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Abstract

Sampling theory is an active field of research that spans a variety of disciplines from communi-
cation engineering to pure mathematics. Sampling theory provides the crucial connection between
continuous and discrete representations of information that enables one to store continuous sig-
nals as discrete, digital data with minimal error. It is this connection that allows communication
engineers to realize many of our modern digital technologies including cell phones and compact
disc players.

This thesis focuses on certain non-Fourier generalizations of sampling theory and their appli-
cations. In particular, non-Fourier analogues of bandlimited functions and extensions of sampling
theory to functions on curved manifolds are studied. New results in bandlimited function the-
ory, sampling theory on curved manifolds, and the theory of self-adjoint extensions of symmetric
operators are presented. Besides being of mathematical interest in itself, the research contained
in this thesis has applications to quantum physics on curved space and could potentially lead to
more efficient information storage methods in communication engineering.
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CHAPTER 1

Introduction

Sampling theory can be described as the study of function spaces whose elements have certain
special reconstruction and interpolation properties. The classic example of such a function space
is the Paley-Wiener space B(2) of Q-bandlimited functions. The space B(f2) is that subspace of
L?(R) which is the image of L?*[—, Q] under the Fourier transform. The finite number Q > 0
is called the bandlimit. Given any ¢ € B(Q), if we identify ¢ with a certain special member of
its equivalence class (which happens to be the restriction of an entire function to the real line),
then given any equidistantly spaced sequence of points (2, )ncz With spacing x,11 —z, = §, the
following reconstruction formula holds:

(1.0.1) dx) = dlan)

nez

sin (Q(z — z,,))
Uz —mz,)

This shows that ¢ is completely determined and perfectly reconstructible at any z € R from
the values it takes on certain discrete sets of points which have no finite accumulation point.
The values {¢(zn)}nez are called the ‘samples’ of ¢ taken on the points z,, and the function
G(z,y) == W is called the sampling or reconstruction kernel. The above remarkable
reconstruction formula (1.0.1) is called the Shannon sampling formula, as it was famously applied
by C.E. Shannon in his theory of communication to provide an important link between discrete

and continuous representations of information [65].

Sampling theory has found many practical applications in a wide variety of fields including
pure mathematics, communication engineering, signal processing, computer graphics, medical
imaging, and more recently, mathematical physics. A significant portion of the research contained
in this thesis is motivated by two particular applications of sampling theory. First, sampling theory
is used extensively throughout communication engineering to provide a method for storing and
reconstructing continuous signals (e.g. a music recording, or a voice on a cellphone) from discrete
values; and secondly, it has been recently observed that sampling theory, suitably generalized to
curved manifolds, could provide a description of space-time that better suits the needs of both
quantum field theory and general relativity. This motivation will be discussed in greater detail in
Section 1.1.

In sampling theory, one usually wishes to consider spaces of functions whose values at points
are well-defined. Hence, it is natural that much of sampling theory uses the framework of repro-
ducing kernel Hilbert spaces. Recall that a Hilbert space of functions on a set X C C is called
a reproducing kernel Hilbert space (RKHS) if point evaluation at any « € X is a bounded linear
functional.! Given such a space H, the Riesz representation theorem immediately implies that
for each x € X there is a point evaluation vector, ¢,, such that (¢,d,) = ¢(x) for any ¢ € H.
The function K(z,y) := (s, 0,) is called the reproducing kernel for the RKHS H. The kernel
function will be called positive definite if K (z,z) > 0 for all z € X. If a RKHS of functions on X
has a positive definite reproducing kernel, it is clear that all the point evaluation vectors §, are
non-zero for x € X. Here, and throughout this thesis, if H is a Hilbert space, (-,-) will denote
the inner product on ‘H. We will take the convention that the inner product is linear in its first
argument and conjugate linear in the second argument.

IMore generally, it could be that X is a Hausdorff topological space.



1 sin(Q(z—t))

As we will see, B(£2) is a RKHS with point evaluation vectors d;(x) = 30 0@~ Where
16¢]|2 = 55 for each t € R. It follows that the Shannon sampling formula (1.0.1) can be rewritten:
1
(1.0.2) Fa)=(f,0.) =Y _(f, 5xn><5zn75z>w-

neZ

More generally, if H is any RKHS on a set X C C, and if there is exists a countable to-
tal orthogonal subset {d,, }ncz of point evaluation vectors, then H will obey a reconstruc-
tion formula of this type. Explicitly, in this case, {Hg‘:ﬁ}nez is an orthonormal basis so that
Iy = ez 02,) (0, )m Substituting this expression into f(z) = (f,J,) yields a sam-
pling formula of the same form as equation (1.0.2). The fact that any RKHS which has a total
orthogonal set of point evaluation vectors obeys such a reconstruction formula is called Kramer’s
abstract sampling theorem, and was first observed in [38]. We will refer to this property as the
Kramer sampling property, or to be concise, the sampling property. This thesis focuses on the
study of reproducing kernel Hilbert spaces with the sampling property.

1.1. Motivation

As mentioned above, much of the work in this thesis is motivated by two particular appli-
cations of sampling theory. This section provides further details on the applications I have in
mind.

1.1.0.1. Efficient storage and reconstruction of a continuous signal from discrete information.
A ubiquitous problem in communication engineering is that of storing a continuous signal as
discrete, digital information and then reconstructing it with minimal error. An example of this
problem is that of storing a continuous music signal as discrete bits, and then reconstructing it
from this discrete data. Communication engineers typically take advantage of the fact that most
of the continuous signals they wish to discretize, including music signals, are well approximated
by a special class of functions which can be reconstructed perfectly from discrete values. Since
the sensitivity of the human ear to frequencies greater then 20kHz is very low, any music signal
can be filtered to remove frequencies greater in magnitude then this value with negligible loss
in sound quality. It follows that the post-filtered signal is {2-bandlimited where the bandlimit is
Q = 20kHz. By the Shannon sampling formula, (1.0.1), any Q-bandlimited signal is completely
determined by, and can be reconstructed perfectly from, the values it takes on the set of points
in time {7}, where n runs through the integers [65]. It follows that if one measures and records
the amplitudes of the music signal once every QOWﬂ times a second, then the resulting discrete
sequence of numbers can be be used to reconstruct the original signal in a stable fashion.

Most of the work that appears in Part III aims to develop non-Fourier generalizations of
bandlimited function theory which provide a more efficient way of storing and reconstructing
signals obeying what could intuitively be described as a ‘time-varying bandlimit’. Consider a
music signal which varies or oscillates rapidly for a short time period, and is slowly-varying outside
of that time interval. The highest frequency components in the Fourier transform of this signal
may be quite high since large frequencies are needed to resolve the sharp features that occur in the
time period of high activity. Since a significant amount of the energy, or L? norm, of the signal
is concentrated at high frequencies, it follows that if one wishes to approximate the signal by a
bandlimited function, one will need to choose a large bandlimit to obtain a good approximation.
Hence, in spite of the fact that the signal is slowly-varying on average, the bandlimit, and hence
the rate at which the signal must be sampled to ensure stable reconstruction, is quite large.
Intuitively, this is a very inefficient approach to converting this signal into discrete information.
One would expect that such a large number of samples in the time intervals where the signal is
slowly varying should not be needed to stably reconstruct it.

Such a music signal could be said to obey a ‘time-varying bandlimit’ since in certain short
time intervals it contains a lot of rapid oscillations or high ‘frequencies’, while on other time



intervals it is slowly-varying and consists of only low ‘frequencies’. This problem of constructing
more efficient methods for the sampling and reconstruction of functions obeying a time-varying
bandlimit motivates the search for reproducing kernel Hilbert spaces with the sampling property
which are better suited than B(Q) for approximating or modelling such functions.

1.1.0.2. Quantum physics on curved manifolds. Although much is known about the sampling
theory of bandlimited functions on R™, the study of the sampling and reconstruction properties
of bandlimited functions on manifolds is a very new field [55].

A fully developed sampling theory on curved manifolds would be of particular interest for
quantum gravity. This follows from the idea that sampling theory could provide a crucial link
between quantum theory and general relativity [35]. Quantum field theory is well-defined on
discrete space, and is, in general, ill-defined space if is continuous. Conversely, general relativity
requires space-time to be a continuous, smooth manifold, i.e., not discrete. Sampling theory could
provide a description of space-time which is effectively both discrete and continuous and hence a
framework in which the needs of both theories are satisfied.

The debate as to whether space-time is fundamentally discrete or continuous is still unresolved.
On one hand, general relativity is formulated on a smooth differentiable manifold, and if space-
time were just a discrete set of points with a finite spacing, this would seem to violate symmetries
of the manifold, e.g., Lorentz invariance in flat space-time. For reasons including these, the idea
of space-time discreteness is not mathematically or physically attractive.

Quantum field theory, on the other hand, is not really well-defined without an ultra-violet
cutoff. Forces between physical charges diverge as the separation between those charges vanishes.
In quantum field theory, these divergencies spoil the calculations of many physically relevant quan-
tities. These divergencies are the infamous ‘ultra-violet divergencies’ of quantum field theory, and
most of these divergencies disappear if one assumes that space-time is discrete. Furthermore,
naively combining Heisenberg’s uncertainty relation with general relativity suggests that there
should exist a smallest observable length in nature. The argument proceeds as follows. The ob-
servation of increasingly smaller volumes or lengths requires one to fire particles with increasingly
smaller wavelengths at the region of space one wishes to resolve. Such particles will have increas-
ingly smaller position uncertainties, and hence, by Heisenberg’s uncertainty principle, increasingly
larger momentum and energy uncertainties. Einstein’s field equations show that energy curves
space and time so that an increasingly large energy uncertainty creates an increasingly large un-
certainty in curvature which contributes to the uncertainty in position. This suggests that the
attempt to measure increasingly smaller volumes is self-limiting and that there is a smallest vol-
ume that one is able to observe. This heuristic argument is known as Heisenberg’s microscope,
and has led some physicists to conjecture that space-time is fundamentally discrete.

A possible resolution to this debate that would satisfy both general relativity and quantum
field theory is that this expected smallest length in nature could turn out to be a smallest wave-
length [35]. That is, it could be that space-time is fundamentally a smooth manifold, and yet
at the same time effectively discrete for the physical fields which describe particles in quantum
theory, if these physical fields are bandlimited functions. In this case, any physical theory could
be described as living on the smooth manifold, or, equivalently, written in terms of the discrete
values that the fields take on certain sufficiently dense discrete sets of points. This is an attractive
possibility, as this framework could satisfy the needs of both quantum field theory and general
relativity. Observe, however, that the physical fields of nature, if they are bandlimited, can not be
bandlimited in the usual sense. First, general relativity asserts that space-time is a manifold with
curvature. Furthermore, since the mathematical representation of physical laws is necessarily co-
ordinate system independent, the physical fields cannot just be band-limited in the usual Fourier
sense in a fixed given co-ordinate system for the manifold. Instead, they must be band-limited in
a co-ordinate system independent sense. It follows that if one wishes to apply sampling theory
to quantum field theory and general relativity, it will be necessary to first develop a co-ordinate
system independent notion of a bandlimit and sampling theory for a general manifold.



1.2. Outline

This thesis is split into three main parts. Part I, which consists of Chapters 2-3, deals with
the classical sampling theory of bandlimited functions. In Chapter 2, a brief introduction to some
of the key aspects of sampling theory for the Paley-Wiener spaces of bandlimited functions is
provided. This includes the Beurling-Landau density theorems for sets of sampling and interpola-
tion, as well as the celebrated Paley-Wiener theorem which identifies B(€2) with entire functions
of exponential type at most £ which belong to L?(R). Chapter 3 contains many of the main
results of Part I. Namely, in this chapter, I show that any (2—bandlimited function can be seen as
the limit of sequences of 2—bandlimited trigonometric polynomials in a variety of topologies. In
particular, this limit holds in L? of any line parallel to R, in the topology of uniform convergence
on compacta, and I further prove convergence of the sample values of the trigonometric polyno-
mials taken on certain discrete sets of points to the sample values of the bandlimited function
with respect to a {2 norm.

In part IT, which consists of Chapters 4-8, the recent generalization of B(2) to Riemannian and
pseudo-Riemannian manifolds is studied. Chapter 4 introduces the theory of self-adjoint exten-
sions of unbounded symmetric operators, a theory which will be employed extensively throughout
Parts II and III. Chapters 5, 6 and 8 generalize the results of Part I to apply to bandlimited
functions on manifolds. In particular, in Chapter 5, a much shorter and elegant proof of a re-
sult which generalizes one of the main results of Chapter 3 is established using simple operator
theoretic techniques. Chapters 6 and 8 study sampling theory on pseudo-Riemmanian manifolds
(manifolds with an indefinite metric), which is of particular interest to quantum theory on curved
space and quantum gravity. It is found that sampling theory on a pseudo-Riemannian manifold
has some new features that are not present in sampling theory on Riemannian manifolds. These
new features become apparent even in flat Minkowski space-time which has no curvature. To deal
with more general space-times, Chapter 7 introduces the theory of symmetric Sturm-Liouville
differential operators. Also in this chapter, I prove several simple, but useful results on the spec-
tra of symmetric operators. In particular, I study how the spectra of self-adjoint extensions of a
symmetric operator depend on the minimum uncertainty of the symmetric operator (this is joint
work with Prof. Achim Kempf), and I show how the essential spectra of symmetric operators
behaves under strong graph convergence. Here, strong graph convergence is a generalized notion
of strong convergence for closed unbounded operators. Furthermore, I apply these results to the
theory of symmetric Sturm-Liouville differential operators of the form D, ¢ := —(p,¢')’ + gn¢ in
L?(an,by,), where p,,q, are suitable measurable functions, to show how the essential spectrum
behaves as pp,q, — p,q and a,,b, — a,b in suitable topologies. Chapter 8 then applies the
mathematical tools of the preceding chapters to the study of bandlimited functions on de Sitter
space-time, a physically relevant space-time which models a universe expanding at an exponential
rate.

Part III focuses on the search for concrete realizations of Kramer’s abstract sampling theorem,
i.e., for reproducing kernel Hilbert spaces with the sampling property. In this part, we discuss the
relationship between M.G. Krein’s theory of entire operators, de Branges spaces, and Kramer’s
sampling formula. Chapters 9 -10 discuss the fascinating result that if S is a simple, regular,
closed symmetric operator with deficiency indices (1, 1), then there exists a unitary transformation
under which S becomes a symmetric multiplication operator acting on a reproducing kernel space
of meromorphic functions H which has the sampling property and is a subspace of L?(R;du) for
some measure fi.

Chapters 11-12 describe my search for subspaces of L?(R,du) which are reproducing kernel
Hilbert spaces with the sampling property. Earlier, in Section 4.4, T show that if a reproducing
kernel Hilbert space H of functions on R with positive definite reproducing kernel is such that the
multiplication operator M has a symmetric restriction to a dense domain in H which is simple,
regular and has deficiency indices (1, 1), then H has the sampling property. With this motivation,
Chapter 12 describes a first attempt at determining when a self-adjoint operator A has a densely



defined restriction to a given subspace S. In particular, I prove the sufficient (but restrictive)
condition that if P projects onto S, and U(t) := ™4, t € R, is the one-parameter unitary group
generated by A, that A has a densely defined symmetric restriction to S provided V (t) := PU(t)P
is a semi-group of partial isometries. Chapter 11 seeks to show that the invariant subspaces of
certain Sturm-Liouville differential operators are RKHS with the sampling property by proving
that they are de Branges spaces. This idea is motivated by the fact that the space B(2) of
bandlimited functions is both the invariant subspace of the second derivative operator on L?(R)
and a de Branges space. This approach appears promising, but this is at the edge of my current
research, so that my studies here are not complete. Finally, the second last chapter, Chapter 13
studies the compact, convex set of generalized resolvents of a symmetric operator. There is a
bijective correspondence between the set of all positive operator valued measures (POVMs) which
diagonalize a symmetric operator and this set of generalized resolvents. In this chapter I prove
that the set of all POVMs corresponding to a single symmetric operator S is a closed face in the
compact, convex set of all contractive POVMs, and that if S has finite deficiency indices, that the
set of generalized resolvents is compact with respect to a certain stronger topology then is usually
considered.

1.2.0.3. Remark. Although it should be pretty clear from the context, I have used a * or a
! respectively, to indicate whether a Theorem, Corollary, etc. is a something new that I have
proven or something for which I have provided a new proof. For example, where it is written
*Theorem, this indicates that this is a new theorem of my own while "Proposition would indicate
a known proposition for which I have provided a new proof.
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CHAPTER 2

The classical Paley-Wiener spaces of bandlimited functions

There are two main questions that sampling theory attempts to address. Both are of signifi-
cant theoretical and practical interest. The first is a question regarding sampling and reconstruc-
tion: Given a function space V, and a discrete set of points A := {y,,}, what properties must A
have in order that any f € V be perfectly reconstructible from the values it takes at the points of
A? The second question is about interpolation: Given a fixed function space V, a fixed class of
sequences (e.g. [?(7Z)), and a discrete set of points A, what properties must A possess in order that
given any sequence of the class there is an f € V that takes the values of that sequence on the
points of A? We will be primarily concerned with the first question in the case where V = B(Q).

2.1. Frequency-limited functions and entire functions of exponential type

2.1.1. Entire functions of exponential type. Given an entire function f, i.e. a function
which is analytic on all of C, consider its maximum modulus function:

(2.1.1) M(r) := max{|f(2)] : |z] =r}

Unless f is a constant, the maximum modulus principle implies that M must be a strictly in-
creasing function of r. Furthermore, for any non-constant f, lim,_., M(r) = oo by Liouville’s
theorem.

2.1.1.1. Definition. An entire function f is said to be of exponential type if there exist positive
constants, A and B for which

|/(2)] < AePF

for all z.

The exponential type of an entire function is the infimum of all positive values B for which
there is an A < oo such that |f(z)] < AeBl*l ¥V 2 € C. If B < oo, then f is said to be an entire
function of exponential type B. For example, sin(Bz) is an entire function of exponential type B.

2.1.2. Frequency-limited functions. Let S C R" be a compact set. The Hilbert space
B(S) which is the image of L?(S) under the Fourier transform will be called the Hilbert space
of functions frequency limited by S. The inner product on B(S) is the usual L? inner product.
In the case where S = [—0,Q] C R is a single interval B(S) = B(Q) is the Hilbert space of
Q—bandlimited functions. In general, the volume, or Lebesgue measure p(S) of S will be called
the bandwidth volume of the space B(S).

In this chapter, the Fourier transform f € L?(R) of F' € L*(R) will be defined as
(2.1.2) f(z) = / F(w)e ™dw z €R ae.

With this asymmetric definition, the Fourier transform is not an isometry. If f € L?(R) is the
transform of F € L2(R), then || f|| = v2x||F||.



2.1.2.1. Remark. Technically, each f € B(S) is an equivalence class of functions defined up to
a set of Lebesgue measure zero. However, if S C R is compact, it is not hard to see from formula
(2.1.2) that given f € B(S), there is a unique function in the equivalence class of f which is the
restriction of an entire function to the real line. Indeed, if S is compact and one defines

(2.1.3) f(z):/SF(w)e*iwzdw,

for all z € C, where F' € L?(S), then a simple application of the theorems of Fubini and Morera
show that f is an entire function. For the remainder of this thesis, if f € B(S), and F is its
Fourier transform, we will identify f with that member of its equivalence class which is the entire
function defined by equation (2.1.3).

The space B(Q) is closed under differentiation.
2 ¢ 2 Qo
(2.1.4) 17 :/ w | F(w)[*dw < —— || f]I*
o] ™

This is known as Bernstein’s inequality and it shows that f(") € B(Q) for any n € N. Thus the
derivative operator is bounded on the Hilbert space B(f2).

The following bound on the derivative of a function f € B(f2) at a point also holds:

Q 2 Q
; Q

(2.1.5) If(”)(2)2=‘ / W Fw)e > dw| < |[F|? / WA dw < | f[2 02,
—-Q -0 s

where y = Im (2). Here, f™ denotes the n'* derivative of f. Thus,

216) 7)< oy Lo

The case n = 1 shows that point evaluation at any z € C is a bounded linear functional on
B(€2), and hence that B(Q) is a RKHS. Furthermore, the case n = 1, shows that every function
bandlimited by €2 is of exponential type at most 2. In fact, every entire function of exponential
type at most  that is square integrable on the real axis belongs to B(f2).

THEOREM 2.1.1. (Paley-Wiener) Let f be an entire function such that [°_|f(z)|*dx < oo
and |f(2)| < Ae#l, for all z € C. Then f is the Fourier transform of a function F € L*[—Q, ).

The non-trivial half of this theorem can be proven by considering an entire, square integrable
function f of exponential type at most €2, and computing ffB f(z)e* dx using a rectangular
contour in C. If |A| > €, it can be shown that this integral vanishes as B — oo.

2.2. Sampling of bandlimited functions

Let A := {y,}52 _, be a discrete set of points. A is called a uniformly discrete set if there
exists an € > 0 for which |y, — ym| > € for all n,m € Z. An interesting property of B(Q) is that
if A = (\,)nez is a uniformly discrete sequence, then for any f € B(f2), the sequence of samples
of f on the points of A, (f(\,))nez, is a square summable sequence.

Let BP(Q2) be the space of entire functions of exponential type at most €2 whose restrictions
to R belong to LP(R).

THEOREM 2.2.1. (Plancherel-Polya) Let A = {yn, S _ o, |Yn —Ym| = € > 0 for alln,m € Z,
be a uniformly discrete set of real numbers. There exists a constant K = K (p,€,§2) such that

S 1) < K /_ Y @) Pda

for all f € BP(Q).

10



In particular, if A = {y,} is any uniformly discrete set, then there is an M > 0 such that
S 1 fwn)* < M| f||? for every f € B(f). Intuitively this result makes sense. If it were not
true, then there would be a sequence of bandlimited functions { f,, }°°_; for which the square sum
of the samples {f,,(yn)} becomes arbitrarily greater then the norm squared of f,, as m — oo.
This would mean that the sample values of f,, would have to be arbitrarily large in magnitude
in comparison to the average magnitude of f,,(x). This would then imply that the functions f,,
become arbitrarily peaked about their sample values as m — oo. Clearly the Fourier transforms
of the members of such a sequence would contain increasingly high frequencies, contradicting the
assumption that every member of the sequence is bandlimited by a fixed, finite value.

2.2.1. Sampling and interpolation of bandlimited functions. As discussed in Chapter
1, bandlimited functions have very special reconstruction properties.

Given Q > 0, define e, € L?[—0, Q] by e,(w) := € a.e. It is a known fact about Fourier
series that the set {\/%ezn}nez is an orthonormal basis for L2[—(, Q] whenever A = {z,,}nez C R
is any equidistantly spaced set of points with spacing x, —x,—1 = §. It is further straightforward
to calculate that if the Fourier transform of F' € L?(R) is defined by equation (2.1.2), that the
Fourier transform 4, € B (Q) of e, is given by

~ o0 Sin (Q2(z —w))
(2.2.1) 0, (w) = QQ—Q(Z — )

for all w, 2z € C. Further observe that given any f € B(2) and z € C that

1 N ¢ —twz
(22.2) o (8 = (Fee) = [ Flwe ™ dw = 1(2).

7T -Q
This shows that the vector ¢, = g—; is the point evaluation vector of the RKHS B(2) at the point
z. Using these facts, it is straightforward to establish Shannon’s sampling formula, equation
(1.0.1).

CrLamM 2.2.2. Suppose that f € B(Q) and that A = (x,)nez is any equidistantly spaced set of
points with spacing v, — 1 = 5. Then if

N .
(2.2.3) fn(z) = Z f(xn)SIH(Q(Z Ty))

Rt Qz—z,)

then fn converges to f both in norm, and uniformly on compacta as N — oo.

PROOF. Since the vectors {e,, }ncz are a total orthogonal set in L%[—£, €], it follows that
the point evaluation vectors {d,, }nez form a total orthogonal set in B(Q). It is straightforward
to check that |6, ||> = £, so that

o

1
(2'2-4) = Z<f7 6zn>5a:nw,
neL Zn
while,
ol 1
(2.2.5) fn=> <f75xn>5arnwa
n=—N Tn

where ¢, is defined by equation (2.2.1). Clearly, fy € B(Q2) for each n € N, and since {%}nez
is an orthonormal basis of B(Q2), fy converges to f in norm.
Furthermore, for any z € C and f € B(Q),
1f(2) = fn(2)] [(f = fn,62)]
IS = FvliCe™.

(2.2.6)
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Since fy — f in norm, it follows that the above vanishes uniformly on compacta in the limit as
N — oo. g

A natural question that may have already occurred to the reader is the following. Are there
other uniformly discrete discrete sets of points A := {\,, },ez, other than the equidistantly spaced
ones described above, such that any bandlimited function f can be reconstructed from its samples
{f(An)} taken on the points of A? The answer to this question is yes, and in fact, a sufficient
condition for a discrete set of points have this property is that it be ‘dense’ enough using a suitable
notion of density.

A uniformly discrete set of points A = {y, }nez is called a set of interpolation if, given any
square summable sequence {a,}nez, there is a f € B(Q) for which f(y,) = a,. A uniformly
discrete set is called a set of sampling if the norm of every bandlimited function is bounded above
by the square sum of its samples taken on the points of A. By definition, and by Theorem (2.2.1),
A ={yn} is a set of sampling if and only if the following double inequality holds:

(2.2.7) DY 1f )P < IFIP < BY [y

This double inequality implies that the set of square summable sequences that are the sample
values of a bandlimited function is a closed subspace of [?(Z). By the upper inequality, no two
distinct bandlimited functions can have the same sample values on the points of A. It follows
that the linear operator L which maps the sample values of every bandlimited function {f(y,)}
onto the bandlimited function f will be a well defined linear operator. Furthermore, the double
inequality (2.2.7) shows that L is bounded above and below.

From a practical viewpoint, the fact that L exists and is bounded above means that every
bandlimited function can be stably reconstructed from the values it takes on the points of any
set of sampling A. The reconstruction is stable in the following sense. Suppose that f € B(Q)
and that there is an error in the measurement of the sample values of f. Suppose that the actual
measured values are {g(y,)} where g(y,,) = f(yn)+€n, D, |€n]? = € < 00 and the values {g(y,)}
are the sample values of a different bandlimited function g # f. Then, the difference in norm
squared between f and g is

(2.2.8) If = glI> < BY 1f(yn) = 9(yn)|* = B

This shows that a bounded error of this type in the measurement of the samples of a bandlimited
function can yield at most a bounded error in the reconstructed function.

Intuitively, a uniformly discrete set of points A will be a set of sampling provided that it is
‘dense enough’ on the real line. That is, if the points of A are close enough together, the existence
of a sequence of bandlimited functions {f,} for which ||f,||* >n > °_ __|f(ym)|* would require
that the functions f, become arbitrarily peaked between the sample points ¥,, again requiring
their Fourier transforms to contain support for increasingly large frequencies, and violating the
fact that the f,, are bandlimited. Similar logic suggests that A will be a set of interpolation
provided its points are ‘sparse enough’ on the real line. Of course these density conditions will
depend on the bandlimit 2.

This intuition is indeed correct. Given a uniformly discrete set of points A = {y,}, let ny(r)
be the largest and smallest number of points of A in any interval of length r. The upper and
lower Beurling densities of A are then defined as

(2.2.9) Di(A) = Tim "=

7—00 r

Given these definitions and the Hilbert space B(f2), the following results hold
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THEOREM 2.2.3. Let A be a uniformly discrete set of points:
(a) A is a set of sampling for B(Q)) provided that

(2.2.10) D_(A) > %
(b) If A is a set of sampling for B(2) then

(2.2.11) D_(A) > %
(c) A is a set of interpolation for B()) provided that
(2.2.12) Di(A) < %
(d) If A is a set of interpolation for B(Q)) then
(2.2.13) Dy(A) < %

This theorem is due to A. Beurling [43], although parts (a) and (b) are really just a slight
refinement and restatement of results achieved by Duffin and Shaeffer in [18] [19] .

Note that if Dy (A) = % then one cannot use Theorem (2.2.3) to conclude that A is either a
set of sampling or a set of interpolation for B(£2). One example of such a set which is in fact both
a set of sampling and a set of interpolation is 1A = {2y := & }nez. That it is a set of sampling is

easy to see since {e, }°2 __ where e, (z) := ﬁeiw“ is an orthonormal basis for L?[—, Q], and

S lf@n)? =223, [(Fren)> = 2Q||F||? = 2| f||%. It is also straightforward to see that it is a
set of interpolation. Given any square summable sequence {a, },

(2.2.14) f(z) = Z%W

n

belongs to B(f2) since the vectors d,, () = %% are an orthonormal basis for B(2).

Since 6, is the point evaluation vector at x,, f(x,) = a,. Since f is bandlimited and the
sequence {a,} € [? was arbitrary, this shows that A = {z,,} is also a set of interpolation.

The following necessary sampling and interpolation conditions have been established for gen-
eral frequency limited functions [43].

THEOREM 2.2.4. Let S C R™ be compact.
(a) If A is a set of sampling for B(S) then

(2.2.15) D=(A) > égi
(b) If A is a set of interpolation for B(S) then
(2.2.16) DF(A) < égl

The analogues of the sufficiency conditions of Theorem 2.2.3 do not hold in general. Here p
denotes Lebesgue measure.

For example, even in the simple case where S := [—b, —a] U [a, ] is a union of two intervals,
one can show that the analogues of the sufficiency conditions of Theorem 2.2.3 do not hold.

'CLAM 2.2.5. Let S := [—b, —a] U [a,b] where a > 0 and a < b, and let m € N be the largest
natural number for which (m — 1)(b — a) < a. The sequence A := (x,)nez, where x, = 2=

oo US
set of uniqueness for B(S) if and only if a = (m —1)(b— a)

13



Here, a uniformly discrete set of points A = {\,, },cz is called a set of uniqueness for B(S) if
the condition that f € B(S) and f(A,) =0 V n € Z implies that f = 0. It is not hard to see
that A will be a set of uniqueness if and only if the set of plane waves A’ := {e,, }nez C L3(S),
en(w) := eV a.e., is a complete set. It is clear that every set of sampling is a set of uniqueness,
while a set of uniqueness is not necessarily a set of sampling.

PROOF. Let B :=b—a. The set A will be a set of uniqueness for B(S), if and only if the set
of plane waves A’ := {F}, }ez, Fy(w) := " is complete in L?(S). Given F € L?(S), consider
the following bounded functional:

(2.2.17) O[F]:= Y |(Fo, ).
The functional ® is bounded since if f € B(S) is the Fourier transform of F, it follows from
Theorem 2.2.1 that ®[F] = Y, _, | f(z,)> < C||f||* = C'||F||?. To show that A is not a set of

uniqueness (and hence not a set of sampling), it now suffices to show that there is a non-zero
G € L?*(S) for which ®[G] = 0.

To find such a G, extremize the functional ®. First, ® can be written as:

(2.2.18) O[F) = /S F(w) < /S F(w’)e”"(w/w)dw') dw.

ne’

Setting the functional derivative of ® with respect to G to zero yields the Euler-Lagrange
equation:

(2.2.19) 0= / Gw) 3 em2m-wap,
S nez

i2Tnu

Finally, it is useful to use the identity Y ., e = [c|>, oz 0(u —nc) [31], so that the Euler-
Lagrange equation becomes

(2.2.20) 0= / G(w)2B Z § ((w—w'") —n2B) dw.
s

neZ

Let m € N be the largest natural number such that (m — 1)B < a. There are four separate
cases. If @ and B = b — a are such that (m — 1)B < a < (m — 1/2)B then the Euler-Lagrange
equation (2.2.20) becomes

(2.2.21) G(w)+ G(w+2m(b—a)) + G(w — 2m(b—a)) = 0.

In this case it is easy to show that if one chooses ¢ := —b + 2mB, and any G(w) such that
G(w) = G(w+2m(b—a)) for w € [-b, —¢|, and G(w) = 0 for w € [—¢, —a]U]a, ¢], then G satisfies
equation (2.2.20) and ®[G] = 0 so that G is perpendicular to the closed linear span of A’. This
proves that A’ is not complete, and in fact that there is an infinite dimensional subspace of L?(.9)
which is orthogonal to the closed linear span of A’. Similar conclusions can be reached for the
cases where (m — 3)B < a < mB and a = (m — 2)B. For the case in which a = (m — 1)B,
however, the Euler-Lagrange equation (2.2.20) becomes G(w) = 0, so that there is no non-zero
solution. This proves that there is no non-zero F' € L?(S) for which ®[F] = 0, so that in this
particular case A’ is complete, and A is a set of uniqueness. O

Even more dramatically, using the same techniques as in the proof of the above claim, one
can show that for any € > 0, there exists sets S C R, such that u(S) = e and uniformly discrete
sets A for which D_(A) =1 and yet are not sets of sampling for B(S).

*CLAIM 2.2.6. Let S := [—m,—7m + €| U [m,7m + €] for e > 0. Then the set A := Z is not a set
of uniqueness for B(S).
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PROOF. Z is a set of uniqueness if and only if the set A’ := e”* is complete in L?(S).
Using the same techniques as in the previous claim, it is not difficult to arrive at the fact that if
G € L?*(S) is such that G(w) = —G(w + 27) for all w € [—7, —7 + €], then G is orthogonal to the
closed linear span of A’. Indeed, once one has this example, it is easy to verify directly that such
a G is orthogonal to each element of A’. a

Although I am not aware of a result that proves it, it seems reasonable that there should
always exist sets of interpolation and sets of sampling for B(S) that achieve the lower bounds of
Theorem 2.2.4.

For example, suppose that S, := [—(b+ ¢),—(a + ¢)] U [(a + ¢), (b + ¢)] and ¢ > 0. Then
the uniformly discrete set A = {yn}nez Where y, := ¥ if n is even and y, = (?:_0;))” if n is

odd, and « € (0,1) is always a set of sampling for B(S.) [46]. Such a set achieves the minimum
) = (b;a) — m(Se)

possible density for a set of sampling for B(S.), D~ (A e

2.2.2. Riesz bases and frames of plane waves. The problem of finding sets of sampling
for B(Q) is dual to the problem of finding what are called frames of plane waves for L?[—, (].

A set of vectors {f,} for a Hilbert space H is called a Riesz basis if it is the image of
an orthonormal basis {e,} for H under a linear operator 7' which is both bounded above and
bounded below. Every Riesz basis is clearly complete, and the removal of any element of a Riesz
basis leaves an incomplete set. It is not difficult to show that if {f,} is a Riesz basis, then given
any f € H, the following double inequality holds

(2.2.22) DY I P < IAIP < BY I fa)P.

A frame is any set of vectors that obeys the above inequality (2.2.22). Unlike a Riesz basis, a
frame can be overcomplete. Removal of a vector from a frame may still leave a frame. If a frame
is overcomplete, then not all vectors have a unique representation in terms of the members of the
frame [19] [72].

Now consider the set of plane waves {F,,} C L?[—Q, Q] where F,(w) := e!**. If f € B(Q)
and F is its Fourier transform, then (F, F,) = f(ay). It follows from (2.2.22) and (2.2.7) that
the set {F,} will be a frame for L?[—Q, Q] if and only if {a,,} is a set of sampling for B(2).

Here is a classical result which establishes a sufficient condition for a set of plane waves in
L?[—7, 7] to be a Riesz basis.

THEOREM 2.2.7. (Kadec’s 1/4 theorem) If {\,}52 _
|An —n| < %, then the set of plane waves {e,} where e, (w) = e**** is a Riesz basis of L*|—m, ]

18 a sequence of real numbers for which

Note that if A is a set of uniqueness, then as before, a linear operator which maps the values of
every bandlimited function (taken on the points of A) to the bandlimited function can be defined.
Although this shows that every bandlimited function can be reconstructed from its values taken
on any set of uniqueness, this reconstruction will not be stable unless L is bounded, i.e., unless A
is a set of sampling. As discussed previously, A = {\, }nez is a set of uniqueness for B(Q) if and
only if ¢} is a complete set in L2[—Q, Q).

The following is a classical completeness result about sets of plane waves in L?[—n, 7] [45].

THEOREM 2.2.8. (Levinson) If |\, < |n|+ 2 + 1, then the set of plane waves {en}nez C
L?[—7, 7], where e, (w) = €™ if not complete, becomes complete upon the addition of at most
m new distinct plane waves {emkw}}z;l. (In particular, if m = 0, then the set of plane waves is
complete).
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2.2.3. Distribution of zeroes, rate of growth and completeness. There is a connection
between the distribution of zeroes of an entire function and its rate of growth as one travels outward
from the origin in the complex plane. For example, a polynomial of degree k has k zeroes, and
the higher the degree, the faster its growth, i.e. the faster its maximum modulus function M (r)
grows as r — 00.

The following formula makes this relationship more explicit.

THEOREM 2.2.9. (Jensen’s Formula) If f is analytic on |z| < R and f(0) # 0 then for any
r <R,

1 2 0 B Tn(t)
(2223 3 | wlseetlas =i+ [ M

where n(t) is the number of zeroes of f in the region |z| < t.

For any bandlimited function f, if f has a zero of order k at the origin, then one can always

just consider the bandlimited function g(z) = 2 f(z) which will have all the zeroes f has except

-
for the ones at the origin. Note that g € B(ZQ) since it is still square integrable and has the
same exponential type as f. Furthermore, by rescaling the function, it can always be assumed
that f(0) = 1 to simplify Jensen’s formula. Since any bandlimited function f € B(Q) is an entire
function of exponential type at most €2 it follows from equation (3.4.3) that | f(re?)| < Aefrlsindl,

Using Jensen’s formula, and the fact that n(r) is non-decreasing,

n(r)ln(a) < n(r) /M %dt < /0‘““ @dt

L[ . 2Q
(2.2.24) - %/0 In |f(are®)|dd < InA + :”,
for any a > 1. It follows that limsup,._, ., @ < 2%&, for any a > 1. In fact, it has been shown

that the limit, lim,_, @, exists for any f € B(f2), and that it is always less then or equal to

22 ([45], pgs. 25-26).

Now suppose, for example, that A is any set of real values for which @ > 2% +¢,€¢>0 for
all » > 0 and where n(r) is the number of points of A in [—r,7]. Then no bandlimited function
except for the zero function can vanish on all the points of A. Therefore such a set A will be a

set of uniqueness.
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CHAPTER 3

Approximation of bandlimited functions by bandlimited
trigonometric polynomials

3.1. Bandlimited trigonometric polynomials

An Q—Dbandlimited trigonometric polynomial p of period 2L is a linear combination of the
plane waves e**n® [, := 2T for which |k,| < Q. If |k,| < Q, this implies that |n| < 2L, Let
N := L%J Any such trigonometric polynomial p can be written as:

N
(3.1.1) p(x) = Z prefn,
n=—N

Here |z] denotes the integer part of x. The set of all Q—bandlimited trigonometric polynomials
of period 2L forms a 2[££ | + 1 dimensional subspace By, () of L*[—L, L]. Any Q—bandlimited
trigonometric polynomial of period 2L is clearly holomorphic on the entire complex plane. Since

the functions {e,, }nez, where e, (z) := —t=¢?*%are an orthonormal basis for L?[—L, L], it follows

/ ' V2L
that p,, = ﬁ fprn(x)eﬂk"Idz.

Let B(Q) denote the Hilbert space of functions bandlimited by Q. The Fourier transform
of any element of this Hilbert space is an element of L?[—,Q]. Given a bandlimited function
f € B(9), consider its Fourier series on an interval [—L, L]:

(3.1.2) fl@) =" foen®.

nez

Here k, := % and f, = ﬁ f_LL f(z)e~*n®dx. Now truncate the Fourier series of f on this
interval to remove all the plane waves with frequencies |k,| > . This resulting trigonometric
polynomial,

N
(3.1.3) fn(z) = > faen?,
n=—N

where z € C and N := L%J, will be called the Q-bandlimited trigonometric polynomial (TPg)
version of f on the interval [—L, L]. Tt will be convenient to also consider the functions ¢y :=
fnx;, where X is the characteristic function of the vertical strip |[Re(z)| < L (i.e. X, is 1 on
this strip and vanishes outside of it). The functions ¢n will be called the L—truncated TPg
versions of f. These functions are analytic on the vertical strip |Re (z) | < L. These L—truncated
TPg, versions of a bandlimited function clearly belong to the Hilbert spaces of Q2—bandlimited

trigonometric polynomials B, (Q2) C L*[—L, L].

Let Ay denote the operator on L?(R) which acts as the self-adjoint Laplacian (i.e. minus
the second derivative operator) with periodic boundary conditions on L?[—L, L], and as the zero
operator on the orthogonal complement of L?[—L, L] in L?(R). Further let x; denote the pro-
jection of L2(R) onto L?[—L, L]. Then the L—truncated TPgq version of a bandlimited function
f € B(Q) is just the image of f under the projection operator

(3.1.4) Pro = XrXp,02(AL)XL:
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and Br(Q) = Pr oL?(R). ! This is clear since the eigenfunctions of Az which have support only
on [—L, L] are just the plane waves e?*»* truncated to the interval [—L, L] with eigenvalues k2.
Further notice that By (f2) is a natural generalization of the space of 2—bandlimited functions
to the spatially-limited, finite interval [—L, L] since B(Q) = X[O’Qz](A)L%R) where A is the
Laplacian or minus the second derivative operator on L?(R).

Since a bandlimited function f € B(2) contains no frequencies larger in magnitude than
Q, one may intuitively expect that the TPg version of f on an interval [—L, L] will become an
increasingly better approximation to f as L (or equivalently as N = L%J) approaches infinity.

The results of the following sections will justify this intuition.

3.2. Trigonometric polynomial approximation and superoscillations

It is known that the space of 2—bandlimited functions is dense in L? norm on any finite in-
terval [a, b] [67]. In particular, for any € > 0, there exist so-called superoscillating Q—bandlimited
functions which can oscillate arbitrarily quickly on any finite interval of arbitrary length.

For example, given any finite interval [a,b], and any positive value £ > 0, one can construct
a sequence of ‘spheroidal prolate wave functions’ which are 2—bandlimited, form an orthonormal
basis for the Hilbert space of 2—bandlimited functions, B(2), and which are simultaneously a
complete orthogonal set in L?[a, b] [67]. This means that given any finite interval, one can draw a
continuous function that oscillates arbitrarily quickly, and then find a sequence of Q2—bandlimited
functions that converge to it in L? norm on that interval. Furthermore, one can specify any
values at any finite (but arbitrarily large) number of points and find a bandlimited function which
achieves those values at those points [9] [23]. ? By choosing alternating positive and negative
values on a densely packed finite set of points, one can thus construct a bandlimited function which
displays ‘superoscillatory’ behaviour. That is, the resulting bandlimited function undergoes rapid
changes on length scales much smaller than the shortest wavelength corresponding to the highest
frequency component in its Fourier spectrum.

The phenomenon of superoscillations follows from long-known results of [43] [44] [67]. More
recently superoscillations have been rediscovered in the field of mathematical physics [6], and
are currently a subject of some interest in both the mathematical physics and sampling theory
communities, see, e.g., [2] [9] [23] [34].

The existence of superoscillations shows that in some sense the space of 2—bandlimited
functions has an arbitrarily large number of ‘degrees of freedom’ in any finite interval [—L, L].
Conversely, the set of all Q—bandlimited trigonometric polynomials of period 2L with the L?
inner product on [—L, L] forms a finite 2| 2| + 1 dimensional Hilbert space, B (), so that
any {)—bandlimited trigonometric polynomial of period 2L has only a finite number of ‘degrees of
freedom’ in the interval [~ L, L]. Moreover, since Q—bandlimited functions are L? dense on [—L, L],
there exists a sequence (f,,)%; of 2—bandlimited functions which converge in L% norm to e** on
[—L, L], k := = where |I| can be chosen large enough so that |k;| > Q. Since all 2—bandlimited
trigonometric polynomials of period 2L on [—L, L] are finite linear combinations of the mutually
orthogonal plane waves e*=% for |k,,| < Q, it follows that the f, are converging in norm on
L?[—L, L] to a function orthogonal to the subspace By, (£). That is, for any interval [—L, L] there
exist Q—bandlimited functions whose projections onto L?[—L, L] are arbitrarily close to being
orthogonal to the subspace B () C L?[—L, L] of Q—bandlimited trigonometric polynomials of
period 2L. Even more dramatically, for any interval [—L, L] there exist )—bandlimited functions
which are in fact orthogonal to Br(f2) on [—L, L]. This will be demonstrated in Section 3.2.1.

IHere, if A is a self-adjoint operator and X0 Qg](:r:) is the characteristic function of [0,Q2], the spectral
projection X o2 (A) is defined by the functional calculus.

2Note that this fact follows immediately from the results of Beurling in Theorem 2.2.3 since any finite set of
points is a set of interpolation for 2-bandlimited functions.
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These facts may appear to cast doubt on the idea that any 2—bandlimited function is, in some
sense, the limit of a sequence of Q—bandlimited trigonometric polynomials whose periods become
infinite in length. Nevertheless, for any fixed strictly Q-bandlimited function f, this chapter shows
that the Q-bandlimited trigonometric polynomials (fy)nen, where fy is the TPq version of f,
converge to the bandlimited function f uniformly on any compact set in C. It will be further
shown that the L—truncated TPq versions of f, ¢n := Prof, N = L%J, converge to f in L?
norm on any line parallel to the real axis in the complex plane C. For any fixed {2—bandlimited
function, sequences of {2—bandlimited trigonometric polynomials which converge to it have been
constructed in the past [29] [63]. The sequences considered here, however, can be seen as a more
natural approximation of the original 2—bandlimited function, since they are directly the image of
the original function under a sequence of spectral projections of self-adjoint Laplacians on spatial
intervals of increasing size.

To understand how these results can be consistent with what is known about superoscil-
lations, consider the following. As shown in [23], superoscillatory behaviour comes at a price.
Superoscillations are ‘expensive in norm’. Roughly speaking, the amplitude of the superoscil-
lations in a bandlimited signal is very small relative to the amplitude of the signal outside of
the superoscillating interval, and an increase in the length of the superoscillating interval or the
rapidity of the superoscillations corresponds to a large increase in the norm of the signal. For
a large class of superoscillatory 2-bandlimited signals, if the norm of the bandlimited signal is
fixed, the amplitude of superoscillations decreases polynomially with their wavelength, and if the
wavelength of the superoscillations is fixed, their amplitude decreases exponentially with the size
of the superoscillating interval [23]. This suggests that for a fixed bandlimited function with a
fixed, finite norm, there is an upper bound on how much it can ‘superoscillate’.

The results of this chapter support this. Namely, for any fixed 2—bandlimited function, no
matter how wild its local behaviour is in a given finite interval, if one views the function on
a sequence of intervals of increasing length L, the functions fx := Pr of which belong to the
2L%J + 1 dimensional subspaces Br,(2) of L?[—L, L] become arbitrarily good approximations to
the original bandlimited function in the limit as L — oo.

Most of the results of this chapter have already been published in [47]. See also [64], which
extends the results of [47] to LP spaces.

3.2.1. Proof that B.(Q) = Pr oB(Q). Before proceeding to state the main results of this
chapter, it will first be proven that for any A > 0, B., () is the image of B(A) under the spectral
projection operator Pr . This will prove, in particular, that any Q-bandlimited trigonometric
polynomial can be seen as the truncated T P, version of an 2-bandlimited function. It will further
be shown, as was claimed in the previous subsection, that there exist functions f € B() for which
Prof L x.fin L?[—L,L]. Here X denotes the projection operator onto the subspace L*[—L, L]
of L?(R). The method of proof used here is very similar to that used to construct superoscillating
bandlimited functions in [23].

It needs to be shown that given any 2N + 1 complex values {an}ﬁy:_ ~, and any A > 0 there
exists an f € B(A) such that

1t :
(3.2.1) ﬁ/—L f(x)e *ndy = a,,
for all |n| < N where N := [2£| and k,, := “Z. This will show Pp o f(z) = SNy anethne,

proving that Br(Q2) C ProB(A). That Br(Q) D ProB(A) is obvious.

A A—bandlimited function of minimum norm satisfying the ZL%J +1 constraints (3.2.1) will
now be constructed using variational methods. The Fourier transform of f € L?(R) is defined to
be

(3.2.2) F(w) = % /_OO f(z)e ™" dz.
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The functional to be extremized can be written

[ reF ey 3% o [0 ([ i) e

— sme—kn)
(3.2.3) / F(w)F(w)dw + Z /\n/ F(w ﬁdw.

Setting the functional derivative of ® to zero yields the Euler-Lagrange equation:

(3.2.4) ZW = 0.

Using equation (3.2.1), this becomes
N

A - .
— sin L(w — k;) sin L(w — ky,)
2. = s :
(3:25) CRRP IR IR e e
n=—N

Define
A . .
sin L(w — k;) sin L(w — ky,)

3.2.6 Sin ::/ ! dw.
( ) ’ A Lw—Fk;) Lw—ky)
This defines a (2N + 1) x (2N + 1) matrix S.

Given any p € B (), p(z) = ZJXN pnetfn® on [—L, L], and vanishes outside of [~L, L]. Now
consider the norm of P(w)X(_x ) where P(w) is the Fourier transform of p(z) and x_, ) is the
characteristic function of the interval [—A, A]. Then,

N .
(327) Pl) = 23 m o,
_N n

and,

A 2 -
L smL (w— k ) sin L(w — ki)
2 —
/ | P(w)|*dw 3 E E pnpm/ Llw =) dw

n=—N m=—N

L2

n,m=—

Note that since p(x) vanishes outside of [—L, L], that P(w) is holomorphic on the entire
complex plane. Therefore, if p(x) # 0, P(w) can only be zero on a discrete number of points in

[, Q] which have no limit point so that fi\A | P(w)|?dw must be positive. Thus equation (3.2.8)
shows that S is a positive definite matrix and hence is invertible.

Using the inverse of S in equation (3.2.5) now yields:
o N
(3.2.9) Xe=— Y Sijta
j=—N

Calculating the Lagrange multipliers Ay and substituting them into equation (3.2.4) then yields
the Fourier transform of the desired A—bandlimited function:

(3.2.10) Z Z Sita Smewkk)) w e [—A, A

n=—N j=—N

In summary, given any 2N + 1 complex values {an}ﬁb\]:_ N, one can explicitly construct a
bandlimited function f € B(A) such that its Fourier coefficients f,, = a,, for all m € {—N, ..., N}.
That is, given any p € Br(2) and A > 0 there is an f in B(A) for which Py g2)(AL)f = p.
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Furthermore, the above result also shows that Pr A B (2) = Br(A) for any A > Q. Suppose A
is chosen such that M := [2L| > | 2L | = N. It follows that given the sequence {a, }*._,,, where
ap =1, a, =0 for n # M, there exists an f € B(f2) for which its Fourier coefficients on [-L, L]
obey fn = ay, for all n € {—M,..., M}. Hence, Prof = 0 so that f is orthogonal to B ().
This shows that there exist {2—bandlimited functions which are orthogonal to all 2—bandlimited
trigonometric polynomials on [—L, L] for any L > 0.

3.3. Statement of main results

*PROPOSITION 3.3.1. Any strictly Q—bandlimited function f is the limit of any sequence of
truncated TPgq versions of itself, (pn)5—, where convergence is with respect to the norm of L*(R).

A function is strictly bandlimited by € if it is bandlimited by A where A is strictly less then
Q. Note that there is some freedom in the choice of the sequence (¢y). Since N = [££ ] one
is free to choose ¢y to be the L—truncated TPq version of f on any interval [—L, L] where
L € [§N,&(N +1)). It is assumed that  is fixed so that as N — oo, L — oo. In terms
of the projection operators Pr o and X[o,m](A) discussed in the previous sections, *Proposition
3.3.1 can be rephrased in the following way. The operator PL)QX[O, Az](A) converges strongly to
X[O,Az](A) in the limit as L — oo for any A < €. Since A has purely continuous spectrum, it
is not difficult to show that this implies that (Pr.o — 1)X[9,q2(A) converges strongly to zero as
L — o0.

This proposition will be used to establish the following stronger result.

*PROPOSITION 3.3.2. Given any strictly Q—bandlimited f, any sequence of its truncated TPq
versions (¢pn)X—, converge to f in L? norm on any line parallel to the real azis in the complex
plane. Furthermore, this L? convergence is uniform in any horizontal strip in C.

By the L? convergence being uniform, it is meant that given any horizontal strip Im (2) < B,
and any € > 0, there is an N’ € N such that for all N > N', || f — ¢én||y < € for all |y| < B. Here,

1112 = 7, |f(z + iy)|2de.

The following corollary is a straightforward application of *Proposition 3.3.2.

*COROLLARY 3.3.3. Given a strictly Q—bandlimited function f, any sequence (¢n)¥—, where
N := L%J and ¢n is a truncated TPq version of f on [—L, L] converges uniformly to f on any
horizontal strip in the complex plane.

In particular, this shows that the sequence (fn)nen converges uniformly to the original strictly
bandlimited f on compacta. This next corollary establishes I? convergence of the samples taken
on uniformly discrete sets.

*COROLLARY 3.3.4. Suppose f is strictly bandlimited by Q. If {¢n}3F_, where N := L%J is
any sequence of truncated TPq wversions of [ and A := {yn}nez C R is a uniformly discrete set

of points, then the square summable sequence (On(yn))nez converges to the sequence (f(yn))nez
in 12(Z).

3.4. Proof of Results

The following basic facts and inequalities for bandlimited functions will be useful in estab-
lishing the results.

For the remainder of this chapter, the Fourier transform f € B(f2) of F € L?[—Q, Q] will be
defined as

Q
(3.4.1) flz) = /_Q F(w)e™ dw = €R.
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If f € B(Q) is the transform of F € L?(—$,Q), then || f|| = V2| F||.

Recall, as shown in Subsection 2.1.2, that

Q’I’L
() =
(342) 17 < <= 171

and that if z = x + 7y then,

(3.4.3) 1™ (2)] < Q”ﬁeg'yllﬁ

Similarly, if fx is the TPq version of f on [—L, L] then

4 N 2 N N
WP = | 30 Ialika) ™2 < 37 St 37 ke
n=—N n=—N n=—N
N
(3.4.4) < @N 41PN g2
n=—N

Using the fact that N = L%J it follows that 2N 4+ 1 < QQW—L + 1. Therefore for all N,

N
4. D)2 <MW (24 — 2L 2,

(34.5) PR <e T )t X I

Using the fact that 2L [ fu2 <200 |ful? = ffL |f(x)|]2dx < ||f|* for all N € N, it

follows that

(3.4.6) 119 (2)] < CQie| £

where C? := (% + ﬁ)

3.4.1. Proof of *Proposition 3.3.1. The following basic facts about uniform convergence
and interchanging limits will be needed ([62], pgs. 148-149).

THEOREM 3.4.1. (Weierstrass M-test) Let {f,}32, be a sequence of functions defined on a
set E. Suppose that | f,(x)] < M, for all x € E and all n € N. Then the sequence of partial sums
ZnN:1 [n(z) converges uniformly on E if Y~ | M, converges.

THEOREM 3.4.2. Suppose that f, — [ uniformly on E. If t is a limit point of E and
limg_; fn(z) = Ay for every n € N then (An)S2, converges and limg,_¢ f(t) = limy, oo Ap.
That 1is,

lim lim f,(z) = lim lim f,(¢).

Tr—1tn—oo n—o0 r—t

Using these two results it is straightforward to establish the following fact that will be used
in the proof of *Proposition 3.3.1.

THEOREM 3.4.3. Suppose (fnm)sm=1 5 a doubly infinite sequence of functions defined for all
x € E and | fum(x)| < My, for all z € E where Y My < 0o. Then if t is a limit point of

n,m=1
E,
o) N M
g O foml@) = Jum fim D D L fo (o)
n,m=1 n=1m=1

The following lemmas will be helpful in establishing *Proposition 3.3.1.
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*LEMMA 3.4.4. Let N := [2£]. If [n| > N, then the n'" Fourier coefficient in the Fourier
series of a function bandlimited by Q on the interval [—L, L] is given by the formula

(1)) & fG-D (L) — f-D(—L)
2L < (ikn )i ‘

Jj=1

fn =

In other words, the Fourier coefficient of any plane wave €!*? in the Fourier series of f € B(2)
n [—L, L] with frequency |w| > Q is given by the above formula.

PROOF.

L
(3.4.7) fn = i/_L f(x)e Hn®dy

Integrating by parts yields

_ fl@)em ik
2Lf, = . / f(@)e *rrdy
_ f@e *f( L) " o—ikna
(3.4.8) = . + o / f(x da.

Repeatedly integrating by parts gives

a1z, - CUTD=IE) | U rer)
(_1)(n+1) (f(j_l) (L) - f(j_l)(_L)) 1 o (@) T e—ikﬂz T
" (iFn)) " (k) /,Lf (e)e™"d
n+1 L, fm-D(L) — fOnD(-L) 1 g ) () o= hn oy
b Z (ikp)m * (iky )7 /—Lf (=) -

Define S; := (—1)n+1 J F O D) . Then

m=1 (Z n)

g [, 1 < [ 10 e

Assume without loss of generality that ||f| = 1. Using the bound (3.4.3) on the j** derivative of
f at any point on the real line, equation (3.4.10) becomes

(3.4.11) 2Lf, — S|<\/><|k |) / da = [ (@L)j

Since |k, | > Q for all |n| > N, it follows that

, Q Q\’
(3.4.12) lim |2L0f, — S;| <2L 4/— lim | — ) =0,
J—00 T )J—00 |]{,‘n|

establishing the claim. |

<

(3.4.10) 2Lf, — ;| =

LEMMA 3.4.5. The functions g,(z) = x™(—=1)"*Ye, (x) are monotonically decreasing func-
tions of x for x > 0, for every n € N. Here 1, (z) = % InT'(z) is the nt™ polygamma function

PRrOOF. For all z > 0 the n*® polygamma function is given by the formula [1]:

(3.4.13) P (2) = (4)”“/

o l—et

o0 tnefwt

dt.
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Hence, the function g, (z) is given by the formula

o] (xt)ne—wt /OO yne—y
3.4.14 ——dt = ——dy,
( ) /0 1—et o (1l —ev/x) Y
where the last equality follows by making the change of integration variable y = tx which is valid
for all © > 0. Now consider the function h(z) = W where a > 0. This function appears in

the integrand of (3.4.14), and is monotonically decreasing for € (0,00). To prove this first note
that this is obvious for the trivial case « = 0. Now assume a > 0. The derivative of h is
—z(1 —e") 4 ae= /"
23(1 — e~a/%)
The function h is monotonically decreasing for z > 0 if and only if A’ is negative for all z > 0

which happens if and only if the numerator of h’ is negative for x > 0 since the denominator is
always positive for z,a > 0. This happens if and only if

(3.4.16) x> (x4 a)e” "

(3.4.15) B (z) =

for all > 0. Dividing through by a and letting w = x/a shows that this inequality is satisfied if
and only if w > (w + 1)e~/* or equivalently if and only if e!/“w > (1 4 w) for all w > 0. This
inequality is easily established since we'/* = w (1+1/w+Y 0y =) > w+1 for all w > 0.
Thus, since h is monotonically decreasing for all x > 0, it follows that

> 1 *° 1
3.4.17 n = e Y dy < eV —————dy = gn(),
3417 gulet = [ v i < [ ey = 0u(a)

which shows that g, (x) is monotonically decreasing on (0, c0). O

*Proposition 3.3.1 will now be proven.

PROOF. (of *Proposition 3.3.1) Suppose f is bandlimited by A < Q, and assume without

loss of generality that || f|| = 1. Let ¢ be the truncated TPg, version of f on an interval [—L, L],
N =[],

Then
(34.15) 15 =onl? = [ If@Pds+2L 3 |5
|2|>L In|>N
. 1 L ik, x . th . . . .
The coefficient f, = 57 [7; f(z)e”" *dx is the n*™™ coefficient in the Fourier series of f on

[-L,L]. As N — oo, L — oo, and the integral in (3.4.18) vanishes in this limit as f is square
integrable. Thus, to show that ¢y converges to f as N — oo, one needs to show only that
imp o 2L 3,5 N |fnl? = 0. It will be proven that limy e 2L Y, -y [fn|> = 0. Showing that
the limit of the other half of the sum vanishes uses similar logic.

Let S(L) :=2L%° ., |fn|?. Using the formula from *Lemma 3.4.4 this becomes

(G-1) (-1) “r=1) (L) = frr=1 (=
(3.4.19) QLZZZ (f — fUTEL) (fTOE) - (L)

7,J+T(k;n)]+7"

n>N j=1r=1

It will be useful to interchange the orders of summation in S. To show that this is valid, it
must be shown that S converges absolutely, i.e., it must be shown that

(G- (G- *(r— *(r—
(3.4.20) . QLZZU D(L) — fU=D(=L)| | f*=D(L) — =D (= )\<OO)

NS N j—1 (k‘n)3+r

for any fixed value of L > 0. Now,

1 o ([S9V@)]+ 19 (=LD)) (IF=@)] + [f D (=L)))
(3.4.21) T<o; SN NG .

n>N j,r=1
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Using the fact that | () (z)] < \/gﬂjﬂf” = \/ng as shown in equation (3.4.3), it follows that

\/79] 1 (\/797"71)
T = 271—L Z Z k’f+]
n>N j,r=1
r+j

(3.4.22) = ﬂm > Z ( >

n>N j,r=1

Again, since k,, > Q for all |n| > N, the above sums in j and r are convergent geometric series.
These series are easily evaluated, and yield the expression

720 1
(3.4.23) WLQ Z <1_Q/k)> T L 2 (kn — Q)2

n>N

Now N := [2£] g0 that N+1 = 2L 4§ where 1 > § > 0. Lettingn = s+ N+1 = (s+0)+ 2L
and using that k,, = %" the sum in (3.4.23) becomes

20 & 1 20L & 1
T < — 5 < —3 2
L = S ((s+0)T+0-0Q) T = (s +0)
20L [ 1 =1 20L 1 1
3.4.24 < 2 = == - .
( ) S 3 (52+§sz> - (5272+6)<oo

This shows that S(L) converges absolutely for any fixed L so that the orders of summation
can be interchanged. Therefore

L& (@ -9 ED) (PO @ - D) &
S(L) = LZ< >ZJ<+ )Z rE=

r=1 s=0 "Ys+N+1
(3.4.25) = i

The sum farthest to the right can be written

oo o0

o 1 1 L Jj+r oo 1
(3.4.26)  S(L):= = - () S S
ZkijrquLl Z::O (s+oT+)y A= X::O (s+8+ 2Ly

The n'" polygamma function can be expressed as ¥, (z) = (—1)"*n! 372 W [1]. Using

the polygamma functions, S can be written as

S(L) <J;>HT (*U”’”ﬁww_l <QL + 5>

G —

Substituting this expression into that for S;,(L) yields

(£979@) = 19700)) (FO7L) = FOOL)) syt
Q=10 +r — 1)! (i)itr2m(—1)i+r (7)

oen ()

To show that the limit as L — oo of the double sum S(L) = >°7 _; Sj-(L) vanishes it will

be shown that the conditions of Theorem 3.4.3 are satisfied so that this limit can be interchanged
with the summations. That is, it will be shown that S;.(L) < Mj, for all L € [§,00) where

ZOO Mjr < 00.

J,r=1

(3.4.27)

IN

|1S5r(L)|

™

(3.4.28)
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By *Lemma 3.4.5, the expression g;4,_1(££) := (%)Hr_l (—1)7 401 (££) is a mono-
tonically decreasing function of QL for all QL > 0. Hence, for fixed 2 and all L > 0, this
expression is a monotonically decreasmg functlon of L. In particular gj4,— 1( ) < Gjtr—1(1) =
(=1)7+7¢p;,—1(1) for all L in the interval [Z,00). Using this fact and that |fU)(z)| < \/gAJ,
since f is bandlimited by A < Q, the summand S;,(L) is bounded by

1 A JA ) (ST (1)
(L) < =2 /=N7H]2(/=ATH] & I
Sir(L) < 27 ( ™ ) ( ™ QA=+ r—1)!

2 (AT ()Y,
(3.4'29) _ e - ( ) wj-i- 1( )

w2\ Q (G+r—=1)
for all L € [%,00). Finally, using the identity ¢, (1) = (—1)""'n!((n + 1) [1] for all n € N and
the fact that the Riemann zeta function ((n) = > =, k% is clearly monotonically decreasing for
all n € N, we have that 1,,(1) < (=1)"T1nl((2) = (71)"+1n"r for all n > 1. Therefore,

(=1 "y (1) _ 72
4. < —
(8.4.30) Grr—Dl =6’
so that,
1 A Jj+r—1

for all L € [§, 00), and
. 2
[e'S) 1 o) A Jj+r—1 A 1
Jir=1 Jir=1 Q

This shows that the conditions of Theorem 3.4.3 are satisfied so that the limit as L — oo can
be interchanged with the double sum:

<

R

oo

(3.4.33) Llim S(L) = Lhm Sir(L) = 11m Rhm ZELhm Sir(L
j,r=1 j=1r=1
w1190 (100 @) + If”‘”(*L)I) P—
< lim lim : - u
J,R—»oojT:1 LSoo 2 Qi+r—1 (G+r—1)
J,R
< im0 e dm (17970 @1 900 (15 @)+ Y )
- J,R—o0 : 12 Qitr=1 oo ’
J,r=1

This limit is zero since each fU) is bandlimited so that limy .. [f¢)(%L)| = 0. Since S > 0
this shows that limy_,., S = 0. O

The above proposition can be applied to any bandlimited function by noting that if f is
bandlimited by € it is strictly bandlimited by any I" = Q 4 ¢ where € > 0 is arbitrary.

3.4.2. Proof of Proposition 3.3.2. The following theorems will be needed in the proof of
this proposition ([72], pgs. 83, 93-94).

THEOREM 3.4.6. If f is an entire function of exponential type and if f(x) — 0 as |z| — oo
then f(x 4 iy) — 0 as |z| — oo uniformly in every horizontal strip.

THEOREM 3.4.7. (Plancherel - Pélya) If g is an entire function of exponential type Q and if

for some p >0,
/ lg(x)|Pdx < 0o

—00
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then

/ gz + ig)Pde < M / lg(@)Pda.

— 00 — 00

Given a strictly Q-bandlimited function f, and b € R, define gy(z) := f(z + ib). Then g, is
an entire function since f is. Let g, n(2) be the Q bandlimited TP version of g, on [—L, L], i.e.

N
(3.4.34) gp.N(2) = Z Gy.ne'Fn*
n=—N

where N := | 2L ] and g;,, == 5% f_LL gp(z)e”*n®dx. Finally let vp.,(2) = X1 (2)gb.n(2).

*LEMMA 3.4.8. Given g, as described above, any sequence of the truncated TPgq functions
{.n}3¥_; converges to gy, with respect to the L? norm on R. That is,

oo
(3.4.35) lim lgs(z) — .5 (2)|?dx = 0.
N—oo — o
Furthermore, this L? convergence is uniform on any horizontal strip i.e. V|b| < B where B > 0
is fized, in the same sense as described following the statement of *Proposition 3.3.2.

Since gp is just a vertical translation of the strictly bandlimited function f, an equality similar
to (3.4.3) holds for gy:

. ) . Q .
(3.4.36) 9@ =D +iBE < e 2,

Since the proof of *Lemma 3.4.8 is very similar to that of *Proposition 3.3.1, its proof will be
merely sketched here.

3.4.2.1. Sketch of proof of *Lemma 3.4.8. Using the bound (3.4.36), it is straightforward to
verify that the following formula directly analogous to the one proven in *Lemma 3.4.4 holds for
all [n| > [£L]:

(_1)n+1 e 1
2L &= (iky)i

J

(3.4.37) Gom = (f<j—1) (L +ib) — fU=D (L + z’b)) .

Now the difference in norm between g, and ~, v is
(3.4.39 oo =0l = [ Jop(a)Pdz 2L Y lgnal
|z|>L [n|>N

By Theorem 3.4.7, on any fixed horizontal strip |Im (z)| < B in the complex plane, the inte-
grals flr\>L lg»(z)|?dz converge to zero uniformly as L — oco. Repeating the same steps as in
*Proposition 3.3.1 then leads to the following equation, similar to equation (3.4.34):

Jim 21 > 1gonl?

n>N
J,R -
: : (G-1) ; G- (_ ;
= J,}%Tooj; Toqitr—1 Am ('f (L) + [ (=L + Zb)')
(3.4.39) x (|f('"_1>(L +ib)| + [fV(—L + ib)\) .

By Theorem 3.4.6 it follows that this quantity also converges uniformly to zero for all |b| < B
for any fixed B.

*Proposition 3.3.2 will now be proven. For convenience, let || f|]2 := 25 1 f (@ + iy)|Pda.
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PROOF. (of *Proposition 3.3.2) Let B > 0 be arbitrary. To show that the sequence of
truncated TPq functions {¢n = X fn} converge in norm to f on any line x + ib parallel to the
real axis, uniformly for all [b| < B, it suffices to show that [*_[¢n(x + ib) — v~ (2)[*dz — 0
as N — oo uniformly for [b] < B where 7y is the truncated Q-bandlimited TP version of
g(2) = f(z + ib). This follows since by the previous lemma,

(3.4.40) /OO |f(z +ib) — vo.n(z)>dz — 0

— 00

uniformly for |b] < B, as N — oco. Now,

(3441) x-|—zb Z f' elk (z+1ib) Z f e —knb zk x

where f, = 5+ f_LL f(z)e Hnody.

Therefore,

%) N
(3.4.42) / o (x + i) — yn (@))Pde = 2L Y [ fue 0 = gl
e n=—N

Recall that gy, = 5~ f_LL f(x +ib)e~*n=dz. Thus,

—k b L )
/ f(z _Zk"xdx / flx+ ib)e"k"’”daﬁ
3L ),

L L
efkrnb\/ f(z)efiknzdx o efknb/ f(l’ + ib)efikn(fml’ib)dx
—L —L

|fne_knb - gb,n|

2L

(3.4.43)

IN

L
x)e” HFntdy —/ f(x + ib)e~hn@+ib) goe | |
~L

Now consider a counterclockwise oriented rectangular contour S in the complex plane with
vertices (—L,0), (L, 0), (L b) and (— L b). The function h(z) = f(z)e~%"% is entire, and so by
Cauchy’s theorem, [¢h(z)dz = [ f(z)e”*nZdz = 0. Therefore,

L
/ flx)e Zk""”dx—/ f(z+ib)e —ikn (241b) g
"y

b
(3.4.44) = / f(=L + iy)e HFn=L+) gy / F(L + iy)eHFn B+ gy
0 0

Substituting this into equation (3.4.43) yields

| e = g
/ F(=L +iy)e”*nCEH gy — / FL + iy)e”nEF0) dy
0 0

BeQQB
2L

(3.4.45)

IN

(be[ max 5 |f(—L+1ib)| + ber[lz%%B] |f(L+ zb)|> :

28



Substituting this inequality (3.4.45) into equation (3.4.42) yields

— 00

00 N
/ on (@ +b) = n (@)Pds =20 3 |fue b — g 2
n=—N

N B240B

2
<2L E ——— | max —L+1b)| + max L+
T4~ (2L)? (be[%,B] e i) be[j;’,B] 7 Zb)')

IN+1 5 on ) )’
-2 7B —L+ib L +1b
57 e be?i%’fm'f( +ib)| e |f(L + ib)|

Q. 3\ pooaos , o)
(3.4.46) < (ﬂ + 2L> B%e ber[r—l%),(B] |f(—L 4+ ib)| +belfr_1&}3>7<3] |f(L+1ib)] | .

This same upper bound holds for all || < B. Since f is bandlimited, Theorem 3.4.6 implies
that this goes to zero uniformly for all [b] < B in the limit as L (or equivalently as N) goes to
infinity.

O

Using this result, it is straightforward to establish uniform convergence on any horizontal
strip in the complex plane.

3.4.3. Proof of corollaries.

PROOF. (of *Corollary 3.3.3) Assume the contrary. That is, assume that there is a horizontal
strip § := {# € C | [Im(z)| < B} on which the sequence {¢n} of L—truncated TPq versions
of a strictly bandlimited f € B(£2) do not converge uniformly to f. Then there exists a number
€ > 0 such that for every N € N there is an N’ > N and a point zn/ = zn/ + iyns € S for which
|f(zn7) — &N+ (2n7)] > 2¢. Using the bounds (3.4.6) and (3.4.3) it follows that

(3.4.47) 11'(2) = & ()] < f ()] + @ (2)] < KIS := M

for all z € S, where M < co. Now choose N := LQTZJ so large that for |z > L, | f(x +iy)| < € for

all |y| < B. This can be done by Theorem 3.4.6. This shows that for all N > N, if || > Ly and
x4+ iy € S then |f(z + iy) — én(x + iy)| = |f(z + iy)| < e. Therefore the points zy- lie in the
rectangles |z| < Ly, ly] < B for all N’ > N.

Now the difference function gy = f — ¢~ is analytic for all z = x + iy such that |z| < L’
and continuous for |z| < L'. Consider a point w = x + iyys € S for which |w — z2n/| < 17.

Now consider

(3.4.48) lgn'(w) — gn7(2n7)| =

Tt
/ g (t iy )dt] < fw — 2y M < e,
where the bound (3.4.47) was used.
Therefore,
(3.4.49) € > |gn/(w) — gne(2n)| 2 lgne (zv0)| = [gnr (w)] > 2€ — |gn (w)],
so that |gn'(w)| > € for all w = x + iyn- such that |z — xn/| < 7. It then follows that

/ |f (@ +iyn') — o (z + dyns) | de

— 00

IN’+T;J 2
(3.4.50) > / g - i) > > 0.

N/
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In conclusion, for every N € N there is an N’ > N for which | f — ¢n/|ly,, > % > 0 where
lyn’| < B for all N’. This is a contradiction since || f — ¢n||, goes to zero uniformly for all y < B
in the limit as N — oo by *Proposition 3.3.2. ]

*Proposition 3.3.2 can again be applied to prove *Corollary 3.3.4. The proof of this corollary
is very similar to that of Theorem 17 in [72].

PROOF. (of *Corollary 3.3.4) Let f be strictly bandlimited by € and let {fn}%_; be a
sequence of TP, versions of f. Let A := {y, }nez be a uniformly discrete set of real points. Then
A has no limit points, and there exists an € > 0 such that |y, — ymm| > € for all n,m € Z.

Now

(3.4.51) S =@l = S0 @+ S 1) — on(wa)l.

nez n¢[7L»L] yne[fL’L]

Recall that ¢ = X fn. Since the sequence (f(yn))nez is square summable, the first sum in
equation (3.4.51) will vanish in the limit as N (or equivalently L) approaches infinity. Therefore,
to prove the corollary, it needs to be shown that the second sum also vanishes in this limit.

Let gy := fv — f. Since fy — f is entire, |gn|? is subharmonic for any p € N. Given any zg
in C it follows that

1 2 )
(3.4.52) lgn (20)|P < o / lgn (20 + e [Pdb.
For a description of subharmonic functions and their properties, see for example [60]. Multiplying
both sides by r, integrating from 0 to § and then switching from polar to cartesian co-ordinates

gives

1
(3.4.53) vl <= [ [ lan@)Pdsdy
m |z—2z0|<8

Here z = Re (2) and y = Im ().

Therefore,
1
> lonwa)l? < W Z // lgn (yn + 2) [P ddy
yn€[—L,L] T —L,L] 2]
1 Yn+9 ) 5
(3.4.54) < 5 Z / / lgn (x + iy)|“dxdy.

yn€[—L,L] n—9

Letting § = £, the integrals in the above sum (3.4.54) become pairwise disjoint so that

L+6
S ol < s [ [ et Py

ynE[_LvL] (L+6)

)
(3.4.55) - =/ / Ufn(e+in) = o+ i) Pdady

10 , .
+ 2 / / |fn(z + iy) — fz + iy)[*dzdy.
702 J_s JL 45> (al>L

By *Proposition (3.3.2) the first double integral in equation (3.4.55) converges to 0 in the
limit as IV approaches infinity. The second double integral can be bounded in the following way.
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First observe that the triangle inequality implies that

( [ i - fa ¢y>|2dx>
L+6>|z|>L
( / |fN<x+z'y>|2dx> +< / If(x+iy)|2dx>
L+6>|z|>L L6>|z]>L
- (/ |¢N<x+z'y>|2dx> +< / f(x+iy)|2dfv>
L>|z|>L—6 L+6>|z|>L

In the last line the fact that fy is the 2L periodic version of ¢ was used. Using Theorem
3.4.6 and *Proposition 3.3.2, it is not difficult to see that this vanishes in the limit as N (and L)
approach infinity, uniformly for |y| < §. It follows that the second double integral in the last line
of equation (3.4.55) vanishes in this same limit, proving the claim.

1
2

Nl=

(3.4.56)

IN

Nl

O

*Corollary 3.3.4 and *Proposition 3.3.1 immediately imply the following sufficiency and ne-
cessity conditions for a uniformly discrete set of real points A to be a set of sampling for B(£2).

*COROLLARY 3.4.9. Let f, A and the sequence (¢n) be as in the previous corollary. Suppose
that there is an N’ € N such that for all N > N’,

) L oo
(3.4.57) B Y lonP > [ lon@Pde =0 3 ont)P

n=—oo n=—oo

where 0 < b < B < oo are independent of the choice of strictly bandlimited f € B(Q). Then
A ={yntnez is a set of sampling for B().

Conversely suppose there exists a non-zero strictly bandlimited f € B(2) such that for any
C > 0 there is an N’ such that if N > N’, then

L oo
(3.4.58) | lon@lde>c Y fonu)P

Then A is not a set of sampling for B().

The sum in equation (3.4.57) contains only a finite number of non-zero terms since for each
fixed N = [2£] the functions ¢y vanish outside of [—L, L] and there is a smallest non-zero
distance between any two points of A.

ProoF. By *Proposition 3.3.1, the middle term of equation (3.4.57) converges to the norm
squared of f as N — oo, while the left and right hand sides converge to the square sum of the
samples {f(A,)} times B and b respectively in the same limit by *Corollary 3.3.4. This proves
that

(3.4.59) BY 1f ) = 112 =0 | (yn)l?

ne”Z neZ

for all f € B(Q) that are strictly bandlimited. Since strictly 2—bandlimited functions are dense
in B(Q) it is not difficult to show that the inequality (3.4.59) holds for all f € B(Q2). The converse
statement is similarly straightforward to establish. g
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3.5. Discussion

Corollary (3.4.9) of the previous section shows that uniformly discrete sets of points which
are sets of sampling for the subspaces By, () of Q-bandlimited trigonometric polynomials for all
L will also be sets of sampling for B(Q2) provided certain conditions are satisfied. This rela-
tionship between the reconstruction and interpolation properties of {2-bandlimited trigonometric
polynomials and those of 2-bandlimited functions will be discussed in more detail here.

3.5.1. Reconstruction and interpolation of bandlimited trigonometric polynomi-
als. The study of the reconstruction and interpolation properties of 2—bandlimited functions has
been an active area of research for many years. Determining what properties a discrete set of real
or complex values A := {y,}necz must possess in order to be a set of sampling, uniqueness, or
interpolation is in general very difficult (see, e.g., [43] [19]). On the other hand, finding sets of
sampling and interpolation for 2—bandlimited trigonometric polynomials is easy. Interpolation
and reconstruction of 2-bandlimited trigonometric polynomials is straightforward and intuitive
since they form a finite dimensional Hilbert space. Any element p of Br(€2) can be written as
p(z) = Zg:_aneik"Z where k;, := %% and the sequence of complex numbers {pn}__ is arbi-
trary. Since each element of By, () has 2N 41 ‘degrees of freedom’, the 2N + 1 Fourier coefficients
{pn}N__ 5, one may intuitively expect that any p € B () should be perfectly reconstructible

from its values taken on any 2N + 1 values in the interval [—L, L). Indeed, if p € Bp(2) then
letting w := e?*»* it follows that w™p, (w) = Ziﬁo prw™. Since this is a polynomial of degree
2N, it follows that it has at most 2N zeroes, and hence that the function p,(w) has at most 2N
zeroes, so that p,, () has at most 2N zeroes in the interval [—L, L]. It follows that the linear oper-
ator which maps the 2N + 1 Fourier coefficients {p, }__\ of p € B1(Q) onto the 2N + 1 sample
values {p(yn)}"__, where {y,}__ are any 2N + 1 points in [-L, L), is invertible. Therefore,
given any 2N + 1 points {y,} in [-L, L), any element of By () is perfectly reconstructible from
the values it takes on those points, and given any 2N 41 complex values {a,, }, there is an element
of By, (f2) that takes those values on the points y,, p(yn) = an. In summary, any 2N + 1 points
in the interval [—L, L) is both a set of sampling and a set of interpolation for By (2). Note that

since By, () is finite dimensional, any set of uniqueness is automatically a set of sampling.

3.5.2. Condition number of the reconstruction matrix. *Corollary 3.4.9 provides some
information on the relationship between sets of sampling for B(2) and sets of sampling for By, ().
For example, let A := {y,, } be a uniformly discrete set of real values such that for all N > N’ € N
there are at least 2N + 1 points of A in the interval [~Ly, Ly) where & < Ly < Z(N + 1).
Then for each N > N’ the set of points AN [—Ly,Ly) is a set of sampling for By, (£2). Now
consider the matrix M which maps the 2N + 1 sample values of ¢ € Br, () onto the 2N + 1
Fourier coefficients, {¢,}__\ of ¢. Here

N eiknz
(3.5.1) o(x) =) on—rs
20 oL

and

L —ikpx
(3.5.2) by = /_L gzﬁ(x)e\/ﬁ dz.

It follows that M ﬁl = e\;;%l

in previous sections. Now suppose that A satisfies the assumptions of the first part of *Corollary
3.4.9 so that

. Note that the Fourier coefficients are scaled differently here then

1 N N 1 N
(3.5.3) 3216l 2D 1owa) P 2 5 Y [6ul® ¥ 6 € Bry (@)
—N —-N —N
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where b, B are independent of N > N’. This shows that the condition numbers (the ratio of the
largest to the smallest eigenvalue) of the matrices M which map the sample values {¢(y,)}y
onto the Fourier coefficients {¢,})__, where ¢ € B, (), are bounded above by B/b < oo.
Thus the first part of *Corollary 3.4.9 can be restated in the following way. If A is a uniformly
discrete set of real points, and there exists N’ € N such that for all N > N’, the condition numbers
of the matrices which map the sample values of ¢ € By, (2) onto the Fourier coefficients of ¢
(as defined in equation (3.5.2)) are bounded above by some C' < oo, then A is a set of sampling
for B(2). In other words, if the condition numbers of these finite dimensional matrices which
reconstruct elements of By, (2) from their samples taken on points of A do not diverge in the
limit as N — oo, then A is a set of sampling for B(2). This is exactly what one would expect.

3.5.3. Outlook. My original motivation for approximating bandlimited functions with trigono-
metric polynomials was to see whether I could prove necessary and sufficient conditions for a uni-
formly discrete sequence of points A := (A\,)nez C R to be a set of sampling for B(£2). Although
the result of Beurling, Theorem 2.2.3 characterizes sets of sampling for B(§2) almost completely
in terms of a suitable notion of density, D_(A), this theorem makes no conclusion about whether
or not A is a set of sampling if A has the critical density D_(A) = % Since, as discussed in
Subsection 3.5.1, sampling theory for the finite dimensional space B (f2) is particularly simple,
my original aim was to see whether facts about sampling theory and sets of sampling for B(Q)
could be derived from those of the simpler By, () in the limit as L — oo. Note that my goal here
was not just to rederive and extend known results about sets of sampling for B(Q2), but also to
try to develop a method for proving such results that would readily generalize to prove analogous
results for bandlimited functions on manifolds.

The proof of *Proposition 3.3.1 showed that the operators (Pr(£2) — 1)xo,q2)(A) converge
strongly to zero as L — oo. Here Ay, was the direct sum of the Laplacian with periodic boundary
conditions on [—L, L] and the zero operator outside of this interval, Py (£2) was the projector
X X[0,02](AL)XL, X was the projection of L?(R) onto L?[—L,L] and A was the Laplacian
(minus the second derivative operator) on L?(R). Later, in Chapter 5, we will actually prove that
X1 X[0,02](AL) X, converges strongly to X[ gz(A) in the limit as L — co. One would expect that
the choice of boundary conditions on [—L, L] should not matter provided the resulting Laplacian
is self-adjoint. Furthermore, one may expect that for any k € N and f € B(Q), the k' derivative
of the T'Pg approximation fy of f on [—L, L] should converge in norm to f*) as N — oo. Both
of these conjectures are true, and although they can be proven using the elementary techniques of
this chapter, we will delay their proof until Chapter 5 where they will be immediate consequences
of a more general result.

Since any 2N + 1 points in [—L, L], where N := L%J, is a set of sampling for By (2) :=
P oL*(R), and (as will be proven in Chapter 5), Pr.o 2, Pq, this suggests that any uniformly
discrete set of points A which has at least 2N + 1 points in any interval [—L, L] should be a set
of uniqueness for B(2) and that if A is such that it always has fewer then 2N + 1 points in any
subinterval of length 2L, that it is not a set of sampling for B(€2). While this may seem intuitive,
and is in fact true by Theorem 2.2.3, the strong convergence of the Pr, o to Pn does not appear
to be enough to establish this.

For example, suppose that A is such a set of points as described above which has fewer then
2N +1 points in any subinterval of length 2L. Then AN[—L, L] is not a set of sampling for Br,(Q2)
for any L > 0. This means that for any L > 0 there is a function 0 # p;, € Br(€) such that
pr(An) =0 VA, € An[—L,L]. Without loss of generality, it can be assumed that for each such
L, |lpr]| = 1. To prove that A is not a set of uniqueness for B(2), one would need to show that
there exists a 0 # f € B(Q) such that f(\,) =0 VA, € A. If it were true that P o converged
to P in norm, this would imply that given any € > 0 and f € B(Q) there is a L’ > 0 such that
L > L’ would imply that ||f — Praf|| < € so that ||f|| > 1 —e. In this case, choose L > L’
and f € B(Q) such that P of = pr. From equation (3.4.55) in the proof of *Corollary 3.3.4,
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it would then follow that Y ., [f(Mn)* = X,cz 1L (M) — f(An)[* < €. This would then prove
that A is not a set of sampling, as given any B > 0, one could choose € > 0 small enough so that

I£1? > (1= €)* > Be* > B}, oz [f(An) .

However, I can only show that Pr o 2 P, in the strong operator topology, and it is not
difficult to see that P o cannot converge in norm to Pn. To see this, recall that given any
g € L?[a,b] and € > 0, one can find an f € B(f) such that ||(f — 9)Xjapll <€ Given any L >0
and € > 0 choose g € L?[—2L,2L] such that ||g]| = 1 and such that lgx(—r,ll < € Then one
can find an f € B(Q) such that [|(f — g)x(_2r2r)ll < € It follows that [|f|| > 1 — 2¢ and that
[1Po — Proll > [(Pa— Pro)fll 2 1 fX(—co,Lyur,00)ll = [ fIl — 26 >1 —4e. Since € > 0, it follows
that norm convergence is not possible.

In summary, although it may seem intuitively clear that the results of this section should
be useful for proving facts about necessary and sufficient density for a uniformly discrete set of
points to be a set of sampling for B(2), actually proving such results using the techniques of this
chapter has turned out to be more subtle and difficult then I had originally anticipated.

For a possible approach to strengthening the results of this chapter to prove results on neces-
sary density of sets of sampling for B(2) and for bandlimited functions on manifolds, see Appendix
A. Tt may be useful to first read Chapter 4 and Chapter 5 before doing this.
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Part 2

Sampling theory on curved manifolds



A co-ordinate system independent bandlimit

In the Introduction, Chapter 1, physical motivation was provided for a co-ordinate system
independent generalization of bandlimited functions and sampling theory to curved manifolds.

Such a generalization is easily accomplished if one first makes the following observation. The
space B(Q) of Q—bandlimited functions is clearly an invariant subspace of any power of the self-
adjoint derivative operator D := i% in L2(R). In particular, if A := —%, it is straightforward
to see that B(Q) is the range of the spectral projection xjog2;(A). Roughly speaking, this
projection projects onto the subspace spanned by the non-normalizable ‘eigenvectors’ to A whose
‘eigenvalues’ lie in the interval [0,92%]. Indeed, the non-normalizable eigenvectors of A to the
eigenvalues |w| > 0 are the plane waves e™™? and if f € B(Q), then f can be seen as an
uncountable ‘linear combination’ of these eigenvectors:

Q
(3.5.4) f(z) :/ F(w)e™®dw.
-Q
Since the operator A = —% is the Laplacian of the real line, it is clear how the notion of

a bandlimit can be naturally generalized to an arbitrary manifold in a co-ordinate system free
manner. Given an arbitrary C'*° Riemannian or psuedo-Riemannian manifold M, simply define
B(M, ) to be the image of L?(M) under the spectral projection X[—02,02](A) of the Laplacian or
d’Alembertian A of the manifold M. The subspaces B(M, ), where M is a Riemannian manifold
with bounded curvature were first studied in the context of sampling theory by Pesenson [55].
Pesenson has proved that elements of the spaces B(M, ) obey special reconstruction formulas.
Namely, he has shown that there exist uniformly discrete sets of points A on the manifold M
which have a finite proper density, and such that any f € B(M,Q) is perfectly reconstructible
from the values it takes on the points of A.

The Laplacian or D’ Alembertian of a manifold M is always an unbounded symmetric operator.
Furthermore, as we will see, if M is a compact C*° Riemmanian manifold with boundary, or if M
is de Sitter space-time, then there is no unique choice of self-adjoint Laplacian on the manifold.
Instead, one can define a symmetric, non self-adjoint Laplacian on the domain C§°(M) C L*(M)
of infinitely differentiable functions with compact support in M, and then construct different
self-adjoint Laplacians which can be seen as extensions of this original symmetric Laplacian.

Before studying B(M, ), it will therefore be convenient to first introduce unbounded linear
operators, closed operators, and the theory of self-adjoint extensions of symmetric operators. This
will be the content of the next chapter.
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CHAPTER 4

Closed operators and self-adjoint extensions of symmetric
operators

Let H be a separable Hilbert space, and let B(H) denote the Banach space of bounded
linear operators on ‘H. Recall that the norm for B € B(H) is [|B|| := supgey =1 [|Bol. If
B € B(H), then it is continuous at any point 2 € H since if x,, — x in norm then ||Bz,, — Bz|| <
| Blll|zn — || — 0. It is an elementary exercise to show that the boundedness of a linear operator
is equivalent to continuity ([57], pg.9):

THEOREM 4.0.1. Let B be a bounded linear map between two normed linear spaces. The
following are equivalent:
(a) B is continuous at one point.
(b) B is continuous at all points.
(¢) B is bounded.

A linear operator T defined on a dense linear manifold D (T) in H is said to be unbounded if
it is not bounded. Here, the term linear manifold denotes a subspace of H which is not necessarily
closed. If T" is unbounded, this means that supyey 4=1 [|7'¢ll = oo, and, in particular, that one
can find a sequence of vectors ¢, € D (T) such that [|T¢,| > n. Typically, the linear manifold
D (T) is defined as the set of all ¢ € H such that T'¢ belongs to the Hilbert space, i.e, such that
|ITo|| < co. The linear manifold ® (T') on which T is defined is called the domain of T. Tt follows
immediately from the above theorem, Theorem 5.2.2, that if T is unbounded, it is discontinuous
at every point x € H.

Unbounded operators are generally more difficult to deal with then bounded ones. For ex-
ample, since unbounded operators are generally not defined on the whole Hilbert space, but only
a dense subspace, composition of unbounded operators is in general not well-defined. That is if
S, T are unbounded operators with domains © (S) and D (T') respectively, then in general there
can be elements S¢ in the range of S that are not in the domain of 7" so that T'S¢ does not
make sense. Despite the fact that they are more difficult to deal with, unbounded operators
occur frequently throughout physics and applied mathematics, and so it is important to study
them. For example, differential operators, which are used ubiquitously in applied mathematics
for mathematical modelling, fluid dynamics, etc. are generally unbounded operators acting on
a normed linear space or an inner product space. The Laplacian of a Riemannian manifold or
the D’Alembertian of a pseudo-Riemannian manifold are always unbounded linear operators, and
the study of these operators yields important information about the geometry and topology of
the manifold. Furthermore, many operators in physics, in particular quantum mechanics are un-
bounded. In quantum mechanics, one seeks to represent position and momenta as linear operators
x and p on a Hilbert space H, which obey the canonical commutation relations:

(4.0.5) [x,p] :=xp —px =il.

It can be concluded immediately that not both x and p are bounded. If both x and p were both
bounded, then iterating equation (4.0.5) yields [x, p"] = inp™~!. This would imply

(4.0.6) nlp|"~ = nllp" | < 2/jx||pll"

so that for every n € N, ||x||||p]| > n, a contradiction.
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Unbounded operators are used extensively throughout this thesis. The purpose of this chapter
is to collect some basic facts about unbounded operators that we will use repeatedly.

4.1. Closed operators

When dealing with unbounded operators, the concept of a closed, or closable operator is often
useful. A linear operator 7" with domain © (T') C 'H is called closed if its graph,

(4.1.1) I(T):={(¢,Tp) c H&H | p € D(T)},

is a closed subspace of H @ H ([3], section 46). In other words, T is closed if and only if the
condition that (¢, )nen C€ D (1), ¢, — ¢ and T'h,, — 1 implies that ¢ € © (T') and T = 1. An
operator S is called an extension of T"if ® (S) D D (T) and S|p(ry = T. In this case one writes
T C S to denote that S is an extension of T. An operator T is called closable if it has a closed
extension. If T is closable, then one can show that it has a smallest closed extension T which is
called the closure of T' ([3], section 38). If T is closable then one obtains its closure T by taking

the closure of I'(T") in H & H. In this case, I'(T) = I'(T).

If a linear operator T is densely defined, i.e., if its domain © (T') is dense in H, then one can
uniquely define the adjoint operator T* of T'. Namely, one first defines

(4.1.2) D(T*) = {p e H | J* € Hst. (T, 1) = (¢, 0") ¥V ¢ € D (T)},

and then one defines T* by T*y = ¢* for all v € D (T*). Of course, in order for T* to be a
well-defined linear operator, one needs that the vectors ¥* such that (T, ¢) = (p,¢*) for all
¢ € ©(T) be unique. It is elementary to verify that this will be the case if and only if © (T') is
dense in H.

The following basic facts about adjoints and closed operators are easily established, see e.g
([3], Sections 38 and 39).

PROPOSITION 4.1.1. Let T and S be densely defined linear operators in a separable Hilbert
space H.
(a) If T is closed so is T — X (for any A\ € C) and so is T~ (if it exists).
(b) The adjoint T* is closed whether or not T is.
(¢) If T is closable, then T = T*.
(d) If T** 3, then T C T**.
(e) If T is bounded, it is closed if and only if ® (T) is closed.
(f) If T C S, then S* C T*.

4.1.0.1. Remark. Here, the bi-adjoint, T** of T is defined as T** := (T*)*. Of course, this
operator exists if and only if © (7) is dense in H. Note that if 7" is closed and T'— A is bounded
below, then parts (a) and (e) of the above proposition imply that the range of T'— A\, R (T — \)
is a closed subspace of ‘H. Here, and throughout this thesis, if T is a linear operator defined on
D(T), R(T) :=TD(T) denotes the range of T.

Using the concept of the graph of a linear operator T, the following theorem which charac-
terizes the closure of a closable operator can be established ([3], Section 46).

THEOREM 4.1.2. If T is a closable linear operator such that © (T) = H, then T** exists and
T** — T

This theorem implies that if T is densely defined and closable, then the domain of its adjoint
T* is dense in H.

_ 4.1.0.2. Definition. If T'is densely defined and closed, and D C © (T) is a dense set such that
T|p =T, then D is called a core for the operator T'.
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4.1.1. The spectrum of a closed operator. Let A be a densely defined closed operator
in H. As usual, the spectrum, o(A) of A is defined to be the set of all A € C for which (A — )
does not have a bounded inverse defined on all of H.

We will let 0(A), 0,(A), 0c(A), 0-(A), and o.(A) denote the spectrum, and the point, con-
tinuous, residual and essential spectrum of A respectively. The point spectrum o,(A) is defined
as the set of all eigenvalues, o.(A) is here defined as the set of all A such that R (A — A) is not
closed, 0,(A) is defined as the set of all A such that A ¢ o,(A) and R (A — A) is not dense,
and o.(A) is the set of all A such that A — X\ is not Fredholm. Recall that a closed, densely
defined operator T is called Fredholm if SR (T) is closed and if the dimension of Ker(T') and
the co-dimension of R (T) are both finite. Here, Ket (T') denotes the kernel, or nullspace of T,
Rer (T) :={peD(T) | To =0}. Since T is closed, Rer (T) is always closed. If T is unbounded,
we include the point at infinity as part of the essential spectrum. Clearly all the above sets are
subsets of 0(A), and 0(A4) = 0,(A4) Uo.(4) Uo,(A).

Note that if S is closed, the closed graph theorem can be applied to show that our definition of
o.(A) is equivalent to the set of all A € C for which A — X is not bounded below on fet (4 — A)*.
One often defines the absolutely continuous spectrum o,.(A) as the set of all A\ € C for which
A — ) is not bounded below. Here, we have decomposed the absolutely continuous spectrum into
op(A) and o.(A) (these sets are not disjoint in general), so that o4.(A) = 0,(A) U oe(A). The
resolvent set p(T) of T is defined as C\ o(T"). Hence, p(T') is the set of all z € C for which
(T — 2)~! is a bounded linear operator defined on all of H.

4.2. Symmetric vs. self-adjoint

For unbounded operators there is a distinction between the concepts of a symmetric and a
self-adjoint operator. This distinction is extremely important for our purposes and will be used
repeatedly in this thesis. Later, in Section 4.4, it will be shown how this distinction is particularly
relevant for sampling theory. A densely defined linear operator S is called symmetric if

(4.2.1) (S, ¢) = (6,5¢) V¢, €D(S).

From the general definition of the domain of the adjoint of S, Equation (4.1.2), it is clear that
S C S*, and by Proposition 4.1.1, S* is closed so that S* is a closed extension of .S, and hence S

is closable, S = S**. It is straightforward to verify that S** is also symmetric.

If S is bounded, then the concepts of symmetric and self-adjoint are equivalent. Furthermore
the following theorem shows that if S is symmetric and © (S) = H, then S must be bounded.

THEOREM 4.2.1. (Hellinger-Toeplitz) Let S and T be linear operators on a separable Hilbert
space. If ©(S)=H =D (T) and if (Sé,¢¥) = (@, TY) for all p,v» € H, then S is bounded.

The proof is provided for the reader’s convenience.

PRrROOF. This is a straightforward application of the uniform boundedness principle.

Suppose S is not bounded. Then one can find a sequence (¢, )neny C H such that ||¢,| =1
for all n € N and ||S¢,|| > n. Define linear functionals ®,, by ®,(¢) := (p, S¢,). Then,

(4.2.2) [@n ()] = [(Sén, o) = [(¢n, To)| < [|onll| Tl = | Tl < o0,

for any ¢ € H. This shows that the numerical sequences (|®,,(¢)|)$2; are bounded for each ¢ € H.
The uniform boundedness principle then implies that there is a B < oo such that ||®,| < B for
all n € N. This in turn implies that ||S¢, > = (Son, S¢n) = |[®n(S¢n)| < B||S¢n|l so that
|Sén|| < B. This contradicts the assumption that ||S¢,|| > n for all n € N. O

The above theorem shows, in particular, that if S is an unbounded symmetric operator, its
domain cannot be all of H.
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4.2.0.1. Definition. If S is a densely defined unbounded symmetric operator, it can be that

D (S) & D(S*) so that S # S*. If S = S*, then S is called self-adjoint. If S is not closed, but

S = §*, then S is said to be essentially self-adjoint since the fact that S =5* (see Proposition
4.1.1) implies that the closure of S, S = S**, is self-adjoint.

4.2.1. An example of a symmetric operator which is not self-adjoint. For an exam-

ple of a closed operator which is symmetric but not self-adjoint, consider the following derivative
operator D on a dense domain in L?[a,b]. This example is taken from ([3], Section 49). Define

(4.2.3) D (D) :={f € L*[a,b] | f € AC[a,b]; f" € L?[a,b]; f(a) =0 = f(b)},
and then let Df = if’ for all f € ® (D) where f'(z) := -L f(x) a.e. Here, AC[a, b] denotes the set

X

of all absolutely continuous functions on [a, b]. Recall that f € AC|[a,b] if and only if there exists
a g € L'[a,b] such that

(12.4) F@) = fa)+ [ gtoyi

([7], pg- 339). For the purposes of this section, this will be taken as the definition of an absolutely
continuous function. For such an f, the derivative of f exists and is equal to g almost everywhere

([7], pg. 341).

Clearly, D is an unbounded operator on L?[a,b]. That the operator D is symmetric is also
elementary to verify using integration by parts: given f,g € © (D),

(Df,9)

/ i (@)@ — @] - [ i) e

a

(4.2.5) 0+/ f(x)ig'(x)dx = (f, Dg).

The boundary term above vanishes since all elements in ® (D) vanish at the endpoints a and b.
This proves that D is a symmetric operator. Although it is symmetric, it will now be shown that
D is not self adjoint unless (a,b) = (—o0, 00).

First consider the case where both a and b are finite. In this case it is straightforward to check
that any f € AC|[a,b] such that f’ € L?[a,b] is in the domain of D*. If f is such a function, then
for all g € © (D), it is easy to check that (Dg, f) = (g, f*), where f* = if’. The calculation is
exactly the same as in (4.2.5), and the boundary term again vanishes since any g in the domain of
D vanishes at the endpoints. This proves that in this case, D is not self-adjoint since, for example,
the plane waves fi(z) = e a.e. x € [a,b], where t € R, are absolutely continuous, with square
integrable derivatives on [a,b], but do not vanish at the endpoints. Hence, f; € © (D*) ¢ © (D).

In fact, it can be shown that ® (D*) is precisely those elements of L?[a, b] which are absolutely
continuous on [a, b], and whose image under D is in L?[a, b]:

(4.2.6) D (D*) = {f € L*[a,b] | f € ACla,b]; f' € L?[a,b]}.

Suppose g € D (D*), D*g = ¢g*. Given any f € © (D)

b
(Df.g) = (f.0%) = / f(2)g (@) de

/abf(:v);i (/jg*(t)dt—kc)dx

o ([romse)] - [ [ rocsear
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The boundary term vanishes in the last line above since f € ® (D) is zero at a,b. Thus,

0 = (Df,g)—(f.97)
Lbiif(x)de—Abiif(x) (—i/{fg*(t)dt—&—c)dw

z'/ab (@) (g(x) —H/ g+ (£)dt — c) da.

The integration constant ¢ can be chosen such that

(4.2.9) /ab (g(w) + /: ig™(t)dt — c) dx = 0.

With this choice of ¢, define

(4.2.10) h(z) = / ’ (g(t)—i— / zz’g*(s)ds—c) n

The function h is absolutely continuous on [a,b], and by the above choice of ¢, h(a) = h(b) = 0.
Therefore, h € © (D). Substituting h for f in (4.2.8) shows that

(4.2.8)

« 2
(4.2.11) /b g(z) +/ ig*(t)dt —c| dx=0.
Thus,

(4.2.12) g(z) = — /I ig* (t)dt + c.

This shows that g is absolutely continuous on [a, b], since g* € L%[a,b] C L'[a,b]. Furthermore,
this shows that ig’(x) = Dg(z) = g*(z) = D*g(x) a.e. Since g € D (D*) was arbitrary, this proves
that © (D*) = {f € L?[a,b] | f € AC|a,b]; f" € L?[a,b]}.

One can further show that D is a closed operator by showing that D = D**. That D** > D
always holds, so it remains to verify that D D D**. Since D C D** (by part (d) of the Proposition
4.1.1), D** is densely defined so that D = D** C D*** = D" = D*. Here, we have applied
Theorem 4.1.2. Thus, every element f € © (D**) C © (D*) is absolutely continuous on [a, D],
f' € L?[a,b] and D**f = if’

Hence, for every g € © (D*),

(/mm@wmt= (g, D" f) = (D"g, f)
b

[ @7 =i [oT@] + [ ot

a

(4.2.13)

It follows that g(b)f(b) — g(a)f(a) = 0. Since g € D (D*) is arbitrary, and the values it takes at
the endpoints a, b are arbitrary, this equation can only hold if f(a) = f(b) = 0. Thus f vanishes
at a,b and hence f € © (D). This proves that D** C D so that D** = D. Although it was
assumed in this example that a, b were finite, the above arguments are easily modified to the cases

where either a = —o0, b = oo or both a = —o0 and b = co. In particular, the same arguments
for the case where (a,b) = (—00,00) show that D on L?(R) is an unbounded, closed, self-adjoint
operator, since elements of L?(R) automatically vanish at the end-points a = —co and b = cc.

4.3. Self-adjoint extensions

Given a symmetric operator S with dense domain ® (S), a symmetric operator S” such that
S C S’ is said to be a symmetric extension of S. If such an S’ is self-adjoint, it is called a
self-adjoint extension of S. If S C T, then by Proposition 4.1.1, T* C S*. For a symmetric
operator it is always true that S C S*. This suggests that by suitably enlarging the domain
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of a symmetric operator S, and hence shrinking the domain of its adjoint, one may be able
to construct a symmetric operator whose domain is equal to the domain of its adjoint, i.e., a
self-adjoint extension of S.

Not all symmetric operators densely defined in H have extensions to self-adjoint operators
densely defined in H. The example of the derivative operator D on an interval can provide a good
illustration of when a symmetric operator has self-adjoint extensions.

If [a, b] is a finite interval, then one can define
(4.3.1) D (Dp) :={d €D (D) | p(a) = e?™6(b)}

for each § € [0,1). Using integration by parts, it is again easy to check that Dg is a symmetric
operator, and by definition D C Dg. For each § € [0,1), Dg is in fact self-adjoint:

Given g € ®© (DE) and any f € © (Dg)

b
(Dsf.g) = / if (2)g@)dz

- [tat@] + [ ' f g

(432) = [r@a@)] +.05)

Since (Dgf,g) = (f, Dig) for all f €D (D), and g € D (D;), it follows that
(433) [f(x>@}i = f(b)g(b) — f(a)g(a) = 0 Vf € D (Dp).
Using the fact that f(a) = ™8 f(b) for all f € D (Dp), it follows that

(4.3.4) 0= f(b) (@ - emﬁ@) .

Hence, g(a) = €2™g(b) so that g € D (Dg). Since g € D (D;) was arbitrary, this shows
D (DZ;) C D (Dg) and that Dg is indeed self adjoint for any g € [0,1).

A more systematic method for obtaining all self-adjoint extensions of a symmetric operator
can be developed using the so-called Cayley transform of a symmetric operator.

4.3.1. Deficiency indices and the Cayley transform. The following result provides a
criterion for determining whether or not a symmetric operator S is self-adjoint. See for example,
[57], pg. 256.

CLAaM 4.3.1. The following are equivalent:
(a) S is self-adjoint
(b)) R(SLti)=H
(c) S is closed and Rer (S* F1i) = {0}

PROOF. Clearly (a) implies (b) and (c). To see that (b) and (c) are equivalent observe that
Rer (8* Fi) = M (S +4)". This shows that (b) implies (c), and that Rer (S* + i) = {0} implies
that 2 (S F¢) is dense. If it is further assumed that S is closed, then, by Remark 4.1.0.1, the
range of S £ ¢ is closed so that 2 (S +4) = H and (c) implies (b). The proof will be complete
if it can be shown that (b) implies (a). Choose any ¢ € ®© (S*). Since R (S + i) = H there is a
¢ € D (S) such that (S +i)¢ = (S* 4+ ). Since S C S* this shows that (S* +i)(¢ — ¢) = 0.
Hence, 1) — ¢ € et (S* +1i) = R (S —i)" = {0}. This shows that ¢ = ¢ so that D (5*) C D (9)
and S is self-adjoint. O

The numbers ny := dim(R (S +14))* are called the deficiency indices of the symmetric oper-
ator S. Here, dim V' denotes the dimension of a subspace V.
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4.3.1.1. Remark. The above Claim 4.3.1, further implies that S is essentially self-adjoint if
R (S i) is dense, and that S is essentially self-adjoint if Ker (S* £+ i) = {0}.

4.3.1.2. Remark. For a closed operator T, a point z € C is said to be a point of regularity
for the operator if T'— z is bounded below. This does not mean that the point z belongs to the
resolvent set of T, as R (T — z) may not be dense in H. The set of all such points is called the
field of regularity of T'. For a symmetric operator S it is clear that any z € C\ R belongs to
the field of regularity of S since ||(S — 2)¢||?> > (Im(2))?||¢||? for any ¢ € D (S). Note that it is
not difficult to use this inequality to show that 2R (S — z) is closed whenever S is closed for any
ze€ C\R.

The following theorem shows that the definition of the deficiency indices of a symmetric
operator does not depend on the choice of point z in the open upper half plane ([3], section 78,

pg. 92).

THEOREM 4.3.2. If T' is a connected subset of the field of reqularity of a closed operator T,
then dim (ER (T — z)l> is constant for all A € T.

Given any A € C\ R, consider the Mobius transformation

- A
(4.3.5) pa(z) = =—2.
z—A
It has an inverse transformation,
Az — A
4.3.6 ) = :
( ) pmy(2) S 1

The transformation gy is a bijection of R onto T \ 1, where T denotes the unit circle. If S is
a self-adjoint operator, then the functional calculus immediately implies that Uy = px(S) is a
unitary operator, and it can be shown that u;l(U,\) =S.

If z = i, then this Mobius transform u(S) := u;(S), is called the Cayley transform of S and
S = u=Y(U), where U = u(S), is called the Cayley transform of U. The Cayley transform can
be defined for an arbitrary symmetric, closed, densely defined S whether it is self-adjoint or not.
It turns out that the Cayley transform of a closed symmetric operator S is a partially defined
transformation which is an isometry from its domain onto its range, both of which, by Remark
4.3.1.2, are closed subspaces in H. The Cayley transform is a bijection between the set of all
self-adjoint operators on a Hilbert space and the set of all unitary operators U such that U — 1
has dense range. More generally, it is a bijection between the set of all densely defined, closed,
symmetric operators on a Hilbert space H and the set of all partially defined isometries V' in ‘H
which are such that R(V —1) = (V — 1) (V) is dense in H.

This correspondence is very useful, as many questions about unbounded self-adjoint or sym-
metric operators are more tractable upon translation into questions involving bounded partially
defined isometries.

THEOREM 4.3.3. (Cayley transform)

(a) Suppose S is a densely defined, closed, symmetric linear operator on a separable Hilbert
space H. Then, given any A\ € C\ R, the linear transformation V = px(S) = (S — A)(S — A)~!
is an isometry from the closed subspace R (S — X) onto the closed subspace R (S — ) and S =
AV =NV = D)7t = p (V).

(b) If V is an isometry from D (V) onto R (V), where © (V) and R (V) are closed subspaces of
H, and R(V — 1) is dense in H, then S = (V) = AV = A)(V = 1)71 is a closed, densely
defined symmetric operator in H, and V = px(S).

In this section, the linear transformation V' is called a partially defined isometry instead of a
partial isometry, as it is actually not defined on the orthogonal complement of its domain.
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PROOF. (a) By Remark 4.3.1.2, % (S — X) and R (S — ) are closed. Since A is not real,
(8§ —X)7! exists on R (S —A) and is bounded. It is straightforward to verify that V is an
isometry: Given fl, fg e® (V) = R(S—X), f1 = (S—X)hl, f2 = (S—X)hg, where hl, hy €0 (S),
and

VI, V) = ((S=Xhy, (S = Aha) = (Sh1, Sha) — (b1, Sha) — A(Sh1, ha) + [A|* (b1, ha)
= (Shi,Shs) — N(Sh1, ho) — Xh1, Sha) + [ (hy, ha)
(4.3.7) = ((S=XNh1,(S = Nha) = (f1, fa)

This proves that V' is an isometry from its domain onto its range.

Now given any f € D (V) =R (S —A),

(4.3.8) f=(0S-Mh
and
(4.3.9) Vi=(S—-XAh

for some h € © (S). It is a matter of simple algebra to verify that these two equations imply that

(4.3.10) h = u
A=A

and,

(4.3.11) Sh = M
A=A

Together, these two equations show that S = (AV — A\)(V —1)71.

Since equation (4.3.10) holds for all h € © (S), which is dense, the range of V' — I is dense.
This in turn implies that the inverse operator (V — I)~! exists (although it may be unbounded).
If it did not, then 1 would be an eigenvalue of V', Vg = g for some g € © (V). In this case, given
any f €D (V),

(4.3.12) Vi=f.9=Vfg —(f.9)={VFf.Vg —(f,9)=0.
This implies that g L R (V — I), contradicting the density of the range of V' — I.

(b) The proof of part (b) is merely sketched here: Since (V — 1) has dense range, the inverse
operator (V' — 1) exists (but is not necessarily bounded). Since (V' — I)~! exists, so does the
operator S = (AV — \)(V — 1)~L. Furthermore, the domain of S is the range of V — I, which is
dense.

It is now a matter of simple algebra to verify that S is symmetric. It is also easy to show
that S is closed, and proving that V = (S — \)(S — X\)~! is very similar to the proof of part (a)
above. ]

4.3.1.3. Remark. It is also clear from the above theorem that if S and S’ are symmetric
operators with Cayley transforms V' and V' respectively, then S C S’ if and only if V' C V. This
shows, in particular, that a closed self-adjoint operator has no non-trivial self-adjoint extensions.
Further observe that if S’ is a symmetric extension of a symmetric operator S, then S C S’ C S*.
This is clear, as if ¢ € D (5’), then for any ¢ € D (S), (Sé,p) = (¢, S"p). By definition of the
adjoint this shows that ¢ € D (5*) and S*¢ = 5.
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4.3.2. The Cayley transform and self-adjoint extensions. The Cayley transform pro-
vides an efficient method for constructing all self-adjoint extensions of a symmetric operator.
If S is a symmetric operator and the partially defined isometry V is its Cayley transform,
V= p(S) = pi(9), then by the definition of the deficiency indices of S, ni = PR (S £ ¢) so that

ny = dim (Z) (V)l) and n_ = dim (ER (V)L). The numbers ny are also called the deficiency

indices of V. The closed subspaces D4 :=R (S +i)" =D (V)" and D_ :=R(S— i) =R (V)"
are called the deficiency subspaces of S or V.

With this viewpoint, it is clear when a symmetric operator S has self-adjoint extensions. If S’
is a self-adjoint extension of S, then V' C U where V is the Cayley transform of S and U, a unitary
operator, is the Cayley transform of S’. This shows that if S has such a self-adjoint extension, its
Cayley transform must be extendable to a unitary operator acting on all of H. If the deficiency
indices of S are equal, then one can extend its Cayley transform V to a unitary operator U by
adding to V' an arbitrary isometry W from D4 to ©®_. Then, Uy =V EW on H=2 (V) ® D,
is unitary. Since R (V — 1) is dense, so is R (Uy — 1), so that the inverse Cayley transform Sy,
of Uy is well defined, and is a self adjoint extension of S. Conversely, if the deficiency indices of
S are not equal, then there is no way to extend its Cayley transform to a unitary operator acting
on all of H, which means that S has no self-adjoint extensions acting on a dense domain in H. It
is, however, always possible to construct a self-adjoint extension S of any symmetric operator S
which is densely defined on a larger Hilbert space H D H ([3], pg. 127).

If S has equal and finite deficiency indices (n,n), fix an orthonormal basis {¢;}7_; of ® and
an orthonormal basis {1;}" ; of ®_. Then all unitary extensions of the Cayley transform V of
S are in 1 — 1 correspondence with U(n), the set set of all n x n unitary matrices. Namely, given
any n x n unitary matrix W', define W by W Y"1 | c;id; = > i (W'c);4p;. Then the set of all
Uy :=Va&WonD(V)®D (V)" = H is the set of all unitary extensions of V. Here, the n
component vector W’c is the image of the n component vector ¢ whose components in the basis
{¢:} are (¢;)?_, under W’'. The inverse Cayley transform of this set of all the Uy is the set of
all self-adjoint extensions Sy, of S. In the particular case where the deficiency indices of S are
(1,1), D4 = C{¢p+} and ©_ = C{¢_} where |¢1] = ||¢—]|| # 0, and the family of all unitary
extensions of V' can be labelled by a single real parameter a € [0,1). Namely, the family of all
unitary extensions of V are given by U(a) =V @™ ¢_ @ ¢% =V @ e (-, ¢, )d_ as o ranges
in the interval [0,1). The self-adjoint extension of S corresponding to the value o € [0,1) will be
labelled as S(«).

As a final remark, if S has deficiency indices (n4,n_) where ny # n_, then although it
does not have self-adjoint extensions, it can always be extended to a symmetric operator with
deficiency indices (n4 —n_,0) if ny >n_ or (0,n_ —ny)ifn_ >ny.

Recall that in Section 4.3, a one-parameter family of self-adjoint extensions Dg of a symmetric
derivative operator D in L?[a,b] were constructed by enlarging its domain to include vectors ¢
which obey the boundary conditions ¢(b) = €>™¢(a) for 5 € [0,1). In the paragraphs above, we
described a different method for constructing all self-adjoint extensions D(«) of D, by extending
u(D) to the unitary operator U(a) := u(D) & e?™¢_(-,¢;) on H =D (u(D)) & D, where ¢
were fixed unit norm vectors in D, and then taking the inverse Cayley transform of U(«). In
general, if D’ is a self-adjoint extension of D, then D’ = Dg = D(«) where o # 3. However,
there is a bijection between o and ( that is easily calculated as follows.

Eigenvectors of D* to eigenvalues +i are pi(x) = e*® a.e. [a,b]. Let ¢, (x) = €, then as
one can check, the vector ¢_(x) = e(*)=% € ©_ has the same norm as ¢. Given ® (D(a)) :=
D (D) + C (e ™¢_ — ¢ ), the goal is to find an 3 € [0,1) such that D (D(a)) = D (Dg). Here,
+ denotes the direct sum of two linearly independent linear manifolds, see the next subsection
for a more detailed explanation.
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Let © = €™ and ' = ¢2™%. Then for any ¢ € D (D(a)),

(4.3.13) ¢(a) = c(Oc® — ) and $(b) = c(Oe” — €).
It follows that if one chooses
Ot — eb
4.3.14 = ——
(4.3.14) Oeb —ea

then ® (D(a)) C ® (Dg). This relationship is invertible,

Te® — eb
Ieb — e’
Since the set of all D(«) for a € [0,1) is all of the self-adjoint extensions of D, and D(«) C Dg

if and only if 8 and « are related by the above equations, it follows by Remark 4.3.1.3 that

D(a) = Dg if B and « are related by equations (4.3.14) and (4.3.15), where © = 2™ and
[ = 278,

(4.3.15) 0=

4.3.3. The Neumann formulas. If M;, 1 < i < n are linear manifolds of H, i.e. subspaces
which are not necessarily closed, one says that they are linearly independent if the condition that
St fi =0, where f; € M;, implies that f; =0 V 1 <i < n. If the M; are linearly independent,
then the notation My + Ms... + M,, will be used to denote their direct sum. If M := 4, M; and
f=+4",f; € M, then this representation of f is unique. For, if it is also true that f = 4+, ¢;,
then +7_,(fi — ¢g;) = 0 so that f; —g; = 0 for all 1 <4 < n by the linear independence of the M.
Also, given two linearly independent linear manifolds M; and Ms, define the dimension of M,
modulo Ms to be the maximum number of vectors in M; which are linearly independent modulo
Ms. Using this notion of a direct sum of linearly independent manifolds, the following useful
theorem holds ([3], pg. 98).

THEOREM 4.3.4. (von Neumann) If S is a densely defined symmetric operator then the linear
manifolds ® (S), D4 and D_ are linearly independent and ® (S*) =D (S) + D, +D_.

Although these subspaces are not orthogonal and not all closed with respect to the inner
product and norm of H, they are closed and orthogonal with respect to a different inner product.
For the closed symmetric operator S, consider the graph inner product (-,-)g := (-, -) + (S*:, S*)
defined on the linear manifold © (S*). Since S* is closed, the linear manifold D (S*) with this
inner product is a Hilbert space. Furthermore, it is easy to check that with respect to this inner
product and the norm it generates, © (S) and D are closed, mutually orthogonal subspaces of
D (5*). For this reason, it will be written that D (5*) = D (S)®sD+ ®sD_ where G g denotes the
orthogonal direct sum of these closed subspaces of the Hilbert space (® (S*), (-,-)s). Subspaces
of © (5*) closed and orthogonal with respect to this inner product will be called S-closed and
S-orthogonal.

If S has equal deficiency indices n4 = n, and S’ is a self-adjoint extension of S, then the
Cayley transform U of 5" is given by U =V @& W on H = D (V) & D, where V is the Cayley
transform of S and W is an isometry from ©, onto ©_ that uniquely defines the extension S’.
From the formula for the inverse Cayley transform it is clear that

D(S) = RU-1) =V -1D(V)+(W-1)D,4

(4.3.16) = D(S)ms (W -1)D,.
For any ¢ = o + (W — 1)¢4 € D (9’) it follows that
(4.3.17) S’ =S¢ —idy —iWés,

since ¢4 € RKer (S* — i) and We¢py € Rer (S* + i). These formulas for the domain of the self-adjoint
extension S’ and its action on such elements are called the Neumann formulas.
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4.4. Self-adjoint extensions and sampling theory

The fact that elements of B(2) obey the Shannon sampling formula is a consequence of the
fact that the multiplication operator in B(f2) is a closed, densely defined, simple symmetric and
regular operator with deficiency indices (1,1). Before establishing this, it will be necessary to
first discuss some of the basic properties of the spectra of symmetric operators, and to define the
concepts of simple and regular.

4.4.1. Basic spectral properties of symmetric operators and their self-adjoint ex-
tensions.

4.4.1.1. Remark. If S is symmetric, then by Remark 4.3.1.2, S — z is bounded below by
Im (z)~'. This shows that any non-real z € ¢(S) must belong to the residual spectrum o,.(S)
of S. If S has finite deficiency indices, then the orthogonal complement of R (S — z) is finite
dimensional for any z € C\ R, which shows that ¢.(S) C R.

4.4.1.2. Remark. Let T be a closed operator. Recall that if \ € o,.(T), then X € o,,(T*) since
if A € 0,.(T) there exists a ¢ € R(T — )\)L so that 0 = (T — )9, ¢) and hence (1, \¢) = (T, ¢)
for all ¢ € ® (T'). By the definition of the adjoint, ¢ € © (T™*) and T*¢ = A¢ so that A € o,(T™).
In particular, this means that if A is a closed self-adjoint operator, then o,.(A) = ) is empty, since
if there is a 0 # ¢ € | (A — A)" then X € o,(A), and hence A = A € R. Recall that o,(4) is

defined to not include any eigenvalues of A (see Subsection 4.1.1). It follows that o,.(4) = () and
that 0(A) = 0,(A) Uo.(A).

4.4.1.3. Remark. By Theorem 4.3.4, the domain of the adjoint S* of S can be decomposed as
(4.4.1) DS =2(S)+D++D_.

Here, the linear manifolds © (S) , D4 and D_ are non-orthogonal, linearly independent, non-
closed subspaces of H. If S has finite deficiency indices, and if the co-dimension of R (S — ) is
infinite, then A € R. Furthermore, if A € R (S — )\)L, then X is an eigenvalue to S*. This and the
fact that the dimension of @ (S*) modulo D (S) is finite (by the above equation (4.4.1)) allows
us to conclude that A must be an eigenvalue of infinite multiplicity to S. Hence, if A € 0.(S)
then A € R, and it is either an eigenvalue of infinite multiplicity or it belongs to the continuous
spectrum of S.

CramMm 4.4.1. If S is a symmetric operator with finite and equal deficiency indices, then
0e(S) = 0o(S") for any self-adjoint extension S’ of S within H.

PROOF. (sketch) Using the Neumann formula (4.3.16), the domain of any self-adjoint exten-
sion S’ of S can be written as

(4.4.2) D(S)=9(S)+ (U - 1)D,.

Here, U is the isometry from ©, onto ©_ that defines the self-adjoint extension S’. Since the
domain of S and S’ differ by a finite dimensional subspace, so do the range of S” and S. Using
these facts it is straightforward to establish the claim. |

A symmetric operator S with dense domain © (S) C H is called simple if there is no subspace
of H such that the restriction of S to this subspace is self-adjoint. A symmetric operator is called
regular if its field of regularity is all of C. Recall here that the field of regularity of a closed
operator T is the set of all z € C for which T" — z is bounded below. Note that if there is any
A € R that is regular for a symmetric operator S, then by Theorem 4.3.2, S has equal deficiency
indices. It also follows from the same theorem that if S is regular, then every A € C belongs to
the residual spectrum of S.

The following elementary facts about the spectra of symmetric operators and their self-adjoint
extensions are proven in [3], Section 83.
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THEOREM 4.4.2. If X is a real point of reqular type of a symmetric operator S with finite
deficiency indices (n,n), then there exists a self-adjoint extension S’ of S for which X\ is an
eigenvalue of multiplicity n.

THEOREM 4.4.3. If S is a symmetric operator with finite deficiency indices (n,n), A € R,
A ¢ 0,(S), then the dimension of Rer (S* — A) does not exceed n.

THEOREM 4.4.4. If S has finite and equal deficiency indices, the continuous spectrum o.(S")
of any self-adjoint extension S’ of S is equal to the continuous spectrum of S.

With these results, it can be shown that if S is a simple symmetric, regular operator with
deficiency indices (1, 1), then the spectra of all its self-adjoint extensions cover the real line exactly
once [36]:

THEOREM 4.4.5. Let S be a closed symmetric operator densely defined in H. If S is simple,
reqular and has deficiency indices (1,1), then the spectra of any one of its self-adjoint extensions
consists of eigenvalues of multiplicity one with no finite accumulation point. Furthermore, the
spectra of all of its self-adjoint extensions covers R exactly once.

Recall, as discussed in Subsection 4.1.1, that o(A) = 0,(A) U o.(4), for any self-adjoint
operator A. Further recall that all self-adjoint extensions of a densely defined symmetric operator
with deficiency indices (1,1) can be labelled by « € [0,1). That is, S’ is a self-adjoint extension
of S if and only if S’ = S(a) for some a € [0,1), where S(«) is defined as the inverse Cayley
transform of U(a) := V & e?™¢_(-,¢4) on H = D (V) & D,. Here ¢4 are fixed unit norm
vectors in ® 4 and V is the Cayley transform of S.

PROOF. (of Theorem 4.4.5) First, by Theorem 4.4.2, since S is regular, any self-adjoint
extension S(«) of S has no continuous spectrum, and given any point A € R, there is an extension
S(a) of S for which ) is an eigenvalue of multiplicity one. Secondly, by Theorem 4.4.3, any A € R
is not an eigenvalue of multiplicity greater then one for any fixed self-adjoint extension of S.
Finally, if A € R was an eigenvalue to two different self-adjoint extensions S(«) and S(8) of S,
Theorem 4.4.3 implies that any eigenvector of S(a) to A must also be an eigenvector of S(53) to
A. The Neumann formula (4.3.16) would then imply that

(4.4.3) Pr = ¢s + (e —dy) = ps + (PP — ¢y)
for some non-zero ¢, ¢y € C and ¢g, ps € D (S) so that,
(4.4.4) 0= (s — ps) + (1™ — 2e®™)p_ + (ca — e1)oy

in® (S*) =9 (S)+D-+D.. Since these three linear manifolds are linearly independent it follows
that ¢s = @g, 1™ = c2e'>™P and that ¢; = cy. This shows, in particular, that e?27® = 278,
Since a, 8 € [0,1) this proves that a =  so that S(a) = S(8), contradicting the assumption that

these are two different self-adjoint extensions of S.

The fact that the eigenvalues of any S(a) cannot have a finite accumulation point follows from
the assumption that S is regular. If A was an accumulation point of o(S(«)), then A € o.(S(a)) =
0e(S). By remark 4.4.1.3, such a A would belong to either o,(S) or o.(S), contradicting the
regularity of S. (|

4.4.1.4. Remark. If B is a symmetric operator satisfying the assumptions of the above theo-
rem, then it must be unbounded. Theorem 4.2.1 implies that any bounded symmetric operator
is self-adjoint and hence cannot have non-zero deficiency indices. Together with the above theo-
rem, this implies that the spectrum of each B(«) must be an infinite sequence of eigenvalues of
multiplicity one with no finite accumulation point. It follows that the spectrum of B(«a) can be
arranged as a non-decreasing sequence (A, («))nem where here M is either N, —N| or Z depending
on whether the spectrum of B(«) is bounded below, above, or neither bounded above nor below.
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4.4.1.5. Remark. Note that the same argument as in the proof above shows that the inter-
section of the domains of any two different self-adjoint extensions of S is equal to the domain of

S.

4.4.2. Symmetric multiplication operators and sampling theory.

4.4.2.1. The example of B(Q2). Consider the space B(Q2) of Q-bandlimited functions. The
image of B(Q) under the unitary Fourier transform F is L?[—,€)]. As was shown earlier in
Subsection 4.2.1, one can define a closed symmetric derivative operator D = i% on the following
dense domain ® (D) C L*[-Q, Q]

(445)  D(D):={f € L’[-Q.9) | f € AC[-Q,Q; f' € I*[-,Qf f(Q) =0= f(Q)}.

The image of D under the inverse Fourier transform is a symmetric operator which acts as
multiplication by the independent variable on a dense domain in B(€2).

The symmetric operator D has deficiency indices (1, 1) and is simple. To see this note that the
deficiency indices (n4,n_) of D are equal to the number of solutions ¢ to the equation D*¢ = +ig,
i.e., to i¢! = +i¢ or ¢/ = +¢. The solutions to these equations are ¢i(x) = e** a.e. [-Q, Q).
This shows that both ¢ and —¢ are eigenvalues of multiplicity one to D* so that n,. =1 =n_.

Furthermore, the operator D is both simple and regular. This will be proven by showing that
the minimum uncertainty of D is bounded below:

DEFINITION 4.4.6. The uncertainty of a symmetric operator S with respect to a unit-length
vector ¢ € D (9) is denoted by AS[@] := \/(S¢,S¢) — (Sé, #)2. The overall lower bound on the
uncertainty of S will be denoted by AS := infyep(s) |o)=1 AS[P].

Consider the multiplication operator M on L?[—Q,Q]. This is a bounded, self-adjoint operator
defined on the whole space. It is a simple algebraic exercise to prove the following lower bound

on the product of the uncertainties for two symmetric operators S and 7" for unit norm vectors
P eD(T)ND(S):

(4.4.6) AS[PIAT[G] = S [(56, To) — (T'$,59)|.

DN | =

This above inequality is often referred to as the Heisenberg uncertainty relation. Observe that
M maps D (D) into itself since it preserves the boundary conditions, the function f(x) = z a.e.
is absolutely continuous, and the product of any two absolutely continuous functions is itself
absolutely continuous ([7], pg. 337). It is clear that for all unit length vectors ¢, AM][¢] <
HMH = Q so for all unit length ¢ € © (D), it follows that

1 = 1
(4.4.7) AD[¢] > 5o (6, (DM — MD)g)| = 55 > 0.

This shows that AD > % > 0. It follows that the symmetric operator D can have no
eigenvalues and no continuous spectrum on the real line as otherwise there would be unit length
vectors ¢ for which AD|¢] is either 0 or arbitrarily small. This shows that D — X is bounded
below for any A € R so that D is regular. Furthermore, D must also be simple. Otherwise, if
there were a subspace S of L?[—£2, ] such that the restriction of D to S was self-adjoint, then D
would have eigenvalues or continuous spectra. The relationship between the minimum uncertainty
of a symmetric operator and its spectrum will be analyzed in greater detail in Section 7.2.1. In
conclusion, the closed, symmetric operator D is simple, regular and has deficiency indices (1, 1).
An application of Theorem 4.4.5 now shows that the spectra of all self-adjoint extensions of D
cover the real line exactly once.

Consider the family of self-adjoint extensions D(«) of D, defined in Section 4.3. This family
covers all self-adjoint extensions of D as discussed in Subsection 4.3.2. It follows that as o ranges
in the interval [0,1), the spectra of the D(«a) cover R exactly once.
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Now consider the space B(Q2) of bandlimited functions, which is the image of L2[—(, )]
under the Fourier transform. It follows that the Fourier transform of D, M, is a symmetric
multiplication operator on a dense domain in B(f2), and that it has a one parameter family of
self-adjoint extensions M («). As was shown in Chapter 2, B(f2) is a reproducing kernel Hilbert
space. Let §, denote the point evaluation vector at the point € R. Since there is no x € R at
which every bandlimited function vanishes, it follows that §, # 0 for any x € R. The vector ¢,
is an eigenvector of M* to eigenvalue x since for any ¢ € © (M), (M¢,d,) = zp(x) = (¢, x0,).
Since this is true for all ¢ € © (M), it follows from the definition of the adjoint that M*é, = xd,.
If M(«) is a self-adjoint extension of M, it has an orthogonal eigenbasis of vectors (gAn(a)>n€M
where here they are arranged in order of increasing \,(a) !. Since any eigenvector to M (a) is
also an eigenvector to M*, and since the multiplicity of any eigenvalue x € R to M™ is exactly 1,
it follows that 0y, () = cn(@)0y, (o) for all n € M and a € [0,1). This immediately proves that
B(€2) obeys a sampling formula! If ¢ € B(f2) then letting dy, := dy,, (a) for some fixed o € [0,1),

b(r) = (6,8) =3 (9, Doy

M2, 6,)
P AT
1

> S ) {03, 82) T

neM

_ x, ()
(4.4.8) = %qs@n)i% )

In this particular case, the eigenvalues of D(«a) are A\, (o) = %, M = Z, and the vectors

8 (z) = %%, have norm squared [|0,]? = £ so that the above reconstruction formula,
equation (4.4.8), becomes the usual Shannon sampling formula:
sin Q(z — A (@) (n+a)m
4.4.9 - An An(a) = BT YT
(149 o) = Lol g ) =

nez

4.4.2.2. A sufficient condition for a RKHS to have the sampling property. In fact, we have
proven something more general. We have proven the following:

*THEOREM 4.4.7. Let H be a reproducing kernel Hilbert space of functions on R with positive
definite kernel function (i.e., K(z,x) = ||0;]> > 0 for all z € R). Suppose that the operator of
multiplication by the independent variable, M, is densely defined in H, and is symmetric, reqular
and simple with deficiency indices (1,1). Then H has the sampling property.

In particular, if o(M () = (An(@))nem and 0y, (o) is the point evaluation vector at the point
() € R, then for any ¢ € H, the vectors ¢on = ZIHISN; nem{®s 5>\n(a)>5>\n(a)m converge
to ¢ as N — oo both pointwise and in norm. If the map x — 0§, is continuous, this pointwise
convergence is uniform on compact subsets of R.

PROOF. The proof is the same as above. The assumptions on M imply that the spectra of
all self-adjoint extensions of M cover R exactly once, and consist of eigenvalues of multiplicity
one. Since H is a reproducing kernel Hilbert space, let §, denote the point evaluation vector at
z € R. Since §, # 0 for any z € R, we conclude, as above, that §, is an eigenvector of M* to
eigenvalue z. Namely, (M¢,d,) = zd(x) = (¢, d,) = (¢, x0,) which implies that M*d, = zd,,
by the definition of the adjoint. It follows that if (A, («))nem are the sequences of eigenvalues of
the self-adjoint extensions M (a) of M, that {0y, (a)}nem is a total orthogonal set of eigenvectors
to M(«) for each v € [0,1). This proves that H has the Kramer sampling property.

The rest of the theorem is similarly straightforward to establish, and is similar to the proof
of Claim 2.2.2. O

IHere M = —N, N or Z, see Remark 4.4.1.4
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In particular, if H := L?(R, du), where y is a regular, countably additive Borel measure, then
the multiplication operator M is a densely defined self-adjoint operator in this Hilbert space. To
see this, define M’ to be the multiplication operator on the set D (M’) of all ¢ € L?(R, dp) which
have compact support. I claim that this operator is essentially self-adjoint so that its closure is
a densely defined self-adjoint multiplication operator, M. First, it is clear that M’ is densely
defined, and that for any ¢,¢ € © (M’) that

(4.4.10) 16.6) = [ wo@iit@anta) = [ s@imit@nta) = (6.00'0),

so that M’ is symmetric. To prove that M’ is essentially self-adjoint, it suffices to show, by Remark
4.3.1.1, that R (M’ £ 1) is dense in H. Given [-L,L] C R, we can view Hy, := L*([-L, L]; p)
as a subspace of H. It is clear that M'|y, is both symmetric and bounded, and hence is self-
adjoint. By Claim 4.3.1, it follows that (M’ +i)H; = Hy for any L > 0. This shows in turn
that (M’ £4)D (M') D Hy, for any L > 0. In conclusion, R (M’ £ i) is dense in H so that M’ is
essentially self-adjoint.

o0

4.4.2.3. Remark. The discussion of the above paragraph shows that *Theorem 4.4.7 can be
applied to reproducing kernel subspaces S of H := L?(R, du) which have the property that there
is a dense linear subspace ® (M) C S, such that D (M) C D (M) and such that M := M|g )
is a symmetric operator satisfying the conditions the theorem.

I expect that it should be possible to further refine *Theorem 4.4.7. Namely, I expect that
under certain suitable additional assumptions on the reproducing kernel Hilbert space H, the
assumption that the multiplication operator M is densely defined and symmetric on H should
automatically imply that it is simple, regular and has deficiency indices (1, 1). I further expect that
if the multiplication operator in a reproducing kernel Hilbert space has the properties assumed in
*Theorem 4.4.7, that the point evaluation vectors 4, of the RKHS must all be non-zero. These
refinements are something that I am currently working on.

Later, in the final part, Part III, of this thesis, we will return to this idea that if the multipli-
cation operator in a reproducing kernel Hilbert space satisfies the conditions of *Theorem 4.4.7,
then the space has the sampling property.
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CHAPTER 5

Bandlimited functions on Riemannian manifolds

5.1. Bandlimited functions on compact manifolds

As discussed previously, a natural generalization of the space of bandlimited functions to a
manifold M is B(M,Q) := X[O’QQ](A)LQ(M) where A is the Laplacian on M [55]. If, however,
M is a manifold that has compact closure and a boundary, then there is no unique choice of
a self-adjoint Laplacian on M. For example, by choosing different boundary conditions on the
boundary of M, e.g. Dirichlet or Neumann boundary conditions, one can define different self-
adjoint Laplacians on M. This means that one can define B(M, Q) := X[g gz (A")L*(M) where
A’ is any choice of a self-adjoint Laplacian on M. In other words, if M has compact closure, there
is no unique natural choice for the subspace of 2-bandlimited functions. This will be discussed
in detail in Subsection 5.1.1. Sampling theory on Riemannian manifolds with compact closure
is particularly simple. Indeed, if M is such a manifold, an appropriate choice of self-adjoint
Laplacian on M yields a finite dimensional subspace B(M, ). This will be discussed in detail in
Section 5.3.

Now suppose that M is an oriented C*° complete Riemannian manifold. Let K,, be a sequence
of nested, connected submanifolds of M, K, C K,i1, with compact closures and smooth, C*°
boundaries, and whose union, U2 | K, is all of M. A natural question that will be addressed in
this chapter is whether the projectors P, o onto the subspaces B(k,,,{}) converge in a suitable
sense to the projector Py onto B(M, Q) in the limit as n — oo if these subspaces are viewed as
subspaces of L*(M). Here, P, q := X, X[0.02)(An)Xn» Pa := X[,02)(A), X,, denotes the projector
of L?(M) onto L?(K,), and A,, denotes an arbitrary choice of self-adjoint Laplacian on K,. The
affirmative answer to this question will be given by the proof of the following proposition.

*PROPOSITION 5.1.1. Ifa,b € R, a <b;a,b¢ op(A), then X, X (ap)(An)X,, converges strongly
to X[a,b] (A) :

This proposition appears in [48] which has recently been accepted for publication.

Here, A, is an arbitrary choice of a self-adjoint Laplacian on K,, and 0,(A) denotes the set
of all eigenvalues of A. In particular, this proposition claims that P, converges strongly to Py
provided that 0 and Q2 are not eigenvalues of A. The proof of the above proposition is given in
Section 5.2 and is one of the main results of this chapter.

For example, if M = R, then B(R,Q) = B(Q) is the regular space of Q-bandlimited func-
tions. In this case, one can choose a sequence of nested intervals (connected submanifolds of
R with compact closures) K,, := (—Ly, L,), where lim,,_,, L, = 0o. One can further choose
the particular self-adjoint Laplacian A,, whose domain consists of functions which obey periodic
boundary conditions. Then, given any f € L%(R) it is not hard to see that

Nnp
(5.1.1) P, aof(x) :X[an,Ln](JU) Z fjelij-
j=—Na
Here k; = %—:, fi = 2; f_LLn (r)e~*i®dx, N, = L%J, and X;(x) denotes the charac-

teristic function of the interval I. This image (5.1.1) of f under the projector P, o is just
that Q—bandlimited trigonometric polynomial which we called the L—truncated TPq version
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of f € B(Q) in Chapter 3. *Proposition 5.1.1 then implies that P, of converges to Pof as
n — oo. In particular, if f = Py f is already bandlimited, then f, — f. Hence *Proposition 5.1.1
implies *Proposition 3.3.1, and is a generalization of *Proposition 3.3.1 to an orientable, C*°,
complete Riemannian manifold.

5.1.1. A Reminder of some basic facts about Riemannian manifolds. Let M be an
n—dimensional C* manifold. This means that there is an atlas {(Uy, o) }aecr where {Uqs}aer
is an open cover of M, and each x, is a homeomorphism of U, onto an open subset of R"
such that whenever U, N Uz # 0, the map z, o xgl : 23(Ua NUB) — 24Uy NUg) is a C
diffeomorphism. Each pair (U,, ) is called a chart. Suppose that (U,x) is a chart and p € U
so that x(p) = (' (p), 22(p),...,2"™(p)). The functions x'(p) are called co-ordinate functions, and
given a point p € M, the points z(p) are called its co-ordinates.

Recall that a function f : M — R is said to be C* if given an atlas (U,, ) of M, each of
the functions fox,!: 2,(U,) — R is a C* function of x,(U,) C R™. If f : M — C, f is said to
be C* if both its real and imaginary parts are C*°.

Given any point p € M, let T,(M) denote the tangent space at the point p. Recall that
T,(M) is a vector space consisting of all linear maps £ : C*°(M) — R which obey the Leibniz
rule:

(5.1.2) §(fg) = f(p)&(g) +&(f)g(p),

for all f,g € C°°(M). Let TM := | ], Tp(M) denote the disjoint union of the tangent spaces
and I'(T'M) denote the vector space of all vector fields on M. Recall that a vector field X on M
is a linear map X : C*°(M) — C*°(M) which obeys the Leibniz rule X (fg) = X(f)g + fX(9)
for all f,g € C°°(M). In particular for each p € M, X|, € T,(M) where X|,f := (X f)(p).

A Riemannian metric g on M is an inner product g, on T,,(M) for each p € M such that for
any two vector fields X, Y the function f defined by f(p) := gp(X|m,Y |m) is C*>°. Given any two
vector fields XY, let (X,Y) denote the C* function defined by (X,Y’)(p) = g,(X,Y).

An n—dimensional C*° Riemannian manifold, is a pair (M, g) where M is a C* manifold,
and ¢ is a Riemannian metric on M.

For f € C*(M), the gradient of f, grad(f) is the vector field which satisfies (grad(f),Y) =Y f
for each Y € T(TM). Let (U,x) be a chart with co-ordinate functions z?, 1 < i < n. Define
Oilp € Tp(M), where p € U by
O(fox?)

(5.1.3) al‘pf == azl |I(p) .

The set of all 9;|, form a basis for the vector space T,,(M).

The Laplacian A of a Riemannian manifold can be defined as an operator A : C*°(M) —
C*° (M) uniquely determined by (and which in turn uniquely determines) the metric g of M.
Consider a chart (U,z). If 2° are the co-ordinate functions and 9; are the corresponding co-
ordinate vector fields, then if g;; := ¢(0;,0;) and g := det(g;;), then

1 n y
5.1.4 Af=— 0; 0, f).
(5.1.4) f %(7121 (V99”95 f)

Clearly one can actually define A on all f € C?(M). One can take the above formula as
the definition of the Laplacian, and then show that this definition is independent of the choice of
co-ordinates.

An oriented Riemannian manifold is a Riemannian manifold, together with an atlas (x4, Uy)
such that whenever U, N Ug # (), the diffeomorphism z, N xgl c23(Ua NUB) — 24 (Ua NUg)
is orientation preserving, i.e. if the determinant of the Jacobian associated with this co-ordinate
transformation in R™ is positive.
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Recall that given a Riemannian manifold, there is a canonical volume measure dV on its Borel
sets which is defined using the metric. Let (U,x) be a chart, and f : U — R be a measurable
function. Then, in this chart,

(5.1.5) / fav :/ (fox™H\/goa~ldz'..dx".
U z(U)

For an oriented manifold, M, one can extend this notion of integration to the entire manifold M
([59], pgs. 14-15). If f is complex valued, we can clearly define the above integral by splitting
it into its real and imaginary parts. Using this notion of integration, one can define the Banach
spaces LP(M) with the norms

(5.1.6) HN?AW%W

In particular L?(M) is a Hilbert space with the inner product (f,g) := S f9dV. As usual,
L?(M) can be seen as the completion of C'°°(M) with respect to the norm generated by this inner
product.

For the remainder of this chapter, we will assume that (M, g) is an oriented, C*° Riemannian
manifold without boundary. Choose f,g € C*°(M) such that at least one of f,g is compactly
supported in M. Here, let C§° (M) denote the set of all smooth functions with support contained
in a compact set which lies inside M. Then, Green’s formula, ([17], pg. 12), holds:

(5.1.7) /M fAFgdV = /M gArf,

for any k € N. This shows that the Laplacian, defined on C§°(M) is a densely defined, symmetric
operator in L?(M).

Now let K C M be an open, connected set with a smooth boundary K. Then 0K and K
are C'*° oriented Riemannian manifolds with metric given by the restriction of the metric from
M. In this case one can show that there is a unique outward-pointing normal unit vector field v
on OK. That is, for every p € 0K, if n = dim(M), then the dimension of T,,(0K) is n — 1, and
there is a vector v, € T,,(M) which is perpendicular to all the vectors in T,(0K) C T,(M). In a
chart, one can choose this vector so that it points outwards from the compact set K, and such
that (vp,v,) = 1. This uniquely defines the vector v, at p, and the vector field v such that for
p € 0K, v|, = 1. Let dA denote the Riemannian measure of K. In this case, the following
version of Green’s formula holds

(5.1.8) AUM—%&W=/(WwMMWwMWﬂMMA

OK

It follows that if f € C>°(M), and g € C§°(K), that

(5.1.9) /KfAkng:/Kng.

Let Ak denote the Laplacian of the manifold K. By the above formula, A%, the restriction
of Ak to the domain C§°(K) is a densely defined symmetric operator in L?(K). Also, since
K C M is a Riemannian submanifold of M, it follows that A% f = A’ f for all f € C§°(K). This
symmetric Laplacian A% is not self-adjoint, since equation (5.1.9) shows that the restriction of
any f € C*°(M) to K belongs to the domain of (A% )*, but not to the domain of K.

One can, however, construct self-adjoint extensions of A’ by extending its domain to include
all those f € C°°(K) which obey certain boundary conditions on 0K. For example, let

(5.1.10) D(Ay)={0€ CQ(K) N Cl(f) | (v, grade) = 0}
and let
(5.1.11) D (Ap) = {¢ € C*(K) N C*(K) | dlox = 0}.
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The Laplacian Ak is defined on both ® (Ap) and D (Ay) of elements obeying Dirichlet and
Neumann boundary conditions respectively. Let Ap := Ax|pa,) and let Ay := Ax|pa,) be
the Dirichlet and Neumann Laplacians on K respectively. Equation (5.1.8) clearly shows that
both Ay and Ak are symmetric extensions of A%.. In fact, their closures in L?(M) are both
self-adjoint extensions ([11], pg. 8).

5.1.2. Complete Riemannian manifolds and compact submanifolds. Let M be a
complete C'*° Riemannian manifold. Completeness of a Riemannian manifold is characterized by
the following theorem ([17], pg. 18).

THEOREM 5.1.2. (Hopf-Rinow) Let M be a Riemannian manifold. The following are equiva-
lent.
(a) M is complete as a metric space.
(b) Closed and bounded subsets of M are compact.
(¢) M is geodesically complete.

Given any point p € M, and any tangent vector £ at that point, there is maximal open interval
I: C R and a unique geodesic 7¢(t), t € I¢, which passes through p, v¢(0) = p, whose tangent
vector at p is §&. M is said to be geodesically complete if Iz = R for any tangent vector & ([17],
pg. 18).

The following theorem shows that the assumption of completeness ensures the essential self-
adjointness of the Laplacian on the domain of infinitely differentiable functions with compact
support [12] [16].

THEOREM 5.1.3. Every power of the Laplacian —/A of a complete C*° Riemannian manifold
is essentially self-adjoint on the dense domain C§°(M) C L*(M).

Since we are dealing with a complete C>° Riemannian manifold, we will let A’ denote the
essentially self-adjoint Laplacian whose domain is C§°(M) and A := A’ denote the unique self-
adjoint Laplacian which is the closure of A’.

Now let { K, }nen be a sequence of open, connected submanifolds of M with compact closures
and smooth, C*° boundaries. That is, K,, is compact for each n € N. Further assume that the
K, are nested and form an open cover of M: K,, C K, 11 and U, K,, = M.

Observe that L%(K,,) can be viewed as a subspace of L?(M) in the same way that L?[a, b]
can be viewed as a subspace of L?(R). Namely, we identify L?(K,) with that subspace of square
integrable functions on M which have support contained in K,,. This identification makes sense as
the measures of L?(K,,) and L?(M) are defined by the metrics on K,, and M respectively, and the
metric on K, is just the restriction of the metric on M to K,,. Hence, the measure of L?(K,) is just
the restriction of the measure on L?(M) to Borel subsets of K,,. On each submanifold K,,, let En
be an arbitrary self-adjoint extension of the symmetric Laplacian A/, which is defined on the dense
domain C°(K,) ¢ L2(K,). Then A, is a densely defined self-adjoint operator in L%(K,). We
view the operators En as operators acting on a dense domain in the larger Hilbert space L?(M) in
the following natural way. Given D (A,) := D (&n) @ L2(K,)* in L2(M) = LA(K,,) @ L3 (K,)*,

where L2(K,,)* denotes the orthogonal complement of L2(K,,) in L2(M), define A, := A, &0 on
D (A,). Then A, is a natural extension of A,, to a dense domain in L?(M), and as a subspace
of L*(M), define B(K,,Q) := X, X[o,02(An)X, L*(M) where X,, is the self-adjoint projection

of L?(M) onto L*(K,). The operator P, o := XnX[0,02)(Bn)Xn = XnX[o,02](An)X, is the self-
adjoint projector of L2(M) onto B(K,, ). Note that this definition of bandlimited functions on
K,, depends on the choice of boundary conditions (i.e. on the choice of self-adjoint extension ﬁn
of the symmetric Laplacian A])) on K,,. Finally, observe that if ¢ € C§°(K,,) then A, ¢ = A¢, so
that A, C A,
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5.2. Proof of strong graph convergence of the Laplacians

*Proposition 5.1.1 will now be established using the assumptions of the previous section. This
proposition is restated below for convenience.

*PROPOSITION 5.2.1. Ifa,b € R, a < b; a,b ¢ a,(A) then X, X (q,5)(An)X
to X[a,b](A)'

n converges strongly

Recall that o, (A) denotes the set of eigenvalues of A. In particular, if 0, 2% are not eigenvalues
of A, then P, o 2 Pqo. Here, > denotes convergence in the strong operator topology.

To prove *Proposition 5.1.1, it will be shown that the Laplacians A, on K, converge to
the Laplacian A on the full manifold using a suitable notion of convergence for unbounded self-
adjoint operators. One says that a sequence of self-adjoint operators A,, converges to a self-adjoint
operator A in the strong resolvent sense, 4, 2 A, if there is a z € C \ R for which (4, — 2)~!
converges strongly to (A — z)~! [57]. It is known that if f is any bounded continuous function on
R and A, & A, then f(A,) > f(A). In particular, if A, 2% A, then (A4, —2)~' > (A —2)~! for
every z € C\ R [57]. Let BC(R) denote the set of bounded continuous functions on R.

THEOREM 5.2.2. If A,,, A are self adjoint operators, A, 2> A, and f € BC(R), then f(A,) >
f(A).

Even more useful for our purposes, the following theorem [57] shows that if A, 2 A then
certain spectral properties of A are related to those of the A,,.

THEOREM 5.2.3. Suppose A,, — A in the strong resolvent sense then
(a) Of a,b € R, a < b and (a,b) Na(A,) = 0 for all n, then (a,b) No(A) = 0. That is, if
A € o(A), then there are A, € o(Ay,) such that A, — A.
(b) Ifa,b€R, a<band a,b¢ o,(A), then X(,4)(An) converges strongly to X, 4 (A).

The second part of the above theorem will imply *Proposition 5.1.1 provided that it can be
shown that A,, & A. If this can be shown, it will follow that Xia,p](An) > Xa,p(A). Using this

and the fact that x,, 2 I, it is then elementary to prove *Proposition 5.1.1.

5.2.0.1. Remark. Combining Theorems 5.2.2 and 5.2.3, it is easy to see that if A, 2> A, f is
continuous on [a, b], the support of f is contained in [a,b], and a,b ¢ 0,(A), then f(A,) > f(A).

To establish that A,, 2> A, it will be easier to first show that the A,, converge to A in another
sense which is in fact equivalent to strong resolvent convergence for self-adjoint operators ([57],
pg. 293).

5.2.0.2. Definition. Let S, be a sequence of operators defined in a Hilbert space H. A pair of
elements (¢, 1) € H x H is said to belong to the strong graph limit, I'°°(S,,), of this sequence
if one can find pairs (¢, S,¢n), where ¢,, € D (S,), such that (¢, Sndn) — (¢,¥) in H & H.

Such a sequence of operators S, is said to converge to an operator S in the strong graph
sense if 1°(S,,) = I'(S) where I'(S) denotes the graph of S. The notation S, % S will be used
to denote the strong graph convergence of the S, to S. If A,,, A are self-adjoint operators,
then A, 2% A if and only if A, 55 A ([67], pe. 293).

The following fact about the strong graph limits of symmetric operators will be used in the
proof of *Proposition 5.1.1.

THEOREM 5.2.4. Let (Ap)nen be a sequence of symmetric operators. Let D5 = {¢| T €
H st (p,0) € T(A,)}. If D3 is dense, then T°(A,,) =: T'(A) is the graph of a closed symmetric
operator A. In particular, this means that A, 2% A and that T(A) = T'°(A,,) is closed in H & H.
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It is a fact that for self adjoint operators A, and A, strong graph convergence is equivalent
to strong resolvent convergence [57]. It follows that *Proposition 5.1.1 will be proven if we can
show that A, 2% A. In fact, we will prove the following more general result.

Let M be a complete, oriented, connected C'*° Riemannian manifold. Let K,, C M be a
sequence of nested, open submanifolds of M with smooth boundary as described previously.

*PROPOSITION 5.2.5. Let M and K, be as above. Let D be a closed, self-adjoint linear
operator defined on a dense domain ® (D) C L*(M). Suppose that C5°(M) C D (D), that
D" := Dlgge(r is essentially self-adjoint, and that D;, := D|ce(k,,) is a symmetric operator in
LQ(Fnlfor every n € N. For each n € N, let D,, := D,, &0 in L2(M) = L2(K,) ® L*(K,)*

where D,, denotes an arbitrary symmetric extension of D!, in L*(K,) (in particular, it could be
that D,, = D!, is the trivial extension). Then D, X D.

Recall that if @ is a core for a self-adjoint operator A, then Alp = A. In the assumptions of
the above proposition, C§°(M) is a core for the self-adjoint operator D.

In the literature, the above and related results are known for the special case where D is the
Laplacian, and M = R? [68] [71].

The proof of the following lemma is a simple application of the definition of a compact set,
and is omitted.

LEMMA 5.2.6. If B is a compact subset of M, then there exists N € N such that B C K,, for
allm> N.

PROOF. (of *Proposition 5.2.5)

To prove the proposition, it suffices to prove that T'(D’) C T'*°(D,,). To see this, observe
that Theorem 5.2.4 states that if the set Do, of all ¢ for which there is a ¢ € L?(M) such that
(¢,v) € T°°(D,,) is dense in L?(M), then I'*°(D,,) is closed, and is the graph of a closed, densely
defined symmetric operator. Hence, if it can be shown that I'(D’) C I'*°(D,,), this will imply that
Do DD (D) = C§(M) is dense, so that ['°°(D,,) will be the closed graph of a closed symmetric
operator. Since I'(D’) = I'(D), it will then follow that I'*°(D,) D I'(D), so that I'*°(D,,) is
the graph of a closed symmetric extension D of the symmetric operator D. However, since D is

actually self-adjoint, it has no non-trivial symmetric extensions, which will imply that D = D
and that I'*°(D,,) = T'(D).

It remains to prove that I'(D') € I'*°(D,,). This is easily accomplished. If (¢, D'¢) € I'(D"),
then ¢ € C5°(M) so that the support of ¢ is contained in some compact subset B C M. By
Lemma 5.2.6, there is an N € N such that n > N implies that B C K,, for alln > N. Forn > N,
¢ € C§°(K,,) so that (¢, Dn¢) = (¢, Dl,¢) = (¢, D'¢) for all such n. Let ¢, = 0 for n < N and
¢n = ¢ for n > N. Then (¢, Dpy) — (¢, D'¢) in L2(M) @ L*(M). Hence, (¢, D'¢) € T>°(D,,)
and the proof is complete.

|

Observe that the K,, do not need to have compact closures in order for the above proof to
work. However, for our purposes, it is convenient to choose the K, so that their closures are
compact, since in this case the subspaces B(K,, ) can be chosen to be finite dimensional.

*Proposition 5.1.1 is now an immediate corollary of the above result if we take D = A. In
fact, in *Proposition 5.2.5, one can take D = A* for any k € N. Even more can be said. Let
A}, = Algge(k,)- *Proposition 5.1.1 implies that if A, is an arbitrary choice of self-adjoint
extension of A/ then A, 4A. By Theorem 5.2.2, and Remark 5.2.0.1 it then follows that if
f € BC(R)orifa,b ¢ 0,(A) and g is continuous on [a, b], that f(A,) = f(A) and g(A,) > g(A).

For example, consider the special case M :=R. Let D := i% be the closure of the essentially
self-adjoint derivative operator on C§°(R), and choose D, to be the symmetric derivative operator
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with domain C§°(—L, L) in L?[—L, L]. Choose Dy, to be the self-adjoint extension of D} which
obeys periodic boundary conditions. In this case, as in the introductory section, Section 5.1, it is
not hard to see that given any f € L?(R), that X[—0,0] (Dp)f is that Q—bandlimited trigonometric
polynomial on [—L, L] which is the largest partial sum of the Fourier series of f on [—L, L]
containing no terms e*=% with frequencies k| >

QL
(5.2.1) on(z) = LL] Z foetn? N = |_7J ky == %,

L
(5.2.2) fn = %[L f(z)e *n®dy,

If f € B(), the functions ¢n := X[_qq(Dr)f are the L—truncated TPq versions of f first
considered in Chapter 3. The above results applied to this situation, show that D% Xi—0,0)(Dr) >
Dkx[_Q)Q](D). This proves that if f € B(f), then the k' derivative of ¢ converges in L? norm
to the k*® derivative of f, for any k& € N. This will now be stated as a corollary.

*COROLLARY 5.2.7. If f € B(Q) and ¢n is the L—truncated, TPq wversion of f, where
N = L%L then ¢5\}f) — f®) in norm as N — oo.

*Proposition 5.2.5 can in fact be generalized even further to prove the following:

*PROPOSITION 5.2.8. Let M and K, be as in *Proposition 5.2.5. Let D be a closed self-adjoint
linear operator defined on a dense domain © (D) C L*(M). For eachn € N, let D,, C L*(K,,) be
a dense linear manifold in L*(K,). Suppose that D,, C D (D), that D,, C Dy41, that D!, := D|p,
is a symmetric operator acting in L*>(K,,), and that D' := D|p, where D := U, D,,, is essentially
self-adjoint and densely defined in L?(M).

For each n € N, let D, := D, ® 0 in L2(M) = L*(K,) & L*(K,)*, where D,, denotes an
arbitrary symmetric extension of D!, in L*(K,). In particular, it could be that D, = D!, is the
trivial extension. Then D, 2 D.

The proof of this proposition is very similar to that of *Proposition 5.2.5, and is omitted.

5.3. Outlook

Choose A, to be that Laplacian in L?(K,,) whose domain consists of functions obeying either
Neumann or Dirichlet boundary conditions on K,. In this case, a convenient property of the
subspaces B(K,,{?) is that they are finite dimensional. This follows from the known fact that
the self-adjoint Laplacian on a compact manifold K obeying Dirichlet or Neumann boundary
conditions has a purely discrete spectrum consisting of eigenvalues of finite multiplicity with
no finite accumulation point ([11], pg.8). Hence P, o = X,X[0,02(2)X, Will project onto a
finite dimensional subspace spanned by eigenfunctions to A,,, and the dimension of this subspace
B(K,, ) is equal to N(K,, ), where N(K,,Q) is the number of eigenvalues to A,, which lie in
the interval [0, 0?].

5.3.1. Sampling in a finite dimensional function space is trivial. Such a finite di-
mensional function space always trivially obeys a sampling theorem. For example, consider an
N-dimensional function space, F, spanned by some generic basis functions {b;(x)}i=1.. n, i.e., all
f € F can be written f(x) = Zf\[:l A; bi(z) for some {\;}, C C. Assume we know of a function
f € F only its amplitudes a,, = f(z,), for n = 1...N, at some N generically chosen points z,,,
i.e.,

(5.3.1) flzp) =apn = Z i bi(xp).
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Then, equation (5.3.1) generally allows us to determine the coefficients A; and therefore f(x) for
all . This is because for generic basis functions b;, if the sample points x,, are chosen such that the
N x N matrix B = (b;(zy,))in=1...~ has a non-vanishing determinant, then: \; = Zjvzl Bigl aj,

and therefore
N
fz) = Z f(zn)G(xp, x) for all z,
n=1

where the reconstruction kernel G reads: G(z,,z) = Zf\il B! bi(z). Since the b; are linearly
independent functions, such a set of N points x,, must exist. It follows that the minimum number
of points needed for a set of sampling is N, the dimension of F.

5.3.2. Estimating the dimension of B(K,,{2) and generalizing Landau’s theorem.
There are various results from the field of spectral geometry that can be used to estimate
N(K,,Q), the number of points needed for a set of sampling for B(K,, ). For example Weyl’s
asymptotic formula [17] states that

QIV(K)V(By)
(2m)?

for large 2, where V(K) is the volume of K and V(By) is the volume of the d—dimensional unit
ball in R?.

(5.3.2) N(En, Q) ~

An interesting question to ask is whether the density %

has a finite limit p as n — oo.
Since N (K, ) is the number of points needed for a set of sampling for B(K,,2), and since
B(K,,) converges strongly to B(M, ), this would then seem to suggest that the necessary
density a discrete set of points A := {\,} C M must have in order to be a set of sampling for
B(M,Q) is p. Here, the density of the countable set of points A C M may be defined analogously
to Beurling-Landau density of a discrete set of points in R™. Namely, one could define n_(r) to
be the minimum number of the points of A in any dim(M) dimensional ball of proper radius r in

M, and then define the lower Beurling-Landau density of A to be D_(A) := lim, . n-(),

T

If these ideas could be made rigorous, this could then provide an approach for generalizing
H.J. Landau’s theorem, Theorem 2.2.4, on necessary density for sets of sampling for bandlimited
functions to manifolds. Such a generalized result would be of great interest, in particular, in
mathematical physics [35].

Pesenson has already shown that functions in B(M, 2) are stably reconstructible from their
values taken on certain sets of points A, which have a finite proper ‘density’, in the case where
M has bounded geometry [55]. It therefore seems reasonable that the numbers N‘Eﬁgn?) should
have a finite limit, or at least be bounded above for such manifolds. Methods from the field of
spectral geometry, including those used to calculate Weyl’s asymptotic formula should be useful
for investigating these ideas. The fact that correction terms to Weyl’s asymptotic formula can
be calculated in terms of integrals of scalars formed from the curvature tensor and its covariant

derivatives, which is also used in non-commutative geometry, should be useful here [10].

5.4. Applications to quantum theory on curved space

The material contained in this section has been recently published in [37].

Let M be complete C'*° Riemannian manifold and K, be a sequence of nested submanifolds
with compact closures, as in the previous sections. In the previous section, it was observed that if
one defines the subspaces B(K,,?) using the Dirichlet or Neumann Laplacian, then one obtains
a finite dimensional function space.

This is extremely useful and convenient for quantum field theory. Restricting the space of
physical fields on the manifold M to L?(K,) is a form of infrared cutoff, and is a common tool
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employed by physicists to make quantum field theoretical calculations more tractable. Restrict-
ing the space of physical fields to B(K,,$2) corresponds to imposing both an infrared and an
ultraviolet cutoff. Such a cutoff is very convenient. Since B(kK,, ) is finite dimensional, it has a
finite number of spatial degrees of freedom, so that if one restricts the set of physical fields to this
space, the path integral will reduce to a well-defined finite number of ordinary spatial integrations.
Whether or not the number of spatial degrees of freedom will approach a finite density as the
infrared cutoff is removed for a given manifold is the question discussed in the previous section.

An ultraviolet (UV) cutoff is expected to exist in nature, while an infrared (IR) cutoff is
merely a calculational tool that is to be temporarily imposed to make calculations simpler, and
then be removed subsequently. At this point one needs to consider that, in the presence of a UV
cutoff, it is in fact non-trivial to keep the imposition and subsequent removal of an IR cutoff under
control. Removing the IR cutoff corresponds to considering the nested sequence of ever larger
submanifolds K; (whose closures are compact), and whose union is all of M. One possibility would
be to impose the UV cutoff first, i.e., to restrict the space of fields that is being integrated over
in the path integral to B(M, ), then to impose an IR cutoff, perform calculations, and finally
remove the IR cutoff. Technically, one would work with the image of L?(M) under the operators
X,, Po and then take the limit as n — oo, where Py projects onto B(M, ) and ,, projects onto
L?(K,). This procedure, however, is not practical.

First notice that the operator x,, P is not a projector because x,, and Po do not commute. In
fact, the range of x,, Py is not closed and is therefore not the image of L?(M) under any projector.
In the path integral it would not be straightforward to restrict the fields to this subspace so that
the UV cutoff on the full manifold is regained as the IR cutoff is removed. In fact, the subspace
resulting from imposing first the UV and then the IR cutoff does not obey an UV cutoff on
K, i.e., performing the path integral will be no simpler than with no UV cutoff on the full
manifold. The reason can be traced to the existence of superoscillations [67] [9] [23] [34]: even for
the simple case where M is the real line, it is known that the space of Q2-bandlimited functions
contains functions that oscillate arbitrarily fast on any given finite interval. This means that the
projection of B(Q2) = B(R,2) onto the space of functions with support on a finite interval I does
not yield a space B(I,) of bandlimited functions on that finite interval. Instead, it yields a
linear subspace which is dense in L?(I) [67], suggesting that imposing first an UV and then an IR
cutoff will yield an infinite dimensional subspace of functions even on the compact submanifolds
K,.

Instead, it is more practical to first restrict the fields to L?(K,) and then to cut off the
spectrum of the Laplacian on K,,, namely, to project L?(M) with the projector P, o := X,,Pn.oX,
onto B(K,,, ). This is what we did in the previous section and we know that the resulting space of
fields, B(K,, ), is a closed, finite-dimensional subspace, so that the path integral in the presence
of both the UV and IR cutoffs is then simple and well defined. It is necessary to show, however,
that the removal of the IR cutoff is under control, i.e., that one recovers the full theory with just
the ultraviolet cutoff as n — oo.

To this end, consider functionals on fields ¢, such as the action functional S[¢] in the path
integral formulation or such as the state functionals ¥[¢] in the Schrédinger formulation of quan-
tum field theory. It needs to be shown that the evaluation of such functionals in the full (i.e.
only UV cutoff) theory agrees with the limit of evaluating these functionals on successively larger
submanifolds. Concretely, if ¥ is such a functional then in order that the removal of the IR cutoff
be safe it is necessary that

(5.4.1) U[Pna¢] — ¥ [Pod]

as n — oo for any ¢ € L?(M). For any continuous ¥, equation (5.4.1) will hold provided that
Poa¢p — Pa¢ for all ¢ € L*(M), where Py 1= X[O,Q2](A), i.e., provided that P, o converges
strongly to Pqg. *Proposition 5.1.1 has already established this fact, in spite of the above-discussed
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superoscillations and in spite of the non-uniqueness of the boundary conditions (as well as self-
adjoint extensions, eigenvectors and spectra) of the IR-cutoff Laplacians. Hence, we have proven
that imposing and removing an infrared cutoff in the presence of such an ultraviolet cutoff is
valid.
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CHAPTER 6

Bandlimited functions on flat space-time

In the case where M is a pseudo-Riemannian manifold, the sampling and reconstruction prop-
erties of elements of B(M, ) := X[_Qz)ﬂz](D)L%M) where [ denotes the D’Alembertian of M,
are fundamentally different from the case where M is Riemannian. Contrary to the case of a
Riemannian manifold, there is in general no discrete set of points of finite density on a pseudo-
Riemannian manifold with the property that any bandlimited function can be reconstructed per-
fectly from the values it takes on this set. The basic reason for this difference, as will be made
apparent in this chapter for the case where M is flat space-time, is that the D’Alembertian, unlike
the Laplacian of a Riemannian manifold, is not elliptic.

Despite the fact that there is no overall, global reconstruction formula for elements of B(M, Q)
if M is a space-time, elements of this subspace still have special sampling and reconstruction
properties. This will be demonstrated in this chapter for the case of flat space-time and will be
demonstrated later in Chapter 8 for the case of de Sitter space-time with a finite end-time.

6.1. Sampling on Minkowski space-time

The D’Alembertian for Minkowski space-time can be represented as

82
6.1.1 O:=—-———-A
( ) ot2 ’
acting on fields ¢(xg,x) in L2(R*™F), where A := — " 9 is the spatial Laplacian for R,

i=1 9a?
1<k <3,

As discussed in Chapter 2, any f € B(RF,Q) is perfectly reconstructible from the values
it takes on certain sufficiently dense discrete sets of points in R*. A natural question to ask is
whether elements of B(M, Q) where M is 1 + k dimensional Minkowski spacetime, 1 < k < 3,
have similar properties, i.e., whether they are perfectly reconstructible from their values taken on
certain sufficiently dense discrete sets of points in this space-time. The answer is no, at least not
if the density is defined as in Theorem 2.2.3 using the Euclidean metric, identifying points on the
1 + k dimensional spacetime with points in R %,

To see this, observe that the D’Alembertian on this space-time is unitarily equivalent under
Fourier transform to the multiplication operator p3 — p? acting on fields ¢(po, p) in R1**. In this
representation, the projector X[-02,02] (O) onto the space of bandlimited functions is the projector

of L(R**) onto L?(S) where is S C R!** is the set of all (py, p) C R'T* obeying
(6.1.2) p§ — p? < Q2.

The equations p3 — p? = £0? describe hyperboloids in R+, The set S is the interior region
bounded by these hyperboloids.

Hence, ¢ € B(M,Q) if and only if its Fourier transform has support contained in S. Now
Landau’s density theorem, Theorem 2.2.4, states that if A := {\,},cz is a set of sampling for
the frequency limited functions ¢(zg,x) € B(M,Q) = X[792’92](D)L2(Rk+1)7 then the Beurling-
Landau density of the set of points A must be proportional to the volume of the set S on which
the frequencies of these functions have support. However, as is easily checked, the volume, or
Lebesgue measure of the set S is infinite in R!** for 1 < k < 3. For example, in the case where
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k =1, it is straightforward to show that the volume of the set S is proportional to the area under
the curve f(z) = L for = € [, 00). This proves that there are no sets of sampling for B(M, ()
which have finite Beurling-Landau density.

Even though there is no overall reconstruction formulas of the type described for bandlimited
functions in Chapter 2, it is not difficult to show that fixed modes of fields in B(M, ) will obey
special reconstruction formulas. For example, given a field ¢ € B(M, ), if one performs a Fourier
transform with respect to the time variable ¢, the result is a function ¢(pg,x). For a fixed temporal
frequency pp € R, the function ¢, (x) := ¢(po,x) of x will be called the py temporal mode of ¢.
Since the global Fourier transform of ¢ € B(M,2) has support contained in the set described by
the inequality [p2 — p?| < Q2, it is clear that for a fixed temporal mode py, the spatial Fourier
transform of ¢,, has support contained in a compact set S, of finite volume described by the
inequality

(6.1.3) R(po) == \/pg + Q2 > |p| > \/p§ — Q2 := 7(po).

For the case of 1 4+ 1 dimensional flat space-time, as is illustrated in Figure 6.1 below, S, is an
interval for p2 < Q2 and a union of two intervals if p§ > Q2.

D1

Po

N

FIGURE 1. The set Sy, in 1 + 1 dimensions

For 1 + 2 dimensional flat space-time this region is the area between two circles of radius
R(po) and 7(po) (see Figure 2), and in 1+ 3 dimensions this region is that contained between two
spheres of radius R(pg) and r(po).

It follows that each temporal mode of any ¢ € B(M, Q) is spatially bandlimited, and hence
will obey a spatial reconstruction formula.

Recall that the bandwidth volume of the subspaces B(.S) of functions whose Fourier transforms
have support contained in a fixed compact set S C R” is defined as the volume p(S) of S, where p
denotes Lebesgue measure. Further recall that Landau’s density theorem, Theorem 2.2.4, states
that the minimum density a discrete set of points A must have to be a set of sampling for a
set of frequency limited functions B(S) is proportional to the volume of S. For this reason, it
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FIGURE 2. The set Sy, in 1 4 2 dimensions

is interesting to investigate how the spatial bandwidth volume of the fixed temporal mode pg
behaves as pg — oo. Computing the spatial bandwidth volume of the space of fixed temporal
modes ¢,,, i.e., the volume of the region S,, described by the inequality (6.1.3), will determine
how the necessary density a set of spatial points A = {x,,} must have to be a set of sampling for
the fixed temporal mode pg behaves as py — oc.

The volume of the set S, described by the inequality (6.1.3) depends on the number of spatial
dimensions k of M:

limp, oo (VPE+ 02— /D3 —Q?) =0  ifk=1
lim V(Sp)=1{ mlimp—oo (b + 9% — (0 — Q) =270>  if k=2
" A timy, e (08 + 02 = R - 0)F) =00 i k=3

For the cases k = 1 and k = 2, there is an upper bound on the spatial bandwidth volume for
any fixed temporal mode pg. Hence, it is consistent with Landau’s theorem that there could exist
sets of spatial points A = {x, }nez, A C RF, k = 1,2 which are sets of sampling for every fixed
temporal mode py € R. Indeed, such sets of points do exist. For example, if kK = 1, then the space
of all py temporal modes is B(S,,) where S(po) = [—R(po), 7(po)] U [r(po), R(po)]. The volume of
this set is V/(Sp,) = 2(R(po) — 7(po)). It is known, as was discussed in Subsection 2.2.1, that any
set of spatial points A := {)‘n}nGZ = {xn}neZ U {yn}nGZ where xp11 — @y = % = Yn+1 — Yn
for all n € Z is a set of sampling for B(S(po)) provided that |z, — y,| # % [46]. This depends
only on the volume V(S,,) of Sp,. If follows that if B is the upper bound on V(S,,) for the case
k =1, then any set of points A := {z,}nez U {yn }nez where z,41 — 2z, = %’ = Ypt1 — Yn and
[ — yal # % is & set of sampling for B((—B — r(po), —r(po)] U [r(po). *(po) + B]) > B(S(po))
for any pp € R. This means that any temporal mode ¢,, of a bandlimited field ¢ € B(M,Q)
where M = 1+ 1 dimensional flat space-time can be stably reconstructed at any spatial point
on the manifold from the knowledge of the values {¢p,(An)}nez it takes on any one of these
discrete sets of points A. For the precise reconstruction formula, see ([46], pg. 1221). It is simple
to calculate that the Beurling-Landau density of any one of these sets A is %. In conclusion,
if ¢ € B(M,Q) is any bandlimited field on this space-time, then the knowledge of the values
{&(t, A\n) brer, nez is sufficient to reconstruct it everywhere on the manifold. This follows since
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the values {@p, (An)}pockr; nez can be computed from the values {¢(t, \n) }rer: nez, so that one
can then compute ¢, (z) for all pg,z € R and then compute ¢(t, z) by inverse Fourier transform.

Since there is an upper bound on the spatial bandwidth volume of any fixed temporal mode
when the number of spatial dimensions is k = 2, a similar reconstruction formula should hold for
this case as well. That is, there should be sets of spatial points A := {\,}nez C R? such that
any ¢ € B(M, ) can be stably reconstructed from the values {¢(t, A\) }ier; nez. In this case the
space of temporal modes ¢,, is the space B(S,,), where S, is the region contained between the
circles of radius R(pg) and 7(pp). One might imagine that this problem is reducible to the case
of one spatial dimension by enclosing the region S,, by a region S (po) between two squares, and
then considering each co-ordinate separately. This, however, does not work, as to do this one
would need to choose the side length of the inner square less then or equal to L\E) and the side
length of the outer square to be greater or equal to R(pg). As is easy to check, there is no upper
bound on the volume of this region S (po) as po — oo. Although I am not currently aware of
an example, I still expect that sets of spatial points A which are sets of sampling for every fixed
temporal mode of a ¢ € B(M, ), where M = 1 4 2 dimensional flat spacetime, should exist.

A similar reconstruction formula cannot hold for 1 + 3 dimensional Minkowski space-time
since for this space-time there is no upper bound on the spatial bandwidth volume for a fixed
temporal mode. In this case, given ¢ € B(M, ) one can consider the function q~5p0m (x2,23) :=
qNS(pO, P1, T2, x3) where ¢~> is that function obtained by performing Fourier transform with respect to
t and a given spatial co-ordinate x1. In this case, one can again show that the spatial bandwidth
volume of $p07p1 is bounded above for all pg, p1 € R so that there should exist discrete sets of points
of finite density A := {x,}nez C R? such that ¢ € B(M, ) should be perfectly reconstructible
from the information {¢(¢, 1, Xn}t,2,er; nez. This shows that any bandlimited function in this
1 + 3 dimensional space-time can be reconstructed perfectly from the values it takes on certain
discrete sets of two-dimensional hypersurfaces of the space-time.

All of the analysis so far has involved fixing temporal modes of bandlimited fields ¢ € B(M, Q).
Conversely, one can define ®p(t) := ®(¢, p) to be the function of time defined by taking the spatial
fourier transform of ¢ and fixing a spatial frequency p. This function of time @, will be called the
p spatial mode of the bandlimited field ¢. In symmetry with the previous results, one can show
that any fixed spatial mode is temporally bandlimited, i.e. the temporal Fourier transform of any
fixed spatial mode p is confined to a compact set, so that every fixed spatial mode obeys a temporal
reconstruction formula. That is, there exist discrete sets of points in time, A := {\,} C R such
that any spatial mode @, is stably reconstructible from the values {®p(\,)}nez. Furthermore,
since there is only one time dimension, and the temporal bandwidth volume of any fixed spatial
mode p vanishes in the limit as ||p|| — oo, it follows, as before, that any ¢ € B(M, ) is stably
reconstructible from the values {¢(\n,X)} ez, xerr Where M is 1+ k dimensional flat space-time
and k € N

6.2. Physical interpretation

Consider the case of M = 1 + 1 dimensional flat space-time. Any fixed temporal mode
©p, of a ¢ € B(M,Q) can be reconstructed perfectly from the values {¢p, (M) }ier; nez where

A = {\,}nez is a certain discrete set of spatial points with Beurling-Landau density %”0) Now
given that this density is defined with respect to a fixed co-ordinate system, one may wonder how
this is consistent with Lorentz invariance. Intuitively, in the co-ordinate system of another inertial
observer, due to time dilation, the wavelength of the temporal mode py will appear longer, so that
to the new observer this temporal mode will appear to be composed of lower temporal frequencies
than pgy. Since lower temporal frequencies correspond to larger spatial bandwidth volume, it seems
that a discrete set of points with larger density then @ is needed to sample and reconstruct
©p, in this new co-ordinate system. However, due to length contraction, the set of points A will

appear to be denser to the new inertial observer. Hence, it must be that this denser set of points
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which is the image of A in the new co-ordinate system is dense enough to reconstruct the function
¢p, in this new co-ordinate system.

Our goal now is to study bandlimited functions on more general space-times. Before doing this,
it will be useful to first introduce the theory of symmetric Sturm-Liouville differential operators,
and to prove some elementary facts about the spectra of symmetric operators. This will be done
in the next chapter.
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CHAPTER 7

Uncertainty, strong convergence, and the spectra of
symmetric operators

7.1. Second order symmetric differential operators

Consider the Sturm-Liouville differential equation

(7.1.1) = (p(2)¢'(2)) + q(z)d(x) = Mw(w)d(z),

on the interval (a,b). The values (a, b) are allowed to be —oo or 00 respectively. We will assume
that the functions p,q,w are real valued functions such that 1/p,q, w are Lebesgue measurable
on (a,b), that they belong to L' of any compact subinterval of (a,b), and that w > 0 almost
everywhere with respect to Lebesgue measure on (a, b).

Given a second order Sturm-Liouville differential equation with these properties, define the
differential expression L[-] by

(7.12) L) = i (o (p050) +at09)

on the interval (a,b) C R.

Following ([52], pg. 60), see also ([4], pages 137-171, and Sections 1-4), one can use the
differential expression (7.2.14) to define a symmetric operator on a dense domain in L?(a, b;w).
Here L?(a, b;w) denotes the Hilbert space of functions on (a, b) which are square integrable with
respect to the measure w(z)dz. First let

(7.1.3) D (D) :=={¢ € L*(a,b;w) | ¢,p(t)¢’ € ACioc(a,b); Lg] € L*(a,byw)},

where AC,.(a,b) denotes the set of all functions which are absolutely continuous on any compact
subinterval of (a,b). The set D (D*) is the largest domain in L?(a,b;w) on which this differential
expression, L can be defined. Define the operator D* by D*¢ = L[¢] for all ¢ € © (D*). Next,
define © (D’) to be the set of all ¢ € © (D*) which have compact support in the open interval
(a,b). Using integration by parts, it is easy to see that if D' := D*|p(pr), then D’ is symmetric,
and it can be shown that D* is the adjoint of D’ ([52], Section 17). Let D denote the closure of
D'

The symmetric differential operator D is said to be generated by the differential expression
L, (7.2.14), and always has equal deficiency indices (n,n) where n < 2. The fact that D must
have equal deficiency indices is a consequence of the following theorem of von Neumann ([58], pgs.
143-144):

THEOREM 7.1.1. Let S be a symmetric operator and C : D (S) — D (S) be a conjugation map
such that SC = CS. Then S has equal deficiency indices.

Here a conjugation map C' is an idempotent, norm-preserving, anti-linear map. For example, if
#,v € L*(R), the complex conjugation map C, C(a¢p+5y) = aCp+BCY where Co(z) = ¢(x) a.e.
is a conjugation map.

PROOF. Since C is idempotent, C? = I, and CD (S) C D (9), it follows that D (S) =
€29 (S) € CD (S) so that CD (S) = D (S).
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Choose any ¢4 € D4 and ¢ € D (5). Since C takes D (S) onto D (5), it follows that

0 = ((S+1)¢, 1)
(7.1.4) = (C(S+1)¢,Coy) = (S —1)Co, Coy).

This shows that C¢y € ®_, and that C' maps D, into ®_. An analogous argument shows that C
maps ©_ into 4. Since C is norm preserving it then follows that ny = dim(®4) = dim(D_) =
n_ |

The following existence-uniqueness theorem holds for differential equations of the form (7.1.1),
(152], pg. 54).

THEOREM 7.1.2. For any interior point o € (a,b) and arbitrary constants c¢; and cs, the
differential equation (7.1.1) on (a,b) has one and only one solution ¢(x) which satisfies the initial
conditions ¢(xg) = ¢1 and p(x9)d (xg) = ca.

Here, a function ¢ is said to be a solution to (7.1.1) if it belongs to ACi.c(a,b) and satisfies
(7.1.1) almost everywhere. The above theorem can be proven using the method of Picard iterates.

The fact that the deficiency index n = ny = n_ of a second order symmetric differential
operator D is less then or equal to 2 follows from the above existence-uniqueness theorem for
solutions to the differential equation L¢ = Ap, A € C, and the form of the adjoint operator D*.
Here, L is the differential expression which generates D.

The deficiency index n is, by definition, equal to the number of linearly independent solutions
¢ € L?(a,b;w) to the equation D*¢ = i¢. That is, n is equal to the number of linearly independent
solutions to the differential equation L¢ = i¢ which belong to L?(a,b;w). By the existence-
uniqueness theorem, there are exactly two linearly independent solutions to this equation, so that
there are at most two such solutions which belong to L%(a,b;w). In conclusion, the deficiency
indices of any second order symmetric differential operator D are (n,n) where n < 2.

7.1.1. End-points. Let D be a second-order symmetric differential operator in L?(a,b;w)
generated by the differential expression L with coefficient functions p, g. The end-point a is called
regular if a > —oo and if 1/p and ¢ belong to L[a,c] for any ¢ € (a,b). Similarly, b is called
regular if b < oo and 1/p, q are in L[c,b] for any ¢ € (a,b). If an end point is not regular, it is
called singular.

A function ¢ : (a,b) — C is said to lie left (resp. right) in L?(a, b;w) if the restriction of ¢ to
(a,c] (resp. [c,b)) belongs to L?(a,c;w) (resp. L*(c,b;w)) for any ¢ € (a,b).

The differential expression L is said to be of the limit circle case at a (resp. b) if all solutions
to L[p] = z¢, z € C, lie left (resp. right) in L?(a,b;w).

7.1.2. A spectral theorem for symmetric second-order differential operators. For
a symmetric differential operator D, one can explicitly construct a unitary operator which is
an integral operator whose integral kernel is expressed in terms of solutions to the differential
equations Lo = A\¢ for A € R, and which maps the differential operator D onto a multiplication
operator on a space of vector-valued functions which are square integrable with respect to a certain
matrix-valued measure.

Let B(R) denote the Borel o—algebra of R, and B(H)* denote the cone of bounded positive

operators on H.

DEFINITION 7.1.3. A positive operator valued measure (POVM) on R is a map Q : B(R) —
B(H)" from the c—algebra B(R) of Borel subsets of R into the set of positive operators in B(H)
which has the following properties:

(1) Q) =0, QR) =1
(2) if Q =022, Q, with Q, N Q=0 for n #m then S0, Q) = Q(Q)
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Given a self-adjoint operator A on a separable Hilbert space H, the spectrum of A is said to
be simple if there is a vector € H such that the linear span of all the vectors x(A)x where Q
runs through B(R), the Borel subsets of R, is dense in H. Such a vector z is called a generating
vector for A. For example, the multiplication operator M in L?(R) is simple, and any ¢ € L?(R)
such that ¢(x) # 0 a.e. is a generating vector for M. If A is not simple but there is a set of vectors
{z;}_, with the property that the linear span of the x(A)z; for 1 < i < n is dense in H, then the
set {x;} is called a generating basis for A. If n is the minimum number of vectors in any generating
basis for A, then the spectrum of A is said to have multiplicity n, or to be n—fold degenerate. One
form of the spectral theorem for self-adjoint operators states that if A is a self-adjoint operator of
multiplicity n, then it is unitarily equivalent to multiplication by the independent variable on a
space L2(R", do) of n—component vector valued functions ¢ = (¢, ..., ¢,) on R which are square
integrable with respect to a positive n x n matrix valued measure o : B(R) — M, (C)* ([52],
Sections 20.4-20.6).

For a symmetric second order differential operator D, the following theorem is a generalization
of the Fourier transform, and gives a concrete realization of the spectral theorem described in the
above paragraph for the case where the deficiency indices of D are (0,0), ([52], pg. 111). For the
statement of the theorem below, assume that w = 1.

THEOREM 7.1.4. Let D be a closed, second-order, symmetric differential operator generated
by the differential expression L on the interval (a,b) C R, and let D’ be any self-adjoint extension
of D. Let ¢;(x;\) be solutions of the differential equation Lo = A¢ which satisfy the boundary
conditions

(715) (o) meom ) = (5 1)-

Then, there is a positive 2 X 2 matriz-valued measure o = (0, ) on R such that the formulas

b
(7.1.6) () = / F(2); (2 N)da
and
2 0o
(7.1.7) @ =Y [ eino e 0o, )

define a unitary transformation U from L?(a,b) onto L*(R?,0) such that UD'U~! acts as multi-
plication by X in L?(R? o).

Actually, in [52], a more general version of this theorem which applies to symmetric differential
operators of any even order is established.

7.2. Uncertainty, strong convergence, and the spectrum of symmetric operators

Before returning to the problem of studying bandlimited functions on expanding FRW space-
time, it will be convenient to prove some simple and general results about the spectra of symmetric
operators. The relationship between the spectrum of a symmetric operator and its minimum
uncertainty, and the behaviour of the essential spectrum of a symmetric operator under strong
convergence will be studied here.

7.2.1. Minimum uncertainty and spectra of self-adjoint extensions. As was first
pointed out in [36], there exists a close relationship between the finite lower bound AS; on the
uncertainty of a symmetric operator and the spectra of its self-adjoint extensions. Our aim now
is to refine those results, including new results, in particular, on the dependence of the density of
eigenvalues on the operator’s deficiency indices. This subsection is joint work with Prof. Kempf.
Several of the results in this subsection are part of a manuscript that has been recently submitted
for publication [49].
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7.2.1.1. Remark and Definition. Recall the definition of the uncertainty of a symmetric opera-
tor S. The expectation value and the uncertainty of a symmetric operator S with respect to a unit-
length vector ¢ € D (S) is denoted by Sy := (¢, S¢) and by AS[@] := \/(S¢, S¢) — ((S¢, ¢))? re-
spectively. For a fixed expectation value t € R, the quantity AS; := infycn(s),(56,0)=t,||6)|=1 AS[]
will be called the minimum uncertainty of S at t. Further recall that the overall lower bound on
the uncertainty of S is denoted by AS := inf;cr AS;.

"THEOREM 7.2.1. If S is a symmetric operator with unequal deficiency indices, then AS = 0.

PROOF. Suppose S has deficiency indices (m,n), n # m. Then it has a symmetric extension
S’ with deficiency indices either (Jm — nl,0) or (0, |m —n|). Accordingly, the Cayley transform U
of S’ is either an isometry or the adjoint of an isometry. By the Wold decomposition theorem, U
is then isometrically isomorphic to k copies of the left shift operator on @%_,1?(N) or j copies of
the right shift operator on @&7_,1*(N). Tt follows that o(U) = ¢(R) or = o(L) respectively, where
R and L are the right and left shift operators on [2(N). It is known that the unit circle lies in
the continuous spectrum of both the right and left shift operators. It follows that the continuous
spectrum of S (which is a subset of R) is non-empty and hence there exist ¢ € @ (S) for which
AS|[¢] is arbitrarily small. O

*THEOREM 7.2.2. Let S be a densely defined, closed symmetric operator with finite and equal
deficiency indices (n,n). If AS > 0, then any self-adjoint extension S’ of S has a purely discrete
spectrum, o(S’) = 0,(S"). In particular, if AS; > € > 0 for allt € I C R, then S’ can have
no more then n eigenvalues (including multiplicities) in any interval J C I of length less then or
equal to €

This theorem shows, in particular, that if AS > ¢, then any self-adjoint extension of S has
no more then n eigenvalues in any interval of length e.

ProoF. If AS > 0, then by 'Theorem 7.2.1 and Remark 4.3.1.2, we conclude that every
z € C is a point of regular type for S. Since S has finite and equal deficiency indices, if S’ is any
self-adjoint extension of S, it follows that o.(S’) = 0.(S) consists only of the point at infinity.
This implies that the spectrum of S’ consists solely of eigenvalues of finite multiplicity with no
finite accumulation point.

Suppose that there is a self-adjoint extension S’ of S which has n + 1 eigenvectors ¢; to
eigenvalues \; where \; € J C I, and the length of J is less then or equal to €. Then, since the
dimension of © (S") modulo ® (.5) is n, there is a non-zero linear combination of these orthogonal
eigenvectors, 1) = Z?:Jrll ¢i¢; which has unit norm and which belongs to © (5). The expectation
value of the symmetric operator S in the state 1 lies in J, t := Sy, € J, since 1 is a linear combi-
nation of orthogonal eigenvectors to S’ whose eigenvalues all lie in J. Now it is straightforward

to verify that since |A;| < |¢t| + € for all 1 <i <mn+ 1, that

n+1 n+1
(7.2.1) (ASD* =Y 22(eif2 — 2 < 3 (It + 02eif? — 12 = 2ft]e + 2.
=1 =1

First suppose that 0 € J and that ¢ := gw = 0. Then in this case, equation (7.2.1) contradicts
the fact that ASy > €, proving the claim for this case.

If t # 0, then consider the symmetric operator S(t) := .S — ¢ on ® (5). Given any ¢ € ®

(
which has unit norm and expectation value S, = (S¢, @) = ¢, it is not hard to see that S(t) ¢
(S(t)¢, #) = 0 and that

AS(t)[¢]? (S(t), S(t)¢) = (S¢, S¢) — 2t(S¢, ¢) + t*
(7.2.2) = (S¢,8¢) —t* = AS[¢].

S)
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This shows that AS(t)g = AS; > e. Now let S” be any self-adjoint extension of S. Applying the
above argument for the expectation value 0 to the symmetric operator S(t), we conclude that the
self-adjoint extension S’(t) := S’ — ¢ of S(¢) can have no more than n eigenvalues in the interval
J —t. This in turn implies that S’ can have no more than n eigenvalues in the interval J.

O

*COROLLARY 7.2.3. If S is a symmetric operator with finite deficiency indices such that
AS =€ > 0, then S is simple and reqular, the deficiency indices (n,n) of S are equal, and the
spectrum of any self-adjoint extension of S is purely discrete and consists of eigenvalues of finite
multiplicity at most n with no finite accumulation point.

If S is a closed, densely defined simple symmetric operator with equal and finite deficiency
indices (n,n), then, by Theorem 4.4.3, the multiplicity of any eigenvalue of any self-adjoint ex-
tension S’ of S does not exceed n. *Corollary 7.2.3 is an immediate consequence of this fact, and
*Theorems 7.2.1 and 7.2.2.

7.2.1.2. Ezample. Consider the symmetric differential operator S’ := —% (m%-) + x defined
on the dense domain C§°(0,00) C L2[0,00) of infinitely differentiable functions with compact
support in (0, 00). Let S be the closure of S’. Let D be the closed symmetric derivative operator
on L?[0,00) which is the closure of the symmetric derivative operator D’ := i% on the domain
D = C§°(0,00). Recall that if T is a closed operator, then D C ® (T) is called a core for T if
T|p = T. Tt follows that ® is a core for both D and for S. For all ¢ € D, it is easy to verify that

[D, S]¢ := (DS —SD)¢ = i(D?+1)¢. By the uncertainty principle, it follows that for any ¢ € D,

(123) ASIADIS) > 1 1(6,D, 5]6)| = 5 (6, (D* + 1)) = 5 [(ADIg))* + (6, D6) + (6,9}

Using the fact that the function f(z) = m;;rl is concave up for all z € (0,00) and has a global
minimum f(1) = 1, we conclude that AS[¢] > 1 for any unit norm ¢ € ®. Since D is a core for S,
given any unit norm ¢ € D (S), one can find a sequence ¥, € D such that ||, || = 1, ¢, — ¢ and
S, — Sy, Tt follows that AS[¢] = lim, oo AS[th,] > 1. Now S is a second order symmetric
differential operator of the type discussed in Section 2.1. As discussed in that subsection, the
deficiency indices of such an operator are equal and do not exceed (2,2) ([52], Section 17). Since
AD > 1, *Corollary 7.2.3 also implies that the deficiency indices of D must be equal and non-zero.
Hence, D has deficiency indices (1,1) or (2,2). Applying *Theorem 7.2.2 one can now conclude
that D can have at most two eigenvalues in any interval of unit length.

Conversely, as the next theorem shows, if S has finite deficiency indices and is simple and regular,
then AS > 0.

*THEOREM 7.2.4. Suppose that S is a regular, simple symmetric operator with finite and equal
deficiency indices. Let & denote the set of all self-adjoint extensions of S within H. Then

(7.2.4) AS; > max AS} = max ( min VIA=t||lp— t|) .

S'€6 \ A\, p€o(S’); X#u

ProOOF. Note that if S is simple and regular with finite deficiency indices (m,n), then these
indices must be equal, otherwise, by Theorem 7.2.1, S would have continuous spectra and would
not be regular.

Since D (S) C D (5') and S'|p(g) = S for any S’ € G, it is clear that AS; > maxgecs AS;.
It remains to prove that AS; = miny ,cq(s) /|A — t||u — t] for any S" € &. Since we assume S
is regular, simple, and has finite deficiency indices, the essential spectrum of S is empty. Hence,
by Claim 4.4.1, 0.(S’) is empty for any S’ € &. This shows that the spectrum of any S’ consists
solely of eigenvalues of finite multiplicity with no finite accumulation point. Order the eigenvalues
as a non-decreasing sequence (t,)nem. Here, as in Section 4.4, Ml = £N, or Z. For convenience,
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assume M = Z, and let {b,, },cz be the orthonormal eigenbasis such that S’b,, = t,,b,. To calculate
AS), we need to minimize the functional

(7.2.5) '[¢] == (S'p, S'p) — 2

over the set of all normalized ¢ € © (S’) which satisfy (S’¢, ¢) = t. Let us assume that ¢ is not
an eigenvalue of S’ as in this case AS] = 0 and (7.2.4) holds trivially. Expanding ¢ in the basis
b, ¢ = > ez Pnbn, We see that to find the extreme points of ®’ subject to these constraints we
need to set the functional derivative of

(7.2.6) O[] =D dndy, ((th —1°) — utn — az)

nez

to zero. Here, a; and ap are Lagrange multipliers. Setting this functional derivative ® with
respect to ¢ to 0 yields:

(7.2.7) 0=¢y, ((t; —t7) — outy, — a2).

Formula (7.2.7) leads to the conclusion that if ¢ is an extreme point, it must be a linear combina-~
tion of two eigenvectors to S’ corresponding to two distinct eigenvalues. To see this note that if
the decomposition of ¢ in the eigenbasis {b,} had three non-zero coefficients, say ¢;,, ¢ = 1,2, 3,
all of which correspond to eigenvectors b;, with distinct eigenvalues, t; # t;, 1 < 7,7 < 3, then
Equation (7.2.7) leads to the conclusion that ay = t;, +t;, = t;j, +t;,. This would imply that
t;, = tj,, a contradiction. Furthermore, ¢ cannot just be a linear combination of eigenvectors b; to
one eigenvalue, as such a linear combination cannot satisfy the constraint (S¢, ¢) = t. Let A :=t;
and p :=t; for any j,i € Z for which ¢; # t;. Choose ¢ € Rer (S* — \) and ¢ € Rer (5* — p). We
have shown that any ¢ which extremizes ® has the form ¢ = c1p + co. Using the constraints
that (¢, ¢) = 1 and (S¢, ¢) = t uniquely determines ¢; and ¢y up to complex numbers of modulus
one:

[ A=t | — ¢t
7.2.8 c1| = and |cg| = .

The phases of ¢; and ¢z do not affect the value of ®[¢]. It follows that if ¢ extremizes ®, then

AS'[@] = /| — t||X — t] so that AS{ = min, xeo(s):22u V10— t]|X =] O

7.2.1.3. Remark. Observe that the curve f(t) = /| — t||\ — t| describes the upper half of a

[A—p|
2

circle of radius centred at the point )”LT“

7.2.2. Strong convergence and the essential spectrum of symmetric operators. In
this subsection, a result on the behaviour of the essential spectrum of a sequence of symmetric
operators (S, )nen which have finite deficiency indices (n, n) and which converge in a certain strong
sense to a symmetric operator S with finite and equal deficiency indices will be established. This
result will be applied later to the study of bandlimited functions on expanding de Sitter space-time.

Recall that the set of all compact operators K (H) is a two-sided norm-closed ideal in B(H),

and that the Calkin algebra ﬁ((;?) with the norm ||[7(B)|| := infgeg(n) || B+ K|| is a C* —algebra.
B(H)

Here, m : B(H) — 7 denotes the canonical *—homomorphism of B(H) onto the Calkin

algebra. It is a well known fact that the essential spectrum o.(L) of any L € B(H) is equal to
the spectrum of the image, 7(L), of L in the Calkin algebra ([15], pgs. 358-362). If S has equal
deficiency indices and S’ is a self-adjoint extension within M of S, then the essential spectrum
of §' is equal to f(o.(Rx(S’)) where f(z) := 1/z + A. This follows from the spectral mapping
theorem for closed self-adjoint operators, see, for example, Theorems 5.12.1 and 5.12.2 of [21].
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7.2.3. Strong graph convergence. Here we make a simple generalization of results which
describe the relationship between spectrum and strong graph convergence of self-adjoint operators
as described in ([57], section VIIL7).

Let (Sp)nen be a sequence of densely defined, closed, symmetric operators on H. Let S be
a fixed, closed, densely defined symmetric operator on H. Given A € C\ R, let P,(\) denote
the projector onto R (S,, — A), and P(\) denote the projector onto R (S — \). Given any closed,
densely defined symmetric operator A and z € C\ R, A — 2z has a bounded inverse defined on
R (A — z). Hence, the operator (A — z)~1P(z), where P(z) projects onto the closed subspace
R (A — z), is a well-defined bounded linear operator on H for any such A.

The main result of this subsection is the following theorem:

*THEOREM 7.2.5. Suppose that Sy, S are closed, densely defined symmetric operators. For

any fired n, assume that S,, has finite and equal deficiency indices, and that the deficiency indices
S

of S are equal. Suppose that (S, — 2) " P, (2)P(z) = (S — 2) "' P(2) for any fized z € C\ R.

If a < b, a,b € R and 6.(S,) N[a,b] = 0 then either o.(S) N (a,b) =0, or, for any sequence
(S1)52, of self-adjoint extensions of the Sy, the number of eigenvalues of S., in the interval (a,b)
diverges as n — o0.

Before proving *Theorem 7.2.5, it will be useful to first establish a few basic facts. Recall
that a dense set D C H is called a core for a symmetric operator S if S|p = S.

*LEMMA 7.2.6. Let S,, and S be closed, symmetric operators which are densely defined in H.
If either

(a) D is a core for S, each S, is defined on D, and S, ¢ — S¢ for every ¢ € D,

or,

(b) T(S) € T>(Sn),

then for any A € C\R the operators (S, —\) "1 P,(A\)P(X\) converge strongly to (S—X\)"1P(\).

PrOOF. Fix A € C\ R.
(a) For any ¢ € D let ¢ = (S — X\)¢. We have
(S0 = NPV = (S =N ¥ = (Sy =N PaA)(S = Sy + 5 = N6 — &
(7.2.9) = (Sn =N 7HS — 5n)0.

This vanishes in the limit as n — oo since (S, — \)~!

follows that ((S, —A)71P,(A) — (S = A)7LP(\)) ¢ — 0 for all ¥ € (S — \)D. Since S := S|p,
one can conclude that this also vanishes for all ¢ € B (S — \) = P(A)H. This proves (a).

is uniformly bounded by ﬁ It

(b) IfT'(S) C T'*°(S,,), then for any ¢ € D (S) one can find ¢,, € D (S,) such that ¢, — ¢
and S,¢, — S¢. Let P, := P,(\) and P := P()). Then,

(S0 =N "PaP = (S=NT'P)(S=N6 = ((Su=X)""Pu—(S—N") (S - N
(7.2.10) = (Sn=N"'Pu((S=Nd— (Sn— Nén) — (¢ — 6n).
Since ¢, — ¢, and (S, — A)d, — (S — N)¢, and (S, — A)~! is uniformly bounded by ﬁ,

the last line above vanishes in the limit. Since the set of all (S — \)¢ for ¢ € © (5) is all of PH,
we conclude that (S, — \)"'P,P > (S — \)"'P. O

The following simple fact will be used in the proof of *Theorem 7.2.5. Its proof is elementary
and is omitted.
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LEMMA 7.2.7. Let (K,)S2, be a uniformly bounded sequence of finite rank operators whose
rank is uniformly bounded by n. This sequence contains a weakly convergent subsequence which
converges to a bounded operator K of finite rank at most n.

Let (Sp)nen and S be symmetric operators that satisfy at least one of the sets of assumptions
(a) or (b) of *Lemma 7.2.6. Further suppose that the deficiency indices of the S, are finite
and uniformly bounded for all n € N, and that the deficiency indices of S are also finite. Also
assume that for each S,,, the deficiency indices n4 (S,) = n_(S,) are equal and that the deficiency
indices of S are equal. In this case, the projection operators P, (z) and P(z) which project onto
R (Sp — z) and R (S — z) respectively for z € C\ R are such that I — P,,(z) and I — P(z) have
finite rank.

For each n, let S/, denote an arbitrary self-adjoint extension of S,, within H and let S’ similarly
denote such an extension of S. It follows that,

(S, =2)71 = (S, = 2) "M = Pu(2) + Pu())((I = P(
= () = 2) 7 (Pa(2)P(2) + Pu(2)(I = P(2))
+(I = Pu(2))P(2) + (I = Pu(2))(I = P(2)))
(7.2.11) = (S, —2)"'P.(2)P(2) + F,,

where F), is a finite rank operator. Also observe that if z € C\ R, then the norms of the F,, are
uniformly bounded since ||(4 — 2)7!|| < |Im oy for any symmetric operator A.

z)) + P(2))

Now all of the facts needed for the proof of *Theorem 7.2.5 have been gathered.

PROOF. (of *Theorem 7.2.5) Let Ao := %2 + 252 and let P, := P,(\g) and P := P(\o).
Consider 7[Ry, (S5],)], where S/, is any choice of self-adjoint extension of the S,,, and 7 is the
canonical *—homomorphism of B(H) onto the Calkin algebra. By the spectral mapping theorem,
1

(7.2.12) o(mlRxa (S0)]) = oe(ixa(50)) = =gy —

Since 7[Ry, (S},)] is normal in the Calkin algebra, and the essential spectrum of an operator
is equal to the spectrum of its image in the Calkin algebra, it follows that

1 V2
(7.2.13) 7[R, (S))]Il = spr(z[Ra,(Sy,)]) =  sup ;
Aeoo(s)A—Xo T b—a

IN

where spr(-) denotes the spectral radius.

It follows that for any e > 0, and each n, one can find compact operators K,, with the property
that ||Rx, (S},) + K| < b 2 + . Furthermore, the K,, can be chosen so that they are all of finite
rank and such that their norms are uniformly bounded. To see this note that if A € [a,b]Na(S)),
then A must be an eigenvalue of finite multiplicity since we assume that [a,b]No.(S),) = ¢ and 5],
is self-adjoint. (Recall that a self-adjoint operator has no residual spectrum.) Furthermore, the set
of all such eigenvalues A € [a, b] can have no limit point in the interval, so let @, be the finite rank
projector whose range is the direct sum of all the eigenspaces corresponding to the eigenvalues of
S/ in [a,b]. It follows that if we choose K, := —Ry,(S},)Qn, then ||Rx,(S),) + K| < b\fa + €,
that the norms of the K,, are uniformly bounded by m, and each K, has finite rank.

Assume that the rank of the K, is uniformly bounded. By equation (7.2.11), Ry, (S)) =

Ry, (Sn)P,P + F,,, where the F,, are uniformly bounded finite rank operators whose rank is

uniformly bounded. Therefore, ||Rx,(S;,) + Knll = [|Rx,(Sn) PP + K} || < 725 + € where K/ =
K, + F,. Since both K,, and F,, are uniformly bounded in norm and rank, so is K/,. By Lemma
7.2.7, there is a weakly convergent subsequence, K ! that converges to some finite rank operator
K € B(H). It follows that Ry,(Sn,)Pn, P + K' converges weakly to Ry, (S)P + K. Since

[ Bxg (S ) Py P+ K, || < ‘[ ~ + ¢ it is easy to see that |Rr, (S)P+ K| < %—i—e. The difference
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between R),(S)P 4+ K and R),(S’) is finite rank which implies that there exists a finite rank

operator K’ such that ||Ry,(S") + K'|| < % + e. Since this is true for any € > 0, one can now

conclude that ||7[Rx,(S")]|| < %. Applying the spectral mapping theorem again shows that
(a,b) ¢ 0c(S). Observe that the same argument as above can be used to show that if the rank of

any subsequence of the K, is uniformly bounded, then (a,b) ¢ o.(5).

Alternatively, if the rank of the K,, := —R),(S},)Qy is not uniformly bounded then the rank
of the Q,, diverges as n — oo. This just means that the number of eigenvalues that each S], has
in the interval [a, b] diverges as n — oo. O

7.2.4. Application to differential operators. Consider the differential expression

(2.14) )=~ 5 () 50) + el

on the interval (a,b) C R. The values (a,b) are allowed to be —oco or +o0o respectively. In addition
to the usual assumptions on p and g described in Section 7.1, assume that the functions p, ¢ belong
to L? of any compact subinterval of (a,b).

Now let L,[y] be a second order differential expression defined by the functions p,, and ¢,
and L[y] an expression defined by p,q. Let D,,, D be the corresponding symmetric second order
differential operators generated by L, and L, respectively.

The following theorems allow one to apply the results of the previous subsection to second
order differential operators of this type.

*THEOREM 7.2.8. Let D,, and D be second order symmetric differential operators in L?(a,b)
defined by the coefficient functions p,,q, and p,q respectively. Assume that 1/p,,1/p and qn,q
belong to L? of any compact subinterval of (a,b). If 1/p, — 1/p and g, — q in L? of any compact
subinterval of the open interval (a,b), then I'(D) C I'°(D,,) C T'(D*), and I'>*(D,,) is the graph
of a closed symmetric extension of D.

The proof of this theorem will make use of Theorem 5.2.4.

PROOF. (of *Theorem 7.2.8)

As in Section 7.1, let D’ denote the non-closed symmetric operator defined as the restriction
of D* to the set of all elements in its domain which are compactly supported in the open interval

(a,b).

By Theorem 5.2.4, it follows that if we can show that I'(D’) C I'*°(D,,), then I'**(D,,) will
be the graph of a closed symmetric extension of D’. In particular, since D = D’ this will show
that I'(D) C I'*°(D,,) C I'(D*). That I'>*(D,,) C I'(D*) follows from the fact that I'>*°(D,,) is the
graph of a closed symmetric extension of D, and Remark 4.3.1.3.

Suppose (¢, D'¢) € T'(D’). Then, by the definition of the domain of D', ¢ has support
contained in some subinterval (a’,d") of (a,b), where [a’,b'] is compact. Now pick ¢’ such that
b < ¢ < oo and choose ¢ € (V,¢'), and e >0sothat ¥’ <c—e<c+e<c.

Choose ¢ € CZ(a’,¢’) such that ¢(z) = 0 for all x € (a,b'] U [¢/,b), such that 1(z) = 1 for all
x € [c — €,¢+ €], and such that ¥’/ (x) <0 for all x € [¢,¢']. Then define
Y’ (x)
pn(2)

(7.2.15) B(@) = L (@) + O Xy (0) @ € (@h),

where

(7.2.16) C, = 2 @7 T




Since 1/p,, € L?[d’, ], and p¢’, 9’ are absolutely continuous on [a’, '], it follows that C,, is finite
for each n € N. Furthermore, since ¢’ is differentiable and p¢’ € AC|a’, '] it follows that ¢, pg’ €
L>[d’, ¢']. Recall here that the domain D (D) of a differential operator D defined with coefficient
functions p, ¢ is defined such that if ¢ € D (D), then p¢’ belongs to AC),c(a,b) (see Section 7.1).
Since 1/p,1/p, belong to L?[a’,c'] C L'[a’, ], this shows that ¢!, € L'[a,b]. Note also that by
the definition of ¢ and ¢ that ¢/, vanishes almost everywhere for z € (a,a’| U [V/,c+ €] U [, b).

In particular, if we define ¢, (z) := fa, ¢ (t)dt, then ¢, € ACioc(a,b). Clearly ¢n(x) = 0
for z < a’. Also, for z > ¢, it follows that ¢n(z) = [ 2O (t)dt + Cp [© s (B)dt = 0

by the definition of C,. Furthermore ()9 (2) = p(z)¢' () + Cpt) (@)X () ae. Since
¢'(z) = 0 for all z € [c —¢,c], it follows that ¥'X. ., is differentiable. Also, p¢’ € ACioc(a,b)
since ¢ € © (D*). This proves that p,¢!, € ACioc(a,b). To show that ¢, € © (D,,) it remains to
verify that || D,én|| < co. This is easily accomplished since

[Dndull = l(p¢') + Cn,l/}//X[C,C/] + an®nl|
DI+ lla@ll + 1CrX(er %" | + llgnnll
1Dl + llgll 2 01 18lloe + 1Cnl(e" = Y oo + llgnllz2(ar,ellnlloo

which is finite for each n € N. Hence ¢,, € D (D,,). In the above, note that for ¢ € ® (D),
|6]|00 < o0 by definition.

[VARVAN

(7.2.17)

Now it will be shown that ¢, — ¢. Since ¢, and ¢ are continuous for any = € [a’,V'], it
follows that for any fixed x € [a’, V],

(6n() — d(z)] = t dt—/ ot dt‘

- / (,, @) e

- | At
1

b/ 1
—— | Ip(t)¢' (t)|dt
/a/ pn(t) p(t) ‘
I I oo
< |t [ oo ok
/a’ pa(t)  p(t) o’
(7.2.18) < (¥ = )pellooll1 /P — 1/pllL2ar 0y =5 0.
This proves that ||(<Z>n = &) X[ar v o "% 0. The above further implies that for 2 = ¥/,
f;,/ oL (t)dt — f p QS’ = ¢(b') — ¢(a’) = 0 as n — oo. Furthermore, for x € [c, '],

(7'2'19) < ”"//”00 (Cl - C)Hl/pn - 1/p||L2[C,C’] — 0.

/ (pnl( . p/}ﬂ) Y/ (t)dt

In particular since we assume ¢’(z) < 0 for all = € [¢, ¢], this means that fccl ﬁz{;’(t)dt < 0, and,

b’ t) ’
lim,, oo [1 2 5o’ (t
(7.2.20) lim C) = — Jo @ (Dt =0

n— 00 limy, 00 fc pn(t)w (t)

It follows that
(7.2.21) ¢ — oIl < (0" = a")[(Pn — D) X(ar b1 lloc + 1Cal(c = )Y [l 1/Pnll L2(e.cr)-

Since 1/p,, — 1/pin L?[c, ¢'] by assumption, it follows that there is a B > 0 such that ||1/p, l L21c,en
< B for all n € N. Hence ||¢, — ¢|| — 0 as n — oco. Furthermore, the above arguments actually

n—oo

prove that ||¢n — ¢|lcc — O.
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Finally, it will be shown that D,,¢,, — D¢. Now,
(7.222)  [[Dén — DG|| = lgndn — ad + Crt”|| < [[(an — D ull + la(dn — D) + |Culll¥"]],

and since ¢, ¢ have support contained in [a’, ¢'], it follows that

(7.2.23) ||Dén — Dd)” < HQH - Q||L2[a’,c’]||¢n||oo + HqHLQ[a’,C’]”¢n - ¢||oo + (c/ - C)|Cn|||¢u||oo-

Since ¢, — ¢ uniformly on [d/, '], it follows that there exists a B < oo such that ||¢n||ec < B
for all n € N. Hence, D, ¢, — D¢. This proves that T'(D’) C T'>°(D,,). As discussed at the
beginning of the proof, it follows that I'(D) C T'*°(D,,) C T'(D*) and that I'>°(D,,) is the graph
of a closed symmetric extension of D.

O

*THEOREM 7.2.9. Let D be a second order symmetric differential operator defined by the
coefficient functions p and q on (a,b). For each n € N, let D,, be the second order symmetric
differential operator defined by p and q on the subintervals (ay, by, ), where a,, < by, a, — a, and
b, — b asn — co. Then T'(D) C I'*°(D,,) C I'(D*).

The proof of this theorem is very similar to that of *Proposition 5.2.5 which was applied to
prove the strong graph convergence of the Laplacian on submanifolds of a complete Riemannian
manifold to the Laplacian on the full manifold.

PROOF. Recall that D is the closure of the operator D’ whose domain consists of all those
¢ € © (D*) which have compact support in the open interval (a,b) (see Section 7.1). Now it is
quite easy to see that I'(D’) C I'*°(D,,). Given any ¢ € © (D’), the support of ¢ is contained in
some compact [a,b'] C (a,b) so that there exists N € N such that n > N implies that ¢ € © (D,,)
and that D,¢ = D’¢. Choosing ¢, = 0 for n < N and ¢, = ¢ for n > N yields a sequence of
elements ¢, € D (D,,) such that (¢,, D,¢,) — (¢, D’'¢). This proves that T'(D') C T>°(D,,).

Since D = D’, Theorem 5.2.4 then implies that I'(D) C I'*°(D,,) C T'(D*), and that I'*°(D,,)
is the graph of a closed symmetric extension of D.

|

Combining *Theorems 7.2.5, 7.2.8 and 7.2.9 yields the following corollary:

*COROLLARY 7.2.10. Let D,,, D be second order symmetric differential operators defined by
the coefficient functions py,qn, and p,q on the intervals (an,by,) and (a,b) respectively. Assume
that 1/p,,1/p and gy, q belong to L? of any compact subinterval of (a,b). Suppose that a, — a,
b, — b and that both 1/p, — 1/p and g, — q in L* of any compact subinterval of (a,b).

IfX<p, A\u € R and o.(Dy) N[N\ pu] = ¢ then either o.(D) N (A, u) = ¢ or for any
self-adjoint extension D!, of D,,, the number of eigenvalues of D), in the interval (A, p) diverges
as n — oo.

This shows, in particular, that for any X € o.(D), one can find A, € o(D,,) such that \,, — A.

PROOF. Choose any ¢ € T'(D’). Then the support of ¢ is contained in some compact [a’,b'] C
(a,b). Choose N € N such that for n > N, [d/, /] C (al,,b],) where ¢/ > ¥’ is fixed. As in the proof
of *Theorem 7.2.8, for n > N, one can construct a sequence of elements ¢,, € © (D,,) such that
(¢, Dnpn) — (¢, D) in HHH. This proves that T'(D’) € I'*°(D,,), and hence by Theorem 5.2.4
that I'(D) C I'*°(D,,) C T'(D*), and that I'*°(D,,) is the graph of a closed symmetric extension

of D. Applying *Lemma 7.2.6 and *Theorem 7.2.5 now yields the claim. d
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7.2.4.1. Ezample. Now consider a specific example in which differential expressions L[] and
symmetric differential operators Dy, are defined by p(t) = t2, qi(t) = %’f and (a,b) = (—1,0) for
k € [0,00). For k > 0 the deficiency indices of Dy, are (2,2). Indeed, one can verify that if A € C,

then two linearly independent solutions to Li[¢] = A[¢] are fi(\;t) = (n(t))%Ji\/q(kn(t))
4

where 7(t) := =!. Choosing A € C\ R it is easy to show that both solutions f4(X;-) belong to
L?(—1,0). Hence, the deficiency indices are (2,2) (see Section 7.1). Furthermore, it is known that
if D is a second order symmetric differential operator with deficiency indices (2,2), then given
any self-adjoint extension D of D, the operators (15 — z)~1 are Hilbert-Schmidt operators for any
z € C\ R [52]. This implies that the spectrum of any self-adjoint extension of the operator Dy,
where k£ > 0 is fixed, is a sequence of eigenvalues of finite multiplicity with no finite accumulation
point.

If £ = 0, the situation is different. One can again verify that two linearly independent
solutions to the differential equation Lg[¢] = A[¢] where A € C are fi(\;t) = (77(t))%i\/g
where 7(t) = =}, Recall here that Ly is the differential expression that generates Dy (see Section
7.1). In this case, however, if A € C\R it is not hard to show that f; (}\;-) is not square integrable
while f_(X;-) is. This proves that Dy has deficiency indices (1,1). Furthermore, if A € (1, 00), it
is easy to verify that both solutions fi(J;-) are non-normalizable. Applying Theorem 3 of ([52],
pg. 93), we conclude that [},00) C 0.(Dy), and hence that [1,00) belongs to the continuous
spectrum of every self-adjoint extension of Dy.

Now one would expect that the spectrum of Dy should depend in some way on the spectrum
of the Dy in the limit as k¥ — 0. By applying *Corollary 7.2.10 it will be shown that this is indeed
the case.

Observe that py = p, that ¢x(t) = —%2, and that as k — 0, ¢z — ¢ = 0 in L? of any compact
subinterval of (—1,0). Thus, the conditions of *Theorem 7.2.8 and *Corollary 7.2.10 are satisfied
so that these results can be applied here. Namely, since the interval [%, 00) belongs to the essential
spectrum of Dy and each Dy, has no essential spectrum for k& > 0, if Dj, is any fixed self-adjoint
extension of Dy for each k > 0, *Corollary 7.2.10 implies that the number of eigenvalues each Dy,
has in any subinterval of [i, oo) diverges as k — 0. As will be shown later, in Chapter 8, this
example appears in a certain physical context when studying bandlimited functions on de Sitter
space-time.

I expect that the results of this section, *Theorems 7.2.8, 7.2.9 and *Corollary 7.2.10 will
generalize to the case of symmetric differential operators of arbitrary finite even order (see [52],
Section 17, for a formal description of such operators). There are several results already in the
literature which describe how the spectra of self-adjoint differential operators D,, behave as their
coefficient functions p,, , ¢, converge to p,q in some suitable topology ([4], pgs. 75-98; [5]; [73]
Chapter 2, Section 5 and Chapter 10, Section 9). The results established here in this section are,
in my opinion, of particular interest in the case where the deficiency indices of the D,, and of the
limit operator D are different (as in the example above), so that it is not clear which, if any, of
the self-adjoint extensions of the symmetric operators D,, converge to self-adjoint extensions of
D in the strong graph sense. It will be interesting to compare these results with those that have
already appeared in the literature.

7.2.5. Essential norm resolvent convergence. Suppose S, and S are closed, densely
defined symmetric operators with equal deficiency indices. If there is a sequence of compact
operators (K, )nen € K(H) and a z € C\R such that R,(S})+ K, converges in operator norm to
R.(S’), then by definition of the norm in the Calkin algebra, m(R(S},)) converges to 7(R.(S’)) in
the Calkin algebra. In this case, we will say that S;, converges to S in the essential norm resolvent
sense.

S, converges to S in this sense if, for example, the deficiency indices of the S, are finite
and uniformly bounded, the deficiency indices of S are finite and R, (S,,)P,(z)P(z) converges in
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operator norm to R.(S)P(z) as n — oco. Here P(z) denotes the projection onto f (S — z) and
P, (z) denotes the projection onto R (S,, — z).

Using the fact that the Calkin algebra is a C*-algebra, many of the results in Section VIIL.7
of [57] on norm resolvent convergence for self-adjoint operators generalize directly with minimal
modification to the case of essential norm resolvent convergence.

For example, the following theorem lists just a few of the results that can be obtained through
simple modifications of results on norm resolvent convergence in [57].

*THEOREM 7.2.11. Let (Sp)nen be a sequence of closed symmetric operators with equal de-
ficiency indices, densely defined in a separable Hilbert space H. Let S be a closed symmetric
operator with equal deficiency indices. If S, — S in the essential norm resolvent sense, then for
arbitrary self-adjoint extensions S!, and S’ of S, and S within H, the following statements hold:

(a) T(R;(S))) — w(R.(S")) for all z € C\R.

(b) w(f(S})) — w(f(S") for any f € Cxo(R), the continuous functions vanishing at infinity.
(c) If X & 0.(S), then A & 0.(Sy) for n sufficiently large and w(Rx(S},)) — m(RA(S")).

(d) If a,b €R, a<band a,b ¢ oc(S), then m(X(4,6)(57)) = T(X(ap)(5"))-
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CHAPTER 8

Bandlimited functions on de Sitter space-time

Let M be an expanding FRW space-time. In this case the line element for the space-time is
given by
(8.0.24) ds* = —dt* + a*(t)dx>.
The function a(t) > 0 is called the scale factor, and describes the expansion of the universe as time
increases. The goal of this chapter is to study the subspaces of bandlimited functions B(M, )

on these more general and physically interesting FRW space-times M, and to see whether similar
results to those of Chapter 6 still hold.

For simplicity, much of this chapter will assume that the manifold is 1 4+ 1 dimensional.

Defining the conformal time co-ordinate n by % = ﬁ yields the new line element,

(8.0.25) ds* = a®(n) (—=dn® + dz®) ,

in the co-ordinates (7, ). In this co-ordinate system, for the 1+1 dimensional case, the d’Alembertian
is simply:

1 9? 0?
(8.0.26) 0= 20 (—8772 + W) )

8.1. Sampling theory on expanding FRW space-time: Reducing the problem

In this section, the strategy we will pursue for studying B(M, ) will be the following. In
the n, x co-ordinates, v/|g(x,n)| = a=2(n). Here g(x,n) is the determinant of the metric at (z,7).
Hence, the D’Alembertian for this space-time can be represented as:

ok 0?
— a2 — i
(8.1.1) O=a"*(n) ( o + 8362) ,

acting on a dense domain in the Hilbert space L? ((n;,n5) x R; a=%(n)dndz), where n; = 1(t)]i=—oo
and 1y = 1(t)|t=+0c. Under Fourier transform with respect to the spatial variable x, 0 becomes

(8.1.2) O=—a">(n)(03 + k)

acting on a dense domain in L? ((n;,77) x R;a=2(n)dndk). For each fixed k € R, consider the
symmetric differential operator

(8.1.3) Oy == —a"2(n) (02 + k?),
acting on an appropriate dense domain in the Hilbert space L? ((n;,n7); a=2(n)dn).
The basic strategy for studying B(M, Q) will be to study the subspaces By (Q2) :=
R (X[_Qzﬂﬂ(mk)) C L? ((ni,ny);a=%(n)dn) for each fixed value of k. Intuitively, given any ¢

in B(M,Q), the functions ¢y := (-, k) a.e. for a fixed k € R, where ¢ is the spatial Fourier
transform of ¢, should belong to By (£2). The goal of the next few paragraphs is to motivate this
idea. The function ¢, will be called the k*" spatial mode of the bandlimited field ¢ € B(M, Q).
This reduces the problem of studying the invariant subspace B(M, ) of O to that of studying
invariant subspaces of the symmetric second-order differential operators [ for each k£ € R.
Symmetric differential operators of even order have been well studied in the literature, see e.g
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[52], so we will be able to employ the extensive tools and theory already developed for such
operators to study the invariant subspaces By (Q2) of the operators Oy.

Assume for now that each O is self-adjoint. Then, intuitively, the subspaces B(Q) :=
X[_QQ7QQ](D;€) are spanned by the (in general non-normalizable) eigenvectors to [J; whose eigen-
values lie in the interval [-02, Q?]. To be more precise, these invariant subspaces of the [J; can be
seen as uncountable linear combinations, i.e. integrals, of the formal solutions to the differential
expression,

(8.1.4) k¢ = Ao,

multiplied with coefficient functions of X\, with respect to some measure. This is the content
of the explicit form of the spectral theorem for second-order symmetric differential operators,
Theorem 7.1.4, stated in the previous chapter. Again, intuitively, one would expect that it should
be possible to express the full space B(M,{2) as the linear span of the formal eigenvectors, or
solutions to the family of differential equations

(8.1.5) Oo(n, k) = Ao(n, k)

for A € R. If ¢ (n, k) is a solution to this equation, then the function in 7, ¢ (1) := ¢a(n, k) for
each A € R and a fixed value of k, is a formal solution to the differential equation Oxé(n) = Ad(n).
One would therefore expect that if ¢ € B(M,Q), then the function ¢y := ¢(-, k) a.e. for a fixed
value of k should belong to Bi(£2).

Conversely, suppose that for each k € R, ¢r(n) € Br(2). Then consider the function
D(n, k) == f(k)pr(n) where f(k) is chosen to decay fast enough so that g(k) := |f(k)|||¢k] is
square integrable with respect to k for each fixed 1. Then,

(816) [ = / / B)Plen(n)a QWM%=/MU®WMW%=MW<w

—0oQ

It follows that for any j € N,

. R A )
el = [ [T kema ol

- / /, k)P0 ()20 (n)dndk

W/|<Wﬁﬂwm?

Since this is true for any j € N, one would expect that this should imply that ® € B(M, Q).

(8.1.7)

IN

Decomposing the subspace B(M, Q) into the subspaces B (£2) will be the strategy pursued
in the following sections. This strategy still needs further justification, the arguments above need
to be made more precise. This is work in progress. Despite this, it is intuitively clear that one
can obtain information about B(M, ) by studying the simpler subspaces By (2). This is what
we will do for the remainder of this chapter.

8.2. de Sitter space-time

A particularly simple, and yet physically interesting expanding FRW space-time that will be
studied here in detail is de Sitter space-time. This is the space-time with scale factor a(t) = et
where H is a constant called the Hubble constant. Here, for convenience, it will be assumed
that H = 1. To render the calculations more tractable, many of the calculations in this section
will assume that the time co-ordinate ends at the finite value ¢ = 0 so that ¢ € (—o0,0] and
z € R. To reduce the number of minus signs, the conformal time co-ordinate 7 will be defined
by n'(t) = —a~1(t) = —e~! so that n(t) can be taken to be n(t) = e~!, and a(n) = % Since
t € (—00,0], n € [1,00). Here the point 7 = co corresponds to the infinite past ¢ = —oo while
the point 7 = 1 corresponds to ¢t = 0 which could, for example, represent the present day. In
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terms of this conformal time co-ordinate, time runs from right to left. If one considers the full
space-time, t € R, then 7 € (0,00) and 0 corresponds to the infinite future. The line element for
this space-time is

(8.2.1) ds* = n*(—dn® + dx?)

so that the covariant volume measure for this space-time manifold is given by dV' = \/|g(n, z)|dndz
—2
=n"*dndz.

In summary, the D’Alembertian [J for this space-time will be represented as a symmetric
second order differential operator which is generated by the differential expression

(8:2.2) Lpl¢] = —n? (0} — 03)

and which acts on a suitable dense domain in the Hilbert space L?([1,00) X (—oc, 00); n‘jdndk).
For example, a symmetric D’Alembertian [J can be defined as the closure of the operator [ which
is defined by Ol = Lg[g] for all ¢ € D (ﬁ) = {peH|de 0P ((1,00) x (—00,00))}. The space
of (-bandlimited functions on this space-time is then defined by B(M, ) := X[_q2 o2z (0)') where
[0 is a fixed self-adjoint extension of the symmetric operator [I'. If [ is essentially self-adjoint
on its domain 2 (ﬁ), then OO0 would be its unique self-adjoint extension. As we will see however,

the operator O is not self-adjoint, and has infinite deficiency indices so that there is no unique
choice of a self-adjoint D’Alembertian for this space-time.

8.3. Deficiency indices of the operators —[Ji

Assume that ¢ € (t;,ty), where —oo < t; < ty < co. In order to completely define the
operators [Jj, one needs to first specify their domains in H := L? ((a, b);n_an), where 0 < a =
n(ty) <b=n(t;) < .

To be precise, as in Chapter 7, Section 7.1, let

(8:3.1) Lilg] = —n?(¢" + k29)
be a differential expression on (7;,7ny), and then define
(8.3.2) D (OF) = {¢ € H|$, ¢’ € ACiocla,b) ; Li[¢] € H}.

Then define 05 ¢ = Ly [¢] for all ¢ € D (Oj).

A symmetric operator [Jj, can then be defined as the restriction of O} to the set of all
¢ € © (O;) which have compact support in the conformal time interval (a,b). Let Oy denote the
symmetric closure of [ .

Let us now determine the deficiency indices of the symmetric operators Oy, in three different
cases:

o (¢)a=1and b= o0
e (f)a=0andb=1
e (y)a=0and b=

As discussed in Section 7.1, in each case, i has equal deficiency indices (n,n) where n < 2,
and therefore has self-adjoint extensions in each case.

To determine the deficiency indices, one needs to compute the solutions to the differential
equation Li[¢] = Mg for A € C\ R.

For now assume that k # 0. The second order ordinary differential equation Li[¢] = A¢ is:

(8.3.3) °¢" (n) + (*n* + X)(n) = 0.
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The solutions to this equation have the form n'/?w,y)(|k|n), where w is a Bessel function of order
\/1/4 — X\ For p(\) ¢ Z two linearly independent solutions can be chosen to be

(8-3-4) ) = Ul/zJ\/m |k|m)
and

(8.3.5) () = n'2T = ([Kln).

Here J,(x) is the Bessel-J function of order p. Let A = 1/4 — i so that p(A) = e = 1—\/%

The case k = 0 must be considered separately. The eigenfunctions of [Jjj are solutions to the
ordinary differential equation:

(8.3.6) 17" (n) + A1) =

Since we want to consider solutions to complex A, it can be assumed that A # i so that a linearly

independent set of solutions is formed by fi(n) := '/>***) and gx(n) := n'/>PM). Again, let

A =1/4 —1i so that p(\) = 1—\;%1 It follows that | fx(n)| = n*/2T/V2 while |gx(n)| = n'/2~ 1/ V2,
8.3.0.1. Case (a). The Bessel function J,(x) behaves asymptotically like Jy,(x) ~ \/%cos(x—

pr/2 — 7w /4) for large |z|. Hence, for large enough n > 0,

1/2

(8.3.7) [Ax(m)] ~

cos([kln —p(A\)7/2 = m/4)].

2
mlkln
This shows that,

(.3.8) [ 1P 2y~ € [ coskin+ 2 2dn < .
B B

Furthermore, for fixed p € C, the function J,(z) is analytic on any region not containing z = 0,
and is hence bounded in the interval [1, B] for any fixed B > 0. We conclude that fy(n) is
normalizable. Similarly one can conclude that gy (n) is also normalizable. Since both solutions to
O5¢ = A¢ for A = 1/4 — i are normalizable this means that Oj has deficiency indices (2,2) for
k # 0.

For the zero mode, k = 0,
oo
(8.3.9) 530 = [ V2 = o
1

while [|lgx|*> = [0~ V2-2(p < 0. Hence, the deficiency indices of Oy are (1,1).
8.3.0.2. Case (B3). Again, for k # 0, the following asymptotic formula holds for J,(z):

(8.3.10) Jp(@) ~ F(%H) (g),, z — 0,

where I' is the Euler Gamma function.

It follows that |fx(n)| ~ 771/2 n g

|f>\ f 1
(8.3.11) dn < oo,

~ néJF% as 7 — 0. Therefore,

showing that f) is normalizable. On the other hand, g)(n) ~ 77% 75 as n — 0,

(8.3.12) /O g (n)*n~2dn N/o 71 V2dn = o

so that gy is not normalizable. In conclusion, the deficiency indices for [, in this case are (1,1).

For the zero mode, Og, n72|fx(n)]2 = V2! so that fy is normalizable, and 1~2|g(n)|? =
77*1*‘5 so that g is not normalizable. So in this case the deficiency indices for Oy are also (1, 1).
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8.3.0.3. Case (7). In this final case of the full de Sitter spacetime, it is again not difficult to
use the asymptotic formulas for the Bessel functions to determine that the deficiency indices for
k # 0 are (1,1) and for k = 0 are (0,0). This conclusion is also implied by the following theorem
([52], Section 17.5).

THEOREM 8.3.1. Let L be a symmetric differential expression of order 2n on L*(a,b). Let
D, and D_ be the symmetric differential operators generated by L on L*(a,c] and L?[c,b). Then
the deficiency indices of the differential operator D generated by L in L?(a,b) are (m,m) where
m=m_ +my — 2n and my are the deficiency indices of D4.

By this theorem, the deficiency indices for the Oy in the case (y) are determined by the other
two cases. Namely, for k 20, m=24+1—-—2=1andfork=0,m=1+1-2=0.

8.3.0.4. Deficiency indices of the full d’Alembertian. The fact that the deficiency indices of
Ok are non-zero means that the full operator O is not self-adjoint. Indeed, let gx(n) be the
normalizable solution to Or¢ = Aga¢ for some fixed A € C\ R which obeys a fixed set of initial
conditions at some point 7y and every & € R. Then choose any f(k) such that f € C5°(R). It
follows that f(k)gx(n; k) will be a normalizable solution to 0% = A¢. From this it is clear that
the deficiency indices of the full symmetric operator [ are infinite.

This is different from flat Minkowski spacetime. In the case of flat space-time, the d’Alembertian
is unitarily equivalent to O = p2 — p? in L?(R*). It is not difficult to check that this operator is
essentially self-adjoint on C§°(R*), and hence has a unique self-adjoint extension.

8.4. The case («), de Sitter with finite end-time

In this section, the case where i € [1,00) will be studied in detail.

Recall that if k£ # 0, one can immediately make some conclusions about the spectra of the
Ok and their self-adjoint extensions. For this case, the deficiency indices of the Oy are (2,2). It
is known that the spectrum of any self-adjoint extension of a second order symmetric differential
operator with deficiency indices (2,2) is purely discrete with no finite accumulation points ([52],
pg. 90). This implies that the spectrum of any self-adjoint extension of the O consists of
eigenvalues which have no finite accumulation point, and that each [, has no continuous spectrum.
Furthermore, since the point n = 1 is a regular end-point of the differential expression L that
generates [, (see Section 7.1 for the definition of a regular end-point), it follows ([52], pg. 93) that
none of the [J;, have any eigenvalues. This allows us to conclude that the symmetric operators Uy
are both simple and regular, so that by Theorem 4.4.3, the spectra of any self-adjoint extension
of these operators is purely discrete, and consists of eigenvalues of multiplicity at most 2 with no
finite accumulation point.

By the conclusions of the previous paragraph, if one puts a cutoff on the spectrum of any
self-adjoint extension, [}, of O, one obtains a finite dimensional subspace. That is, the sub-

spaces Br(Q) := R (X[7S22’QZ](D;€)) have finite dimension N}, for any k£ > 0. Note also that the

projections onto the subspaces By (2) = R (X[792’Q2](D§C>) are strongly continuous functions of

the 2 x 2 unitary matrix that indexes the choice of self-adjoint extension.

8.4.0.5. Remark. The above implies that any fixed non-zero spatial mode ¢(n) of a bandlim-
ited function ¢ in this space-time has a finite number of degrees of freedom in time, i.e., ¢ (n)
belongs to a finite Ny —dimensional subspace of H = L?([1, 00); 7~ 2dn), and obeys a finite recon-
struction formula. See Subsection 5.3.1 for a description of how any finite dimensional function
space trivially obeys a finite sampling and reconstruction formula. That is, given any k # 0 the
fixed spatial mode ¢ can be reconstructed everywhere, for all conformal time, simply from the
knowledge of the values it takes on certain finite sets of Ny points in conformal time 7.
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8.4.0.6. Remark. Although this may seem very dramatic and remarkable, it is supported by
physical intuition. We are considering de Sitter space-time with finite end-time, a space-time
which expands exponentially until time ends at ¢ = 0. This means that a fixed co-moving spatial
mode ¢y, for most values of t € (—o0, 0] corresponds to a proper wavelength that is vanishingly
small, or equivalently to extremely high frequencies, i.e., to large values of |k|. In our studies
of flat space-time, we observed that large spatial modes |k| have a vanishingly small temporal
bandwidth in 1 + 1 dimensions. Therefore, it is conceivable, that since for most ¢ € (—00,0] a
co-moving spatial mode ¢ in 1+ 1 dimensional de Sitter space-time corresponds to exponentially
large proper spatial frequencies which have a vanishingly small temporal bandwidth, that these
co-moving spatial modes can have merely a finite number of degrees of freedom in time.

The main goal of the following sections is to determine how the number, Nj, of sample
points in conformal time needed to reconstruct the k** spatial mode ¢ € Bx(Q2) of a bandlimited
function ¢ € B(M, ) behaves as a function of k. It will be shown that Ny — oo as k — 0, and
that as |k| — oo, Ny approaches a number less then or equal to 2, depending on the choice of
self-adjoint extension [} used to define the subspaces Bj(f2). Again, this is in agreement with
the analysis of fixed spatial modes of bandlimited functions in flat space-time where we saw that
larger spatial modes have a smaller density of degrees of freedom in time.

8.4.1. The behaviour of Nj as |k| — 0. Recall here that Ny := dim(Bj(f2)) where Q > 0
is the bandlimit. Define the variable s by s = n~!. In terms of this co-ordinate, the operator
becomes a symmetric operator Dy, given by

d d k?
4.1 D= —— [ s2—- ) - =.
(84.1) b (S ds > 52

This operator Dy, acts on a dense domain in L?[—1,0]. This Dy, is the same symmetric differential
operator considered in Example 7.2.4.1. As was shown in Example 7.2.4.1, the number of eigen-

values of any self-adjoint extension of Dy in any finite subinterval of [f%, o0) diverges as k — 0.

This shows, in particular, that Ny — oo as |k| — 0 for any fixed bandlimit .

8.4.2. The behaviour of Nj, as |k| — co. For this subsection let 2 > 0 be a fixed bandlimit.
The number Ny, = dim By (€2), where By () := X|_q2 o2)(0;)H, depends on the choice U, of self-
adjoint extension of Oi. The goal of this subsection is to prove the following proposition:

*PROPOSITION 8.4.1. For any fized Q0 > 0, there is a K > 0 such that |k| > K implies that
Ny = Ni(0,) <2 for any self-adjoint extension ), of Oj.

Choose a X' € R such that [\'| < Q2. By Theorem 4.4.2, given any k # 0, there is a self-
adjoint extension [J}, of O for which X is an eigenvalue of multiplicity 2. To avoid writing |k|,
we will assume for the remainder of this section, without loss of generality, that k£ > 0 so that
|k| = k.

Let fa(n) := nl/QJ\/m(kn) and gx(n) = nl/QY\/m(kn). These functions form a basis

for the eigenspace of 00} to eigenvalue A. Here J,(z) and Y,(x) are the Bessel-J and Bessel-Y
functions of order p. Also recall that if f,g € H = L*([1,00);n~2dn), the inner product for this

Hilbert space is (f, g) := [ f(n)g(n)n2dn.

*CLAIM 8.4.2. If A # X is an eigenvalue of O, then it is a zero of the following function.
(8.4.2) AN = (gx, I (Fxsgn) = (s ) {gx, gn)

Notice that the function A(A) = A(\, X, k) also depends on k and N'. To simplify the notation,
this dependence will be suppressed, and we will simply write A(X).

88



PROOF. To see this note that if X is another eigenvalue of [Jj, then there is a linear combination
¢1fx — cagx which is an eigenvector to [0;, and hence must be perpendicular to both fy and gy,
since both are eigenvectors of [Jj.. That is, both (c1 fx — caga, fa) = 0 and (c1fx — c2gx,9x) =0
so that

(8.4.3) c1(fas far) = c2{gn, far),
and,
(8.4.4) c1(fa gn) = c2(gn, gn)-

It can be assumed that either ¢; # 0 or ¢3 # 0. Suppose ¢z # 0. It follows that

caA(N) = cafgn, a) (s 9n) — ca(fn, ) (gx, gnr)
(8.4.5) = ci{fn, I) (s gn) — er{fx, ) (fagn) = 0.

This shows that if A is another eigenvalue of [0}, then it is a zero of A(\). O

To simplify notation, let u := /A — 1/4 and ' := /N — 1/4. Here, for z = |z]e™8(*) ¢
C, define \/z := +|2|1/2¢™5% to be the positive square root. As a function of u, A(u) =
<gu7fu'><fu7gu’> - <fuafu’><guagu’>7 where fu(n) = 771/2Ju(k77) and gu(n) = 7’]1/2Yu(k‘77).

*CLAIM 8.4.3. The function A(u) is entire.

This proof is a simple application of Fubini’s theorem and Morera’s theorem. Recall that
Fubini’s theorem states when it is valid to interchange orders of integration. Further recall that
Morera’s theorem is a converse statement to Cauchy’s theorem. Namely, Morera’s theorem states
that if a function is continuous in a region of the complex plane, and if the integral of that function
over any closed triangular contour in the region vanishes, then the function is analytic in that
region ([14], pg. 88).

In the proof below, we will use the fact that the Bessel function J,(z) is an entire function of
p for fixed z # 0, and that for fixed p € C, it is an analytic in any region not containing z = 0

([70], pg. 44).

PROOF. It will be shown that g(u) := (fu, fu’) is entire. Showing that the full function A(u)
is entire uses similar logic. Recall that,

(8.4.6) U@n&=[m%MNanw-

Let I be any finite length straight line contour in C, so that it can be represented as I'(t) = a+te’
where t € [t1,¢2]. Then,

(8.47) [ stae= [ = [~ omeera

tl t1
Now,
t2 o0 1
/mmm < / /IthUMMPMﬁ
T t, J1 n
ta
- [<mmunwﬁ
b
(8.4.8) < [|mmmmwt

It is not difficult to show that fr(; is a continuous Hilbert space valued function of ¢, so that
| fr) |l is a continuous function of ¢, and is hence bounded above for ¢ € [t1,t]. Therefore,

to [e%s) d77
(8.4.9) [ e 011 )| e < oo
ty
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By Fubini’s theorem, the orders of integration can be interchanged. It follows that for any closed
triangular contour I' in C,

(8.4.10) [ [ g ana= [ ( [ nmae) 2o0san=o.

as I' is a closed contour and .J,,(n) is an entire function of w for any fixed n € [1, 00). By Morera’s
theorem, we conclude that g(u) is also an entire function of w. O

The following asymptotic formulas for the Bessel functions hold for large |z| ([70], pg. 199):

(8.4.11) Jp(z) ~ \/zcos(w - gp - g)

and
(8.4.12) Yy (@) ~ /= sin(z — ~p— )
T 2 4
as |z| — oo. To further simplify the notation, let a(n; u) := kn— %4t — 7§, let Cy(n) = cos(a(n; u)),

and let S,(n) = sin(a(n;u)). It follows that fu(n) ~ /2Cu(n) and gu(n) ~ 1/2Su(n) as

|kn| — oco. Since n € [1,00), these asymptotic formulas become increasingly accurate for large |k|.
These formulas also follow from Lemma 8.4.8 which will be proven in Subsection 8.4.3.

Let @(u) := (Sy, Cor ) {(Cy, Swr) — (Coyy Cor Y {Su, Sur). Notice that the function & = ®(u, v, k)
also depends on u’ and k. This dependence is suppressed to simplify the notation. The asymptotic
formulas (8.4.11) and (8.4.12) suggest that the function ®(u) should be a good approximation to
k2r?

1

A(u) for large |k|. The following lemma asserts that this is indeed the case.

*LEMMA 8.4.4. Given any compact set K C C there is a B > 0 such that |k| > B implies

that |®(u) — k24“2A(u) <& forallue K

To streamline the proof of *Proposition 8.4.1, the proof of this lemma will also be delayed
until Subsection 8.4.3.

In fact, the function ®(u) is constant with respect to u as the next claim will show.

*CLAM 8.4.5. ®(u,u', k) = ®(v', k), is constant with respect to u and depends only on v’ and

By the definition of ®(u), it is clear that ®(u’, k) = ®(u'+4,k) for all v’ € C and k € (0 € o0).
The next claim describes the behaviour of ®(0,k) = ®(4n, k), n € N in the limit as k — oo.

*CLAIM 8.4.6. ®(0,k) — 1 as k — oo.

The proofs of both of the above claims will be provided in upcoming subsections. The strategy
for proving *Proposition 8.4.1 is now clear. Any eigenvalue A # X of 00) is a zero of A())

so that u := +41/A — % is a zero of the entire function A(u). By *Lemma 8.4.4, the function

®(u) = P(u,u’, k), which is also entire in u for fixed v’ and k, becomes a good approximation
to A(u) = A(u, v, k) in the limit as k — oo. Hence, it is certainly plausible that for these fixed
values of v/, A(u, v, k) and ®(u,w’, k) will have the same number of zeroes as functions of u in a
given compact set K in the limit as k — oo. Furthermore for v’ = 4n, n € N, *Claims 8.4.5 and
8.4.6 show that ®(u,w’, k) approaches a non-zero constant independent of u in this limit. This
suggests that A(u,u’, k), for v’ = 4n, n € N, will have no zeroes as a function of u in K, if k is
sufficiently large. Using this it will be shown that the eigenvalues of the self-adjoint extensions
0, of Oy become increasingly further apart as k — oo.

The final ingredient needed for the proof of *Proposition 8.4.1 is Rouché’s theorem ([14], pg.
121):
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THEOREM 8.4.7. (Rouché’s theorem) Suppose f and g are analytic in a region Q and K C Q
is compact. If f and g have no zeroes on the boundary of K and |f(z) — g(2)| < |g(2)| on the
boundary of K, then f and g have the same number of zeroes in K

We now proceed with the proof of *Proposition 8.4.1.

PROOF. (*Proposition 8.4.1) For any fixed n € N, choose a compact subset K C C such that
u()\) C K for all [A\— X[ < 5n where X' = 1 so that v’ = u(\’) = 0. By *Claim 8.4.6 and *Lemma
8.4.4 there is a B > 0 such that if £ > B then both |®(0,k)— 1| < L and |®(0,k) — E2 A(u)| < L.
It follows that

2.2
(8.4.13) B(0, k) — ©

A(u)| < [®(0,F)]

for all u € K so that Rouchés theorem implies that ®(0, k) and A(u) have the same number of
zeroes as functions of u in K for k > B. Since ® is a non-zero constant, we can conclude that
A(u) has no zeros in K, and hence that A(\) = A(u()\)) has no zeroes in the interval (—4n,4n).
This shows that the self-adjoint extension (). which has X = % as an eigenvalue of multiplicity 2
has no zeroes in the open interval (—4n,4n). It follows from the formula of *Theorem 7.2.4 that
A(Og)e > A(O4)e > 2/3n for all t € (—2n,2n). In particular A(Cg); > 2n for all ¢t € (—2n, 2n).
This fact and *Theorem 7.2.2 then imply that any self-adjoint extension Ok of O can have at
most 2 eigenvalues in the interval [—n,n]. Since the fixed value of n € N was arbitrary, we conclude
that for any Q > 0, there is a B > 0 such that £ > B implies that any self-adjoint extension of
O, has at most two eigenvalues in the interval [-Q2, Q2]. This proves the proposition. O

8.4.3. Proof of claims and lemmas.

8.4.3.1. Proof of *Lemma 8.4.4. Before proving this claim, it will be convenient to first prove
the following auxiliary lemma.

LEMMA 8.4.8. Let Hél)(z) be the Hankel function of the first kind of order v € C. Let K C C
be compact. Then there is an M < oo such that

o[

M

)| <
|2

el

(8.4.14) gﬂ,g”(z) — il

‘ s
for all z € [1,00) and v € K.

Although the assertion of the above lemma is not explicitly stated in [70], its proof is achieved
by examining the details of Section 7.2 of this reference.

PRrROOF. From [70], pg. 197, for any p € N,

m=0

Here (1/2 = v);, = (1/2 = v)(3/2 — v)...(2%=L — v) is a polynomial of degree m in v and I'(2)
is the gamma function. The remainder term is given by

xp (@ —p—1/2
A — O A e T (A
41 - 1 . .
(8416) Qp (= V) = S e (= 1)1 o o , -0 %z dtdu

Here, |8] < w/2, m/2+ ( < argz < 37” + 3, and Re (v + 1/2) > 0.
It follows that,

=% D)

Pl (1/2 = v)mD (v +m +1/2)

(1)
L'(v+ 1/2)(2iz)™—1 + Ry’ (2,v)

)

(8.4.17) ‘\/%Hf,l)(z) _eilz— -

21z 1

where RI(,l)(z, v) = (2iz) él)(z,v).
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Let L := max,ck |Re (v) | and W := max,cx |Im (v) |, and Let S be the rectangle of length
2L and width 2W centred at the origin in the complex plane. Then S D K is compact. Clearly,
there is a constant C' such that

(8.4.18)

forallveS.

The lemma will be established if it can be shown that the quantity

”i (1/2 = 0)mD(v +m + 1/2)

(84.19) (o + 1/2)(2iz)m 1 v

m=1

is bounded for all v € K and z € [1,00). Using the identity I'(z + 1) = 2I'(z) obeyed by the
gamma function, it is not hard to see that the term

1

p

(8.4.20) B(v,2) = (1/2 = v)p (v +m +1/2)

L(v+1/2)(2iz)m=1  °

=1

, so that there is a constant By such that |B(v,z)| < B;

3

~—

is analytic in v for any fixed z € [1, 00
for all v € K and z € [1,00).

It remains to show that the remainder term,
(8.4.21)

_ oo exp(i3) 1 v—p—1/2
R (z,0) = (1/2‘ v)p / efuuv71/2+p/ (1—)p! <1 _ ﬂ) dtdu,
T(v+1/2)(2iz)p=1(p— 1! Jo 0 2iz

is bounded for v € K and z € [1, 00).

Choose p € N such that for all v € S, —p — 1/2 < Re (v) < p+ 1/2. Recall that the formula
we are using here for Hqgl)(z) is valid for |3| < § and —7/2 + 8 < arg(z) < 37/2 + 3. Choose
§ > 0 such that [3| < Z —§ so that —-m+ 6 <argz—m/2— 3 <7 —6. Let w:=1+ 2 Then it
is a straightforward calculation to verify that

t 22
lw]> = 1Jr||uz|cos(ﬂ+7r/2arg(z))Jr|4u||z|2
|ult |ul*t?
> 1+ -—— -4
> 1+ B cos(m — ) + RE
|ult |uf?t?
= 1—-"—cosd
2] Ccos 0 + EE
|ult Lo,
8.4.22 = 1—— ) é.
( ) ( ol cos + PE sin
I g lule? 25 2 o if 22 2 [ult s )2
t follows that if 77— > 1 then |w|? > sin § > 0 while if 7oz < 1 then |w]* > (1-— 377 COS 0)* >

(1 — cosd)? > 0. Either way, for all such 3 and z, there is an € > 0 such that |w| = ’1 + %‘ > e
We conclude that there is a constant C5 such that

(1 B u.t)’u—p—l/Q
20z

for all z € [1,00) and v € S such that Re (v + 1/2) > 0.

(8.4.23) < elarg(@)|[Im(v)| Re(v—p—1/2) _. Bp(v) < Oy

Hence,
(8.4.24)
Cy 1 [(2=v),]| [ _ el
R(l) , < 14 / 1 —¢)P 1dt / u, v+p 1/2d )
B ol < et |t v 2| |y 7 . ¢ v
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Finally, observe that

oo exp i oo exp(if3)
/ efuu”ﬂ’*lmdu < / efRe(u)|u|Re(v+p71/2)e§Im(v)‘du‘.
0 0

(8.4.25)

Notice that Re (u) > 0 since u = |ule’’, and |8| < m/2. Also, Re(v+p—1/2) > 0 since
Re(v+p—1/2) > Re(v+1/2) > 0. It follows that the above is a continuous function of v for
|[Re (v)| < L, i.e., for all v € S, so that the above is bounded by some constant C5 for v € S such
that Re (v+1/2) > 0.

In conclusion, there is a ﬁnite constant B such that |Rp1 (z,v)] < B for all v € S such that
Re(v+1/2) > 0 and all z € [1,00) so that there is a constant By < oo such that,

(8.4.26) ’\/7}[(1 _ pilz—mv/2—m/4) Bl

=T
for all v in this range and z € [1,00). Using the identity b2aS )(z) = e“”’Hl(,l)(z)7 we conclude that

(8.4.27) ‘\/>H(11)( ) — eilz+mv/2=m/4) jTZ Hl) ) — gilz=mv/2=x/4)|
2 —vU

With the aid of this identity, it follows that for all v € S D K, and z € [1,00), there is a constant
M such that

(8.4.28) ‘ [ = H(l) eiz—mv/2-m/4)

A similar inequality holds for P (2). Using the identities J, (z) = w and Y, (z) =
HY (2)-HP (2)

27
such that

77/U7T|

M

=T

O

, we conclude that given any compact set K C C there exist constants M7, My < 0o

M
(8.4.29) ‘,/ — cos z—mr/2—7r/4)‘ |7|1
and,

M-
(8.4.30) ‘ﬂ/ Y, (z) —sin(z —vm/2 — 71'/4)‘ |z|2

for all z € [1,00) and v € K.

Lemma 8.4.8 can also be applied to prove *Lemma 8.4.4. To shorten the presentation, we
will only prove the following half of the lemma:

*LEMMA 8.4.9. Given any compact set K C C there is a B > 0 such that |k| > B implies
that |55 (fu, fl) — (Cu, CL)| < & for allu e K

PRrROOF. (of *Lemma 8.4.9 )

Consider the following;:
(8.4.31)

O ) (G Cu)| <

km [k [k
7<fuafu’>_ 7<Cu7fu’> +’ ?<Cuafu’>_<cu;Cu’> .
Now,

k o T e —
|77r<fu7fu/>7 %r<cu7fu/>| - ’\/;/1 (\/ 5 nt/2J (kn)cos(knuﬂ-/gﬂ./4)> nl/QJu/(kﬂ)n72dn
\/%r /100ﬁnlﬂ]ﬂ(kﬂ)_Cos(kn—mr/2—7r/4)
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‘nl/QJu/ (kn)‘ n~2dn.




Let y = kn. Applying equation (8.4.29), the above becomes

o0 < M
(8.4.33) \/ikz/ ‘, / %Ju(y) —cos(y —um/2 — 7r/4)' ‘yl/QJu/ (y)‘ Yy 2dy < Ck:/ y—;dy.
k k

Vg Cu

fur — Cyr)| also vanishes in this limit uses a similar argument. O

This integral is equal to % which is arbitrarily small as k gets large. The proof that

Proving the full Lemma 8.4.4 uses similar logic.

8.4.3.2. Proof of Claim 8.4.5.

PROOF. Using the simple trigonometric identities sin(a + 7/2) = cos(a) and cos(a + 7/2) =

—sin(a), it can be concluded that Cy(n) = S,—1(n) and Syu(n) = —Cu_1(n).
Therefore,
(8.4.34) ®(u) = (Cy, Su){Su, Cur) + (Su—1,Cur ){(Cu—1, Su) =: d(u) + d(u — 1).

Let a(n) := kn — w/4 = a(n;u) + un/2. Standard trigonometric identities show that

(8.4.35) Cyu(n) = cos(a — um/2) = cos(a) cos(un/2) + sin(a) sin(un/2),
while
(8.4.36) Su(n) = sin(a) cos(um/2) — cos(a) sin(um/2).

Letting ¢(n) := cos(a(n)) and s(n) := sin(a(n)),

(8.4.37) (Cuy, Sur) = cos(um/2){c, Sy) + sin(um/2)(s, Su),
while
(8.4.38) (Su, Cur) = cos(um/2)(s, Cyr) — sin(um/2){c, Cy/).

This yields

d(u) = cos*(um/2)(c, Suw){s,Cur) — cos(um/2) sin(ur/2){c, Su')(c, Cur)
(8.4.39) + sin(urm/2) cos(um/2)(s, Sur) (s, Cur) — sin®(um/2)(s, Sur)(c, Cur).
Finally,
(u) = ¢(u) +d(u—1) = (cos®(um/2) + cos?((u — 1)7/2)) (¢, Sur) (s, Cur)
+ (sin(uw/2) cos(um/2) + sin((u — 1)w/2) cos((uw — 1)w/2)) ({8, Sy ) (8, Cyr) — {c, Sy ){c, Cyr))
(8.4.40) — (sin?(um/2) + sin? ((u — 1)7/2)) (s, Sy} (e, Cor).

This can be simplified further by noting that cos((u—1)7/2) = sin(un/2) and sin((u—1)7/2) =
—cos(um/2)

It follows that
(8.4.41) P(u) = (¢, Sw)(s,Cu) — (5,8u)(c,Cy) =: P,

which is independent of w.
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8.4.3.3. Proof of *Claim 8.4.6. The proof of *Claim 8.4.6, follows from the proof of:
*Cramm 8.4.10. If 0 < <y < oo then

K 1/1 1
lim sin?(kn — w/4)n"2dn = = ( _ )

k—oo 0 2 i nf

PrROOF. Let € > 0 be arbitrary. We will prove the claim for the case where 7; = 1 and
7y = 00, the more general claim can be proven using similar logic. Choose B so large that

(8.4.42) / n % <e

B

Consider the following;:

B
I = / sin?(kn — w/4)n"2dn
1
Ni—1 1427 (n+1)/k B
(8.4.43) Z / sin?(kn — 7/4)n"2dn + / sin?(kn — 7/4)n"2dn.
n—o J1+27n/k 1427 Ny /k

Here, Nj € N is the largest natural number such that 27N /k+ 1 < B.

Now, n~2 is uniformly continuous on [1, B]. Choose § > 0 such that |n — 77| < 0 implies

that [n=2 — (/) ~2| < ¢/B, for n,1’ € [1,B]. Choose k large enough so that both 2T < § and
ﬁ < €. Then,

B Ni—1 1427w (n+1)/k
I = / sin?(kn + 7/4)n"2dn + Z (1+2mn/k)~> / sin?(kn — w/4)dn
1+27N/k n—0 1+27n/k
Np—1 L1427(n+1)/k
(8.4.44) + Z / sin®(kn — m/4) (n2 — (2mn/k + 1)~2) dn.
n—o Y14+27n/k
First observe that
(8.4.45)
/B sin?(kn + 7/4) n2d <’ -18 ’ ‘1 L ‘< 2 <
T — = |— — €
L2nN K oA =T N/ T T T 22N k| T 1+ 20N,
The last term in equation (8.4.44) is bounded by
Ny p1q2mindd) Ni 14 2mntl)
. 2 ™ —2 2mn —2 2 ™
nz:O/HT sin (kn—Z)(n —(T—i-l) )dn < EZ/+2M sin (kn—z)dn
oL 2w
= 2; T~ Wt g
(8.4.46) < ( ) — < 7e.

The middle term of equation (8.4.44) can be expressed as

Nik , [lremntl)/k , 1 (8 Nk 1

n—0 14+27n/k
1k ko 1k o 1
8.4.47 - g y_ -
( ) 2 2m (27r) 22m (k/2m 4+ n)2’
n=Nj
where () is the first polygamma function.
It is a known fact that
(8.4.48) lim 20 (z) =1,

r—00
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so to establish the claim for n; = 1 and 1y = oo, it remains to verify that

E 1 1
8.4.49 lim — — = .
( ) Koo 27 ZN (k/2m+n)? B
k

n=

Letting m = n — N, this remainder term is

ko 1 k 1 kB k 21 N},
8.4.50) — = W (k/2r + Ny) = = —oD [ = (1
( ) 2m = (k/2pi+ Ny +m)> 2w (k/2m + Ni) B 2r o U
Equation (8.4.48), and the fact that limj_. (1 + 2Z¥) = B then show that
1 kB k 27 Nj, 1
451 — lim — oW (= (1 == <e
(84.51) B hooo 27 o T B¢

We can now conclude that limy_, o floo sin?(kn — 7 /4)n~2dn = % This proves the claim for the
case 1; = 1 and ny = oo.

O

- 1(1 1
Similarly, one can prove that (ck, cx )y, n, converges to 5 (77 - n—k) and (sk, C )y, e CONVErges

to 0 in the limit as k — oo. We conclude that |®,, ,.(0,k)| — i as k — oo, independently of 7,
and 7. This establishes *Claim 8.4.6.

8.4.4. The zero spatial mode. The spectral analysis of the symmetric operator [J; in the
previous subsections assumed that k # 0. In this subsection the case when k = 0 is studied.

As was shown in Section 8.3, the deficiency indices of [y are (1,1). Also, as discussed in
Subsection 7.2.4, and Subsection 8.4.1, the interval (1,00) C 0.(0y). From the definition of
regular and singular end-points of a symmetric differential operator (see Section 7.1), it follows
that for Oy, the point a = 1 is a regular end-point while the point b = oo is irregular.

In this section it will be shown that that the infinite dimensional subspace By () =
R X[_ng](Do) , also obeys a sampling or reconstruction formula. This will be accomplished

with the aid of a particular form of the spectral theorem for second order symmetric differential
operators whose deficiency indices are (1,1), and which are defined in L?(a, b;w), where a is a
regular end-point and b is a singular end-point. This spectral theorem will allow us to explicitly
write down a unitary transformation that transforms [y into a multiplication operator acting
on a dense domain in L?([%,00);0). This unitary transformation will be an integral operator
whose kernel is expressed in terms of the solutions to the differential equations Lg[¢] = A¢ for
A € R. (Recall that Ly denotes the differential expression that generates (y.) Using this explicit
expression, one can also write down a concrete expression for the projector onto the subspace
By(€2). The particular form of this projector will allow us to derive a sampling formula for By (£2).

8.4.4.1. A particular spectral theorem. Let D be a symmetric, second-order differential oper-
ator of the type described in Section 7.1, which has deficiency indices (1, 1), and is defined on
L?(a,b) where a is a regular end point and b is singular.

One can obtain self-adjoint extensions D(6), 6 € R, of D as follows. Define
(8.4.52) D (D(0)) :={¢ € D" | p(1)¢'(1) = 0(1)}.

For each 0 € R, D(0) := D*|5(p(p)) is a different self-adjoint extension of D. By convention, let
D (D(00)) := {¢ € D (D*)| ¢(1) = 0}. The operator D(c0) := D*|p(p(o0)) is also a self-adjoint
extension of D. It is straightforward to verify that the operators D(6), § € RU {oo} are indeed
self-adjoint extensions of D using integration by parts.

Let L := Lp denote the differential expression associated with D (see Section 7.1). Let
u1(n; A) be that solution to the equation L[¢] = A¢ that satisfies the initial conditions uq (a; A) =1
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and p(a)uj(a;\) = 0, and us(n; A) the solution to the same equation satisfying us(a; A) = 0 and
p(a)ub(a; N) = 1.
For each 6 € R, let ug(m; A) := u1(n; A) + Qua(n; A) For 0 = oo, define uqo(A) = uz(n; A).
With the above definitions, the following version of the spectral theorem for second order
differential operators, Theorem 7.1.4, holds ([3], pgs. 192-197).

THEOREM 8.4.11. (Krein) For each 6 € RU {cc}, there is a regular Borel measure og such
that

b
(8.4.53) Bo() = o) V) = [ Fua(t: e,
and
(8.4.54) o(t) = (U, 1 ®p)(2) ::/_ D(N)ug(t; \)dog(N)

define a unitary transformation U from L*[a,b) onto L? ((—o0,00);doy). The image of Dy under
this transformation acts as multiplication by \.

In the above, og()\) is a non-decreasing function of A which is continuous from the left and
which obeys o(—o0) = 0. This function can be determined uniquely as follows. For Im (z) > 0,
define the function mg(z) by the requirement that

(8.4.55) me(2)ug(t; 2) — ua(t; 2) € L?[a,b).

Since D has deficiency indices (1,1), this uniquely determines mg(z). The resolvent operators
(Dg — z)~! for Im(z) > 0 can be represented as integral operators ([3], Appendix II), ([52],
Section 19). By studying the form of the integral kernel of these integral operators, and using the
Stieltjes inversion formula, one can show that for each A € R,

a9(A\7) + ap(AT) 1

5 :C+;iir%); ; Im (mg(x + iy)) de.

(8.4.56)

where 0y(AT) denotes the limits of oy (t) as ¢t — \ from the right and left respectively.

8.4.4.2. A sampling formula for Bo(Q)). Applying the tools and theorems described in the pre-
vious subsection, one can write down a concrete expression for the projector of L2([1,00);n~2dn)
onto By ().

Consider the differential equation defined by Lg[¢] = A¢,

(8.4.57) —1n?¢"(n) = A(n),

generated by the differential expression Lg associated with the symmetric differential operator
Oo on L2([1,00);n~2dn). For any A # 1, two linearly independent solutions to the differential

equation (8.4.57) are fy(n) := n2tVi—Xand gi(n) :=n2z Vi If A = 4 then f1 (n) =nz and

another linearly independent solution is g1 := n2 In(n).

Under the change of variables y = —%, the differential operator [y becomes the differential
operator D, defined by
(8.4.58) D¢ = —(y°¢')

for all ¢ in a dense domain in L?[—1,0]. The end point y(1) = —1 is a regular end-point and the
point 0 is singular. This operator D is of the type described in the subsection above, so that the
tools and theorems described there can be applied to it.

In particular, using the notation of the previous subsection, Subsection 8.4.4.1, one can cal-

culate that
(8.4.59) uy (n; A) = { LA — VI £ 11+ e(\)NE VI A2

nz(1— Lnn) A=

= s |
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and

(8.4.60) U (3 \) = { C(A)W%Jr\/g—lc()\)()\)n%— =
’ n2lnn A

I N

W[ =

1

where ¢(A) := (1 — 4)\)~z. Furthermore, as is straightforward to calculate, for § € R, the
function mg(z) is given by the formula

(8.4.61) my(z) :=

It follows that,

A
— 1
(8.4.62) 96(A = 0) + 06(A+0) =Cy + 2 lim Im : dx.
2 T y—0t Jo 20 — 1 — 1—4(x+zy)

Observe that the function m(z) is differentiable for all z # ;.

It is not difficult to see that o,(\) := %fOA Im (m(x + iy)) dz is a differentiable function of A
for each y > 0 and that lim, o+ 7, (\) = LA lim, o+ 7y(A). It follows that o()) is differentiable
for A 7£ + and that

1 1
(8.4.63) a(\) = 2 lim Im =1Im .
=0 \20—1—/T_4(\+iy) 20— 1— /T 4(\)
The formula (8.4.63) shows that o’(\) = 0 for A < I, and that

iy 2 VAN -1
(84.64) e T ENN PP

for A > %.

For example, choose 8 = % In this case, one can verify that

2 1
8.4.65 '\ = = ———,
(3.4.65) IO = e
and that,
(8.4.66) ug(n, A) = %n%(lﬂv A1)y %77%(17“ A1),

In this case, Theorem 8.4.11 implies that the formulas

(8.4.67) () =

/ % 14+iV/4AN—1) +77%(14«/49\71)
o(n

o dn,

and,

(8.4.68)

oo n%(1+im)+n%(17im)
o = [ e dx,

s VZV

define a unitary transformation from L?([1,00); n~2dn) onto L?([1,00);do(X)).
2

For convenience let u := In terms of the variable u, the above formulas become

——.
(8.4.69) / é(n %7m+”_m n~2dn,
and,

(8.4.70) é(n) = /0 h @(u)néwdu.
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These formulas define a unitary transformation U from L2([1,00);n~2dn) onto L?[0, 00) given by
(Ug) :== ® € L?[0,00) and ¢ = U~'® for any ¢ € L?([1,00);n~2dn). Furthermore, the operator
UD%U’1 is the self-adjoint multiplication operator by the variable u on L?[0, 00).

Fix the self-adjoint extension D% of D. Let DO(%) be the self-adjoint extension of [y
which is unitarily equivalent to D under the change of variables y = —%. Let By(f2) :=
X[,QQ’QQ](—D(%))LQ([L o0);n~2dn). Let Po := X[1 0] (Oo(%)) denote the projector onto By (£2).
Choose Q% = 1 + B2, Then it follows that ¢ € By(Q) if and only if ®(u) € L?[0, B]. Using the
formulas (8.4.69) and (8.4.70), it is not difficult to calculate that for ¢ € L? ([1,00);n~2dn),

(8.4.71) Poo(n) == /100 d(V)K (v,n)v2dv,

where the integral kernel K (v,n) is given by the formula

wivd [sin(Br(n(w)) _ sin (Brn())

2 7 In(vn) min(%)

(8.4.72) K(v,n) =

A reconstruction formula can now be obtained using an argument which is similar to that
provided in the proof of the Shannon sampling formula, Claim 2.2.2. If ¢ € By () where Q2 =
1+ B2, then ® € L?[0, B]. It follows that

oo
nwu
8.4.73 o) =S "o, (—)
( ) (u) nz:% cos (5
where
2 B
(8.4.74) 3, = E/o B(u) cos (%) du.
Let 1, := e for n € NU {0}. Then, from the formula (8.4.70), it follows that ®,, = 26(mn)
n/?B
Hence, for any ¢ € By(2),
o(n) = / n%q)(u) cos(mulnn)du
0
oo
2¢(n
(8.4.75) SDIE L)
n=0 n

where K(n,,n) is given by the formula (8.4.72). In conclusion, any ¢ € By(Q), Q > 1, is

reconstructible from the values it takes on the set of points {e V @*-3 Fnenu{o}-

8.4.5. Higher spatial dimensions. Similar results to those of the previous subsections also
hold for 1 + 3 dimensional de Sitter spacetime.

The D’Alembertian for 1 4+ 3 dimensional de Sitter spacetime with finite end-time can be
expressed as the differential operator

_ 2
(8.4.76) ~0O=-n"2 (5‘,27 - Hdn - A> ,
acting on a dense domain in L2([1,00) x R?;n~*dndx drodrs), where A = 68—;2 + 68—;2 + 88—:2 is
1 2 3
the spatial Laplacian.
Let k% := \/ki + k3 + k3 denote the magnitude of the spatial frequency vector k = (k1, k2, k3).

Following the same procedure as for the case of 1 4+ 1 dimensional de Sitter space-time, define a
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symmetric operator [J; acting on a suitable dense domain in H := L2 ([1, oo);n_4d77) with the
aid of the formal differential expression

(8.4.77) L[] := —n 2 <a§ - %dn + k2> .

8.4.5.1. Deficiency indices of the Oj. The formal solutions of the differential equation Ly [¢] =
A¢ are again Bessel functions for k # 0. For k # 0, a linearly independent set of solutions is given

by fi(n) == W%J\/%ﬁ(lm) and gx(n) = U%Y\/gﬁ(kﬁl

Using the asymptotic formula, Jy,(z) ~ /=2 cos(z — pr/2 — 7/4) as |z| — oo, as in Section
8.3, it is straightforward to verify that the deficiency indices of Oy are (2,2) for k > 0. For the
case k = 0, two linearly independent solutions (provided A # %) are given by fi(n) := n2TV9/4=X

and gx(n) = 17%_ V9/4=2 In both cases k = 0 and k # 0, these solutions are qualitatively similar
to those for the case of 1 + 1 dimensional de Sitter space-time. As in Section 8.3, one can check
that if A = % + i, then gy is normalizable but f) is not so that Oy has deficiency indices (1,1).

Using Theorem 3 on page 97 of [52], it again follows that [2,00) C 0.(Cp). Similar results
to those derived in Subsections 8.4.1 and 8.4.2 also hold in this case. Namely, using similar
methods to those of before, it can be shown that if Ny is the finite dimension of the subspace
Bi(Q2) = X[_qz2,02(00;)H where k > 0, and [J is a fixed choice of self-adjoint extension of g,
then N, — oo as k — 0 and for any fixed €2 there is B > 0 such that k£ > B implies that N, < 2.
Furthermore, I expect that it should be possible to calculate a sampling formula for the case
k = 0, similar to the one found in the previous subsection for the case of 1 + 1 dimensions.

8.5. More general FRW space-times

A natural and physically important question to ask is whether the qualitative features of the
results of the previous section hold for more general FRW space-times.

Consider a general 1+ 3 dimensional FRW space-time with line element
(8.5.1) ds® = —dt* + a*(t)(dx? + das + dz3),

and scale factor a(t). In this case, as one can calculate, the D’Alembertian [J(a) is a differential
operator, which depends on the function a and which acts as

(8.5.2) —DO(a)p = —(0} + 3%@ +A)o

on a suitable domain. Here, A is the spatial Laplacian. In this case the operators O (a) can be
represented as symmetric operators which act as

(8.5.3) —Ok(a)g = —a 3(t) ((a®¢') + ak?¢)
for fixed k on a dense domain in L?((t1,t2), a®(t)dt).

Let D,, and D be second order symmetric differential operators defined by the coefficient
functions p,,, ¢, and p,q on the intervals (a,,b,) and (a,b). There are many results, (including
my results of Subsection 7.2.4) which describe how the spectra, and spectral projections of the
self-adjoint extensions of the D,, converge to those of self-adjoint extensions of D if a, — a, b, — b
and 1/p, — 1/p, ¢, — q in a suitable topology, e.g in L' or L? of any compact sub-interval of
(a,b). Tt should be possible to apply results of this kind to show how the spectra and spectral
projections of the Oy (ay,) converge to those of Oy (a) if the scale factors ay,(t) converge to a(t) in
a suitable sense.

For example, suppose that D is a second order symmetric differential operator in L?(a, b;w)
generated by a differential expression L which is of the limit circle case at both end points (see
Section 7.1 for the definition of limit circle case). Then it is known that if one chooses D), to
be a suitable self-adjoint extension of the symmetric operator D,, defined by L on (a,,b,) where
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an — a and b, — b, then for any z € C\ R, (D,, — z)_lx[ambn] — (D — 2)7! in Hilbert-Schmidt
norm. This implies, in particular, that the spectral projections of the D,, converge in norm to the
spectral projections of D ([4], pg. 86).

Suppose that D!, are self-adjoint extensions of a symmetric second order differential operator
D,,, defined by the coefficient functions p,,, ¢, which is defined in L?(a,b;w) and which is of the
limit circle case at both end points. If 1/p,, — 1/p and ¢, — ¢ in L? of any compact sub-interval
of (a,b), T expect that if the self-adjoint extensions D!, are chosen suitably, that the spectral
projections of D!, will converge in norm to those of the D,. I expect that such a result may
already exist in the literature, although I have not yet found it. Related results of this kind can
be found in ([73], Chapter 3, Section 5, and Chapter 10, Section 9).

Let a(t) = €' be the scale factor of de Sitter space-time. If results of the kind discussed
above can be found or established, then one should be able to conclude that the spectral pro-
jections Po(n) := X[_g2 02)(Bk(as)) converge in the norm or strong sense to the projector
Po = X[02,02)(Bk(a)) if an — a in a suitable sense. This could be used to show that if a,
is ‘sufficiently close to a’, then the subspaces projected onto by the Po(n) and Py will have sim-
ilar properties, including the same dimension. This would be useful for showing that the results
of the previous subsections are robust, and are not unique to de Sitter space-time.

8.5.1. The Behaviour of Ny () for large |Q2|. Let L be a second order symmetric dif-
ferential expression with coefficient functions p and ¢, and weight function w which defines a
differential operator D in L?(a,b;w) where —oo < a < b < oo are both regular end-points. Let

b
(8.5.4) Bi= / ,/%dt.

It is known that if both a and b are both regular, then D has deficiency indices (2,2), ([52] , pg
66). As discussed previously, the spectrum of any self-adjoint extension of such an operator is
purely discrete and consists of eigenvalues of multiplicity at most 2 with no finite limit point. It
can further be shown that the operator D has a smallest eigenvalue Ao, and that for sufficiently

n-‘r%ﬂ

large n, the n'* eigenvalue of D lies between n_B%ﬂ and —— ([25], pg. 319, pg. 303).

If one considers the operators O, for ¢ € [t;,t] in a 1 + 3 dimensional FRW space-time, then
p(t) = a3(t) and w(t) = a®(t) so that B = t; — ¢; is independent of the choice of scale factor.
Hence for any fixed k, the dimension N of the subspace spanned by the k' spatial modes of
Q—bandlimited functions on these space-times, i.e., the subspace of L2([t;,ts]; a®(t)dt) projected

onto by X[_gz2 g21(—0k(a)), will behave asymptotically like %QQ, for large values of (.
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Part 3

Self-adjoint extensions of symmetric
operators and sampling theory
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CHAPTER 9

Introduction: Symmetric operators, de Branges spaces and
sampling theory

This part of the thesis deals with my most recent and current research. Consequently, much
of the work presented in this part has yet to be fully developed. I welcome any advice the reader
may have on how this should be done.

In the Introduction, Chapter 1, we motivated the idea that non-Fourier generalizations of
bandlimited function theory could improve the efficiency of information storage in communication
engineering. For example, modelling a music signal as an element of a more general reproducing
kernel Hilbert space with the Kramer sampling property could lead to more efficient sampling and
reconstruction of the music signal.

With this motivation in mind, this part of the thesis deals with the study of reproducing
kernel Hilbert spaces with the sampling property.

9.0.1.1. Definition. As we proved in Chapter 4, if H is a reproducing kernel Hilbert space of
functions on R for which every point evaluation vector §, is non-zero, and if the multiplication
operator in H is densely defined, symmetric, regular, and simple with deficiency indices (1,1),
then H has the Kramer sampling property. For reasons that should already be apparent, we
will say that a symmetric operator defined on a domain in a separable Hilbert space H has the
sampling property if it is densely defined, closed, regular, simple, and has deficiency indices
(1,1).

Let H be any separable Hilbert space, and let A be any densely defined symmetric operator on
‘H which is regular and simple with deficiency indices (1,1). Then it can be shown that there is a
unitary transformation which maps H onto a reproducing kernel Hilbert space H' of meromorphic
functions which are square integrable with respect to a certain Borel measure on R, and such that
M := UAU! is a symmetric operator which acts as multiplication by the independent variable
in H’ [36] [66] [26] [28]. This statement is, in a sense, a generalized spectral theorem that applies
to this particular class of symmetric operators.

The fact that such a unitary U exists which maps H onto a RKHS H’ with the sampling
property was first proven by Kempf in [36]. What is remarkable is that this same class of operators,
namely regular symmetric operators with finite deficiency indices, were already studied in detail
over 60 years ago by the famous Russian mathematician M.G. Krein [39] [40] [41] [42]. However,
these results were not widely known, and the full theory developed by Krein on these operators
was not published in english until very recently in the book [28] in 1997. In [28], Krein shows, in
particular, that given any densely defined regular, simple, symmetric operator B with deficiency
indices (1,1) in a Hilbert space H, i.e., a symmetric operator B with the sampling property, that
one can define a unitary transformation which takes H onto a reproducing kernel Hilbert space
of meromorphic functions which is a subspace L?(R;du) for some measure j, such that the image
of A under this transformation is the operator of multiplication by the independent variable. The
authors of [66], independently of Kempf, exploit the theory developed by Krein to show that the
resulting reproducing kernel Hilbert space actually has the sampling property. A related, but less
general result was also proved earlier in [26]. We will later observe that the result of [66] can
also be attained from Krein’s theory as a simple consequence of *Theorem 4.4.7. Namely, if the
symmetric operator of multiplication by the independent variable in a reproducing kernel Hilbert
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space H of functions on R has the sampling property, and if every point evaluation vector §, € H
is non-zero, then H has the sampling property.

The following section provides a brief description of Krein’s representation theory for simple
symmetric operators with deficiency indices (1,1).

9.1. Krein’s theory of symmetric operators

Let H be a separable Hilbert space and let B be a simple symmetric operator defined on a
dense domain © (B) C ‘H with deficiency indices (1,1). Let B’ denote an arbitrary self-adjoint
extension of B, and for 2,2’ € C\ R let p,, (w) := 2==%. Define

T ow—2z""

(9.1.1) Ut i= o (B = (B = 2)(B' =) ' =14 (2 =) (B —2)~ "
Observe that Uz, (B') = u,(B’) is a Cayley transform of B’. For z € C\R, let D, := Rer (B* — z).

LEMMA 9.1.1. piy,,(B’) maps ©,, into D,
This easily provable fact can be found in [28] or [3].

PROOF. Given ¢ € ©,,, and any ¢ € D (B),

(912) 0= <(B - E)@? ¢> = <MW(B/ - E)‘:07 ¢> = <(B - E)@?MMZ(B/)¢>
This proves the lemma. O

Fix w € C\ 0(B’), and a non-zero ¢, € D,,. It follows from the above lemma that
(9.1.3) P(2) 1= Upethw = P + (2 = 0)(B' — 2) "' tu,
is a H-valued function for z € C\ R such that ¢(z) € ©,. Furthermore, it is clear from the
definition of ¥(z) that it is analytic on C\ o(B’), that ¢¥)(w) = 1), and that ¢ (z) # 0 for any
z € C\ o(B’). Using the first resolvent formula, it is further not difficult to see that for any
W' € C\ o(B) that (2) = Uprzt(w') = p(') + (2 — w) (B — 2)~ p(w).

Now given any z; ¢ o(B’), choose u € H so that ((z1),u) # 0. Since ¥(z) is analytic on
C\ o(B’) it follows that f(z) = (¥(2),u) is an analytic function in C\ R, and hence has at most
a countable number of zeroes in that region with no finite accumulation point. Let S, denote the
zeroes of this function. It follows from the fact that ¢(z) € D, that S, is that subset of C for
which the linear span of {u} UR (B — z) is not dense in H. Krein calls the vector u € H a gauge
for the symmetric operator B.

Borrowing the notation from [66], let
Then ¢ is clearly a meromorphic function of z with poles at the points of S,,. Also observe that
&(z) # 0 for any z € C. Furthermore, it is not difficult to prove [66]:

LEMMA 9.1.2. The H wvalued function £(z) does not depend on the choice of self-adjoint
extension B’ used to define (z).

Now for each ¢ € H, define ¢,(z) by

It follows that each ¢, is a meromorphic function in C \ R with poles at the points of S,, that lie
in this region.

Krein calls a point z € C u—regular for the operator B, if there exists a ball of non-zero radius
about z such that the functions ¢, are analytic in this ball, for all ¢ € H. Krein has proven ([28],
pg. 56) that a point z € C is u—regular if and only if z ¢ S, and z is a regular point of B.
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9.1.0.2. Remark. It follows that if B is regular, then every point in C is regular for B so that
every point in C\ S, is u—regular for B. Krein asserts that for a regular operator B, one can
always choose u so that S, NR = ¢ so that the functions ¢, for ¢ € H are meromorphic functions
on C with poles that lie off of the real axis [41] [66].

9.1.0.3. POVMs. Recall the definition of a positive operator-valued measure given in Subsec-
tion 7.1.2. A contractive positive operator valued measure (POVM) on R is a map @ : B(R) —
B(H) with the properties:

(1) Q) =0
(2) If Q = U2, Q, with 2, NQ, =0 Vn #m, then SN Q(Q,) > Q(Q).
(3) Q(0) =0 and Q(R) = 1.

It is easy to see, ([57], pgs. 234-235), that if Q) is a POVM, then py(Q2) := (Q(Q)9, ¢), for
Q € B(R), defines a regular, countably additive Borel measure for any ¢ € H. Furthermore, using
a POVM @, and the measures 4, one can define the integral

(9.1.6) olf] = [ T HOQN),

for any f € L*°(R) which has compact support by

(9.1.7) @lilos) = [ T N dua(N) = / QAN ).

Using the polarization identity and the Riesz representation theorem, it is straightforward to see
that this does in fact define a unique bounded linear operator. In fact, even if f is just a measurable
function which is not bounded, e.g. f(A) = A, then ®[f] often still defines an unbounded linear
operator on a dense domain in H. In the case where Q(2) is a projection for each 2 € B(R),
Q@ is called a projection valued measure. Recall that one form of the spectral theorem asserts
that there is a 1 — 1 correspondence between projection valued measures on B(R) and self-adjoint
operators. This follows immediately from the L*° functional calculus for self-adjoint operators.

Returning to the discussion regarding the symmetric operator B, let P(B) denote the set of
all unital POVMs such that

(9.1.8) 1Boll = [~ N = [ ¥(QaN6.0) and Bo= [ xauans

for all ¢ € © (B). In particular, the projection-valued measures (PVMs) Q(Q2) := x(B’) defined
using any self-adjoint extension B’ of B belong to P(B). The set P(B) can be thought of as the
set of all POVMs that ‘diagonalize’ the symmetric operator B.

Now suppose that B is regular. Then, as mentioned above, the gauge v can be chosen so that
the functions ¢, (z) associated with each ¢ € H are meromorphic on C with poles that lie off of
the real axis. In this case it can be shown that if @ € P(B) then ([28], pg. 49),

(9.1.9) (6,0 = / " VT N(Q(dNu, u).

Let og denote the measure (Q(-)u,w). It follows that the set of all ¢,, ¢ € H belongs to
L?*(R;dog), and one can prove (28] , pg. 51 and pg. 12):

THEOREM 9.1.3. Let B be a regular symmetric operator with deficiency indices (1,1). Let
u be a gauge for B such that S, "R = (). Then the map ® from H into L*(R,dog) defined by
B[o] = ¢y is an isometry. The map ® is onto if and only if the POVM Q used to define o¢
is a PVM. Furthermore, ® B®~' acts as multiplication by the independent variable on its dense
domain in ®H C L*(R,dog).

Given a choice of @ € P(B), let H' := ®H denote the range of ® which is some subspace of
L2 (R, dO’Q).
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Finally, this next theorem of ([28], pg. 55) leads to the conclusion that H’ is a reproducing
kernel Hilbert space. Let B, (z) denote the ball of radius r» > 0 about z € C.

THEOREM 9.1.4. Fiz z € C, and r > 0. Then there exists a constant c(z,7) such that
|pu(2)] < c(z, 1)@l for all z € B, (2), and for all ¢ for which ¢, (2) is analytic in B,(z).

Since we assume B is regular, this means, by Remark 9.1.0.2, that the functions ¢, (z) are all
meromorphic in C, and that their poles all belong to a fixed set S, where S, "R = ). Hence, given
any = € R, there exists an € > 0 such that B.(z) NS, = 0 so that for any ¢ € H, ¢, is analytic in
Bc(z). Applying the above theorem, there is a ¢ = ¢(x, €) > 0 such that |, (2)] < c||@|| = c||pullr
for all ¢ € H. This proves that H’ is a reproducing kernel Hilbert space. Furthermore, we observe
that for any ¢ € H, ¢u(r) := (¢,&(x)). Since &(x) € H is a non-zero vector for each z € R,
it follows that there is no point € R such that ¢,(x) = 0 for all ¢ € H. Hence, the point
evaluation vectors 0., x € R for this RKHS are all non-zero and the reproducing kernel for H’,
K(z,y) = (64, 0,), is positive definite, K (z,z) = [|0,]|* > 0.

Since by Theorem 9.1.3, the operator ®B®~! is a densely defined, closed, simple, regular,
symmetric linear multiplication operator with deficiency indices (1,1), and there is no point x € R
at which all functions ¢, € H’ vanish, *Theorem 4.4.7 now implies that H’ has the sampling
property:

COROLLARY 9.1.5. Under the same assumptions as in Theorem 9.1.3, H' = ®H is a repro-
ducing kernel Hilbert space with the sampling property.

9.2. de Branges spaces

There is a connection between Krein’s theory of regular symmetric operators and a theory of
special reproducing kernel Hilbert spaces of entire functions called de Branges spaces. De Branges
spaces were first introduced by Louis de Branges, [8], and were used most notably in his famous
proof of the Bieberbach conjecture. The Bieberbach conjecture concerns a necessary condition
for a holomorphic function to map the open unit disc injectively into the complex plane. More
recently, over the past decade or so, de Branges has been using his theory of Hilbert spaces of
entire functions in an attempt to prove the Riemann hypothesis. In fact, he claims to have a proof
of the Riemann hypothesis. This unverified proof has been posted on his website for the past few
years.

The Paley-Wiener space of 2—bandlimited functions is an example of a de Branges space. In
fact, it appears that B(Q) is the canonical example that de Branges generalized to arrive at his
theory of Hilbert spaces of entire functions ([8], pg. 50). Our interest in de Branges spaces lies in
the fact that most de Branges spaces have the sampling property.

It will be necessary to introduce a few concepts from complex function theory. Given a region
Q C C, let Hol(©2) denote the set of functions which are holomorphic in .

9.2.0.4. Definition. A function f, holomorphic in a region €2 is said to be of bounded type
in that region if there exist functions p,q € Hol(2) such that f(z) = 58, q # 0, and ¢q,p are
bounded in €.

If f is analytic in the upper half plane (UHP), then the mean type h[f] of f can be defined
by

(9.2.1) hlf] == limsupyﬂm$1n|f(iy)|.

Mean type for functions analytic in the lower half plane is defined analogously. The notion of
mean type is a measure of growth in the upper half plane, and is clearly a generalization of the
notion of exponential type (see Chapter 2) to functions analytic in the upper half plane. One can
show that if f is of bounded type in the upper half plane, then A[f] < oo ([8], Chapter 9). In fact,
if f is an entire function, that is of bounded type in both UHP and LHP, then it is of exponential
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type. In this case, the exponential type of the function is equal to the maximum of its mean types
in the LHP and the UHP. This fact is a theorem due to Krein ([8], pg. 26, pg. 38).

Given an entire function f, let f* denote the entire function defined by f*(z) := f(Z). An
entire function E is called a de Branges function if it obeys |E(z —iy)| < |E(x +iy)| for all y > 0.
This inequality implies, in particular, that £ has no zeroes in the upper half plane. Given such
a function E, the de Branges space H(FE) is defined as the set of all entire functions F such that
F/E and F*/E are of bounded type and non-positive mean type in the upper half plane, and
which are square integrable with respect to the norm generated by the inner product:

0 —— 1

9.2.2) (F.G) = / PG
The space H(FE) is complete with respect to this inner product ([8], pg. 53).

Let A:= 1(E+ E*) and B := £(E — E*). Then the following theorem shows that H(E) is
a reproducing kernel Hilbert space whose reproducing kernel can be expressed in terms of F and
E* ([8], pg. 50).

THEOREM 9.2.1. (de Branges) Given any entire function E such that |E(z—iy)| < |E(x+iy)|
fory >0, let K(w,z) = BRAW=A@BW) mpep 5 where 6,(2) = K (w, z), belongs to H(E)

w(z—w)

for every w € C and F(w) = (F,d,) for any F € H(E).

— 00

Note that B(f) is the de Branges space defined by the function E(z) := e™*¥. It is a fact
that many de Branges spaces have the sampling property. The following equivalent axiomatic
definition of de Branges spaces makes this fact more apparent ([8], pgs. 56-57).

THEOREM 9.2.2. A Hilbert space of entire functions H is isometrically equivalent to a de
Branges space H(E) if and only if the following three axioms are satisfied:
(A1) Point evaluation at every z € C\ R is a bounded linear functional.
(A2) If F € H, then F* € H, and |F|| = |F*|.
(A3) If F € H and F(w) =0 for some w € C\ R, then G(z) := F(2)2=2 € ‘H, and |G| = | F|.

z

Notice that axiom (A3) immediately implies that we can define multiplication by the function

t(2) = j:g on a certain subspace of a de Branges space for any w € C\R, and that this resulting

multiplication operator V,, is an isometry from its domain to its range. It is not difficult to further
prove the following

THEOREM 9.2.3. Let H be any Hilbert space of entire functions satisfying the axioms (A1),
(A2), and (A8) of Theorem 9.2.2. Then multiplication by z is a closed, symmetric operator in H
with deficiency indices (1,1).

PRrOOF. Let V,, denote the operator of multiplication by the function i, (z) := z:g Then,
by assumption, V,, is defined on the subspace @ (V,,) of all F' € H for which F(w) = 0. Property
(A1) implies that © (V,,) is closed, and (A3) implies that V;, is an isometry from its domain onto

its range, R (V,,). Now I claim that for any w € C\ R that n := dim(D (V,,)") = 1.

If n > 1, then there exist 2 linearly independent functions F; and F; which are orthogonal
to © (V,,), and hence do not vanish at w. But then F := F} — %Fg must belong to D (Vw)l
since it is a subspace, and yet F(w) = 0 which means F € © (V,,). Hence F = 0 so that F; and

F; are linearly dependent. This proves that n < 1.

Now n # 0 since if G € © (V,,) then G has a zero of finite order k at w. By property (A3),
VEG € H(E) is non-zero, and has no zero at w. Hence, VEG ¢ D (V,,). Since D (V4,) is closed

this means that © (Vw)J' is non-empty so that n > 0. We conclude that n = 1.

Let M denote the operator which acts as multiplication by z. Then for any w € C\ R we
have that M = (@WV,, — w) (Vo — 1)~ " where ® (M) := R (V,, — 1). As observed previously, (A1)
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implies that D (V,,) is closed, so that V,, is a closed linear transformation. As in the proof of
Theorem 4.3.3 (b), it is not difficult to show that this implies that M is closed.

Now observe that the range of V,, is equal to the domain of V. To see this note that if
F is in the range of V,, then F(w) = 0 so that F € © (Vi) and that Vg is just the inverse
of V,,. Furthermore, it is elementary to check that R (M — w) = R(V,) = D (Vi) and that
R (M —w) = D (V). By the previous arguments, dim(R (M —w)") = dim(R (M —w)") = 1
so that M has deficiency indices (1,1). O

Let H(E) be a de Branges space, and let M denote the multiplication operator by the inde-
pendent variable, defined in the proof of the previous theorem.

'"THEOREM 9.2.4. The multiplication operator M on H(E) has no eigenvalues. Furthermore,
if E(A\) # 0, where A € R, then A does not belong to the continuous spectrum of M. In particular,
if E has no real zeroes, then M is both simple and regular.

Although this proof is my own, this theorem follows immediately from more powerful results
of [8].

PROOF. If A is an eigenvalue of M, it must be a finite real value. If X is such an eigenvalue

then pu = i\‘:—% is an eigenvalue of V,, which lies on the unit circle. Let F' # 0 be the corresponding
eigenfunction. Then VFF = A*F, so that 0 # VEF € © (V,,) for every k € N. This implies that

w w

F has a zero of infinite order at w, which is impossible as F' # 0 is entire.
Suppose that A € g.(M). Since M is symmetric it follows that A € R. Assume that E(\) # 0.

Then since A € o.(M), there exists a sequence (fn)nen C D (M) such that |f,| = 1 and
(M — A)fn, — 0. Now f,, is a bounded sequence, and so it has a weakly convergent subsequence
(9k = fa)i21s 95 = 9-

I claim that ||g|] = 1. To see this, first choose B > 0 arbitrary. For any € > 0, there is an

2

X—B,)\—‘,-B] W d$<€ If
this were not true, then there would be an € > 0 such that for any N € N there is an n > N for
which ||9nH]§\[)\73 a+p) > € For such an n,

gn ()

n € N such that n > N implies that ”g””]%%\[)\fB,)\+B] = ||gnl|? —f[

2
dx > BZe.

A—B
923) (M = \)gal? > / (2 — )2

— 00

gn(T)
E(x)

i o e

This would contradict the fact that (M — \)g, — 0.
Since g, — g, and |F(2)|? < ||F||?K(z, 2) for all F € H(E), where K (z,w) is the reproducing
kernel of H(E), and K(z,z) is continuous for all z € C ([8], pg. 50), it follows that g, — g

uniformly on compact subsets of C. Furthermore, by the proof of ([8], Theorem 19), given any
F € H(E), F/FE is continuous on R.

Since E(A) # 0 and FE is entire, choose ¢ small enough so that E # 0 on [A — §, A + §]. Then
1/E is continuous on [A — §, A + ¢], and it follows that g, /E converges to g/F uniformly on this
interval.

Given any € > 0 choose N € N such that n > N implies that ||g,|lz¢r—5245 < 5. Now
choose N” € N such that n > N’ implies that |(g,(z) — g(z))/E(z)| < & for all z € [\ — 0, A +d].
It follows that for any n > M := max{N, N’} we have that

lgll > llgllin=sr+6] = llgn + (9 = gn)lln=s.248] = lgnllpp=s.3+5) — |9 — gnllr—5,7+0]
€ €

Since € > 0 was arbitrary, it follows that ||g|| > 1. Conversely, |{gn, )| < llgnllllgll = |lg|| and
[{gn> 9)] — Ilgl|?, so that [|g[|> < ||g]|. This implies that ||g|| <1 and hence that ||g|| = 1.
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The fact that ||g|| = 1 means that g, actually converges strongly to g. This follows because
(925)  llgn = glI* = {gn — 9,90 — 9) = lgal® + g]* = 2Re ({gn, 9)) = 2(1 = Re ((gn, 9))) — 0

Since g, — g # 0, (M — X)g, — 0, and M is a closed operator, it follows that g € © (M)
and (M — X)g = 0. In other words, g is actually an eigenvector of M to eigenvalue A. We have
already proven that this is not possible. We conclude that A\ ¢ o.(M). O

In conclusion, if E is a de Branges function which has no real zeroes, then the multiplication
operator M in H(FE) is simple, regular, symmetric, and closed with deficiency indices (1,1). That
is, M has the sampling property. Since H(E) is a RKHS, in order to prove that it has the sampling
property, it remains to show that M is densely defined. De Branges has characterized exactly
when this happens ([8], pg. 84):

THEOREM 9.2.5. A necessary and sufficient condition for a function S € H(E) to be orthog-
onal to the domain © (M) of the multiplication operator in H(E) is that S = aE + bE* for some
a,b € C. In particular, if no such function belongs to H(E), then M is densely defined.

As the next theorem shows, de Branges is well aware of the fact that most H(E) have the
sampling property, although his proof does not use the theory of self-adjoint extensions.

First, it can be shown that given any de Branges function F, that there is a continuous phase

function ¢ such that E(z)e**(*) is real for all z € R, and that ¢/(z) = wffgﬁ)ﬁ; > 0.

THEOREM 9.2.6. (de Branges) Consider H(E) and let ¢ be a phase function for E. For each

a € R define the set {t,}nez by ©(t,) = a mod w. Then the set {M}nez is orthogonal. If

} B(tn)
F € H(E) is orthogonal to this set then F € C{e'"*E — e~ *E*}.

Notice that if M is densely defined, then by Theorem 9.2.5, the sets in the above theorem are
total for each a € R. In this case H(FE) will have the sampling property.

9.2.0.5. Remark. Let B be a densely defined simple, regular symmetric operator with defi-
ciency indices (1,1) in a Hilbert space H. As discussed in the previous section, there exists unitary
transformations U which ‘diagonalize’ B in the sense that they map B onto a multiplication op-
erator. Furthermore, as was discussed, these unitary transformations can be chosen so that the
image of B is a multiplication operator on a reproducing kernel space of meromorphic functions
with the sampling property. As a final remark, it is not difficult to show that if this RKHS of
meromorphic functions actually consists of only entire functions, then this space is a de Branges
space [66]. Regular, simple, symmetric, closed operators with deficiency indices (1,1) which have
such a representation as a multiplication operator on a reproducing kernel Hilbert space of entire
functions, are called entire operators, and Krein has developed a whole theory of such operators,
including generalizations to arbitrary deficiency indices [28].

Later, in Chapter 11 we will discuss the strategy of proving that the invariant subspaces of
certain differential operators are reproducing kernel Hilbert spaces with the sampling property by
proving that they are de Branges spaces. The axiomatic characterization of de Branges spaces
given in Theorem 9.2.2 will be particularly useful for this endeavour.
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CHAPTER 10

Differentiability of the spectra of extensions of a regular,
simple, symmetric operator with deficiency indices (1,1)

For this chapter, let H denote a separable Hilbert space and B denote a closed, symmetric,
simple and regular operator with deficiency indices (1,1) defined on a dense domain D (B) C H.
That is, let B be a symmetric operator with the sampling property.

Recall that in *Theorem 4.4.7, we proved that if M := B is the operator of multiplication by
the independent variable in a reproducing kernel Hilbert space H of functions on R with positive
definite reproducing kernel, then this RKHS has the sampling property.

Now suppose that that H is a subspace of H = L?(R, du) where p is absolutely continuous
with respect to Lebesgue measure. In this case M can be seen as a symmetric restriction of the
self-adjoint multiplication operator M in H to a dense domain in H. From the previous chapter,
we know that there is an isometry U that maps M onto a multiplication operator in a reproducing
kernel Hilbert space of meromorphic functions. Since M is already a multiplication operator on
functions, one might expect that in many circumstances, there is such an isometry which, in fact,
simply acts as multiplication by a measureable function. That is, that there is an isometry which
acts as multiplication by a measurable function and which maps H onto a reproducing kernel
Hilbert space. If this measureable function is non-zero almost everywhere, this would imply that
the original Hilbert space, H, can itself be seen as a RKHS with the sampling property.

In this chapter, we explore one approach to establishing this conjecture. Although this ap-
proach has yet to provide a complete proof, it is of some interest in itself as it establishes new
results about the spectra of the self-adjoint extensions of an arbitrary symmetric operator B with
the sampling property. In particular, it will be shown that the eigenvalues (A, («))nem are smooth,
differentiable functions of the parameter o € [0,1) that indexes the self-adjoint extensions B(«)
of B. Here, M = Z, or £N (see Remark 4.4.1.4).

This fact is of particular interest in Kempf’s approach [36] to sampling theory using self-
adjoint extensions of symmetric operators. In this approach, Kempf proves that if (A, (@))nem
are the spectra of all self-adjoint extensions of a simple, regular symmetric operator, and if the
A are differentiable with respect to «, then the knowledge of the values A, (3) and X, () for any
fixed G € [0,1) and all n € M completely determines the A, («) for all & € [0,1) and n € M. The
results of this chapter will prove that the A, (a) are, in fact, always infinitely differentiable.

10.1. Properties of the spectra of the B(«)

Recall that if B is a symmetric, regular, simple, closed operator densely defined in ‘H with
deficiency indices (1,1), then the family of all self-adjoint extensions of B can be labelled by a
single real parameter a € [0,1) (see Section 4.3.2). Namely, we fix unit norm vectors ¢ € D+
and then define

(10.1.1) Ula) =V @&e?™ o (-, ¢y)

on H:=9 (V) ® D, where V is the Cayley transform of B. The self-adjoint extensions B(«) of
B are defined as the inverse Cayley transforms of the U(«). All self-adjoint extensions of B are
obtained in this manner.
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Recall that the spectrum of each self-adjoint extension B(«a) of B can be arranged as a non-
decreasing sequence of eigenvalues (A, (a))nem where M = —N, N or Z, and that the spectra
0(Byq) of the self-adjoint extensions do not intersect and cover R exactly once (see Remark 4.4.1.4
and Theorem 4.4.5). In fact, even more can be said ([28], pg. 19):

THEOREM 10.1.1. Let B be a closed simple symmetric operator in ‘H with deficiency indices
(1,1). Suppose that the interval I C R consists of regular points of B. Then, the eigenvalues of
any two self-adjoint extensions B’ and B” of B in I alternate.

In our case, we assume B is regular so that every point in R is regular for B. It follows that
the eigenvalues of any two self-adjoint extensions B(a) and B(f3) of B alternate. That is, given
any two consecutive eigenvalues, A\, («) and A\,41(«) of B(a), every other self-adjoint extension
B(f) of B, 8 # « has exactly one eigenvalue in the interval (A, (a), An41()). In particular,
this means that if o(B(«)) is bounded above or below, or is not bounded above or below, then
the same is true of the spectrum of every other self-adjoint extension of B. This means that
o(B(a)) = (An(a))nem where M is equal to £N or Z, and is the same for every a € [0,1). For
convenience, we will assume from now on that M = Z.

Consider {\,(0)}nez. Given any « € (0,1), define A\,(a) to be that unique eigenvalue of
B(a) in the interval (A,(0),A\,4+1(0)). Then for each n € Z the map \,(«) is a bijection from
0,1] onto [A,(0), An+1(0)], and o(B(«a)) = (An(@))nez. Using the functions A, we can define

[
AX R = Rby M) := A (z — |2]) and M) := A5 (1 — (z — [2])). It follows that both A and
X are bijections, and that A(z) € o(B(z)) while A(z) € o(B(—z)) for each z € R.

Our goal is to prove that each A,(«a) is an infinitely differentiable function of «. Using this
fact we will show that either A or A is an infinitely differentiable, bijective homeomorphism of R
onto R:

*PROPOSITION 10.1.2. Either A or \ is an infinitely differentiable homeomorphism of R onto
R.

10.2. The spectral function of a symmetric operator with the sampling property

The proof of *Proposition 10.1.2 will be broken into several smaller claims.

Consider the Mébius transform p(z) := z;z and its inverse ' (z) := i112. Let
(10.2.1) U(2) = w(B(2)) = u(B) & €26_(-,6.)

for any z € C. For x € R, U(x) = U(|z]) = U(x + k) for any k € Z is the Cayley transform
of B(z). The spectral mapping theorem implies that the spectrum of U(«) is (kn(&))nez where
Fin () = p(An () so that &(z) := p(A(z)) = (A g (x—[2])) = K|z (z—|z]). Now since ! isa
meromorphic function with a simple pole at z = 1, and A(z) = p~(#(z)) it follows that A will be
infinitely differentiable for z € R if # is. Similarly, we define #(z) = p(A(z)) = Kz (1= (z—[z])).
Again, observe that &(z) € o(U(x)) and K(z) € o(U(—x)) for each z € R. Further note that for
n € Z, k(n) = £,(0) while K(n) = k,(1) = k,(0) since U(0) = U(1).

The fact that &, \ are continuous functions of z follows from the discreteness of the spectra
of each U(z), the continuity of the operator valued function U(x), and Newburgh’s theorem [53]:

THEOREM 10.2.1. Let A be a unital Banach algebra and let a € A. Suppose that o(a) C UUV
where U,V are open and disjoint, UNV =0 and U No(a) # 0. Then, there is an € > 0 such that
|z — a|| < € implies that o(z) NU #0 .
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10.2.0.6. Notation. Given z,w € T, the unit circle in the complex plane, we will write (z,w)
to denote the arc of the circle T which lies between z and w, and doesn’t include the point 1. That
is (z,w) is the image of the open interval (u=1(2), = !(w)) C R under the Mobius transformation
. Similarly, if z,w € T, we will say that 2 < w if p=!(z ) < po ~!(w). Furthermore, we will say
that # or K is monotonically increasing on (z,w) C T if Aor A s monotonically increasing on

(11 (=), n™H(w)).
First consider the functions k,(a) for @ € (0,1) and n € Z. Recall that k,(a) is the unique
eigenvalue to U(«) in the open arc (ky,(0), £r+1(0)).

*CrLamM 10.2.2. For each n € Z, k() is a continuous map from (0,1) onto (k,(0), knt1(0)).

PrROOF. We already know that for each n € Z, k,,(«) is a bijection from (0,1) onto (k,(0),
Kn+1(0)). It remains to establish continuity. Choose o/ € (0,1) and n € Z. Let € > 0 be
arbitrary and consider S := B(k(a’)) N (k,(0), kn+1(0)). Since U(«) is a continuous operator-
valued function of « € (0,1), it follows from Newburgh’s theorem, Theorem 10.2.1 that there is
a 0 > 0 such that if & € (0,1) satisfies |@ — /| < ¢ then o(U(a)) NS # ¢. For such an a,
o(U(a)) N Be(kin(a))) = k() so that |k, (o) — kp ()] < €. Since € > 0 was arbitrary, this proves
the claim. (|

*CLAM 10.2.3. For each n € Z, kp(a) is a monotonic strictly increasing or monotonic
strictly decreasing function of o € (0,1). If Ky () is increasing then lim, o+ fn () = £,(0) and
lim, 1- Kn(a) = Kp11(0). Conversely, if K, is decreasing then lim, o+ kp(a) = Kny1(0) and
lim, 1~ kn(a) = £n(0).

PROOF. Suppose that for some n € Z that x,(«) was not monotonic. Then there would
exist @; € (0,1), 1 < ¢ < 3 such that k(1) < kp(ae) and kp(as) < kp(az). Let M =
max{r,(a1), kn(as)}. Since Ky, (a) is continuous on [ag, ag] by *Claim 10.2.2, the intermediate
value theorem then implies that there exists a ¢; € [ay, ag) and a ¢ € (ag, 3] such that x(c;) =
M = k(c2). This contradicts the fact that x,,(«) is injective. This proves that each k,(«) is either
monotonically strictly increasing or decreasing.

Now suppose that %, («) is monotonically decreasing on (0, 1). Suppose, contrary to the claim,
that
(10.2.2) lim kKp(a) # Kp+1(0).

a—0t

It follows that there is an € > 0 such that for each k € N, one can find oy, € (0, 1) so that ar — 0,
and Kpn41(0) — kp(ag) > €. Since k() is a bijection of (0,1) onto (k,(0), Kr11(0)), it follows
that there is an o’ € (0,1) such that s,41(0) — kn(a’) < §. It follows that k,(a') > kn(ag)
for all k € N. Choosing k large enough so that oy < o’ contradicts our assumption that r,, is

monotonically decreasing. The rest of the claim is proved in a similar fashion. O

*CrLAamM 10.2.4. The functions ky(a), n € Z, are either all monotonically increasing, or all
monotonically decreasing.

PROOF. Suppose that for some fixed m € Z, that x,,(«) is monotonically decreasing. Then,
by *Claim 10.2.3, it follows that lim,_,o+ fm () = Kpmy1(0), and lim,_1— K () = £ (0). Let
€ := min{ KT”'“(O)Q_M”(O), “”"(0)_;"“1(0)}. Choose § > 0 such that @ € (0,1) and o < § implies
that K;,11(0) — k(@) < €. By Newburgh’s theorem, Theorem 10.2.1, for any sufficiently large
k € N, there is a §; > 0 so that || < ) implies that o(U(a)) N By/i(km(0)) # ¢. Choose
8}, := min{4, 6}, and K € N so that = < e. It follows that when k > K, if o € (0,1) and
a < 0y, then k(@) ¢ By (km(0)). Since o(U(a)) N By i (km(0)) # ¢ it follows that for each such
@, km—1(a) € By/i(km(0)). It follows that limg_o+ km—1(a) # Km-1(0). By *Claim 10.2.3, it
follows that lim, o+ fm—1(a) = £m(0), and that £,,—1(«) is monotonically decreasing on (0,1).
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Proceeding in a similar fashion, it is not difficult to show that for every n € Z, k,(z) is
monotonically decreasing. Proving the other half of the claim is directly analogous. O

Recall the functions &, % : R — R defined by &(z) := k|, (z — [2]) and K(x) := k|5 (1 — (z —
|z])). Recall that &(x) is the unique eigenvalue to the operator U(x) in the arc [k, (0), £ |4]+1(0))
C T while #(z) is the unique eigenvalue to the operator U(z) := U(—z) in the arc [k (0),
K|z)+1(0)). Furthermore, recall that o(U(0)) = (kn(0))nez, and that x,(1) := k,(0), so that
k(n) = kn(1) = Kk, (0) = &(n), for any n € Z. Also, remember that k,(0) < k,11(0) for all n € Z.

*CLAIM 10.2.5. Either k or K is a homeomorphism of R onto R which is strictly monotonically
mcreasing.

ProOF. By *Claim 10.2.4, either
(10.2.3) lim k,(a) = k,(0) and lim K,(@) = Kny1(0)

a—0t a—1—

for all n € Z, or
(10.2.4) lim kp(a) = kp41(0) and  lim K, (a) = K,(0)

a—0t+ a—1—

for all n € Z.
In the first case where equation (10.2.3) holds, it is clear that & satisfies the requirements of

the claim. In the second case of equation (10.2.4), it is not difficult to verify that & satisfies the
requirements of the claim since, for example,

i E() =l (1 (o L2)
(10.2.5) = alir{l— Kn(a) = kp(0) = K(n).

In lieu of the above result,

10.2.0.7. Definition. For a symmetric operator B with the sampling property, define x to be
the choice of the two functions &, x in the above claim which is continuous on all of R. If x = &,
redefine U(z) := V @ e 2™%(- ¢, )¢_ so that for each z € R, x(z) is the unique eigenvalue to
U(z) in the arc [k|4](0), £|241(0)) of the unit circle, T.

The function x(x) will be called the spectral function of the isometric operator V = k(B),
and X := p~1(x) will be called the spectral function of the symmetric operator B.

10.2.0.8. Remark. The definition of U(z), and hence of x(z), depends on the arbitrary choice
of unit norm ¢+ € Do. If pr € D4 are a different choice of deficiency vectors then, since the
deficiency subspaces ®. are one dimensional, ¢4+ = 2™+ ¢, for some 0. € [0,1). If one then
defines U(z) := V ®ei2™p_ (-, o_), it follows that U(z) = U(z — 64 +6_). If one uses U to define
a spectral function &, then k(z) = k(z — 0, +0_), for all x € R. For this reason, we will say that
two spectral functions k1 and kg are equivalent if there is a ¢ € R such that x1(x) = ka2(x +¢) for
all z € R.

10.3. Infinite differentiability and analyticity of the spectral function

Using standard functional calculus techniques, this section will show that the functions x(z)
and A(z) are infinitely differentiable.

*CraM 10.3.1. Let X be an eigenvalue of a self-adjoint extension B’ of the symmetric operator
B. Then there is an € > 0 such that B.(\)No(B(a)) contains at most one point for each o € [0,1).
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PROOF. Choose € > 0 so that Be(A) No(B’) = {A\}. Suppose that the claim does not hold.
Then there would be a sequence of values ay, € (0, 1) such that for each k € N, B(ay) has at least
two eigenvalues in B/, (). Choose K € N so that % < e. For k > K, the alternating eigenvalue
theorem, Theorem 10.1.1, implies that each such B(ay) can have at most two eigenvalues Ak,
in Be(A) where A\, < A < pg. Otherwise B’ would have more then one eigenvalue in B¢()), which
is a contradiction. It follows that Ay — A and that pur — A. Fix a self-adjoint extension B + B’
of B. By the alternating eigenvalue theorem, it follows that B has a sequence of eigenvalues ay,
such that A\, < ay < py, for each k > K. Since o(B) is closed, it follows that A € o(B) which, by
Theorem 4.4.5, is a contradiction. O

The goal now is to show that x, and hence A, is infinitely differentiable. Fix y € R. We will
show that ) (y) = %Ks(m)u:y exists for any k € Z. Since y is arbitrary, this will establish

*Proposition 10.1.2.

By *Claim 10.3.1, there is an € > 0 so that Ba.(k(y))No(U(z)) contains at most one point for
each ¢ € R. Since & is continuous, choose ¢’ > 0 so that |z —y| < ¢’ implies that x(z) € B(k(y)).
It follows that for all |x — y| < ¢’ that

(10.3.1) o(U(z) N (Bze(ﬂ(y)) \Be(ﬂ(y))) =0
and that
(10.3.2) o(U(z)) N Be(k(y)) = &(x).

For each x such that |z — y| < ¢’, let P(z) denote the projection onto the eigenspace of U(x)
to eigenvalue k(x). This is a one-dimensional subspace, spanned by some normalized eigenvector
which we denote ¢, (.. For each such z, the spectrum of U(z) is purely discrete and is contained
in the union of open sets V' := C\ Ba.(k(y)) and B.(k(y)). Let S := V' U Bc(k(y)). Then S is
an open set containing the spectrum of U(z) for all |z — y| < ¢'.

Recall that the spectrum of a bounded operator is upper semi-continuous [51]:

THEOREM 10.3.2. (upper semi-continuity of the spectrum) Let A be a Banach algebra. Then
ifa € A, and U is an open set such that o(a) C U, then there exists a 6 > 0 such that ||b—al| < §
implies that o(b) C U.

Since U(w) is an entire operator-valued function for w € C, it follows that there is a §; > 0
such that |w — y| < §; implies that o(U(w)) C S. Choose a simple, smooth, counterclockwise
contour T' that lies in the interior of C\ S, i.e., so that T' lies between the balls of radius € and
2¢ about k(y). Let 6o := min{dy,d’}. For |w — y| < d2, the Riesz holomorphic functional calculus
can be used to define the following operators P(w) and U(w)P(w):

(10.3.3) P(w) = 2%” /F(z — U(w)) tdz,
and,
(10.3.4) U(w)P(w) = 2%” /F 2(z — U(w)) tdz.

It follows from the Riesz decomposition theorem that for each w such that |w — y| < d2, the
operators P(w) are idempotents such that o(U(w)|pw)yx) = o(U(w)) N Be(k(y)). In particular,
when w = 2z € R so that U(z) is a unitary operator, P(w) = P(z) is the self-adjoint projection
onto the eigenspace of U(x) to eigenvalue x(x).

Now since U(w) — U(y) in operator norm as w — y, and since the spectrum of o(U(w)) C S
for all |w — y| < d2, standard functional calculus techniques show that P(w) — P(y) in operator
norm as & — y:
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PROPOSITION 10.3.3. Let a € A, a unital Banach algebra, and let {ay}necz C A be a sequence
such that a,, — a. Let U D o(a), suppose that o(a,) C U for alln € Z, and that f is analytic on
U. Then f(an) — f(a).

It follows from the above proposition that P(w) — P(y) as w — y. Hence, there is a 6>0
so that |w —y| < ¢ implies that [(P(w)ds(y), Pr(y)) > 0]. Choose § := min{d, da}.

For all w € C such that |w — y| < J, define
{U(w) P(w)bry), Pu(y))
<P(x)¢n(y)a ¢n(y)>

If w =z € R, then U(x)P(x) = k(x)P(z), and the above agrees with our original definition of
k(z). Hence, this definition of k(w) is an extension of k(z) to a neighbourhood of y in the complex
plane.

(10.3.5) k(w) ==

Using this representation of x(w), equations (10.3.3) and (10.3.4) can now be applied to show
that x(w) is analytic in Bs(y), and hence is infinitely differentiable at y.

Let
(10.3.6) f(w) == (P(w)r(y): du(y)):
and,
(10.3.7) g(w) = (U(w)P(w)dy(y); du(y))-

The fact that f and g are analytic functions of w for z € C\ S will follow from the fact that U(w)
is an entire B(H)—valued function.

Now U(w) is clearly an entire operator-valued function of w € C. Indeed, if U(w) :=
i2me?™ (. ¢, )¢, it is easy to check that

1
(10.3.8) lir% H;(U(w +2z) —U(w)) —U(w)|| =0,
so that U(w) = U'(w) for all w € C.
*CrAmM 10.3.4. The operators P(w) and U(w)P(w) are analytic for w € Bs(y).

The following lemma will be used in the proof of *Claim (10.3.4).

LEMMA 10.3.5. Let A(z) be an operator-valued function that is differentiable at w. Suppose
that for all z in some neighbourhood U, of w, each A(z) has a bounded inverse A(z)~', and that
| A(2)~Y| is uniformly bounded for z in this neighbourhood. Then A(z)~! is differentiable at w,
and d%A(w)’l = A(w) LA (w)A(w) L.

PROOF. First it will be shown that A(z)~! is continuous on U,,. To see this, consider a fixed
point w’ € Uy, and consider a compact neighbourhood U’ C U,, of w’. Since A(z) is continuous
on U', it follows that inf) 41 || A(2)¢]| is continuous on the compact set U’, and hence takes its
minimum value at some point 2’ € U’. By the assumption that A(z)~! is a bounded operator for
all z € Uy, D U’, it follows that there exists a 6 > 0 such that inf} 4=y [|A(2)¢|| > 6 > 0 for all
z € U'. Hence, A(z)~! is bounded above uniformly by §=! for all z € U’. Now it is matter of
simple algebra to show that

(10.3.9) A(2)™ = A(w') ™t = A(w') "N (Aw') — A(2)A(2) "L

Using this identity, and the fact that A(z)~! is uniformly bounded above for z € U’, it is straight-
forward to show that ||A(z)~! — A(w’)~!|| vanishes as 2 — w’. Since w’ € U, was arbitrary, we
conclude that A(z)~! is continuous in U,,.
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Applying the identity (10.3.9), it follows by the continuity of A(z)~! at w and the differen-
tiability of A(z) that

Alw+2)7t — A(w) ™! Aw) Y (A(w) — A(w + 2))A(w + 2) !

lim = lim
2—0 z z—0 z
(10.3.10) = —Aw) A (w)A(w) "t

O

PROOF. (of *Claim 10.3.4) By the previous lemma, and the fact that for each z € C\ S,
(2 —U(w)) is an analytic function of w for w € Bs(y), it follows that for each such z, (z —U(w)) ™!
and U(w)(z — U(w))~! are also analytic as functions of w € Bs(y). To show that P(w) and
U(w)P(w) are analytic, we will use Morera’s theorem.

Let T'y be a closed, finite, straight line contour in C\ S and T's be a closed, finite straight
line contour in Bs(y). That is, the curve I'y is described by T'y (1) = re'® +a for r € [ry, 73] while
Ty(s) = se? + ¢ for s € [s1, s9]. Given any ¢,1) € H, consider the integral

(10.3.11) / / z— Lo, )dzdw = / / e 4+ a) — U(se + ¢) Lo, ) dzdw.
r, Jry

Since ||(z —U(w)) ™| is a continuous function of z and w, for (z,w) € C\ S x Bs(y), it follows
that ||(z — U(w))~!|| < M for all (z,w) in the compact set I'; x I'y. Hence, it follows that

(10.3.12) /F g {(z = U(w))™'¢, ) |dzdw < (ry —11)(s2 — s1) M||0]| ]| < oo.

By Fubini’s theorem ([57], pg. 25), it follows that we can interchange the order of integration so
that

(10.3.13) /F /F z— )L, w)dzdw _/ /F z— )", ) dwdz.

Since any finite length contour can be approximated arbitrarily well by a finite number of
straight line contours, it follows that equation (10.3.13) holds for all finite, closed, smooth contours
'y e C\V and T's € B;s(y). In particular, it follows that for any such a contour I's,

P = — -1
/m (w)dw 57 /1‘2/ z dzdw

10.3.14 = - Y rdwdz =
(10.3.14) 27TZ//F2z wdz = 0,

since for each z € T', (z — U(w)) ™! is analytic in w. It then follows from Morera’s theorem ([14],
pg. 88), that (P(w)¢, ) is an analytic function of w for any ¢, € H. This proves that P(w) is
an analytic operator-valued function of w. Similar arguments show that U(w)P(w) is analytic.

O

In summary, it can be concluded that both the functions f(w) := (P(w)¢s(y), Pr(y)) and
g(w) = (U(w)P(w)Pr(y), Pr(y)) are analytic in Bj(y), and that f does not vanish on Bs(y).
Since y € R was arbitrary, we can immediately conclude:

*THEOREM 10.3.6. The spectral function X\ = p~1(k) of a symmetric operator B with the
sampling property is a monotonically strictly increasing homeomorphism, and is infinitely differ-
entiable at any point © € R. Furthermore, at any point x € R, it has an analytic extension to a
neighbourhood of x.

10.3.0.9. Remark. The above theorem implies, in particular, that A\’(z) can only vanish on
a countable set of points with no finite accumulation point. The results of [36] further imply
that A’'(z) cannot vanish at any point at © € R. Otherwise, this would imply A(z) € o(B),
contradicting the simplicity of B. Hence, A'(z) > 0 for all x € R, and A is a diffeomorphism.
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10.3.0.10. Remark. The fact that any spectral function A of a symmetric operator B with
the sampling property is locally extendible to an analytic function in some neighbourhood of any
real point, raises the question as to whether it can be extended to an analytic function on a much
larger region, such as a half-plane or the whole complex plane.

Here is one way that one might be able to accomplish this. The operators
(10.3.15) U(z) =V @ (. ¢ ) o

are extensions of the partially defined isometry V' = p(B) for any z € C. Let B(z) be that
extension of B which is the inverse Cayley transform of U(z). The following theorem about the
spectra of such arbitrary extensions of B is proven in ([3], pg. 149).

THEOREM 10.3.7. (Lifschitz) The spectrum of any extension B’ of a simple symmetric oper-
ator B with deficiency indices (1,1) consists of 0.(B) and eigenvalues of finite multiplicity. The
set of eigenvalues lies entirely in either the upper half plane or lower half plane. Omitting the
special case where the whole half plane belongs to o,(B’), the only possible limit points of op,(B')
belong to o.(B).

Ignoring the special case referred to in the above theorem, it follows that if B is regular and
simple, with deficiency indices (1,1), then for any z € C, the spectrum of B(z) is purely discrete
with no finite limit point. Hence, if x € R, I think it could follow from standard holomorphic
functional calculus techniques like those used in this chapter that there is a 6 > 0 such that
|z — x| < ¢ implies that our definition of k(z) is actually the unique eigenvalue of U(z) in the
region Bs(xz). Again, using similar techniques to those used in this chapter, it may then be
possible to extend k(z) to a function which is analytic in a neighbourhood Bs/(z) of z. Iterating
this procedure could yield a function analytic on the whole complex plane.

*THEOREM 10.3.8. Let B,B be two symmetric operators with the sampling property on H
and H respectively. Let )\,5\ be their spectral functions. The operators B and B are unitarily
equivalent if and only if A and \ are equivalent, i.e., if and only if there is a ¢ € R such that
Mz) =Mz +c) forallz € R,

PRrOOF. Sufficiency is easy. If A(x) = A\(z +¢) for all 2 € R then it follows that o(B(z +¢)) =
o(B(z)) = {A(x 4+ n)}nez. In this case, for any fixed x one can define a unitary transformation
that maps an eigenbasis of B(z) onto an eigenbasis for B(x + ¢). Hence, B(z) and B(z + ¢) are
unitarily equivalent, so that B and B are too.

Conversely, if Bis unitarily equivalent to B, let W be the unitary transformation such that
B =WBW-~!. Let Ux) = V & eX2™¢_(., ¢, be the Cayley transform of B(z) and U(z) =
Ve eim”éﬁ,(', ¢§+> be the Cayley transform of B(x) The fact that W is unitary implies that
Wes = e+ ¢ for some _,60, € [0,1), so that

(10.3.16) WU(@@)W ™ =V @2 GFet0-=004 (6 )\ =U(tx+60_—0,).

The above implies that A(z) = A(42 + ¢) where ¢ = §_ — 6. However, since both A and X are
strictly monotonically increasing, it must be that A(z) = A(z + ¢) for all x € R. O

10.4. Symmetric restrictions of the multiplication operator and sampling theorems

Let 7 denote the monotonically increasing function which is the inverse of the infinitely
differentiable monotonically increasing diffeomorphism A. Since, by Remark 10.3.0.9, M (z) > 0
for all x € R, it follows that 7/(\(x)) = % > 0 for all z € R. Let 0, («) denote a fixed, non-zero
eigenvector of B(«a) to eigenvalue A\, («) for a € [0,1). Recall that o(B(a)) = {Aa + n)}nez,
a € 10,1). For every x € R, let §,, denote a fixed unit norm vector of B* to eigenvalue x.
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It follows that given any ¢ € H,
(@,0) = D ($:0x,(0)(Ox,(a)s D)

nez

1
= Z/O (@07, () (Ox,, () D) dex

nez

_ / (6, Ora) (Orays )

-/ (8, 6y><5y,¢>mdy

(104.1) = [ (0.80607 W
It follows from equation (10.4.1), that the map U : H — L?(R, dr) defined by
(10.4.2) Up(y) == (9,6,) ae. T,

is an isometric transformation that takes H onto a subspace H’ of L?(R; d7), and that the measure
defined by 7 is absolutely continuous with respect to Lebesgue measure.

CLAIM 10.4.1. The image H' C L*(R,d7) of H under U is a reproducing kernel Hilbert space,
and UBU™' acts as multiplication by the independent variable.

Observe that since y(z) = A(x), J, is an eigenvector of B* to eigenvalue A(z) = y.

PROOF. To see that H’ is a reproducing kernel Hilbert space, let K, € H’ be defined by
K, = US§,. Then, for any v =U¢ € H’,

(0 Koy = /_OO S K () dy

/_ T 6.8,) (52807 () dy
(6,6.) = ().

This shows that point evaluation at any z € R is a bounded linear functional so that H’ is a
reproducing kernel Hilbert subspace of L?(R;dr).

Now consider the symmetric operator M := UBU~! with domain ® (M) = UD (B). It
follows that given any ¢ = U¢ € D (M) C H' that

Mip(y) = (UB9)(y) = (Bo,dy)
(10.4.4) = (¢, B%0y) = y(9,8y) = y(UP)(y) = y¥(y)-
This proves the claim. O

(10.4.3)

Since each of the point evaluation vectors K, = Ud, € H’ is non-zero, *Theorem 4.4.7 now
shows that the following is a simple consequence of the above claim.

THEOREM 10.4.2. If B is a reqular, simple symmetric densely defined operator on H with
deficiency indices (1,1), then there is an isometry U from H onto a reproducing kernel subspace H’
of L?(R,dr). Here T is a Lebesque-Stieltjes measure which is absolutely continuous with respect to
Lebesgue measure, and is determined uniquely by B. Furthermore, UBU ™! acts as multiplication
by the independent variable in H', and H' has the sampling property.

This theorem has already been established by slightly different methods in [36] and [66]. Note,

however, that the assertion that 7 is absolutely continuous with respect to Lebesgue measure is
new, and follows from my results of the previous section and results of [36] (see Remark 10.3.0.9).
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PROOF. By Claim 10.4.1, it remains to show that H’ has the sampling property. First note
that for any « € R the point evaluation vector K, := U{, # 0 since J, was taken to be a non-zero
eigenvector of B* to eigenvalue z. Since UBU ™! is a symmetric multiplication operator with
the sampling property in the reproducing kernel Hilbert space H’, the statement of the theorem
follows immediately from *Theorem 4.4.7. ]

10.4.1. The case where H C L?(R,do). Let us now return to the question posed at the
beginning of this chapter. Namely, if M is a symmetric multiplication operator with the sampling
property in H C L?(R, do), is there an isometry from H onto a RKHS H’ C L?(R,do) such that
U takes M onto a symmetric multiplication operator M’, and U acts as multiplication by a
locally measurable function? In other words, can we multiply every element of H by a suitable
measurable function to obtain a reproducing kernel Hilbert space?

Assume that the measure o is absolutely continuous with respect to Lebesgue measure so that
do(x) = o'(z)dz for some locally measurable function ¢’(x). In this case, instead of the isometry
of Claim 10.4.1, define the map U from H C L*(R,do) into another subspace H' C L?(R,do) by

(1045) U)W = (6,0, 7.
a'(y)
Clearly [|[U¢| 12k ,do) = |0l L2 (R,a0) since
(10.4.6) 061 = [~ (0.8, 00 S0 )y = (6,6) = P

As before, U maps M onto a multiplication operator M’ := UMU !, and H' is a reproducing
kernel Hilbert space with the sampling property. However, in this case, H and H' are subspaces
of the same Hilbert space H = L?(R,do). Tt follows that if M is the self-adjoint multiplication
operator on L?(R,do) that M|oamy = M and M|prpy = M’ This means that MU¢ = UM ¢
for all ¢ € © (M).

This raises the question as to whether the isometry U is extendible to a unitary U defined
on all of H = L2 (R,do), such that U commutes with M on the whole Hilbert space H. Since the
multiplication operator M is multiplicity free, it would follow that U= f(M) for some f € L>=(R)
so that for any ¢ € H, Up(x) = f(z)p(x) a.c. This would show that the question raised at the
beginning of this section has an affirmative answer.

I have not yet determined under what conditions, if any, such an extension U of U exists.
Here is what I can say so far.

*CLAIM 10.4.3. If the isometric linear map U : H — H' is extendible to a unitary operator U
that commutes with (M) on H, then UPypu(M)¢+ = Prrp(M)U¢y. Here, ¢4 is any fived unit
vector spanning the deficiency subspace ©y = (M +i)D (M).

PROOF. The fact that UM¢ = MU¢ for all ¢ in © (M) implies that u(M)U¢p = Up(M)¢
forall g € (M +9)D (M) =R (M+1i) Now H: = RM+1i) @Dy = R(M —1i) ®D_ where
Dy = C{¢+} and ¢4 are fixed unit norm eigenvectors of M* to eigenvalues +i. Since p(M) is
unitary and U is an isometry from H onto H’, it follows that

(10.4.7) WM)dy = c1o— + cop
where ¢ € H & H. Similarly, it follows that
(10.4.8) w(MYUdy = arU¢_ + asp

where ¢ € HO H'.

If U is a unitary extension of U that commutes with p(M), then

(10.4.9) (Ou(d) = s(M)T) 64 = (&2 = a))U- + (200 + azg).

122



The first term in the above expression belongs to ‘H' while the second belongs to H O H. Since
w(M) and U are assumed to commute, it follows that ¢; = ay, and hence that UPyu(M)py =
Pryp(M)Uy..

d

I am currently trying to determine when the isometry U is extendible to a bounded operator
that commutes with p(M) on all of H.
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CHAPTER 11

Invariant subspaces of Sturm-Liouville differential
operators and de Branges spaces

11.1. Time-varying bandlimits, Sturm-Liouville operators and de Branges spaces

Recall that the Paley-Wiener space of 2-bandlimited functions, B(f2), is a de Branges space
(see Chapter 9), and is also the invariant subspace of a differential operator Namely, B(Q) is
the range of the projection X[o,m](D) acting on L?(R), where D := dt2 This raises the following
natural question: Given a more general self-adjoint Sturm-Liouville differential operator of the
form

d d
(11.1.1) Dyq =~ < (1) ) +4q(t),

defined on some suitable dense domain in L?*(R), are the invariant subspaces B(D,q,a) =
X[0,a] (Dpq) also de Branges spaces?

This question, which is of significant mathematical interest in itself, may also be of interest
for practical reasons. In the Introduction chapter, Chapter 1, we motivated the idea that it
would be useful to find reproducing kernel Hilbert spaces with the sampling property, which are
better suited to the reconstruction of ‘time-varying bandlimited’ functions. Consider a differential
operator Dy, of the form (11.1.1). If ¢ = 0 and p = 1, then Dyo = D, and B(D1,,Q) = B(Q'/?),
is a usual space of bandlimited functions. Now suppose that ¢ = 0 and that p(t) is slowly varying
on R, so that it is essentially constant on large intervals. In particular, suppose that p(¢) ~ M > 0
is essentially constant on a given interval I. Then, on this interval I, D, acts approximately as
-M % = —MD. Intuitively, one would expect that if M is large relative to the values of p in
R\ I, then if f € B(D,,, ), the high ‘frequencies’ of f on I will be suppressed. That is, one
would expect that if f € B(D,q,), then it must be relatively slowly varying on I, relative to
other places on the real axis. With this intuitive argument, it seems reasonable that the space
B(Dpq, ) could be a good formalization of the notion of a space of functions obeying a ‘time-
varying bandlimit’. The function p(¢) would seem to describe how the ‘bandlimit’ changes with
respect to ¢, since where p(t) is large, elements of B(D,q, €2) should be slowly-varying, while where
p(t) is small, elements of B(D,q,2) could contain relatively rapid oscillations.

If one allows ¢(t) to be non-zero, then this could provide further control over both the relative
amplitudes that elements of B(D,q, 2) have on different subintervals of R, as well as more precise
control over the time-varying frequency content of B(Dyg,€?). Namely, suppose that ¢(t) > 0 is
large on an interval I C R, and let || - |7 :== |Ix; - I, ()1 == (X, X;-) where X; denotes the
projector of L?(R) onto L%(I). If ¢ € B(D,y, ), then,

(11.1.2) min q(t Noll7 < (a, &)1 < (Dpgd. d)1 < || Dpgllz| ]l
It follows that,
(11.1.3) 1Dpg@lir 2 [ Dpgdlir = ming(t)[]r.

If minge;sq(t) = Qc, where ¢ > 1, then it must be that ||¢]l; < 12l Otherwise, | Dpgb|| >

C

(Qc)@ = Q||¢||, which would contradict the fact that ¢ € B(D,q,2). In conclusion, if ¢ is large
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everywhere on some subinterval I, then the amplitudes of any ¢ € B(D,,,?) will be suppressed
on I.

To see how ¢ can provide further control over the time-varying ‘frequency’ content, observe
that if both p(t), and ¢(t) are essentially constant on an interval I C R, p(t) ~ po and ¢(t) =~ qqo
on I, then Dp, = poD + qo on I. The constant p, magnifies frequencies, while gy generates
a frequency shift. If e, (z) := €™ is a plane wave on I, then, formally, De, = w?e, and
Dpsew = (pow? +qo)ew. In this sense, e, is approximately an eigenvector of D, on I. Intuitively,
if ¢ € B(D,q, 1), one would expect that ¢ can be well-approximated on I by a linear combination
of the plane waves e,,, whose ‘frequencies’ w are such that pow? + qo € [0, ], i.e.,

O0—
(11.1.4) O g L
Po Po
The above inequality suggests that choosing ¢o = 0 and pg >> 0 large will suppress the high fre-
quency content of B(D,q,2) on I, while choosing pg > 0, and gy < 0 will restrict the ‘frequencies’

w to subintervals of length p% centred at the frequencies i%.

In summary, it appears that by suitably choosing the coefficient functions p and ¢, one can
control the rate of variation, and the amplitudes of elements of the function space B(D,q,{2) in
different subsets of the real line. Hence, by suitably choosing p and ¢, it seems reasonable that
one could tailor the space B(D,q,§)) to be a better model then B(2) for certain ensembles of
time-varying bandlimited functions like music signals.

In order that the spaces B(Dpq, ) be useful for sampling and reconstruction, however, it is
necessary that they be, like the usual spaces B(D, Q) of bandlimited functions, reproducing kernel
Hilbert spaces with the sampling property. If B(D,, 1) has these properties, one would expect
that in order to reconstruct an element of B(D,,,(2), one would need to know its values on fewer
sample points in regions where elements of B(D,,,2) are relatively slowly-varying (where p(¢) is
large), and on more sample points in regions where elements of B(D,q, ) are relatively quickly
varying (where p(t) is relatively small). If, for example, f(t) is a given music signal, which contains
rapid oscillations or high frequencies in certain time intervals, and relatively slow oscillations or
low frequencies in other time intervals, by modelling f as an element of a subspace B(D,q, 2) for
a suitably chosen p, ¢, this could provide a more efficient method for sampling and reconstructing
ensembles of such music signals.

Namely, as discussed in Chapter 1, suppose that f is rapidly oscillating on some time intervals
and relatively slowly varying on others. If one wishes to model f as a bandlimited function, then
in general, one needs to choose the bandlimit to be relatively large, since large frequencies are
needed to resolve the sharp features and rapid oscillations that occur in the time periods of high
activity. Since the minimum rate at which one needs to sample a bandlimited function in order
to stably reconstruct it is proportional to the bandlimit, it follows that one needs a high density
of sample points to reconstruct f if they wish to model f as a bandlimited function. The idea
here, is that by modelling the music signal f as an element of a suitable B(D,,, ), one may be
able to achieve a more efficient method of sampling and reconstructing the music signal. That is,
if one models f as an element of a suitable B(D,,, (2), one may need fewer sample points in order
to reconstruct f to the same level of accuracy.

The above intuitive arguments provide motivation for attempting to show that the subspaces
B(D,yq, ?) are reproducing kernel Hilbert spaces with the sampling property. The strategy pre-
sented here for accomplishing this is to prove that, under suitable assumptions on p and ¢, the
space B(D,,, ) is a de Branges space. Recall that de Branges spaces are always reproducing
kernel Hilbert spaces, and that de Branges spaces often have the sampling property.

11.1.0.1. Relation to time-varying bandlimits as described in [36]. The formalization of the
notion of a time varying bandlimit first appeared in [36]. In this paper, as discussed in the previous
chapter, Prof. Kempf showed that if B is a symmetric operator with the sampling property, then
there is an isometry U which takes the Hilbert space H onto a reproducing kernel Hilbert space
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H' of functions on R with the sampling property. Let B(«) denote the self-adjoint extension of
B which is the inverse Cayley transform of U(a) := V @ e?™*¢_(-,¢,) for fixed unit vectors
¢+ € Dy. As discussed in the previous chapter, the eigenvalues of B(«) can be labelled as
(A (@))nem where A, (o) < Apy1(a). Assume here that M = Z. Further recall that A, («) is a
differentiable function of a for o € [0,1), and that the eigenvalues A, () of all the self-adjoint
extensions cover the real line exactly once. Kempf observed that for each ¢ € H, if one defines
the functions ¢(t) := (¢,d;) where &, is a normalized eigenvector to B* to eigenvalue ¢ € R, then
one immediately obtains a sampling theorem for such functions. To see this, note that each set
of vectors {4y, (a) }nez is a total orthonormal set for a € [0, 1) so that

(IL15) () = (6,0) = D (S Ox () (Fn () 00) =Y o(Au(@)K(Ai(a), ),

[oanel? ~ 2

where for each « € [0, 1), the sampling kernel K (y,t) is given by,

(11.1.6) K(y,t) = g:f((;))

It was further shown that the values (A(a+ n))pez and (N (a + n))nez completely determine
the function A(¢) for all ¢t € R.

Kempf used the eigenvalues A\, («) to define a time-varying bandlimit. Consider the canonical
example where B is the symmetric multiplication operator in B(2). In this case, as was verified
in Chapter 4, this operator has the sampling property and the eigenvalues of its self-adjoint
extensions are the equidistantly spaced sets of points {t,} where t,41 —t, = &+ This shows
that the bandlimit € is inversely proportional to the spacing of the eigenvalues of the B(a),
Q= @ Using this fact, in [36], the time varying-bandwidth as a function of ¢ € R is defined
by w(t) = xEFm=x:
a music signal f(t), by choosing an appropriate spectral function A(¢), and hence an appropriate
time-varying bandlimit w(t), one may be able to achieve a more efficient method of sampling
and reconstructing ensembles F of such music signals f(¢). Intuitively, one should choose the
time-varying bandlimit to be large in regions where elements of F are rapidly varying, and to
be small in regions where elements of F are slowly varying. Note that by the definition of the
time varying bandlimit, the magnitude of w(t) in a region is proportional to the density of sample
points in that region.

where A is the spectral function of the operator B. The idea is that, given

The only problem with this approach is that there is no known efficient algorithm for deter-
mining what an appropriate choice of w(t) is for a given music signal f. One wishes to choose
w(t) so that f is well-approximated by a time-varying bandlimited function with time-varying
bandlimit w(t). While it is clear that w(¢) should be relatively large in regions where f is rapidly
varying, it is not clear what the optimal w(¢) should be.

Further note that there is a slight tradeoff here. Suppose that one wishes to sample and
reconstruct a given music signal f(¢) by modelling it as a time-varying bandlimited function. If
one wishes to do this, one needs to know the time-varying bandlimit, w(t), as well as the values
of f on the sample points which are essentially determined by w(t). It follows that one needs to
record the values of w(t) = m and its derivative on the discrete set of points A(a/ + n),
o' €[0,1) fixed, as well as the values of f on the discrete set of points ¢,, in order to reconstruct
it. Note that if one knows w(t,) and w’(t,), then one essentially knows A(¢,,) and X (t,) which

determines A(t) (see [36]).

Now suppose that it can be shown that under suitable conditions on the coefficient functions
D, q, the spaces B(D,q,) are in fact de Branges spaces in which the multiplication operator
is densely defined. Then this would provide a concrete representation of the spaces of time-
varying bandlimited functions defined in [36]. This concrete representation could provide insight
into the problem of determining the appropriate time-varying bandlimit to efficiently sample and
reconstruct a given music signal.
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11.1.0.2. Remark. Suppose that, for appropriate p, g, the spaces B(D,q,?) can be shown to
be de Branges spaces with the sampling property. A further interesting question to ask would be
whether any symmetric operator B with the sampling property, can always be seen as multipli-

cation by the independent variable in a subspace B(D,q, (2) for appropriate p and g.

11.2. Showing B(D,,,(?) is a de Branges space

Let Dy, be a Sturm-Liouville differential operator,

(11.2.1) Dpg = —% (p(x);i) +q(z),

defined on a dense domain D (D,,) C L*(R). To ensure that D,, is symmetric, choose p and ¢
to be real-valued on R. Choose p(z) > 0, assume that p, ¢ are the restriction of entire functions
to the real axis, and further assume that p, ¢ are suitably chosen so that D, is self-adjoint on its
domain.

The goal is to show that B(Dpq, ) 1= X[0,q) (Dpg)L?(R) is a de Branges space. To accomplish
this we will try to show that B(D,4,2) satisfies the axiomatic definition of a de Branges space
given by Theorem 9.2.2. Recall that this theorem states that a Hilbert space of entire functions
is isometrically equivalent to a de Branges space H(FE) if and only if the following three axioms

are satisfied:

e (Al) Point evaluation at every z € C\ R is a bounded linear functional.

o (A2) If F € H then F* € H and | F| = || F*|.

e (A3) If F € H and F(w) = 0 for some w € C\ R then G(z) := F(2)2=% € H and
Gl = 1F]l-

Since p and ¢ are chosen to be entire functions, consider the differential equation L[¢] = A\¢
where

(11.2.2) L[¢] == —(p¢')" + a9,

and ¢/(z) = ‘L ¢(z), acting on functions ¢(z) in the complex plane. The existence-uniqueness
theorem for ordinary differential equations asserts that given any zy € C, there is a unique
solution u(z; A) to this equation obeying the initial conditions u(z;\) = a and p(z)u'(z;\) = b,
for a,b € C. Furthermore, using the method of Picard iterates that is often employed to prove
the existence-uniquess theorem, it is not difficult to show that if the initial conditions are held
fixed, this solution is an entire function in A for fixed z, and for fixed A is analytic as a function of
z everywhere that both p and ¢ are analytic. See for example ([30], Section 2.3), and ([52], pgs.
51-56).

Further recall that, as discussed in Subsection 7.1.2, one can define a generalized Fourier
transform for the differential operator D,,. Explicitly, Theorem 7.1.4, of that subsection shows
the following. Choose any point zg € R, and let ¢;(x;A), 1 <14 < 2 be the two solutions to the
differential equation (11.2.2) which obey the initial conditions

d1(z0; A)  plwo)d(zo; A) ) _
(11.23) <¢2($0;>\) p(wo>¢;<mo;A>>‘I'

Then there is a positive 2 X 2 matrix-valued measure, o = (0;,5) on R, such that the formulas,
(11.2.4) )= [ oyl Nda

and

)

(11.2.5) =3 [ N6 (s oy (),

ig=1""
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define a unitary transformation U from L?(R) onto L?(R? o) such that UD'U~! acts as multi-
plication by X in L?(R?, o).

This generalized Fourier transform maps D, onto a multiplication operator on the space
L?*(R?,0) of vector valued functions @(\) = (¢1(N),@2(N)). It follows that f € B(Dp,, Q) if
and only if its generalized Fourier transform Uf = ¢ = (p1,p2) is such that the supports of
the component functions ¢; are contained in [0,9], so that ¢ € L%([0,Q]?; o). Hence, any f in
B(D,q,?) can be written as

2 Q
(11.2.6) OED> / s\ (@3 Ndors (V).

1,j=1

Since each ¢;(z;A) is an entire function of z € C, a simple application of the theorems of

Morera and Fubini proves that each f € B(D,q,(?) is in fact an entire function. Furthermore, it

follows from equation (11.2.6) that for any f € B(D,q, ) and z € C,

2 Q
Z/O Pi(N)¢j(z; N)doi i ()
ol (@1(5 M) X 0,07 D2 (s M) X (0,09
Ifl ma |pi(2, Ao ([0,9] x [0,Q]) = C|f]].

X
i=1,2; A€[0,9]

17 (=)l

IN A

(11.2.7)

The above was achieved by a straightforward application of the Cauchy-Schwarz inequality
in L?(R?,0) and the fact that U is an isometry so that ||¢| = || f||. Equation (11.2.7) shows
explicitly that point evaluation at any point z € C is a bounded linear functional on B(D,, €2).
It follows that B(D,,, ?) is a Hilbert space of entire functions, and that axiom (A1) of Theorem
9.2.2 is satisfied. To show that B(D,,,?) is a de Branges space, it remains to verify the other
two axioms.

The second axiom, (A2) is even easier to establish. Recall that given an entire function f(z),
one defines f*(z) = f(Z). Note that if f is real valued on the real line, then f(z) = f*(x) for
all x € R so that f = f*. It is clear that the map C defined on B(D,q, ) by Cf = f* is an
anti-linear, idempotent, isometric linear map. Furthermore, the coefficient functions p, g which
define D), are such that p = p* and ¢ = ¢* and so it is clear that C' commutes with D,,. It is not
difficult to see that this means that C' commutes with any L°° function of D, so that in particular,
X(0,0](Ppa)C = CX[,0)(Dpq)- Hence, if f € B(Dpq,Q), Cf = CXjg0)(Dpg)f = X[0,0)(Dpg)C [ s0
that C'f = f* € X[o,0](Dpg) L*(R) = B(Dyq, Q) for any f € B(Dyq, Q). Since C is isometric, the
axiom (A2) holds for B(D,q, 2).

Thus, to prove that B(D,,, ) is a de Branges space, it remains to verify the third and final
axiom (A3). This is more difficult and is a current research project of mine.

The strategy I have been pursuing is the following. To prove that B(D,4,2) satisfies axiom

(A3), it needs to be shown that if f € B(D,q,) and f(w) = 0 where w € C\ R, then g(z) :=

=2 f(2) € B(Dpy,?) and has the same norm as f. Since the norm on B(D,,,?) is just the

T—W
r—w

g € B(Dpq,?). To show this, it is sufficient to show that the generalized Fourier transform Ug
of g, defined by equation (11.2.4) is such that its component functions (Ug);, 1 < ¢ < 2 vanish
outside of the interval [0, Q.

usual L2 norm and

= 1, the fact that ||g|| = ||f|| is immediate. It remains to verify that

By definition,

2s)  Lwew - [EEINEN,, L[ 2,

21 21 z—w "2 Jn 2 —w

This looks like Cauchy’s formula! Intuitively, if it can be shown that the assumptions that
f € B(D,) and |[A| > Q imply that the entire function ®(z) := (z — W) f(2)¢;(z; A) decays
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sufficiently quickly as one moves away from the real axis in either the upper half plane or the
lower half plane, one would expect (11.2.8) to satisfy:

(11.29) 2 09,0 = 5 [ P aw) = (w-m)(w)gy i) =

since we assume f(w) = 0. This would imply that g(z) := 2=2 f(2) € B(D,q, ), verifying the
third and final axiom (A3).

Substituting the expression (11.2.5) for f in terms of its generalized Fourier transform ¢ into
equation (11.2.8) shows that

(11.2.10) (Ug);(\) = 22: /Z wi(V) (/_O:O (@ = @) (3 )6 (23 1) dx) i (N).

T —w
ik=1"Y"

It follows that in order to verify axiom (A3), it should be sufficient to show that the assumptions
IN| < @ and [A] > Q imply that the product ®(z) = ¢r(z;\)d;(z; A) of the solutions to the
differential equation (11.2.2) decay sufficiently quickly as one moves away from the real axis in
either the upper half plane or the lower half plane.

More precisely, recall the definitions of bounded type, and mean type for functions analytic
in the upper half plane or lower half plane. These definitions were introduced in Section 9.2. The
following theorem shows when Cauchy’s formula for the upper half plane or lower half plane is

valid ([8], pg. 32):

THEOREM 11.2.1. Let f(z) be a function which is analytic, of bounded type, and non-positive
mean type in the upper half plane, and which has a continuous extension to the real axis. If
f € L?R) and z = x + iy then,

R T A ()
(11.2.11) f@) =5 /_OO Lt
fory >0 and,
N T Ay ()
(11.2.12) 0= /_OO dt,
fory < 0.

It follows that in order to verify axiom (A3), it is sufficient to show that the assumptions
[N < Q@ and |A| > Q imply that the product ®(z) = ¢x(2; A')¢;(z; A) of the solutions ¢x(z; A'),
and ¢;(z; A) to the differential equation (11.2.2) are of bounded type and non-positive mean type
in either the upper half plane or the lower half plane.

11.2.1. Example of B(Q2). For example, consider the case where p = 1 and ¢ = 0, so that
B(D,q,2?) = B(R) is the usual space of bandlimited functions.

In this case the approach of the previous subsection can be applied to prove that B(Q) is a
de Branges space.

If f € B(Q) and v € C\R is such that f(v) = 0, let g(z) := =2 f(z). To show that g € B(Q),
consider its Fourier transform G(w),

Gu) = o [ e

2r J_

1 [ _7 e o,

27 J_ o rT—v /) _q
Q 00 = iw(wlfw)
(11.2.13) / F(w') (/ de) duw'.
-0 — 00 r—v
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Suppose that |w| > Q. Then if w > €, it is easy to verify that (z — w)e!(® ~*)% is of bounded
type and non-positive mean type in the upper half plane for all |w'| < Q while if w <  then
(z — w)ei(“’l_“’)z is of bounded type and non-positive mean type in the lower half plane. In
either case, Cauchy’s formula for the half plane shows that equation (11.2.13) vanishes whenever
|w| > . This proves that G' € L?[—, Q], and hence that g € B(Q2). The other axioms, as before,
are straightforward to verify. It follows that B(2) is a de Branges space.

11.3. Outlook

I am currently considering Sturm-Liouville operators D,, with p =1, and ¢ > 0 chosen such
that ¢ is meromorphic on C, and such that g(z) — 0 as |z| — oo at least as fast as # For

example ¢(z) = Z%H is such a function. Under these assumptions D, is a positive operator. The
reason for choosing ¢ to approach 0 for large |z|, is that in this case the solutions to the complex
ordinary differential equation,

(11.3.1) —(¢') + a9 = 2o,

behave asymptotically, for large |z|, like the solutions to the usual sine differential equation
—(¢') = ¢ associated with the usual differential operator D = 7£. In this case, it may
be possible to exploit the fact that there are solutions to equation (11.3.1) which behave asymp-
totically like e£?V*# to show that B(Dyq, ) satisfies the third of the axioms (A1)-(A3) which
characterize de Branges spaces.

Note that since ¢ is not entire, the solutions to the equation (11.3.1), and hence elements of
B(D, ) are not necessarily entire, and can have singularities at any point where ¢ has a pole.

Despite this fact, it is not hard to see that if the axioms (A1)-(A3) of Theorem 9.2.2 are
satisfied, then the multiplication operator in B(D,,, ) is a simple symmetric regular operator
with deficiency indices (1, 1). This can be shown using the same arguments as in Section 9.2. Thus,
to prove that B(D, ) has the sampling property, it would remain to show that the operator of
multiplication by the independent variable, M, is densely defined. Since the elements of B(D,,, )
in this case still have nice analytic properties, it seems possible that the methods and results of de

Branges may be generalizable to this case of spaces of meromorphic functions satisfying (A1)-(A3).

In this subsection, since we choose Dy, to be positive, its generalized Fourier transform will
be such that the matrix-valued measure o vanishes on subsets of the negative real axis, and hence
we need only consider solutions to the differential equation (11.3.1) to positive eigenvalues A2 > 0:

(11.3.2) —(¢') +qp = N¢.
Define a new variable w = Az. Then if ®(w) := ¢(2(w)) = ¢(%§), equation (11.3.2) becomes
(11.3.3) o (w) + <1 - q&?) ®(w) = 0.

Since g(w) vanishes as |w| — oo like |w|~2, the following theorem applies ([30], pg. 181).
THEOREM 11.3.1. Let ¢(z) be a non-zero solution of the differential equation:

(11.3.4) ¢"(2) + (1 — Q(2))o(z) = 0.

Suppose that Q(z) is a meromorphic function of z whose poles lie in a horizontal strip S = {z =

z+ iy | |y < B}, and which has a zero at infinity of at least the second order. Then there is a
solution ¢o(2) of the sine equation,

(11.3.5) ¢"(2) + ¢(z) = 0.
such that for all z € C\ S,

(11.36) ota-+ ) ~ o+ i) < 3106) (oo ([ 10+ ilar) - 1))
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This above theorem, and another of ([30], pg. 184), can be applied to show that solutions of
(11.3.2) behave like e*** for large |z|. There is yet another obstacle, however, to proving axiom
(A3) for the case under consideration in this subsection. Namely, even though it appears that the
solutions to (11.3.2) have the required decay properties to apply Cauchy’s formula in the upper
half plane or lower half plane, these solutions are not necessarily analytic in these regions, and
could have singularities at the poles of ¢(z). Hence, even if Cauchy’s formula does hold, it could
pick up residues. I am currently trying to determine whether the third axiom (A3) can hold in

these circumstances.

132



CHAPTER 12

Semigroups of contractions and symmetric operators

12.1. A question about invariant linear manifolds for self-adjoint operators

The previous chapter dealt with trying to prove that certain subspaces of L?(R) are repro-
ducing kernel Hilbert spaces with the sampling property. Recall that *Theorem 4.4.7 showed that
a sufficient condition for a reproducing kernel Hilbert space H of functions on R with positive
definite reproducing kernel to have the sampling property is that the operator M of multiplica-
tion by the independent variable be a densely defined symmetric, regular, simple operator with
deficiency indices (1,1) in H. This raises a more general operator theoretic question:

Let H be a separable Hilbert space and A be a closed self-adjoint operator defined on a dense
domain ® (A) C H. Let S C H be a subspace which is the range of a projection P. If A is
fixed, what conditions does P need to satisfy in order that there be a dense domain D(B) C S
so that D(B) C D (A), and B := Alg(p) is a densely defined symmetric operator in S? A more
restrictive, but useful condition to require is that AD (B) C © (B), in which case one could call
D (B) an invariant linear manifold, or a non-closed invariant subspace for the operator A.

The answer to this question for the case where M is the operator of multiplication by the
independent variable in L?(R, du) would help determine when a given subspace is a reproducing
kernel Hilbert space with the sampling property.

This chapter contains my first attempt at answering this question. The canonical example of
a self-adjoint operator which has a symmetric restriction to a dense domain in a proper subspace is
the example of the derivative operator D := i-L in L*(R) which has a densely defined symmetric
restriction to L?[a, b] where [a, b] is any subinterval of R. Initially, I observed that the compression
of the strongly continuous one parameter unitary group U(t) = %P to L?[a,b] is a semigroup of
partial isometries. With this example as motivation, I proved that whenever the unitary group
generated by a self-adjoint operator is such that its compression to a given subspace is a semi-
group of partial isometries, then the self-adjoint operator has a symmetric restriction to a dense
domain in that subspace. The proof of this result is provided in this chapter. However, as we
will see, the above condition for a self-adjoint operator to have a symmetric restriction, while
sufficient, is not necessary, and is in fact very restrictive.

12.2. Introduction
In this section we investigate the relationship between semi-groups of contractions and sym-
metric operators.

Given a separable Hilbert space H, let A be a closed, self-adjoint operator defined on a dense
domain D (A) C H. Consider the operator valued function U(t) := ¢®4 for t € R. This function
is an example of a strongly continuous one-parameter unitary group ([57], pg. 265):

DEFINITION 12.2.1. A strongly continuous one-parameter unitary group is a strongly con-
tinuous map U : R — B(H) such that U(0) = I and U(t)U(s) = U(t + s) for all s,t € R.
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Using the functional calculus, it is straightforward to verify that U(t) = ™4 satisfies the
above definition. The fact that every strongly continuous one-parameter unitary group arises in

this way is the content of Stone’s theorem ([57], pg. 268):

THEOREM 12.2.2. (Stone) Let U(t) be a strongly continuous one-parameter unitary group
on a Hilbert space H. There is a closed self-adjoint operator A, densely defined in 'H, such that
U(t) = e'tA.

In the proof of Stone’s theorem, the self-adjoint operator A which satisfies the statement
of the theorem is constructed by taking the strong derivative of U(t) at 0 on a suitable dense
domain of vectors @ (A). Namely, it is shown that there is a dense linear manifold of vectors
D (A) such that for ¢ € ® (A), lim;_¢ Um*l(;ﬁ exists in H. The self adjoint operator A defined

t

by A¢ = —ilim; ¢ %qﬁ for all ¢ € © (A) then satisfies the statement of Stone’s theorem.

The definition of a strongly continuous one-parameter semi-group of operators is an immediate
generalization of Definition 12.2.1

DEFINITION 12.2.3. A strongly continuous one-parameter operator semigroup is a strongly
continuous map V : [0,00) — B(H) which obeys V(0) = I and which has the semi-group property:
V)V (s)=V(t+s) forallt,s > 0.

Recall that a bounded operator V' € B(H) is called a partial isometry if it is an isometry from
the orthogonal complement of its kernel onto its range. It is not hard to verify that if V' is a partial
isometry, then V*V projects onto the orthogonal complement of fer (V) while VV* projections
onto the range, R (V). It is further not difficult to prove the following: (see, for example [32], pg.
400)

PROPOSITION 12.2.4. The following are equivalent:
(a) V is a partial isometry
(b) V*V is a projection
(c) VV* is a projection

In this chapter, a result which generalizes Stone’s theorem will be proven. Namely, it will be
shown that if V : R — B(H) is a strongly continuous map such that V(—t) = V*(¢) for all ¢ > 0
and such that V(¢) is a strongly continuous semi-group of partial isometries for ¢ > 0 (and hence
also for ¢ < 0), then one can take the strong derivative of V' at 0 on a suitable dense domain of
vectors @ (B) to obtain a closed symmetric operator B. This operator B will be self-adjoint if
and only if V'(¢) is in fact a unitary group.

This result is motivated by the following example:

12.3. A motivating example

Let H := L?*(R) and let D’ and M’ be the essentially self-adjoint derivative and multiplication
operators on the domain C§°(R ) defined by D'¢ = i¢’ and M'¢(z) = x¢(z) a.e forall ¢ € CF°(R).
Let D and M be the self-adjoint closures of D’ and M’ respectively. It is not hard to check that
the unitary group U(t) := e generates right translations. That is, if f € C§°(R) C L*(R),
using the fact that f has a Taylor series with a non-zero radius of convergence about any point
z € R, it is not hard to verify that U(t)f = g where g(x) = f(x —t). That is, g is the translation
of f to the right by t. From this fact it follows that for any f € L3(R), U(t)f(z) = f(x —t) a.e.

Now let P := x[4,5(M) be the projector onto L*[a,b]. Let V : R — B(H) be the strongly
continuous operator-valued map defined by V (¢) := PU(¢t)P. Then, for any f € L?(R), and any
s,t > 0 it follows that

(12.3.1) V(s)V () f(®) = Xjap) () X[ap) (T — 8)f(x — s = t)X[ap) (T — 5 — 1) ae,

134



while,

(12.3.2) V(s +8)f(2) = Xan) (@) f(x = = $)X[ap) (¥ — s —1).

Using that X[4,5(7 — 8) = X[a+s,b+s] (¥) and the fact that s, > 0, leads directly to the conclusion
that V(s)V(t) = V(s +t) so that V has the semi-group property for s,t > 0. Since V(—t) =
PU(—t)P = PU*(t)P = V*(t), it follows that V has the semi-group property for ¢ < 0 as
well. It is straightforward to visualize the action of V(t) for ¢ > 0 as translation to the right
truncated to the interval [a,b]. It is further easy to verify that V(£)V*(t) = X[4,5— (M) and that
V*()V(t) = Xjast,5)(M). Hence, for each t € R, V(t) is in fact a partial isometry and V'(t) is a
strongly continuous semigroup of partial isometries. This particular semigroup V' (¢) for ¢ > 0 is
called a truncated shift for obvious reasons.

Further observe that if f is an arbitrary element of C§°(a,b), then

(12.3.3) Ly YO =T, L VO-T o by

1 t—0+ 1 t—0- t
This shows that the strong, two-sided derivative of V(¢) exists for any f € C§°(a,b) which is a
dense linear manifold in L?[a, b]. This shows that the self-adjoint derivative operator D on L?(R)
has a restriction to a dense domain in L?[a, b] for any interval [a, b]. It is clear that this restriction
is a symmetric operator.

Let A and U(t) = ™4 denote a closed self-adjoint operator and its unitary group. The above
example raises the following natural question: If S C H is a closed subspace with self-adjoint
projector P, and V(t) := PU(t)P is a semi-group of partial isometries, does this imply that A
has a symmetric restriction to a dense domain in S7 The results of this chapter will show that
the answer is yes.

12.4. Semi-groups of contractions

Before proceeding further, it will be convenient to first give a brief review of some basic results
on operator semi-groups. For brevity, a one-parameter strongly continuous semigroup of operators
will just be called an operator semigroup.

Given an operator semi-group V(¢) , ¢ > 0, in analogy with Stone’s theorem, one defines the
generator T of the semigroup by taking the strong one-sided derivative of V' (t) at zero. Namely,
one defines © (T) := {¢ € H|lim;_ o+ V(tt)_lqb 3}, and then T is defined by T'¢ = lim;_, o+ %(ﬁ
for all ¢ € © (T).

PROPOSITION 12.4.1. Let V(t) be an operator semigroup with generator T on ® (T') where T
and © (T') are defined as above. Then, ® (T') is dense in H, and T is closed.

For a proof of this proposition, see for example ([58], pgs. 236-237). Given the generator T'
of the semigroup V/(t), one says that T generates V (t) and that by definition, e!” := V (¢).

Recall that an operator W is called a contraction if ||W]| < 1. An operator semigroup V(t)
will be called a contraction semigroup if V(¢) is a contraction for all ¢ > 0. Consider the formal
Laplace transform equation,

1 o0
(12.4.1) T —/0 e e Tds,

where e := V(s). Since ||V (¢)|| < 1; it follows that for all ¢ > 0, and for any A such that
Re (A) > 0, the integral on the right converges to a bounded operator Ry of norm at most R%(A).
One can in fact show that R is a left and right inverse for A — T so that Ry = (A — T')~!. This
proves that the spectrum of T is contained in the closed left half plane.

Furthermore, if a closed operator T satisfies the above conditions, then the following theorem
of Hille and Yosida shows that T is the generator of a contraction semigroup.
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THEOREM 12.4.2. (Hille-Yosida) A closed, densely defined linear operator T on a Banach

space X generates a contraction semi-group if and only if: (a) (0,00) C p(T) and
(®) (T = X))~ < & for all X € (0,00).

This theorem is directly analogous to Stone’s theorem, Theorem 12.2.2, for unitary groups.

12.4.0.1. Remark. Observe that if V' (¢) is a contraction semi-group, so is the adjoint semigroup
V*(t). Furthermore, if T is the generator of V'(¢) and T” is the generator of V*(¢) then T* = T".
To see this, observe that if ¢ € ® (T”), then given any ¢ € © (T),
) V(is)—1 . V*(s)—1
(1242)  (Tow) = im (P2 g =t g0, Ty i 1)

s
By definition of the adjoint of T', this shows that ¢ € © (T*) and that T*¢ = T'¢. Hence,
T’ C T*. To show that T/ = T* it remains to show that © (T7) = © (T*). Since both T and T’
generate contraction semi-groups, their spectra are both contained in the closed left half plane.
Choose, for example, A = 1 in the right half plane. Since @ (I”) C D (T™), it follows that
R(T'—1) C R(T*—1). But R(T' —1) = H so that R(T' —1) = R(T* — 1) = H. Suppose
that there is a ¢ € © (T*) such that ¢ ¢ D (T7). If ¢ = (T* — 1)@, then there is a ¢ € D (") such
that ¢ = (T" — 1) = (T* — 1)¢. This shows that (T* —1)(¢ —¢) = 0, i.e.,  — ¢ is an eigenvector
to T* with eigenvalue 1. This implies that ¢ — ¢ is perpendicular to the range of 7" — 1 which
is all of H since the right half plane does not belong to the spectrum of 7. This contradiction
proves that © (T*) = © (T”) so that T" = T*.

12.4.0.2. The co-generator of a semigroup. Given the generator T of a semi-group V(t), it
will be convenient to define the operator W := (T +1)(T —1)~L. Since 1 ¢ o(T), this operator is
defined on all of H. Following [24], this operator will be called the co-generator of the semigroup
V (t) for reasons that will soon be apparent. Note that if V() = U(t) = e is the restriction of a
one-parameter unitary group to t > 0, where A is a self-adjoint operator, then 74 is the generator
of this semi-group, and the co-generator W = (iA + 1)(iAd — 1)"! = (A —i)(A+i)~ = p(A) is
the Cayley transform of A.

More generally, if T generates a contraction semigroup, the operator W is itself a contraction.
To see this, first note that if 7' generates a contraction semi-group, then Re ((T'¢, ¢)) < 0 for all
¢ € © (T). This follows from the definition of T since

(12.4.3) Re (((V(s) — )¢, ¢)) = Re ((V(5), 9)) — |6l < IV (s)llllg]l* — [lo]* < 0.

This in turn implies that for any ¢ € H, |[(T +1)¢||* — |(T — I)$||* = 4Re ({(T'p, ¢)) < 0. For any
¢ € H,ifp:= (T —1I)"1¢, it follows that

(12.4.4) Wl = (T + I)(T = D)~ ¢ll = (T + Dyl < (T = Dyl =gl

This shows that W is a contraction. Since (W — 1) = (T + I)(T — 1) = (T - I)(T —I)~! =
2T — 1)t and W + I = 2T(T — I)~1, it also follows that (W + I)(W — I)~! = T. This
shows that T and hence V(s) are uniquely determined by the co-generator W. Since W uniquely
determines V(s), one writes V(s) =: 5T = W = es(W) where es(z) = T, In fact,
since (W — I)~1 = (T — I), it follows that 1 ¢ o,(W). For such a contraction one can define
es(W) using the Hardy functional calculus ([24], pgs. 117-118; 141) for contractions. The Hardy
functional calculus for a contraction V is an algebra homomorphism from a certain V-dependent
subalgebra of H>°(D) into B(H), with several nice properties. Using this functional calculus
one can show that if a contraction W does not have 1 as an eigenvalue, then V(s) := e (W) is
in fact a contraction semigroup, and if W is the co-generator of a contraction semigroup ‘7(5)
then V(s) = V(s). In particular, one can reformulate the statement of the Hille-Yosida theorem,
Theorem 12.4.2, in terms of co-generators ([24] , pg. 142):

THEOREM 12.4.3. Given a contraction V on H, V is the co-generator of a contraction semi-
group V (s) if and only if 1 is not an eigenvalue of V. In this case V(s) and V determine each
other by the formulas V(s) = es(V) and V = lim,_ g+ ps(V(5)), where pg(z) 1= 2=t

z—1—s"
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12.4.0.3. Unitary dilations of contractions. Let A be a closed self-adjoint operator and U (t) =
e*4 be its unitary group. The question raised at the end of the previous subsection asked whether
the condition that V(s) = PU(s)P defines a semi-group of partial isometries implies that A has
a symmetric restriction B to a dense domain in S := PH.

It is worth remarking here that if U = (A —4)(A+4)~! = u(A) is the Cayley transform of A,
and if W = (T+1)(T—1)"1 = (B’ —i)(B’'+i)~! = u(B’) is the Cayley transform of the generator
T of V(t), where B’ := —iT, then the statement that PU(t)P = V (¢) is a semigroup for ¢t > 0 is,
in fact, equivalent to the statement that PU¥P = W* for all k € N. Taking adjoints, this also
means that p_;(A) = u(A)* = U* = (A +1i)(A —4)~! is such that P(U*)*P = PU*P = (W*)*
for all k € N where W* = ((B')* +14)((B")* —i)~! and (B’)* = (—iT)* = iT*. These facts are
immediate consequences of the dilation theory and the Hardy functional calculus developed for
contractions in [24].

In general, if C' is a bounded operator on ‘H and D is a bounded operator on a larger Hilbert
space K D H, then D is called a dilation of C if Py D¥|y = C* for all k € N. Here, Py, denotes
the projection of K onto H. A celebrated theorem of [24], states that any contraction V on a
Hilbert space H has a unitary dilation:

THEOREM 12.4.4. (Nagy-Foias) For every contraction V. on a Hilbert space H, there exists
a unitary dilation U on a space K O H which is minimal in the sense that I =\/, ., U"H. This
minimal unitary dilation is determined up to isomorphism, and hence can be called the minimal
unitary dilation of V.

In the language of [24], if U(t) = €4 is a strongly continuous one-parameter unitary group
and PU(t)P = V (t), where P projects onto a subspace S C H, defines a semi-group for ¢t > 0,
then U(t) is called a unitary dilation of the semi-group V(¢). Using Theorem 12.4.3, it is not
hard to show that if U(t) = ¢4 is a unitary dilation of a contraction semi-group V (¢), then (A)
is a unitary dilation of the co-generator W of V(t). Conversely, the Hardy functional calculus
states that if W is a contraction and U is its minimal unitary dilation, then for all f in a certain
W —dependent subalgebra of H*(D), f(W) = Pf(U)P. Using this Hardy functional calculus one
can show that if U is a unitary dilation of W where W is the co-generator of a contraction semi-
group, then the unitary group U(s) = es(U) is a unitary dilation of the contraction semi-group
V(s) = eo(W) ([24], pg. 146).

12.5. A symmetric restriction

Suppose U(t) = e™*4 is the unitary group of a self-adjoint operator A, that P is a projection,
PH = S, and that V(t) := PU(t)P is a contraction semi-group for ¢ > 0. Recall that the
generator T of V (¢) is defined by T¢ = lim,_,o+ V(?_I(;S on the domain of all ¢ for which this
limit exists.

In this situation, V() is also defined for t < 0 and V(—t) = V*(t), so that V(—t) is also
a contraction semigroup for ¢ > 0. The generator of this semigroup is 7™ and is defined by

T*¢ = lim,_, g+ W(b = lim,_,¢o- ig(s)qﬁ on the set of all ¢ for which this limit exists.
One can use V(t) to define a symmetric operator as follows. Let B’ := —iT and let
Vis)—1

(12.5.1) D (B):= {¢ € H| lin% %(ﬁ 3} CD(B)ND((B)),

and define B¢ := % lim,_,q %(ﬁ for all ¢ € © (B). That is, B is defined as —i times the strong
two-sided derivative of V() at 0. Then B is symmetric since © (B) is, by definition, the set of all
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¢ €D (B)ND((B)*) such that B'¢ = (B")*¢. Explicitly, if ¢ € D (B) this means that

B'¢ = —ilim V(sl_lgb: Bo
= —i lim (5)7I¢:fi lim t Iqi)
s—0~ S t—0t -
(12.5.2) = i lim %(ﬁ = iT*¢ = (B')*¢.
Hence for all ¢, € © (B),
(12.5.3) (B, y) = (B'¢,) = (¢, (B)"¢) = (¢, BY).

In general, © (B) will not be dense and may even be empty. The major result of this chapter
will be the proof of the fact that if V' (¢) is a semi-group of partial isometries, then © (B) is dense
so that B is a densely defined symmetric operator.

*THEOREM 12.5.1. The operator B is closed and is the restriction of the self-adjoint operator
A to © (B) C S, B = A|’}3(B)

PRrOOF. The fact that B is closed follows easily from the fact that B’ and (B’)* are closed.
If (¢n)neny C @ (B) is such that ¢, — ¢ and Bg,, — . Then since (¢, )neny C D (B)YND ((B')*)
and B¢, = B'¢, = (B')*¢, for all n € N, the closedness of B’ and (B’)* imply that ¢ €
D(B)YND((B)*) and that B'¢p = ¢ = (B')*¢. By definition of B and ®© (B) it follows that
¢ € D (B) and that B¢ = v so that B is indeed a closed operator.

Let W denote the co-generator of the semi-group V(t) = Pe®AP for ¢t > 0, and recall

that B’ := —iT, where T is the generator of V(¢). Then, as observed previously, B C B’ and
W=(T+1)(T—-1)"1=(0GB +1)iB —1)"! = (B —i)(B' +i)~! = u(B’), where u(z) = =

Since B C B’ is symmetric, this means that the partially defined transformation u(B), the
Cayley transform of B, is an isometry from R (B +4) to (B —4). Since U(¢) is a dilation of
V(t) for t > 0, it further follows that pu(A) is a unitary dilation of the contraction p(B’). Hence,
Ps(A—i)(A+1i)"Ys = (B —i)(B'+1i)~!|s and, in particular, Ps(A — i)<A+i)_1|m(B+i) =(B-
i)(B+1)";(p44)- Here, Pg is the projector onto S C H. Since u(A) = (A—i)(A+i)~" is unitary
and p(B) is an isometry from R (B + i) to R (B — i), it follows that for any ¥ € R (B + i) of unit
norm, that 1= [[a(B)g|1? = [|Pu(A)|2, while 1 = (4] = | Pu(AYI2 + (T — PYu(A)p|P.
This proves that Ppu(A)|xyi) = 1(A)lnBri) = 1(B)-

Hence, ® (B) = (I — u(B))R (B +1i) = (I — p(A)R (B +i) = 2i(A+i) 'R (B +i) C D (A).
Furthermore, since A = i(I + u(A))(I — u(A))~!, and B = i(I + u(B))(I — u(B))~1, it follows
that given any ¢ € © (B), that ¢ = (I — u(B))y = (I — u(A))y where ¢ € R (B +14) and,

A¢ i+ p(A))Y = i1 + p(B))y
i1+ p(B)(I = u(B))~ (I — u(B))v = Bo.

(12.5.4)
O

Recall that the deficiency indices of a symmetric operator B are defined as ny := dim(9R (B + z)J‘)
*THEOREM 12.5.2. The deficiency indices ny of B are equal to the number of vectors in
D (B') and D ((B')*) respectively which are linearly independent modulo © (B).

Observe that the above theorem says that n, is equal to the number of vectors in H for which
the positive one-sided strong derivative of V(t) at 0 exists but for which the negative one-sided
derivative does not exist, or exists but is not equal to the positive one-sided derivative.
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PROOF. Since B’ = —iT and o(T) is contained in the closed left half plane, it follows that
o(B') ¢ UHP and that o((B")*) C LHP. In particular, this shows that R (B’ +i) = H.
By definition ny = dim(R (B +i)"). Since B is closed, R (B + i) is a closed subspace. Since
(B’ 4 i)~! is a bijection from H onto D (B') and B C B’ it follows that (B’ + i) 'R (B +i)"
is the linear manifold of vectors in ® (B’) which are linearly independent modulo © (B). This
proves the claim for ny. The same logic using (B’)* D B proves the analogous statement about
n_. g

The symmetric operator B defined in this subsection will be called the symmetric operator
associated with the contraction semigroup V' (t).

12.6. Semigroups of partial isometries

In this subsection, let V() denote a strongly continuous one-parameter semigroup of partial
isometries. Recall that a partial isometry is a contraction which is an isometry from the orthogonal
complement of its kernel onto its range. See Proposition 12.2.4 for a characterization of partial
isometries.

As in the previous section, let V(—t) := V*(¢), and define © (B) as the set of all vectors ¢
for which limg_.¢ %qﬁ exists.

The main result of this section is the following:

*PROPOSITION 12.6.1. If V : R — B(H) is a strongly continuous, one-parameter semigroup
of partial isometries, then © (B) is dense in H.

In particular, combined with *Theorem 12.5.1 of the previous subsection, this will imply:

*THEOREM 12.6.2. Let S C H be a closed subspace with projector P. Let A be the closed self-
adjoint generator of a one-parameter, strongly continuous unitary group U(t) on H. If V() =
PU(t)P is a strongly continuous one-parameter semigroup of partial isometries, then A has a
symmetric restriction B to a dense domain © (B) C S.

12.6.0.4. Basic properties of semigroups of partial isometries. Let P(t) := V(¢)V*(t) and
Q(t) = V*(#)V(¢t) for all ¢ > 0 so that P(¢) is the projection onto R (V (t)) = Rer (V*(t))* and
Q(t) is the projection onto Ket (V(£))" = R (V*(1)).

LEMMA 12.6.3. If0 < s <t then Q(s) > Q(t) and P(s) > P(t)

PROOF. If t = s then the claim holds trivially. if s < ¢ then

(12.6.1) Q(s)Q(t) = Q()V )V (H) = Q(s)V(s)V(t — s)V (D).
Since Q(s) is the projector onto R (V*(s)), Q(s)V*(s) = V*(s). It follows that
(12.6.2) Q(5)QE) =V (s)V*(t —s)V(t) = Q(1).

Furthermore, since Q(s) projects onto R (V*(s)) = Ker (V(s))", V(s)Q(s) = V(s), and,
(1263)  QUQs) = VOV — V($)Q(s) = V* (OV(E - 5)V(s) = VOV () = Q1)
This proves that Q(¢) < Q(s).

Similarly,
(12.6.4) P(s)P(t) = P(s)V(s)V(t —s)V*(t) =V (s)V(t — s)V*(t) = P(t),
since P(s) projects onto R (V(s)) so that P(s)V(s) = V(s). Finally,
(12.6.5) P(t)P(s) =V ()V*(t —s)V*(s)P(s) = P(t),
since V*(s)P(s) = V*(s). The relations P(s)P(t) = P(t)P(s) = P(t) then imply that P(t) <
P(s). O
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LEMMA 12.6.4. For any 0 < s <t, Q(t —s)V(s)Q(t) = V(s)Q(¢t) and P(t — s)V*(s)P(t) =
Vi (s)P(t)

In other words, this claim says that if ¢ € fer (V(¢))" then V(s)p € Ker (V(t —s))" and if
¢ € Rer (V*(t))" then V*(s)p € Rer (V*(t — s)) ", whenever 0 < s < t.

PROOF. V(t) is an isometry from fer (V(¢))" onto R (V(t)). Choose any ¢ € Ker (V(t))L,
then ||¢]| = |V (£)¢|. Now if V(s)¢ ¢ Rer (V(t — s))" then

(12.6.6) ol > [V(E—=s)(V(s)p)l = VD)l
which is a contradiction.
Similarly if ¢ € Ker (V*(£))" then ||¢]| = |[V*(£)¢|. If V*(s)¢ ¢ Ker (V*(t — s))™ then
(12.6.7) el > [Vt —s)V*(s)oll = IV (t)oll.
Again, this is a contradiction. O
12.6.0.5. Remark. By Lemma 12.6.4 and by Lemma 12.6.3, it follows that for any 0 < s <'¢,

if Q(t)p = ¢ then Q(y)V (s)p = V(s)¢ for any 0 < y <t — s, and similarly that if P(t)¢ = ¢ then
Py)V*(s)p =V*(s)¢p for any 0 <y <t —s.

LEMMA 12.6.5. P(t) and Q(t) are strongly continuous for t > 0

PROOF. Given any t > 0 we need to show that Q(t) is strongly continuous at ¢. Choose an
arbitrary ¢ € H. Then,

1(Q(s) — Q(1))4ll

Vi)V (s) = VIV ()

< V)V (s) = VE(s)V )l + [[(VF(s)V(E) = VIV ()4
(12.6.8) < V() =VEDell + (V7 (s) = V()¢

where in the last line above @ := V (¢)¢ is fixed since ¢ is fixed and we used that ||[V*(s)|| <1 for

all s > 0. The last line above vanishes as s — ¢ by the strong continuity of V'(¢) and V*(¢) for
t>0.

The proof that P(t) is strongly continuous is directly analogous. It is provided here for
completeness. Given ¢ € H and t > 0 fixed, consider

I(P(s) — P(1))9ll I(V(s)V*(s) = V)V (1))4l]
= [(V()V7(s) = V(s)VT() + V(s)V(t) = VOVT() 2|l
1(V=(s) = VE@)ell + 11(V(s) = V)l

(12.6.9)

IN

where here 1) := V*(t)¢ is fixed. This last line vanishes in the limit as s — ¢ by the strong
continuity of V'(¢) and V*(¢), establishing the strong continuity of P(t). O
The following result of von Neumann can be found, for example, in ([57], pg. 219).

THEOREM 12.6.6. (von Neumann’s alternating projection theorem) Let P and Q be projection
operators. Then the projection onto R (P) NR(Q) is given by

s— lim (PQ)"

Here s — lim denotes the limit in the strong operator topology.

*LEMMA 12.6.7. The projector R(t) onto R (Q(t)) NR (P(t)) is strongly continuous for ¢t > 0
and R(0) = 1.
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PROOF. Since V(0) = V*(0) = I, it follows that P(0) = I = Q(0) and that R(0) = I. Now
by von Neumann’s alternating projection theorem

(12.6.10) R(t) = s — lim (Q(t)P(t))"

If n = 2 then
(QUWP®)* = QEUPHQH)P(t
= V*

= HVERVE)V()V )V (E)V(E)V*(t)
(12.6.11) = V*@)V(2t)V*(2t)V(t)P(t) = V*(t)P(2t)V (t)P(t)
Similarly if n = 3 then
QMPE)® = VOVEOVOV OV OV EOV OV OV V)V V()
(12.6.12) = V*)P2t)P(2)V(t)P(t) = V*(t)P(2t)V (t)P(t) = (Q(t)P(t))>.

By induction, it follows that (Q(¢)P(t))™ = V*(t)P(2t)V (¢t)P(t) for all n € N. The alternating
projection theorem then implies that R(t) = V*(¢)P(2t)V (¢)P(t). Since R(t) is a projection it
must be self adjoint so that R(t) = P(t)V*(¢t)P(2t)V (t). Since R(t)?> = R(t) we get that

R(t) = R(t)> = P@®)V*()PROV(H)V*(t)P(2t)V(t)P(t)
= P()V*(t)P(2t)P(t)P(2t)V (t)P(t)
(12.6.13) = P)V*(t)P(2t)V(t)P(t)

The last line above used the fact that, by Lemma 12.6.3, P(t)P(2t) = P(t). This form of
R(t) is more obviously self-adjoint.

Verifying that R(t) = V*(t)P(2¢)V (¢)P(t) is strongly continuous for ¢ > 0 is straightforward,
just as in the proof of Lemma 12.6.5. Given any ¢ € H and a fixed ¢t > 0,
I(B(s) = BR(®)oll = [(V(s)P(2s)V(s)P(s) = V() P(2t)V (1) P(1)) ¢
< V() P(2s)V (s) (P(s) = P(t) ol + [[V*(s)P(2s) (V(s) = V(2)
IV (s) (P(2s) = P(2t)) V() P() ol + [| (V7 (s) = V*(2)) P(2t)
1(P(s) = P(@) ¢l + | (V(s) = V(1)) P(t)¢]
(12.6.14) +I(P(2s) = P2) V() Pl + [ (VF(s) = V(1)) POV (£) P(£)o||

By the strong continuity of V' (¢), V*(¢) and P(¢) this vanishes in the limit as s — ¢, estab-
lishing the strong continuity of R(t).

<\/
=3
N =
= =
hsS

IN

O

12.6.0.6. Remark. By Lemma 12.6.3, P(t) < P(s) and Q(t) < Q(s) for 0 < s < t. Hence, if
¢ = R(t)¢ then ¢ = P(t)¢ = Q(t)¢ and Lemma 12.6.3 implies that ¢ = P(s)¢ = Q(s)¢ for any
0 < s < 't. This proves that if ¢ = R(t)¢ then, ¢ = R(s)¢ for all 0 < s < t. That is, R(t) < R(s)
for 0 <s <t

12.6.0.7. The main proposition, *Proposition 12.6.1. Consider the following set in H:
(12.6.15) D :={peH|Tep>0st R(s)p=0¢V0<s<ept
Given any ¢ € H and € > 0, since R(t) is strongly continuous and R(0) = I, thereis a § > 0

such that 0 < s < § implies that ||R(s)¢p — ¢|| < e. Let p = R(d)¢ so that, by Remark 12.6.0.6,
R(y)y =1 for all 0 < y < 4. This shows that ¢ € D’ and that D’ is dense in H.

LEMMA 12.6.8. If € D', 0 <t < €4/2, and 0 < s < €4/2, then Q(s)V(t)p = V(t)¢ and
P(s)V* ()¢ = V*(t)9-
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ProoOF. This follows from earlier results. First, by definition, ¢ = R(s)¢ for all 0 < s < ¢,.
By Lemma 12.6.4, it follows that Q(es — )V (t)¢ = V(t)¢ for all ¢t € [0,€4/2]. By Lemma 12.6.3
since €y —t > €4/2 for all t € [0,€4/2], and V(t)p € R (Q(ep —t)) for all t € [0, €4/2], it follows
that V()¢ € R (Q(ey/2)) for all ¢ in this range. Again, by Lemma 12.6.3, since Q(€4/2) < Q(s)
for any s € [0,€4/2], one can conclude that if 0 < s < €4/2, then V()¢ € R(Q(s)), so that

Q(s)V(t)g = V(t)o.

Similarly, since ¢ = P(es)¢, Lemma 12.6.4 implies that V*(t)¢ = P(ey — t)V*(t)¢ for all
t €0,€4/2]. Since €y —t > €4/2 for all t € [0, €5/2], Lemma 12.6.3 then implies that P(s)V*(t)¢ =
V*(t)¢ for all s € [0,e4/2]. Finally, again by Lemma 12.6.3 P(es/2) < P(s) for all s in this
range, so that P(s)V*(t)¢ = V*(t)¢ for all s in this range. This allows one to conclude that
P(s)V*(t)p = V*(t)¢ for all s,t € [0, €4/2]. This completes the proof. O

Now given any ¢ € D', consider the element

€

(12.6.16) by = / FOV@edi= [ FoV(esdt,

o
2

where f is any function in C§°(—<%,%). Let D denote the linear manifold of all finite linear
combinations of such elements.

LEMMA 12.6.9. D is dense in H.

This proof just uses a simple resolution of the identity, and is very similar to a lemma used
in the proof of Stone’s theorem ([57], pg. 266).

PROOF. Let j(z) be any element of C§°(—1,1) such that j(z) > 0V =z € [-1,1] and
> j(x)dr = E j(z)dx = 1. Let jo(x) := e 'j(e~'2). Then j.(x) has support only on [—¢,€].
0o 1
Given any ¢ € D', the vector

(12.6.17) bj. = /OO Je(O)V (t)e(t),

— 00

belongs to D for any 0 < € < €4. Now,

i 0l = 1 [ i vte- o
< / 1 | (VD)6 — 6) e
(12.6.18) < sup |V(t)¢— ¢||/ = S [V (t)o — ol
tE[—e,€] —¢,€]

This vanishes in the limit as e — 0 by the strong continuity of V(¢), and the fact that V(0) =
This proves that D is dense in D’, and therefore, is dense in H. O

All of the tools needed for the proof of *Proposition 12.6.1 have finally been assembled. In
the following proof of this proposition it will be shown that the set D C © (B) so that ® (B) is
indeed dense.

PROOF. (of Proposition 12.6.1)
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Let D and D’ be the sets of vectors constructed above. Given any ¢y € D, assume s > 0, and
consider

TOTo = [7 s (KT g O T v pons
(12.6.19) _ /O;f(t) <M> bt
(12.6.20) +/Sf(_t) (V(s—t)Pit)—V*(t))M_ ‘:f(t)w¢dt
sy [P [ V) V),
Consider the lines A = (12.6.19), B = (12.6.20), and C =(12.6.21) separately. First
A / #0 s+t) Vst -V
= / ”%_()V(t)wt
(12.6.22) =0 G_p

Notice that since f has support only on [—€4/2,€4/2], so does —f’, so that ¢_; € D.

Next, consider

B - /Sf(—t)v(s_t)Pit)_V*(t)(bdt—/osf(—t)v(s_t)_V*(t)(bdt

S

(12.6.23) - /f V(s —t) (P(t) — I) ¢dt.

Since ¢ € D’ , as soon as s < €4, P(t)¢p = ¢ for all t € [0, s] so that B vanishes in the limit as
s — 0.

Finally,
o /Oof(—t)P( )V*(t—s) V*(t ¢dt—/ e *(t—si—V*(t)¢dt

o0

P(s I

F(—)V*(t — s)odt

f(= V*(y)edy

0

E¢/2
(12.6.24) = 57]/ —y— 8)V*(y)dy.
0

—
s
P(s)—1I /°°
s
)
The last line above follows from the fact that f(¢) has support only on [—es/2,€4/2] so that
f(—y —s) is non-zero only if —e4/2 —s <y < ey/2—s < €4/2. By *Lemma 12.6.8, it follows that
as soon as s < €4/2, P(s)V*(t)¢p = V*(t)¢ for all t € [0,€4/2] so that C = 0 as soon as s < €4/2.

This allows one to conclude that

(V(s

(12.6.25) lim #qsf =¢_p

s—0t

for all ¢y € D.

To show that the strong two-sided limit of W as s — 0 exists on D, it remains to show
that
. Vi(s)—1
(12.6.26) lim %(ﬁf =¢_p.

s—0~
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Let y > 0 and s = —y. Equation (12.6.26) becomes

(12.6.27) i YW =L, gy L2V0),
y—0+ -y y—0+ Yy
For s > 0, consider
(12.6.28) [=V'(s ¢ _/ (- Z*(s+t>¢dt
(12.6.29) / £t ¢dt _/ (= V*(s +1) bt
(12.6.30) / f(t) ¢,dt /75 fl— Z*(S +1t) Bt
As before, the right hand side of (12.6.28) becomes
(12.6.31) / POV =6,

and the second line, (12.6.29) becomes

/ Y=Y / Fiy Y=V =0 g

/f “(s—t) V*(s—t)V*(t)V(t)¢dt

S

(12.6.32) - ;/0 FOV* (s — ) — Q(t))pdt.

Since ¢ € D', this vanishes as soon as s, and hence ¢, is less then €,. Similarly, the last line,
equation (12.6. 30) becomes

/f s)V(t)¢dt /f Z*s—t)(bdt
:/ Vit —s)— v*( VEViE=9)

- 290 / FOV(E - )pdt

(12.6.33) = / F(t+ s)V(t)odt.

Since f(t) has support only on [—€4/2,€,/2] it follows that f(t + s) is non-zero only when
—€4/2—5<t<€y/2—5<ey/2. Hence, (12.6.33) is equal to

1-Q(s)

12.6.34
(12.6.34) .

€ /2
/0 Ft+ )V (1)t

As soon as s < €4/2, *Lemma 12.6.8 implies that Q(s)V ()¢ = V(¢)¢. This proves that
(12.6.33) vanishes as s — 0. In conclusion,

I—- V*()

(12.6.35) lim

s—0t

bf =y
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Using that V(—s) = V*(s) and V*(—s) = V(s) for all s > 0, (12.6.25) and (12.6.35) imply
that

I—V*(s)

. . V(s)—1
(12.6.36) lim 6 =6y = lim =",
for all ¢ € D.
This proves that D C D (B).
O
Recall that the symmetric operator B on © (B) is defined by B¢ := —ilim,_, @qﬁ for

¢ € D (B). The proof of Proposition 12.6.1 above actually shows that BD C D. This shows that
D is what is called an analytic domain for the operator B, since any power of B is defined on
D. Combining this fact with *Theorem 12.5.1 yields the following corollary

*COROLLARY 12.6.10. B* is defined on the dense domain D C ® (B) for all k € N and
A¥|p = Bk,

Combining *Proposition 12.6.1 with *Theorem 12.5.1 now yields *Theorem 12.6.2.

In the particular case where the semigroup V() is purely isometric or co-isometric, the fol-
lowing stronger statement can be made.

*COROLLARY 12.6.11. IfV (t) is a purely isometric (co-isometric) then the symmetric operator
B of the previous theorem has deficiency indices (0,m) (resp. (n,0)), where m € NU {oc}. In
this case B is unitarily equivalent to m copies of i% on L?[0,00) (resp. n copies of i% on
L?(—00,0]).

Here, by purely isometric, it is meant that V(¢) is an isometry for each ¢ > 0, and that for
each ¢ > 0 there is no subspace S of H such that the restriction of V'(¢) to this subspace is unitary.

12.6.0.8. Remark. To prove this corollary it is sufficient to show that the assumption that
V(t) is purely isometric or co-isometric implies that B has deficiency indices (0,m) or (n,0)
respectively. To see this, note that the symmetric operator B associated with V' (¢) must be
simple, i.e., there cannot be any subspace such that the restriction of B to that subspace is self-
adjoint, as this would contradict the fact that V(t) is purely isometric or purely co-isometric.
There is a theorem due to von Neumann which shows that any closed, simple symmetric operator
with deficiency indices (0,n) or (m,0) is isomorphic to n copies of i% on L?(0,00) or m copies
of i-L on L?(—00,0), respectively ([3], pgs. 104-107).

We will only prove the case where V (¢) is purely isometric. The proof of the other case is
directly analogous. If V(t) is purely isometric, then Q(¢) = V*(¢)V (t) = I for all ¢ > 0. In this
case one can replace the definition (12.6.15) by

(12.6.37) D :={peH|Tep>0st. P(s)p=¢ V0<s<ey},
and *Lemma (12.6.8) becomes:

*LEMMA 12.6.12. If € D', and 0 < t,s < %, then P(s)V*(t)p = V*(t)¢.

Re-define D to be the linear manifold of all finite linear combination of vectors of the form

(12.6.38) b7 = /_ T OV () edt = / FOV(©)odt,

—€p/2

where ¢ € D" and f(t) € C§°[—€4/2,00).

*LEMMA 12.6.13. The linear manifold D is invariant under the semigroup V (¢t), i.e, V() :
D — D. Furthermore, D is an analytic domain for B, and V(t)B¢ = BV (t)¢ for all ¢ € D.
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PROOF. Using similar arguments to those in the proof of *Proposition 12.6.1, it is not difficult
to show that D C ® (B), and that BD C D.

To see that D is also invariant under V (¢) for any ¢t > 0, observe that
0

(12.6.39) ¢f_/ FOV (s +t)pdt + V(s )/ FOV()edt,

—E¢/2

0 €p/2
V@/‘ FOV()edt = W@A F(—OV* (1) bt
s 64,/2
- V%S}/)f(—ﬂv”(ﬂ¢dt+-v($n/' F—OV* ()t

(12.6.40) - / F—)V (s — t)P(t)pdt + /%/2 F(=O)P()V* (¢ — 8)bt.

By *Lemma 12.6.12, P(s)V*(t — s)¢ = V*(t — s)¢ in the second integral, and P(t)¢ = ¢ in the
first integral, so that (12.6.40) becomes

€p/2 0
(12.6.41) / F—OV (s — t)pdt = / FIOV (s + t)adt.
0 —€p/2
In the above, the fact that V*(t — s) = V(s — t) was also used. It follows that,
(12:6.42) Vslor= [ foVis+ned= [ fly-s)V)edy =,
—€y/2 —€p/2+s

where g(y) = f(Y = $)X[s—ec,/2,00) € CG°[—€0/2,00). Hence V(s)dpy = ¢y € D. This shows D is
invariant for V(t), for any ¢ > 0.

Since V(s)D C D for s > 0, if ¢ € D and ¢t > 0,

V(t)B = V(1)lim W
1% -V d
~ lm (t+ E)i )¢ _ i Sy
(12.6.43) = lim W = By = BV (t)¢,

where ¢ = V(t)¢ € D. This shows that V(t) commutes with B on D, completing the proof.

PRrOOF. (of *Corollary 12.6.11)

Now suppose that B* had an eigenvector v to eigenvalue +i. This would imply that for any
t>0,and any ¢ € D C D (B),

d
& V(06,49 = GBV().4) = i{V (116, BY) = (V()6. )
In other words, the complex-valued function f(t) = (V ()¢, ) satisfies f/(¢t) = f(¢) for allt > 0. It

follows that f(t) = f(0)e for all £ > 0. Since [f(t)] = (V ()¢, )| < [V(£)oll|v]l < lI¢ll[[¢]] < oo,
it must be that 0 = f(0) = (¢, ¢). Since ¢ € D was arbitrary and D is dense, one can conclude
that ¥ = 0 so that B* has no eigenvalues in the upper half plane. It follows that the deficiency
indices of B are (0,n), where n € NU {oo}. The proof now follows from Remark 12.6.0.8. O

(12.6.44)

Furthermore, the following result, which has also been proven by different methods in ([24],
pg. 151), is a simple consequence of the results of this subsection.
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"COROLLARY 12.6.14. If V (t) is purely isometric, then V (t) is unitarily equivalent to n copies
of the semi-group of right translations on n copies of L*[0,00). If it is purely co-isometric, it is
unitarily equivalent to m copies of right translations on L?(—oo, 0]

PROOF. Assume that V(t) is purely isometric. By *Corollary 12.6.11, it can be differentiated
on a dense domain D (B) to yield a closed symmetric operator B with deficiency indices (0,n).
It follows that the spectrum of B is contained in the upper half plane. From the Hille-Yosida
theorem, it follows that iB generates a contraction semi-group W (t) = exp(itB) for ¢t > 0. It
follows from the definition of the domain of the generator of the semigroup W(t) that ® (B) =
{6 € H|lim,_or T Do = —W'(t)¢ 3}, and that W(t) : ® (B) — D (B) (see Section 12.4).
Thus, the strong derivative of W(t) at 0 is +i¢B on the dense domain ® (B). We also know that
V(t):®(B) — D (B). Given ¢ € D (B), let w(t) = V(t)¢p — W(t)¢. Then,

(12.6.45) w'(t) = iBV (t)¢ — iBW (t)¢ = iBw(t),
so that,
(12.6.46) %||w(t)||2 = (iBw(t),w(t)) + (w(t), iBw(t)) =0,

since B is symmetric. But w(0) = 0 since V(0) = I = W(0). This shows that w(t) = 0 for all
t > 0. Since ® (B) is dense in H, we conclude that V(¢) = W (t) for all ¢ > 0.

Finally, since B is unitarily equivalent to n copies of D = i% on L?[0,0), it follows that
W(t) = V(t) is equal to n copies of e on n copies of L?[0,00). Since V() = e®*P for t > 0 is
the semigroup of right translations on L?[0, o0), this proves the first half of the corollary. Proof

of the second half is similar, and is omitted. O

*COROLLARY 12.6.15. Suppose that V (t) is a semi-group of partial isometries which is nilpo-
tent, i.e., Itg > 0 such that V(t) =0 for all t > to. Let to be the smallest number such that this is
true. Then the symmetric operator B obtained from V is simple and has equal deficiency indices.
If it has deficiency indices (1,1), then V(t) is unitarily equivalent to the semigroup of truncated
shifts on L?[0,to].

The proof of this corollary relies on the following theorem of Lifschitz [3]:

THEOREM 12.6.16. Any simple symmetric operator with deficiency indices (1,1) which has
an extension without spectrum is isomorphic to the symmetric derivative operator D = i% on a

finite interval.

In this theorem, we also use the following form of the spectral mapping theorem that holds
for closed operators whose spectrum is contained in an open proper subset A of the extended
complex plane ([21], pg. 199).

THEOREM 12.6.17. Let A be an open proper subset of the extended complex plane. Suppose
that f is analytic in A and that T is a closed operator such that o(T) C A. Then o(f(T)) =

f(o(T)).

PROOF. (of *Corollary 12.6.15) Since V(¢) = 0 for all t > to, V (¢) is nilpotent for any ¢ > 0,
so that (V' (t)) = {0} for any ¢ > 0. This is clear, since if ¢ > 0, then there is an n € N such that
nt > tg, and hence V(t)” = V(nt) = 0. Define the infinitesimal generator A of this semigroup
to be i times the strong one-sided derivative of V'(t) at 0, and V(¢) = €"*4. The domain of A is
defined to be the set of all ¢ € H for which the limit lim, o+ @gﬁ) exists. By *Proposition
12.6.1, the strong derivative of V() on a dense domain ® (B) yields a closed symmetric operator
B. Clearly, ® (B) C © (A) and A is an extension of B. The spectrum of A must be empty, since by
the spectral mapping theorem, if A € C and A\ € o(A), then e?** € o(V (t)). This would contradict
the fact that o(V(¢)) = {0}. This also implies that B must have equal deficiency indices, for
if it did not, then it would have a symmetric extension with deficiency indices (0,n) or (m,0).
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Such symmetric operators have continuous spectra, and hence so would the symmetric operator
B. This would in turn imply that the extension A of B would have continuous spectra, which is
not possible. We conclude that B must have equal deficiency indices. The same argument also
shows that B must be simple, otherwise it would have eigenvalues or continuous spectra which
would imply that A has eigenvalues or continuous spectra, again a contradiction.

If B has deficiency indices (1, 1), then by Theorem 12.6.16, B is unitarily equivalent to the
symmetric derivative operator D on a finite interval. It is not difficult to show, see Example
12.7.0.10 to come, that the only extension of D that generates a semigroup of partial isometries
is the one that generates the semigroup of truncated shifts. Hence, A must be isomorphic to this
extension, and V (¢) is isomorphic to the semigroup of truncated shifts on a finite interval. Since
to is the smallest number such that V(¢g) = 0, it follows that V() is isomorphic to the semigroup
of truncated shifts on L2[0, ). O

12.7. Observations and Conclusions

It has been proven that a sufficient condition for a self-adjoint operator A in H to have a
symmetric restriction to a dense domain D (B) C S of a subspace S C H is that V (t) := Pe'*4P
be a strongly continuous one-parameter semi-group of partial isometries on S where P is the
projector onto S. This is the content of *Theorem 12.6.2.

The condition that V(¢) consists of partial isometries turns out to be very restrictive, and
does not appear to be necessary. To see this, first consider the following.

12.7.0.9. Definition. Let A be an arbitrary linear operator defined in a separable Hilbert space
‘H. The numerical range 9um(A) of A is defined as the set Mum(A) := {(A4¢, 9| ||¢|| =1}. A
is called dissipative if Re (Dtum(A)) < 0.

The following variation of Theorem 12.4.2 characterizes generators of semi-groups of contrac-
tions ([33], pg. 23).

THEOREM 12.7.1. A generates a strongly continuous one-parameter semigroup of contractions
if and only if it is closed, densely defined, dissipative, and A\ — A is surjective for all A > 0.

Consider a symmetric operator B which is closed, densely defined on © (B) C H, and which
has equal but arbitrary deficiency indices (n,n). Let V = p;(B) be the partially defined isometry
that is the Cayley transform of B. Then given any bounded linear map W from © (V)J‘ to R (V)J‘
define a maximal extension Vi of V' by

(12.7.1) Vw =Vaew

onH=2(V)®D,. Then By, defined as the inverse Cayley transform of Vyy is an extension of
the symmetric operator B. In the special case where W is chosen to be a surjective isometry, then
Vi will be unitary and By is a self-adjoint extension of B. Since By = i(1 + Vi )(1 — Viy) 7L,
it follows that

(12.7.2) D (Bw) =D (B)+ (W -1)D(V)".

Note that since R (V — 1) is dense, so is R (Vi — 1) so that (Vir — 1)~ is well defined. Further
observe that since Uy = (Bw —i)(Bw + i), that R (Bw +i) =D (Uy) = H.

I claim that if |[W]| < 1, then iBy is the generator of a contraction semigroup. To prove
this, the conditions of Theorem 12.7.1 will be verified. First consider the numerical range of By .
If p € ©(B) C D (Bw) then

(12.7.3) Im ((Byw ¢, 6)) = Im ((Bo, 6)) = 0.
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Ifpe W-1)2 (V)J‘ = (W —1)Rer (B* — i) then ¢ = (W —1)¢; for some ¢; € Ker (B* — i), and
W, € Rer (B* +1). It follows that

(Bwo,¢) = (Bw(W —1)¢;, (W —1)¢;)
= —i((W+1)gi, W = 1)eh;) = —i{((W* = 1)(W + 1), ¢5)
(12.7.4) = —i[(W'W = 1)¢s, ¢i) — 2iIm (W, ¢:))] -
Hence Im ((Bw o, ¢)) = (1 — W*W)e;, ¢:).

Now if ¢ € © (By) is arbitrary then ¢ = ¢ + ¢ for some ¢ € © (B) and 3 € Rer (B* —i).
This shows that

Im ((Bwo,¢)) = Im((Be+ Bwi,p+1v))
= Im((B¢,¢) + 2Re (ipBoth) + (B, 1))
(12.7.5) = Im((Bwv,v)).

Since ¢ = (W — 1)¢; for some ¢; € Rer (B* — i), it follows, as before from equation (12.7.4)
that Im ((Bw @, ¢)) = (1 — W*W)e;, ¢;). Tt follows that if |[WW]|| < 1 then Im ((Bw ¢, ¢)) > 0 for
all ¢ € D (Bw ) which means that Re ((iBw ¢, ¢)) < 0 for all ¢ € © (By). This shows that iBy
is dissipative.

Since ¢Byy is dissipative, it is not hard to see that that every z in the lower half plane (LHP)
is a regular point for By, . Otherwise, if z € LH P and By — z was not bounded below, this would
mean that there is a sequence ¢, € © (By) such that ||¢,|| = 1 and ||(Bw — z)¢n| — 0. This
would imply that (Bw ¢n, ¢n) —2z — 0 which would contradict the fact that Im (Mum(By/)) > 0. It
follows that every z € LH P belongs to the field of regularity for Byy. Furthermore, as has already
been shown, (By — (—i)) is onto so that dim(3R (By +14)~) = 0. It follows from Theorem 4.3.2,
that since every z € LH P belongs to the field of regularity of By, and since dim R (Bw + i)J‘ =0,
R (Bw — z) = H for all z € LHP. This establishes that i By is dissipative and that R (iBy — 2)
is onto for every z in the open right half plane. Applying Theorem 12.7.1 now proves the following.

PROPOSITION 12.7.2. Let B be a symmetric operator with equal deficiency indices and V =
(B —i)(B +i)~! be its Cayley transform. Also let V' := (B +i)(B —1i)~'. Suppose that W :
DWV)E S RWV)T and W R(V)" = D (V)" are contractions. Then iBy and —iBYjy generate
contraction semigroups where By is the inverse Cayley transform of VW and By, is the inverse
Cayley transform of V' & W',

In particular, note that if B has deficiency indices (1,1), then all extensions B, of B are
obtained as the inverse Cayley transform of U, := V & z(-, ¢4 )d_ where z € C where ¢4 are
fixed unit norm vectors in ® (V)" and R (V)" respectively. In this case, it is not hard to see
that if |z| < 1, then iB, generates a contraction semigroup while if |z| > 1 then —iB, generates
a contraction semigroup.

12.7.0.10. Ezample. For example, suppose V (¢) is a truncated shift, a semigroup of partial
isometries obtained by compressing the unitary group of right translations U(t) on L*(R) to L?
of some interval [a,b]. This was our motivating example for this chapter, and was discussed in
detail in Section 12.3. Recall that the self-adjoint generator of U(t) is the self-adjoint derivative
operator D which is the closure of i% defined on C§°(R). Further recall that this operator D
has a densely defined closed symmetric restriction D in L?[a,b] which is defined as the closure
of 5|C§°(a,b)~ Now recall, from Section 4.3 of Chapter 4, that one can construct the self-adjoint
extensions of D by extending the domain of D to include functions which obey certain boundary
conditions on [a, b]. In particular, recall that

(12.7.6) D (D*) = {f € L*[a,b] | f € AC|a,b]; f' € L?[a,b]},
that
(12.7.7) D (D) ={f € L*[a,b] | f € AC[a,b]; f' € L*[a,b] and f(a) = 0= f(b)},
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and that if
(12.7.8) D (Dg) = {f € L*[a,b] | f € ACla,b]; f' € L?[a,b] and f(a) = 0f(b)},

then Dy := D*|D (Dy) defines a self-adjoint extension of D if § € T. More generally, choosing
0 € C\ T yields non self-adjoint extensions Dy of D. In this case it is straightforward to see that
if one chooses § € D, then the semigroup Vp(t) = e*P¢ generated by Dy will translate functions
to the right so that as the exit through b they reappear at the point a multiplied by the constant
0. In particular if one chooses § = 0, then it is clear that V,(¢t) = PU(¢)P is the semi-group of
truncated shifts if P is the projector onto L?[a, b].

Recall that the dilation theory of Nagy and Foiag shows that any one-parameter strongly
continuous contraction semigroup can be dilated to a unitary group on a larger Hilbert space (see
Remark 12.4.0.3). By this fact and Proposition 12.7.2, it follows that if By is any extension of
the symmetric operator B where ||| < 1, then the semi-group it generates on H can be seen as
the compression of a unitary group on a larger Hilbert space H to H. Given such a Bw, let Viy (t)
be the semi-group that it generates, and let Uy (¢) be the minimal unitary dilation of Vi (¢). The
generator of Uy, (t) is, by Stone’s theorem, a self-adjoint operator in H. It is not difficult to see
that if Ay is the generator of Uy (), then B = Aw |9 (p).

Since it is very unlikely that the semi-group generated by every such extension of By is
always a semi-group of partial isometries, this indicates that there are many examples of self-
adjoint operators on a Hilbert space H which have symmetric restrictions to dense domains in a
subspace ‘H of ﬁ, and such that the compression of their unitary groups to the subspace are not
semi-groups of partial isometries.

Furthermore, there are self-adjoint operators which have densely defined symmetric restric-
tions to a given subspace, and for which the compression of the unitary group they generate to
that subspace is not even a semigroup. To see this, consider the example of a Schrodinger operator
of the form D := 7%22 + V(z) which is self-adjoint on a dense domain in L?(R), and consider
the subspace S = L?[a,b] of L?(R). Suppose that the potential, V(z) > 0, is chosen to be 0 on
[a,b], and to be increasing on an interval [c, d] where ¢ > b. It is easy to see that the closure of D
restricted to C§°(a, b) is a densely defined symmetric operator in L%[a,b]. Imagine ¢(t) = e'*P¢
to be the ‘time evolution’ of an initial function ¢ € L?[a,b] which is zero outside of [a, b]. Further
imagine ¢ to be a suspended column of water above [a, b] at the instant in time ¢t = 0. As time
increases, the water will ‘flow’ out of the interval [a, b], and some of the water will reflect off the
potential V at [c,d] and flow back into the interval [a,b] at some later time. It follows that there
exist ¢ > 0 so that if P projects onto L?[a,b] that PU(t)P¢p = PU(t)¢ # PU(t1)PU(t3)¢ for all
t1 + to = t. For example, suppose that t; = t5 = % is the instant of time at which the water is
about to flow back through the interval [a, b] after reflecting off of the potential barrier at [c, d].
Then the action of PU(%)PU(%)P on ¢ is as if at the instant of time £, all of the water outside
of the interval [a, b] is removed, so that none of the reflected water flows back through [a, b]. This
is different from the action of PU(t)P on ¢, as in this case, some of the water is reflected off of
the potential barrier and flows back through [a,b]. In particular, this shows that PU(¢)P is not
a semigroup. This intuitive argument makes it clear that there are self-adjoint operators which
have symmetric restrictions to a given subspace, and yet which are such that the compression
of the unitary group they generate to that subspace is not even a semigroup.! It could still be
true that a necessary condition for a self-adjoint operator to have a symmetric restriction with
deficiency indices (1, 1) to a subspace is that the compression of its unitary group is a semi-group.

Finally, it should be pointed it out that the condition that a semigroup consist of partial
isometries is very restrictive. Recall the motivating example of this chapter of the compression of
the unitary group of translations on L?(R) to L?[a, b] (see Section 12.3). Recall that the semigroup
given by this compression for any finite interval [a, ] is called a truncated shift.

11 like to thank William Donnelly for pointing out this example to me.
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The following theorem gives a canonical decomposition of a strongly continuous one-parameter
semigroups of partial isometries, and shows that, in a sense, the truncated shifts are the only semi-
groups of partial isometries [22]:

THEOREM 12.7.3. Let V(t) be a semigroup of partial isometries on H. Then H can be de-
composed as

(12.7.9) H="HoDHi1PHe D Hs

where each H; reduces V (t) and V(t)|n, is invertible, V(t)|n., is purely isometric, V(t)|m, is
purely co-isometric and Hz has a direct integral decomposition relative to which V (t) decomposes
into truncated shifts.

In particular, as has been shown in this chapter, V'(¢) restricted to H; is isomorphic to the
the semigroup generated by the derivative operator D = i% on n copies of L2[0,00), V(t)|z,
is isomorphic to a semigroup generated by m copies of the derivative operator on L?(—o0,0].
Furthermore, since Vi (t) := V(t)|x, is invertible, it follows that for each ¢t > 0, V;(¢) is unitary,
and that if one defines Vy(—t) := V(¢), then V;(¢) is a unitary group for ¢ € R. From these
observations it is clear that many of the results of Section 12.6, are an easy consequence of the
example of the compression of the unitary group of translations on L?(R) to subintervals, Stone’s
theorem, and the above Theorem 12.7.3.
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CHAPTER 13

The compact, convex set of generalized resolvents of a
symmetric operator

In this chapter, it is shown that the convex set P of all positive operator-valued measures Q(-)
on the Borel subsets of R which are contractive, i.e. Q(R) < I, is compact with respect to a certain
natural topology. This is accomplished by showing that that the set of all generalized resolvents
R which are defined by integrating elements of P with respect to the functions f,(x) = (z —z)~!
is compact with respect to a certain topology, and then using the fact that there is a bijective
correspondence between P and R. It is further shown that the set of all generalized resolvents of
a single symmetric operator is a closed face of R. This generalizes the fact that any unital PVM
is an extreme point in the convex, compact set of all contractive POVMs. In the case where the
symmetric operator has finite deficiency indices, I also prove that set of generalized resolvents is
compact with respect to a stronger metric topology.

13.1. Introduction

Let H be a separable Hilbert space. Let B(R) denote the set of all Borel subsets of R. Recall
that a contractive positive operator valued measure (POVM) on R as a map Q : B(R) — B(H)™"
with the properties:

(1) If Q = U2, Q, with Q, N Q, =0 ¥n #m then S0 Q(2,) > Q().
(2) Q(¢) =0and QR) < I.

13.1.0.11. Remark. This is the same as our previous definition, except that its no longer
required that Q(R) = I. Let < denote the usual partial order on positive operators defined by
Q1 <Q2< ((Q2—Q1)p,¢) > 0 for all ¢ € H. Tt is not difficult to show that if (Q¢, d) = (¢, ¢)
for all ¢ € H, then @ = I both respect to this partial order, and as elements of B(H). If Q(R) < I,
we will call @ strictly contractive, and if Q(R) = I we will call @ unital. We will let P denote
the set of all contractive POVMs on B(R) which take their values in B(H).

The following dilation theorem of Naimark gives a concrete representation for any contractive
POVM [54][3].

THEOREM 13.1.1. (Naimark’s dilation theorem,)

If Q : B(R) — B(H)" is a contractive POVM, where H is a Hilbert space, then there exists
a Hilbert space K and a PVM, P, on K such that Q(-) = VP(-)V*, where V : K — H is a
contractive linear map.

If Q is unital, then V,K can be chosen such that H C I, and V = Py, the self-adjoint
projection from KC onto 'H.

For any such a POVM (@), one obtains a natural linear map ®¢ from L>(R) to B(H) via

(13.1.1) @alflo.v) = [ T FONQEN S, ).

An operator valued function p, on U := C\ R will be called a generalized resolvent if p, =
Do[(z—x) 7] where Q(+) is a contractive POVM. Let R denote the set of all generalized resolvents.
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By Naimark’s theorem, it is clear that if p € R, then p = V(2 — A)~'V* where A is the self-

adjoint operator in IC defined by A¢ := limp_. ff;B AdPy¢ on the dense domain of all vectors ¢
for which this limit exists.

For a densely defined symmetric operator B in H we define R(B) to be all the set of generalized
resolvents p(z) such that p(z) = p(A)(z) = Py (z — A)~ !y where A is a self-adjoint extension of
B, in general to a dense domain in a larger space H D H. Naturally, P(B) will denote the set
of all POVMs @ such that Q(2) = Prxq(A)|n where A is any self-adjoint extension of B, in
general to a larger space H O ‘H. This agrees with the earlier definition of P(B) given in Chapter
9.

It is not hard to show that the sets P, P(B) and R, R(B) are convex. In what follows it will
be shown that R is a compact, set with respect to a certain natural topology. The definition of
clements of R defines a natural map I' between P and R, T'(Q) = p, p(z) = [*° (2 — ) 7' Q(dx)
for any z € U. It will be proven that I' is a bijection. Using I', one can use the topology on R
to induce a topology on P, so that I' becomes a homeomorphism between these two topological
spaces. This will show that P is a compact, convex set with respect to this induced topology.
That P is compact with respect to this induced topology is not a new result, but the method of
proof contains new features.

13.2. The bijective correspondence between POVMs and generalized resolvents

THEOREM 13.2.1. The map I' : P — R is a bijection.

In the proof of this theorem, we will use the following version of the Riesz-Markov theorem
(see, for example, [15], pg. 75):

THEOREM 13.2.2. Let X be a locally compact Hausdorff space. For any continuous linear
functional I on Cy(X), the continuous functions vanishing at infinity, there is a unique, regular,
countably additive, complex Borel measure u on X such that

W) = /X f(@)du(z)

for all f € Coo(X). Futhermore, 1 is positive if and only if p is non-negative and ||l|| = |u|(X),
the total variation of p.

PROOF. (of Theorem 13.2.1) I"is onto by definition. Given p € R, one can construct a Q € P
as follows. By Naimark’s theorem p(z) = V(2 — A)"1V* where A is a densely defined self-adjoint
operator in some Hilbert space K and V : K — H is contractive linear map. Choose z € U
arbitrary. Using the holomorphic functional calculus for closed operators [21], we can use p to
compute Vp(A)V* where p is any polynomial in (z—x)~! and (Z—x)~!. By the Stone-Weierstrass
theorem, such polynomials are dense in C(R), the continuous functions vanishing at co. This
shows that for any f € Cs(R) we can actually compute ®[f] := V f(A)V* from the knowledge of
p(z). This defines a map from C (R) into B(H). It is clear that this map is linear and self adjoint
(i.e. ®[f]* = @[f] ). This map is also contractive since || ®[f]|| = supjq jpj<1 (P[f]d, V)] <
LFCAVZAIIV=I < (| fllocl[@ll[|20]. This shows that [|@[f]| < [|f]lec so that [[@[] < 1. Tt follows
that for any fixed ¢,1 € H the map | : Cso(R) — C defined by I[f] := (®[f]¢, ) is a bounded
linear functional on C (R). By the Riesz-Markov representation theorem, Theorem 13.2.2, there
exists a unique countably additive complex Borel measure u(¢, ;) on R such that

(13.2.1) = [ " @), o),

II]] = |pl(é,¥;R), and I is positive if and only if g is non-negative. Note that [ is positive if we
choose ¢ = ¢, and that [I] < [|¢[[¥]l
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To obtain a POVM, @, we will extend the definition of ® to all of L>°(R), and then define
Q(Q) by ®[xq], where X, is the characteristic function of the Borel set 2. This can be done using
a standard technique that is often employed to obtain the L functional calculus for self-adjoint
operators, once one has the continuous functional calculus [57].

Using the fact that [, ]; := (®[f]-,-) defines a bounded, sesquilinear form on H & H for any
f € Cxo(R), and the uniqueness of the spectral measures u(¢, ;) defined by the Riesz-Markov
theorem, it is not difficult to verify the identities: u(ag; + d2,1; Q) = ap(dr,1¥; Q) + p(da, ¥; Q)
and ap(d, ¥1; Q) + pu(d, 2; Q) = u(p, arhy + w9; Q) for all Q € B(R). These relations hold for all
a € C and ¢, p2,91,192 € H.

Using these relations, and given any f € L*°(R), define the following bounded sesquilinear
functional:

(13.2.2) .0y = [ " @), ).

Boundedness follows from the fact that (¢, ]| < || fllcc|pel(d, 103 R) = [|fllsc L]l < [ fllcl[@lI]]-
Here, |u](¢,; R) denotes the total variation of the measure u(¢, ;). By the Riesz representation
theorem, there is a unique bounded linear operator, which we denote by ®[f], such that [¢,¢]; =
(D[f]®, ). In this way, the domain of definition of the map ® is extended to all of L*>(R).

Now define Q(€2) := ®[x]. This can be seen to define a contractive POVM. Since || Xqlloo = 1
for any Borel set Q and ||®] < 1, ||Q(2)|| < 1 for any Borel subset 2 of R, and hence @ is
contractive. If () denotes the empty set, then clearly Q(#) = 0. Also it is clear that each Q(Q) is
positive, since given any ¢ € H, (Q(Q)1, ) = [, du(v,v;x), and p(1h,1);-) is a positive measure
by the Riesz-Markov theorem. It remains to check that if  := U, with Q, N Q,, = 0 for
n # m, then Zﬁ;l Q(Q,) > Q(). First note that since the operators Qy := 25:1 Q(Q,,) are
positive, non-decreasing and bounded by 1, the strong limit of the @y exists, and is a positive
operator bounded by 1. To prove that the strong limit is equal to Q(2), it suffices to show that
QN = Q(Q). This is easily verified since,

Jm Qo) = Jim Z [ o)

(13.2.3)

N—oo

fin S e 10,) = (6,10, 9) — | auto i) = Q@6 0).

In the above, the countable additivity of the measure p(¢, ;) was used. We conclude that Qq
is a contractive POVM. By definition, for any ¢,v € H and f € C(R),

(13.2.4 /f Q(dw). ) = /_°° F(@)Qdz)g. ) = /_°° F(@)du(é,:2) = (Bf16, ).

This shows that, in particular, p(z) = [~ (z — 2) 7' Q(dx).

Now suppose p was defined by p(z) = [*_(z — 2)7'dQ,. Then the POVM Q constructed
from p in the manner described above is equal to Q'. To see this note that given any polynomial
pin (z—z)~! and (z— )~ for some fixed z € U, one can use the holomorphic functional calculus
to show that

Vp(AV* = % [V =) v - % /F POV p(A)dA
(13.2.5) = % Fp(A)V’(A — ANTHV)RdN = VIp(A) (V)™

Here A and A’ are the self-adjoint operators and V, V' are the contractive linear maps which
are determined by dilations of the POVMs @ and @’ to projection valued measures on different
Hilbert spaces as described in Theorem 13.1.1. Using that such polynomials are dense in C(R)
it follows that for any f € Co(R),VF(A)V* = [T f(2)dQ, = [~ f(z)dQ!, = V' f(A)(V')*.
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Given any Borel set €2, X can be seen as the pointwise limit of such functions f. Using this fact
it is not difficult to show that Q(Q) = Q' () for any Borel set €, so that Q = Q’.

In particular, if Q,Q’ € P and if p = p' where p'(z2) := ffooo(z — 2)7'Q’(dx), then, by the

preceding arguments, Q' = Q = @, where @Q is the POVM constructed from p’ = p. This shows
that the map I" is 1 — 1. Since it is surjective by definition, we conclude that IT" is a bijection.

|

13.2.0.12. Remark. Observe that I' and I'"! respect convex combinations. That is T'(tQ; +
(1—-6)Q2) = tI'(Q1) + (1 — HT(Q2) for all Q1,Q2 € P, and ¢t € [0,1], and I'"! has the same
properties.

13.3. Pre-compactness of the set of generalized resolvents

Consider the set A of all analytic operator-valued functions on U := C\ R with the topology
of uniform weak operator convergence on compacta. The set A with this topology is a locally
convex linear Hausdorff space. Given any fixed compact set K C U, with non-empty interior,
let Ax denote the set of all operator-valued functions on K which are analytic in the interior
of K, with the topology of uniform weak-operator convergence on K. As we will see, these two
topologies are equivalent on the set R

Recall that for a densely defined symmetric operator B in H R(B), is defined to be all the set
of generalized resolvents p(z) such that p(z) = Py (2 — A) ! where A is a self-adjoint extension
of B, in general to a larger space H D H.

In [13] it is established that the set R(B) C A of all generalized resolvents of a fixed densely
defined symmetric operator B is pre-compact in the topology of A. Here a set is called pre-
compact if it has compact closure. Their argument extends without modification to show that all
of R is pre-compact in this topology. For the convenience of the reader, their proof is reproduced
here.

THEOREM 13.3.1. R C A is pre-compact

LEMMA 13.3.2. If X is a reflexive Banach space, then the unit ball in B(X) is compact in
the weak operator topology.

PRrOOF. This appears as a problem in ([21], pg. 53). Its proof is a straightforward exercise
using the Banach-Alaoglu theorem, and Tychonoff’s theorem. |

LEMMA 13.3.3. The set R, viewed as a subset of the continuous functions from any closed half
plane Vs := UHP +1i6, § > 0, into B(H) (with the supremum norm), is uniformly equicontinuous
and uniformly bounded. In particular, R is uniformly equicontinuous in C(K, B(H)) where K is
any fixed compact subset of U.

PROOF. It is easy to see that ||p(2)| < Tll(z)

functions p(z) are analytic, the fact that they are uniformly bounded on compacta automatically
implies that they are uniformly equicontinuous on any compact subset K C U. In this special
case, however, we can also use the resolvent formula to establish equicontinuity.

Given p(A) € R and z,w € V;,
[p(A)(2) = p(A)(w)

. This implies uniform boundedness. Since the

IV(R=(A) = Ru(A))V[| < [[R=(A) = Ru(A)]|
= [z = w[|R.(A)Ru(A)]| < |z — wl[[R=(A)[[|| Rw (Al

(13.3.1) < | |; <| |i

o = BTY Im(z)Im(w) ~ T Whse
It follows that given any € > 0, if |z — 2’| < €82, then ||p(A)(2) — p(A)(")|| < € for any p(A) € R.
This shows that R is uniformly equicontinuous on Vj. O
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13.3.0.13. Remark. Since R is uniformly equicontinuous on any compact K C U, if any net
(pa)aca C R converges with respect to the topology of pointwise weak-operator convergence on
U, it automatically converges with respect to the topology of A. That is, for R, the topology of
pointwise weak operator convergence on U is equivalent to the topology of uniform weak operator
convergence on compact subsets of U.

PrROOF. (of Theorem 13.3.1 ) By Lemma 13.3.2, for each z € U, the ball B(z) in B(H) of
radius ﬁ is compact in the weak-operator topology. By Tychonoff’s theorem, the Cartesian
product 7 := Il ey B(z) is compact in the product topology. This product is the set of all functions
f from U to B(H) with the property that || f(2)| < ﬁ, and the topology is just that of pointwise
weak-operator convergence.

Now let (pa)aca C R be an arbitrary net. Since this net belongs to 7, and 7 is compact,
there is a Cauchy subnet (pg)geq which converges to an element of 7. By Remark 13.3.0.13, we
conclude that this subnet is Cauchy with respect to the topology of A. This proves that R is
pre-compact. O

13.4. Closedness of the set of generalized resolvents

To conclude that R is compact with respect to the topology of A, it remains to show that
it is closed. Let K C U be any compact subset with non-empty interior, and let Agx denote the
set of operator-valued functions on K which are analytic on the interior of K, endowed with the
topology of uniform weak-operator convergence on K. It will be shown that the set R, viewed as
a subset of Ak, or as a subset of A, is compact. Pre-compactness of R in Ay follows from the
pre-compactness of R in A.

'"THEOREM 13.4.1. R is a closed subset of A .

LEMMA 13.4.2. Let A be a densely defined self-adjoint operator on a Hilbert space H. Fix
2/ € U=C\R. Let T be a closed contour in U such that Indr(z’) = 1. Then

1
- 2mi

(2 — A7k (2 —2)7F(z — A) 7 dz.

PROOF. This follows immediately from the holomorphic functional calculus for closed opera-
tors whose spectrum is confined to a sector of the complex plane [21]. It can also be proven with
a straightforward application of the residue theorem.

O

LEMMA 13.4.3. Given a self-adjoint operator A, the following formula holds for all z # 2z’ € U.

(2= A=A = (r=)TY (D) (=) TN - AT (L (k- 1))
=0

k—1
(2= )Y (o= ) = AL+ - D).

PRrROOF. This is easily established with the first resolvent formula:

(13.4.1) (z— A - A= ! (=4 "= (-4

z—2z

for z # 2/, and induction. O
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PROOF. (of 'Theorem 13.4.1)

Let (pa)aca be a Cauchy net in R C A. Since each of the nets of operators p,(2), for z € K is
weakly convergent and uniformly bounded, p, converges pointwise in the weak operator topology
to a bounded operator valued function p. Since (po)aca C R, this convergence is equivalent to
uniform convergence on compacta (see Remark 13.3.0.13), so that p € A.

Let K be a fixed compact set in U. Let A be an interior point of K and let I' be a closed
contour inside K satisfying Indr()\) = 1. By Naimark’s theorem, each p, can be expressed as
pa(2) = Vo(z — Ay) 71V for some self-adjoint operator A, on a Hilbert space K, and where V,,
is a contractive linear map from /C,, to H. Given any f € L>®(R), let ®,[f] := Vo f(Aa)VE. Tt
follows that for any ¢, € ‘H, and k € N we have

(@A — 2)7"] — Dp[(A— 2) M) 6,0)| = |

— /F()\ —2) (Va2 — Aa) 'V

271
V(2 — Ag)~'V5) ¢)(¥)dz|

< —/|A—z| £ {(pa(2) — po(2))6, )] |dz]

(13.4.2) < 53 [ 1pal) = pole)o w1 42l

where C' := max.ecr |z — A| 7% < oco. Since (pa)aca is Cauchy in the topology of uniform weak
operator convergence on K, and ||T'|| := [ |dz| < oo, we conclude that for each k € N, the net of
operators (®,[(A — 2)7*])aen is Cauchy in the weak operator topology. Since for any ¢, € H,

(13.4.3) (VaRA(A) Vid, 0) = (¢, VaRx(Aa) Vi),

it follows that the nets (®,[(A—x)~!])aeca are also Cauchy in the weak operator topology. Finally,
by applying Lemma 13.4.3 we conclude that given any polynomial p in (A —z)~! and (A — )7},
that (®4[p])aca is Cauchy in the weak operator topology.

The Stone-Weierstrass theorem implies that the polynomials in (A — x)~! and (A — x)~! are
dense in C(R), the continuous functions vanishing at oo. Using this fact it is easy to show that
for any f € Coo(R), the nets (Do [f])aeca are Cauchy in in the weak operator topology, and hence
converge to bounded operators which we will denote ®[f].

As in the proof of Theorem 13.2.1, it is straightforward to show that the map ® : C(R) —
B(H) is linear, contractive, and self-adjoint. Using the exact same technique as in the proof
of Theorem 13.2.1, one can use the spectral measures defined by the Riesz Markov theorem to
construct a contractive POVM Q(+) such that for any f € Cu f fN)Q(dN). In
particular, we conclude that p(w) = ®[(w —2)~!] = [7_(w — )\) 1Q(d)\). Using this formula we
can extend p(z) to a unique analytic function on U. This shows that p € R. We conclude that R
is closed in this topology (|

"COROLLARY 13.4.4. R is a closed subset of A

PROOF. This is a straightforward consequence of the previous result, “Theorem 13.4.1. In-
deed, if (pa)aca C R is Cauchy in the topology of A, it converges to an element p € A since A is
closed with respect to this topology. This net will also be Cauchy in the topology of Ag. Since
R is a closed subset of A, this net converges to an element p’ € R C Ag. Since p(z) = p/(z) for
all z € K, we have that p(z) = p/(z) for all z € U since they are analytic on U. Since, as in the
proof of 'Theorem 13.4.1 we can define p/(z) = [%_(z — A)7*Q’'(d)) for all z € U, it follows that
p=p €R and that R is closed in A. O

We can now conclude that the set of generalized resolvents R is compact in the topology of

uniform weak operator convergence on compacta of U, or equivalently with respect to pointwise
weak operator convergence on some fixed compact K C U with non-empty interior.
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13.5. The topology on R and the induced topology on P

The previous results show that a net (pn)aca C R converges to an element p € R with
respect to the topology of A if and only if ®,[f] = ®[f] for every f € Coo(R). Here % denotes
convergence in the weak operator topology. In particular, if f(x) = (z — 2)~! for any z € U then
pa(2) = ®o[f] = ®[f] = p(z). This shows that for the set R, the topology of A is equivalent
to that of pointwise convergence on U = C \ R. By Remark 13.3.0.13, this topology is equivalent
to the topology of A on R. That is, p, converges with respect to the topology of pointwise
weak-operator convergence on a fixed K C U with non-empty interior, if and only if it converges
uniformly (in the weak-operator topology) on all compact subsets of U.

Observe that the set R’ of all resolvents such that I'"!(p) is unital is not closed in this
topology. Indeed, if I is the identity operator on H, consider the sequence (p,,)52; C R’ defined
by pn(2) := (z — nI)~'. It is not hard to see that p,(z) = p(z) = 0 for each z € U. Since I'"!
is injective we conclude that I'"!(p) = T=1(0) = 0. Thus the limit of I ~!(p,) is not a unital
POVM, even though each I'"*(p,,) is unital.

The topology on R induces a natural topology on P. The proof of Theorem 13.4.1 has shown
that Qo — Q € P in this topology if and only if ®,[f] > ®[f] for any f € Cu(R), where
Dolf] := [T, f(2)Qa(dx) and ®[f] := [*_ f(2)Q(dx). Furthermore, one can even say certain
things about the convergence of the ®,[f] for more general f € L>°(R), as shown below.

THEOREM 13.5.1. Suppose that (pa)aca C R is Cauchy and p, — p. Let Qo := I'1(py)
and ®,[f] == ffooo FN)Qu(dN), as before. Let A be one of the self-adjoint operators such that

p(z) = V(2 — A)7V*. If a,b are not eigenvalues of A, then PalX(00)] R DX (a,))-

This theorem is a simple modification of the results of ([57], pgs. 290-291) and is omitted.

As a final remark, note that the set R and hence P with these topologies is first countable
([13], pg. 221).

13.6. Closed convex subsets and faces of the set of generalized resolvents

Consider the subset R, of all unital POVMs @ such that Q([—a, a]) = I for some fixed a > 0.
A subset S of a convex set C' is called a face if given s = tey + (1 — t)cq, t € [0,1] where s € S,
1,2 € C implies that ¢1,c3 € S. A point ¢ € C' is called an extreme point if {c} is a face of C.

CrAM 13.6.1. R, is a face of R.

PROOF. Suppose that @ € R, and that Q = tQy + (1 — ¢)Q2 for some ¢ € (0,1). Since each
Q; is contractive, it is clear that for any ¢ € H, (Qi([—a,a])d, p) < (&, ¢). I claim that equality
holds for every ¢ € H. Otherwise, if there exists ¢ € H such that (Q1([—a,a]), ¢) < ||¢]|* then,
<¢a ¢> = <Q([_a7a’])¢7¢>
H{Q1([—a,a])¢, d) + (1 — 1)(Q2([~a,a])d, §)

which is a contradiction. The argument in Remark 13.1.0.11 allows one to conclude that Q;([—a, a])
= I for each 7 = 1,2. Hence Q1,Q2 € R,, and R, is a face. O

COROLLARY 13.6.2. R, is a closed subset of R
ProOF. Counsider a Cauchy net p, C R,. By Theorem (13.4.1), p, — p € R. It remains to

verify that @ :=T'!(p) obeys Q([—a,a]) = I. Let Q, :=I'!(ps). Choose a sequence of positive
functions (fn)nen C Coo(R) such that f,(z) =1 for all z € [—a,a], fn(xz) <1 for all z € R, each
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fn has support contained in [—a — 1/n a+ 1/n] > fa+1 and fr, — X[, Pointwise. As in
the proof of Theorem 13.2.1, let ®,, f_ «(dX) for any f € L*°(R). Then,

(13.62)  @a[f,] = / T Sa@)Qu(dr) = [ Quldr) = X[ u(An) = Qull-ara]) = 1

for every n. Also, ®,[f.] = I converges weakly to ®[f,] = f f(@)dQ, for each n € N. Tt
follows that ®[f,] = I for every n € N.

a
—a

Given any ¢ € H,

(1) = 00 0al) 6.0 = [ (o) = XDl 0)

—a—0 a+1/n
[ e[ duosia) 0
—a—1/n a+0

It can be concluded that ((I — ®(X[_q,q)))®,¢) = 0 for all ¢ € H, and hence by Remark
13.1.0.11, that Q([~a,a]) = ®(X[_,,q) = . This shows that p € R, establishing the claim. [

(13.6.3)

IN

13.6.1. The convex subset of generalized resolvents of a single symmetric opera-
tor. Recall that for a densely defined symmetric operator B in H, the set of generalized resolvents
R(B) is defined to be the set of all p such that p(z) = Py (A — 2) 7|3, where A is a self-adjoint
extension of B, in general to a larger space H > H. Let A denote the set of all such self-adjoint
extensions of B. A generalized resolvent p € R(B) will be called canonical if it corresponds to a
self-adjoint extension of B within H, i.e., if p(z) = (2 — A)~!, where A D B is self-adjoint. The
proof of the fact that R(B) is convex is elementary, and is omitted.

*THEOREM 13.6.3. R(B) is a face in R.

PROOF. Suppose p € R(B) and p = tp; + (1—1t)p2, where p1, po € R. Since I'"1(p) is a unital
POVM, the same argument as in Claim 13.6.1 can be used to conclude that the POVMs I'"1(p1)
and T'1(py) are unital, so that by Naimark’s theorem 13.1.1, p; := PR, (A;)|n = Pi(A; —2) " Yn,
it = 1,2. Here, A; are densely defined self-adjoint operators on 7-l and P; are projectors from
H; O H onto H. Similarly, p = PR, (A)|3 for some self-adjoint A which is densely defined in a
Hilbert space H O H and P is the projector from H onto H. Note that p = tp; + (1 —1t)po implies
that PR.(A) s = tPR. (A1) + (1 — 1) PaRe( Al

Fix z € U. We will first show that PiR,(A1)¢ = PaR.(As)¢ for all ¢ € R (B — z). Since
A € A, it follows that PR,(A)R (B —2) = R,(A)R (B — 2) = R,(B)R (B — z). Hence, for this
z, and ¢ € R(B — z),

(13.6.) (= 2)p(2)6,p(2)8) = (2 — 2)(Re(A)R(A), 0)
(13.6.5) = ((R=(A4) — R:(A))¢, 9).
Equation (13.6.5) can be written as:
(((R=(A1) — R2(A1)) + (1 — £)(R=(A2) — R2(A2))) ¢, ¢)
= (= 2)((tR=(A1) Rz (A1) + (1 — t) Rz(A2) R=(A2)) ¢, §)
(13.6.6) = (z— 2) (((tRz(A1)P1R: (A1) + (1 — t)Rz(A2) P2 R2(Az2)) ¢, ¢))
(13.6.7) +(Z— 2) (t{(I1 — P1)R>(A1)é, (I1 — P1)R.(A1)¢) + (1 — t){(I2 — P2)R:(A2)¢, (I2 — P2)R.(A2)¢)) .

Here, I; are the identity operators on H;. Since t € (0, 1), observe that line (13.6.7) divided
by Z — z is positive.
Equation (13.6.4) is also equal to:
(z = 2)((tR=(A1) + (1 = 1) Rz(A2)) P(tR2 (A1) + (1 — 1) R2(A2))¢, §)
= (Zfz)((t2R (A1)PiR.(A1) + t(1 — t)Rz(A1) P2 R (A2)
(13.6.8) +(1 = ) R=(A2) PLR= (A1) + (1 = )* R=(A2) P2 R=(A2)) 6, 6).
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Since Equation (13.6.4) is equal to Equation (13.6.5), it follows that subtracting line (13.6.6)
from (13.6.4) and dividing by Z — z yields (13.6.7) which is positive. However, by equation (5)
((13.6.4) - (13.6.6)) divided by (Z — 2) is equal to

([(t = 1)R=(A1)PLR= (A1) + £(1 — ) (R=(A1) PaR2 (As)
+Rz(A2) PLR: (A1) +1(t — 1)Rz(A2) P2 Rz (A2)] 9)(#)
= t(t— 1){[Rz(A1) (P1R:(A1) — P2R:(A2)) — Rz(Az) (PLR: (A1) — P2R:(A2))] 6, ¢)
= t(t = 1)((Rz(A1) — Rz(A2)) (P1R: (A1) — P2R:(A2)) 6, 9)
(13.6.9) = —t(1—=t){(PiR:(A1) — P2R.(A2))¢,(P1R:(A1) — P2R.(A2))¢) < 0.

Since (13.6.9) must be > 0 and #(1 — ¢) # 0 for any ¢ € (0,1), we conclude that PiR,(A1)¢ =
PR, (A2)¢ for any ¢ € R (B — z).

To show that p1,p2 € R(B), it is sufficient to show that p;(z)¢p = R.(A)¢ for all ¢ €
R (B — z). So far it has been shown that R,(A)¢ = PR,(A)¢p = P(tR,(A1)+ (1 —t)R,(As2))p =
PiR.(A1)p = PoR.(A2)¢ for all such ¢. It follows that R,(A;)¢ = R.(A)p+h; where h; € ﬁi@H
for i = 1,2. It remains to prove that h; = 0. This is easily accomplished using the following simple
argument. First,

(13.6.10) A;(R.(A)p+h) = AiR.(A)é = ¢+ 2R.(A))é = ¢+ 2R, (A)p+ zh; = AR, (A)é+ 2h;
for any ¢ € R (B — z). It then follows that

(13.6.11) = (AR.(A)¢, R.(A)¢) + 2(hi, hy).

Since z ¢ R, it must be that each h; = 0. We conclude that A1¢ = As¢p = Ap = B¢ for all
¢ € D (B), so that p1, p2 € R(B).

O

By Remark 13.2.0.12, we see that P(B) is a face in P. In particular,

"COROLLARY 13.6.4. Any unital PVM is an extreme point of P.

PROOF. Given any unital PVM, Q(-), let A be the self-adjoint operator defined by A¢ =
fix;o AQ(dA)¢ on the dense domain of all ¢ € H for which this integral exists. Since A is self-

adjoint, the face R(A) reduces to the point p(z) = (2 —A)~! and so this point is an extreme point
of R. By Remark 13.2.0.12, I ~!(p) = Q is an extreme point of P. O

It has already been shown that R(B) is compact in the topology of A [13]. For completeness,
alternative proof of this result which shows how it can be obtained as a corollary of 'Theorem
13.4.1 is provided below.

"PROPOSITION 13.6.5. R(B) is a closed subset of R.

Since R is compact, this will prove that R(B) is a convex, compact subset of R with the
topology of pointwise weak operator convergence on compact subsets of U.

PROOF. Given a Cauchy net (pq)aca C R(B), pa — p € R by Theorem 13.4.1. To conclude
that p € R(B) it remains to verify that @ = I'"*(p) is unital and that [*°_AdQx¢ = B¢ for all
¢ €D (B).

To show that Q(R) = I, it will be shown that Qy := Q(—00, \] > I. Since this limit clearly
exists, and is a positive operator of norm less then or equal to 1, it is sufficient to show that

(13.6.12) (Qxo,9) — (¢, 0)
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for all vectors ¢ in a dense set. For this purpose, consider ¢ € D (B). Since (p(2)¢p,¢) =
70 2A5dQ., equation (13.6.12) will hold provided that lim, . iy{p(iy)$, ¢) = (¢, $). Let Qq =

—00 Z2—A

I'!(ps). Then,

itpa(i)6.0) = 0.0 = | [~ 2 (@utnes)

([ ([ s

1
(13.6.13) s S IBellell.

IA

A

This shows that iy(pa(iy)d, ¢) — (¢, ¢) uniformly for a« € A. Therefore, given any € > 0,
choose B > 0 such that y > B implies that |iy(pa (iy)¢, ¢) — (¢, ¢)| < § for all @ € A. Then,
for any fixed y > B, choose a, € A so that o > «a, implies that |((p(iy) — pa(iy))o, ¢)| < 5. It
follows that for this vy,

(13.6.14) liy(p(iy)d, o) — (b, 9)| <e.

Since y > B was arbitrary, equation (13.6.14) holds for all y > B. That is, given any ¢ > 0
there is a B > 0 such that y > B implies that equation (13.6.14) holds. We conclude that
iy(p(iy) e, d) — (b, @). Since ¢ € D (B) was arbitrary, Q(R) = I. To complete the proof, it needs
to be shown that if A is the self-adjoint operator such that p(z) = Py (A — 2) 7|3, then A is an
extension of B. This is equivalent to showing that R,.(A)¢ = R,(B’)$, where B’ is an arbitrary
canonical extension of B and ¢ € R (z — B). First of all, by assumption, we have that for any
such ¢, and any 9 € H,

(13.6.15) (p(2)¢,¥) = lim(pa(2), ) = (R-(B")$, )

from which it can be concluded that given any such ¢, R.(A)¢ = R.(B')¢ + h where h € HO H,
and H is the Hilbert space on which A is densely defined. It remains to prove that h = 0. This
can be accomplished using the exact same argument as in the end of *Theorem 13.6.3. Applying
this argument proves the proposition.

O

13.6.1.1. The case of finite deficiency indices. In the case where B is a symmetric operator
with finite deficiency indices, R(B) is compact with respect to a much stronger topology. From
now on, B will denote a closed, densely defined symmetric operator with finite deficiency indices
(m,n).

Consider the set A of analytic operator-valued functions on U, this time endowed with the
stronger topology of uniform operator-norm convergence on compacta. This is a metrizable topol-
ogy.

Let G C C be an open set, and let (X, d) be a complete metric space. Define the following
metric on C(G, X). First let (K,)5; be a sequence of compact, nested subsets of G whose union
is all of G. That is K,, C K41 and UK,, = G. On each K,, consider the metric generated by the
supremum norm on continuous functions from K, into X, i.e., d,(f,9) = ||(f — 9)X,,|lc0, Where
X, is the characteristic function of K,,. The following formula defines a metric d on C(G, X) [14]:

(13.6.16) d(f.9) = (;) %'

n—1
The following facts are proven in [14], pgs. 138 — 143.

PROPOSITION 13.6.6. (a) (C(G,X),d) is a complete metric space.
(b) A sequence (f,) in (C(G,X),d) converges to f if and only if it converges to f uniformly on
all compact subsets of G.
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Define G := U, and X := B(H) with the metric given by the operator norm. Then,
C (U, B(H)) will be a complete metric space with the metric d, and (A, d) will be a closed subspace
of this metric space. Also, given any compact subset KX C U with non-empty interior, A, the set
of all operator-valued functions on K which are analytic on the interior of K, is a closed subspace
of the Banach space C(K, B(H)) with the supremum norm on K.

By 'Theorem 13.4.1 and 'Corollary 13.4.4, the set of operator-valued functions R(B) will be
a closed subset of the metric space A with the metric d, and of the Banach space Ax with the
supremum norm. To show that R(B) is in fact a compact subset of these spaces, it now suffices
to show that it has compact closure.

These results will be achieved by a straightforward application of the following version of half
of the Arzela-Ascoli theorem.

THEOREM 13.6.7. (Arzela-Ascoli) Let (X, X) be a compact metric space and (Y, p) a metric
space. A subset F of C(X,Y) has compact closure with respect to the supremum norm topology
if it is equicontinuous and pointwise pre-compact.

The above can, for example, be proven with a slight modification of the arguments in ([61]
pgs. 369-370).

CLAIM 13.6.8. The set R C Ak is pointwise precompact.

Before proceeding with the proof, observe the following. Let A be an arbitrary self-adjoint
extension of B. Consider the generalized Cayley transform pi,,(A) = PnUy.(A)|n where
Uw:(A) := (w—A)(z—A)"L = I+(w—2)R.(A). For z € C,let ®, := R (z — B)" = Rer (z — B*).
Here, we assume that z € U.

As in Lemma 9.1.1, it is straightforward to verify that fi,,(A) maps ©,, into D,.

Suppose that A’ is an arbitrary fixed self-adjoint extension of B and A € A is arbitrary.
Recall that H = R (B — 2) ® Dz. It is clear that if ¢ € R (B — z) then (p,(A") — p,(A)p =0. If
¢ € Dz then

(Z—2)(p=(A") = p:(A))¢ = (Z—2)(PR.(A") — PR.(A)) ¢
P(I+(Z-2)R.(A)p— P(I+ (2 - 2)R.(A))¢
(13.6.17) = pz(A)d — pz2(A)¢
Since both pz.(A") and pz.(A) map Dz into D, it follows that the difference p,(A") — p.(A4)
lies in ©,. Thus for any A € A and 2z € U there is a linear map K(A4,z) : D — D, such that

p2(A) = p.(A)+ K(A, z). Since it is assumed that B has finite deficiency indices (m,n), it follows
that K (A, z) is a finite rank operator of rank at most k := max{m, n}.

PROOF. (of Claim 13.6.8) Given any z € U, consider the set S, := {p(z) : p € R(B)}. It
needs to be shown that S, is precompact in B(H) for any z € U. Note that we need only show
that every sequence has a convergent subsequence as we work in a metric space setting.

Let A’ be an arbitrary fixed self-adjoint extension of B. Then given any A € A, and a fixed
non-real z,

(13.6.18) p(A)(2) = p(A")(2) + K (4, 2),
where K (A, z) is a finite rank operator from ®, =Dz to ®_ =D ,. For fixed z, K(4,z) = K(A)
depends only on A € A. Furthermore it is easy to see that ||[K(A,z2)| = [|p.(4) — p.(A)| <

lp=(A)|| + [|p=(A)]| < 2C where C' := (min,cx Im(2))~! so that the K(A,z) are uniformly
bounded in norm.

Notice that for this fixed z, each K(A) = K(A,z) belongs to the Banach space of linear
operators B(D4,®_) from © into ®_. Since this is a finite dimensional Banach space, the ball of
radius 2C' in this space is compact. It follows that given any sequence p(A,,)(z) = R, (A" )+ K (4,),
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there is a subsequence K}, := K(A,, ) such that K, — F € B(D4,®_), and hence K, — F with
respect to the norm of B(H) as well. It follows that the subsequence p(4,,)(z) = R.(B’) + Ky
is Cauchy. This proves that R(B) is pointwise precompact. O

COROLLARY 13.6.9. R(B) is a precompact subset of (A, p).

PROOF. Since (A, p) is a metric space it suffices to show that every sequence of elements in
R(B) has a Cauchy subsequence. This is easily accomplished by taking a countable sequence of
compact subsets K,, C U such that K,, C K,,+; and U, K, = U, applying the previous result,
Claim 13.6.8, and then using a diagonal argument. O

The following result is an immediate consequence of Lemma 13.3.3, Claim 13.6.8, Theorem
13.6.7 and Corollary 13.6.9.

COROLLARY 13.6.10. R(B) is a convezx, compact subset of Ax with the topology of uniform
operator-norm convergence, and of A with the topology of uniform operator-norm convergence on
compacta.

Since Ax and A are metric spaces with these topologies, R(B) is a separable set in these
spaces. In fact, it is not hard to see that the topologies induced on R by A and Ag are equivalent
as before. If P(B) denotes the image of R(B) under ', it follows that Q, — Q in the induced
topology if and only if ®,[f] — ®[f] in the norm topology for any f € C(R).

13.7. Discussion and Outlook

My original motivation for studying the convex set R(B) of generalized resolvents of a sym-
metric operator was again generated by the example of the symmetric multiplication operator M

in H := B(Q).

The self-adjoint multiplication operator Min'H = L?(R) is a self-adjoint extension of M.
Consider the POVM @ obtained by the compression of the PVM of M to H, Q(A) := Prxa(M)|x
for any A € B(R). It is not difficult to verify that Q(A) can be represented as

(13.7.1) Q) = / 5.(-+62)dz,
A

where 0, (x) = % Now consider the projection valued measures P,, a € [0,1), where

Py(A) := xpA(M(a)). Here, M(c) is that self-adjoint extension of M which is the Fourier

transform of the self-adjoint extension of the symmetric derivative operator D on L?[—Q, )] ob-

tained by extending the domain of D to include functions f which obey the boundary conditions

F(—=9Q) = 2™ f(Q). Tt is again not hard to check that

s
(13.7.2) Pa(A) =5 D {+00,0)0n,(a)

Tn(a)EA

where, as before, z,(a) = (”‘LQO‘)’T. It follows that for any A € B(R),

(13.7.3) Q(A) = /0 Pa(A)da.

This shows that the POVM @ € P(B) is a convex combination of the PVM’s P, of the canonical
self-adjoint extensions M, of M. Recall here, that a self-adjoint extension of a symmetric operator
B in H is called canonical if it is defined on a dense domain of the same Hilbert space H.

This observation led me to investigate whether it is true that the projection valued measures
of the canonical self-adjoint extensions of a symmetric operator B with equal deficiency indices
are all of the extreme points of P(B). It turns out that this is not the case. Naimark has proven
that if A is any self-adjoint extension of B to a larger space H O 'H such that H & H is finite
dimensional, then the POVM obtained from the compression of the PVM of A to H is an extreme
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point of P(B) [27]. Furthermore, Gilbert has proven that if S has finite and equal deficiency
indices, then given any p € R(B), one can find a sequence p,, corresponding to extensions of B
to spaces H,, O H where each H,, © H is finite dimensional, such that p,, — p uniformly in norm
on compacta of U [13]. Combining these two facts, it is not difficult to see in the above example
of B(f2) that R(B) and hence P(B) contain extreme points which are generalized resolvents or
POVMs obtained from non-canonical self-adjoint extensions of B.

Nevertheless, what is interesting about the above example of B(2) is that, not only is @ in the
convex hull of the PVMs corresponding to the canonical extensions of M, @ is also the POVM
associated to a self-adjoint extension M of M which has the special property that its Cayley
transform p(M) is a unitary dilation of its compression to H. That is, as shown in Chapter 12,
(M) is a unitary dilation of Pyu(M)|3. This means, in particular that if p(z) = PHRZ(M)\H
is the generalized resolvent of M obtained from M , then p obeys the first resolvent formula,
(z—w)p(2)p(w) = p(w) — p(z). Clearly, this is a special property that most generalized resolvents
do not have. This raises the question, when and how does the subset of generalized resolvents
of a symmetric operator B that has this property intersect with the convex hull of the canonical
resolvents of B? In the case of the multiplication operator M on B(2) we see that this set is
non-empty. In the time since completing the first draft of this thesis, I have made some progress
on this question, but as my results are not yet complete, I will save them for a future paper.

Krein has established a formula that establishes a bijective correspondence between the set
of all generalized resolvents of a symmetric operator with deficiency indices (1,1) and a certain
convex subset of functions which are analytic in the upper half plane [28]. T look forward to
applying this formula to the study of the questions raised above.
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CHAPTER 14

Conclusions and Outlook

I would like to answer the question regarding invariant linear manifolds of self-adjoint oper-
ators raised in Section 12.1. Recall that this question was the following. Let H be a separable
Hilbert space and A be a closed self-adjoint operator defined on a dense domain ®© (A) C H. Let
S C 'H be a subspace which is the range of the projection P. If A is fixed, what conditions does
P need to satisfy in order that there be a dense domain ®(B) C S so that D(B) C ® (A), and
B := Alp(p) is a densely defined symmetric operator in S7

In particular it would be great to have a sufficiently simple condition that would characterize
when A has such a restriction, and which would be useful for determining when the multiplication
operator M on L?(R;du) has such restrictions.

Here are a few observations concerning this question. Given the self-adjoint operator A, let
U := (A+i)(A—1i)~! be its unitary Cayley transform. Then A =i(1+U)(1 —U)~t. Now if S is
such that (U —1)S C S is dense in S and (U +1)S C S, then clearly, in this case, A has a densely
defined restriction B to @ (B) := (U — 1)S C S. However, this is not terribly illuminating.

Another observation that is more interesting is the following. Suppose that one is interested
to know, as is the case for the multiplication operator A = M, when A has a symmetric restriction
with finite deficiency indices to a dense domain in a subspace S projected onto by a projector P. If
A has such a restriction, it follows that for any A € C\R, that P(A—\)"tP—(A—\)"1P is of finite
rank. Since this is true for all A € C\ R, taking adjoints shows that P(A — \)~'P — P(A — \)~!
is of finite rank for each A € C \ R. In particular, [P, (A —\)"1] =P(A-XN)"t—(A-N)"1Pis
of finite rank for each A € C\ R. Since, for any fixed A € C\ R, the polynomials in ﬁ and ziX
are dense in the continuous functions vanishing at infinity, it follows that [P, f(A4)] is compact
for any continuous function f that vanishes at infinity. This shows that if A is the C*-algebra of
continuous functions of A vanishing at oo, then the subspace S is ‘essentially invariant’ for A, and
that the compression of any f(A) € A to S is ‘essentially normal’. If A = M is the multiplication
operator on L?(R,du), it will be interesting to see what additional conditions, if any, are needed
to conclude that M has a symmetric restriction to S, or that S has the sampling property.

Now consider the case where M is the multiplication operator in L?(R), and D := i% is the
self-adjoint derivative operator in L?(R). Then, in this case, it is straightforward to show that
if I; and Iy are finite subintervals of R, then Q(I1,I2) := xr, (D)X, (M)x/, (D) is an integral
operator with a square integrable kernel, so that it is Hilbert-Schmidt. Furthermore, it is not
difficult to show that Tr(Q(I1,13)) = %, where p denotes Lebesgue measure. It follows
that

1404) gim DQUEQQEBB) _ TrX-e.0 (D)X 5,5(MX-0a (D) _
B—oo ‘u([—B,B])Qﬂ' B—oo /,L([—B,B])Qﬂ' ™
Intuitively, this is to be expected. If a projector P projects onto an n—dimensional subspace,
then Tr(P) = n. Further recall that the dimension of a finite dimensional function space is equal
to the minimum number of sample points needed for stable reconstruction of any element of the
space. In equation (14.0.4), since X[-B,B] (M) converges strongly to the identity as B — oo,
it follows that Q([—,Q,[-B, B]) converges strongly to x[_q (D), the projector onto B(£2).

Hence, it seems intuitively reasonable that the quantity Tr(Q;E[iQéQg,’][)_zf’B]) is a measure of the

spatial density of degrees of freedom, or the density of points needed for a set of sampling of
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B(Q) as B gets large. This raises the following question. Let M be a Riemannian manifold, and
consider a nested sequence of compact submanifolds K,, C M, which have compact closures, and
form an open cover of M, as in Chapter 5. Let x,, denote the projector of L?(M) onto L?(K,). If
S is a subspace of L?(M) and P projects onto S, suppose that Q,, := Py, P is a Hilbert-Schmidt

1‘}((23) < 00, where V(K,,) denotes the proper volume

of K,. If this is the case, this would seem to indicate, as before, that the subspace S has a
finite proper spatial density of degrees of freedom. Does this imply that the subspace S has the
sampling property? In particular, note that if P = X[fﬂ,Q](qu) where D, is a Sturm-Liouville

operator for each n € N, and that lim,,_,

differential operator acting on a dense domain in L?*(R), then for most choices of D, @, will in
fact be a Hilbert-Schmidt operator.

The above questions, as well as the questions raised in Chapters 10, 11 and 13 are sure to
provide me with challenging problems for some time to come. I look forward to solving these
problems.
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APPENDIX A

An approach to density theorems for sampling of B(M, Q)

A.1. Introduction and Motivation

Consider the real line. We have seen that if one considers any sequence of nested compact
intervals I,, C I,41 such that U, I, = R, and any sequence of self-adjoint derivative operators D,
on I, that this sequence of operators converges in the strong resolvent sense to D := i%, the self-
adjoint derivative operator in H := L?(R). From this fact, known results show that the projection
operators P, 1= X[_q.q] (D,,) converge strongly to P := X0, (D). Now one might hope that
sampling properties of PH would follow from those of the P,’H and the strong convergence of
these projectors. However, as discussed in the final section of Chapter 3, such results appear to
be more difficult to establish then one might expect.

In an attempt to remedy this problem, in this chapter it will be shown that given any € > 0,
if one chooses a suitable smooth function f such that [, Q] C supp(f) C [-e — 2,9 + €] and
such that f(2)X[_q,0) = X[—q,q), that one can construct a sequence of bounded positive operators
®,,[f] such that ®,[f] — P in norm and such that the ®,[f] are a suitable average of f evaluated
on restrictions of D to suitable tilings of the real line. This will be explained in full detail in the
upcoming section.

In Chapter 5, we saw that an appropriate notion of strong convergence for unbounded self-
adjoint operators is strong resolvent convergence. One can also define norm resolvent convergence
for unbounded self-adjoint operators ([57], pg. 284).

DEFINITION A.1.1. A sequence A,, of self-adjoint operators is said to converge to a self-adjoint
operator A in the norm resolvent sense if there is a A € C\ R such that (A, —\)~! — (A—X\)~*
m norm.

Of particular interest is the following result

THEOREM A.1.2. If A,, — A in the norm resolvent sense, and if f is a continuous function
on R that vanishes at oo, then ||f(A,) — f(A)|| — 0.

A.2. A tiling of R

Let D := i% be the self-adjoint derivative operator in L?(R). For each n € N, R = Up,eczlnm
where I, := [nm,n(m + 1)]. Let D,,, be the self-adjoint derivative operator i% on L?(Ipy,)
with periodic boundary conditions. Then define Dy, := @D, ey, Dnm on @D,z L* (Inm) = L*(R).
D,, is clearly self-adjoint. In words, we are breaking the real line into equal sized subintervals
of length n, and then considering a particular self-adjoint extension of the symmetric operator
which is obtained as the direct sum of the symmetric restrictions of D to dense domains in L? of
each of these subintervals.

Let U, (0;t) := 'Pr = @), ., €*Prm . The idea behind considering the operator D,, is the fol-
lowing. Consider the projection operators X(_q )(Dn) = ®mezX[—q,0](Dnm). These projection
operators project onto the direct sum of spaces of 2—bandlimited trigonometric polynomials on
intervals of length n. It follows that it is still easy to determine sets of sampling for x_q o)(Dr)H.
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Namely, A is a set of sampling for this subspace if and only if each A has at least 2L%J + 1 mem-
bers in each subinterval I,,,,. Thus, if it could be proven that the projectors X[-0,0] (D,,) converge
to X|_q,0] (D) in norm, then, as discussed at the end of Chapter 3, one could use this fact to prove
results on necessary density for sets of sampling for B(2). Actually using suitable approximation
arguments, and using Theorem A.1.2, it would in fact be sufficient to show that D,, converges to
D in the norm resolvent sense.

It turns out that the sequence of operators D,, do not converge in the norm resolvent sense
to D, but the proof of this fact will provide us with an idea of how to construct a better way of
approximating B().

Recall that if D, is the self-adjoint derivative operator i% in L?[a, b] with domain @ (D,,) :=
{f € L?[a,b] | f € ACla,b], f(a) = e*“f(b)} then e'P= acts as translation to the right by t,
where anything translated past b appears at a, multiplied with the phase e*®. Observe that if the
function f has support only on [a,b — ] then e?Pa f = €D f for all t < #'. Tt is straightforward
to visualize the action of the one parameter, strongly continuous unitary group e**~.

*CLAIM A.2.1. The operators D,, do not converge to D in the norm resolvent sense.
For an operator A, and z ¢ (A), let R,(A) denote the resolvent operator (A — z)~t.

PRrROOF. Given any ¢ € H and o € LH P, the following Laplace formula holds for the resolvent
R.(A) of A, (58], pg. 237):

(A21) IRAD,) = Ru(D)oll = [ [~ e (0 — eP) o],

Simply choose, for example ¢5 € H such that ¢s(t) = %X[n_&n]. These are all norm 1
vectors. Now given any € > 0, choose § > 0 so that both ||[R,(Dy)¢ —i [~ e e Prpdt|| < e
and [|R,,(D)¢ — i [T emtretPgdt|| < e. Let R, (Dy;6)¢ = [5° e " eiPng dt and R, (D;8)¢ :=
[5- e e ¢ dt . Then it follows that,

[Ru(Dn)¢s — Ru(D)¢s|| = [|Ru(Dn)ds — Ryu(Dns 6)ds
+R#(D; 5)¢5 - Ru(D)¢6 + Ru(Dm 6)¢6 - Ru(D§ 5)‘%”

(A.2.2) [Ryu(Dns 6) s — Ryu(D;6)ds]| — 2e.

Y

For all t € [§,00), €®*Pr¢s has support in [0,n], while ¢ has support in [n,00). It fol-
lows that || R, (Dn;0)¢s — R (D;0)¢s|| = || Ru(Dn;0)ds|| + ||Ru(D;6)¢s|| since these vectors are

orthogonal. Hence,
[1B2,(Dn; )5 — Ry (D; 0) | 1R, (D3 6)s]| + [ Ru(D; 0) 5 |
2 2

(A.2.3) 2 w1 Ty

In conclusion, ||R,(D,)— R,.(D)| > ﬁ — 2€ for any € > 0, and the claim is proven.

A.3. An average over all equidistant tilings

For each n € N, define I, (@) := [nm + a, n(m + 1)a] where o € [0,n). D, () is defined by
I () in the same way that D,, =: D, (0) is defined using I,,,,,(0) := I, That is, each D, («)
is constructed by breaking the real line into subintervals of length n, and then considering the
direct sum of the self-adjoint extensions of the symmetric derivative operator on each of these
subintervals which obey periodic boundary conditions. As « runs through the interval [0,n),
I,m (@) runs through all such possible tilings of the the real line.
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The idea in this section is the following. Although bounded continuous functions f of the
D,,(a) converge to f(D) only in the strong operator topology, one would expect that if the support
of ¢ € L?(R) is contained in an interval which is small enough, and far enough away from any of
the end points of the subintervals in the tiling I,,,,(«), that ||(f(Dn(a)) — f(D(a))¢|| should be
small, independently of the choice of ¢ with these properties. In other words, the reason that the
f(Dy(a)) do not converge in norm may be due to boundary effects that occur near the end-points
of the subintervals of the tiling I,,,,,(«). In this section we will show that by taking an average with
respect to « of the f ( (a)) we can remove these ‘boundary effects’ and construct a bounded
positive operator, ®,[f] := 1 fo ))da which converges to f(D) in norm.

Given any bounded continuous functlon f € BC(R), define the operator

(A3.1) / F(Du(a))da

In particular, if e;(z) := €, then
1 /. 1 /M

(A.3.2) D, [el]d = f/ e Pn( D o =: f/ U, (t; a)pda,
nJo n Jo

is the ‘average’ of the unitary groups, U, (¢; ), of the operators D, (a), o € [0,n]. It is easy to
check that the map a — D, («) is continuous in the strong resolvent sense. It follows that for
any f € BC(R), the map a — f(D,(«)) is strongly continuous. Hence, a — f(D,(a))¢ is a
continuous Hilbert space valued function for each ¢ € H and the integral in equation (A.3.1) is
well-defined, and defines a bounded linear operator for each f € BC(R).

Consider the elements g, := U, (t;a)¢ € L*(R) where t,n are fixed. For each a, g, is a square
integrable function. Furthermore, if we choose ¢ € BC(R) N L2(R), it follows from the action of
U,(t, o) on ¢ that g, is piecewise continuous, and that there is a member of its L? equivalence
class which is continuous from the left. Let f, denote this member.

*CLamM A3.1. f(a) := fo(z) where x € R is fized, is a bounded, measurable function of «
for a € [0,n], for any ¢ € BC(R) N L*(R).

PROOF. f(«) is measurable if and only if |f(a)| is. It is sufficient to show that the set
S :={a € [0,n]||f(a)] > ¢} is Borel for each ¢ > 0. Choose a € S. Then |f(a)| > ¢+ 3e for some
€ > 0. Now choose 6 > 0so that [t—y| < d = |¢(t) —p(y)| < e for all t,y € [x—n,z+n]. It follows
from the left continuity of the f, that if y < z and  —y < § we have that |f3(z) — fa(y)| < € for
all 8 € [0,n].

Using this fact,

(A33) 5ty > e 207

so that [|Un(t, @)dX[y_s.ll > (c+ 26)V/0.

By the strong continuity of U, (¢, «) for fixed n and ¢, there is a neighbourhood V,, of a such
that 8 € V,, implies that

(A:34) Vo> [ (Un(t,@) = Un(t, ) Xa—s018ll > [1Un(t, @)X (o508l = [1Un(t, )X o501l | -

Hence, for g € V,,

(A.3.5) Ut B)X s, 0]l > (c+ €)VE
which is equivalent to

(A3.6) | 1wt s)t Py > e+ o2
But |U, (¢, 8)é(y)| < |Un(t, B)¢(z)| + €. This implies that

(A.3.7) 5(|Un(t, B)p(x)] + €)* > d(c + €)?,

171



which is the same as |f(5)| > c¢. It follows that V, C S. Since o was arbitrary this shows that
S is open, so that f(«) is measurable. That it is bounded is obvious, since, by assumption, ¢ is
bounded. ]

Let U(t) := e,

*CLAM A.3.2. For any compact interval [a,b], ||Pnle] — U(t)|| — O uniformly for t € [a,b]
as n — 0o

PROOF. Choose n > |b|. If ¢ € H = L%*(R) is a C* function of unit norm then U, (t;a)¢ =
¢(x—t) a.e. for x € Upezlnm+a+t,n(m+1)+a]. For any = € R, define 3 € [0,n) by z = nj+0.
It follows that U, (t;a)¢(x) = ¢(x —¢) for all @ € [0,n) N ([Byn—t+ B]U[—n+ G,5 —t]). For
any x this is a compact set K, of length n — ¢. It follows from the definition of ®,,[e;] that

o) = Bulalotr) - U000 = [ Ui ojdas (1) oe )

(A38) =t ti(2)+ (o).

Let I, = [0,n] \ K, it follows that

2

2_i ~ e’ X )ax T
(A439) @It =5 [ |[ vnteopteia) d
Note that
n 2
(@) = ] [ @ttt potea

A

< ( /I I 12da> ( /O ' |Un(t;a>¢(x>|2da)

(A.3.10) t/on U, (t; @) ()| Pdex

by the Cauchy-Schartz inequality for elements in L?[0,n]. It follows that

@l < 5[ [ Wi P

t n
- L / U (t; a)6|2dar
n< Jo

t
(A.3.11) = ;I|¢||2~

This shows that [|i1] < \/%||¢|| It is also clear that |[12| = L[ ¢[|. Therefore, [|¢] <
lor || + |[=|] < (% + \/%) [loll. This is true for arbitrary ¢ € C°°(R) which is a dense linear
subspace of H. Hence, ||®,[e:] — U(t)] < (% + %) which vanishes as n — oo. O

We can now use this result to show that the averages ®,[f] converge in norm to f(D) for
certain sufficiently well-behaved functions f. It is known that the Fourier transform F maps
LY(R) into C (R), the continuous functions vanishing at oo [58].

*PROPOSITION A.3.3. If f € Coo(R) is the Fourier transform of an element in L'(R), then
®,[f] — f(D) in operator norm as n — oo.
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PROOF For such an f, f(z) = 5= [7° F(w)e™?dw so that f(Dy,(«)) =

o7 f_ e Pn(@) dyy. With the aid of Fubini’s theorem,
1 o0
(A3.12) @l = 10D 0= 5= [ Flw) @fen] = (D)) 6 dv
so that
1 o0
18nlfl =D < o [ [F@)l®afew] — ew(D)]dw

1 B
< b |F'(w)][|®n[ew] — ew(D)|dw Jr/ |F'(w)][|®n[ew] — ew(D)||dw
™ J_B |w|>B
B
(A.3.13) < =|IFlh +2/ |F(w)|dw.
n |w|>B

In the above, recall that e, (D) := e"P. Given any € > 0, choose B large enough so that the
second term is less then €/2. Then n can be chosen large enough so that the first term is less then
€/2, proving the claim. O

A.4. Outlook

The Fourier transform of any characteristic function does not belong to L*(IR), so that *Propo-
sition A.3.3 cannot be applied to show that ©,[x[_q qj] converges in norm to P = x_q (D).
However, as discussed in Section A.1l, for any € > 0 one can always choose a function f so that
its Fourier transform F' € L'(R) and so that [-,Q] C supp(f) C [-Q — ¢, + ¢]. For such an

f it follows that R (X[_Q@] (D)) CR(f(D)CR (X[—Q—s,Q—i-e] (D)) This shows that one can
approximate the range B(f2) of P as well as one likes by the range of the ®,[f] as n — oo.

Now for such a function f, the range of the positive operators f(D,(a)) is contained in
the range of P_o_c 04+¢(Dn()), and as discussed in Section A.1, it is easy to determine what
properties a discrete set of points A needs to have in order to be a set of sampling for this subspace.
Namely it must contain at least 2[%] + 1 points in each subinterval of the tiling of R given
by the subintervals I,,,,,(«v). Recall that ®,,[f] is the average of the f(D,(a)). Now consider the
range of @, [f]. If it could also be shown that A is a set of sampling for elements of this linear
manifold only if it has at least 2[ QJFE ”J + 1 points in any subinterval of length n, then using
a similar method to the one outhned in the end of Chapter 3, one could combine this fact with
the norm convergence of the ®,[f] to f(D) to provide a new proof of necessity part of Beurling’s

theorem, Theorem 2.2.3.

Moreover, what is of greater interest, is that if this approach could be made viable, then by
suitably tiling a given manifold M, it may be possible to generalize this approach to prove results
about sets of sampling for B(M, Q).
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