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Abstract

In 1878, Lucas [16] investigated the sequences (¢,,)>°, where
(, = u)
a—p
aff and o+ (3 are coprime integers, and where 3/« is not a root of unity. Lucas sequences
are divisibility sequences; if m|n, then ¢,,|(,, and more generally, gcd (¢, £n) = Lgcd(mn)
for all positive integers m and n. Matijasevic utilised this divisibility property of Lucas
sequences in order to resolve Hilbert’s 10th problem.
In 1930, Lehmer [15] introduced the sequences (u,)3, where
a® — ﬁn
afm) — ﬁs(n)’

1, it n=1 2);
en) = {2, if n (mod 2);

Uy —

if n=0 (mod 2);

af and (a+ (3)? are coprime integers, and where 3/« is not a root of unity. The sequences
(un)22, are known as Lehmer sequences, and the terms of these sequences are known as
Lehmer numbers. Lehmer showed that his sequences had similar divisibility properties to
those of Lucas sequences, and he used them to extend the Lucas test for primality.

We define a prime divisor p of u,, to be a primitive divisor of u,, if p does not divide

(0 = B%)%uz - un-1.

[e.e]

Note that in the list of prime factors of the first n — 1 terms of the sequence (u,)%,,

a

primitive divisor of u, is a new prime factor.

We let

k = k(afmax{(a—B)% (a+B)2)),
{ 1if k=1 (mod4),

2 otherwise,

where k(aBmax{(a—3)?, (a+3)?}) is the squarefree kernel of afmax{(a—3)?, (a+3)?}.
On the one hand, building on the work of Schinzel [24], we prove that if n > 4, n # 6,

il



n/(nk) is an odd integer, and the triple (n, a, ), in case (o — 3)? > 0, is not equivalent to
a triple (n,a, () from an explicit table, then the nth Lehmer number u, has at least two
primitive divisors. Moreover, we prove that if n > 1.2 x 10*°, and n/(nx) is an odd integer,
then the nth Lehmer number u, has at least two primitive divisors. On the other hand,
building on the work of Stewart [30], we prove that there are only finitely many triples
(n,a, 3), where n > 6, n # 12, and n/(nk) is an odd integer, such that the nth Lehmer
number u, has less than two primitive divisors, and that these triples may be explicitly
determined. We determine all of these triples (n,a, 3) up to equivalence explicitly when
6 <n <30,n # 12, and n/(nk) is an odd integer, and we tabulate the triples (n, a, ()
we discovered, up to equivalence, for 30 < n < 500. Finally, we show that the conditions

n > 6, n # 12, are best possible, subject to the truth of two plausible conjectures.
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Chapter 1

The Integer Sequences Studied by

Lucas, Lehmer, and Schinzel

1.1 Introduction

We begin by considering for any two integers L > 0 and M # 0 the quadratic polynomial
2> =Lz + M ,

and its two roots obtained by the quadratic formula

VL+VL-4M
a = 9 y
and
5 VL - L —1M
= 5 ,

We note that a and ( are algebraic integers as they are roots of
ot — (L —2M)a2® + M? = (2* — VLx + M) (2> + V Lz + M). (1.1)

Moreover, we note that either (a?, %) € R x R, or (a?, 3?) ¢ R x R, since o? and 3% are

roots of

x? — (L —2M)x + M? (1.2)
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Since « # 0, let

==
(0%

We record Lemma 1.1, which summarizes some useful properties of v for later reference.

Lemma 1.1 Let L > 0 and M # 0 be fized integers and let v = (/c, where o and 3 are
the roots of 2 — /Lx + M.

1. The algebraic number ~y is of degree at most 2.
2. If (a?,3%) € R x R, then |a| > |3], and |y] < 1.
3. If (%, 6% ¢ R xR, then |a| =8|, |7| = 1, and deg~y = 2.

4. If (o?,8%) ¢ R xR, and ged(L, M) = 1, then Mx* — (L —2M)x + M is the minimal
polynomial of v over Q.

5. If (a2, %) ¢ R x R, and ged(L, M) = 1, then ~y is a root of unity if and only if

(L, M) € {(1,1),(2,1), 3, 1)}

Proof In order to see the first item, note that v and v~! are the roots of
Maz? — (L —2M)x + M. (1.3)

Moreover, if ged(L, M) = 1, then (1.3) is the minimal polynomial of v over Q, which
settles the fourth item. For the second item, a2 = (1/2)(L — 2M + /L(L — 4M)), from
which we deduce a® > 3%, Va2 > /32, and the result. For the third item, a? and 3?
are complex conjugates, and in particular o # 32, |a| = |8| and |y| = 1. If degy = 1,
then v = £1 and o? = 32, a contradiction. Thus deg~y = 2. Finally, we consider the fifth
item. If (L, M) € {(1,1),(2,1),(3,1)}, it follows directly from (1.3), Definition 2.11, and
Lemma 2.13, that ~ is a root of unity. On the other hand, suppose that ~ is a root of
unity. Then by (1.3), Definition 2.11, and Lemma 2.13, it follows that |[M| = 1 . Hence,
|L —2M| = |M||y +~7"| < 2, from which we deduce that (L, M) € {(1,1),(2,1),(3,1)}
(compare with [4, Lemma 1.5]).

QED.
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We will see over the course of this introduction that the arithmetic and algebraic properties
of the cyclotomic polynomial are the main tools which we use to study the primitive divisors
of Lehmer numbers. In fact, the second item of Lemma 1.1 is precisely the property that
given a real Lehmer pair, allows Schinzel to obtain clever inequalities for the cyclotomic
polynomial of an elementary nature, and the main result of this first chapter, which we
utilise in the proof of Theorem 1.1. Moreover, the fifth item of Lemma 1.1 helps characterise
the pairs of integers (L, M) which ensure that we have a complex Lehmer pair for the
remaining chapters, the third item of Lemma 1.1 shows that in case we have a complex
Lehmer pair, v lies on the unit circle, and hence we need to use estimates for linear forms in
2-logarithms in order to prove Theorem 2.1, while the first and fourth items of Lemma 1.1
allow us to obtain a lower bound for the absolute logarithmic Weil height of ~, which we
need in the proof of Theorem 2.1. We now record some fundamental definitions underlying

our study.

Definition 1.2 A Lucas pair is a pair (o, 3) of algebraic integers such that o+ 3 and o

are non-zero coprime rational integers, and 3/« is not a root of unity.

Definition 1.3 Two Lucas pairs (oq, 51) and (ag, B2) are equivalent if

arfoag = f1/fy = £1.

Definition 1.4 A Lehmer pair is a pair («, 3) of algebraic integers such that (a+ 3)* and

af3 are non-zero coprime rational integers, and (3/a is not a root of unity.

Definition 1.5 Two Lehmer pairs (aq, £1) and (ag, Bo) are equivalent if
Oél/Oég = /61//62 € {ﬂ:l, +v —1}

We observe that given a Lucas or Lehmer pair, (« — §)(a + ) # 0, since §/a # +1.
Moreover, we use the notation /—1 instead of Euler’s well established notation i, which
Euler introduced in 1777, in order to avoid confusion in our later work, when we index by
the letter 2.
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Definition 1.6 Given a Lucas pair, we define a Lucas sequence (£,)>, by

an_ﬁn
a—pf

A Lucas number is a term of the Lucas sequence (£,)22 .

en = gn(Oé,ﬂ) =

Lemma 1.7 Lucas numbers satisfy the following recurrence relation

6 = 0
o= 1,
gn = (Oé -+ ﬂ)gn—l — Oéﬂen_g, , n Z 2.

Proof This is clear for n = 0,1. Let n > 2. It remains to show that

a — ﬁn an—l _ ﬁn—l an—2 _ ﬁn—2
= —_— —off———. 1.4
e e (14)

The desired relation follows on clearing denominators in (1.4), and noting that
(a+ @) (" = ") —aB(a"* = ")
= o — Oéﬂn_l +505n_1 o ﬁn - ﬁOén_l 4 Oéﬂn_l
= ao" = p"

QED.

Definition 1.8 Given a Lucas or Lehmer pair, we define a Lehmer sequence (u,)s>, by

Up = un(aaﬁ):

) = {; gnf1(mw2x
, if n=0 (mod 2).

A Lehmer number is a term of the Lehmer sequence ()5 ,.
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Lemma 1.9 Lehmer numbers satisfy the following recurrence relation

Uy =

Y

U = )

Ug = )

1+ (vV=1)""tsin(mn/2)((a 4+ £)* = 1)) tn_1 — aftp_s, n > 3.

—~ R = O

Uy =

Proof This follows by definition for n = 0,1,2. Let n > 3. Note that if n = 0 (mod 2),

then sin(mn/2) = 0, and we must show that

a — 3" an—l _ An—1 an—2 _ An—2
ettt et gt
a2 — 32 a—f a? — 32
which is equivalent to showing that for some integer k > 2,

a2k — 32k B a2kl _ g2h-1 a2 _ 32h=2

o P af PR (1.5)

Clearing denominators in (1.5), it remains to show that

a?t — 32 = (a4 B) (a1 — BN af(a? - g2, (1.6)
On the other hand, if n =1 (mod 2), let n = 2k + 1, for some integer & > 1. Then

sin(mn/2) = cos(wk) = (=1)F,
and
(V=D = (=1,

and we must show that

a2k+; : gzk+1 (ot 5)202’; : gzk - aﬂa%: : g%_l an

Clearing denominators in (1.7), it remains to show that

a2k+1 . /62k+1 — (Oé —l—ﬁ)(a% . /62k) . aﬁ(a%_l o /62]&:—1). (18)
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Plainly, by expanding the right hand side of (1.6) or (1.8), we establish equality (1.6) or
(1.8).

QED.
We note that by Lemma 1.7 and by Lemma 1.9, it is easily seen that Lucas numbers
and Lehmer numbers are rational integers. In 1930, Lehmer [15] introduced the sequences
(un)2,, and showed that they had similar divisibility properties to those of Lucas se-
quences. Earlier, in 1878, Lucas [16], in an article in the first volume of the American
Journal of Mathematics, had investigated the integer sequences (¢,)5°,. Both Lucas and

Lehmer sequences generalize the sequences (a™—b")%° ,, where a and b are coprime integers.

n=0»
In this thesis we are interested in studying the primitive divisors of terms of the Lehmer

sequence.

Definition 1.10 Let a € Z, b € Z, ged(a,b) = 1, |a| > |b] > 0. A primitive divisor of a
term a™ — b™ of the sequence (a™ — b™)$° is a prime number p which divides a" — b", but

does not divide a™ — b™ for 0 <m < n.

Definition 1.11 A primitive divisor of a term ¢, = {,(a,3) of a Lucas sequence is a

prime number p which divides £,,, but does not divide the product
(Oé — 6)262 cee gn—l-

Definition 1.12 A primitive divisor of a term u, = u,(«, 3) of a Lehmer sequence is a

prime number p which divides u,, but does not divide the product
(@ = 3*)?ug -y 1.

The reason for introducing the factor (a? — 3?)? in Definition 1.12 is that if a prime number
p > 2 divides (o — 3)?, then p divides u,, while if p > 2 divides (o + 3)?, then p divides
Ug, (see Lemma 1.24, item 7 and 8). We now record some simple observations underlying

our study.

Lemma 1.13 Let n > 2, and let («, 3) be a Lucas pair. A prime number p is a primitive

divisor of U, = U,(cv, B) if and only if p is a primitive divisor of u, = u,(«, ).
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Proof The result follows by Definitions 1.11 and 1.12, and from the observation that
by =uy, if n=1 (mod 2), whereas ¢, = (a + B)u, if n =0 (mod 2).

QED.
Lemma 1.13 means that searching for primitive divisors of a Lucas sequence is a special

case of the same problem for Lehmer sequences.

Lemma 1.14 Let L € Z, M € Z, L > 0, M # 0, L = gL', M = gM’, where g =
ged(L, M) > 1, and ged(L', M') = 1. Further, let o = /g, and = \/gB3', where o/ and
B are the roots of 2 — L'z + M'. Then

un(a7 6) = g(n_E(n))/zun(a/7 6/>7

where €(n) is defined in Definition 1.8. In particular, the primitive divisors of u,(a, 3)

coincide with the primitive divisors of u,(o/, 3').

Proof The first part follows by Definition 1.8. The second part follows from Definition
1.12 on noting (a® — 3%)* = Lg(L/g — 4M/g).

QED.
Lemma 1.14 means that in searching for primitive divisors of a Lehmer sequence we may

assume that L and M are coprime.

Lemma 1.15 Let L€ Z, M € Z, L > 0, M #0, o and 3 be the roots of x> — /Lx + M,
and o and 3' be the roots of x> — /—Lx — M. Then

(_1>(n_€(n))/2un(a7 6) = U,n(O/, 6/)7

where €(n) is defined in Definition 1.8. In particular, the primitive divisors of u,(a, 3)

coincide with the primitive divisors of u, (o, 3').

Proof The first part follows by Definition 1.8 on noting o’ = v/—1a and 3 = /—13. The
second part follows by Definition 1.12.

QED.
Lemma 1.15 means that in searching for primitive divisors of a Lehmer sequence we may

assume that L is positive.
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Definition 1.16 We define the cyclotomic polynomial

where

(= exp(2nyV/—1/n).

The next two Lemmas, Lemma 1.17 and Lemma 1.18, are useful in proving Lemma 1.26,
and more importantly, in establishing a particular factorisation of ®,(z,y) in Lemma 1.36,

which we exploit in proving Theorem 1.1 and Theorem 3.1.
Lemma 1.17 For any odd integer £ > 1, ®y(z, —y) = Poy(x,y).

Proof

(I)%(xu y) =

20

(z — szy H (z — Cégy)

j=1 Jj=£+2

ged(5,20)=1 gcd(5,20)=1
L (e=1)/2
— 2k—4 +2k
= H (=G y) H (= G y)
k=(£+1)/2 k=1
ged(2k—0,0)=1 ged (6+2k,0)=1

The result follows on noting that ged(2k —¢,¢) = 1 and ged(¢+ 2k, ¢) = 1 imply ged(k, {) =

L, Céz = Cz_ze = —1, and C2e = C?-
QED.

Lemma 1.18 For any even integer £ > 1, ®¢(x,y) = Por(v/2, \/Y).
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Proof

(I)%(\/Ev \/§> =

20

I Ve—Gwvy)

QED.

Lemma 1.19 is used to establish Lemma 1.20, and Lemma 1.20 is used to establish Lemma

1.21, which is useful in later applying the particular factorisation of ®,(z,y) from Lemma

1.36, and Lemma 2.1, which is crucial to the proof of Theorem 2.1.

Lemma 1.19 Letn > 0. Then

" —y" =[] ®ale.p).

(1.10)

din

where ®4(x,y) is defined by equation (1.9).

Proof Assume first that y # 0. Then equation (1.10) follows from the factorisation

r =Yy

since

= y"((z/y)" = 1)

n—1
= v ]@/y=G)
=0
= " [ I] =/v-¢).
din  j=1
(4,n)=d
n/d
H H (z— ﬁ/dy)
din =1
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If y = 0, the result follows from the fact that

[[®=00 = ] ] =

din dn j=1
ged(f,d)=1

RIS

dn
S DFERAC)
= "
QED.
Lemma 1.20 Letn > 0. Then
By (z,y) = [ [ (" = yHre/?, (1.11)

din

where ®,(z,y) is defined by equation (1.9).

Proof Applying the Mdbius inversion formula to equation (1.10), we obtain (1.11).
QED.

Lemma 1.21 Letn > 1 be an integer, and let n* denote the greatest squarefree divisor of
n. Then
(I)n (SL’, y) = (I)TL* (xn/n* ) yn/n*>’

where ®,(z,y) is defined by equation (1.9).

Proof It follows from equation (1.11) and the definition of the Mdbius function that

fry) = [ =yt

dln

= [ — ity
dn*

_ H((xn/n*)n*/d _ (yn/n*)n*/d>,u(d)
dn*

QED.
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Definition 1.22 For any positive integer m, we let P(m) denote the greatest prime factor
of m, with the convention that P(1) = 1.

The next three Lemmas, Lemma 1.23, Lemma 1.24, and Lemma 1.25, establish the con-
nection between the arithmetic properties of the cyclotomic polynomial, and the primitive
divisors of u,. More precisely, that given a Lehmer pair (o, ), the prime factors of the
cyclotomic polynomial ®,(a, () are the primitive divisors of w,(a, 3), except possibly for
the prime factor P(n/ged(n, 3)).

Lemma 1.23 Let n > 2, and let (o, 3) be a Lehmer pair. Then ®,(a, ) is an integer.

Proof

[n/2]
o0, 8) = J] (@=&B)a—(78)

j=1
ged(jn)=1

/2] ' '
= [ @+8=(+¢7)an).

j=1
ged(jn)=1

Let 2]
Fu(z,y) = (z— (¢ +¢ 7))

j=1
ged(jn)=1

~

Note that F),(z,y) is a binary form of degree ¢(n)/2, with rational integer coefficients since
all of its roots lie in Q(¢? 4 ¢, 7), the maximal real subfield of Q(¢,). It remains to note
that since (a, 3) is a Lehmer pair, thus a3 € Z, o® + 3° = (a + 3)? — 2a8 € Z, and

®,(a, B) = F(a® + 3, af) € Z.
QED.

Lemma 1.24 Let («,3) be a Lehmer pair and (u,)5, the corresponding sequence of

Lehmer numbers. Then

1. For all positive integers n we have ged(af, u,) = 1.
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2. If d|n, then ug|u, and ged(u,/ug, uq) divides n/d.
3. For all positive integers m and n we have ged(tm, Up) = Uged(m,n)-
4. If a prime p does not divide a3(a® — %)%, then p divides w, 1uy, .

5. If a prime p divides u,,, then p divides Upy/um; if p > 2 then p exactly divides

Upnp/ U, (1€ P> U /Uiy )
6. If 4|uy,, then 2 exactly divides gy, [tny,.

7. If a prime p > 2 divides (o — )%, then p divides u,; if p > 3 then p exactly divides

Up-

8. If a prime p > 2 divides (o + 3)?, then p divides ugy; if p > 3 then p exactly divides

Uy -

9. If n > 2, d < n and d|n, then ®,(«, 3) divides u,/uq, where ®,(c, 3) is defined by
equation (1.9).

Proof These properties go back to Lehmer [15], and are proved by Stewart [29]. They are
listed in [4, Proposition 2.1].
QED.

Lemma 1.25 Let P(n/gced(n,3)) be defined by Definition 1.22, (c, 3) be a Lehmer pair,
and let @, (e, B) be defined by equation (1.9). Ifn >4 andn ¢ {6,12}, then P(n/ged(n, 3))
divides ®,,(a, 3) to at most the first power. All other prime factors of ®,(«, 3) are con-
gruent to £1 (mod n). Moreover, if n = 12, then some divisor of 6 divides ®15(av, B) to at
most the first power. All other prime factors of ®12(«, 3) are congruent to £1 (mod 12).

Proof This is [29, Lemma 6.

QED.
We first use Lemma 1.24 and Lemma 1.25 in order to establish Lemma 1.26, which we
utilise in order to complete our proof of Theorem 1.1. For example, Lemma 1.26 means
that searching for primitive divisors of us19((1/2)(3 + +/37), (1/2)(3 — /37)) is the same
as searching for primitive divisors of us1s((1/2)(3 + v/37), (1/2)(—=3 + v/37)), and hence it
suffices to consider only one of these Lehmer numbers in the proof of Theorem 1.1.
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Lemma 1.26 Let (o, 8) be a Lehmer pair, L = (a+ 3)> >0, M = af #0, o and 3’ be

roots of

2% — \/max{L — 4M, L}z + | M|,
n>4,n¢{6,12}, 8tn, and let

Then
if M >0,

/
n
up(a, B) = ul, if M <0 and n is even,

ub, Jul, if M <0 and n is odd.

Moreover, the primitive divisors of u,(c, 3) coincide with those of u., if M > 0, with those
of uy, if M <0 and n is odd, with those of u,, , if M <0 and n =2 (mod 4), and with
those of ul, if M <0 andn =0 (mod 4).

Proof If M > 0, then max{L —4M, L} = L and |M| = M, hence u,, = u,,. On the other
hand, in case M < 0, then by definition

o/:%(\/L—ZlM—i-\/Z):oz,

and

§ = ST - VI)= 5.

It follows that if n is even and M < 0 then
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while if n is odd and M < 0 then
u/2n (a/)2n _ (/6/)2n O/ _ /6/

(@)? = (8)? (o))" = (5)"

(a)" +(B)"
O/ _l_ /8/

(@) = (=5)"

o= (=)
a — ﬁn

a—pf

= Uy

By Lemma 1.24 and Lemma 1.25, the primitive divisors of u, are the prime factors of
®, (a, ), except possibly for P(n/ged(n,3)). If M > 0,

©, (o, 3') = Cu(a, ).
If M <0,and n =1 (mod 2), by Lemma 1.17,
D20 (o, ) = Pu(a, B).
If M <0,and n =2 (mod 4), by Lemma 1.17,
©, (0, ) = u(a, B).
If M <0, and n =0 (mod 4), by Lemma 1.18,
O, (o, ') = Bup2(a®, 57),
and since 8 t n, by Lemma 1.21,
O (0, 5%) = @y (a, B).

QED.
The first general result! about the existence of primitive divisors of terms of the Lehmer

sequence dates back to 1892, when Zsigmondy [37] proved that given an integer Lucas pair

(a,0) € Z X Z,
'Earlier, Bang [2] dealt with the case o € Z and 3 = 1.
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if n > 6, then u,, has a primitive divisor. This result was obtained independently in 1904
by Birkhoff and Vandiver [5]. Note that their result is best possible since the prime divisors
of 63, the 6th term of the sequence (2" — 1), divide the second or third term.

In 1913, Carmichael [7] extended this result by proving that given a real Lucas pair

(o, 8) € R xR,

if n > 12, then u,, has a primitive divisor. Note that Carmichael’s result is best possible

since the prime divisors of 144, the 12th term of the Fibonacci sequence

(057 (7))

divide the third or fourth term.
In the 1950’s, Ward [36] and Durst [9] extended these results to real Lehmer pairs («, ()
such that

(@, 3*) €R x R.

In 1962, motivated by Ward’s remark that nothing appears to be known for complex
Lehmer pairs (o, 3) such that
(@*,5%) ¢ R x R,

Schinzel [22] showed that given a Lehmer pair, there exists a constant nq(«, (3), depending
on « and [, such that if n > ny(«, 3), then u, has at least one primitive divisor. Later, in
1974, Schinzel [27] showed that, rather surprisingly, the constant n,(«, [3), depending on «
and (, may be replaced by an absolute constant n;.

In 1977, Stewart [30] made a remarkable improvement by not only making Schinzel’s
work explicit by using his estimates on linear forms in 2-logarithms in order to show that

we may take
ny = ¢*52457 1021

but also by showing that there are only finitely many Lehmer sequences whose nth term,
n > 6, n ¢ {8,10,12}, does not possess a primitive divisor, and by establishing a cyclo-
tomic criterion, and thereby an algorithm, from which these exceptional sequences may

be explicitly determined by solving the implicated Thue equations. Moreover, Stewart
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showed that the restrictions n > 6, n ¢ {8,10,12}, are best possible for the Lehmer se-
quence (u,)>,, but may be replaced by the best possible restrictions n > 4, n # 6 for the
Lucas sequence (£,,)22.

In the 1990’s, Voutier [33] made use of the refinement by Laurent, Mignotte and

Nesterenko [14] for linear forms in 2-logarithms, and refined Stewart’s constant to
ny =2 x 10",

Furthermore, after implementing Stewart’s algorithm in MAPLE, and computing all of the
solutions of the implicated Thue equations in the range n < 30, and the small solutions
of the implicated Thue equations in the range 30 < n < 250, Voutier [32] tabulated all
Lehmer sequences whose nth term, 6 < n < 30, n ¢ {8,10, 12}, has no primitive divisor,
and conjectured that n; = 30. Moreover, shortly after, Voutier [34] refined his work and
established

ny = 30030.

At the turn of the millennium, in a spectacular display of the interplay between compu-
tational number theory and theoretical number theory in helping to resolve an outstanding
problem, Bilu, Hanrot, and Voutier [4] established Voutier’s conjecture. In particular, they
showed

ny = 30.

In order to further motivate our study, let us consider the following problems:

Problem 1.27 Classify all Lehmer triples (n, a, 3) such that («, 3) is a Lehmer pair, and

Uy, has at least one primitive divisor.

Problem 1.28 Classify all Lehmer triples (n, «, 3) such that («, 3) is a Lehmer pair, and

uy, has at least r primitive divisor(s), where r is a given natural number.

As already noted, Problem 1.27 has been solved completely by Bilu, Hanrot, and
Voutier. In this thesis we concern ourselves with Problem 1.28. It is not clear at the

outset that Problem 1.28 is not accounted for by the solution to Problem 1.27. As an
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example, note that there are Lehmer sequences whose nth term has 2 primitive divisors.

In particular, the 7th term of the following Lehmer sequence
0,1,1,37,2-31,1669,3-29 - 37,7- 13- 883,...

corresponding to the triple

(n,a,B) = (7,V3 + 2V7,V3 — 2V7),

has two primitive divisors, namely 13 and 883. Note that 7 divides (a? — 3?)2 =2¢.3.7,
and so is not a primitive divisor.

The first general result in the direction of Problem 1.28 was made in 1962 by Schinzel
[23]. More precisely, let n > 0 be an integer, a and b be relatively prime integers with
|a| > |b| > 0, k(ab) denote the squarefree kernel of ab, and let

) 1if k(ab) =1 (mod 4),
TN 2 i k(ab) =2,3 (mod 4).

Schinzel showed that if n/(nok(ab)) is an odd integer, and the triple (n, a, b) is not in Table
1.1, then the nth term of the sequence (a™ — "), has at least two primitive divisors. In
the same year, Rotkiewicz [21] generalised this theorem to real Lucas sequences.

In 1963, Schinzel [24] generalised Rotkiewicz’s theorem to a theorem about the nth
term of the Lehmer sequence (u,)5, having at least two primitive divisors. In the same
year, Schinzel [25] proved a theorem about w, having at least r primitive divisors, where
ris 3, 4 or 6, while a few years later in 1968, Schinzel [26] refined all of his theorems on
primitive divisors of Lehmer sequences. Nonetheless, all of Schinzel’s theorems had the
shape, ignoring other conditions similar to the conditions described above for the sequence
(a" —b")32

© o, that there exists a constant n,(a, ), depending on « and (3, such that if

n > n.(«, ), then u, has at least r primitive divisors, where r is a natural number. Later,
in 1974, Schinzel [26] showed that for each r, n,(«, ) may be replaced by an absolute
constant n,..

In this thesis, we extend Stewart’s program. More precisely, we use the arithmetic
and algebraic properties of the cyclotomic polynomial, together with a sharp estimate for
linear forms in 2-logarithms determined by Mignotte, and sharp inequalities for the arith-

metic functions ¢(n) and w(n), in order to make Schinzel’s constant n, for r = 2 explicit.
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n,a, b n7a7b
(2Z+ 1)27< ) 3747_3
1,—(204+1)%, — (20 —1)2 3,—4,3

L(p'+1)2/4,(p' —1)*/4 4,42, 41
L—(p'+1)2/4,—(p' —1)?/4 ] 6,3,1

2,(20+1)2, — (20 — 1)? 6,3, —1
2,—(2°+1)%, (2" — 1) 6,4, —1
(p + 1>2/47 _(pi - 1)2/4 6, —4,1
2, —(p'+1)%/4,(p" —1)%/4 | 6,4,3
3,3,—1 6, —4,—3
3,-3,1 12,42, 41
3,4,1 12,43, 42
3,—4,—1 20,42, +1

Table 1.1: A table of all exceptional triples (n,a,b). Note i € N.

Furthermore, for certain conditions on (n, «, 3) similar to the conditions described for the
sequence (a" — "), we show that there are only finitely many Lehmer sequences whose
nth term has less than two primitive divisors, and we establish a cyclotomic criterion, and
thereby an algorithm, from which these exceptional sequences may be explicitly determined
by solving the implicated Thue equations. Finally, we show that our work is best possible

subject to the truth of two plausible conjectures.

1.2 Classifying real Lehmer triples

In this section we establish a theorem on terms of Lehmer sequences, generated by a
real Lehmer pair, with at least two primitive divisors, in the direction of solving a part
of Problem 1.28. Our result is obtained by making explicit a result of Schinzel [24]. In
particular, Schinzel determines a finite list of Lehmer numbers which might have fewer than
2 primitive divisors, and we shall determine those which do have fewer than 2 primitive

divisors. In contrast to the case where («, 3) is a complex Lehmer pair and v = 3/« lies on
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the unit circle, the methods used by Schinzel [24] in case (a, 3) is a real Lehmer pair rely
on the fact that |a| > |3|, and hence that the algebraic factors of the implied cyclotomic
polynomial may be bounded from below using clever inequalities of an elementary nature,

and in particular, not inequalities for linear forms in 2-logarithms.

1.2.1 Statement of Theorem 1.1 and Preliminary Lemmas

We note first that the following conditions

L > 0,

M # 0, (1.12)
L—4M > 0,
ged(L, M) = 1,

ensure that we have a real Lehmer pair. Plainly, the conditions (1.12) imply (a, 3) € RxR,
and hence that (a?,4%) € R x R and /a € R. Moreover, 3/« is a root of unity in R if
and only if § = +a. If § = «a, then L —4M = 0, while if § = —a, then L = 0, in either

case, a contradiction.

Definition 1.29 For any integer n, we define k(n) to be n divided by the greatest square

divisor of n. We note that k(n) is known as the squarefree kernel of n.
We let
k= k(M max{L —4M, L}), (1.13)

and

n:{ 1 if k=1 (mod 4), 110

2 if k=2,3 (mod 4).

Theorem 1.1 Let L and M be integers satisfying the conditions (1.12), («, 3) be the
associated real Lehmer pair, and let k and n be defined by (1.13) and (1.14). If n > 4,
n # 6, n/(nk) is an odd integer, and the triple (n, «, 3) is not equivalent to a triple (n, o, 3)

from Table 1.2, then u,(c, 3) has at least two primitive divisors.
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(n, o, ) (n, L, M) | p
5, (1/2)v5+(1/2), (1/2)v/5 — (1/2) 5,5,1 11
*5, (3/2) + (1/2)V/5, (3/2) — (1/2)V/5 5,9,1 11
7, (1/2)V3+ (1/2)VT, (1/2)V3 = (1/2)v/7 | 7,3,—-1 |13
*10, (1/2) + (1/2)V/5, (1/2) — (1/2)V5 10,1,—-1 | 11
10, (1/2)v5 + (3/2), (1/2)v/5 — (3/2) 10,5,—1 | 11
¥12,3, —2 12,1,-6 |61
¥12, 2, —1 12,1,-2 | 13
12, (1/2)v2 + (1/2)v/6, (1/2)vV2 — (1/2)v/6 | 12,2, -1 | 13
12,142, 1 -2 12,4,—1 |11
12, (1/2)v6 + (1/2)v/2, (1/2)v6 — (1/2)v/2 | 12,6,1 | 13
12,vV2+1,v2-1 12,8,1 11
12, 2, 1 12,9,2 |13
12, 3, 2, 12,25,6 | 61
14, (1/2V7 + (1/2)V/3, (1/2)v/T — (1/2)V/3 | 14,7,1 13
15, (1/2)v5 + (1/2), (1/2)v/5 — (1/2) 15,5,1 |31
*20, 2, -1 20,1,—-2 | 41
%20, 2, 1 20,9,2 |41
*30 , (1/2) + (1/2)V/5, (1/2) — (1/2)V5 30,1,—1 |31

Table 1.2: A table of all exceptional real Lehmer triples (n,a, 3) (up to equivalence) and
associate triples (n, L, M), such that L >0, M # 0, L —4M > 0, ged(L, M) =1, 4 < n,
n # 6, n/(nk) is an odd integer, and wu,(«, 3) has less than two primitive divisors, together
with their primitive divisor p. Note that the star * indicates the real Lehmer triples

correspond to real Lucas triples.
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Lemma 1.30 clarifies the admissible n in Theorem 1.1.

Lemma 1.30 Let n > 2 be a positive integer, my be a squarefree divisor of n, and let
me =1 if my =1 (mod 4), and my = 2 otherwise. If n/(myms) is an odd integer and my
is positive, then n is either an odd integer, or a multiple of 4 not divisible by 8, or a multiple
of 2, not divisible by 4, and divisible by a prime p = 3 (mod 4). Moreover, if n/(myms) is
an odd integer and my s negative, then n is either an odd integer, or a multiple of 4 not
divisible by 8, or a multiple of 2, not divisible by 4, and divisible by a prime p =1 (mod 4).

Proof Let ¢ be an odd integer. In case m; is positive, note that either mims = 1 + 424,
or mymg = 4(1 4 2z5), or mymy = 2(3+ 4z3), for some nonnegative integers z;, 29, 23, from
which it follows that either n = (1+421)¢, or n = 4(1+229)¢, or n = 2(3+4z3)¢. Similarly,
in case m; is negative, either n = (3 +421)¢, or n = 4(1 + 229)¢, or n = 2(1 + 4z3){.
QED.
The proof of Theorem 1.1 amounts to exhibiting the set Ry U (g, defined in Lemma
1.31, due to Schinzel [24, Theorem 1], explicitly. We do this in Table 1.2. Schinzel [26]
remarks that Brillhart and Selfridge have done this, although no reference? to their work

is given.

Lemma 1.31 Let L and M be integers satisfying the conditions (1.12), (o, 3) be the as-
sociated real Lehmer pair, and let k and n be defined by (1.13) and (1.14). If n >4, n # 6,
and n/(nk) is an odd integer, and the triple (n, L, M) ¢ Ry U Qo, where

Ry = {(5,

Qo = {(n,

So = {(nl],L,M): (L, M) € S},

Ty = {GBnlxl,L,M): (L,M) e T},

S = {(L,M):ged(L, M) =1,(L, M) = (12,-25),(112,25), or 1 < |M| < 15,
OM +2|M|+1 < L < min(64 + 2M — 2|M|,2M + 2|M| + 4|M|*/? + 1},

T = {(L,M):ged(L,M)=1,(L,M) = (4,—1),(8,1) or 1 < |M| < 15,
L =2M+2|M|+1},

2In personal correspondence, Brillhart confirms the calculation was done, not published, and since lost.

1), (10,5, —1), (20,1, —2), (20,9, 2)},
L M) € So UTp : uy, has less than two primitive divisors},
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then u,(a, B) has at least two primitive divisors.

Proof This is part 1 of [24, Theorem 1].
QED.

Lemma 1.32 Let u, be defined by Definition 1.8, £ > 1 be a divisor of uy,

n—1
a=LL-4M) [ w

i=3
ged(i,n)#1

b = ged(l,a), ¢ = L/b, and d = ged(b,c). If ¢ > 1 and d = 1, then { has at least one

divisor, which is a primitive divisor of u,.

Proof Note first that ¢ = bc. Since ¢ > 1, let p|c. Then p|¢. We will show that p {
L(L —4M)ug - -u,—1. Since d = 1, p 1 b, which implies p f a. We are left to show for
3<i<mn-—1,ged(n,i) =1, that p{ u;. Recall part 3 of Lemma 1.24, that for all positive

integers m and n
ged (Un, Um) = Uged(m,n)- (1.15)
It follows from equation (1.15) that for any 3 <i <n — 1 for which ged(i,n) = 1,
ged(tn, Ui) = Uged(iny = U1 = 1,

and hence ged(4, w;) = 1. Plainly, p{u; for any 3 <i <n —1, ged(i,n) = 1.
QED.

Definition 1.33 Let p be an odd prime number, a € Z. The values of (alp) = (1), called

the Legendre symbol, are given by

(alp)
1, if pfta, and there exists an integer x such that x*> =a (mod p);
= 90, i plg

—1, if pta, and there does not exist an integer x such that z*> =a (mod p).
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Definition 1.34 Let b be an odd integer with prime factorisation £1[];_, p;. For a € Z,
we define the Jacobi symbol (alb), as follows:

(a] =1) = (al1) =1,

and
T

(alp) = ] J(alpo),

i=1
a product of Legendre symbols.

Lemma 1.35 Let ¢ > 1 be an odd integer, and let m be a divisor of £. Then

l l

oz,y) = [ Ve-GvaWz+Gve) [ Va-dviVa+Gvi).

s=1 t=1
ged(s,£)=1 ged(t,£)=1
(sjm)=1 (tm)=—1

Proof On dividing the values of j in equation (1.9) into two classes according as (j|m) = 1

or (jlm) = —1, we obtain

ozy)= [[ @=¢v [] @-dw. (1.16)

Since ¢ is odd, we have for e = 41 that

(¢, j=1,...,6,gcd(j,0) = 1,(jlm) = e} = {¢.j = 1,....4,ged(5,£) = 1, (j|m) = e(2/m)}.

The result follows on considering x — (jy and x — (}y in (1.16) as a difference of squares,

and factoring.
QED.

Lemma 1.36 Let ¢ > 1 be a squarefree integer, and let m be an integer divisor of £ such
that ¢/m is an odd integer. Then for N ={ or N = 2{, we have

Oy (a,y) = N, (2,05, (2,1), (1.17)
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where if N =€ and m is odd,

H Wr-¢ve TI Vz+dve). (1.18)

gcd(s Z) ged(t ()
(slm)= (tlm)=—
and
; ¢
2 s
oY (ry)= [[ We+¢ve ] Va—cv): (1.19)
ged (s t)=1 gcd(1,0)=1
(s|m)=1 (tjm)=—1
if N =20 and m s odd,
¢ ¢
o ()= [ We—v=1gve) [I e+ V=1, (1.20)
gcd?:ll)ﬂ gcdftz,fl)=l
(sm)=1 (tlm)=—1
and
¢ ¢
o ()= [ WVe+v=igve ] Vr-v=1¢vu); (1.21)
gcd?sz,ll)zl gcd)(tt 1) 1
(s|m)=1 (tjm)=-1
if N =20 and m is even,
40
1 s
oy = [ Va-Gvm) (1.22)
gcd(zilll):l
(m]s)=1
and
40
oV ()= I Va+Gnw): (1.23)
gcd(z,:élll):l
(mls)=1

and where (s|m), (t|m), and (m|s) are Jacobi symbols, as defined in Definition 1.3/.
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Proof This is essentially line (4), (5), and (7) of [23, Theorem 1]. Note that our notation
and exposition here differs from [23, Theorem 1]. In particular, we have replaced n by
U, Ypm(x) by q)g\l,?m(:c,y), we have defined explicitly @ﬁ?m(x,y), and we have written the
indices for the products under the products. We present an argument based on Schinzel’s
proof of [23, Theorem 1].

Suppose that ¢ is odd, and m is odd. The equations (1.18) and (1.19) follow from
Lemma 1.35 (note in case m = 1 the product over ¢ is empty). Furthermore, the equations
(1.20) and (1.21) follow from Lemma 1.17, together with Lemma 1.35. On the other hand,
if / is even, then m is even since ¢/m is odd. Let ¢ = 2k; where ged(ky,2) = 1 since £ is

squarefree. Since / is even, by Lemma 1.18 we have that
Doy, y) = Py(a?, y?). (1.24)
Further, since ¢ = 2k, and k; is odd, we have by Lemma 1.17 that
Oy(2”, ) = P, (4%, =) = P, (2, V—1y) By, (z, —V—1y). (1.25)
By (1.24) and (1.25), we obtain
Coe(,y) = By, (w, V= 1y) @y, (2, =V~ 1y). (1.26)
On noting that
V-
we see that we may further factor the right hand side of (1.26) in order to obtain

(I)%(x? y) = (I)kl (\/57 CS\/§>(I)/€1 (\/_7 _C8\/§>(I)k1 (\/57 Cg\/gybkl(ﬁ? _C83\/§) (127>

Schinzel verifies (see between lines (17) and (18) [23, page 558]) that the right hand side
of (1.27) is equal to the product of (1.22) and (1.23).
QED.

1.2.2 Proof of Theorem 1.1

Proof By Lemma 1.31, it suffices to compute the set Ry U Sy U Tg, from which we may
deduce the set Ry U Qq. The computed set Ry U Sy U T} of 216 elements appears in Table
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1.3 and Table 1.4. The proof consists of sieving out all Lehmer triples (n, «, 3) such that
(a, ) is a real Lehmer pair, and u,, has more than one primitive divisor, from Table 1.3 and
Table 1.4. The remaining elements are the elements of the set Ry U )y, and are tabulated
in Table 1.2.

Let u, = Hle pi*. Note that the result of calling the function ifactors(u,,Easy) in
MAPLE, which is based on the Brillhart and Morrison factoring algorithm, will be either

of the form
[17 [[plv al]v ey [pka ak]]]v
or of the form

[17 [[pla CLl], tet [piu CLZ'], [67 1]“7

where / is a composite integer, and
[pla a1]7 ) [plv ai]vi < ka
were “easy” to compute. In particular, the MAPLE function ifactors(u,,Fasy) uses

ged(uy,, 720720)

and
1699

ged (uy, H p).

p=17
Computing u,(a, 3) and calling the function ifactors(u,,Fasy) in MAPLE, for each
triple (n, L, M) from Table 1.3, we determine that all of the triples from Table 1.3 have at
least two primitive divisors, except for the triples
(117,1, —3), (132, 33,8), (132, 1, —8) (1.28)
and
(156, 39, 8), (156, 7, —8), (1.29)
the triples in Table 1.2, and the triples

(41 41,9), (43,7,-9), (51,5, —3),

(82,5, —9), (86,43,9), (102,17, 3),

(105 21,5), (140, 3, —8), (140, 35, 8)

(156,2, —13), (156, 54, 13). (1.30)
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We call the function ifactors(u,,pollard,n) in MAPLE for the triples (1.28) and the triples
in Table 1.2, the function ifactors(u,,lenstra) in MAPLE for the triples (1.29), and Lemma
1.32 for the triples (1.30), in order to obtain

117,1,-3,  [819001577161, 173196209426761],

132,33,8,  [29700133,58739156810797],

132,1,—-8,  [29700133, 58739156810797],
[
[

156,39,8,  [18066827,51378219047],
156,7,—8,  [18066827,51378219047],
41,41,9,  [1559,[.32... x 10% 1]],
43,7,-9,  [947,[.11 ><1024 1]],
51,5, -3,  [14281, [ ox 10" 1]],
82,5,—9,  [1559,[.85 ><1044 26... x 10%]],
86,43,9,  [947,[.14... ><1052 12... x 10%]],
and
102,17,3  [14281,[.50... x 10%?, 48... x 10%]],
105,21,5,  [211,[.20... x 1020 1]],
140,3, -8,  [139,[.20 ><1049 24... x 10%]],
140,35,8,  [139,[.20... x 10", .24... x 10%]],
156,2,—13,  [157,[.80... x 10% .15... x 10*]]
156,54,13,  [157,[.80 ><1062 15... % 10%4).

Note that the functions ifactors(u,,pollard,n) and ifactors(u,,lenstra) in MAPLE establish
a complete factorisation of u,, for the triples aforementioned, and as such we may conclude
that for those triples for which these functions are called, we have precisely one primitive
divisor, or at least two primitive divisors. Moreover, in each case, we listed the triple

together with a certificate vector v, which has the form [p], consisting of one primitive
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divisor, or the form [p;,ps], consisting of two primitive divisors, or the form [p, [¢,b]],
consisting of one primitive divisor and the corresponding [/, b] as defined by Lemma 1.32.

Similarly, computing u,(a, ) and calling the function ifactors(u,,Fasy) in MAPLE,
for each triple (n, L, M) from Table 1.4, we determine that all of the triples from Table 1.4

have at least two primitive divisors, except for the triples

(234,13,3), (1.31)

(259,9, —7), (308, 56, 11), (308, 12, —11), (364, 56, 13), (364, 4, —13)
(518,37, 7), (532,38, 7), (532, 10, —7), (1860, 62, 15), (1860, 2, —15),  (1.32)

and the triples

(165,1, —11), (203,1, —7), (210, 1, —5), (220, 22, 5), (220, 2, —5)

(330,45,11), (372, 7, —6), (372, 31, 6), (406, 29, 7), (420, 30, 7),

(420,2, —7), (561, 51,11), (583,9, —11), (940, 47, 10), (940, 7, —10),

(1060, 53, 10), (1060, 13, —10), (1122, 7, —11), (1166, 53, 11), (1276, 58, 11),
(1276, 14, —11), (1508, 58, 13), (1508, 6, —13). (1.33)

We call the function ifactors(u,,pollard,n) in MAPLE for the triple (1.31), and Lemma
1.32 for the triples (1.33), in order to obtain

234,13, 3, 819001577161, 173196209426761],
and

165,1,—11,  [331,[.57... x 10°",.25... x 10"]]
203,1, -7,  [176611,[.44... x 10% 1]]

210,1,—5,  [211,[.16... x 10,.78... x 10%]]
220,22,5,  [881,[.12... x 107, .14... x 10™]]
220,2, -5,  [881,[.12... x 107, .14... x 10™]],



The Integer Sequences Studied by Lucas, Lehmer, and Schinzel

330,45, 11
372,7, -6,
372, 31,6,
406,29, 7,
420,30, 7,

420,2, -7,
561,51, 11,
583,9, —11,
940, 47, 10,
940, 7, —10,

1060, 53, 10,
1060, 13, —10,
1122,7, —11,
1166, 53, 11,
1276, 58, 11,

and

1276, 14, —11,
1508, 58, 13,
1508, 6, —13,

331,[.14

373 [94 x 10180 75... x

176611, [.74

132973261, [.19... x 10™°°, .88...
142228087, [.56...

[

[

2333, [.38
u94581[
(194581, [.80
47701, [.86
47701, [.86

2333,[.11 x 1075, .38...

19139, [.72

(19139, [.72...

[
[
[373,[.94... x 106 .75... x
[
[

[
[
[142228087 [11
[
[

. x 10", 16...
132973261, [19”.x 10" 88...

x 107

% 10102 12,

% 10°%%) 11...
% 1092 11...

. x 10™%,.29...
. x 10™%,.29...

% 10688

x 109t 51...
[459566017, [.13... x 10110 11...
[459566017, [.13... x 10110 11...

Lx 1011 .64... x 10%7]]

10116]]

10116]]

x 10%]]

x 107]],

x 102)]
10... x 10"7]
x 10%]

% 10349“

x 1034]],

x 10%9)]
% 10435“
19... x 1077

% 10418“
Lox 1091 51

% 10493“

x 10'%9]]
x 10°%]]

x 107°]).

29

On the other hand, for the triples (1.32), we first observe that by Lemma 1.26, the following
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pairs of Lehmer numbers have the same primitive divisors

3+ /37 3—¢_> (3+\/_7 —3+J_)
2 ’ 2
U308(\/_+f \/_ \/g) s Ugog(\/7+\/7 —\/_+f)
uzes (V14 +1,V14 = 1), ugea(V14+1, =14+ 1);
V38 + V10 W—J_)> (W+W —W+J_
2

V62 + V2 \/_2—f)) ) (\/_2+ﬂ —W+f
2 2 P I8 2 2

u259(

U532( y U532 )

)-

U1860(

Hence, it suffices to consider only one Lehmer number in each pairing. Furthermore,
note that by Lemma 1.24 and Lemma 1.25, the primitive divisors of u, coincide with
the prime factors of ®,(«, ), except possibly for P(n/gced(n,3)). By Lemma 1.36, we
factor ®@,(a, f) = @ﬁ)ﬂ( ﬁ)@ﬁ)ﬁ( ,3), where k = k(M max{L — 4M,L}), and N =
15 [Ty pio P+ fOr €ach of the remaining triples (1.32), in order to obtain?

3The * indicates that @%?H(a, B) is a prime number as determined by the MAPLE function isprime.
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1 3+V37 33T
(1’259,—259( B ) B) )

= 4688186794612359348548460589916180894723400737849509490008963078078647137569,

5 3+ 37 3—37
« ') ( )
259,—259 2 ’ 2

= 2560253291728767860552750122103255198933323101108540307556538691009,
(I’ga)s,lm(\/ﬂ +V3,V14 - V3)
= 36719117012774411593795373075885082101401,
q’é%))&wz;(\/ﬁ +V3,V14 - V3)
= 1212886066088329232632423660041428753964355298041,
(D§16)4,182(\/ﬂ +1,vV14-1)
= 2496645988012336074301209765985081733111928329,
*(I)g26)4,182(\/ﬁ +1, V14— 1)
= 11525121307558382647076296300816832852765266463808089,

W VI VD VI - VIO
(1)532,266( 5 ) B )

= 368956586335300162081912817177156057722610340294815943469126220024381,

2) V384 V10 /38 — 10
D535 266 ( 5 ) 5 )

= 8213483633355603457368863499769725714729728684667572880477292382219135396021,

W VRV VE-2
(1)1860,930( 2 ’ 2 )

= 65263175209620882129621722222532598631677902835936764924439756666755560213965 - - -
4618428464226880647434563514173237560119620874719055423722960780194820161,

o2 (VE2EVE VG-V
18607930( 2 ’ 2 )

= 1531507552436612570339953572710157714837872041220167757614626810463657235743 - - -
057857894978949499647194588866521969104848023121915071216543924255296726014 - - -
671624981879085017485584079041.

Since gcd(q)g\l,?ﬁ(oz,ﬂ), @ﬁ?ﬁ(a, f3)) =1 and @%?R(a,ﬂ) > n for each (n, N, Kk, «, 3) presented
above and j € {1,2}, we deduce by Lemma 1.24 and Lemma 1.25 that u,, has at least two
primitive divisors for each of the triples (1.32).

QED.
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7,8, -7, [13,419]

7,12, —25, [13, 883]
9,1,-12,[19, 163]
10,1, —1,[11]

10,5, —1, [11]
11,5,—11,[197, 14783]
11,8, —9, [89, 4091]

12,1, -6, [61]

12,1, -2, [13)

12,2, —1,[13]

12,4, —1,[11]

12,6, 1, [13]

12,8, 1, [11]

12,9,2, [13]

12,25, 6, [61]

13,64, 13, [131, 3821]
14,7,1,[13]

14, 36,7, [13, 419]
14,112, 25, [13, 883)]
15,4, —15, [31,15391)
15,5,1, [31]

15,7, -5, [29, 2459
17,17, 4, [307, 28663]
18,49, 12, [19, 163
19,3, -4, [37,151]
20,1, —2, [41]

20,4, —9, [19, 3739]
20,9, —10, [61, 5521]
20,9, 2, [41]

20,40, 9, [19, 3739
20,49, 10, [61, 5521]
21,21, 4, [83, 20327]
22,44, 9, [89, 4091]

28,4, —7,[281, 28729]
28,32, 7,281, 28729]
30,1, -1, [31]

30,27, 5, [29, 2459]

30, 64, 15, [31, 15391)
33,48, 11, [461, 46861]
34,1, —4, [307, 28663]
35,8, —5, [281, 4339
36,1, —6, [37, 73]

36, 25, 6, [37, 73]
37,37, 9, [1481, 18797
38,19, 4, [37, 151]
39,1, —3, [79, 157]
41,41, 9, [1559]

42,5, —4,[83,20327]
43,7, -9, [947]

44,3, -2, [43,571]
44,6, —11, [43, 3037]
44,11, 2, [43,571]
44,50, 11, [43, 3037]
46,23, 4, [137, 25253]
47,11, —9, [1787, 5923
51,5, —3, [14281]
51,17, 4, [103, 409)]
52,5, -2, [727, 5147]
52,13, 2, [727, 5147]
55,1, —11, [220159501, 292589551]
57,19, 3, [113, 569
60,4, —5, [59, 601]

60, 24, 5, [59, 601]
66,4, —11, [461, 46861]
70, 28, 5, [281, 1889]
74,1, —9, [1481, 18797]

(n, L, M,v) (n, L, M, v) (n, L, M, v)

5,5, 1, [11] 22,49, 11, 197, 14783] 76,2, —9, [457, 20521]
5,9,1,[11] 23,7, —4, [137, 25253] 76,38, 9, [457, 20521]
7,3, —1,[13] 26,12, —13, [131, 3821] 78,13, 3, [79, 157]

82,5, —9, [1559]

84,2, —3, (337, 1429]
84,14, 3, [337, 1429]
86,43, 9, [947]

91,11, —13, [181, 50051]
92,10, —9, [643, 827
92,46, 9, [643, 827]
94,47, 9, [1787, 5923
102, 1, —4, [103, 409]
102,17, 3, [14281]

105, 21, 5, [211]

110, 45, 11, [220159501, 292589551]
111, 37, 9, [223, 300367
114, 7, —3, [113, 569
115,3, —5, [229, 691]

117,1, -3,

132,1, -8, ]

132,10, —11, [1321, 3167]
132,33,8, []

132, 54, 11, [1321, 3167]
140, 3, —8, [139]

140, 35, 8, [139)]

143,8, —11, [12011, 349207)
145,29, 5, [1451, 108751]
148, 5, -8, [149, 4441]

148, 37, 8, [149, 4441]
156,2, —13, [157]

156,7, -8, []

156,39, 8, []

156, 54, 13, [157]

159, 5, —12, [317, 3499]
164, 9, —8, [11317, 150881]
164, 41, 8, [11317, 150881]

Table 1.3: A table of candidate real Lehmer triples (n, L, M) € Ry U Sy U T} such that

n < 165, together with their certificate vectors v.
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(n7 L7M7U)

(n7 L7M7U)

(n7L7 M7v)

165,1, —11, [331]

165,55, 12, [331, 659
172,11, —8, [859, 54869]
172, 43, 8, [859, 54869)
177,59, 12, [353, 13451]
182,63, 13, [181, 50051]
183,13, —12, [4027, 9151]
195, 8, —13, [333451, 696637889
203,1, —7, [176611]
210,1, -5, [211]

217, 31,7, [433,1303]
220,2, —5, [881]

220, 22, 5, [881]

222,1, -9, [223, 300367]
230, 23, 5, [229, 691]
231,5, —7, [8779, 20327]
234,13,3,]

259,9, -7, []

260, 6, —5, [1039, 967201]
260, 26, 5, [1039, 967201]
273,39, 7, [1093, 1637]
286,52, 11, [12011, 349207
290, 9, —5, [1451, 108751]
308,12, —11, ]|
308, 56, 11, []

315,21, 5, [187111, 1435141]
318,53, 12, [317, 3499]
330, 7, —12, [331, 659
330, 45,11, [331]

348, 5, —6, [349, 1741]
348,29, 6, [349, 1741]
354,11, —12, [353, 13451)
364,4, —13, ]

364, 56,13, []

366, 61, 12, [4027, 9151]
372,7, —6, [373]

372, 31,6, [373]

390, 60, 13, [333451, 696637889]
396, 1, —8, [397, 6337

396, 33, 8, [397, 6337]
406,29, 7, [176611]

420,2, —7, [132973261]
420, 30,7, [132973261]
434,3, -7, [433, 1303]

462, 33,7, [8779, 20327]
476, 6, —7, [1429, 2857]
476, 34,7, [1429, 2857]
517,47,11,[1033,1110517)
518,37,7, ]

532,10, -7, []

532,38,7, ]

546,11, —7, [1093, 1637]
561,51, 11, [142228087]
583,9, —11, [2333]

609, 1, —7, [13399, 267961]
627,13, —11, [8779, 11287]
630, 1, —5, [187111, 1435141]
689, 53, 13, [108863, 32622773]
715, 3, —13, [1429, 5864431]
741,57, 13, [2963, 5927]
767,7, —13, [3067, 99709
793, 61,13, [4759, 298169]
20,1, —10, [821, 36901]
820,41, 10, [821, 36901]
860, 3, —10, [859, 16339]
860, 43, 10, [859, 16339]
915,1, —15, [1831, 18301]
940, 7, —10, [194581]

940, 47, 10, [194581]

1012, 2, —11, [1013, 4049)
1012, 46, 11, [1013, 4049]
1020, 11, —10, [1021, 2039]

1020, 51, 10, [1021, 2039
1034,3, —11,[1033, 1110517
1060, 13, —10, [47701]

1060, 53, 10, [47701]

1122,7, —11, [142228087)

1166, 53, 11, [2333)]

1218, 29, 7, [13399, 267961]
1254, 57, 11, [8779, 11287]

1276, 14, —11, [19139]

1276, 58, 11, [19139]

1378, 1, —13, [108863, 32622773]
1430, 55, 13, [1429, 5864431]
1482, 5, —13, [2963, 5927]

1508, 6, —13, [459566017)

1508, 58, 13, [459566017]

1534, 59, 13, [3067, 99709]

1586, 9, —13, [4759, 298169]
1596, 1, —14, [105337, 28198129)]
1596, 57, 14, [105337, 28198129]
1612, 10, —13, [6449, 88661]
1612, 62, 13, [6449, 88661]

1652, 3, —14, [24781, 2914129
1652, 59, 14, [24781, 2914129]
1708, 5, —14, [3702943, 9677914009
1708, 61, 14, [3702943, 9677914009)]
1830, 61, 15, [1831, 18301]

1860, 2, —15, []

1860, 62, 15, []

2067, 53, 13, [33073, 152959]
2460, 1, —10, [49201, 135301]
2460, 41, 10, [49201, 135301]
2745, 1, —15, [21961, 32941]
4134, 1, —13, [33073, 152959
4788, 1, —14, [A789, 67033]
4788, 57, 14, [4789, 67033

5490, 61, 15, [21961, 32941]

33

Table 1.4: A table of candidate real Lehmer triples (n, L, M) € Ry U Sy U T} such that

n > 165, together with their certificate vectors v.



Chapter 2

Lehmer Numbers with at Least 2

Primitive Divisors

In this chapter, we establish a theorem on terms of Lehmer sequences, generated by a real
or complex Lehmer pair, with at least two primitive divisors, in the direction of solving
a part of Problem 1.28. More precisely, Schinzel [26] proved that there exists an absolute
constant my such that if L and M are integers such that L > 0, M # 0, L —4M # 0,
ged(L,M) =1,(L,M) ¢ {(1,1),(2,1),(3,1)}, (e, B) is the associated Lehmer pair, n > na,
and n/(nk) is an odd integer, then w,(«, 3) has at least two primitive divisors. In this

chapter we show that we may take
ny = 1.2 x 10,

We highlight that the case where (a, 3) is a complex Lehmer pair and v = 3/« lies on
the unit circle, requires delicate estimates and refined inequalities for linear forms in 2-

logarithms, and for the arithmetic functions ¢(n) and w(n).

34
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2.1 Statement of Theorem 2.1 and Preliminary Lem-

mas

First, by Lemma 1.1, we note that the following conditions

L >

M+
L—4M <
ged(L, M) =
(L.M) ¢

0,
0,
0, (2.1)
1,

{(1,1),(2,1),3, 1)},

ensure that we have a complex Lehmer pair («, ).

Theorem 2.1 Let L and M be integers satisfying conditions (1.12) or (2.1), («, B) be the
corresponding Lehmer pair, and let k and n be defined by equations (1.13) and (1.14). If
n > 1.2 x 10'° and n/(nk) is an odd integer, then the nth term u,(«,3) of the Lehmer

sequence has at least 2 primitive divisors.

We note that by Theorem 1.1, if L and M are integers satisfying conditions (1.12), then

the constant 1.2 x 10 may be replaced by 31. Furthermore, if L and M are integers
satisfying conditions (2.1), then M > 0, for otherwise L —4M > 0. It therefore suffices to

prove Theorem 2.1 in case («, 3) is a complex Lehmer pair, and M = a8 > 0. We now

state and prove the Lemmas we use to establish Theorem 2.1.

Lemma 2.1 Letn >0, (a,3) be a Lehmer pair, and v = 3/a. Then

log |®, (v, B)| = ¢(n) log|a| -

> loglt—AY+ ) logll—~.

dln d|n

nin/d)=—1 pin/d)=1

Proof Note that equation (1.11) from Lemma 1.20 may be written as

[@n(c, B)] = [T led /O TT 11—/,
dln

din
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Since (t)
o M
H ‘a|du(n/d) _ ‘a|2dmdu(n/d)
d|

— MZdt:n dp(n/d)
|a|n2t‘n n(t)/t
= Jaf*™.

QED.

Lemma 2.2 Let L and M be integers satisfying conditions (1.12) or (2.1), and let k and
n be defined by equations (1.13) and (1.14). Further, let n > 1 be an integer such that
n/(nk) is an odd integer, v = n& ] i P, € = K[ ppou P and N =v. Then

ik ’

®,(a, B) = DY (@™, 57/ (an, grY),

N

where ®,,(a, () is defined by equation (1.9), @%?R(a"/'f, B7/") is defined by equations (1.18),
(1.20) or (1.22), and @ﬁ?ﬁ(a"/”,ﬁ"/”) is defined by equations (1.19), (1.21), or (1.23).

Proof This is observed by Schinzel [24]. It follows directly from Lemmas 1.21 and 1.36.
QED.

Lemma 2.3 Let L and M be integers satisfying conditions (2.1), and let k and n be de-
fined by equations (1.13) and (1.14). Further, let n > 4, n # 6, be an integer such that
n/(fr],ﬂg) 15 an odd integer, v = Nk lej(%nﬁp; { = "inp\n,p)mﬂp’ and N = v. Then the num-

bers 5(19%7),{(@"/”, YY) and 5(1953?H(a"/”, BV, where § = k(L)~@m/A=60)/4D) - are relatively
prime rational integers. Note if 4|¢(n) or k(L) = 1, then § = 1. Otherwise, n = 2q* for
some prime number ¢ = 3 (mod 4) and positive integer a, and § = g~ /2.

Proof This is [24, Lemma 2]. For the note plainly if ¢(n) =0 (mod 4) or k(L) = 1, then
0 = 1. Otherwise, 4 1 ¢(n), and k(L) # 1. Since n # 1,2,4, and 4 1 ¢(n), we have for
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some prime number ¢ = 3 (mod 4) and positive integer a that n = ¢* or n = 2¢®. Suppose
n = q* Since n =0 (mod k)1, k1 = 1 or Ky = q. If k1 = ¢, then n; = 2, and 2|n, a
contradiction. If k; = 1, then since k1 = 0 (mod k)(L), k(L) = 1, a contradiction. Hence
n # q* Let n = 2¢*. Since n = 0 (mod k)(L), thus k(L) = 2 or k(L) = q. If k(L) = 2,
then k; =2 (mod 4), hence 7, = 2, and 4|n, a contradiction. Thus k(L) = ¢. Further, let
q = 3 + 4k, and note that the fractional part of ¢(2¢%)/4 = (3 + 4k)* ' (k +1/2) is 1/2.
QED.

Lemma 2.4 Let L and M be integers satisfying conditions (2.1), and let k and n be defined
by equations (1.13) and (1.14). Further, let n > 4, n # 6, be an integer such that n/(nk)

is an odd integer, v =K ][] pm p, £ = Hlen e D> and N = v. If
ik ’

. 1 n/v an/v 2 n/v ogn/v
min(|®), (", 37)|, | @, (o, B")]) > n, (2.2)
then u,, has at least two primitive divisors.

Proof By Lemma 2.2 and Lemma 2.3, either

(e, B)] = |BY) (@, 3|85, (™, 577), (2.3)
where
o (a"", ") € L,
R (", ") € 1,
and

ged (P, (a7, 5%), @) (a™", ) = 1, (2.4)
or n = 2¢* for some prime ¢ = 3 (mod 4) and positive integer a, and
(@20 (cr, B)] = lg~ 2@ (@™, B |lg 7@ (@™, 87)g, (2.5)
where

q—1/2(1)5\1]’)n(an/u’ﬂn/u> c Z,
q—1/2q>§\2[) (an/u’ﬁn/u) c Z,

N
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and
ged(q™2@), (@, 5777), V2L (0", 577)) = 1. (2.6)

By Lemma 1.25, the prime divisors of |9, (a, 3)| coincide with the primitive divisors of w,,
except for P(n/ged(n,3)), which if it divides ®,(«, ), it divides @, («, §) with exponent
1. Plainly, if equation (2.2) holds, since n > P(n/ gcd(n, 3)), then in equation (2.3),

@5\1[) (an/u’ﬁn/u)

N

and
o0, )

have a prime divisor different from P(n/gcd(n,3)), and hence the result follows from

equation (2.4). Moreover, in case n = 2¢%, equation (2.2) implies
|q—1/2q)§\1[’)n(an/u’ﬂn/u)‘ > 1

and
g2 (2, B)| > 1

N

in equation (2.5), and since ¢ = P(2¢*/ ged(2¢%,3)), the result follows by equation (2.6)
and Lemma 1.25 in case n = 2¢°.
QED.

Lemma 2.5 Let x(r) be an arbitrary character modulo m, m > 1, ¢ # 0 and let x € C,
|x| = 1. Then

m

[T 12— ¢l < exp(2vm(logm)?).

r=1
ged(r,m)=1

x(r)=c
Proof This is [24, Lemma 3.
QED.

Lemma 2.6 Let L and M be integers satisfying conditions (2.1), («, 3) be the associated
complex Lehmer pair, and let k and n be defined by equations (1.13) and (1.14). Further,
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let n > 4, n # 6, be an integer such that n/(nk) is an odd integer, v = N[ P,
pins
(= Klen,p’mn p, and N = v. Then

max(|Y) (o™, 37)|, |05 (a7, 5Y7)]) < |a|?™/2 exp(4v/n(logn)?).

Proof We have three cases to consider, according to the residue of x modulo 4. We prove
the case Kk =1 (mod 4) for |<I>§\1,’)H(a”/”,ﬁ”/”)|. The other cases are similar. Let v = §/a.
By equation (1.18), we have that

¢

14
B = I Wark = gVBrr) [T Wark + Gy

s=1 t=1

ged(s,£)=1 ged(t,0)=1
(s|r)=1 (t|k)=—1
]
— H |\/ n/v _ 1/ﬁn/l/|
gcd(sl})
¢
= I 186 = (slR)G)
gcd(ss:,é)=1
from which it follows that
¢
1 n/v n/v n 174 — n 14 S
W (", ™) = (8@ T (™) = (slm)¢|
gcd(fé)
¢ ¢
= (IO T 1™ =gl T 1= (7)™ = ¢l
gcd?:ll):l gcd?;fl):l
(slw)=1 (t|r)=—

By Lemma 1.1, |a| = |3|, and | £ (y~1)"/®)| = 1. It follows by Lemma 2.5 that
|(I)§\lf,)n(an/u>ﬁn/y)| < (Ja| @) ® exp(4v/0(log £)?).

Since ¢ < n, it remains to show that

nolt) _ otn)
v — 27
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or equivalently, since k =1 (mod 4), n =1, and ¢ = v, that
o(v) _ o(n)
v — n
Since v = Hp|np,
o(v) _ ¢(n)
v n

QED.

Lemma 2.7 Let L and M be integers satisfying conditions (2.1), («, 3) be the associated
complex Lehmer pair, and let k and n be defined by equations (1.13) and (1.14). If n > 4,
n # 6, n/(nk) is an odd integer, and

log |, (a, B)] — (1/2)¢(n)log || — 4v/n(logn)? — logn > 0,
then the nth term u, of the Lehmer sequence has at least 2 primitive divisors.
Proof By Lemma 2.4, it suffices to establish that

min(|f) (o, 57Y)], |8, (o™, 3)]) > n,

which, by Lemma 2.2, is equivalent to

1, (v, )]
max(|®Y) (an/v, griv)], |@F) (an/v, gn/v)))

> n. (2.7)

By Lemma 2.6, in order to prove equation (2.7), it suffices to show that

[P (e, B
||#(")/2 exp(4y/n(log n)?)

It remains to take the logarithm of both sides of inequality (2.8).

> n. (2.8)

Lemma 2.8 Letn > 1. Then

doo1= ) =207

dln dln
wnfd)=1  p(njdy=—1
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Proof By [10, page 264],
> lu(n/d)| = 220,
din
The result follows from the fact that
o1+ D 1= |un/d),
din d|n d\n
un/d)=1  plnjd)=—1
and since 3, u(d) = 0 for n > 1 that
SIRED St
d|n d|n
pnfd)=1  p(njd)=—1

QED.

Lemma 2.9 Let (o, 3) be a complex Lehmer pair, v = /o, and n > 1. Then

Z log |1 —~% < 29(W~11og 2.
dln

nin/d)=—1

Proof Since |y| = 1, it follows by the triangle inequality that |1 — 9| < 2. It remains to
apply Lemma 2.8. QED.

Definition 2.10 Let K be a number field, and let o« € K. The minimal polynomial of «

is
d d

f(X) = Zanj =ay H(X —aW)y,
=0 j=1

where f(X) is nonzero and of smallest degree which has o as a root, has coprime coefficients

in K, and has positive leading coefficient.

Definition 2.11 The Mahler measure of « is

d
M(a) = |ag] [ [ max{1, a9},
j=1



42 Lehmer Numbers with at Least 2 Primitive Divisors

Definition 2.12 The absolute logarithmic Weil height of o is

ha) = é log M(a).

Lemma 2.13 Let € be a non-zero algebraic integer. Then
M(e) =1

if and only if

€ is a root of unity.

Proof This is attributed to Kronecker. See Waldschmidt [35].
QED.
Lemma 2.14 Let (o, 3) be a complex Lehmer pair. Then

log 2
h(3/a) = log || = ==

Proof By Lemma 1.1, we know that the minimal polynomial of v = 3/« is
aBX? — (& + BHX + af,

and that
W =h=1
If |aB| = 1, then by Definition 2.11, M() = 1, and by Lemma 2.13 it follows that v is a

root of unity, a contradiction to the fact that (a, ) is a Lehmer pair. Hence, || > 2, so

that
M(v) > 2,

It follows by Definition 2.12 that
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On the other hand,

h(y) = g loa(las| max{L, |yf} max{1, |y ']}

1
= §log|oz6|
= log|p|

= loglal,

from which we deduce our result.

QED.
Lemma 2.15 For any z = |z|exp(iargz) € C, with |z| =1, and —7 < argz < T,
2
|z — 1| > —|arg z|.
T
Proof Let argz = 6. Then since |z| = 1, we must show that for —m < 6 < T,
. 2
|exp(if) — 1| — =1]0] > 0. (2.9)
T

Since exp(if)) = cosf + isinf, showing equation (2.9) is equivalent to showing that for
—m <0<m,

2
V2 —2cosf ——|0] > 0. (2.10)
T
Recall the identity
cosf =1 — 2(sin(A/2))>. (2.11)

Substituting identity (2.11) into equation (2.10), and making the change of variable § = 2u,
we see that we are left to show for —7/2 < wu < /2, that

|sinu| > (2/7)|ul.
By symmetry, it suffices to show that for u € [0, 7 /2]

sinu > (2/m)u. (2.12)
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First note that (2.12) holds for u = 0 and v = 7/2. For w € (0,7/2), let f(u) = sinu/u.
Since for u € (0,7/2),
u?f'(u) = cosu(u — tanu) < 0,

therefore for u € (0,7/2),
f(u) > f(m/2).
QED.

Lemma 2.16 Let v be a complex algebraic number with |y| = 1, but not a root of unity,
log~ the principal value of the logarithm, and A = b/ —1m — bylog~y, where by, by are
positive integers. Further, let A € R, 1.8 < X\ < 3,

p = exp(N),
1 1

6mp  487p(1 + 21p/(3N))

. <1/3+ \/1/9+2)\t)2
5 ,

D' = [Q(v):Q/2,
a = 0.5p7+ D'h(v),
B = max{527,by,bp},

t =

and
1 1 3x 1 1 1
H=D(logB+log|—+— ) —logVk+0.886 ) + =+~ [ — + — ) +0.023.
T 2a 2 k\6pm 3a
Then

log |A| > —(8mkpA ™ "H? 4+ 0.23)a — 2H — 21log H + 0.5\ + 21log A — (D' + 2) log 2.

Proof This is [4, Theorem A.1.3].
QED.

Lemma 2.17 Let d € N, d' = max{527,d}, («,3) be a complex Lehmer pair, and v =
B/a. Then

log |1 — 77| > —([(24.89)(log d')? + 0.23][log || + 9.503] + 2log(d' log d') + 0.572).
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Proof By Lemma 2.15,
2
1= > =Jargy. (2.13)
™

Furthermore, we may assume that 0 < arg~y < m, replacing v by its complex conjugate if
necessary. Put by = d and let by be the nearest even integer to d(arg~y)/m. Then 0 < b; < d,

and
|arg v¢| = |byv/—1m — bylog ).
By equation (2.13), it follows that
log |1 — 4% > log |byv/—17 — bylog | + log 2 — log . (2.14)

Let A = 1.8 in Lemma 2.16. Then

p = 6.04..,

t = 0.008...,

E = .2946...,
D' = 1,

a = loglal+9.5027...,
B = max{527,by,d},
d = max{527,d}.

By Lemma 2.14,

It follows that

H < logd — 0.604...
< logd'.

By Lemma 2.16,
log |biv/ =17 — bylogy| > —(ci(logd)? +0.23)a — 2logd — 2loglogd — cs,

where ¢; = 24.88..., and ¢ = 0.12.... By (2.14) and (2.15) we deduce the result.
QED.
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Lemma 2.18 Let n > 527, (a, 3) be a complex Lehmer pair, and v = (3/a. Then

> logll =4t > =24 F(n, ),
d|n

pin/d)=1

where
F(n,a) = [(24.89)(logn)? + 0.23][log |a| + 9.503] 4 21log(n logn) + 0.572.

Proof This follows directly from Lemma 2.8 and Lemma 2.17, since logd’ < logn.
QED.

Lemma 2.19 For n > 6915878970,

d(n) > (0.496866...) (2.15)

loglogn’
Moreover, (2.15) is false for n = 6915878970.

Proof This follows directly from the proof of [1, Proposition 4.1]. In particular, ordering

first the pairs (p(n),n), where p(n) = n/(¢(n)exp(y) loglogn), for the 6569 exceptions to
n

>

¢(n) (1.07) exp(y) loglogn’

by p(n) in decreasing order, and then extracting the subset of these pairs ordered by n in

increasing order, we obtain a finite sequence of pairs (p(n),n),
(1.136...,6915878970), (1.129...,12939386460), ..., (1.0705..., 234576 762718813941966540),

from which we deduce the result on noting
1

——— = 0.496866....
(1.13) exp(7)

QED.

Lemma 2.20 Forn > 3,
logn

w(n) < (1.38401...)log og 1’

with equality when n = 223092870.

Proof This is [18, Théoreme 11].
QED.
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2.2 Proof of Theorem 2.1

Proof We already observed that it suffices to prove the theorem in case (a, 3) is a complex
Lehmer pair and oF > 0. We recall that v = §/a.

By Lemma 2.1,
log [ @n(a, B)| = p(n)loglal = > log|l ="+ D log|l -1
[n |n
u(n/il)=—1 u(njd)=1

By Lemma 2.7, it suffices to show that

(1/2)¢p(n)log || — Z log |1 — 7| + Z log |1 — 74| — 4v/n(logn)?* — logn > 0.
In In
u(n/il)=—1 u(n(;d)zl
By Lemma 2.9, it suffices to show that
(1/2)¢(n) log o] — 291 1og 2 + Z log |1 — 7% — 4v/n(logn)* —logn > 0.
dln

nin/d)=1

By Lemma 2.18, it suffices to show for n > 527, that
(1/2)p(n)log |a| — 2901 log2 — 2°(=1F(n o) — 4y/n(logn)? —logn >0,  (2.16)
where
F(n,a) = [(24.89)(logn)? + 0.23][log |a| + 9.503] 4 21log(n logn) + 0.572.

By Lemma 2.14,
1 2

< .
log |a| ~ log2
Hence,
F(n, «a
( ) = Fl(n)u
log |a
where

Fi(n)
= (24.89(logn)* + 0.23) (1 4+ 2(9.503) / log 2) + (4/ log 2) log(nlogn) + 2(0.572)/ log 2
= (707.37...)(logn)? + (5.77...) log(nlogn) + (8.18...).
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Multiplying equation (2.16) by 2(log |a|)™!, and applying Lemma 2.14, it suffices to show
that

p(n) — 2°FF(n) — (16/ log 2)v/n(logn)* — (4/log2)logn > 0, (2.17)

where

Fy(n) = 707.38(logn)* + 5.78 log(n logn) + 10.19.

Since n > 10,

16 4 1
1 2 .
vn(logn) <10g2 - log2 /n(log n))

16 4 1
< n(logn)? + .
Vallogn) <1og2 log2 \/1010(1010g10)>
= (23.083123...)v/n(logn)?, (2.18)

and

log(n1 10.1
Ff(n) = (logn)* (707.38+5.78 og(nlogn) 1019 )

(logn)*>  (logn)?

2(5.78) 10.19

(101og 10) * (10log 10)2)

= (707.901...)(logn)2. (2.19)

< (logn)? (707.38 +

Substituting inequalities (2.18) and (2.19) in (2.17), we see that it suffices to show that
d(n) — (707.91)2°™ (logn)? — (23.084)+/n(logn)? > 0.
By Lemma 2.19, and Lemma 2.20, it suffices to show that

— (707.91)213841 g n/loglogn (105 )2 _ (23.084)v/n(logn)* > 0.

4
(0 9686)log oo

Since n > 10,

(1.38411ogn/loglogn)log2 < (1.3841log2/log(101log10))logn
= (0.305866...) log n,
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and we see that it suffices to show that

(0.49686) — (707.91)n°3%(log n)? — (23.084)v/n(logn)* > 0,

loglogn

or equivalently,

L(n) >0,
where
0.49686yn  707.91
L(n) = B on08
" (logn)%loglogn  no19 3.08
Note that

L(1.1 x 10" = —0.026...,
L(1.2x10") = 1.206....

It suffices to show that L(n) is increasing for n > 10'°. Since by definition (2.20),

49

(2.20)

L'(n)
_0.49686n"/2((1/2)(log n)? log logn — log n(1 + 2loglogn)) N 707.91(0.194)
(logn)*(loglogn)? nt194
L 0.49686 < 1 B 1+ 2loglogn ) 707.91(0.194)
2y/n(logn)?loglogn  +/n(logn)3(loglogn)? nl194

and for n > 10%°
1+ 2loglogn

(logn)(loglogn)

< 0.1007...,

it follows that
L'(n) >0,

for n > 1019,

Y

QED.



Chapter 3
Classifying Lehmer Triples

In this chapter we extend Stewart’s algorithm [30, Theorem 2| for classifying Lehmer triples
with at least one primitive divisor, to an algorithm for classifying Lehmer triples with at

least two primitive divisors.

3.1 Statement of Theorem 3.1 and Preliminary Lem-

mas
Let (a, 8) be a Lehmer pair,

k= k(afmax{(a - B)* (o + §)*}),
and 7 be defined by (1.14).

Theorem 3.1 There are only finitely many triples (n, o, 3), wheren > 6, n # 12, («, 3) is
a Lehmer pair, and n/(nk) is an odd integer, such that u,(c, 3) has less than two primitive

divisors. Furthermore, these triples may be explicitly determined.

By Theorem 1.1, and the remark following the statement of Theorem 2.1, we see that it
suffices to prove Theorem 3.1 assuming o > 0. We now state and prove the Lemmas we

use to establish Theorem 3.1.

50
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Lemma 3.1 Let n > 4,n # 6. The nth term u, of the Lehmer sequence has no primitive

divisor if and only if

{1,2,3,6}, if n=12;

[P (a, )| € { {1, P(n/ged(n,3))}, otherwise;

where ®, (o, B) is defined by equation (1.9), and P(-) is defined by Definition 1.22.

Proof This is implied by the proof of [30, Theorem 2]|. See [4, Theorem 2.4].
QED.

Lemma 3.2 Let n > 4,n # 6 be a positive integer, («,3) be a Lehmer pair such that
af >0, and n/(nk) be an odd integer where k = k(aB(a+ 3)?) and n is defined by (1.14).
If the nth term w,, = u,(a, 3) of the Lehmer sequence has less than 2 primitive divisors,
then for (7 =1 and j = 2) in case u, has no primitive divisors, and for (j =1 or j =2)

in case u, has one primitive divisor, it follows that

{1,2,3,6}, if n=12;

{1, P(n/gcd(n,3))}, otherwise; (3.1)

e ) {
where
0=k((a+ ﬁ)2)—(¢>(n)/4— lo(m)/4])
v=n6T] e po 0= K] 0, and N = v, ) (a¥, B/¥) is defined by equations (1.18),

phie plnss "
(1.20) or (1.22), and @ﬁ?ﬁ(a"/”,ﬁ"/”) is defined by equations (1.19), (1.21), or (1.23).

Proof By Lemma 2.2 and Lemma 2.3, it follows that
(v, )] =[50, (", B |6®), (o, 5")]5 72, (32)

where
§ = k(o + B)?)~@m/a=lom)/a)),

3N (o ) € 1z,
50 (0", 57) € 7,
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and
ged(§0Y) (™, 37/7), 605 (o, 317)) = 1. (3.3)

If w, has no primitive divisor, then by Lemma 3.1, and equation (3.2), the result follows.
Suppose that u, has exactly one primitive divisor p;. Since by Lemma 1.24 and Lemma
1.25, the prime divisors of |®,(«, 3)| coincide with the primitive divisors of u,, except
possibly for P(n/ ged(n, 3)), which exactly divides @, (a, () if at all, we see that p1| P, (a, ).
Suppose p; # P(n/(ged(n, 3)). By equations (3.2) and (3.3), we may assume without loss
of generality that
i@ (@, 577,
If |5<I>§3?H(a"/”, B"/Y)| # 1, let p be a prime divisor of 5@5\2,?R(a"/”, B"/v), and so of ®,(a, 3).
By equation (3.3), p # p;. By Lemma 1.24 and Lemma 1.25, it follows that
) 2o0r3, if n=12
b= P(n/ged(n,3)), otherwise;

from which we conclude (3.1).
Suppose now that p; = P(n/gcd(n,3)). Then p;|n, from which it follows that

ng(pl + ].,TL) = 1a
ged(pr — 1,n) = 1.
On the other hand, since p; is a primitive divisor, p; 1 (o — $%)?, from which it follows by
Lemma 1.24 item 4 that
P1ltp, —1Up, 41.

Since ged(tp,—1, Up,+1) = Uged(py—1,p1+1) = 1, therefore either

pl‘ ng(um—lu un) = Uged(pr—1,mn) = L,
or
pl‘ ng(up1+17 un) = Uged(pr+1,m) = 1,

in either case, a contradiction.
QED.

Following Brent [6], we use Lemma 3.3.
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Lemma 3.3 Let F(z) =[[l_,(z—&) =>_"_,asx"*, where ag = 1. Then the coefficients

as,s = 1,...,n may be computed recursively by the formulas

s—1 n
1 o
a5= =D ity Py = &7 (3.4)
=0 =1

Proof See Kalman [13]. The formulas (3.4) are attributed to Newton (1707), and are

commonly called Newton’s identities.

QED.
Lemma 3.4 Let m,n € N. Then
z": cim — $)p(n/ ed(n, m))
— " ¢(n/ ged(n,m))
ged(h,n)=1
Proof This is [10, Theorem 272].
QED.

Lemma 3.5 Let m,n € N, m odd. Then

[n/2] (m 1)/2
i wu(n/ ged(n, m — 20))
Z (G + G ZZ ( ) (n/ ged(n,m — 20))’

Jj=1
ng(J n)=

Proof We note first that by the binomial theorem and the fact that m is odd we have that

n2) n/2l m
L@ = 3 Z( )4“”“
=1 =1 =0

ng(] n)= gcd 1

,_

n)=
n/2]  (m—1)/2
— ( )ij%_l_( mZZ)

Jj=1 /=0
ged(j,n)=1

(m—1)/2
S (
(=0

~ 3

ijz‘l‘ CmZ

ng(J n) gcd(] n)
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It remains to observe that

[n/2] [n/2]
Z gj(m—ze) _ Z Cén—j)(m—zz)
ged(jm)=1 ged(jm)=1
n—1
_ Z CS(m—%),
k=[n/2]
ged(k,n)=1

and to apply Lemma 3.4.
QED.

Lemma 3.6 If m,n € N, m even. Then

[n/2] m/2—1
i p—iym _ m\ g(n)p(n/ ged(n,m = 20) . m

1
ged(j,n)=1

) o(n)/2, ifn is odd,
= { é(n/2), if n is even.

Proof As in the proof of Lemma 3.5, since m is even, we have that

[n/2] - - m/2—1 m n—1 ' y m [n/2]
> Grem =) (e) > o )+<m/2> oL

j=1 =0 j=1 j=1
ged(j,n)=1 ged(jn)=1 ged(j,n)=1

It remains to apply Lemma 3.4 and to note that

Ln/2]

Y 1=¢(n).

j=1
ged(j,n)=1

QED.
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Lemma 3.7 Let x (mod m) be a character of conductor f, and let a = gag € N and
m = gmg € N, where g = ged(a, m) and ged(ag, mo) = 1. If flmg, then

> @6 = 2 o/ f)x(mol H¥a0) YD X

z (mod m) ¢( ) xT (mod f)
ged(z,m)=1

Proof This is [11, Theorem IV, page 449].

QED.
Lemma 3.8 Let x be a quadratic character of conductor f € N, u(f) # 0. Then
Z X(l,)cx o { \/Ta Zf X(_l) = 1;
I /_ ; 1) = —1-
where \/f > 0.
Proof This is [11, Theorem XI, page 471].
QED.

Lemma 3.9 Let n,m € N, and let d be an odd divisor of n. If n/ged(n,m) =0 (mod d)
and pu(d) # 0, then

& (b(n)'u’(d cd?nm))(d Cd(nm |d)< cd(nm ‘d)'
hld hm _ g ) g g
2 (e 50 ged(n, ) |
ged(h,n)=1

where

)1, difd=1 (mod 4);
‘- -1, if d=—-1 (mod 4).

Proof Let x(h) = (h|d). Note that x(h) is a quadratic character of conductor d, and
X(h) = x(h). Let m = gmyg, and n = gng, where g = ged(m, n) and ged(mg, ng) = 1. By

Lemma 3.7,

n d
> (e = S (o dXm) Y- (Al
h=1
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By Lemma 3.8,

d Vd, i (-1)d) =1
2_(hld)Gi = { V=d, if (-1|d) = —

h=1
It remains to note that d is odd and (—1|d) = (—1)@=1/2,
QED.

Lemma 3.10 Let n be an odd positive integer, v be the greatest squarefree divisor of n,
d=1 (mod 4) be a divisor of v, d = dads, and let m be an odd positive integer. Then

S {stay/a i+ m}m

i=1
ged(i,v)=1

m—1)/2 5 ,
_ id% \/d_ ( Z)/ m (b(V),LL( dged(v,m—20) )(dgcd(u,m—%) | )(gcd(y m—20) |d)
= 5 |
3 = ¢ o(v/ ged(v, m — 20))
Fawoa—ey =0 (mod d)

Proof By the binomial theorem and the fact that m is odd and (—1|d) = 1 we have that

5 {sta/a e+ ¢n)

i=1
ged(i,v)=1

lv/2] m
— :tdgn(”/’/)/z Z Z( ) i(m—20) C——ZZ

i=1 £=0

lv/2] (m—1)/2
_ j:dgn(n/u)/2 Z ( ) Cz(m—%) _I_Clj—i(m—%))’

i=1 /=0

i=1 £=0
ged(i,v)=1
(m—1)/2 m lv/2] lv/2]
— <€ Z (|dczm ZE_I_ Z —i(m—2() ’
{=0

i=1
ged(i,v)=1 gcd(i,u):l
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and

lv/2] lv/2]
Z ( |d sz 20) ‘l‘ Z |d —z(m 20)

ged(ip)=1 ged(i, u)
lv/2]

_ Z ( |d 2 m—2() ‘l‘ Z k|d (m— 25)‘

i=1 k=[v/2]

ged(i,v)=1 ged(k,v)=1

It remains to apply Lemma 3.9.
QED.

Lemma 3.11 Let n be an odd positive integer, v be the greatest squarefree divisor of n, d

be a divisor of v, d = dads, and let m be an even positive integer. Then

lv/2]

> {siyare o)
gcd(ii:,;)=1
o mey) 2 m p(v/ged(v,m —20)) 1 m
= 4 o) ; ( ¢ )(b(l//gcd(y,m—%)) 3 ( m/2>

Proof This follows as in the proof of Lemma 3.6, on noting that since ged(i,d) = 1 and
m is even, {£(i|d)}™ = 1.
QED.

Lemma 3.12 Let n be an even positive integer, v be the greatest squarefree divisor of n,
d =3 (mod 4) be a divisor of v, d = dyds, and let m be an odd positive integer. Then

[v/4]

n/v i m mt1 m(n/2u)+1
R e A R R RO

ged(i,v/2)=1

(m /2 m (_1)€¢(1//2)M(dgcd(uu//22,m—2€) )(dgcd(uu//;,m—%) |d)(gcd(;72jfr€—2€) |d)
l o((v/2)/ ged(v/2,m — 20)) '

£=0
v/2
Zed(o /3, m=30y 22)*0 (mod d)
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Proof By the binomial theorem and the fact that m is odd and (—1|d) = —1, we have

that
5 {W( 0)(Cya c;/'2>}m

i=1
ged(i,v/2)=1

lv/4] m

m m(g/u) . m i(m— —q

- sy <z|d>§j< ! )(—1)%5/2 Lo
i=1 =0

ged(i,v/2)=1
i(m—~_) ~—;
(ild) Z( ) Vs G

(m-1)/2 /4] o /4] _—
= ( ) DY Y GG (= S ()G )

/=0 i=1 i=1
ged(i,v/2)=1 ged(i,v/2)=1
and
[v/4] 2) lv/4] 2)
DG Te i 8 D e NN 1) Ty
gcd(il;}2):1 gcd(ifj/l2):1
[v/4] s lv/4] m—20)
= Y g+ Z <—z’|d><,,;2’”
gcd(il;}2):1 gcd(z u/2)
[v/4] 2) v/2 2)
= D DGR+ >0 kg
i=1 k=[v/4]
ged(i,v/2)=1 gcd(k,v/2)=1

It remains to apply Lemma 3.9.
QED.
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Lemma 3.13 Let n be an even positive integer, v be the greatest squarefree divisor of n,
d be an odd divisor of v, d = dods, and let m be an even positive integer. Then

v/4] "
Z {i\/jg/”(ﬂd)(d/z - CV_/i?)}

=1
ged(i,v/2)=1

T "E e\ (D (/) sed(v/2m —20) (=)™ [ m
= (-1)%dy ¢(V/2>(Z <é> /D) g zm =) 2 <m/2> .

£=0

Proof By the binomial theorem and the fact that m is even we have that

v/4] . "
Z {j: —dg/”(i|d)(<i/z—C,7/2)}

ged(i,v/2)=1

m zgggg Lv/4) e m 0 i(m—2L) ~—iy
= (=1)2d, Z Z / DG G

i=1 =0
ged(i,v/2)=1

and
- m i(m— —1
> 3 ) c

lv/4] [v/4]
—i(m—2¢)

O Vol I S C8 § st N +

) i=1 i=1
ged(i,v/2)=1 ged(i,v/2)=1

Lv/4]

m%) Y oL

i=

=1
ged(i,v/2)=1

It remains to note (—1)™"% =1 and to apply Lemma 3.4.
QED.

Lemma 3.14 Let n be an even positive integer, v be twice the greatest squarefree divisor
of n, n/v be an odd integer, d = 2 (mod 4) be a divisor of v/2, d = dyds, and let m be an
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odd positive integer. Then

3 {i d’s/”<<§u+cgf>} =

i=1

ged(i,2v)=1
(dli)=1
(mil)/2 % 2v 2v m—20
+ Z m \ ds \/d—2¢(2l/)ﬂ(4dgcd(2u,m72l))X(4dgcd(2v,m72f))X(gcd(2U7m72l))
=0 ¢ &(2v/ ged(2v,m — 24)) ;
FeaEasy =0 (mod 4d)

where
x(i) = (=1)NEHDB3/2),

Proof By the binomial theorem and the fact that m is odd we deduce that

v

> {i 3" (G, + 45;')}

=1
ged(3,2v)=1

(d|i)=1

_ e (m_zl)/z ( ?) Z im0 Z coitm=20) |
=0

gcd(z 21/) 1 gcd(z 21/) 1

(dli)=1 (dli)=1

Z C2m 20) + Z C—z(m 20) _ Z C;m 26’

gcd(z'Zu) 1 gcd(z'2u) 1 gcd(z'2u) 1
(d$)=1 (d$)=1 (d$)=1
and
2v
2 1 \ ri(m—2¢
§j G =g D e
2 =1
gcd(z 21/) 1 ng(’i,2l/):1
(dli)=1
2v

1 i—1)(i— . i(m—2¢
= 5D ()Gl ),

gcd(ij2u):l
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It remains to apply Lemma 3.7 and Lemma 3.8 using the fact that x(i) = (d|i) is a
quadratic character modulo 2v of conductor 4d.

QED.

Lemma 3.15 Let n be an even positive integer, v be twice the greatest squarefree divisor
of n, n/v be an odd integer, d be a divisor of v/2, d = dsd3, and let m be an even positive
integer. Then

v

> {i " (G, + gj)}

i=1
ged(4,2v)=1

(d|i)=1

B dgn("/y)/zqﬁ(Ql/) "2 w(2v/ ged(2v,m — 20)) 1 m
B 2 Z ¢ ] ¢(2v/ ged(2v, m — 20)) * 2 m/2

£=0

Proof By the binomial theorem and the fact that m is even, we note that

v

3 {i L (G + g;’)}

ged(4,2v)=1

(d|i)=1

m/2—1
dgn(n/l/)/2 Z ( ) Z C2m 20) (mﬂ;z ) Cb(il/) |

£=0
gcd(z 21/) 1

(dli)=1

and

Z C2m 20) _ % Z C2m 26.

g;c(dd(‘liu) 1 ng(Z 21/) 1
2)=1

It remains to apply Lemma 3.4.
QED.
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Lemma 3.16 Let F(X,Y) be a binary form with integer coefficients and with at least three
pairwise non-proportional linear factors in its factorisation over C. Let m be a non-zero

integer. If x and y are rational integers satisfying F(X,Y) = m, then
max{|z[, [y|} < Ci|m|,
for some computable numbers Cy and Cy depending only on F'.

Proof This is [28, Theorem 5.1]. We highlight that Baker (1968) established the first such
bound. Feldman (1971) and Baker (1973) independently established the stated result.
QED.

Lemma 3.17 Let f(x) be a polynomial with integer coefficients, and suppose that f(x)
has at least two simple roots. Further, letb € Z, and let 3 <m € Z. Ifx € Z andy € Z
satisfy f(x) = by™, then

max{|z|, [y[} < C,

for some computable number C, depending on b, m, and f.

Proof This is [28, Theorem 6.1]. We highlight that Baker (1969) established this bound.
QED.

Lemma 3.18 Let f(z) = [[L, (v —7:) and g(z) = [[;_,(x—s;) be polynomials with integer
coefficients, and let R denote the resultant of f(x) and g(x). Then there exist polynomials

a(x) and b(x) with integer coefficients such that
a(x) f(x) + b(z)g(z) = R.

Proof This is proved in [31, page 104-105].
QED.

Lemma 3.19 Let n € Nyn > 2, L = Q(cos(2n/n)), M = Q((,), and let Dy and Dy,
denote the discriminant of L and M respectively. Then Q C L C M, and

Dy = 0 (mod Dy),
o)

[L,p, PP/

Dy = (_1)¢(n)/2
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Proof Note that cos(2m/n) = (1/2)(¢, + ¢, '), and that L is a real subfield of M. The
congruence for Dy follows from the composition theorem on discriminants [12, page 443],

while the equality for D), is proved by Hasse [12, page 523-525].
QED.

Lemma 3.20 Let n € Nyn > 2, I/ = Q(sin(27/n)), M’ = Q((u, vV—1), and let Dy, and
Dy denote the discriminant of L' and M’ respectively. Then Q C L' C M, and

Dy = 0 (mod Dyp),
120(n)
[T, oo

Proof Note that sin(2r/n) = (—=1/2)v/—1(, — (1), and that L’ is a real subfield of M'.

n

DM/ = —4

The congruence for Dy, follows from the composition theorem on discriminants [12, page
443]. Moreover, in the notation of Lemma 3.19, since Q ¢ M C M', [M' : M| = 2, and

Dy = —4, by the composition theorem on discriminants
DM/ = NOI'm(DM//M)DJ[\J/‘[m:M}
= —4D3,,
from which we deduce the result by the formula for Dj; in Lemma 3.19.
QED.
Lemma 3.21 Let 2 <c€Z, (a+ ()? = 22, and af = 23, where zo € Z, 23 € L.
13°/2) | Y] | |
Py(en )= [ (2= (Ge+GNzm) I (2t (G +G2).
god(5,3)=1 ged(i,3)=1

Proof This follows directly by definition, factoring a difference of squares, and pairing
(Céca <3_CZ)
QED.
Lemma 3.22 Let 2 < ¢ € Z, (a + 8)? = dy23, and aff = dz23, where (dy,d3) €
{(37 1)7 (173)}? Z € Z; z3 € Z.
13°/2] - 13°/2] o
Coae(e,B) = [ (Vedozo—V=1(Ge—G)Vdszs) [ (Vdeze+vV=1(Ce —C3')V/ds2s).

i=1 i=1
ged(2,3¢)=1 ged(4,3¢)=1
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Proof This follows directly by Lemma 1.17, factoring a difference of squares, and pairing

QED.
3.2 Proof of Theorem 3.1
Proof We first note that by Theorem 2.1, we have that n < 1.2 x 10'°. We fix
6<n<12x10"Y n+#£12.
It follows by Lemma 3.2 for j € {1,2} that
3%, (o™, 3" € {£1,£P(n/ ged(n, 3))}, (3.5)

where

5 = k((a+ B)2) @/l
ko= k(aBla+B)%),

Note that since x is squarefree, we have three cases to consider, namely

k=1,2,3 (mod 4).
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In case k = 1 (mod 4), note that @g\l,)n() and <I>§\2,)R() in equations (3.5) are defined by
equations (1.18) and (1.19), with

T

pln,pte
(= v,
N = v,
r = o,
y = o

Note further that
(=slr) = (=1[r)(s]r),

and since kK = 1 (mod 4) that
(~1lR) = (-1 =1

Hence, s and —s both appear in the product indexed by s. We may group the fth roots
of unity into ¢(¢)/2 pairs ({7, (, *) with respect to the index s, and similarly, ¢(¢)/2 pairs
(¢}, ¢, ") with respect to the index ¢t. Then equations (1.18) and (1.19) become

1£/2]
oM (@, 3) = [T (&1 = (s|k)(G + ¢ %)), (3.6)
gcd(?é):l
and
1£/2]
P, gy = [T (@ + (sl8) (G + ¢ ")), (3.7)

s=1
ged(s,0)=1

where each of (3.6) and (3.7) is a binary form of degree ¢(¢)/2 in z; and 3,
x = o™ 4+ Y, (3.8)
and

Ty = (af)™” ), (3.9)
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Since n/v is an odd integer, we note the identity

an/u _|_ﬂn/u B nfv—1)/ (n/v—1)/2 ’n,/l/ kan/u—2k _'_6n/l/—2k
e (CEOR A ,; p @) (310)

We observe that since (a, 3) is a Lehmer pair, then by induction and the identity (3.10),
it follows that

an/u 4 6n/u

for some integer z;. Furthermore, since
(a+8)* = k((a+B)*)2,

for some integer 2o, we write

11 = 212\ k((a+ 5)?).

On the other hand, since
af = k(af)z

7y = 2"\ (k(a )"/,

for some integer z3, we write

We define

(1)
fok(@+82)k(0p) (T3 Y)
v/2]

= I VE{a+ 82— (slr)y/ (k(B) (G + 6 %)),

gccl(ss:711)=1
Tttt k(o ()
lv/2]
= I WE(a+5)2)a = (=1)(slr)y/ (k(aB)™* (& + ¢ %)y)-

s=1
ged(s,v)=1



Classifying Lehmer Triples 67

Then equations (3.6) and (3.7) become

f k((a+B)2),k(aB) (2122’ Zg/y)

(v )/2
= 3 a (VR + BRI (229) 0 (1) (3.11)

and

(2) n/v
Fri(atsy) ktap($172:2)
(v)/2
Z ba (V{0 B)2)) 2 (220 ) P2 (41 (3.12)
Because of Lemma 3.3, we may write the a,’s and the b,’s in the form

&0:1,

s—1
12 a
as = _; pg_)jajw@: 17"'7¢(V)/2’

/

P = EZ { )/ (k( amW”K<+C)}&is—j=L~w¢@VZ

1=

cd(i, )

and
by = 1,
15—1
_ (b) _
by = —gzps_jbj,s_1,...,¢(y)/2,
7=0
(b) ey . Y5
PUE'S {—umnﬂuamw0«1+gﬂ} =1 o)
gcd(Z;)=1

We note that there are only finitely many equations (3.11) and (3.12), since n/x is an odd
integer, and k = k((a + 3)?)k(a3) since ged(L, M) = 1. For the application of the next
two Lemmas, we let

d = Kk,

dy = k((a+0)?), (3.13)

ds = k(ap).
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It follows by Lemma 3.10 in case s — j = 1 (mod 2), that

(s=)(n/v)+1 (=202 s—j
pga)y = (k(ap)) 2 Z < ’ )x

L £=0
e o)) =0 (mod k)
s—j—24

QS(V)’LL(H Cd(V,l;— '—26))(n cd(y,I;— —20) |"<5)( cd(vs—5—20) |I<L)
; QZ(I// gcdg(y, s —]j _ Qg))g ’ k((a+ 5)2),

and that ps 0= ps ", Since n/v is odd and s — j is odd, we see that (s — j)(n/v) + 1 is

even. Furthermore, we note that
6(v) =0 (mod é(v/ ged(v, s — j — 20))).

Hence, in case s — j = 1 (mod 4), both pS j and pgl?j have the form uy+/k((a + 3)2) for
some integer u;. Similarly, by Lemma 3.11 in case s — j =0 (mod 2),

P = (k(aB)) d(v) x

(s—4)/2-1 . ‘
s—j | pv/egedv,s—j—20) 1[ s—j
2 < ( )¢(V/gcd(v,s—j—2€))+2((8—j)/2> ’

=0

(s— J)(n/V)

and pga_)j = pff?j. Since s —j is even, we see that (s —j)(n/v) is even. Furthermore, we note

that ¢(v) is even. Hence, in case s — j = 0 (mod 2), both pga_)j and pgl?j have the form us
for some integer u,. It follows from the above Newton’s identitites that a, and b have the

form

avVEk((a+0)?), if s=1 (mod 2);
G2, otherwise;

for some rational numbers ¢; and ¢;. On the other hand, a, and b, are elementary symmetric

£(slr)y/ (R(aB) (6 + (),

and thus are algebraic integers. It follows that a, and b, have the form

functions of

us\/k((a+ 5)?), if s=1 (mod 2);

uy, otherwise;

(3.14)
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where uz and uy are integers.

Plainly, in case k = 1, the coefficients of the equations (3.11) and (3.12) defining
fyg{,)ﬁ((a+ﬁ)2)’k(aﬁ)(zlz2, 22Y), for j = 1 and j = 2, are integers. In case x > 1, it follows from
k=1 (mod 4), ¢(k) =0 (mod 4), and

Hp
pfn

that ¢(r)/2 is an even integer. We observe (3.14), and the fact that ¢(v)/2 is an even
integer, imply that the coefficients of the equations (3.11) and (3.12) are integers.
By Lemma 3.16, for j = 1 and j = 2, we deduce that each of the equations

fr(zj,li((a-l—ﬁ)?),k(aﬁ)(zlz% Zg/y) =m, (3.15)

where f( k()2 )k(aﬁ)(z1z2,z3 “) is defined by (3.11) and f (o)) (aﬁ)(zlzg,zg/y) is de-
fined by (3.12), and
m € {£1,£P(n/ged(n,3))}

is a non—zero integer, has only finitely many solutions in integers (2122,2’;/ "), whenever
each of f (et B)?) k(e (F172: zg/'/), j = 1,2 have at least three distinct roots.

Plainly, on recalling the identities
¢ +¢° = 2cos(2ms/v), (3.16)
—cos(2ms/v) = cos(m — 27ws/v),

it is easily seen that each of f( (0t B)? )k(aﬁ)(zlzg, z;}/”), 7 = 1,2 has at least three distinct
roots whenever

¢(v)/2 =3,

which is true provided we assume

[[e-1 =6 (3.17)

since
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In case k = 3 (mod 4), note that @5\1,),{() and <I>§\2,)R() in equations (3.5) are defined by
equations (1.20) and (1.21), with

1/:2/{Hp,

pln,pt2K
¢t = v/2
N = v,
r = o,
y =

Note further that

and since k = 3 (mod 4) that
(~1lw) = (-1 = 1

Hence, for every s appearing in the product indexed by s, there is a —s appearing in the
product indexed by ¢t. We may group the ¢th roots of unity into ¢(¢)/2 pairs ({7, (, ) with
(s|k) = 1 and (—s|k) = —1. Then equations (1.20) and (1.21) become

1£/2]
o (", gy = I (e = (slk)V=L(E — ¢ %)), (3.18)

s=1
ged(s,0)=1

and
14/2)
R (0", 8y = [ (1 + (slk)V=LG = ¢ ), (3.19)
gcd(ss:,é)=1

where each of (3.18) and (3.19) is a binary form of degree ¢(¢)/2 in x; and x5, and z; and
xy are defined by equations (3.8) and (3.9) respectively, with respect to the definition of v
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in this case. We define

f k((a+8)2),k(afB )(fa Y)
lv/4]

71

= ]I (k((a+6)2)w—(SI%)\/—(k(aﬂ))"/”(Ci/z—CJ/Z)y),

s=1
gcd(s v/2)=

f k((a+B8)2),k(afB )(557 Y)
lv/4]

— H (VE((a+ B)2)x — (=1)(s|x)\/ —(k(@B)/ (e —

s=1
ged(s,v/2)=1

Then equations (3.18) and (3.19) become

n/v

€))
Tnk(@+sy2), (aﬁ)(zlz2vz3 )
$(v)/2

— Z A (VE((a + B)2))eW/2=s (4 122)¢(y)/2—s(zg/V)s’

and

f k((a+B)2),k(aB) (2122, Zg/y)
o(v )/2

= 3 n(VR((a T B (22 P20 (2

s=0

Because of Lemma 3.3, we may write the A\;’s and the p,’s in the form
>\0 == 1,
1 s—1
A
A= Zopg_)jxj, s=1,...,6(1)/2,
‘]:

Lv/4]

G,

W= X Ve - G st

i=1
ged(i,v/2)=1

/Sg)y)~

(3.20)

(3.21)

) ¢(V)/27
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and
po = 1,
15—1
po= o)
‘]:

Lv/4]

=Y {—\/—<k<aﬁ>>"/v<z'|n><<i/2—<;/2>}_,s—jzl,...,cb(v)/z

i=1
ged(i,v/2)=1

We note that there are only finitely many equations (3.20) and (3.21), since n/(2k) is an
odd integer, and k = k((a + 3)*)k(af). With respect to equations (3.13), it follows by
Lemma 3.12 in case s — j = 1 (mod 2), that pgi)j and pgp_)j have the form us+/k((a + (3)?)
for some integer us, and by Lemma 3.13 in case s —j = 0 (mod 2), that pg’\_)j and pgp_)j have
the form ug for some integer ug. On the other hand, A\s and ps are elementary symmetric
functions of
£(s[r)/ = (k(@B) (G2 = G ),

and thus are algebraic integers. It follows from the above Newton’s identities that A\; and

ps have the form

ury/k((@+8)?), if s=1 (mod 2); (3.22)

ug, otherwise;

where u7; and ug are integers.
Since kK > 1, we consider the cases w(k) = 1 and w(x) > 1. Plainly, in case that
w(k) =1, since ¢(k) = 2 (mod 4), it follows that ¢(r)/2 is an odd integer, and that
1
On the other hand, in case that w(x) > 1, since ¢(k) =0 (mod 4), it follows that ¢(v)/2

is an even integer, and that

0 =1

We observe (3.22), and the above discussion on the parity of ¢(v)/2 and the value of ¢,
together imply that the coefficients defining

) /v
O k(b (21225 ),
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for j = 1 and j = 2, where the coefficients of f(] *(t8)) k(ag) (172, 2" are given by the
equations (3.20) and (3.21), are integers.
By Lemma 3.16, for 7 = 1 and 5 = 2, we deduce that each of the equations

S f (e vias) (P17, 55 ) = m, (3.23)

where f( R((at)? )k(aﬁ)(z1z2,z3 “) is defined by (3.20) and f R((at)?) (aﬁ)(zlzg,zg/y) is de-
fined by (3.21), and
m € {£1,£P(n/gcd(n,3))}

is a non—zero integer, has only finitely many solutions in integers (zlzg,zg/ "), whenever
each of f (et B)) k(e (F172: zg/'/), j = 1,2 have at least three distinct roots.

Plainly, on recalling the identities

o2~ S = 2v/—1sin(47s/v)), (3.24)
—sin(4drs/v) = sin(—4ws/v),

it is easily seen that each of f,(ﬂ (2129, 25 / "), 7 = 1,2 have at least three distinct roots under
the assumption (3.17), since in this case ¢(v)/2 > 3.
Finally, in case kK = 2 (mod 4), note that @ﬁ)ﬁ() and @53)5() in equations (3.5) are

defined by equations (1.22) and (1.23), with

1/:2/<;Hp,

pln,pf2K
= v/2
N = v,
r = o,
y = B

Note further that by definition

(k| —s) = (kls) = 1.

Hence, s and —s both appear in the product indexed by s. We may group the 4¢/th roots of
unity into ¢(4¢)/4 pairs ({5, (") with (k|s) =1 and (k| — s) = 1. Then equations (1.22)
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and (1.23) become

20

(@, 5y = ] (= (G + G)aa), (3.25)

s=1
ged(s,40)=1

(k|s)=1

1

—~
xR~

X

and
2%

ok, 5y = [T o+ (Gt G)a), (3.26)

gcd(i,ilz):l

(k]s)=1
where each of (3.25) and (3.26) is a binary form of degree ¢(4¢)/4 in z; and x5, and x;
and z, are defined by equations (3.8) and (3.9) respectively, with respect to the definition

of v in this case. We define
1)
f (a+ﬁ k() (% Y)

- H v Oé + ﬁ Oéﬂ n/y g21/ + C2z/ 7

s=1
gcd(s,Zu):l

(n|>
Pkt o) (1Y)

v

= I (Vr(a+ B2 — (—Dy/ (k(@B) (G, + Gl)y).
gcd(z,:zi):l

(k|s)=1
Then equations (3.25) and (3.26) become

(1) n/v
Fo(ard?) ks (F172:237)
$(2v)/4
= Z Yo(Vk((a + B)2)) 073 (5 25) 20 A= (0I5, (3.27)

s=0

and

(2) v
Frk((@+m2)k (aﬁ)(zlzza z3"")
o (2v)/4

= X AR I ) (3.28)



Classifying Lehmer Triples 75

Because of Lemma 3.3, we may write the v,’s and the d,’s in the form

Y = 1
15—1
Vs = ——Zpgy_)jfyj’(g:1’“.’¢(21/)/4,
S
v 5—J
W = 2 Ve e} s i= e,
sed(i2v)=1
(R]i)=1
and
(50 == 1,
15—1
1
o = =2 Y b = 1o 0(20) /4,
=0

14 s—j
pg?] - Z {_ (k(aﬁ)n/u(géy_l_cij)} ,S_j = 1”¢(2]j)/4
gcd(i,:;u):l
(kli)=1
We note that there are only finitely many equations (3.27) and (3.28), since n/(2k) is an
odd integer, and k = k((a + 8)?)k(af). With respect to equations (3.13), It follows by

Lemma 3.14 in case s — j = 1 (mod 2), that pgy_)j and pg‘?j have the form ug+/k((a + (5)?)
™)

s—J
the form w1 for some integer u19. On the other hand, v, and d, are elementary symmetric

£/ (B(aB)"¥ (G5, + G))s

and thus are algebraic integers. It follows from the above Newton’s identities that v, and

for some integer ug, and by Lemma 3.15 in case s —j = 0 (mod 2), that p,”. and p@j have

functions of

0, have the form

k(e +53)%), if s=1 (mod 2); (3.29)

u12, otherwise;

where uq; and w1y are integers.
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Since n # 4 and k = 2 (mod 4), k = 2«/, where £’ > 1, ged(2,+') = 1, and ¢(x') =0
(mod 2). It follows that ¢(2v)/4 is an even integer, which together with (3.29), implies
that the coefficients of the equations (3.27) and (3.28) are integers.

By Lemma 3.16, for j = 1 and j = 2, we deduce that each of the equations (3.15),
where f k()2 )k(aﬁ)(zlzg,zg “) is defined by (3.27) and f (o)) (aﬁ)(zle,z;‘/”) is de-
fined by (3.28), has only finitely many solutions in integers (2122, 25 n/ "), whenever each of
fyg{,)ﬁ((a+ﬁ)2)’k(aﬁ)(zlz2, 2Y), j = 1,2 have at least three distinct roots.

Plainly, on noting the identity

G, + G = 2cos(ms/v),

it is easily seen that each of f(]k (s B2 )k(aﬁ)(zlzg, zg/”), j = 1,2 has at least three distinct

roots whenever

¢(2v)/4 > 3,

which holds provided we assume that

[Her-1 =>4 (3.30)

since for v = 4/, ged(2,V) = 1,

and by (3.30)
o(V') > 4.
In summary, in any case k = 1,2,3 (mod 4), we have shown that there are only finitely
many triples
(n, L, M) = (n, 5((e + B)%)23, i(aB) 23),
under the assumptions (3.17) and (3.30), which completes the argument. We now consider

the remaining cases.

Suppose that [[,.(p — 1) = 4. Let n = 5° and n/v = 57!, ¢ > 2. It suffices to show
4n
that the equations

UQ(leg)z + U3(2122)Z§L/V + U4(Z§L/V)2 =m, (331)
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have finitely many solutions in integers zjz9, 23, where my; € {£1,£5}, and
(k((a4+3)2), k(aB), ug, us, ug) € {(1,1,1, %1, =1),(5,1,5,F5,1), (1,5, 1, F5"/V /2 5n/v)y,

Moreover, if [Tocpm(p — 1) = 2, let n = 4-3° and n/v = 37!, where ¢ > 2. Tt suffices to
4n
show that the equations

us(2122)? + u6(z122)zg/u + u7(z§/y)2 = My (3.32)

have finitely many solutions in integers z;zs, 23, where mq € {£1, 43}, and

(k((Oé + 6)2)7 ]{7(065), Us, Ug, u?) S
{(2,1,2,F2, —1), (1,2, 1, F20/7+D/2__on/vy (61,6, F6, 1),
(3’ 2’ 3’ :':2(”/114-1)/2 . 3’ 211/1/)’ (2’ 3’ 2’ :FQ . 3(71/1/—1-1)/2’ 311/1/)’ (1’ 6, 1’ :F6(n/l/+1)/2, 6n/y)}

The finiteness result in either case n = 5¢ or n = 4 - 3¢ follows by Lemma 3.17, on recalling
equations (3.31) and (3.32), and noting that the equations (3.31) are solvable in integers

(2129, z3) for a given integer z3 provided
(u2 — dug) """ = w? — dmy, (3.33)

for some integer wy, while the equations (3.32) are solvable in integers (2122, z3) for a given

integer z3 provided

(u2 — dup) 22" = w? — dmy, (3.34)
for some integer ws.

On the other hand, we consider the case that [[,.(p—1) = 2. Let n = 3¢, where ¢ > 2.
4in
By Lemma 3.21, we have a factorisation

Bye (v, B) = fi2) (22, 23) 52 (22, 23). (3.35)

It is easily seen that j‘},(f-')(,zg7 z3) € Z for j = 1 and j = 2 by Lemma 3.3, Lemma 3.5, and
Lemma 3.6. By Lemma 3.18, any common divisor of fg(cl-)(ZQ,Zg) and fg(?-)(ZQ,Zg) divides
the resultant of fécl)(ZQ,Zg,) and féz)(ZQ, z3), and hence the discriminant of Q((ze + (o).
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By Lemma 3.19, the discriminant of Q({sc + (3.') divides the discriminant of Q((sc), and
by the formula for the discriminant of Q((zc) in Lemma 3.19, we deduce that the greatest
common divisor of fgfcl)(z2,z3) and fég)(zg,z;),) divides 3a . Since ged(uge(a, B),aff) = 1
and 3°1 (3 £ 1), it follows that

gcd(fyfcl)(zg7 23), f3(3)(22, z3)) = 1.

By an argument similar to the proof of Lemma 3.2, we deduce for j = 1 and j = 2 that
FD (29, 23) = m, (3.36)

where m € {£1,43}. It remains to note that each fg(z)(zg, z3) has at least three distinct
roots on recalling the identities (3.16), since 3! > 3. Hence Lemma 3.16 implies the
finiteness of the solutions (22, 23) of equations (3.36). Moreover, the case n = 2 - 3¢, where
¢ > 2, follows similarly, but with Lemma 3.22, the argument underlying Lemma 3.12 and
Lemma 3.13, by Lemma 3.20, by the identites (3.24), and with respect to the implied

integer Thue equations
S fhe (2, 23) = m. (3.37)

QED.



Chapter 4

Determining the Exceptional Lehmer
Triples

In this chapter, we determine the triples (n,a, ) from Theorem 3.1, up to equivalence,
explicitly for
6 <n<30,n#12,

by solving the implicated Thue equations (3.15) and (3.23), (3.36) and (3.37), and by
solving the Thue equations corresponding to the superelliptic equations (3.33) and (3.34).
Furthermore, we search for more exceptions among the small solutions of the aforemen-

tioned Thue equations, for
30 < n < 500.

More precisely, we let

dy = k((a+p8)?),

ds = k(ap),
L = ng%,
M = dgz§

For the Thue equations (3.15) and (3.23), we code and execute Lemmas 3.10, 3.11, 3.12,
3.13, 3.14, and 3.15 in MAPLE in order to generate the coefficient vectors of the implicated

79
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binary forms. In practice, we do not solve the superelliptic equations (3.33) and (3.34),
but rather, we rewrite the equations (3.31) and (3.32), using the identity

f(l,d27d3,22,23) = 17 (41)
1)/2 1 /P n/v
f(n/y, dg,dg,Zg,Zg) = dgn/u— )/ Z;L/V_ — Z < k ) (dgzg)kf(n/u — 2k,d2,d3,22,23),
k=1
where

v=ns]]p,

pln

pins
as equations in only the variables zo and z3, and thereby we recover binary forms, with
nonzero discriminant. Similarly, we recover the coefficient vectors of the binary forms
implied by the Thue equations (3.36) and (3.37) by appealing to the identity (4.1), and

the equation
f(3%,dy, ds, 29, 23) 20 + 128 =m,
where m € {£1,+3}, and in case n = 3¢, ¢ > 2,
(d2,ds,ur) € {(1,1,£1)},
while in case n =2 - 3% ¢ > 2,
(do, d3,ur) € {(3,1,1,£1), (1,3, £3FD/2)},

In each case n =3 n=2-3°n=>5%orn=4-3° c > 2, solving the implicated Thue
equations gives us finitely many 4 tuples (ds, ds, 29, z3), from which we compute finitely
many candidate triples (n, L, M). For these candidates, we use the methods of the first
chapter in order to determine the triples (n, a, 3) such that u, has less than two primitive
divisors. On the other hand, for the Thue equations (3.15) and (3.23), we consider two
cases. In case n/v = 1, we observe by identity (3.10) that z; = 1, and we recover the finitely
many triples (n, L, M) directly from the solutions of the Thue equations as described above.
On the other hand, in case n/v > 1, we consider n/v = 3,5,7, ... in order. In each case,

we run over all divisors of 2,2, in order to form all finite possibilities (da, ds, 21, 22, 25 / ).
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For each of these 5 tuples (dy, ds, 21, 22, 23 / “), we compute L and M, and retain those pairs
(L, M) which satisfy the identity (3.10) as candidates. For example,

L—3M22’1,

in case
n/v = 3.

We then recover the exceptions by the methods of the first chapter. Finally, we note
that we have already determined all of the exceptional triples (n, a, 3), up to equivalence,
implied by Theorem 3.1, in case a8 < 0. The triples (n, a, 3), up to equivalence, such that
aff < 0, are tabulated in Table 1.2. Plainly, in case o < 0, L —4M > 0, and («, 3) is a
real Lehmer pair.

4.1 Statement of Theorem 4.1

Theorem 4.1 Let L and M be integers satisfying the conditions L > 0, M # 0, L—4M #
0, ged(L, M) =1, and (L, M) ¢ {(1,1),(2,1),(3,1)}, (o, B) be the associated Lehmer pair,
and let k and n be defined by (1.13) and (1.14). If 6 < n < 30, n # 12, n/(nk) is an
odd integer, and the triple (n, «, 3) is not equivalent to a triple (n,«, 3) from Table 4.1, or
Table 4.2, then u,(«, B) has at least two primitive divisors.

4.2 Proof of Theorem 4.1

Before proving Theorem 4.1, we note first that finding all of the integer solutions of the Thue
equation F'(X,Y’) = m in practice, where F'(X,Y") is a binary form with integer coefficients,
and with at least three pairwise non-proportional linear factors in its factorisation over C,
and m is a non-zero integer, can be achieved, subject to computational limitations, by
using the computer algebra system KASH [8]. In particular, using the KASH function
ThueSolve, which is an implementation of the Baker-Bilu-Hanrot [3] algorithm.

We use the KASH function ThueSolve in order to establish Theorem 4.1.
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(n,a,B) (n, L, M) p
*7,(1/2) + (1/2)v/ =15, (1/2) — (1/2)/=15 7,1,4 13
*7,(1/2) + (1/2)v/=35,(1/2) — (1/2)/=35 7,1,9 41
*7,(3/2) + (1/2)v=7,(3/2) — (1/2)v/—7 7,9,4 13
¥7,2 +/—T7,2 — /=77 7,16,81 167
x7,(5/2) + (1/2)v/=39, (5/2) — (1/2)v/—39 7,25,16 71
7,(1/2)v/3 + (1/2)vV7, (1/2)V3 — (1/2)V/7 7,3,—1 13
%9, (1/2) + (1/2)v/—=15,(1/2) — (1/2)/—15 9,1,4 19
x9, (1/2) + (1/2)v/=35,(1/2) — (1/2)v/=35 9,1,9 53
%9, (3/2) + (1/2)v/=7,(3/2) — (1/2)v/—=7 9,9,4 17
*10, (1/2) + (1/2)Vv/5, (1/2) — (1/2)V/5 10,1, -1 11
10, (1/2)v/5 + (3/2), (1/2)v/5 — (3/2) 10,5, —1 11
¥13, (3/2) + (1/2)v/—=7,(3/2) — (1/2)v/—7 13,9,4 181
13, (1/2)V13 + (1/2)/=3, (1/2)v/13 — (1/2)v/—3 13,13,4 4211
x13, (7/2) + (1/2)v/=3,(7/2) — (1/2)v/=3 13,49,13 235871
14, (1/2)vV/7 + (1/2)v/3, (1/2)V/T — (1/2)V/3 14,7,1 13
14, (1/2)V7 + (3/2)v—1, (1/2)vVT7 — (3/2)v/—1 14,7,4 13
14, (1/2)VT + (1/2)v/=29, (1/2)V/7 — (1/2)/—29 14,7,9 13
x14,2 ++/=3,2 — /=3 14,16,7 127
x14, (5/2) + (1/2)v/=3,(5/2) — (1/2)v/=3 14,25,7 251
14,V7+V=2,V7T— -2 14,28, 9 113
14, (3/2)VT + (1/2)v/=37, (3/2)VT — (1/2)v/=37 14,63, 25 379
14, (13/2)V/7 + (1/2)/=753, (13/2)\/T — (1/2)/—T753 | 14,1183, 484 | 30757
15, (1/2)v/5 + (1/2), (1/2)v5 — (1/2) 15,5,1 31
x15,(3/2) + (1/2)v/—=7,(3/2) — (1/2)/—7 15,9,4 89
15, (3/2) + (1/2)v/—11, (3/2) — (1/2)v/—11 15,9,5 31
x15,2 4+ +v/—1,2 — /-1 15,16,5 241
¥15,2 4+ /=5,2 — /=5 15,16, 9 479
15, (7/2)V/5 + (1/2)v/—11, (7/2)V/5 — (1/2)y/—11 15,245,64 | 65521

Table 4.1: A table of all exceptional Lehmer triples (n,a, ) (up to equivalence) and
associate triples (n, L, M), such that L > 0, M # 0, L — 4M # 0, ged(L, M) = 1,
(L, M) # (1,1),(2,1),0r (3,1),6 <n < 18, n # 12, n/(nk) is an odd integer, and u,(«, 3)
has less than two primitive divisors, together with their primitive divisor p. Note that the

star x indicates the Lehmer triples correspond to Lucas triples.
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(n, a, B) (n,L,M) | p
¥18, (1/2) + (1/2)v/—11,(1/2) — (1/2)v/—11 18,1,3 17
18, (1/2)V/3 + (1/2)v/—13, (1/2)v/3 — (1/2)/—13 | 18,3, 4 17
x18,1+ /2,1 — /=2 18,4, 3 19
18, V34 vV—=22,V/3 — /=22 18,12,25 | 251
18, (3/2)v3 + (1/2)v/=37,(3/2)v/3 — (1/2)/—37 | 18,27,16 | 127
20, (1/2) + (1/2)v/=7,(1/2) — (1/2)/=7 20, 1,2 19
x20, (1/2) + (1/2)v/=31, (1/2) — (1/2)v/=31 20,1,8 179
x20, (1/2) + (1/2)v/=39, (1/2) — (1/2)v/=39 20,1,10 | 179
20, (1/2)V5 + (1/2)v=3, (1/2)v5 — (1/2)v=3 | 20,5,2 61
20,V2+V=T7,v2 - /=7 20,8,9 | 461
20,2, 1 20,9, 2 41
20, (5/2)V/5 + (1/2)v/=3, (5/2)v/5 — (1/2)v/=3 | 20,125,32 | 37201
20,2, —1 20,1,—2 |41
21, (1/2)V7 + (1/2)v=5,(1/2)v7 - (1/2)v=5 | 21,7,3 461
22, (1/2)V11 + (1/2)v/=5, (1/2)V/11 — (1/2)/=5 | 22,11,4 | 109
¥28,(1/2) + (1/2)v/—=7,(1/2) — (1/2)/=7 28, 1,2 29
28,V2+v/=5,v/2 - /=5 28,8, 7 11311
28,22 + v/—1,2/2 — /1 28,32,9 | 4423
%30, (1/2) + (1/2)v/—11, (1/2) — (1/2)v/—11 30,1,3 29
30, (1/2)v3 + (1/2)v/—13, (1/2)v/3 — (1/2)v/—13 | 30, 3,4 61
30, (1/2)v3 + (1/2)v/—17, (1/2)v/3 — (1/2)v/—17 | 30,3,5 89
30, (1/2)v/3 + (1/2)/—=61, (1/2)v/3 — (1/2)v/—61 | 30,3,16 | 691
%30, 1+v/=2,1— /=2 30,4, 3 29
30, (1/2)v5 + (1/2)v/=7,(1/2)v/5 — (1/2)v/=7 | 30,5,3 151
30,V3+vV=2,v3—- -2 30,12,5 | 719
30, (1/2) + (1/2)v/5,(1/2) — (1/2)v/5 30,1,—1 |31
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Table 4.2: A table of all exceptional Lehmer triples (n,c«,3) (up to equivalence) and
associate triples (n, L, M), such that L > 0, M # 0, L —4M # 0, ged(L, M) = 1,
(L, M) # (1,1), (2,1), or (3,1), 18 < n < 30, n/(nk) is an odd integer, and u,(«, 3) has
less than two primitive divisors, together with their primitive divisor p. Note that the star

x indicates the Lehmer triples correspond to Lucas triples.
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Proof We may assume x > 0. Note that since 6 < n < 30, n # 12, and n/(nk) is an odd
integer,
n e {7,9,11,13,14,15,17,18, 19, 20, 21, 22, 23, 25, 27, 28, 29, 30} .

We generate the coefficient vectors of the implicated binary forms as described at the
beginning of this chapter, using MAPLE. The coefficient vectors, together with the triple
(n,dy, ds), and the discriminant of the implicated binary forms in case n € {9, 18, 25,27},
are tabulated in Tables 4.3 and 4.4. We solve the implicated Thue equations using the
KASH [8] function ThueSolve. We determine the exceptional triples (n, «v, 3) such that w,
has one primitive divisor as described at the beginning of this chapter. We tabulate these
triples, up to equivalence, in Table 4.1, or Table 4.2, together with those we found in case
k < 0, and tabulated in Table 1.2.

QED.

4.3 Searching for Exceptional Lehmer Triples

In this section we go beyond the range 6 < n < 30, n # 12, in order to determine whether or
not there are other exceptional Lehmer triples outside of those already found and tabulated
in Table 1.2, and Table 4.1. We have determined that there are other exceptional Lehmer
triples outside of those we already found. More precisely, we compute the coefficients
of the implicated binary forms F(X,Y’) in the range 30 < n < 500, as described at
the beginning of this chapter, and search for small solutions. For each |y| < 100, and
m € {£1,£P(n/gcd(n,3))}, we form P(X) = F(X,y) —m, and use the MAPLE function
factors in order to factor P(X) over the integers. Our findings are tabulated in Table 4.5.
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(n,ds,ds) Coejﬁcient Vectors of Binary Forms, Discriminant (if applicable)

7,1, 1 1, —1],[1,-1,-2,1]

9,1,1 1,0 ][10—3 —1] 34

11,1, 1 [1,1,— ~3,3,1],[1, -1, -4,3,3,—1]

13,1,1 | [1,1,-5,-4,6,3,— ][ ~1,-5,4,6, -3, 1]

13,13,1 | [2197, —2197,169, 338, —52, —13,1], [2197, 2197, 169, —338, —52, 13, 1]

13,1,13 | [1,-13,13,338, —676, —2197,2197], [1, 13, 13, —338, —676, 2197, 2197]

14,7,1 | [7,7,0,-1],[7,~7,0,1]

14,1, 7 [1 7,0,—49],[1,—7,0,49]

15,1, 1 | [1,—1,-4,4,1],[1,1, —4, —4,1]

15,5, 1 [2 ,—25 ~10,10, 1], [25, 25, —10, — 10, 1]

15,1,5 | [1,-5,-10,50,25],[1,5, —10, —50725]

17,1, 1 [,1 7 —6,15,10, 10, -4, 1], [1, —1, —7,6,15, 10, — 10,4, 1]

17,17, 1 [83521, —83521,4913, 19652, —6647, 0,272, —34, 1],

[83521,83521, 4913, —19652, —6647, 0,272, 34, 1]
17,1, 17 [1,-17,17,1156, —6647,0, 78608, —167042, 83521],
[1,17,17,—1156, —6647,0, 78608, 167042, 83521]

18,3,1 | [3,0,—3,1],[3,0, -3, —1], 34

18,1, 3 [1,0 9 ,9],[1,0, -9, —9], 36

19,1,1 | [1,1,-8,-7,21,15,—20,—10,5,1],[1, -1, -8, 7,21, —15, 20, 10, 5, — 1]

20,2,1 | [4,—4,-6,6,—1],[4,4, 6, —6, —1]

20,1,2 | [1,-2,—6,12,—4],[1,2, 6, —12, —4]

20,10, 1 | [100,—100, 10, 10, —1], [100, 100, 10, —10, —1]

20, 5, 2 [25, 50,10, 20, —4], [25, 50, 10, —20, —4]

20,2,5 | [4,-20,10,50, —25], [4, 20, 10, —50, —25]

20, 1,10 | [1,-10, 10,100, —100], [1, 10, 10, —100, —100]

21,1,1 | [1,-1,-6,6,8,—8,1],[1,1,—6,-6,8,8,1]

21,21, 1 | [9261, —9261,1764, 882, —378,42, —1], [9261, 9261, 1764, —882, —378, —42, 1]
21, 7,3 | [343, ~1029, 588,882, —1134, 378, —27], [343, 1029, 588, —882, —1134, 378, —27]
21,3, 7 | [27,—189,252, 882, —2646, 2058, —343], [27, 189, 252, —882, —2646, —2058, —343)
21,1,21 | [1,—21,84,882, —7938, 18522, —9261], [1, 21, 84, —882, —7938, —18522, —9261]
22, 11,1 | [121,121,0, 33, —11, —1], [121, —121,0, 33, —11, 1]

92, 1,11 | [1,11,0,—363, —1331, —1331],[1, —11,0, 363, —1331, 1331]

23,1,1 | [L,1,-10,-9,36,28, —56, —35,35, 15, -6, —1], [1, —1, —10, 9, 36, —28, —56, 35, 35, —15, —6, 1]

Table 4.3: A Table of coefficient vectors of the implicated binary forms for 6 < n < 23,

n # 12.
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(n,da,ds) | Coefficient Vectors of Binary Forms, Discriminant (if applicable)

2. 1,1 [ ~10,0,35,1, -50, -5, 25,5, 1], [1,0, - 10,0, 35, -1, —50, 5, 25, -5, 1], 517

25, 1,5 [1,0,-50,0,875,125, —6250, —3125, 15625, 15625, 3125],

[1,0, 50,0, 875, —125, —6250, 3125, 15625, —15625, 3125], 57

25,5, 1 [3125 0, —6250, 0, 4375, —125, —1250, 125,125, —25, 1],
[3125,0,—6250,0,4375, 125, —1250, —125, 125, 25, 1], 557

27,1, 1 [1,0,-9,0,27,0,-30,0,9,1],[1,0,-9,0,27,0,-30,0,9, —1], 322

28,2, 1 [8,8,—20,-20,8,8,1],[8,—8,—20, 20,8, —8, 1]

28,1,2 | [1,2,-10,-20,16,32,8], [1, —2, —10, 20, 16, —32, 8]

98,14, 1 | [2744, —2744, 196,588, —224, 28, —1], [2744, 2744, 196, —588, —224, —28, —1]

28,7,2 | [343, 686,98, 588, —448, 112, —8], [343, 686, 98, —588, —448, —112, —§]

28,2, 7 [8, —56, 28,588, —1568, 1372, —343], [8, 56, 28, —588, — 1568, —1372, —343]

98, 1,14 | [1,—14,14,588, —3136, 5488, —2744], [1, 14, 14, — 588, —3136, 5488, —2744]

20,1,1 | [1 ,1, 12,66, 55, —165, —120, 210, 126, —126, —56, 28, 7, — 1],

[1,— 13 12,66, —55, —165, 120, 210, —126, —126, 56, 28, —7, —1]

29, 29, 1 [17249876309 —17249876309, 594823321, 4758586568, —1435780430, —307667235,
200160523, —14145620, — 7804480, 1658452, —37004, —20184, 2262, —87, 1],
[17249876309, 17249876309, 594823321, —4758586568, — 1435780430, 307667235,
200160523, 14145620, — 7804480, — 1658452, —37004, 20184, 2262, 87, 1]

20, 1,29 | [1,-29,29,6728, —58870, —365835, 6902087, — 14145620, —226329920, 1394758132,
—902490556, —14275759704, 46396219038, —51749628927, 17249876309,
[1,29,29, —6728, —58870, 365835, 6902087, 14145620, —226329920, —1394758132,
—902490556, 14275759704, 46396219038, 51749628927, 17249876309)

30,3,1 | [9,9, 6,6, —1],[9,~9, 6,6, 1]

30, 1,3 [1,3,—6, 18 -9],[1,-3,—6,18,-9]

30, 15,1 | [225,225,60,0,—1], [225, —225, 60,0, —1]

30,53 | [25,75,60,0, 9], [25, —75, 60,0, —9]

30,3,5 | [9,45,60,0,—25], [9, 45,60, 0, —25]

30,1,15 | [1,15,60,0,—225], [1, —15,60,0, —225]

Table 4.4: A Table of coefficient vectors of the implicated binary forms for 23 < n < 30.
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n,a, 3 n,L,M | p
36, (1/2) + (1/2)v/=7, (1/2) — (1/2)v/—7 36,1,2 | 37
36, (1/2)v2 + (1/2)v/—10, (1/2)v2 — (1/2)v/—10 | 36,2,3 | 251
36, (1/2)v3 + (1/2)v/=5,(1/2)v/3 — (1/2)v/—5 | 36,3,2 | 71

36,vV2+v-1,v2—/—1 36,8,3 | 71
%42, (1/2) + (1/2)v/—11,(1/2) — (1/2)y/—11 42,1,3 | 41
%42, 1+ v/—=2,1 — /=2 42,4,3 | 167
#44, (1/2) + (1/2)v/=T7, (1/2) — (1/2)\/—7 44,1,2 | 131
%60, (1/2) + (1/2)v/=T,(1/2) — (1/2)\/=7 60,1,2 | 59

60, (1/2)v3 + (1/2)v/=5,(1/2)v/3 — (1/2)y/=5 ] 60,3,2 | 59
60, (1/2)v6 + (1/2)v/—14, (1/2)v6 — (1/2)/—14 | 60,6,5 | 20639
60,v2+v—1,v2—v—1 60,8,3 | 2399
60,v2++v—=3,v2—v=3 60,8,5 | 19681
84, (1/2)V3 + (1/2)v/=5, (1/2)v/3 — (1/2)v/—5 | 84,3,2 | 1259

Table 4.5: A table of exceptional Lehmer triples (n, «, 3) (up to equivalence) and associate
triples (n, L, M) we found, such that L > 0, M > 0, L —4M # 0, ged(L, M) = 1,
(L, M) # (1,1), (2,1), or (3,1), 30 < n < 500, n/(nk) is an odd integer, u,(c, 3) has less
than two primitive divisors, and |y| < 100, together with their primitive divisor p. Note
that the star * indicates the Lehmer triples correspond to Lucas triples. Furthermore, note
that these may not be all of the exceptional Lehmer triples in the range 30 < n < 500,
because we have yet to consider |y| > 100 in the range 30 < n < 500.



Chapter 5
Classifying Lucas Triples

One might expect that the conditions n > 6, n # 12 in Theorem 3.1 may be improved
when (a, 3) is a Lucas pair, by analogy with Stewart’s work [30, Theorem 2]. However, we
expect that the conditions n > 6, n # 12 in Theorem 3.1 cannot be improved when (a, ()
is a Lucas pair. In this chapter, we show in Theorem 5.1 that the conditions n > 6, n # 12
in Theorem 3.1, cannot be improved, and so are best possible, when (a, 3) is a Lucas pair,

under the assumption of two plausible conjectures.

5.1 Statement of Theorem 5.1 and Preliminary Con-

jectures

Let (o, B) be a Lucas pair, k be defined by (1.13), and 1 be defined by (1.14).

Theorem 5.1 There are infinitely many triples (n, o, 3), where n = 1, (a, 3) is a Lucas
pair, and n/(nk) is an odd integer, such that u,(«, 3) has no primitive divisor. There are
infinitely many triples (n,a, 3), where n € {3,4,6}, («, 3) is a Lucas pair, and n/(nk) is
an odd integer, such that u,(«, 3) has one primitive divisor. If Conjecture 5.1 is true, then
there are infinitely many triples (n, a, 3), where n =5, (a, 3) is a complex Lucas pair, and
n/(nk) is an odd integer, such that u,(a, 3) has one primitive divisor. If Conjecture 5.2
is true, then there are infinitely many triples (n, «, 3), where n = 12, (a, B) is a complex

Lucas pair, and n/(nk) is an odd integer, such that u,(a, 3) has one primitive divisor.
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Conjecture 5.1 There are infinitely many prime numbers p > 5 such that

é (1+\/5)<3+2\/5> +(1—x/5)<3_2\/5> +3

1$ a prime number.

Conjecture 5.2 There are infinitely many prime numbers p > 5 such that

S (1 + VBV + (1= VB2 - VA +1)

1 a prime number.

Remark on Conjecture 5.1 and 5.2

We begin by observing that

2(809) 2(809)
<1+\/5><3+\/5> +(1_\/3)<3—\/3) s

ot =

2 2

= 12446621431030381415405301862363257781013596833501
92083343017891789193185773851514016621312897928267
48875624007132315418452099171324145310587700583341
64545325821460602474844901671257624222416610754405
32790160536095482324378838916768365657749775725754
10383441223406262901555610839260349827342419744709
00124616310478930921966463394055605713932564528271
29542629743623587531707484784078168595199682159158
59020513259295888907779445192916824749853188087217
78219733695472410512649922278306845179704832367710
32169875883990334212399550067220467475640093047177
94099792141880086556500425521887888378356216636237
54286768790367215254474044835996101347608965036844
802483082651599042830336959,
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a rational prime number as determined by the MAPLE function isprime. The truth of
Conjecture 5.1 is suggested by considerations of probability. The inequality [20, Corollary
1]

#{p<zx}> . x> 17,

x
log x
implies the probability that a number m > 17 is prime is at least 1/logm. Therefore, the
total expectation of the number of primes ¢(p) of the form given by Conjecture 5.1, assum-
ing that there are no special reasons why a number ¢(n) of the form given by Conjecture
5.1 should be likely to be a prime number, which is a reasonable assumption since ¢(809)

is probably! a prime number, is at least
= 1 11
> = -, 5.1
glong) SZP (5:1)

and ) 1/p diverges [10, Theorem 19]. We observe that inequality (5.1) holds since

1
5q(p) —3 < 47T —

22
qlp) < 47+

logq(p) < 8p.

Similarly, the truth of Conjecture 5.2 is suggested by considerations of probability. We
may assume that there are no special reasons why a number r(n) of the form given by

Conjecture 5.2 should be likely to be a prime number because r(n) is a prime number for
n € {1,4,6, 16,204,246, 304, 357, 556, 2106, 2374, 2556, 2572, 2734, 6016},

as determined by the MAPLE function isprime.

5.2 Proof of Theorem 5.1

Proof

1One may “prove” ¢(809) to be a prime number by using the freely available elliptic curve primality
proving (ECPP) software by F. Morain [17].
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In case n = 1, we observe that since u; = 1, the result follows from the fact that n/(nx)
is an odd integer implies k = 1, and L > 0 and M > 0 may be chosen to be distinct squares
infinitely often.

Let L = dyz2, and M = d323, where dy € N, d3 € N, 25 € N, and 23 € N.

In case n = 3, since n/(nk) is an odd integer implies ds = d3 = 1, we deduce that
Uus = (22 — Zg)(ZQ + 23).
There are infinitely many coprime solutions to the equations

Z9 —R3 — 1,

22"—23 = D

given by zo0 =t 41, z3 = t, t € N, where p is a prime number, since there are infinitely
many odd prime numbers. Since p = L — M, pt L(L — 4 M )uqus,.
In case n = 4, since n/(nk) is an odd integer and («, #) a Lucas pair implies (dy, d3) =
(1,2), we deduce that
uy = (20 — 223) (29 + 223).

There are infinitely many coprime solutions to the equations

2o — 223 = 1,

Zo+ 223 = p,

given by zo = 2t + 1, 23 = t, t € N, where p is a prime number, since there are infinitely
many prime numbers congruent to 1 (mod 4). Since ged(ujugug, uy) = 1, and p = L—2M,
p1 L(L — 4M)ujusug.

In case n = 6, since n/(nk) is an odd integer and («, 3) a Lucas pair implies (ds, d3) =
(1,3), we deduce that

ug = ug(z2 — 323)(22 + 323).

There are infinitely many coprime solutions to the equations

22—323 = 1,

Zo+ 323 = p,
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given by zo = 3t + 1, 23 = t, t € N, where p is a prime number, since there are infinitely
many prime numbers congruent to 1 (mod 6). Since p = L — 3M, ged(ujusugugus, p) = 1,
and P f L(L — 4M)U1U2U3U4U5.

In case n = 5, we begin by noting that

5_ 35
u5(04,ﬂ) = aa_g
= @5(Oé,/6)

5
= I] @-dp
gcdgjzvg)=1

= ), (Va VB, (VA VD)

where

5

ol s (VavB) = I Wa-¢vB) I a+dvb),

gcd(ss,;):l gcdft:,;)zl
(s|k(aB))=1 (tlk(ap))=-1
5 5
2 s
Dy (Va,/B) = (Vo +Gv/B) (Va - V).
(o)
ng(SS:»;):l gcd?fé):l
(s|k(aB))=1 (tlk(ap))=-1

Since 5/(nk) is an odd integer, and (o, ) is a Lucas pair, it suffices to establish the result

with k(af) =1, a + 8 = x, and aff = y?, for some integers z,y. It follows that

5

oV (Va,/B) = [ Wa-¢VB)

s=1
ged(s,5)=1
(s]1)=1

= (@+8—(G+Vab)(a+B—(E+E)Wap),

5

oP(Va,/B) = ] Va+&VB)

s=1
ged(s,5)=1
(s|)=1

= (a+ B+ (G + ) Vab) (a+ B+ (E+E)Vap),



Classifying Lucas Triples 93

and

U5(O{,ﬁ) = f(l)(l’,y)f@)(ll',y),

where

fOz,y) = (2= (1/2)(-1+VB)y)(z — (~1/2)(1 + V5)y)

= :B2+xy—y2,
fPx,y) = (24 (1/2)(=1+VE)y)(z + (=1/2)(1 + V5)y)
= 22— Ty — yz.

We observe that
ged(fY(z,y), P (z,y)) =1

by Lemma 1.25 and Lemma 1.24, since any common divisor divides
(@ = 3ay + ) - O y) + (~a + 2y +397) - D (a,y) = 2 (aB)”
In summary, we have established the factorisation
us(av, B) = (2 + 2y — y*)(2* — 2y — ),
where o + 3 =2 € Z, a3 = y*,y € Z, and
ged(z? + xy — 9%, 2% —axy —y%) = L.
Stewart [30, page 90] observed that
2> —zy— (P +1)=0 (5.2)
is solvable in integers x and y for a given integer y whenever

22— 5y? =4, (5.3)
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for some z € Z. Although equation (5.3) has infinitely many solutions by the theory of
Pell’s equation, Stewart argued that in fact it has infinitely many coprime solutions (z, y),

given in general, as p > 5 runs over the sequence of primes, by

p
3+ VO
Zp—'_yp\/g = 2< \/7) )

2
Lo (3vEY, (3-vEY
P 2 2 ’
p p
1 ((3+VB) [3-WV5
Each solution (z,,y,) of (5.3) gives rise to two solutions (z,,y,) of (5.2), namely

Yp + 2
(xpvyp>:<p2 puyp)v

Yp — 2
(l'p,yp) = (%J/}J) :

In particular, it is easily verified that

2
(yp ;_ ZI”) - 4y127 <0,

and

and hence that (z,,y,) generate a complex Lucas pair. It suffices now to argue that for

infinitely many prime numbers p,

:L"f, + TpYp — yf,
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is a prime number ¢(p). To this end, we note that

2
+z +z
(—y”2 ”) +<y”2 p)yp—yi

2 2
Zp y
= + YpZp

:i%<3+f> €2< ﬁ>p<3_2ﬁ>p+
() - (5)

:% (1+f< ﬁ) + (3_ﬁ> +3],

Sl

and appeal to Conjecture 5.1. We observe that for each prime p such that ¢(p) is prime,
q(p) is a primitive divisor. Note first if ¢(p) divides L(L —4M) = 7 (z; — 4y;), then since
ged(xp, yp) = 1, q(p)|x or q(p)|(x2 — 4y2), in either case a contradiction to the definition
of q(p). Further, we note that for 1 <i < 5,

ged(ug, q(p)) = ged(ug, us) = Uged(i,5) = U1 = 1.

On the other hand, in case n = 12, we observe that

uip(a, B) = H@d(a

d|12
d#1,2

= B (Va VARG, (Vo V) T aap).

d|12
d#£1,2,12
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where

oV B = [ Va-g/).

ged(s,24)=1
(k(aB)ls)=1
24
2 s
o) (VavB) = [ Va+@i/b).
gcd(z,:;l)zl
(k(af)ls)=1

Since 12/(nk(a3)) is an odd integer, and («, ) is a Lucas pair, it suffices to establish the
result with k(af8) =2, a + 8 =z, and aff = 2y?, for some integers z,y. It follows that

oV (Va,/B) = (a+8— (G +E)Vab) (a+ 8- (G +aGhVaBb),

P (Va,V/B) = (a+ B+ (Ch+E)Vap) (a+ B+ (¢ + GhVab),

and

uia(a, B) = 3 (@, ) 52, y) [ ®alen B),

d|12
d#1,2,12

where

) (y) = 2 —2zy —2y°

[ y) = 2+ 2zy — 297

We observe that
ged(fs) (x,y), £ (x,y)) = 1

by Lemma 1.24 and Lemma 1.25, since any common divisor divides
(2 + 62y +6y%) - f3(2,y) + (=a” = 2oy +109%) - [ (w,) = =2° - ().
Plainly, the equation

2? —2zy — (202 +1) =0 (5.4)
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is solvable in integers x and y for a given integer y whenever
22— 12y% = 4, (5.5)

for some z € Z. The minimal solution of (5.5) is (z,y) = (4,1), and thus the general
solution of (5.5) is given by (see [19, ex. 18, page 144])

Zn + 2y V3 = £2(2 +V3)".
It follows that

Z o= (24V3)"+(2-V3)"

- 2%((%@"—(2—@").

Let p > 5 be a prime number, ag = 2 + /3, and 3, = 2 — v/3. Note that (ag, 3y) is a real

Lucas pair, and that

ZP = O‘g + 6(11]) = (I)Qp(a(b 60)@2(0{0, 50)7

1
= ——(ab =8 = P,(ap, Bo).
Yp 2\/§( 0 — %) p(ao, o)
Plainly, z, = 0 (mod 2), since 2|®s (v, fo) =4, and y, = 1 (mod 2) by Lemma 1.25, since
p # 2, and all prime factors of ®,(ap, fy), aside from p, are congruent to £1 (mod p).
Hence, as n runs through the primes p > 5, we find infinitely many solutions (z,,y,) of
(5.5) with z, even and y, odd, and hence, by equation (5.5), with z, and y,, coprime. Each

solution (z,,y,) of (5.5) gives rise to two solutions (x,,y,) of (5.4), namely

2y, + z
(xpvyp> = < p2 puyp) )

2y, — z
(xp>yp):( p2 p>yp)'

In particular, it is easily verified that

2yp + 2 ? 2
(32) <o

and
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and hence that (z,,y,) generate a complex Lucas pair. It suffices now to argue that for

infinitely many prime numbers p,
5512, + 2xpy, — 2y12,
is a prime number r(p). To this end, we appeal to Conjecture 5.2, and note
2yp + 2p 2 2yp + 2p 9
() (B2, o
= (1/4)22 + 2ypzp + ?/;%
12( "+ 2005, +6 ) 12( P — 20505 +6 )

= 3 ((1 FV3)(2+ V3P 4+ (1-V3)(2 - V3)¥ + 1) :

— (o? = B)

§H

Finally, as in case n = 5, we observe that for each prime p such that r(p) is prime, r(p)
is a primitive divisor. Plainly, 7(p) does not divide L(L — 4M). Further, we note that for
1<i<12,

ng(ui>u12) = Uged(s,12) € {1,U3,U4, UG} = {1> L—M,L—-2M, (L - M)(L - 3M)}>

and
Ug = (L - M)(L - QM)(L - 3M)7’(p)7

together with the fact that r(p) > L — jM for j = 1,2,3 imply, for 1 < i < 12, that
ged(ui,r(p)) = 1.

QED.
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