ko lar, . an) £ N (ar,. . an)p(m, 1), (7.10)
TENCA(n)

and, for every p € NCA(n) define /ﬁ;d; :M™— A by

Koar,..an) £ N (ar,. .. an)u(r, 1), (7.11)

TENCA(n)
TLP

where 1,, denotes the maximal element of NCA(n) .

Note that nfl :mﬁn and that every Hi is C -multilinear, as a linear combination of the C -
multilinear functionals )\fr. The maps defined in (7.11) and (7.10) are called non-crossing
cumulant functionals of (M |, ).

7.2.5 Proposition. Consider the scarce A -valued probability space. The formula which de-
P

pin terms of )\d;r can be reversed in the following way: for n > 1 and

fines the cumulants k
o € NCA(n) we have

Np(ar,..an) = Y. wplar,... an). (7.12)

pENCA(n)
p<o

Thus, in particular, when o = 1,, we get that

)\i(al,...,an): Z Ei(al,...,an): Z Ko(ar, ... an). (7.13)

pENCA(n) pENCA(n)

p<1n
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Proof. For the proof of the equality (7.12) we start with the right hand-side of the stated
equality and get that

Z /ﬁf)(al,...,an) = Z(Z )\fr(al,...,an)u(ﬂ,p))

PENCA(n) PO TP

pso
(X X anulr.p)

©<o pelmol

= Xﬁr(al,...,an)< > u(m@)

n<o pelmo]

[by distributivity and associativity in A |
= )\i (ai,...,ap) - 1. [by Equations (2.8) and (2.9)]

7.2.6 Proposition. Forn > 1 and p € NCA(n) we have that

P
Kplar,.oan) = [ #)g (a1, an) |5)- (7.14)
B block of p

Proof. The proof relies essentially on two facts. The first is that the order relation “<”
on NCA(n) is given by block containment and secondly, the fact that the Mdbius function is

multiplicative. Indeed,

Iﬁq/; (a1,...,ap) = Z )\fr (at,...,an)p(m, p) [by definition of/{d;]
TP

= A by definition of A"

- Z( H ‘A‘((al,...,an)\A))u(W,p) [by definition of A\ ]

m<p Ablock ofm

=3 ( I (I Maeanla) Jatmp)

m<p Bblock of Ablock of 7
= r such that ACB

[by definition of <]
= Z( H XfrB ((a,...,an) \B))u(w,p) [where 7, = 7 |p€ NCA(B) ]

— Z( H )‘frB((al""’a”) ‘B)) H Wy, 1)

m<p Bblock of B block of p
[since y is multiplicative]

=Y I (%, (@) B)ulre 1)
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- I (X X, (@ a) palr,.1,)

B block of p ﬂBeNCA(B)

= H KTBl (((11,.-~,an) ‘B)

Bblock of p
[the underbraced summation and the overbraced formula are equal by the definition of KTBI]

7.3 Free Independence in a Scarce A -valued Probability Space

In this section we continue to use of the same fixed commutative unital algebra A over C from

the preceding section.

7.3.1 Definition. Let (M , V) be a scarce A -valued probability space and let A; , Ay ..., Ag
be unital subalgebras of M . The subalgebras A; , Az ,..., A, are said to be “freely inde-
pendent” with respect to W if the following implication holds.

n>=1 and 1<14,...,0, <k

¥
a1 € Aj, ,a2 € Ay ... an € A;, =  k,(a,a2,...,a,) =0 (7.15)
3 1<p<qg<n suchthat i, # 1,

7.3.2 Remark. Condition (7.15) states that “mixed cumulants” vanish. Thus we have defined
free independence via the cumulant functionals, specifically by the requirement that mixed
cumulants vanish. Condition (7.15) can be used as a recipe for computing joint moments of

elements from Ay , Ay ..., Ar, as shown in the following example.
7.3.3 Example. Let (M ,¥) be a scarce A -valued probability space and take A, Bunital
subalgebras of M which are freely independent with respect to W.
i. Let a € A and b € B. Then (7.15) gives that /ii (a,b) = 0. But
k" (a,b) = U(ab) — U(a)T(b), [by Equation (7.10)]
hence by equating with 0 we get that
U(ab) = ¥(a)W(b). (7.16)

Equation (7.16) provides in some sense the justification for using the term “indepen-

dence” in Definition 7.15.
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13. Let a,a’ € A and b € B. We want to compute W(aba') in terms of ¥| 4 and of ¥|z. We

are using the moment-cumulant formula (7.13).

U(aba') = N5 (a,b,a’)
K (a,b,d") + &'y (a) + k) (b,d") + K (a, )k (a)

+ (0, )r ”(b)m( a)s'y (D) (a)
= (/iw (a,a’) + f<c1 )ﬂﬁ [the underbraced part is 0 by (7.15)]
= U(aa")¥(b). (7.17)

114. Let a,a’ € A and b,b’ € B. A similar calculation as the one above gives that

U(aba'h) = k), (a,a")k'y D)k (V) + k' (a)r' (a)k)y (b, V) + K1 (a)i'y (b)K') ()i (V)
- (qf(aa/) - \If(a)\ll(a’))\lf(b)\ll(b’) ()T (d )(\If(bb/) - \If(b)\I/(b’))Jr
+ U (a)T(b)T(a)T(V)
= U(ad )W (b)T (V) + ¥(a)V(a) V(b)) — U(a)T(b)W(a)W(V). (7.18)

7.3.4 Proposition. Let (M , V) be a scarce A -valued probability space and suppose that
Ar Ao . A are freely independent with respect to W. Then the following implication
holds.

n}l and 1<’L'1,...,ingk‘,il#ig#...#’in
a € Ail , a9 E.Aiz yeeeyQp GAin — \Il(alag---an) =0. (719)
U(a1) =V(az) =...=¥Y(a,) =0

Proof. We want to prove that implication (7.19) holds. To this end, let

>1 and 1<iy,...,in<k,i1tFioF#...%#1ipn
aleAil,CLQEAQ,...,anEA‘

in

U(a1) =¥Y(ag) =...=¥Y(a,) =0.

The goal is to prove that ¥U(ajas---ay) = 0.

Case n =1 : is clear, since Hlllj (a) = ¥(a).
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Case n > 2 : we know that

U(ajag - ap) = /\12 (a1,...,an) [by definition of A", ]
= > /-iu; (a1,...,an) | [by formula (7.12)]
PENCA(n)

We will show that every term in the boxed summation above is 0. In order to do so let
us fix p € NCA(n) and look at

K,i (at,y...,a,) = H KTB‘ ((a1,...,an) |B). [which is Equation (7.14)]
Bblock of p

/

Case 1 : one of the blocks of p is a singleton, B = {m}. In this case one of the factors in

the underbraced product must be Kd{ (am) = ¥(am) = 0.

Case 2 : none of the blocks of p € NCA(n) is a singleton. If that is the case then there
must exist 1 < p < ¢ < n such that B = [p,q] NZ is a block of p and so one of the
factors in the underbraced product must be Kﬁ_p 11 (ap,apy1,...,aq) = 0, by the

vanishing of A -cumulants assumption.

7.3.5 Remark. The implication (7.19) is the usual Voiculescu condition defining free inde-
pendence. In the particular case when A = C it can be shown that, conversely, the Voiculescu
condition (7.19) implies condition (7.15) of vanishing cumulants. Thus when A = C condition

(7.15) really is equivalent to the usual definition of free independence.

For an arbitrary commutative unital algebra A it isn’t true that (7.19) = (7.15). Indeed, for
general A | the hypothesis that (7.15) holds isn’t for instance sufficient to yield the indepen-
dence formula (7.19) (when A = C one can obtain (7.15) from (7.19) by using the method of

centering, which is no longer available for arbitrary A ).

7.4 Scarce G -valued Probability Spaces and Their Connection
to NCB(n)

In this section we consider the particular case of a scarce A -valued probability space where

the commutative unital algebra A is the Gramann algebra G .
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7.4.1 Review of the Grafiman algebra G . <. Consider the vector space over C

G gf{z:zb+e-zs|zb,zse(ﬁ, e€=0}=C @e-C,

with the natural addition and scalar multiplication operations. On G we define the

operation of multiplication in the following way
def
21 20 = (2p, + €25, )(2p, F€-25)) = 2y 2hy + € (20 Zsy T Zsy 2by)- (7.20)
The multiplication is easily seen to be associative, distributive and commutative. G thus

becomes a commutative algebra with unit 1g =14+¢-0=1€C..

Alternatively, G can be viewed as an algebra of upper triangular 2 x 2 matrices considered

with the usual matrix multiplication

G = {z: [ = ZS] with 2,2, € C } (7.21)
0 Zp

1. We will refer to G as the Graffimann algebra. An element G > z = 2, + € - z5 will be
called a Grafimann number, z, will be called the body of the Graimann number z and

zs will be called the soul of the Gralmann number z.
11%. Let us consider now the “body” and “soul” operations on G , defined as follows
Bo:G —C :z=z,+2,— Bo(z) =2 (7.22)
So:G —C :z=z,4 2, — So(z) = zs. (7.23)

Both body and soul operations are linear. While the body operation “Bo” is also mul-

tiplicative, “So” is not. More precisely

Bo (pg) = Bo (p)Bo(g), pgeG
So (pg) = Bo(p)So (q) + So (p)Bo (), p,qeG. (7.24)

iv. Note that the equation for So (pq) extends to a product of n factors in the form

So (pip2+pn) = 3 (So(pm) - [] Bo(mi) (7.25)

m=1 1<ign

If Xisasetand f: X — G is a function, we will denote by Bo (f), So (f) the functions
(Bo (1) () = Bo (£(x))

from X to C defined by
(So(f))(x) = So (f(x))

,r e X.
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7.4.2 Remark. The type B non-commutative probability spaces considered in [BGNO03] can
be treated as scarce G -valued probability spaces. Indeed, the structure considered in [BGNO03|
is of the form

(A, 0,V f, @), (7.26)

where (A, ) is a non-commutative probability space over C , ® is a two-sided action of .Aon
the vector space V , and f : )V — C is a linear functional. It is pointed out in [BGNO3] that
from the structure (7.26) one builds an algebra structure on M = A xV | with multiplication
defined by

(a,&) - (b,n) = (ab,an + &b), a,be A, &neV. (7.27)

By considering the natural C -linear map

VM —G :(a,v)— ¥((a,v)) = p(a) +e- f(v), ac AveV (7.28)
a scarce G -valued probability space (M , V) is thus obtained. It is easily seen that the
“cumulant functionals of type B” defined in section 6.2 of [BGNO3] for (A, ¢,V , f,®) are
exactly the G -valued cumulant functionals for (M , W) as defined in (7.11). Moreover, the

concept of “freeness of type B” defined in Section 7 of the same paper is obtained via a

condition of vanishing of mixed cumulants, thus the statement from [BGNO03] that
“(Al 7V1 )7 (AQ ;VQ )7 SRR (Ak 7Vk ) are freely independent in (A 2 V 7f7 q))”

is equivalent to the fact that the unital subalgebras A; xV; , Ay xVs ..., A XV of M are
freely independent with respect to ¥, in the sense of the above Definition 7.15.

In conclusion, the “freeness of type B” studied in [BGNO03| can be seen in the framework of

the preceding sections, where we make A to be the Grafimann algebra G .

One can thus hope that further study of scarce G -valued probability spaces (not necessarily of
the kind appearing in [BGNO03]) may lead to a better understanding of what “free probability
of type B” should be about.

7.4.3 Definition. Let (M ,¥) be a scarce A -valued probability space over the Grafimann

algebra G and consider a partition with zero-block

NCB(n) 3 p=1{ZCy,—Ci,...,Cn,—Cyp}, where Z is the zero-block of p.
For ay,...,a, € M define
P def ¥ i
Kk, (a1,...,a,) = So [/1|Abs( 2)| ((a1,...,an ‘Zﬁ[n H (’i|C| (a1,...,an) ‘Abs(cj))ﬂ

(7.29)
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where Abs denotes the absolute value map, as reviewed in Section 2.3.

We then obtain the following.

7.4.4 Proposition.

So(U(ar,...,an)) = > kK, (a1,...,an). (7.30)

pENCE(n)
p has zero-block

Proof. We know that ¥: M — G ,U(ay,...,an)= > k.(ai,...,an). Thus
TENCA(n)
So (¥(ay,...,an)) = Z So (/ifr (a1,...,an)) [since Sois linear]
TENCA(n)
v o ¥
= Z So( H KB ((a1,...,an) |B)> [by definition (7.11) of k|
TENCA(n) Bblock of w
P P
— Z Z So {’%IBI ((a1,...,an) |B) - H Bo (K|B,‘((a1,...,an) |B’))}
7ENCA(n) Bblock of 7 B’ block of 7
B'#B
by (7.25)]
P P
— Z So |:I€|B| ((a1,...,an) |B) - H Bo (K‘B/‘ ((a,...,an) |B/))}
pENCE(n) B'block of 7
p has zero-block B'#B
= Z Kﬁt (at,...,ap). [by Definition 7.4.3]
pENCB(n)

p has zero-block

For the equality between the underbraced double sum and the overbraced sum above, note
that the double sum can be in fact written as the single sum indexed by the set

{p € NCB(n) | p has zero-block}. This is possible by writing NCA(n) > m = Abs(p) and
B = Abs(Z). |
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