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Abstract

Given positive integers ¢y, ¢a, . . ., ¢ with ged(cq, ca, ..., cx) = 1, the Frobenius prob-
lem (FP) is to compute the largest integer g(ci, ¢, . .., cx) that cannot be written
as a non-negative integer linear combination of ¢y, co, ..., cx. The Frobenius prob-
lem in a free monoid (FPFM) is a non-commutative generalization of the Frobe-
nius problem. Given words 1, 2o, ...,z such that there are only finitely many
words that cannot be written as concatenations of words in {xy,zs,..., 2y }, the
FPFM is to find the longest such words. Unlike the FP, where the upper bound
g(c1, e, .., c) < maxj<i<p, ¢? is quadratic, the upper bound on the length of the
longest words in the FPFM can be exponential in certain measures and some of
the exponential upper bounds are tight. For the 2FPFM, where the given words
over X are of only two distinct lengths m and n with 1 < m < n, the length of the
longest omitted words is < g(m, m X" +n —m).

In Chapter 1, I give the definition of the FP in integers and summarize some
of the interesting properties of the FP. In Chapter 2, I give the definition of the
FPFM and discuss some general properties of the FPFM. Then I mainly focus
on the 2FPFM. I discuss the 2FPFM from different points of view and present
two equivalent problems, one of which is about combinatorics on words and the
other is about the word graph. In Chapter 3, I discuss some variations on the
FPFM and related problems, including input in other forms, bases with constant
size, the case of infinite words, the case of concatenation with overlap, and the
generalization of the local postage-stamp problem in a free monoid. In Chapter 4,
I present the construction of some essential examples to complement the theory of
the 2FPFM discussed in Chapter 2. The theory and examples of the 2FPFM are
the main contribution of the thesis. In Chapter 5, I discuss the algorithms for and
computational complexity of the FPFM and related problems. In the last chapter,
I summarize the main results and list some open problems.

Part of my work in the thesis has appeared in the papers [83, 84, 157].
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Chapter 1

Introduction

In §1.1, T will first give some basic definitions and notation in number theory, and
then give the definition of the original Frobenius problem. In §1.2, I will give a
brief introduction to some of the basic results about the Frobenius problem in the
literature. The discussion in the first two sections will take place in the domain of
non-negative integers. Then, in §1.3, we will see how some results from the study
of the Frobenius problem can be applied to analyzing and solving several problems
in other research areas. In §1.4, we will see how the Frobenius problem can be
generalized to the setting of a free monoid, which composes the main topic of this
thesis. At the end, in §1.5, I will outline the organization of the thesis.

1.1 Introduction to the Frobenius problem

1.1.1 Number theory preliminaries

Let N ={0,1,2,...} denote the set of all non-negative integers, let Z = {0, +1,...}
denote the set of all integers, and let ¢Z = {0,+q, £2¢, ...} denote the set of all
integral multiples of the number q. We say ¢ divides p if p is an integral multiple
of ¢ and write ¢ | p.

Let |z | denote the absolute value of the number x. For any integers p and g,
q # 0, the integer p can be uniquely represented as p = sq + r, where s,r € Z and
0<r<|ql

Let ged(xyq, ..., xx) denote the greatest common divisor and let lem(xy, ..., zy)
denote the least common multiple of integers x1, ..., x;. The operation ged (respec-
tively, lem) satisfies the associative law ged(a, ged(b, ¢)) = ged(ged(a, b), ¢), and the
distributive law a ged(b, ¢) = ged(ab, ac).

Lemma 1.1.1. Let xy,x9,..., 2, € Z with ged(xy,xs,...,x,) = d. Then there
exist ¢y, Ca, ..., € Z such that cixy + coxy + -+ - + cpxy = d.



Corollary 1.1.2. Let x1, o, ...,z € Z with ged(zy,x2,...,2x) =d. Thend =1
if and only if there exist ¢y, co, ..., c, € Z such that

c1T1 + coxy + -+ + ey = 1. (1.1)

We say p is congruent to ¢ modulo k if k divides p — ¢ and write p = ¢ (mod k).
The modulo-k congruence relation is an equivalence relation. Each equivalence
class in this case is called a residue class and the set of all modulo-£ residue classes
is denoted by Zj = Z/kZ. The minimal non-negative integer that is congruent to
p modulo k is denoted by p mod k.

Lemma 1.1.3. If ged(p, q) = 1, then for each integer r the equation
pr=r (mod q) (1.2)

has one unique solution x up to congruence (mod gq).

An integer p > 1 is called a prime if p has no positive divisor except 1 and p.
The only integers that divide 1 are =1 and we do not call 1 a prime.

FEuler’s function ¢(n) gives for each positive integer n the number of those
positive integers m satisfying 0 < m < n and ged(n, m) = 1. Note that ¢(1) = 1.

1.1.2 Integer Frobenius problem

Given k positive integers x1, T, . .., g, we say that an integer n can be written as a
non-negative integer linear combination of x1,x,, ..., xy, if there exist non-negative
integers cy, ca, . .., ¢ such that

n = 1o, + CoTo + -+ - + CLTL. (1.3)

We call this sequence of positive integers xi,xs,...,xr a basis. Without loss of
generality, we always assume 0 < ;1 < x9 < --- < 1 without explicit explanation
in all of the following chapters when we mention a basis (of integers). We use

(x1,T9, ..., x) = {clxl + CoTo + - -+ CLxE €1, Co, ..., C € N} (1.4)
to represent the set of all integers that can be written as non-negative integer linear
combinations of x1, s, ..., 2k, and say it is generated by the basis x1, zs, ..., .
Deciding whether N\ (z, zo,...,x;) is finite

It is a folklore result that if ged(zy,xg,...,2%) = 1, then there are only finitely
many non-negative integers that are not in (1, zs, ..., x). This property has been
used in additive number theory [142] and in probability theory [46, p. 336].



Lemma 1.1.4. Let xy,zo,. .., 2, be positive integers with ged(xy, xo, ..., x) = 1.
There exists an integer N such that n € (x1, o, ..., x1) for all integers n > N.

Proof. (Taken from Feller’s textbook [46, p. 336]) Since ged(zy,xo,...,2x) = 1,
by Lemma 1.1.1, there exist integers ¢y, co, ..., ¢, such that cixy + -+ + cpap = 1.
Let ¢ = Zle x; and

— 42 .
N =¢" max|ci]. (1.5)
Now we prove that for all integers n > N, n € (x1,z3,...,x). Each integer n > N

can be uniquely represented as n = N + pg + r, where p,r € N, 0 <r < g. Then

k k

— 42 . . — . N s
n=q 1122%6\61 | —i—pq—i-T‘AzlczxZ = Zl(qlrg%)ﬂcﬁ—kp—l—rcl)x“ (1.6)
i= i=

where g max;<;<g | ¢; |[+p+7re; > 0forall 1 <i < k. Hencen € (zy,29,...,2g). O

Furthermore, if there are only finitely many non-negative integers that are not in
(1,29, ...,xy), then ged(xq,xo,...,x,) = 1. Otherwise, there are infinitely many
non-negative integers not in (zy,xs,...,zx). Suppose ged(xq,xo,...,x5) = d > 1.
Then any integer of the form nd+1 is not in (xq, xs, ..., zx) for all n € N. Therefore,
the following theorem holds.

Theorem 1.1.5. Let xq,x9,...,z, be positive integers. There are only finitely
many non-negative integers that are not in (x1, s, ..., x) if and only if
ged(zy, g,y .. ap) = 1. (1.7)

Definition of the (integer) Frobenius problem

If the number of non-negative integers that are not in (zy,xs, ..., zx) is finite, one
natural question is, what is the largest integer among those integers? The Frobenius
problem (FP) is as follows:

Problem 1.1.6 (Frobenius problem). Given k positive integers x1, s, ..., Ty such
that ged(xy, xo, ..., x) = 1, what is the largest integer that cannot be represented
as a non-negative integer linear combination of x1,xo, ..., x?

The largest integer that is not in (x1, xe, ..., xy) is called the Frobenius number
of 1, %, ..., %, and it is usually denoted by g(z1, 2, ..., k).

The Frobenius problem is an old problem, and when it first appeared is not
completely clear. Ferdinand G. Frobenius (1849-1917) had discussed the problem
occasionally in his lectures in the late 1800’s (according to Brauer [17]), although he
did not publish anything on the problem (but obviously he knew this problem [49)]).



Table 1.1: An integer Frobenius problem example — ¢(3,5) =7

1€ (3,5), 2 & (3,5), 3=1-340-5,
4 ¢ (3,5), 5=0-3+1-5, 6=2-3+0-5,
7 & (3,5), 8=1-3+1-5, 9=3-3+0-5,
10=0-3+2-5  11=2-3+1-5  12=4-340-5,
13=1-3+2-5 14=3-3+1-5, 15=5-340-5

Example 1.1.7. Let k = 2,2, = 3,25 = 5. Then the first few integers generated
by the basis x1, x5 are shown in Table 1.1. Any larger integer that is not shown in
Table 1.1 can be written as a sum of a positive multiple of 3 plus one of the integers
10,11, 12, and thus is in (3,5). So ¢(3,5) = 7.

There are also other names used for the Frobenius problem in the literature, such
as the money-changing problem (or the money-changing problem of Frobenius, or
the coin-exchange problem of Frobenius) [172, 60, 137], the coin problem (or the coin
problem of Frobenius) [149, 143, 163, 60|, the Chicken McNuggets problem [168],
and the Diophantine problem of Frobenius (or the linear Diophantine problem of

Frobenius and other combinations of the nouns such as the Diophantine Frobenius
problem) [137, 126, 35].

Problem 1.1.8 (Chicken McNuggets problem). Chicken McNuggetsTM are available
in packs of either 6, 9, or 20 nuggets at McDonald’s®. What is the largest number
of Chicken McNuggets' that one cannot purchase without throwing any away?

Solution. (Taken from Vardi’s book [168, pp. 233-234]) The answer is
4(6,9,20) = 43. (1.8)

To see this, first of all, 43 is not in (6,9, 20). Suppose 43 = 6a + 9b 4 20c¢ for some
non-negative integers a,b,c. Then ¢ < 2 and 43 = 6a + 9b + 20¢ (mod 3), which
implies ¢ = 2 (mod 3). So ¢ =2 and thus 6a + 9b = 3, which has no non-negative
integer solution. Now all of the integers from 44 to 49 are in (6,9,20) as shown
below:

44=1-6+2-9+1-20, 45=0-6+5-9+0-20,
46=1-6+0-9+2-20, 47=0-6+3-9+1-20,
48=8-6+0-9+0-20, 49=0-6+1-942-20.

Since every integer n > 44 can be written as n = 6k + m, where £ € N and
m € {44,45,46,47,48,49 }, all integers n > 44 are in (6,9,20). Therefore, 43 is
the largest integer that is not in (6,9,20). In fact, one can check that the only
positive integers that are not in (6,9,20) are 1, 2, 3, 4, 5, 7, 8, 10, 11, 13, 14, 16,
17, 19, 22, 23, 25, 28, 31, 34, 37, and 43. O



1.2 Research on the FP

Because of Theorem 1.1.5, one can efficiently decide whether g(z1, xo, ..., zx) exists
for arbitrary positive integers 1, xs, ...,z by computing ged(xy, s, ..., x). To
compute g(x1, s, ..., x;), however, is generally a more difficult task.

1.2.1 Formulae for the Frobenius number
Cases k=2, k=3, and k=4

There exist simple formulae for the FP for a small fixed k. When k = 2, it is folklore
that g(zq,x2) = 129 — 11 — 9, which is sometimes cited as due to Sylvester [165],
although he did not actually provide this equation (for the available literature,
see [4]).

Theorem 1.2.1. Let x1,x9 be two positive integers with ged(xy,x5) = 1. Then
9(x1,72) = 2172 — 71 — To. (1.9)

Proof. (Rewritten from a proof of Nijenhuis and Wilf [117]) Let N = x9(z1—1)—x1,
and let n > N be an integer. By Lemma 1.1.3, the equation

xox =n (mod x;) (1.10)

has a unique solution z = ¢, such that 0 <z < x;. Then z7 | n — x2¢5. So we can
write n — x9co = x1cy for some integer ¢;. Then

T1cp =N — Tacy > N — x9(21 — 1) = —uq, (1.11)

which implies ¢; > 0. Therefore, n = x1¢; + xacy € (21, 25) for any integer n > N.

Suppose N = xo(x7 — 1) — 21 € (21, 29). Let N = c1x1 + cowo, where ¢1, ¢ € N.
Then
—Ty = cry  (mod 7). (1.12)

Since ged(z,x2) = 1, it follows that ¢; = —1 (mod 7). So ¢co > x; — 1. On the
other hand, since coxy < N < xo(z7 — 1), we have ¢o < x1 — 1. No such ¢ exists.
Hence N is not in (x1, z3).

Therefore, g(z1,x9) = N = x119 — 21 — Z9. O

Example 1.2.2.  To compute the Frobenius number ¢(3,5) in Example 1.1.7,
one can apply Formula (1.9) and get

9(3,5)=3-5-3-5="T. (1.13)



Although when k = 2 there is a simple formula to compute the Frobenius
number easily, the Frobenius problem becomes much harder for any fixed £ > 3.
So far, when k > 4, there is no simple formula known for the Frobenius number
except for various special cases of x1,xo, ..., xx.

In 1957, Roberts [135, 136] showed that for integers z,b > 2, where b | x + 1,

( ) (5 e+ (b=3)z -1, if > b2 —5b+ 3;
g$7x+ 7x+ =
(Z) (z4+b) + (b—4)z — (b+ 1), if x> —4b+2,
(1.14)

(for a generalized form of Eq. (1.14), see Goldberg [55]). Let x1, z2, x3 be positive
integers with ged(z1,x9,23) = 1. In 1960, Johnson [80] (also see the work of
Qiu and Niu [125]) showed that (as an immediate result from Lemma 1.2.6) when

r3 > 4% -2 2 where d = ged(x1, 22), the Frobenius number of 1, x5, 23 is
1
g(.ﬁl]l,IQ, 373) = Exle — 1 — T + (d — 1).1}3 (115)

In 1962, Brauer and Shockley [19] showed that if x; | 2 + 23, then

g(x1, 29, x3) :max{xg L 1T J — T, T3 { 1 J — 1 } (1.16)

To + X3 To + T3

Suppose none of the 1, x5, 3 can be written as a non-negative integer lin-
ear combination of the others, and integers s,t,q,r are determined by z3 = sz,
(mod x1), 1 < s < xy, @3 = sxg —txy, t > 0, 21 = gs+7r, 0 < r < s, and
x9 > t(q+1). Then, in 1977, Selmer [149] (also see Hofmeister [68] and Byrnes [25])
showed that

g(x1, 29, x3) = max{ (s — )zg + (¢ — 1)z, (r — 1)as + qas } — 21, (1.17)

which was later generalized by Hujter and Vizvari [75] (their result is complicated
and is omitted here). In 1987, Hujter [74] proved that for any integer x > 2,

g(x®, 2+ 1,2* + x) = 22° — 227 — 1. (1.18)
In 2006, Fel [45, Eq. (153)] showed that for any sufficiently large integer z,

g2z + 1,22 + 3,47 + 3) = 22° + 37 — 1. (1.19)

For arbitrary positive integers xy,xs,x3 with ged(zq,x2,23) = 1, there is a
formula for g(z1, o, x3) in terms of other constants. Let Ly, Lo, L3 be the smallest
positive integers that satisfy

Lixy = c1ox9 + c13x3, Lowg = o1y + o33,  L3xs = 3101 + c32ma,  (1.20)



for some non-negative integers ¢;;,1 < 4,5 < 3. Then Denham [37] in 2003 and
Ramirez-Alfonsin [130] in 2005 showed by using Hilbert series that for arbitrary
positive integers w1, x9, x3 with ged(zy, 9, x3) = 1, the Frobenius number satisfies

3
g(x17x27 Jfg) + an ==
n=1

max { L;z; + ¢k, Ljx; + cpxy b, if ¢;; > 0 for all 4, j;

Lix; + Lix;, if some ¢;; =0,

(1.21)
A restricted version of Eq. (1.21) was found by Johnson [80] in 1960. Johnson also
showed that for arbitrary zi,xs,x3, the numbers L, Ly, L3 can be calculated in
polynomial time [80].

For k = 4 the FP becomes even harder than the case k£ = 3. In 1964, Dulmage
and Mendelsohn [39] showed that for any positive integer z,

gz +lo+2,2+4) = (x+1) 2]+ 2] +2[=2] -

gwr+lz+2,r+5) = z|[=F]+ 5]+ =]+ %2 2J [%J

gle,x+Lo+20+6) = wl[g|+2[f] +2[5 +5 5] + [
+ xT

S+ -1
(1.22)

In 1975, Byrnes [26] examined some special cases for k = 4,5 (the formulae are too
complicated and are omitted here).
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Non-existence theorem of Curtis

In 1990, Curtis [34] proved that no simple formula for the Frobenius number exists
when k£ = 3. Here by “simple formula” we mean a finite set of polynomials.

Theorem 1.2.3. [3/] Let

A= { (w1, 19,73) € N*: 21 < 5 < 23, 71,79 are primes, ged(w1, 19, 23) = 1 }
(1.23)
Then there is no non-zero polynomial f € C[z1, 29, 23, z4] such that

f(wla .[L'Q,xg,g(wl, ZL‘Q,ZEE})) = O (124)
for every (x1, x5, x3) € A.

Corollary 1.2.4. [34] There is no finite set of polynomials fi, fa, ..., fx in three
variables such that for each choice of x1,xs, x3 with ged(xy, o, x3) = 1 there exists
some f; computing the Frobenius number g(xy,za, x3).

Proof. Proof by contradiction. Let f(z1, 29, 23, 24) = Hle (fi(zl, 29, 23) —z4). Then
f satisfies (1.24). O



Every basis 1, 22, x3 can be padded with some dummy integers zy, ..., x; that
are already in (xy, 29, x3), giving a basis of an arbitrary size k. The Frobenius
number of the new basis remains the same as the old:

g(x1, 29, 23,24, . .., 1) = (21, T2, x3). (1.25)

Since there are simple formulae providing upper bounds for g(z1, x2, z3) (see §1.2.2),
the dummy integers zy4,...,x; can be given explicitly by polynomials, and thus
Corollary 1.2.4 also eliminates the possibility of the existence of a simple formula
for the Frobenius number for any fixed k > 3.

Implicit formulae

There are several implicit formulae for the Frobenius number, which either depend
on other characteristics or are recursive. Some of them are very useful in the sense
that good bounds or algorithms can be derived from them.

For example, in 1962, Brauer and Shockley gave the following lemma [19, 68].

Lemma 1.2.5. [19] Let xq,xs, ..., be positive integers. Given integers y and l,

0<Il<uy,lett, (=t(y)) denote the smallest integer such that t; € (xq,xs,...,Tk)

and t; =1 (mod y). Then for every non-zero choice of y € (x1,xa,...,Tk),
g(x1,x2,...7xk) ZOSI?%)&U — Y. (126)

In 1960, Johnson [80] gave the following lemma for k& = 3, which was then
generalized by Brauer and Shockley [19].

Lemma 1.2.6. [80, 19] Let x1, . ..,z be positive integers with ged(zq, ..., x,) = 1.
Then

T g

T T Ty
g(xl,l'g,...,ﬂ?k) :dg(j’ 2 u 17*7;1{3) +(d_1)xk7 (127)
where d = ged (1, g, ..., Tp_1).

Example 1.2.7.  One can compute ¢(6, 9, 20) in the Chicken McNuggets problem
by either of the following procedures.

(a) By Lemma 1.2.6, we have
9(6,9,20) = 3g(2,3,20) +2-20 = 3g(2,3) + 40 = 3 + 40 = 43,  (1.28)
(b) By Lemma 1.2.5, we have ¢(6,9,20) = 63 — 20 = 43, where

63 = max { 0, 21,42, 63,24, 45, 6,27,48,9, 30,51, 12, 33,54, 15,36, 57, 18,39 } .
(1.29)



1.2.2 Bounds on the Frobenius number

Since finding a general formula to exactly compute the Frobenius number for a
basis is infeasible (see §1.2.5), finding formulae for good upper bounds and lower
bounds on the Frobenius number becomes another interesting aspect of the FP.

A quadratic upper bound g(z1, s, ..., x;) = O(z3) for the basis x1, o, ..., T
follows immediately from the following theorem, which was proved by Schur in his
lectures in 1935 (according to Brauer [17]).

Theorem 1.2.8. Let w1, s, ..., be a basis with ged(zy, xo,...,xx) = 1. Then
9(x1, 20, ..., xp) < BT — Ty — Ty (1.30)

Proof. (Rewritten from a proof of Brauer [17]) Proof by induction. For k = 2,
g(x1,29) = 2129 — 1 — 29 follows from Theorem 1.2.1. Now we assume (1.30) is
true for all bases of size k — 1. Let ged(z,x3,...,25) = d. Then ged(za,d) = 1,
and the equation

g(1,x9,...,2) = 22z (mod d) (1.31)
has a unique solution 0 < x = ¢y < d. Furthermore, g(x, zs, ..., z) — x2cy is not
in (r1,3,...,1;). Since ged(%, %, ..., %) = 1, by the induction hypothesis, we
have

g(x1, 29, .. x) — (1128 — X1 — Tp)
1
= Ty +d - C—Z(g(xl, Toy ..., Tp) — xQCQ) — (zyz) — T — 241) (1.32)
§x202+d9(%a%7"'7%> - (x1$k_x1 —ZL'k) (133)
< 900 + d(xcl;k - % - %) — (zym) — 1 — 1) (1.34)
= (d.TQCg — .fl.%’k(d — 1))/d (135)
<0. (1.36)
Therefore, g(z1,xa,...,2%) < X2 — T — Ty O

The asymptotic upper bound g(z1, xa, ..., x) = O(x?) is tight for fixed k (= 2).
When k = 2, by Theorem 1.2.1, we know g(x,z + 1) = 22 — 2 — 1 = O(2?).

In 1942, Brauer [17] gave another upper bound as in the following theorem,
which is the best possible upper bound under certain conditions [17, 18, 117].

Theorem 1.2.9. [17] Let xq, ...,z be positive integers with ged(zq, ..., x,) = 1,
and let d; = ged(xq, xe, ..., 2;) for 1 <i <k. Then

k
dy dy dk—1
e < —_ J— P — - 137
g(xy, 9, ... xp) < x2d2 +x3d3 4+ Fxp a0 ;:1 x ( )



There are other upper bounds for the Frobenius number in the literature. Let
T1,Ta, ..., T, be a basis with ged(zy,z2,...,25) = 1, where x; # x; for i # j.
In 1972, Erdos and Graham [42] showed that

X
g@r,@a,. @) < 2w | 7| — . (1.38)

which is tight for £ = 2. In 1977, a similar tight bound was found by Selmer [149]
for the case 1 > k, as follows:

g(x1, 29, . .., 21) < 2wy {EJ — . (1.39)

In 1975, Vitek [169] showed another bound for £ > 3 (also see Lewin’s work [97])

(1,72, ) < V“ - 1)2(5”’“ - 2)J . (1.40)

In 1990, Dixmier [38] proved a conjecture of Erdos and Graham [43, p. 86] that

2 2

T T
9(T1, T2, ..., 1) < A _kl = O(f) (1.41)

is tight in the sense that for any integer n and 2 < k < n,
—9 1

1<z1,x2,....c.<n
(1.42)
There are works on upper bounds for the Frobenius number in terms of other mea-
sures. For example, in 1992, Chrzastowski-Wachtel (according to the paper [126])
obtained the following upper bound:

g(x1,za, .. x) < (B —1)lem(xy, 29, ..., xk). (1.43)

There are also upper bounds for fixed k (= 3). In 1957, Robert [136] showed that
for 0 < a < b, ged(a,b) =1, and m > 2:

g(m,m+a,m+b)§m<b—2+L%J)%—ab—a—b. (1.44)
In 2002, Beck, Diaz and Robins [8] showed that
1
g(x1, 29, 3) < 5 <\/x1x2x3(x1 + xy + x3) — 1 — Ty — a:3>. (1.45)
There are some results on lower bounds for the Frobenius number. Let x4, ...,z
be a basis with ged(xq,...,2zx) = 1. A trivial lower bound is
9(w1, 29, ..., 1) > 71 — 1= Q(21), (1.46)
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which can be achieved by the example of consecutive integers in (1.72) on page 16.
In 1994, Davison [35] gave the following tight lower bound for k = 3 (also see
Hujter’s work [74]):

g(x1, T9,3) > /310903 — T — T9 — 3. (1.47)

In 1982, Hujter [73] gave the following lower bound for any arbitrary k (also see
Killingbergtrg’s work [85]):

k
g(T1, 29, ..., x)) > <%> ((k — )lzyxs - - ,izck)m — le = Q(kxﬁ) (1.48)
i=1

1.2.3 Variations on the FP

Many variations on the FP are of interest. As usual, let z1, 2o, ...,z be positive
integers with ged(xy,z9,...,2,) = 1 and (x1, 29, ..., x) be the set of all integers
that can be represented as non-negative integer linear combinations of the given
integers x1, To, . .., x). Instead of asking for the Frobenius number g(z1, xo, .. ., ),
the largest integer that is not in (xy, o, ..., xy), there are several other interesting
problems.

One such problem is to find the minimal integer n € (1,9, ..., x;) such that
m € (x1,Za,...,x) for all m > n. Obviously, n = g(z1,xs,...,2x) + 1. This
integer n is called the conductor of xy,xs, ..., xr. Sometimes a formula involving
the conductor has a simpler form (or proof) than the equivalent formula involving
the Frobenius number. For example, while the Frobenius number of integers x1, x5
is x1x9 — 1 — g, the conductor of z1, xq is simply (27 — 1)(zg — 1).

Another variation on the FP is to find the number of all positive integers that
are not in (1, Ta, ..., Ty).

Number h(xq,zs,...,z;) of positive integers not in (z1, s, ..., xx)

In 1882, James J. Sylvester (1814-1897) discussed the total number of those positive
integers that are not in (1, za, . . ., xx) [164, p. 134], and later this problem appeared
in the Fducational Times as a recreational question asking for a formula for k = 2,
which was then answered by Curran Sharp [165]. Let h(zy,xs,...,z;) denote the
number of positive integers that are not in (x, za, ..., xx).

Theorem 1.2.10. [164, 165] Let x1, x4 be positive integers with ged(xy,zo) = 1.
Then the number of positive integers that are not in (xy,zs) is

Bz, 29) = %(xl (s — 1), (1.49)
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Proof. (Rewritten from Sharp’s solution [165]) Consider the coefficient of the term
2™ 0 < n < 2xm9, in the expansion of the following product:

f(z) _ (1 4oty 221:1 4t Zx1x2)(1 4+ 22932 4+t Zﬂ?z’m). (150)
Suppose ¢1x1 + Core = n = a1 + chra, 0 < 1, ¢ <z and 0 < ¢y, ¢y, < xp. Then
(c1 — c))xy = (¢ — co)xa. (1.51)

We have either ¢; = ¢}, ¢ = ¢, or ¢1 = x9,¢y, = x1,¢) = ¢4, = 0. So each coefficient
of a non-zero term is 1 except that of z*'*2, which is 2. By symmetry, the coefficient
of the term 2" is equal to the coefficient of the term 22*1%27" Let 2z = 1. Then the
number of non-zero terms between z° and 2%1*2 is

%(f(l)—Q) +1= %(Jiﬁ—l)(xﬁl)- (1.52)

In addition, each non-zero term between z° and z"1*2 corresponds to an integer in
(x1,22), and the converse is also true. By Theorem 1.2.1, we have

g(x1,x0) = X119 — 1 — Ty < T1T2. (1.53)

So the number of zero terms between 2° and 2%1%2 is exactly h(z1,xs), which is
1 1
h(xy,22) = (120 + 1) — 5(1’1 +1)(z2+1) = 5(:61 —1)(xe —1). (1.54)
m
Example 1.2.11. In Example 1.1.7 we saw that there are four integers 1,2,4,7
in total that are not in (3,5). To compute h(3,5), we apply Formula (1.49) and get

1
h(3,5) = 5(8-1)(6—1) = 4. (1.55)
Nijenhuis and Wilf [117] compared the two values g(x1,...,xy), the Frobenius
number, and h(zq,...,x;), the number of positive integers not in (z1, ..., zx), and
gave a tight lower bound on h(zy,...,x;) in terms of g(z1,...,x;). The conditions

under which that lower bound is achieved were also discussed [117, 88].

Theorem 1.2.12. [117] Let x1, . .., x) be positive integers with ged(zy, ..., xx) = 1.
Then

(g(xl,xg, ceTE) + 1) < h(xy, 29, ... o) < g1, 20, . .., Ti). (1.56)

N —

Both upper and lower bounds given in (1.56) are tight. When the basis 1, . .., 7y
isp,p+1,p+2,...,2p — 1, the equality of the upper bound in (1.56) is achieved,
since in that case h(zy,xe,...,25) = g(x1,22,...,2,) = p— 1. When k = 2, the
equality of the lower bound in (1.56) is achieved as follows:

%(9($17$2) + 1) = %(1‘1@ —r— 2+ 1) = %(% — 1)(z2 — 1) = h(xy,22). (1.57)
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Since g(z1,...,z;) = O(x%) and g(z1,...,z) = Q(z1), then we know

h(xy,...,x) = O(x2), and h(xy,...,z) = Q). (1.58)

Killingbergtrg [85] studied h(xy, s, ..., x;) by using a geometric method and
presented the following lower bound:

k
k—1 1
h(zy,x9, ..., xK) > KT) (k= Dlzyzg - ap) = — ;ﬁk - 1J : (1.59)
Sum of positive integers not in (zq,xs,..., k)

A further question is to ask what is the sum of all positive integers that are not in
(x1,ma,...,x)). It is straightforward that the sum is bounded by

h(zy,...,xy) g(x1,..,Tk)
Z n < Z n < Z n = O(x}). (1.60)
el {netving@rasan } Moo

In 1993, Brown and Shiue [21, 66] discovered the following simple formula for k£ = 2:

1
Z n= 12(:61 — D)(z2 — 1)(2z129 — 21 — 29 — 1). (1.61)
{nENInQ(xl,x2>}

Rédseth [139] generalized Eq. (1.61) to any arbitrary power m > 1 as follows:

Z nmfl
{neNi ng(x1,z2) }

_ TERN (T T BBy~ B, (1.62)
m—l—l — = J m

%

where the B’s are the Bernoulli numbers, which are defined by the following expan-
sion

x B B, B;
=By + —1+ —a® + —2® 4 1.63
P e TN 3! (1.63)
The denumerant d(n;x;,zs,...,x;) — the number of partitions
For an integer n € (z1,xs,...,x), the expression of n as a non-negative integer
linear combination of zy, x5, ...,y may not be unique. One question to ask is: in
how many different ways can m be written as m = ¢;x1 + coxg + - - - cxxi? A more
general problem arises when the basis x1, xs, ... is infinite, for example, N.
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The general partition problem for the basis N is an old problem. Leonhard P. Eu-
ler (1707-1783) established an entire theory in the late 1700’s [44] (100 years earlier
than Frobenius’s work!) by means of generating functions. In order to study the
partition problem for the basis N, he considered the series

(o ¢] (o ¢] 1
1 n— = (1 20 Y1422 A Y (13 Yy
—l—;p(n)z }_[1 T (I4z+2"+ - )(14+22 42"+ ) (1427424 )
(1.64)
Hardy and Ramanujan [61, p. 79] proved the following asymptotic formula for p(n):
1 2n
n) ~ e"V s, 1.65
p(n) o (1.65)

Sylvester [164] defined the denumerant d(n;z,xs,...,x;) by the number of
different non-negative integer linear combinations of n in the basis x1,xs,..., )
and studied the series

= 1
1 d(n; e "= 1.66
+Z (nax17~r27 7:6]@)2 (I—Zzl>(1—Za;Q)-~~(1—Z$k)’ ( )
n=1
where to decide whether d(n;zq,xs,...,zx) > 0 in general is equivalent to the well-

studied integer knapsack problem. A useful variation on Eq. (1.66) was discovered
by Ozliikk and Sert6z [152] and was used to obtain Eq. (1.61).

Assuming ged(zq,...,xg) = 1, Schur [147] gave the following asymptotic esti-
mate of denumerants as n — oo,

nk—l

d(n;zy,xe, ..., Tg) ~ (1.67)

x1g - rp(k — 1)1

For k = 2, there is an exact formula for denumerants, which has been rediscov-
ered several times [123, 151, 167, 8, 20|, namely,

d(n;zy,x9) = nt Cflij G2 _ 1, (1.68)
122

where ¢y, ¢ are defined for each n such that

ary=-n (modzy), 1<c¢ <mxy, cx3=-n (modzxy), 1<c <.

(1.69)

Positive integer linear combinations

The FP is about the set (xi,...,z,) of all non-negative integer linear combina-
tions of xq,...,x,. What if we consider the positive integer linear combination
of xq1,...,x instead? Let f(zq,...,x;) denote the largest integer that cannot be
written as a positive integer linear combination of xq,...,x;. Then as mentioned
by Brauer [17] the two problems are strongly related.

14



Theorem 1.2.13. [17] f(x1,x9,...,xk) = g(x1,To, ..., Tk) + T1 + To + -+ + Xy

Sometimes a formula involving f(x1, s, ..., z)) has a simpler form or an easier
proof than the equivalent one involving g(z1,s,...,2x). For example, the for-
mulae f(z1,x9,...,2%) = df(%, Zo, %,xk) and f(x1,xe) = 179 are shorter
than their counterparts g(z1,xs,...,Tx) = dg(%l, Lo xk) + (d — 1)z, and
9(x1,22) = T1T9 — 71 — T3,

Extending the basis

Let x1,2a, ...,z be a basis with ged (21, 29, ...,2x) = 1. When we include a new
integer xyy1, the extended basis satisfies (xq,...,2%) C (x1,..., Tk, Tgr1). S0, by
definition, the Frobenius number of the new basis cannot increase:

g(x1, 29,y Tpa) < gy, X9, ..., TE). (1.70)
The equality in (1.70) is achieved when x4 € (21,29, ..., zx). If we require that
Tpy1 € (x1, 22, ..., x1), then one question is: can the equality in (1.70) be attained?

In 1970, Mendelsohn [111] showed that for k = 2 the equality in (1.70) cannot
be attained. By applying Lemma 1.2.6, we know for k£ = 2 the equality in (1.70)
can be attained only when z3 € (1, z2).

Theorem 1.2.14. [111] Let x1, 29,23 € N. If gcd(z1,29) = 1, x5 & (21, 22), then
9(w1, 29, 23) < g(w1, T2). (1.71)

In 1977, Selmer [149] also studied the problem of extending a basis. By consid-
ering an arithmetic sequence, he showed a more general result on this problem.

Theorem 1.2.15. [149] For any integer | > 2, there exist an integer k and a basis

x1,Toy ..., T with ged(xy, Ta, ..., 2,) = 1 such that when extending with positive
INLEGers Tyi1, Thto, - - -, Ty, Where Ty & (L1, ..., Tpy ..o, Tpyimr) for 1 < i <
the Frobenius number of the basis does not change: g(x1,Ta, ..., T, ..., Tpy) =
g(w1, 72, .., T1).

Coverage of Frobenius numbers

Finally, one question about the FP is whether every positive integer is a Frobenius
number for some basis. A recent paper of Rosales, Garcia-Sanchez and Garcia-
Garcia [143] showed that every positive integer is a Frobenius number for some
basis { z1, s, 3 }.

Theorem 1.2.16. [143] Let n be a positive integer. Then there exist three positive
integers xy, 9, 3 such that g(xy, xe,x3) = n.
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Let £ > 3 be a fixed integer. For any positive integer n, there are integers
x1, T, x3 € N such that g(xy,z9,23) = n. By padding with additional integers
Ty, .., T € (X1, T2, x3), Wwe know that g(xy, za, ..., xx) = g(x1, 22, 23) = n. So any
positive integer n is also the Frobenius number of k£ positive integers for £ > 3.
Furthermore, k = 3 is the least possible.

Proposition 1.2.17. [1/3] There ezist infinitely many positive integers that are
not the Frobenius number of any pair of positive integers.

Proof. If ged(x1,z2) = 1, then z, x5 cannot both be even. So, the Frobenius
number of two positive integers g(x1,x2) = x122 — 11 — 22 is always odd. O

1.2.4 The FP in special sequential bases

There are also studies on the FP in special cases, where the integers in a basis
belong to a special type of sequence.

Basis is an arithmetic sequence

The sequence of k consecutive positive integers that are in the same residue class,
r,x+d,x+2d,...,x+ (k—1)d, is called an arithmetic sequence. A special case
of the FP is when the integers in a basis constitute an arithmetic sequence. In
particular, one can easily verify that

g,z +1,x+2,...,2c —1) =z — 1. (1.72)

In 1942, Brauer (and Schur) [17] found the following formula for the Frobenius
number of k consecutive integers:

g(a:,x—l—l,x—l—?,...,x—i—k—l): Li—l

Jx—i—x— 1, (1.73)

which was generalized by Roberts [135] in 1956 (also see the simpler proof of Bate-
man [6]) as follows:

-2
g(z,x+dx+2d,...,.04 (k—1)d) = ﬁ 1J z +dr —d. (1.74)
Basis is an almost arithmetic sequence
A sequence x1, 9, ..., xy is called an almost arithmetic sequence if excluding either

x1 or x, the remaining part is an arithmetic sequence. The Frobenius number of
almost arithmetic sequences was introduced by Lewin [99, 98]. In 1977, Selmer [149]
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gave the following formula (also see Rodseth’s work [138]) for the Frobenius number
of integers constituting an almost arithmetic sequence:

€ —

kE—1

g(z,he +d, ha+2d,... ha+ (k—1)d) = L Jhx+(d+h—1)x—d. (1.75)

In 1979, Rodseth [138] found the formula (also see Shao’s work [158]):
g(x,x+d,...,$+ (k—2)d,x—|—Kd)

:4x+K@a—d+mm{x{§:;wuwwL%{;J—x},O7®

where ged(z,d) = 1, K > k—1,and x = oK + 3,0 < § < K such that 5 =0 or

atd> |55

Basis is a sequence of other type

In 1977, Selmer [149] considered sequences where the differences of terms consti-
tute geometric sequences (also see Hofmeister [68] and Goldberg [55] for similar
discussion), and gave the following formula:

gle,z+1,24+2,24+2% ... 242 = (2 +1) <

)+§: {gij +(k—)z—1.
(1.77)

In 1982, Hujter [73] considered the same type of sequence and gave the following
formula:

gla* P L T ) = (k=D - D2 -1, (1.78)

In 1987, Boros [16] considered a similar type of sequence, in which the differences
of consecutive terms except the first term constitute geometric sequences.

In 2007, Einstein, Lichtblau, Strzebonski and Wagon [40] presented a method to
produce formulae for the Frobenius number of a quadratic sequence of small length.
For example, for x > 2,

992,92 + 1,92 4+ 4,92 + 9) = 92° + 18z — 2. (1.79)

In 2008, Ong and Ponomarenko [119] discussed the Frobenius number of a geo-
metric sequence, and showed that for ged(x,y) = 1,

k+1 _ Ik+1)

E k-1 k-2, 2 yk) _ xy(yk - $k> - (?J

= (1.80)
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1.2.5 Algorithm for and computational complexity of the
FP

There are several known algorithms to compute the Frobenius number for a small
fixed k. For k = 3, let x1, x5, x3 be a basis with ged(z1, 22, 23) = 1 and z; # x; for
i # j. In 1960, Johnson [80] outlined an algorithm idea to compute g(z1,x2,x3)
without providing details. In 1962, Brauer and Shockley [19] presented a similar
method that costs O(z; + logzy) time to compute g(z1,xs2,23). In 1978, Selmer
and Beyer [150] proposed an algorithm using simple continued fractions to compute
g(x1, 9, x3); it is not easy to implement. Later, Rodseth [137] simplified their
method and developed an algorithm that runs in O(z; + log z5) time in the worst
case, but runs faster in practice. In 1994, Davison [35] developed an algorithm that
runs in O(log x2) time in the worst case, based on modifications of the algorithms
of Selmer-Beyer and Rédseth. In 2000, Killingbergtrg [85] developed an algorithm
that converts the FP for k < 4 into a geometric problem of cube-figures, which can
be solved in polynomial time for k& = 3; see Owens [121] for a similar approach.
So far, the algorithm given by Greenberg [59] in 1988 is the fastest algorithm to
compute g(z1, xa, r3) (according to the experiments in [9]), which runs in O(log x;)
time in the worst case.

Input: a basis x1,x9,. .., x.

Output: the Frobenius number g(z1, xo, . .., ).

form a circle of xy lights as 0,1,...,x; — 1, with only 0 turned on ;
repeat

sweeping each light ;
recording the number s(n) of visiting for each light n ;
if any of the k lights n — x; is on for 1 <i < k then
‘ turn n on (or keep n on if it is already on) ;
end

until there are x1 consecutive lights, all of which are on ;
let r be the last visited light that is off ;

g(x1, e, ... T )T + (s(r) — 1)xk :

© 00w N O sk W N

[y
o

Figure 1.1: Wilf’s algorithm to compute g(x1, s, ..., zx)

There are also several general algorithms for the FP for an arbitrary fixed k.
For example, in 1964, Heap and Lynn [63, 64] developed an algorithm by converting
the FP into the problem of computing the index of primitivity of a matrix, which
runs in O(z} log® r) time and uses O(z}) space. In 1978, Wilf [172] (also see
Huang’s work [72] in 1981) gave an algorithm, which runs in O(kz?) time and
uses O(zy) space; see Figure 1.1. In 1980, Greenberg [58] developed an algorithm
by similar approach; the correctness of both Wilf’s and Greenberg’s algorithms is
based on Lemma 1.2.5. In the same year, Nijenhuis [118] developed an algorithm
to compute the Frobenius number by finding a minimal path in a certain weighted
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graph, which runs in O(z;(k +logz)) time. In 1992, Kannan [81, 82], by studying
a geometric problem about covering radius, presented an algorithm to compute
the Frobenius number for any fixed k that runs in time bounded by a polynomial
in logz,. Kannan’s algorithm, however, runs in doubly-exponential time in the
dimension & and is not easy to implement. In 1993, Scarf and Shallcross [146]
developed an algorithm that converts the FP into the geometric problem of finding
a maximal lattice-free body. In 2005, Beihoffer, Hendry, Nijenhuis and Wagon [9]
showed a fast algorithm that can handle cases where k = 10, z; = 107.

In 1996, Ramirez-Alfonsin [129] proved that in the general case of an arbitrary k
the FP is NP-hard by giving a Turing reduction from the integer knapsack problem
(IKP), which is NP-complete [103].

Problem 1.2.18 (IKP). Given k+1 positive integers xq,xs, ...,z and t, do there
exist non-negative integers cy,ca, ..., ¢, such that Zi:1 cr; =17

Theorem 1.2.19. [129] The FP is NP-hard under Turing reductions.
Theorem 1.2.20. These problems are NP-hard under Karp reductions:

(a) Given integers xy,xs, ...,z and n, compute d(n;xy, Ta, ..., Tx);

(b) Given integers x1,xs, . .., Ty, compute h(zy,xs,. .., Tk).

Proof. (a) Let @1, x9,...,x; and t be an arbitrary instance of IKP. Then
d(t;xy,z9,...,x,) >0 (1.81)
if and only if ¢ € (x1, 29, ..., k), which means the IKP has a solution.
(b) Let @1, s, ...,z and t be an arbitrary instance of IKP. Then
h(zy, 9, ..., xx) = h(x1, 29, ..., x), ) (1.82)

if and only if ¢ € (z1, 9, ..., x), which means the IKP has a solution. O]

The NP-hardness result for h(xy, za, ..., xx) is due to Pawel Gawrychowski [52].

1.3 Applications and related problems of the FP

1.3.1 Sylver coinage

Game 1.3.1 (Sylver coinage). In this game the players name numbers in turn.
The number to be named must be a positive integer that has not yet been named.
In addition, no one is allowed to name a number which is a multiple of a named
number, nor to name a number which can be made up by adding together multiples
of named numbers. The winner is the player who names the last number except 1,
and the loser is the player who names 1. When 1 is named, the game is over since
no other integer can be named.
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Sylver coinage was invented by Conway [11, Chap. 18] and the game cannot go
on forever due to Sylvester’s result (Theorem 1.2.10).

Theorem 1.3.2. The Sylver coinage game will always stop after a finite number
of turns.

So far, there is no efficient algorithm to produce a winning strategy from an
arbitrary opening of a game with named integers being =1, xs, ..., 2. Some cases
with particular openings have been studied [11, 161].

1.3.2 Quadratic residues

Let p be a positive integer. An integer n, 0 < n < p, is called a quadratic residue of
p if the equation 22 = n (mod p) has a solution. Otherwise n, 0 < n < p, is called
a quadratic non-residue. It is well-known that when p > 3 is a prime then there are
exactly (p — 1)/2 quadratic residues and quadratic non-residues, respectively (for
example, see the textbook of Hardy and Wright [62, pp. 67-69]).

In 2007, Spivey [163] found a connection between quadratic residues and those
positive integers that are not in (x, z5) as described in the following theorem.

Theorem 1.3.3. [165] Let x1, x5 > 3 be two primes. Then the squares of integers
that are not in (x1,xe) modulo x1 (respectively, xs) consist of xo — 1 (respectively,
x1 — 1) copies of each of the quadratic residues of x1 (respectively, xs).

Example 1.3.4. As we saw in Example 1.1.7, the only positive integers not
in (3,5) are 1,2,4,7. The set of quadratic residues of 3 is {1}, and the set of
quadratic residues of 5 is { 1,4 }. Their relation is illustrated in Table 1.2: there
are 5 — 1 = 4 copies for each quadratic residue of 3, and 3 — 1 = 2 copies for each
quadratic residue of 5.

Table 1.2: Relation between quadratic residues of 3,5 and = € N\ (3,5)

T 1 2 4 7
x? 1 4 16 49
2% mod 3 1 1 1 1
2% mod 5 1 4 1 4

1.3.3 Local postage-stamp problem

The local postage-stamp problem (LPSP) was introduced by Rohrbach [141, 140].

Problem 1.3.5 (Local postage-stamp problem). Given an integer h > 1 and k + 1
positive integers xy,xs, ..., Tk, where x1 = 1, what is the smallest positive integer
that cannot be represented in the form cixy + coxe + - - - + ¢y, where all the ¢; are
non-negative integers for 1 <i <k andci+co+---+cp < h?
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The name of the local postage-stamp problem comes from the following in-
formal description of the problem: if the available denominations of stamps are
x1,%9,...,T, then what is the smallest amount of postage that cannot fit on an
envelope of size h?

We denote by (1,9, ..., xk), the set of all integers that can be represented as
non-negative integer linear combinations c;xy + coxy + - - - + cxxk, Where ¢ + co +
-+« + ¢ < h, and denote by Nj(x1,2a,...,x)) the smallest positive integer that is
not in (zy,xs, ..., Tx)p. It is folklore that

Nh(l'l,xg) == (h + 3 — .I‘Q)IQ — 1. (183)

There are a few papers on the LPSP and its variations, such as the global postage-
stamp problem (refer to Guy’s book [60, pp. 123-126]). The FP is related to
the LPSP. For example, Shallit [153] proved LPSP to be NP-hard under Turing

reductions by reducing from the FP, which is NP-hard.
Theorem 1.3.6. [153] The LPSP is NP-hard under Turing reductions.

The proof relies on the fact that given positive integers b; < by < - -+ < b, with

ged(by, by, ..., bg) = 1, one can construct in polynomial time integers h,a; = 1,
A2, - - -5 Ak, Qg1 A2 Such that g(by,ba, ..., bx) = hagyo — Ni(ar, ag, . . ., Gpy2).

1.3.4 (90,91, --,9r)-tree

A tree is called a (go, g1, .., gk)-tree if the number of children of every internal
node belongs to { go, g1, - - -, g } and all leaves are of the same height. An integer n
is called (go, g1, - - -, gr)-realizable if there exists a (go, g1, - - - , g )-tree with n leaves.

The (go,91,---,gxr)-tree is a useful data structure; see the textbook [33, p. 300,
p. 439] for examples of a (3,4)-tree and a (3,4, 5)-tree.

Theorem 1.3.7. [120, 92] All positive integers except finitely many of them are
(90, 91, - - -, gr)-realizable if and only if ged(gr — go, ge — 915 - gk — gr—1) = 1.

The relationship between the (go, g1, - - - , g )-tree and the FP is the following: the
largest integer that is not (go, g1, - - . , g )-realizableis > g(go—1,1—1, ..., gr—1)—1.

1.3.5 Shellsort algorithm

An application of the FP appears in the analysis of the Shellsort algorithm [76, 148].
The Shellsort sorting algorithm was invented by Shell [159] in 1959; see Figure 1.2.
Depending on the chosen increments hy,...,hs, hy = 1, the computational com-
plexity of the Shellsort algorithm varies. It is well known that for ¢ > 1 the running
time of the Shellsort algorithm with Shell’s original setting h = ...,27,...,4,2,1
is O(N?) in the worst case, where N is the number of elements to be sorted. The
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Input: an array a[l],a[2],...,a[N] to be sorted
Output: sorted array a

1 foreach increment h in { hy,...,he,hy =1} do

2 foreach arithmetic progression index sub-array of increment h do
3 sort ..., a[i — 2h],ali — hl,ald],... using insertion sort

4 end

5 end

Figure 1.2: Shellsort algorithm

works of Ajtai, Komlds and Szemerédi [3] and Leighton [93] on sorting network the-
ory showed the possibility of the existence of increments that can make Shellsort
run in O(N log N) time on average, but no such increment has been found yet. So
far, the best increments were given by Pratt [124]. With Pratt’s increments the
Shellsort algorithm runs in O(N(log N)?) time.

In 1985, by studying the FP, Incerpi and Sedgewick [76] showed increments

that can make Shellsort run in O(N T ) time for any € > 0. Their analysis was
based on the following lemma.

Lemma 1.3.8. [76] The number of steps required to sort with the increment h; after

a list of size N is already sorted with increments hy, ..., hjyo, hji1 in Shellsort is
1
COStj < Nnhj (hj+1, hj+2, ceey ht> =0 ENg(hj_;,_l, hj+2, ceey ]’Lt) y (184)
j
where ny; (hji1, . .., hy) is the number of multiples of h; that are not in (hjy1,. .., hy)
and g(hjt1, ..., ) is the Frobenius number of hjiq, ..., hy.
For example, for either Hibbard’s increments 1,3,7,...,2% — 1, or Papernov-
Stasevich’s increments 1,3, 5, ..., 2%+1, or Knuth’s increments 1,4, 13, . . ., %(3’“—1),

the running time of Shellsort based on these increments are upper bounded by

S cost,= Y OR)+ 3 o(flj_) —o(nt)+o(nt)—o(n),

1<5<¢ 1<j<%o to<j<t
(1.85)

where t; is an index such that hy,, = O(N %) The upper bound on the first sum
in (1.85) comes from Lemma 1.3.8. The upper bound on the second sum in (1.85)
comes from the analysis of insertion sort.

There are also papers on the analysis of the complexity of Shellsort using dif-
ferent methods (for example, see Jiang, Li and Vitdnyi [79]).

1.3.6 Tiling problem

The tiling problem is a family of problems, and the history of the tiling problem
can be traced back thousands of years ago to the early Greeks. The general tiling
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problem is to use small pieces of certain types of tessellations, called tiles, with
fixed shapes and possibly painted colors, to mosaic a large area. Some problems
allow the tiles to be rotated, while other problems do not allow rotating tiles. The
FP is also related to a tiling problem [86].

Problem 1.3.9 (Problem B-3 from the 1991 William Lowell Putnam Examina-
tion). [86] “Does there exist a real number L such that, if m and n are integers
greater than L, then an m X n rectangle may be expressed as a union of 4 X 6 and
5 x T rectangles, any two of which intersect at most along their boundaries?”

>197=¢(20,28,35)

A\

zgéz{\\\\ﬂfé?{ I -

Figure 1.3: Hlustration to the solution to Problem B-3

Solution. Here rotation of tiles is allowed. First, the 20 x 6 and 20 x 7 rectangles
can be tiled by five 4 x 6 tiles and four 5 x 7 tiles, respectively. Since g(6,7) = 29,
every 20 x n rectangle can be tiled for any n > 29. Then the 28 x 5 and 28 x 6
rectangles can be tiled by four 5 x 7 tiles and seven 4 x 6 tiles respectively. So every
28 x n rectangle can be tiled for any n > ¢(5,6) = 19. Finally, the 35 x5 and 35 x 7
rectangles can be tiled by five and seven 5 x 7 tiles respectively and thus every
35 x n rectangle can be tiled for any n > ¢(5,7) = 23. Since ged(20,28,35) = 1
and ¢(20,28,35) = 4¢(5,7,35) +3-35 =4¢(5,7) +3-35 =4-23 4+ 3-35 = 197,
any m X n rectangle with m,n > max {29, 19,23,197 } = 197 can be tiled by first
dividing the m x n rectangle into several 20 x n,28 x n,35 x n blocks and then
tiling each block by the given 4 x 6 and 5 x 7 tiles. So, L = 197 is one solution. [J

In 2002, Narayan and Schwenk [115] proved that for m > n > 28 the only m xn
rectangles that cannot be tiled with the 4 x 6 and 5 x 7 tiles are the rectangles of
sizes 31 x 29, 33 x 32, and 33 x 33. So the smallest L is 33.

The FP is related to many other problems, and has applications in various fields,
including but not limited to combinatorics, number theory, and algorithms. In fact,
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a recent book by Ramirez-Alfonsin [130] lists over 400 references on the FP, related
problems (including most of the problems mentioned here), and applications. To
mention a few that we do not consider in the thesis, applications of the FP appear
in the theory of Petri nets [166, 31, 173], in the upper bound for the partition of a
vector space [65], in the structure of monomial curves [112], in the study of algebraic
geometric codes [69], in generating random vectors [171], in DNA sequencing [13,
14], and in image description [133].

1.4 Shallit’s non-commutative generalization

1.4.1 Generalizations of the FP

There are several generalizations of the FP in algebraic structures other than the
integers. For example, Skupienn [162] in 1993 studied the following generalization
of the FP in a numerical semigroup (also see Hofmeister [67]):

Problem 1.4.1 (Modular generalization, FP). [162] Let x1, x5, ..., x;,m € N. We
define Nj(m;xy1, %2, ..., xx) to be the mazimum p € N such that p cannot be written
as p = S0 ciwy, where ¢; € N for 1 < i <k and Yr_ ¢ = j (mod m). Then
what is the largest Nj(m; xq,xa, ..., x)) for 0 <j<m—17

If we define K (m; x1, %o, ..., o) = maxo<j<k—1 N;j(m; 1, T2, ..., zg), then Prob-
lem 1.4.1 is a generalization of the Frobenius number in the sense that
K(l;xl,x27...,xk):g<$1,$2,...,$k). (186)

A multi-dimensional version of the FP about integer vectors has been studied
independently (Knight [87]; Vizvéri [170]). Instead of integers in N, the multi-
dimensional FP considers integer vectors in N™.

Problem 1.4.2 (Multi-dimensional generalization, FP). [170] Let @, ...,z € N™
be k integer vectors and (x, ..., ) be the set of all vectors that can be written as
a non-negative integer linear combination of xy, ..., x,. What is the vector v with
the smallest Euclidean distance from the origin such that every integral vector in
1)+{clac1+---+ckmk:0§cl,...,ck GR} is in (Ty, ..., @) ?

If m =1, then {clx1+02x2+---+ckxk:0 < 1,60y, 0 € ]R} is just a ray
{n eR:n>0 } and Problem 1.4.2 becomes the original FP.

There are also papers on a continuous version of the FP, where positive real num-
bers with certain conditions are considered (Lev [96]; Lenstra and Pomerance [95]).

In this thesis, we will focus on generalizations of the FP in a free monoid.
Instead of considering the non-negative integer linear combination of integers, we
will consider the concatenation of words. The concatenation operation does not
satisfy the commutative law in general while integer addition does. Due to the
lack of commutative law, the FP in a free monoid exhibits different and interesting
properties.
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1.4.2 Free monoids and the FP

Let S and T be two sets. As usual, S U T, S N T, and S\ T denote the set
union, set intersection, and set difference of S and T, respectively. We use both S
and S~ to denote the complement of S, use P(S) to denote the powerset of S, and
use both | S| and #5S to denote the cardinality of the set S. The symbol () denotes
the empty set { }. If S is a subset of T', we write S C T', and write S C T in case
SCTand S#T.

A binary operation in a set S is a mapping from the cartesian product S x S
into S as (a,b) — ¢, where a,b, ¢ are in S and we denote ¢ by a - b, which is written
as ab for short, or by a + b in some cases. A binary operation - is associative if
(ab)e = a(bc) and commutative if ab = ba.

A semigroup is an algebra (S, ), where S is a set and - is an associative binary
operation in S. For brevity, when we call a set S a semigroup, we mean the
semigroup (5, ), where the binary operation - is implicitly known.

An element e of S is an identity (for the binary operation -) if ea = ae = a for
every a in S. If an identity exists, then it must be unique.

A semigroup is called a monoid if it has an identity.

Let X be a set called an alphabet, where each element is called a letter. In this
thesis, without loss of generality, we always assume the letters in X are linearly
ordered and written as 0,1,2,...(,z) where z is the largest letter in 3 if ¥ is finite.
For a letter a € X, we write ¥, to refer to the set ¥\ {a }. In this thesis, we write
arbitrary alphabets as X, A, ...and we write arbitrary letters as a, b, ¢, d, .. ..

A (finite) word (or string) w over the alphabet ¥ is a finite sequence of letters
written as ajas - - - a,, and the empty word is written as e. The length of a word is
defined by |ajas---a,| =n, and |e| = 0. Let u = ayas---a, and v = byby - - by,
be two words. We say words v and v are equal if m =n and a; = b; for 1 <17 < n.
In this thesis, we write arbitrary words as u, v, w, x, y, 2z, .. ..

We write £F to refer to the set of all (finite) non-empty words over ¥, write ¥*
to refer to the set of all (finite) words over X, and write ¥ to refer to the set of all
words of length k. The concatenation - of two words is defined as follows:

x1x2 .. xn . y1y2 DY ym = x1x2 DR wny1y2 ... ym. (1.87)

Then (X7, ) is a semigroup, which is called a free semigroup, and (3*, -) is a monoid,
which is called a free monoid.

For the word w = aias - - - a,,, we define

w[z'..j]:{“a“ G Br=t=J=0 (1.88)

€, otherwise.

Any word wl[l..i] for 0 <i < |w]| is called a prefiz of w and any word wli.. | w |] for
1 <i<|w]|+1is called a suffiz of w. We say a prefix (suffix) u of w is proper if
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u # w. We write Pref(w) and Suff(w) to refer to the set of all prefixes and suffixes
of w, respectively. A word u is a conjugate of a word v if w = v[i + 1.. | v|]v[1..i] for
some 1 <7 < |v| and in this case we write u ~ v. The conjugacy relation ~ is an
equivalence relation.

Let ¥*, A* be two free monoids. A morphism h : ¥* — A* is a mapping such
that h(uv) = h(u)h(v) for all u,v € 3*. Then h is uniquely determined by A’ : ¥ —
A* where h'(a) = h(a) for all @ € . Usually, when we define a morphism h, we
only write down A’ for brevity. For a morphism h : ¥* — A*, the inverse morphism
h7': P(A*) — P(Z*) is defined by h™*(L) = {w: h(w) € L }. Two free monoids
¥*, A* are isomorphic if there are two morphisms f : ¥* — A* g : A* — ¥* such
that g(f(u)) = w and f(g(v)) = v for all u € ¥* and v € A*.

The free monoid over an alphabet ¥ is one of the major research objects in formal
language theory and combinatorics [101, 90, 160], and results from the research on
the free monoid have various applications in many domains, such as communication
theory [50, 10], algebraic linguistics [30, 53], DNA sequence computing [132, 106],
and text compression [176]. Due to the wide usage of the free monoid, the gener-
alization of the Frobenius problem in a free monoid is an interesting topic.

Example 1.4.3. Let ¥ = {0,1} be the binary alphabet. Then the set of
all finite binary words is ¥* = {€,0,1,00,01,10,11,...} and, together with the
concatenation operation, comprise a free monoid.

Example 1.4.4. Let ¥ = {0} be the unary alphabet. Then the set of all
finite unary words is ¥* = {¢,0,00, 000, ... } and, together with the concatenation
operation, comprise a free monoid. In the free monoid over a unary alphabet, the
commutative law is satisfied.

The non-negative integers in N with addition constitute a monoid, which is
isomorphic to the free monoid over the unary alphabet {0}, specified by the mor-
phism f(y) = 0¥ and g(0Y) = y. It is, however, special in the sense that the addition
satisfies the commutative law, which is in general not satisfied in a free monoid.

Let X be an alphabet. Any subset of ¥* is called a language (in ¥*). Let S,T
be two languages. We denote by S - T, or ST for short, the language
ST ={zy:zeSyecT}. (1.89)

We denote by S* the language {xlxz Ce TR X1, Lo, ..., T €S }, denote by ST the
concatenation closure of S, which is {xlxg TR Xy, Loy, X € Sk >1 }, and
denote by S* the language ST U {e€}.

The reverse of a word w = ajasas - - - ay, is w? = aga_1 - - - asa,, and the reverse

of a language S is S = {wR:w € S}. A palindrome w is a word such that

’LUR:U}.

A language S in X* is called finite if it consists of finitely many words. If S is
finite, we let llw (S) denote the length of the longest word(s) in S:

llw (S) = max |w]. (1.90)
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We define llw ()) = —1 and define llw (S) = oo when ' is infinite. A language S' is
called co-finite (in ¥*) if its complement S = ¥* \ S is finite.

Shallit asked the following question: given k words x1,xs,...,x, such that
{x1, 29, ..., 21} is co-finite, then what is (the length of) the longest word that
is not in the language { x1, %o, ...,z } ¢ This problem is the Frobenius problem in
a free monoid, and the goal of this thesis is to try to answer Shallit’s question from
different points of view.

The Frobenius problem in a free monoid is a generalization of the Frobenius
problem in the sense of the following theorem, which follows from Theorem 1.1.4.

Theorem 1.4.5. [83, 84] Let ¥ = {0} and S = {0",0%2,...,0% }. Then S* is co-
finite if and only_ifgcd(xl, To,...,x) = 1. Furthermore, if S* is co-finite, then the
longest word in S* is 09@1:222x) and the number of words in S* is h(xy1, Ts, ..., T)).

As shown in Theorem 1.1.4, the condition ged(zy,zo,...,2x) = 1 is neces-
sary and sufficient for the existence of the Frobenius number, g(x1, zs,. .., zy), for
given positive integers x1, o, ..., 2. For the Frobenius problem in a free monoid,

however, there is no such simple condition. In fact, as we will see in Chapter 5,
CO-FINITENESS OF STAR OF STAR-FREE REGULAR EXPRESSION, a strongly related
decision problem, is NP-hard. A brief comparison of the original Frobenius problem
and the Frobenius problem in a free monoid is given in Table 1.3.

Table 1.3: Comparison of the original FP and the FPFM

the original FP the FP in a free monoid
x1,..., T are integers xy,...,T are words
non-negative integer linear combination concatenation of words
(x1,...,Tk) {@y, 29, 2}
ged(zy, ..., z) =1 the language is co-finite
the Frobenius number (length of) the longest word(s) omitted
g(x1, ..., TE) 1w ({xl,xg,...,xk}*>

Our generalization is non-commutative because in general the concatenation
of words does not satisfy the commutative law. In other words, while the non-
negative integers N with addition and multiplication comprise two commutative
(abelian) monoids (N, +,0) and (N, x, 1), a free monoid (X%, -, €) is not a commu-
tative (abelian) monoid in general.

To avoid ambiguity, we call the original Frobenius problem (FP) the integer
Frobenius problem, while we call the new generalization the Frobenius problem in
a free monoid (FPFM).
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1.5 Organization of the thesis

In this thesis, I will discuss generalized forms of the Frobenius problem in the uni-
verse of words, including Shallit’s non-commutative Frobenius problem and other
variations.

In Chapter 2, I will give the definition of the Frobenius problem in a free monoid
(FPFM) and discuss some general properties of the FPFM. Then I will mainly focus
on a particular subproblem, the 2FPFM, where the words in the basis are of only
two distinct lengths. I will discuss the 2FPFM from different points of view. I
will present two equivalent problems and finally give the complete spectrum of the
solutions of the 2FPFM. A word graph, as the generalization of the famous de Bruijn
graph, is introduced in order to discuss the 2FPFM. At the end of Chapter 2, I will
discuss the Frobenius problem in a free monoid in case where the lengths of words
in the basis constitute a special sequence.

In Chapter 3, I will discuss some variations on the FPFM and related problems.
The first variation is that the concatenation of words are taken in a fixed order.
Then I will discuss the FPFM with the input and output being specified by other
means (for example, deterministic finite automata — DFAs, nondeterministic finite
automata — NFAs, regular expressions). Some other variations on the FPFM with
different aspects instead of the length of the longest omitted words are: the total
number of omitted words, numbers that can be solutions to instances of the FPFM,
bases with small sizes, and the number of different factorizations. I will also discuss
the co-finiteness of sets of infinite words (right-infinite, left-infinite, bi-infinite),
concatenation with overlap, co-slender languages and other settings. At the end, I
will discuss a generalization of the local postage-stamp problem in a free monoid.

In Chapter 4, I will present the construction of some essential examples to com-
plement the theory of the 2FPFM discussed in Chapter 2. The examples include a
description of bases achieving exponentially-long omitted words, and corresponding
examples with input being specified by NFAs, regular expressions, and determinis-
tic pushdown automata (DPDAs). The examples also include a description of bases
achieving doubly-exponentially many omitted words. At the end, I will give some
experimental statistics.

In Chapter 5, I will discuss the algorithm for and computational complexity of
the FPFM and related problems. I will present two exponential-time algorithms
for the general FPFM and one polynomial-time algorithm for the 2FPFM. At the
end, I will show that a particular decision problem related to the FPFM is NP-hard
and in PSPACE.

In the last chapter, I will summarize the main results in this thesis and list some
open problems.

Part of my work in this thesis has appeared in papers [83, 84, 157].
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Chapter 2

General theory of the FPFM

In §2.1 I will give the definition of the Frobenius problem in a free monoid (FPFM)
and some general properties of the FPFM. In §2.2, I will discuss different ways
of describing the problem and different measures that we can use to bound the
solution. In §2.3, T will show bounds on the longest words that could be the
solutions to the FPFM. In the remaining sections, except the last one, I will focus on
a particular type of the FPFM, called the 2FPFM. In §2.4, T will give the definition
of the 2FPFM. In §2.5, I will discuss the 2FPFM from the view of combinatorics on
words and give an equivalent problem. In §2.6, I will use some concepts from graph
theory and define the word graph for the 2FPFM to present another equivalent
form of the 2FPFM. In §2.6, by generalizing the de Bruijn graph, I will also give
the complete spectrum of the lengths of words that could be the solutions to the
2FPFM. Finally, in §2.7, I will tackle the FPFM in some other special cases.

The main theorems in this chapter are 2.4.12, 2.5.3, 2.6.6, and 2.6.19; these are
my contribution to the FPFM.

2.1 The Frobenius problem in a free monoid

We will start from the formal definition of the Frobenius problem in a free monoid
(FPFM), which is the main topic of this thesis, and then exhibit some examples
and general properties of the FPFM.

2.1.1 Definition of the FPFM

Problem 2.1.1 (Frobenius problem in a free monoid). Let ¥ be a (finite) alphabet.
Given k non-empty words x1,xs,...,x, € X* such that there are only finitely many
words that cannot be written as concatenations of words in { x1,xs,..., Tk }, then
what is the longest such word(s)?
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If a word w can be written as a concatenation of non-empty words as
AW /
W =TTy - T, (2.1)

where [ > 0 and all 2} € {z1,29,...,25} for 1 < ¢ < [, then we call (2.1) a
factorization of w (into x1, xo, . .., xx) and each of the 2/ a factor of w. In particular,
we say the empty word e can be factorized into a concatenation of 0 words from
any basis. The set S* can be written as

S*={a\xy- 2], xh, ... 1€ 5,1>0}, (2.2)

which contains all words that can be factorized into words in S, and we say that
S* is generated by the basis x1,za,. .., x, where S = {x1,x9,..., 25 }. Unlike the
case of integers, the longest word that is not in S*, if any, may not be unique.

Example 2.1.2.  For any arbitrary alphabet X, let 57 = Y3 U XS, Then S} is
co-finite and S} = ¥' U X? U X* U X" The longest words not in S} are X' and
llw (S7) = 7= g(3,5).

The following propositions are about co-finiteness, some of which are based on
results from the study of the integer FP.

In the definition of the FPFM, the number of the given words is finite. In fact,
it does not matter whether the number of given words is finite or not, in the sense
that one can always choose a finite subset of them to get a new basis, and the two
bases generate the same co-finite language, as the following proposition says.

Proposition 2.1.3. Let S be a set of words over ¥. If S* is co-finite, then there
exists a finite subset T C S such that T = S*.

Proof. It 5* = X*, then we can take T' = X. Otherwise, S* # X*. Since 5™ is
co-finite, let [ = llw (S *) We now consider the finite set of words

U= u sty ...y i (2.3)

By Formula (1.72), g(I+1,l+2,...,2l4+1) = [. So any word of length [’ > [ can be
factorized into words in U according to the partition of I’ into [+1,1+2,...,2[+1.
Hence U* is co-finite and llw (W) =1[=1w (?) Furthermore, all words in U
can be factorized into words in S. Let T} be the set of all words that appear in a
factorization, into the basis S, of each word in U, and let T be the set of all words
of lengths <[ in S. Then T'="T, U T5 is a finite subset of S, and thus T* C 5*.
Every word of length > [ is in S* and is also in 77. A word of length < [ is in
S* if and only if it can be factorized into words in T5. So S* C (T} U Ty) C T™*.
Therefore, T* = S*. O

The following proposition is particularly useful to decide if a language generated
by a basis is co-finite. To show that S generates a co-finite language, one only needs
to check that S* covers all words of some lengths 1, xy with ged(zq,22) = 1. In
particular, one can choose x1,xs to be two consecutive integers.
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Proposition 2.1.4. Let S C ¥*. Then S* is co-finite if and only if there exist two
positive integers Y1, Yo such that ged(yr,y2) = 1 and X9 U %2 C S*. Furthermore,

llw (S*) < g9(y1,12).

Proof. =: If S* is co-finite, let y1,ys > rnax{ 1, 1lw (?) } be two distinct primes.
Then T'= (¥ U %) C S* and ged(y1,y2) = 1.

<: Let yy, 92 be two positive integers such that ged(yr,y2) =1 and T'= 3% U
¥¥2 C S*. Then any word of length I > ¢(y1,y2) can be factorized into words
in T according to the partition of [ into yi,vy., and thus 7™ is co-finite. Since
T* C (5*)* = 5*, we know that S* is also co-finite.

Furthermore, llw (?) < llw (ﬁ) = g(y1, y2)- ]

For any fixed k > 2, a result similar to Proposition 2.1.4 also holds: namely, S*
is co-finite if and only if S* includes all words of some lengths y1, 92, ..., yx with
ged(yr, Y2, ..., yx) = 1, and furthermore llw (S*) < g(y1,Y2, -+, Yr)-

There exist non-trivial instances of the FPFM. Here are several examples.

Example 2.1.5. For the binary alphabet, let Sy = {1,00,01,10,000,010 }.
Then S5 is co-finite and factorizations of words of lengths < 3 are given below:

(€) 0 (1) (00)  (01)  (10)  (1)(1)
(000) (00)(1) (010) (01)(1) (1)(00) (1)(01) (1)(10) (1)(1)(1)

Since ged(2,3) = 1, all words of lengths > 4 > ¢(2,3) = 1 are in S;. Therefore, the
only word not in S is 0.

Example 2.1.6. For the binary alphabet, let
Sy ={0,11,001,010,100,101,111,1001,1011,1101,10001,10101 } . (2.4)

Then Sj is co-finite and factorizations of words of lengths < 5 are given below:

(o) (0) 1 (0)? 01 10 (11)

(0)3 (001) (010) (0)(11) (100) (101) (11)(0) (111)
(0)* (0)(0o01) (0)(010) (0)%(11) (0)(100) (0)(t01)  (0)(11)(0)  (0)(111)

(100)(0) (1001) (101)(0) (1011) (11)(0)? (1101) (111)(0) (11)2
(0)° (0)?(001)  (0)*(010) (0)%(11) (0)2(100)  (0)*(101)  (0)*(11)(0)  (0)*(111)

(0)(100)(0)  (0)(1001)  (0)(101)(0)  (0)(1011)  (0)(11)(0)*>  (0)(1101) (0)(111)(0)  (0)(11)?
(100)(0)? (10001) (1001)(0) (100)(11) (101)(0)? (10101) (1011)(0)  (101)(11)
(11)(0)3 (11)(001)  (11)(010)  (11)(0)(11)  (11)(100)  (11)(101) (11)2(0)  (11)(111)

Since ged(3,4,5) = 1, all words of lengths > 6 > ¢(3,4,5) = 2 are in S;. Therefore,
the only words not in S5 are in {1,01,10} and 01, 10 are the longest two.

Proposition 2.1.7. Let zy, ...,z be k words over ¥. Then L = {x,...,x; }" is
not co-finite if and only if there are words u,v,w such that v # ¢ and uwv*w C L.
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Proof. Trivially, if such w,v,w exist, then by definition L is not co-finite. Now,
we suppose L is not co-finite. Then L contains arbitrarily long words. The finite
language { x1, s, ...,z } is regular. Since the class of regular languages is closed

under Kleene-star * and complement, L = { zy, 79, ..., }" is also regular. So such
u, v, w exist by the pumping lemma (for example, see the textbook [71]). ]

Corollary 2.1.8. Let vy, 1, ..., 2y be k words over X such that L = {1, ..., 2 }"
is co-finite, and let n = maxy<;<x | x; |. Then, for any letters by, by, ..., b, € ¥ and
any word u € ¥, we have { uby, ubiby, ubibobs, ..., ubiby---b, } N L # 0.

Proof. Consider the language L' = ubiby - - - b, X*. Since L is co-finite, L' N L # ().
Let w € L' N L, and let w = vivy - - - v; be a factorization of w into words z’s. Then
there is some r such that |vy -0, | < |u| < |v1-- V001 ] Since |v,41| < n, by
comparing lengths, we have vy ---v,41 € {uby, ubiby, ubibobs, ..., ubibs---by }.
So { uby, ubiby, ubibobs, ..., ubiby---b,} N L #0. O

2.1.2 Relations of the FPFM and the Frobenius number

In the following part of this section, we will see some propositions about co-finiteness
in the FPFM, and some propositions that illustrate the relation between the length
of the longest omitted words in the FPFM and the Frobenius number. Our first
proposition concerns restricting a basis to a smaller alphabet.

Proposition 2.1.9. Let S be a set of words over 3 such that S* is co-finite in X*,
and let A C Y. ThenT =S N A* is a set of words over A, and T generates a
language that is co-finite in A*. Furthermore, llw (A*\ T*) < llw (£*\ S*).

Proof. Every word w in S* N A* can be written as a factorization into the basis
S and all factors are in A*, so wisin (S N A*)* and thus S* N A* C (S N A*)*.
On the other hand, 7% = (S N A*)* C S* N A* so T* = S* N A*. Then
A\ T = A"\ §* C ¥\ 5% and thus llw (A*\ T7) < llw (X*\ S*). O
Example 2.1.10. The basis Sy over the binary alphabet in Example 2.1.5
contains two bases {1} and {00,000 } for the unary alphabet. The longest word
not in S5 is 0 (of length 1), while g(1) = —1,¢(2,3) = 1. The basis S5 over the
binary alphabet in Example 2.1.6 contains two bases {0} and {11,111} for the
unary alphabet. The longest words not in S5 are 01 and 10 (of length 2), while

g(1)=-1,¢(2,3) = 1.

Proposition 2.1.11. Let f : X7 — 3% be a morphism such that f(X}) is co-finite
in X5, If L C X% is co-finite, then f(L) C X3 is also co-finite. Furthermore, if
F(E7) = 55, then Tw (f(X7\ L)) = llw (33 \ f(L)).

Proof. Since A\ C C A\ B U B\ C for arbitrary A, B,C, then
SN FL) € (BN F(ED) U (FED N\ F(L)) (2.5)
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Since f(A)\ f(B) C f(A\ B) for arbitrary A, B, then f(X3)\ f(L) C f(37\ L),
and thus X35 \ f(L) is finite. This proves the first assertion. If f(37) = X3, then
U3\ fF(57) =0, and so X5\ f(L) € f(E7\ L). H

If we define a morphism of words by omitting particular letters, then the image
of a co-finite language is also co-finite. This corollary follows immediately from
Proposition 2.1.11.

Corollary 2.1.12. Let A C ¥ and define the morphism |a : ¥* — A* by

a, ifa€ A;

a|A = f (26)
e, ifad& A.

If{xy,..., 2 }" is co-finite in X%, then so is { x1|a, ..., Tk|la }* in A*. Furthermore,

Iw ({wla:weX \{a,...,2.}" }) 2 Uw (A \ {@1]a, ..., z]a }).

Example 2.1.13.  In Example 2.1.5, S5|;0} = {00,0,000 } and Sa|(1y = {1}
The longest word not in S5 is 0 (of length 1), while ¢(1,2,3) = —1,¢(1) = —1.
In Example 2.1.6, Ss|;o3 = {0,00,000} and Ss|(1y = {11,1,111}. The longest
words not in S} are 01 and 10 (of length 2), while ¢g(1,2,3) = —1. Here € in every
basis is omitted.

If a set of words generates a co-finite language, then the set of lengths of those
words generates a co-finite set in N. This can be viewed as another corollary of
Proposition 2.1.11, but I will present a complete proof here for further discussion.

Proposition 2.1.14. Let x1,...,x; be k words over ¥. If L = {xy,...,xp }" is

co-finite, then ged(|z1|,..., |z, |) = 1. Purthermore, lw (L) > g(| a1 |, ..., zk|).
Proof. One can verify that the mapping f(w) = |w| is a morphism from (¥*,-) to
(N, +). Hence, if w € {z1,2a,..., 2}, then |w]| € (|x1 |, |z2]|,...,| 2k ]). Assume
L ={x,29,...,7} is co-finite. Then there are only finitely many non-negative
integers that are not in (|zq|,|z2|,...,|xx|). By Theorem 1.1.5, it follows that
ged(|z1 |, |za|,. .., |xk|) = 1. Any word of length g(| 1 |,|z2]|,...,|zx]|) is not in
L,sollw (L) > g(|z1|,|z2],. ., |2k ]). O

From the proof, we know that the set of lengths of words in a language generated
by a basis S is exactly the set generated by the lengths of words in S as follows:

{Jw|:we {onan.. o} Y= (ool o), (2.7)

while in general a word not in a language generated by a basis S may be of length
that is in the set generated by the lengths of words in S, which means

{Jw|:wé&{x,z,...,x} } DN\ (a1 |, |22], ..., |z ])- (2.8)

33



Proposition 2.1.15. Let S be a set of words over % such that S* is co-finite. Then
there exists a finite sequence of integers yi,ys, - .., Ypr such that ged(yy, ..., yp) =1
and the set of lengths of words not in S* is exactly the set N\ (y1,ya,...,ypr). In
other words, lw (S*) = g(y1, 2, ..., yr').

Proof. Let | = llw (?) We define U; = {n e Nin < [,¥X" C S*} and Uy =
{l+1,1+2,...,204+1}. Let U =U; U Us, and let y1,ys, ...,y be the integers
in U. Then J,.;; ¥* € S* and the set of lengths of words not in S* is exactly
N\ (y1, ..., ygr). Furthermore, ged(yy, ..., yp) = ged(I+1,14+2,...,2l14+1)=1. O

From the proof, we also know that there may exist a word in S* that is of a
length not in (y1,y2, - .., Yx), which means

{|w|:wES*}2<y17y27"'7yk’>7 (29)

while the set of lengths of words not in S* is exactly N\ (y1,vs,...,yx) as follows:

{lw|:wgS } =N\ (y1,92,- ., yw)- (2.10)

Comparing Eqgs. (2.9) and (2.10) with Egs. (2.7) and (2.8), we know that the two
sets of integers {y1,vs,...,yr } and {|z1|,|2z2|,...,|zr|} are not identical in
general, nor there is any obvious relation between them. In fact, we will see in §2.5
that yx can be exponential in |z |. The sequence yi,ys, ..., ygs is not unique.

Example 2.1.16.  Characteristics of Examples 2.1.2, 2.1.5, and 2.1.6, with their
constant sequences vy, Yo, ..., yr specified in Proposition 2.1.15, are in Table 2.1.
We saw that Eqgs. (2.7)—(2.10) hold and only in the example with basis S; all the
equalities in Eqs. (2.8)—(2.9) are attained at the same time.

Table 2.1: Characteristics of the FPFM with bases Sy, Sp, and S5

Sty 3 S:ZPUTE Sy MY Sai g o aoroin (ot
|z |, .., x| {3,5} {1,2,3} {1,2,3,4,5}

Yi, .- Yk {375} {273} {374v5}
{|lw]:wes} {0,3,56:>8 {i>0} {i>0}
[wlwgs )| {1,247} {1} {12}
(lz1|,. . lxk]) | {0,3,5,6,:>8} {i>0} {i>0}

(oo ], ])” {1,2,4,7} 0 )

Y1y Ynr) {0,3,5,6,: >8} {0,i>2} {0,i>3}

<y17"'7yk’>_ {1727477} {1} {172}
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2.1.3 Twins proposition in the FPFM

The following proposition is more powerful than it first appears, and later, based on
this proposition, I will present a complete solution to the 2FPFM. I prefer to call
it twins proposition in the Frobenius problem in a free monoid, because it shows
that if S* is co-finite, then every word in S must appear in groups (pairs, triples,
etc.).

Proposition 2.1.17 (Twins proposition). [83, 84/ Let S be a set of non-empty
words over % such that S* is co-finite and S* # X*. Then for each x € S, there
exists y € S such that y is a proper prefix of x, or vice versa. Similarly, for each
x € 8, there exists z € S such that z is a proper suffix of x, or vice versa.

Proof. Let x € S. Since S* # ¥*, there is a word v € S*. Consider the language
r*v. Since S* is co-finite, z*v N S* # (. Let i be the smallest integer such that
r'v € S*. Since v € S*, we have i > 1. Let

T = yys Y, (2.11)

be a factorization of z'v in the basis S. Then y; # x, for otherwise z' v =

Yo - --y; € S*, which contradicts the minimality of i. If |z| < |y;|, then z is a
proper prefix of y;, while otherwise y; is a proper prefix of x. Here y; € S.

Consider the set S¥ that contains the reverse of every word in S. Then (S#)* #
¥* is co-finite. By applying the result about prefixes on S¥, we see that the
analogous result about suffixes holds. O]

Example 2.1.18.  The bases S; and S5 in Examples 2.1.5 and 2.1.6 are grouped
according to the prefix relation as follows, where every pair of words that satisfy
the prefix relation is connected by a line:

S, : 110, 00000, 01—010;
Sy :001—0—010, 111—11—1101, 100110010001, 1011—101—10101.

2.2 Various measures for the FPFM

Let ¥ be an alphabet, which can be unary or of larger size. Given as input k
words x1, T, . .., xE, which satisfy certain conditions, we can apply the Kleene-star
operator to the language S = {1, xs,..., 2 } and determine some characteristics
of S*. The FPFM is a special setting of the procedure described here.

If ¥ is a unary alphabet: one particular case of the procedure is to let the
condition be ged(| 21|, |22 ],...,|zx|) = 1 and let the output measure be llw (S*).
Then we have a problem equivalent to the integer FP, which we know is NP-hard,
and there is an upper bound on the output as follows: (see Eq. (1.41))
maxlgigk | ZT; |2

k—1 ’

w (S5*) = g(|z1 ], |22|,.... =) < (2.12)
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where maxi<;<x | ;| is one possible measure of the input. There are also other
measures of the input such as lem(| z1|,...,|zx|), and we know (see Eq. (1.43))

Mw (S*) =g(|z1 ], |zr]) < (k=1 lem(| 2y |,..., |z ). (2.13)

Another case of the procedure is, over an arbitrary alphabet X, to let the con-
dition be that S* is co-finite and let the output measure be llw (?) Then we
have the FPFM. In order to give an upper bound on the output, there are different
measures of the input that can be chosen.

2.2.1 Measures of the input

In the general procedure described above, some choices of measures of the input
are listed in Table 2.2. But by no means is the table exhaustive. Here the state
complezity of a language L is the number of states in the minimal DFA that accepts
L, and the nondeterministic state complexity of L is the minimal number of states
in an NFA that accepts L. Here the alphabetic length of a regular expression is the
number of alphabet symbols of that regular expression.

Table 2.2: Measures of a list of words xq, xs, ...,z as the input
k =k, the number of distinct words in the input;
v = maxj<;<k | i |, the length of the longest words in the input;
B=> qeicn | Til, the total number of symbols in the input;
gl |, |22, .., |2k, the Frobenius number of lengths of input words;
lem(| x|, ..., |zx]), the least common multiple of lengths of input words;
sc(9), the state complexity of S;
nsc(9), the nondeterministic state complexity of S
alph(.S), the minimal alphabetic length of a regular expression for S.

There are more measures of the input in a free monoid than in the integers.
Over the unary alphabet (or integers), obviously some of the measures are related,
as we have

1<k<v<u, and ,u:O(VQ). (2.14)

But over a larger alphabet, both x and u can be exponentially large in v when
the input consists of all words of two lengths m,n with ged(m,n) = 1 as shown
in Example 2.1.2, and thus they are different measures in general. Some of the
measures are bounded in others such as

1/2

1
< K, sc(S) < 29, nsc(S) < alph(S). (2.15)

glla],. o la]) < (k= Dlem(faa |, [z ]), gllan],. oo o)) < -
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2.2.2 Measures of the output

Depending on the output measure, the procedure described at the beginning of
this section can become an entirely different problem. For example, as we saw
in the integer FP, one can ask for the Frobenius number g(x1,zs,...,x;), or the
number h(xq,Zs,...,xx) of positive integers not in (x1, s, ..., xy), or the sum of
positive integers not in (xy, z, ..., xy), or the denumerant d(n;xy, zs,...,x;). In
the FPFM, we ask, as output, for the longest words not in S*. There are different
measures of the longest words not in S*, such as the length of such words, the
number of such words, the total number of symbols in all such words (which is
the product of the previous two measures). Furthermore, instead of considering
the longest words not in S*, other output measures are also possible. Table 2.3
lists several candidates, some of which lead to variations on the FPFM and will be
discussed in Chapter 3.

Table 2.3: Measures of the longest omitted words and other characteristics
L =1lw ((S*)7) = maxexn« g

w |, the length of the longest words not in S*;

7= #{ wg ST Jw|=L }, the number of the longest words not in S*;
IL=L-Z, the total number of symbols in all the longest words not in S*;
M = #S5~, the number of words not in S*;
W=> s lwl, the total number of symbols in all the words not in S*;
S =sc(5), the state complexity of S*;
N = nsc(S*), the nondeterministic state complexity of S*;
R = alph(S*), the minimal alphabetic length of a regular expression for S*;
D(w), the number of different factorizations of w in the basis S.

The output in the case of a free monoid differs from that in the case of integers
and there are more measures of the output. The measures in the case of the unary
alphabet are specified by the subscript !. Over the unary alphabet (or integers), Z,,
if any, is always 1 and thus Z£, = £,. Furthermore, as immediate consequences of
results on the integer FP (see Formula (1.56)), the inequalities

% S M? S £g and Wz :O(Egz) (216)

hold. But over a larger alphabet, all of the quantities Z,ZL, M, W may be expo-
nential in £, and in §2.5 I will show that they are exponential in some cases.

2.2.3 Constraints on the problem
In order to consider llw (?), it is necessary that S* be co-finite. When our measure

of the output changes, there can be more or fewer conditions. For example, even
when S* is not co-finite, we can still study the state complexity of S*. Furthermore,
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imposing certain constraints can simplify the problem and leads to interesting sub-
problems. As we saw in the integer FP, when x = 2 nearly all output measures can
be expressed by a simple formula. Table 2.4 shows various possible conditions one
could impose.

Table 2.4: Conditions to be satisfied and additional constraints

on the alphabet: the alphabet ¥ is unary;
on the generated language: S* ={ @y, m9,...,x } is co-finite;
on the generated language: S* ={ @y, x9,...,2 } is co-slender?;
on the number of words: Kk =2;
on the number of words: k is fixed;
on the lengths of words: x1, %, ...,T, are of only two lengths;
on the lengths of words: w1, xs,...,x; are of only a fixed number of lengths;
on the input words: X1, To, ..., T, satisfy certain patterns.

*See §3.4.3 for the definition and discussion of the co-slender language.

These conditions are not totally independent. For example, over the unary
alphabet, as soon as each input word is distinct, a constraint on the number k of
the input words is the same as the constraint on the number of the lengths of the
input words. Over larger alphabets, however, the two conditions are not equivalent
in general. In addition, S* is always co-slender over a unary alphabet, so when we
impose the latter condition the former condition is automatically satisfied.

Clearly not every combination of the measures of the input, the measures of
the output, and imposed conditions leads to a feasible and interesting question. In
addition, some combinations result in trivial problems and some result in a well-
studied problem. Nevertheless, the one appearing in the definition of the FPFM is
not such a combination. Some of the measures were given by Shallit and some of
their combinations are discussed in our papers [83, 84] with Shallit and Kao.

2.3 Bounds on the longest omitted words

One aspect of the generalized FP is to find a good upper bound or lower bound
on the length of the longest omitted words, in some measure. Since there is no
simple polynomial formula for the FP, a general simple formula for the FPFM is
also unlikely. Hence the study of upper and lower bounds is a more realistic goal.

Let S = {x1,22,..., 2 } be the input.

Lower bound on the length of the longest omitted words

A lower bound on llw (?) follows immediately from Proposition 2.1.14 as follows:

L=1w(S*) >g(|z1],|z2],....|zK]) (2.17)
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The lower bound in (2.17) is tight, since the equality in (2.17) can be attained when
the set S consists of all words of some particular lengths as shown in Example 2.1.2,
where the ged of those lengths is 1. The lower bound in (2.17), however, is not very
useful in practice.

Upper bound on the length of the longest omitted words

To discuss the upper bound on llw (?), we can apply the following proposition
and obtain an upper bound from the corresponding result on state complexity.

Proposition 2.3.1. Let S be a set of words over ¥ and M be a DFA of n states
accepting the language S*. If S* is co-finite, then llw (S*) < n.

Proof. Proof by contradiction. Assume w is not in S* and |w| > n. Now we
consider all states that M visited when M rejects w. There are |w | + 1 of them,
which is > n + 1. Then there must be one state that M visited at least twice.
Suppose d(qo, u) = 0(qgo, uv), where v # €, and w = wvz. Then none of the words
in uv*z is in S*, which contradicts the fact that S* is co-finite. O

Table 2.5: The length of longest words and the size of computing models

in sc(9) in nsc(.S) in alph(S)
llw (S) linear or oo linear or oo linear or oo
llw (S ) linear or oo exponential or oo exponential or oo
llw (S *) exponential or oo exponential or oo exponential or co
w (S*) —1or oo —1 or oo —1 or oo

More generally, the relations between the length of the longest words and state
complexity (respectively, nondeterministic state complexity, alphabetic length of
regular expressions) are given in Table 2.5, where S is given by a DFA (respectively,
NFA, regular expression) and oo represents the case in which the corresponding
language is not finite.

So the two measures of £ and S are related as follows:
L=1lw (5*) <8 =sc(S). (2.18)

From Egs. (3.4) and (3.6) for state complexity (which will be discussed in §3.2.1),
we have the following upper bounds on L. Let the input be a finite set of words S
over ¥. Let k = | S|, v = maxi<i<y [Ti], 4 = Y i, |zi]. Then

L < 25(85)=3 4 ogse(§)—4 _ O(2sc(S))7 if sc(S) > 4; (2.19)
E < 2;},—&-‘1*1 — O(2N)’ (220)
L < 21 = (me(S)) = O(22Iph(9)), (2.21)

In particular, by Theorem 3.2.5, Shallit gave the following result in our papers [83,
84] with Shallit and Kao.

39



Corollary 2.3.2. [83, 84] Let S = {x1,x9,..., 2 }. Suppose |x;| < v for all
1<i <k, and S* is co-finite. Then

2

§T§Tt51(2”!2V’—-1>==|2F9“)- (2.22)

L=1w(5*) <

One exciting aspect of the bound in Corollary 2.3.2 is that it is tight. A proof
of tightness of those bounds given above cannot be obtained easily from the study
of the state complexity, since none of the corresponding constructions, as discussed
in §3.2.1, generates a co-finite language. I will present in Chapter 4 examples to
show the upper bound in (2.22) to be asymptotically tight, based on the study of a
subproblem of the FPFM, the 2FPFM, where the words z1, x5, ...,z are of only
two distinct lengths.

Corollary 2.3.2 showed that £ = llw ({ Tiy. .., T }*> is exponentially bounded

in the measure v = max;<;<x |z;|, while we know that in the FP (or equivalently
over the unary alphabet) the tight upper bound for the Frobenius number

n

g@h@,”¢@y:0(£> (2.23)

is quadratic in n = maxj<;<; ;. In other measures, such as p = > ..., |%i|
(respectively, m = >, .., ; for integers), the known upper bounds are also quite
different. While most of our upper bounds for the FPFM are exponential, the upper
bounds for the FP are only polynomial. We also observed this property in some
variations on the Frobenius problem, where a bound can even be doubly-exponential
and can be achieved in the case of a free monoid when the corresponding bound
in the case of integers is only quadratic. Intuitively, this can be explained by the
fact that in the case of integers, the commutative law holds and most of the input
measures are polynomially bounded in each other, while in a free monoid there is no
commutative law in general and there are measures that are exponential in others.

Bounds on the number, and total symbols, of the longest omitted words

While there is, if any, only one Frobenius number, there can be more than one
longest word as a solution to the FPFM. Obviously, the number of the longest
words not in S* could be exponential, since we have

I=#{wgs:|w|=L} <[ (2.24)
The equality in (2.24) can be achieved when the set S consists of all words of lengths

Y1, Y2, - - -, Yg such that ged(yr, yo, ..., yx) = 1, as shown in Example 2.1.2.

In some cases of 1, z3, . .., g, the longest word not in { z1, z9, . . ., 2 } is unique,
for example over the unary alphabet, while in some other cases, as shown, the
cardinality of the longest words can be exponential. So in the entire discussion
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of this thesis, without further explanation, we do not differentiate between the
singular and plural form of the concept of longest omitted word(s).

Since ZL =7 - L, it follows trivially that
L<IL<|ZL, (2.25)

and both equalities can be achieved.

2.4 The FPFM for two lengths — the 2FPFM

In this section, we will discuss a certain natural subproblem of the FPFM. As we
saw in Chapter 1, when k, the number of given integers, is fixed and small, the
solution to the integer FP becomes feasible. In particular, when k = 2, there are
formulae for most of the variations on the integer FP. What non-trivial constraint
can we impose on the FPFM in order to simplify it? We will examine the case
where the input words are of the same length, the case where the input consists of
two distinct words, and the case where the input words are of two distinct lengths.

Proposition 2.4.1. Let S C X" for some integer n. Then S* is co-finite if and
only if S = X. Furthermore, when S* is co-finite, then S* = ¥*.

Proof. If n # 1, then n { kn 4+ 1 for all positive integers k. So (X")*Y N S* =0,
which contradicts the fact that S* is co-finite. Hence n = 1 and thus S = X. O

Proposition 2.4.2. Let x1, 7 be two words over . Then { x1,xo }" is co-finite if
and only if either ¥ is unary and ged(xy,22) = 1 or ¥ is binary and { x1, 22 } = 2.

Proof. Without loss of generality, let ¥ = {0,1,...}.
<: One can verify that, in either case, { x1, x5 }" is co-finite.

=: By Proposition 2.1.9, T' = { z1, 25 } N {0 }" generates a co-finite language in
{0}" and thus T # (). If both x1, 25 € {0}, then by the co-finiteness of { z1, 22 }*
in {0}", we have ged(z1, 22) = 1 and there cannot be any other letter in X. If only
one of the two words, say x1, is in {0}, then z; = 0; and similarly by considering
the letter 1, one can prove that o = 1, and there cannot be a third letter in ». [

So the two special cases of the FPFM, where the words x1, xs, ...,z are of the
same length, and where the number of distinct words x = 2, can only have trivial
solutions. We denote the FPFM with bases consisting solely of words of the same
length by 1FPFM. As we saw in Proposition 2.4.1, for the 1IFPFM the generated
language is co-finite if and only if the basis is the entire alphabet. A slightly-
improved subproblem of the FPFM is that the words x1, xs, ..., xy are of only two
distinct lengths m and n, and we denote by 2FPFM the Frobenius problem in a free
monoid with bases composed of words of two distinct lengths. By Proposition 2.1.14,
we know that {z1,2s,..., 23 }" is co-finite only if ged(m,n) = 1.
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2.4.1 Definition of the 2FPFM

We now formally define the 2FPFM.

Problem 2.4.3 (2FPFM). Let ¥ be a (finite) alphabet. Given k non-empty words
T1, Lo, ..., T € X™ U X", where m,n are two distinct positive integers and m < n,
such that there are only finitely many words that cannot be written as concatenations
of words in { x1,xs,..., Tk }, then what is the longest such word(s)?

In the remaining part of this chapter except the last section, our discussion will
focus on the 2FPFM. To begin the discussion, we will first see one trivial type of
the 2FPFM.

Proposition 2.4.4. Let S C ¥ U X". Then S* is co-finite if and only if ¥ C S.
Furthermore, when S* is co-finite, then S* = ¥*.

Proof. <: If ¥ C S, then S* = ¥* is co-finite.

=: Let A=Y\ Sand T=S5 N A*. Then by Proposition 2.1.9, T generates
a co-finite language in A*. Furthermore none of the letters in A is in .S, so none is
in T', and thus the words in T" can only be of length n. Then, by Proposition 2.4.1,
T = A, a contradiction. Therefore, ¥\ S = ) and thus X C S. n

Example 2.1.2 on page 30, where S = 32 U 35, is in fact an instance of the
2FPFM. Here is another instance of the 2FPFM.

Example 2.4.5. Let ¥ ={0,1},m=3n=>5and Sy =%> U ¥°\ {00001 }.
Then S} is co-finite and there are in total 222 binary words in S}, as shown in
Table 2.6, where the longest words are

0000100000001, 0000100100001, 0000101000001, 0000101100001,
0000110000001, 0000110100001, 0000111000001, 0000111100001,

each of which is of length 13.

Given any set S of words of lengths m and n, then llw (?) is always a Frobenius
number of m and some [, where [ characterizes the structure of the basis S, and [
can be calculated in polynomial time in the measure =) | w]| as the following
sections will show.

2.4.2 The First and Second Lemmas of the 2FPFM

I will devote this subsection to two fundamental lemmas about the 2FPFM, which
will be used to illustrate the upper bound for the 2FPFM, and from which some
results will be derived in later chapters. They are named the First Lemma of the
2FPFM and the Second Lemma of the 2FPFEFM, because almost the entire theory
of the 2FPFM is based on them. Furthermore, they characterize those sets S such
that S* is co-finite, when S is a set containing words of no more than two distinct
lengths.
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Table 2.6: All the words in {0,1}"

\ ({0,1}* U {0,1}°\ {00001})*

=
H O © 00 N O Uk W N =

I I T T
W N H O © NG W N

25

[1]o

[1]11

[2]100
[2]01
[2]10
[2]11
[410000
[410001
[4]10010
[4]0011
[4]10100
[4]0101
[4]0110
[4]0111
[411000
[4]11001
[4]11010
[4]11011
[411100
[4]11101
[4]11110
[411111
[5100001
[710000000
[710000001
[710000010
[710000011
[710000100
[710000101
[710000110
[710000111
[710001000
[710001001
[710001010
[710001011
[710001100
[710001101
[710001110
[710001111
[710010000
[710010001
[710010010
[710010011
[710010100
[710010101
[710010110
[710010111
[710011000
[710011001
[710011010
[710011011
[710011100
[710011101
[710011110
[7]10011111
[710100000

57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112

[710100001
[710100010
[710100011
[710100100
[710100101
[710100110
[710100111
[710101000
[710101001
[710101010
[7]0101011
[710101100
[710101101
[710101110
[7]10101111
[710110000
[710110001
[710110010
[7]10110011
[710110100
[7]0110101
[710110110
[7]0110111
[710111000
[710111001
[7]0111010
[7]0111011
[710111100
[7]0111101
[710111110
[7]10111111
[711000000
[711000001
[711000010
[711000011
[711000100
[711000101
[711000110
[711000111
[711001000
[711001001
[711001010
[711001011
[711001100
[711001101
[711001110
[711001111
[711010000
[711010001
[711010010
[7]11010011
[711010100
[711010101
[711010110
[711010111
[711011000

113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137

139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158

160
161
162
163
164

166
167
168

[711011001
[711011010
[7]11011011
[711011100
[7]1011101
[711011110
[711011111
[711100000
[711100001
[711100010
[711100011
[7]11100100
[711100101
[711100110
[711100111
[711101000
[711101001
[711101010
[7]11101011
[711101100
[7]1101101
[711101110
[711101111
[711110000
[711110001
[7]11110010
[711110011
[7]11110100
[711110101
[711110110
[711110111
[711111000
[7]11111001
[711111010
[7]11111011
[711111100
[7]1111101
[711111110
[711111111
[1010000000001
[10]0000100000
[1010000100001
[10]0000100010
[10]10000100011
[10]10000100100
[10]0000100101
[10]10000100110
[10]0000100111
[1010000101000
[10]0000101001
[1010000101010
[10]0000101011
[10]0000101100
[10]10000101101
[10]0000101110
[10]10000101111

169
170
171
172

174
175
176
177
178
179

181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207

209
210
211
212
213
214
215
216
217
218
219
220
221
222

[1010000110000
[10]0000110001
[1010000110010
[10]0000110011
[1010000110100
[10]0000110101
[10]0000110110
[10]10000110111
[10]0000111000
[10]10000111001
[10]0000111010
[10]0000111011
[10]10000111100
[10]0000111101
[10]10000111110
[10]0000111111
[1010001000001
[10]0001100001
[10]10010000001
[10]0010100001
[1010011000001
[10]0011100001
[10]0100000001
[10]0100100001
[10]0101000001
[1010101100001
[10]0110000001
[10]0110100001
[10]0111000001
[10]0111100001
[10]11000000001
[10]11000100001
[1011001000001
[10]11001100001
[1011010000001
[10]11010100001
[10]11011000001
[10]11011100001
[10]1100000001
[1011100100001
[10]1101000001
[10]11101100001
[10]11110000001
[1011110100001
[10]11111000001
[10]11111100001
[1310000100000001
[13]10000100100001
[1310000101000001
[13]10000101100001
[1310000110000001
[13]10000110100001
[13]0000111000001
[1310000111100001
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Lemma 2.4.6 (The First Lemma of the 2FPFM). [83, 84] Let S be a set of words
of lengths m and n, where 0 < m < n, over the alphabet ¥. If S* is co-finite, then
mCSs.

Proof. 1f S* = ¥*, then X C S, since no single letter can be written as the concate-
nation of more than one word. Hence m =1 and ¥ =% C S.

Now we assume S* # ¥*. Let x € X™. Consider the language x>*. Since S*
is co-finite, xX* N S* # (). We choose v such that zv € S*. Then there is a
factorization of zv of the form

TV =Y1Y2 - Yy, (2.26)

where all the y; are in S for 1 <4 < j and thus each y; is of length either m or n.
If y; € ¥™, then by comparing lengths, we have x = y;, and thus z € S. Otherwise
y1 € X". By the twins proposition, there exists z € S such that y, is a proper
prefix of z, or vice versa. But since S contains words of only lengths m and n, and
yp € X", we must have z € X and z is a proper prefix of y;. Then by comparing
lengths, we have x = z, and so = € S. n

Proposition 2.4.4 can be viewed as a corollary of the First Lemma of the 2FPFM.
Before giving the Second Lemma of the 2FPFM, we will first prove a weaker version
of that lemma, by restricting the lengths m and n.

Lemma 2.4.7 (The Second Lemma of the 2FPFM, weaker version). [83, 84] Let
S be a set of words of lengths m and n over X, where 0 < m < n < 2m. If S* is
co-finite, then X' C S*, where | = m |S|"™™ +n —m.

Proof. Proof by contradiction. Let z be a word of length [ that is not in S*. Then
we can write x uniquely as

xr = yozoylzl st ylz‘nfm_12‘2|n7m_1y|2|n7m, (227)

where y; € "™ for 0 <4 < |X|"7", and z; € 3™ for 0 <4 < |X[".

Now suppose that y;z;y;41 € S for some i with 0 < i < |X|"™. Then we can

write
T = < 11 (yjzj)) (yiziYis1) ( 11 (Zkyk)) (2.28)

0<j<i i+1<k<|S|n—m

Note that each factor y;z; and zpyy is of length m, which, by the First Lemma of
the 2FPFM, is in S. Hence all terms in the factorization (2.28) are in S and thus
xr € 5%, a contradiction. It follows that

yiziYi1 € S for all i with 0 <7 < |X[|"™™. (2.29)
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Now the factorization of z in Eq. (2.27) uses |X|"™ 4 1 words y;, and there are
only [X|*~™ distinct words of length n — m. So, by the pigeonhole principle, we
have y, = y, for some 0 < p < ¢ < |Z|*™. Now define

U =Yoz0 " Yp-1”p-1, U =1YpRp" " Yg—1%¢—1, W = YqZq" " Yzn-—m. (230)

Then = wvw and v # €. Consider the language uv*w. Since S* is co-finite,
wo*w N S* # (. There exists a k > 0 such that uv*w € S*.

Now let uv*w = zyx9 - - - x; be a factorization into words in S. Then z; is a word
of length either m or n. If |z;| = n, then comparing lengths gives 1 = yozoys.
But by Eq. (2.29) we know yoz1y1 € S. So |z1| = m, and comparing lengths gives
T1 = Yozo. By similar reasoning we see that xo = y1z1, and so on. Hence finally
Tj = Ygp-m_12gpn-m_1Ysp-m € S. But this again contradicts (2.29).

Therefore, our assumption that x ¢ S* must be false, and so z € S*. Since x
was arbitrary, this proves the result. O

Example 2.4.8. Let > be a binary alphabet. If S contains words of lengths
n — 1 and n, and S* is co-finite, then all words of length

Lh=2n—-1)4+1=2n—-1=(n—-1)+n (2.31)

can be factorized as concatenations of words in S. To see this, let w = aw,bwyc =
wv = vu', where a,b,c € 3, wi,ws € "2, u,u’ € X" and v,v’ € X" 1. All possible
factorizations of w are as follows:

a wy b wy c

If b = ¢, by the co-finiteness of S*, we have aw;b(wyb)* N S* % (). The possible
factorizations of a word in awib(wyb)* are shown below by considering the first
factor of length n, any of which can be used to factorize w.

a wy, b ws b wy b -+ b wy b
u B
* u
* * | u

The case a = b is similar to b = ¢. If a = ¢, by the co-finiteness of S*, then
a(wibwya)* N S* # (). The possible factorizations of a word in a(wibwya)* are
shown below by considering the first factor of length n, any of which can be used
to factorize w.
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X | ¥ | X | ¥
| K| ¥ | *

In all cases, w can be factorized over the basis S.

Example 2.4.9. Let ¥ be a binary alphabet. If S contains words of lengths 3
and 5, and S* is co-finite, then all words of length of

lhb=2"3.34+(5-3)=4-3+2=14 (2.32)

can be factorized. To see this, let w be a word of length 14. Then all possible
factorizations of w are as follows (e’s and o’s are only labels, and the letters may
not be the same)

[ ] ‘ [ J ‘ O ‘ [ ] ‘ [ ] O ‘ [ ] ‘ [ ] O ‘ [ ] ‘ [ ] O ‘ [ J ‘ [
Uu U1 V2 U3
vy u Vg U3
vy vh u’ U3
vy U5 vy | "

Since there are 5 ee’s; by the pigeonhole principle, at least two of them are identical.
By similar discussion, if S* is co-finite, then w is in S*.

Proposition 2.4.10. Let S be a set that contains all words of length m and possibly
some words of length n over %, where 0 < m < n, and let x = ayas - - - a; be a word
of length l, where | = n + jm for some j > 0. Then x € S* if and only if at least
one of the words y; = Gimi1Qims2 -~ * Qiman, for 0 <i <7, isin S.

Proof. If m | n, then for all z of length [, since ¥™ C S, it follows that x and all
the y; are in S for 0 < ¢ < j. The result holds. Now, we assume m 1 n.

Suppose xz € S*. Let x = wow; - - - wy, be a factorization of x into the words in
S. Since m 1 n, at least one of the w’s is of length n. Let wy, be the first such factor.
By comparing lengths, w, = agma1armes - Gemen = Yi 18 in S, and thus y; is the
desired word. This proves one direction.

For the converse, suppose vy =
0 <k < j. Then we can write

Qo i10kma2 * ** Qgman € S for some k with

T = H (@imt1@ims2 - - 'a'im-i-m))yk( H (Qimtnt1@iminsa aim-i—n-i-m))'
0<i<k—1 k<i<j—1
(2.33)
Since ¥™ C S, each term in the factorization (2.33) is in S. Hence z € S*. O
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Lemma 2.4.11 (The Second Lemma of the 2FPFM). Let S be a set of words of
lengths m and n, where 0 < m < n, over the alphabet X. If S* is co-finite, then
¥ C S*, where l =m X" +n —m.

Proof. Let x = ajas - -+ a; be a word of length [ that is not in S*. We define

Yi = QG—1)ym+1Q3i—1)ym+2 ** * G(i—1)m-+n; for 1 <i<|X"™; (2.34)

Zi = Qima1Qima2 " Qigmin—m, for 0 S 1 S |Z|n—m (235)

Their positions are illustrated in Figure 2.1. (When m < n < 2m, no z overlaps
with other z’s. In generally, arbitrarily many y’s and z’s can overlap together.)

w
20 ‘
Y1
m ltrs 21
m ltrs Yo
<+ 2m ltrs - - - 29
- om ltrs - - - Us
---3m letters - - - 23
-+ (i — 1)m letters - - - Zio1 \
-+ (i — 1)m letters - - - i
-+ -im letters - - - | 2
Az -1
Yjgprorm
Zjgyn—m

Figure 2.1: Position of factors in the proof of the Second Lemma of the 2FPFM

Since S* is co-finite, by the First Lemma of the 2FPFM, ¥™ C S. Then, by
Proposition 2.4.10, none of the y; for 1 < < |X" ™ isin S.

There are only |X|"™ distinct words of length n —m over 3. By the pigeonhole
principle, we have

Zp, =z forsome 0 <p<gqg<|X["™. (2.36)

Now we define
U= Q102 Apmy U = Qi 10pm+2*** Qgm, W = Ggmi10gm+2 < * - A1 (2.37)

Then x = uvw and v # €. Since S* is co-finite, uv*w N S* is not empty. Let k be
the smallest positive exponent such that uv*w € S*. Since z = wvw € S, we have
k > 2. Now let

wtw = w29 - - - T (2.38)
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be a factorization into elements of S. If |x;| = n, then comparing lengths gives
x1 =y € 5, a contradiction. So |z;| = m. By similar reasoning we see that
22| = m, and so on. Notice that = uvw and uv*w agree on the first |uv|+(n—m)
letters, since z, = z,. So all factors from 2z, to z, are of length m. We can write

U= 21Ty Tp, U= Tpi1Tpia- - Ty (2.39)

By removing the leftmost copy of v from uv*w, the new word

wo = xyay - - CLpTgi1Lgta - Lj (2.40)

is also in S*, where k — 1 > 1. This contradicts the minimality of k. O]

2.4.3 Bounds on the longest omitted words for the 2FPFM

Let S = {z1,29,...,2 } be a set of words over the alphabet 3 such that S C
X™ U X" where 0 <m < n, and 5* is co-finite. The lower bound for the FPFM
on llw (S*) given by Proposition 2.1.14, namely,

L =1lw (S*) > g(m,n), (2.41)

still holds and it is tight for the 2FPFM as well. For any two positive integers m,n
with ged(m,n) =1, let
S=¥" U X" (2.42)

Then S* is co-finite and llw ((Zm U Z")*) = g(m,n). We will see in §2.5 that for

all other cases L is strictly greater than the Frobenius number g(m,n).

Furthermore, the exponential bound in the FPFM on the number of the longest
words not in S*, namely

I=#{wgs:|w|=L}<|5", (2.43)

can also be achieved for the 2FPFM by the same example when the set S contains
all words of lengths m and n. In this case, the equality on the right hand side of
the bound

L<IL<|ZL, (2.44)

can be achieved as well. In the 2FPFM, there are also examples of bases S such
that each S* is co-finite and the longest word not in S* is unique, in which case
equality on the left-hand side in (2.44) can be achieved.

Now I will provide an upper bound on the length of the longest words not in
S* where S contains words of at most two distinct lengths. The upper bound is
derived from the First and the Second Lemmas of the 2FPFM. A weaker version
of Theorem 2.4.12; by restricting m < n < 2m, appeared in our papers [83, 84].
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Theorem 2.4.12. Let S be a set of words of lengths m and n, where 0 < m < n,
over the alphabet . If S* is co-finite, then

llw (S*) < g(m,1) =ml—m —1, (2.45)
where | = m|X|"™™ 4+ n —m.

Proof. 1f S* is co-finite, by Proposition 2.1.14, ged(m, n) = 1. By the First Lemma
of the 2FPFM, we have ¥X™ C S C S*; by the Second Lemma of the 2FPFM, we
have X! C S*, where [ = m|X|"™™ + n — m. Since S* contains all words of lengths
m and [, and ged(m, 1) = 1, by Proposition 2.1.4, the length of the longest words
not in S* is < g(m,l) =ml —m — L. O

Corollary 2.4.13. Let S be a set of words of lengths m and n, where 0 < m <n
and ged(m,n) = 1, over the alphabet 3. Then S* is co-finite if and only if X™ C S
and X! C S*, where | = m|S["™™ +n — m.

Proof. 1f S§* is co-finite, for the same reason as in the proof of Theorem 2.4.12, we
get ¥™ C S and X! C S*. On the other hand, if ¥™ C S and X! C S*, then since
ged(m, 1) = 1, by Proposition 2.1.4, S* is co-finite. O

2.5 Combinatorics on words in the 2FPFM

We will discuss the 2FPFM in terms of combinatorics on words, and provide an
equivalent condition on co-finiteness, which is one of the supporting results for a
theorem, called the spectrum theorem, appearing in §2.6.4.

2.5.1 Boosting the length of omitted words

First we need one technical lemma, which allows us, from one word of a particular
length not in S*, to construct a longer word that is also not in S*. (All longest omit-
ted words can be constructed by this lemma; see Corollary 2.5.5.) A weaker version
of Lemma 2.5.1 (with the restriction m < n < 2m) appeared in our papers [83, 84].

Lemma 2.5.1. Suppose S C X" UX". 0 <m <n, and S* is co-finite. Let T be a
set of words that are not in S*, where each word is of length = n (mod m). Then

S* N (T 'T =) (2.46)
for1<i<m-—1.
Proof. Since S* is co-finite, by Proposition 2.1.14, then gcd(m,n) = 1. Define

Li=8* 0 (TY™)7'T, for1<i<m. (2.47)
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Now we will prove that S* N L; = () by induction on 7, where 1 < ¢ < m.
The base case is ¢ = 1. In this case, S* N L1 =5* N T = 0.

Now we suppose S* N L; = () for some 4, where 1 <7 < m — 2, and we prove
that S* N Li+1 = @

First we show that S* N X*L, = () for all 0 < k < n such that k =n (mod m).
Assume ww € S* for some u € ¥ w € L;. Then there is a factorization

UW = Y12+ Yi, (2.48)
where all the y’s are in S. Consider the length of ww, which is
luw | = |u|+|w|=n+ni=n(i+1) (modm). (2.49)
u \ w
n | oy | B | 1 | Yr Yol Y
Y e | zv1 | 2 Yri1 U

Since 2 < i+ 1 < m — 1, m does not divide i + 1, and thus i + 1 Z 0 (mod m).
Then, since ged(n,m) = 1, it follows that n(i + 1) # 0 (mod m), and thus m
does not divide |uw |. Hence at least one of the y’s is of length n. Let r be the
smallest index such that |y.| = n. Consider the word ¥ - - y,_1¥,, which is of
length n+m(r —1). Since |u| < n and u =n (mod m), by Eq. (2.48), comparing
lengths gives y; - - - Y1y, € u(X™)*. By the First Lemma of the 2FPFM, all words
of length m are in S* and thus we can write y; - - - y,_1y, = uzy - - - z», where all the
z’s are of length m and in S. Then

UW =Y1 - Yr—1Yr Yr41 """ Yp = UZ1 " Zp/ Ypy1 " Y, (2-50)

which, by canceling u from the left on both sides, gives a factorization of w, and
contradicts the induction hypothesis S* N L; = 0.

T o w
0 | Gy | a

g1 | gj+1 «

g1 | 9j+2

g1 | Gy |

0 | Gy |

Figure 2.2: Position of factors in the proof of the boosting lemma

Now we prove that S* N L;;; = (). Otherwise, since L; ;1 = TY™L;, there exist
words 7 € T, v € ¥™ and w € L; such that Taw € S*. Then || = n + jm for some
integer 7, and there is a factorization

TOW = g192 - - gy, (251)

where all the ¢g’s are in S. Consider the first g of length n in the factorization, if
any, say ¢,». Now we consider several cases.
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1. If " < j 41, then by comparing lengths, we have

T=G1 GGy =1 GG Gy G (2.52)
for some ¢'’s of length m, which shows 7 € S* and contradicts S* N T = (.

2. If " = j + 2, then by comparing lengths, we have
TO= G192 Gjv2, and W =aji3---a, € Ly, (2.53)
which shows w € S* and contradicts the induction hypothesis S* N L; = ().
30U j+3<r <j+T2],
W= GuGri1 Gy = 19 '9;/—3'—2 Gr'4+1 " gt (2.54)

for some ¢"’s of length m, which again contradicts our induction hypothesis
S*n Ly =0.

4. Finally, we consider the case where r’ > j+ (%w or none of the ¢’s is of length
n. In either situation, the first j + [2] g’s are all of length m and thus

gj—i—(ﬁ—‘—i-l ceegy € i mod mLi, (255>

which contradicts the result S* N Y*L; = () for all 0 < k < n such that k =n
(mod m).

In every case, there is a contradiction. So S* N L;; = (), and the lemma is
proved. O

2.5.2 The structure of omitted words

We also need another technical lemma, which specifies the structure of all omitted
words. Any word that is not in S* must be either of a specific length or can be
expressed in a factorization, where each factor is of a specific length and none of
the factors is in S™.

Lemma 2.5.2. Suppose S C XU X", 0<m <n, and S* is co-finite. Let w be a
word that is not in S* and the length of w is in (m,n). Then w can be written in
the form

W= TiULToUs - * * T, (2.56)

where all the u’s are of length m, all the T’s are of lengths in {n —m,n,n+m, ...},
none of the T’s is in S*, and t is the smallest positive integer such that tn = |w |
(mod m).
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Proof. Since S* is co-finite, by the First Lemma of the 2FPFM, all words of length
m are in S. So, if a word w is not in S*, its length cannot be a multiple of m.
Furthermore, any integer in (m,n) is of the form pm + ¢gn, where p,q > 0. Hence
we can write |w| = rm + tn, where 1 <t <m, r > 0.

We now prove the lemma by induction on the length of w. The base case is
|w| = n. In this case, w is already of the form w = mujmous - - - 74, where 11 = w
and t = 1. Now we assume the result is true for all cases with word length less
than |w |, and we prove it is true for w.

Let y; be the prefix of w of length n + im, and z; be the suffix of w such that
w = 1;z;. Consider the prefix sequence g, y1, .. ., Yr.

w

Yo |
Y1 |

Yr | n ltrs | | n ltrs

Figure 2.3: Position of factors in the proof of the structure lemma

If yo = w[l..n] € S*, then zp = wn+1..|w|] ¢ S*. Otherwise w = ypzp is in S*
and this contradicts w ¢ S*. In addition, the length of zy is rm + (t — 1)n, which is
n (m,n). By the induction hypothesis, zy = Tjuy - - - 7y for some 7’s and u’s that
satisfy Eq. (2.56) for zp. On the other hand, S* is co-finite, so ged(m,n) = 1, and
thus none of the words of length n—m is in S*. In particular, the prefix yo[1..n —m)|
is not in S*. Then the following factorization

w=yo[l.n—m] yoln —m—+1.n] 7wy -+ T (2.57)

is the required form in Eq. (2.56) for w.
If y. = w[l..n 4+ rm] & S*, then we can write w = y,v1vy - - - v,,_1, where each of
the v’s is of length n. Then one can verify that the form

w =y, vi[l.m] vifm+1.n] -+ vy_1[l.m] v,_1[m + 1..n] (2.58)

is what is required.

Now we assume yo € S* and y, € S*. Then there must be an integer ¢ such that
0<i<r y=w[l.n+im]¢&S* and y;41 = w[l.n+ (i + 1)m] € S*. Since w =
Yir12ir1 € S*, it follows that z; 11 & S*. The length of z;1 is (r—i—1)m+(t —1)n,
which is in (m, n). By the induction hypothesis, zg = Tu; - - - 7,1 for some 7’s and
u’s that satisfy Eq. (2.56) for zo. Then w can be written as

w=y, wn+(G—1)m+Ll.n+im]m u - 7. (2.59)
Therefore, the lemma is proved. O
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2.5.3 An equivalent condition on co-finiteness

Let S be a set of words of two lengths m and n, where m < n and ged(m,n) = 1.
As we observed in Corollary 2.4.13, the basis S generates a co-finite language if and
only if all words of length m are in S and all words of length [ = m |X]" ™" +n—m
can be factorized into elements of S. Now I will give an equivalent condition, under
which S generates a co-finite language. Furthermore, the instance of the 2FPFM
specified by S can be solved accordingly. If m = 1, by Proposition 2.4.4, §* is
co-finite if and only if ¥ C S, and when S* is co-finite, S* = ¥*. So now we assume
m > 1.

Theorem 2.5.3. Let S be a set of words of lengths m and n over the alphabet
Y, where 1 < m < n and ged(m,n) = 1. Then S* is co-finite if and only if
S contains all words of length m and there exists an integer | such that | = n
(mod m), X™\ S* £ 0, and X'\ S* = 0. Furthermore, when S* is co-finite, this
[ is unique and lw (S*) = g(m,1).

Proof. =: Suppose S* is co-finite. By the First Lemma of the 2FPFM, S contains
all words of length m. Now we prove the existence of [. No word of length n—m can
have any factor of length n. Furthermore, ged(m,n) =1, so "™\ S* # ). On the
other hand, by the Second Lemma of the 2FPFM, there exists I’ = m|X|""™4+n—m
such that X"\ S* = (). Then consider the sequence

OUUANFSD SURNNCEND s A WSS s i (2.60)

There must be two consecutive terms such that the former is non-empty and the
latter is empty. Therefore, there exists [ between n and I’ such that { = n (mod m),

YimA §* £ (), and X\ S* = 0.

<: Suppose such an integer [ exists. Since ¥™ C S, X! C S*, and ged(l,m) =
ged(n, m) = 1, by Proposition 2.1.4, it follows that S* is co-finite.

Now, suppose S5* is co-finite, and [ is one integer satisfying the condition. Then
llw (S*) < g(m,1). (2.61)

Let 7= X"\ S* and L = (TX™)™~2T. All words in T are of length = n (mod m).
Applying Lemma 2.5.1, we get that L N S* = (), where all words in L are of length
(—m+m)(m—2)+{—m)=Im—1—m=g(m,l). (2.62)

So the bound in (2.61) can be actually achieved and llw (S*) = g(m, [).

To prove uniqueness, suppose there are two such ly,l5. Then the length of the
longest words not in S* is g(m, l;) = g(m, ls), and thus ml; —m —1; = mly —m —Is.
So (m —1)(l; — ly) = 0. Since m > 1, we have [; = l,. Hence, [ is unique. O
Example 2.5.4.  For the basis S, = ¥* U X%\ {00001} in Example 2.4.5 on
page 42, the unique [ is 8 as X° \ S; = {00001 } # §) and ¥°\ S} = 0. So Sj is
co-finite, and llw (S5) = ¢(3,8) = 13.
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Theorem 2.5.3 provides an equivalent condition for co-finiteness in the 2FPFM
and converts the 2FPFM into a simpler problem. Instead of finding the longest
words not in S*, one can find the longest words not in S* with lengths = n (mod m)
and then construct a set of longest words not in S*. Suppose S is the basis for an
instance of the 2FPFM. Then S* is co-finite if and only if for some [ all of the sets
ynom\ 8 3\ S* L., B\ S* are non-empty and all of the sets X1\ S*, £\ 5%
are empty. A set of longest words not in S* can be constructed accordingly, if such

an [ exists. In fact, this constructed set contains precisely all the longest words not
in S*.

Corollary 2.5.5. Let S be a set of words of lengths m and n over the alphabet 33,
where 1 < m < n, and S* is co-finite, where | is the unique integer such that | =n
(mod m), T ="\ S* £ 0, and X'\ S* = 0. Then the set of the longest words
not in S* is

(TX™)™ 2T, (2.63)

Proof. By the proof of Theorem 2.5.3, none of the words in (T%™)™ 2T is in S*
and they are the longest such words, which are of length g(m,1). Furthermore,
all of the sets X7\ §* ¥\ S* ..., ¥"™\ S* are non-empty, and all of the sets
¥\ S, xHm\ §* ... are empty.

Let w be any longest word not in S*. Then w is of length g(m,l) = ml —m — .
The smallest positive integer ¢ such that

tn = g(m,l) (mod m) (2.64)
is t = m —1, since by the co-finiteness of S*, gcd(m,n) = 1. By Lemma 2.5.2, there
are words uy, Us, . .., Upy_o of length m, and 7,75, ..., 7,—1 of length = n (mod m)
such that

W = T1UIT2UQ * * * Tm—1, (265)

and none of the 7’s is in S*. Then the length of each 7’s is < [ — m and thus the
length of w is

<({l=m)(m—-1)4+m(m—-2)=Im—101—m=g(m,l), (2.66)

where the equality can be attained only when all the 7’s are of length [ —m. Hence
all the 7’s are in T, and thus w is in (TX™)™2T. O

Example 2.5.6.  For the basis S, = ¥* U 3°\ {00001 }, the unique integer
is 8. Since 3°\ §* = {00001 }, the longest words not in S} are 000013200001.

Corollary 2.5.5 shows that the 2FPFM is equivalent to the following problem.

Problem 2.5.7 (Equivalent statement of the 2FPFM, the 1st). Let ¥ be a (finite)
alphabet and let S be a set of non-empty words of lengths m and n, where m,n are
two positive integers and 1 < m < n, such that ¥™ C .S and there exists an integer
I' such that I' = n (mod m), %" C S*. Find the set T of words of some length
such that I =n (mod m), X'\ S* =0 and T = X!=™\ S*.
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Theorem 2.5.3 shows an equivalence between the 2FPFM and a combinatorics
problem considering only words of particular lengths. The longest omitted words for
the former problem can be expressed by words of a particular length in the latter
problem. In fact, all words not in a generated co-finite language in the former
problem can be expressed by words of particular lengths in the latter problem, as
the following corollary says.

Corollary 2.5.8. Let S be a set of words of lengths m and n over the alphabet X3,
where 1 < m < n, and S* is co-finite, where | is the unique integer such that | =n

(mod m), L=\ S* #£ 0, and X'\ S* = 0. Then the set of words not in S* is

<]€U >zﬂ‘> U (nU(sz)iT), (2.67)

<m7n i=0

where T =Yr™ Uy ¥ Uy vtm gy ... U Zl—m\S*.

Proof. For any j ¢ (m,n), by Eq. (2.8) on page 33, none of the words of length j
is in S*. On the other hand, none of the words in 7" is in S*. Furthermore, each
word in 7" is of length = n (mod m), and so by Lemma 2.5.1, none of the words in
U2 (TE™)T is in S*.

Let w be a word that is not in S*. If the length of w is not in (m,n), then w

is in Uj¢(m,n) 7. Otherwise, by Lemma 2.5.2, there are words uy,us, ..., u;—; of
length m, and 71,79, ..., 7 of lengths in {n —m,n,n +m,n + 2m, ...} such that
W = TIUIToU2 "+ * T, (2.68)

where none of the 7’s is in S* and ¢ < m — 1. From the proof of Theorem 2.5.3, we
know that all of the sets X~ \ §* ¥7\ §* ... B=™\ S* are non-empty, and all
of the sets ¥\ §*, ¥1+m\ §* . are empty. So all the 7’s are in T and thus w is in
U (T=m)'T.

Therefore, the complement of S* is (U, g =) U (U A(T=m)T). O

Example 2.5.9.  For the basis Sy = X3 U 3%\ {00001 }, the unique [ is 8 and
T ={00,01,10,11,00001 }. Then all words not in S; are

YuUuXuxtuxuTuTST. (2.69)

Let S be a set of words of two lengths m,n with 1 < m < n such that S* is
co-finite. Then by Eq. (2.7) on page 33, the set of lengths of words in S* is

(m,n). (2.70)

Furthermore, let [ = n + jm be the unique integer satisfying the condition in
Theorem 2.5.3 for S. Then [ can be exponential in n since

0<j<[B"™—1. (2.71)
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Define T; = ¥\ S* for -1 <i<j—l,and T=T, U To UTy U --- U Tj_;.
Then none of the T7’s is empty. By calculating the lengths of words in (2.67), we
see that the set of lengths of words not in S™* is

(N\ (m,n)) U {pn+gmneN:1<p<m-1,-1<qg<pj—1}, (2.72)

which satisfies Eq. (2.8) as a superset of N\ (m,n). The two terms of the expres-
sion (2.72) may not necessarily be disjoint, since the two subsets in the language
given in (2.67) can share common words. There is a simple formula for the set
of lengths of words not in S*, which is obtained by noticing m,[ are the y’s in
Proposition 2.1.15 on page 34. In other words, the integers m, [ satisfy Eqs. (2.9)
and (2.10) on page 34.

Corollary 2.5.10. Let S be a set of words of lengths m and n over the alphabet
Y, where 1 < m < n, and S* is co-finite, where | is the integer such that | = n
(mod m), B=™\ S* £ 0, and X'\ S* = 0. Then the set of lengths of words not in
S* is

N\ (m,1). (2.73)

Proof. Since (m,l) C (m,n) C N, we have
N\ (m,l) = (N\ (m,n)) U ((m,n)\ (m,1)), (2.74)
Let I =n+ jm. Then 7 > 0. Any integer s can be uniquely written in the form
s = pn + qgm, (2.75)

where 0 < p < m — 1. Then s € (m,n) if and only if ¢ > 0. We can also write
s = p(n+jm)+ (¢ — pj)m, and by the same reason, s € (m,[) if and only if ¢ > pj.
Hence it follows that
(m,n) \ (m,l) = {pn+qm€ N:0<p<m—-1,0<¢q<pj— 1} (2.76)
:{pn—I—quN:lSpgm—l,ogquj—l}, (2.77)
and {pn+qm€N:1 Spgm—l,q:—l} C N\ (m,n). So
N\(m,l) = (N\(m,n)) U {pn+gm e N:1 <p<m—-1,-1<qg<pj—1}, (2.78)
which is exactly the set of lengths in the language (2.67). By Corollary 2.5.8, the
language (2.67) is S*. O
Example 2.5.11.  For the basis S; = X3 U 35\ {00001}, the unique [ is 8.
Then the lengths of all words not in S} are in N\ (3,8) = {1,2,4,5,7,10,13 }.

Each term in the right-hand part in the language given in (2.67) is distinct,
since their words have different lengths. Then the number M of words not in S* is
bounded by

(7] 15"y | 7| = TS
Z B e )

(2.79)
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By Corollary 2.5.5, the number of the longest words not in S* is
I=(T|- ™" 2T =T |2, (2.80)
and the total number of symbols of the longest words not in S* is

IL = g(m,n+km)|T ™" |gmm2 (2.81)

2.6 The de Bruijn graph in the 2FPFM

In this section, I will give a set s¢(m, n) of integers for each pair of positive integers
m and n with ged(m, n) = 1 as a spectrum for the 2FPFM. For any set .S consisting
of words of lengths m and n, if S* is co-finite, then llw (?) € »(m,n). In order
to describe and prove the result about the spectrum s2(m,n), we need a graphical
concept and some properties of a particular type of directed graph, which can be
viewed as a generalization of the de Bruijn graph. All graphs in this section are
directed graphs.

2.6.1 Word graphs of the 2FPFM
Definitions in graph theory

First of all, we will review some basic concepts in graph theory. A directed graph G,
or digraph for short, is a triple (V, A, 1) consisting of a nonempty set V' of vertices,
a set A of arcs (also called edges in some literatures), and an incidence function

VAV XV (2.82)

When ¢(a) = (u,v), arc a is said to join u to v, vertex u is the tail, and vertex v is
the head. A directed graph is strict if it has no loop and it has at most one arc from
one vertex to another. In the literature, “directed graph” sometimes refers to what

Figure 2.4: An example of a directed graph
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we have called the strict directed graph here. Figure 2.4 is an example of a directed
graph, where { A, B, C, D } is the set of vertices and { ¢, 7, s,t,u,v,w, x,y, z } is the
set of arcs. The incidence function can be easily understood by the arrows in the
diagram. For example, 1(s) = (4, B).

Let G1 = (V1, A1,4¢1) and Gy = (Va, As, 109) be two digraphs. Digraph G is a
subgraph of digraph Go if V; C V5, A7 C Ay and 1) is the restriction of ¥y to Aj.
Furthermore, when V; = V5, the subgraph G, is called a spanning subgraph of Gs.
Digraph G, is isomorphic to digraph G, if there are bijections ¢ : V; — V5 and
¢ Ay — Ay such that ¥» (£(a)) = (¢(v),{(v")) for all a € Ay, where 11 (a) = (v,v').

A walk in G is a finite nonempty sequence W = vy, a1, v1, as, vg, - -+ , ag, Vg, OT
simply vg, v1, Vg, -+ , Uk, OT Gy, as, - - - , ag, Where v’s are vertices and a’s are arcs such
that each a; joins v;_1 to v;, and k is the length of W. Without confusion, commas
between terms are omitted in order to save space. In Figure 2.4, AxDyBzAxDyB is
a walk. In particular, any sequence consisting of a single vertex is treated as a walk
of length 0. A walk is called a trail if each arc is distinct (such as Az DyBzAuDvC),
and is called a path if each vertex is distinct (such as AsBrDuv(C'), and called

Table 2.7: Different types of walks in a digraph

The digraph O

walk

closed walk

u
[ ]
c j
trail Ao B tour
y
T
c® v D
A
[ ] s
,
[ )

path

Euler tour ® §24‘7
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closed if the origin and terminus are the same (such as AzDyBzAuDyBzA). A
closed trail is called a cycle if the origin and internal vertices are distinct (such
as AxDyBzA). A Hamilton cycle is a cycle which contains every vertex (such as
AsBrDvCwA). A tour is a closed walk which traverses each arc at least once (such
as AzDyBzAuDvCwAsBrDqAsBrDvCwAtA). In the definitions given here, a
tour is not a cycle in general, since a cycle cannot contain a vertex twice except at
the ends, but a tour can. An Fuler tour is a tour which traverses each arc exactly

once (such as ArDyBzAuDvCwAsBrDgAtA).

Two vertices u and v are said to be connected if each can be reached from the
other by a directed path. A graph is connected if every pair of vertices is connected.
The indegree d~(v) of a vertex v is the number of arcs with head v; and the outdegree
d*(v) of a vertex v is the number of arcs with tail v.

All above definitions in graph theory are taken from the textbook of Bondy and
Murty [15], and the reader may refer to it for more details.

There is a classic theorem on Euler tours as follows.

Theorem 2.6.1. A nonempty connected digraph G contains an Euler tour if and
only if d*(v) = d~(v) for each vertez v.

The definition of the word graph

In order to study the 2FPFM, I will introduce a concept of a word graph for a
set of words of two distinct lengths. Let S = {1, 22,..., 2 } be a set of words
of lengths m and n over an alphabet 3, where 0 < m < n (m,n not necessarily
co-prime). The word graph Ggm’n) for S is a directed graph (X"~™ X"\ S, ), where
1 is defined on each word w € X"\ S by ¥(w) = (u,v), where u = w[l..n — m]
and v = w[m + 1..n]. The superscript (m,n) is omitted if it is clear from the
context. In addition, a labeling function ¢ : X"\ S — ™ on the arcs of a word
graph is defined by p(w) = w[n —m + 1..n]. In other words, if ¥(w) = (u,v) and
p(w) = w', then w = uw’ = w"v, where w” = w[l..m]. In the graph diagram of
a word graph, we label each arc w by (u)w’ instead of the arc w for explicitness,
where w' = p(w), Y(w) = (u,v),w = uw'.

Example 2.6.2.  The word graph for the basis S; = X3 U ¥° in Example 2.1.2
on page 30 is a digraph with no arcs:

[ ] [ ]
00 01 10 11

Example 2.6.3.  The word graph for the basis S, = ¥* U X°\ {00001} in
Example 2.4.5 on page 42 is the digraph depicted below:

(00)001
*e—>0 [ ) [ ]
00 01 10 11
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Example 2.6.4. The word graph for X2 is the digraph depicted below, where
Y2 is viewed as a set of words of lengths 2 and 4: (some labels are omitted for
clarity)

@ (00)01 @

N\

47" (10)11 ™
0'@@

(11)10

2.6.2 Another equivalent condition on co-finiteness

The following lemma provides a general connection between a set S of words of
two lengths and its word graph. Any word not in S* that is of a particular length
is associated with a path in the word graph Gfgm’”), even when S* is not co-finite.

Hence the word graph Ggm’”) for a given set of words S C ¥™ U X" is a useful
characteristic of S when considering the words not in S*.

Lemma 2.6.5. Suppose X™ C S C ¥™ U X", where 1 < m < n and ged(m,n) = 1.
Let j > —1 be an integer, and | = n + jm. Then there is a word x of length | that
is not in S* if and only if there is a walk of length j + 1 in the word graph Ggm’n).

Proof. Let 7 > —1 be an integer, [ = n + jm, and © = ajas---a; be a word of
length [ that is not in S*. Define
Yi = Qims1Gim+2 " Qimgn, for 0 <14 < j; (2.83)
Zi = Qim41Qim+2 °* ° QGigman—m, for 0 < 1 < j + 1. (284)

Then, by Proposition 2.4.10 on page 46, none of the y’s is in S*. By comparing
lengths, we can write

Yi = Zi CGimtn—m+1 " Gim4+n = Gim+1 " Gim+m <i+1 (2-85)

for each y;, and thus y; is an arc in the word graph Ggm’"), Hence there is a walk
20Y021Y1 - - - Yj%i41 of length j 4 1 in the word graph Ggm’”).

Let xowixqws - - - wj112541 be a walk of length j + 1 in the word graph G(Sm’”).
Then, by definition, none of the words w; is in S* for 1 < ¢ < j+ 1, and w; =
xi_u; = vix; for u; and v; of length m, where u; = p(w;) is the labeling function.
Consider the word

T = XToUilUg *** Ujp] = V102 "+~ Vjp1Tj41. (2.86)

By comparing lengths, it can be checked that for this word z, the factors y; in
Proposition 2.4.10 are exactly the w; defined here. Since none of the w; is in S*, x
is not in S*. O
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Now I will give another equivalent condition describing when S generates a
co-finite language. Furthermore, the instance of the 2FPFM specified by S can be
solved accordingly. If m = 1, by Proposition 2.4.4, S* can only be trivially co-finite,
which means S* = ¥*. Assume m > 1. By Theorem 2.5.3 and Corollaries 2.5.5
and 2.5.8, the solution to an instance of the 2FPFM depends on the omitted words
of particular lengths, which are exactly those lengths specified in Lemma 2.6.5.
Therefore, based on the equivalent problem in combinatorics on words and the con-
nection between the word graph and words of particular lengths, another equivalent
problem to the 2FPFM in graph theory is as follows.

Theorem 2.6.6. Let S be a set of words of lengths m and n over the alphabet 3,
where 1 < m < n and gcd(m,n) = 1. Then S* is co-finite if and only if S contains
all words of length m and there is no cycle in the word graph G(Sm’"). Furthermore,
when S* is co-finite, then llw (S*) = g(m, 1), where | =n + jm and j is the length
of the longest path in G(Sm’").

Proof. Suppose S* is co-finite. By the First Lemma of the 2FPFM, all words of
length m are in S. If there is a cycle in Gfgm7n), then there are arbitrarily long walks

in Ggm’"), and by Lemma 2.6.5, there are arbitrarily long words that are not in S*,
which contradicts the co-finiteness of S*. Hence there is no cycle in G’(Sm’n).

If there is no cycle in Ggm’n), let 7 be the length of the longest path and let
| = n+ jm. Then by Lemma 2.6.5, X"\ S* # (), and X!\ S* = (). In addition,
all words of length m are in .S, so by Theorem 2.5.3, S* is co-finite. Furthermore,
also by Theorem 2.5.3, the length of the longest words not in S* is g(m, (). O

Now we extend the definition of the labeling function (a) from arcs to any

walk, where an arc is viewed as a walk of length 1. Let zowiziws---w;x; be a

walk in the word graph Ggm’”). Then, by definition, each w; can be written as

w; = x;_qu; = vix; for some u; and v; of length m, where u; = ¢(w;). Define
p(rowiziws - - w;z;) = p(wi)p(ws) - - - p(w;) = urug - - u;. (2.87)

By the proof of Lemma 2.6.5, for any walk, the word zop(zowiz1ws - - - wjz;) is not

in S*.

Corollary 2.6.7. Let S be a set of words of lengths m and n over the alphabet X2,
where 1 < m < n, and S* is co-finite, where | is the length of the longest path in
the word graph Ggm’n). Then the set of the longest words not in S* is

(TX™)m=2T, (2.88)
where T = {xogp(xo ceexy) i Xo ey 1S a path in Gfgm’n) of length 1 }

Proof. Follows directly from Lemma 2.6.5 and Corollary 2.5.5. O
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Corollary 2.6.7 shows that the 2FPFM is equivalent to the following problem.

Problem 2.6.8 (Equivalent statement of the 2FPFM, the 2nd). Let ¥ be a (finite)
alphabet and let S be a set of non-empty words of lengths m and n, where m,n are
two positive integers and 1 < m < n, such that there is no cycle in the word graph
G(Sm’n). Find the longest paths in the word graph qum’").

Corollary 2.6.9. Let S be a set of words of lengths m and n over the alphabet X2,
where 1 <m < n, and S* is co-finite. Then the set of words not in S* s

(ﬂU >Ej> U (Tj(sz)iT), (2.89)

(m,n 1=0
where T = { zop(xo - 21): o -+~ 2y is a path in Ggm’n) of length >0 }.

Proof. Follows directly from Lemma 2.6.5 and Corollary 2.5.8. O

Corollary 2.6.10. Let S be a set of words of lengths m and n over the alphabet
Y, where 1 <m < n, and S* is co-finite, where | is the length of the longest path
in the word graph Ggm’"). Then the set of lengths of words not in S* is

N\ (m,n + mi). (2.90)

Proof. Follows directly from Lemma 2.6.5 and Corollary 2.5.10. O

Example 2.6.11.  The word graph for the basis S, = 2% U X°\ {00001 } in
Example 2.4.5 on page 42 is

(00)001
U R S
which contains only paths (00),(01),(10),(11) of length 0 and (00,00001,01) of
length 1, and has no cycle. So S} is co-finite. Let 7" = {00,01,10,11,00001 }.
Then the longest words not in S} are 000013200001 and all words not in S} are

YuUuXuxtuxTuTuTST. (2.91)

2.6.3 The de Bruijn graph and a generalization
The de Bruijn word and the de Bruijn graph

We call a word w a k-ary de Bruijn word of order n if each k-ary word of length
n appears in w as a factor exactly once. For example, two of the binary de Bruijn
words of order 3 are 0001011100 and 0001110100. It is easy to see that a k-ary
de Bruijn word of order n consists of ™ +n — 1 letters. Sometimes, a de Bruijn
word is represented in a circular form by clockwise arranging the first £ letters in
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Figure 2.5: Binary de Bruijn words of order 3

a circle. Figure 2.5 shows the two circular forms of the binary de Bruijn words of
order 3. Here we will use the linear form of the de Bruijn word.

In 1946, de Bruijn [22] showed that the number of such binary words of order n is
22"~ 1y introducing a digraph, which was independently produced by Good [57]
in the same year. In general, the number of distinct k-ary de Bruijn words of
length n is (kD)*" 'k~ [1, 36]. The digraph de Bruijn introduced is usually called
the de Bruign graph or de Bruijn-Good graph. The de Bruijn graph and de Bruijn
words are strongly related, since each Euler tour in a de Bruijn graph produces a
de Bruijn word. The binary de Bruijn graph of order 2 is depicted in Figure 2.6.

Figure 2.6: Binary de Bruijn graph of order 2

More formally, a k-ary de Bruijn graph of order n is a digraph (X7, ¥ 4)),
where ¥ = {0,1,...,k— 1} and ¥(ua) = (u,v) for v = u[2..n]a, u,v € ¥", a € %.
In a de Bruijn graph, the indegree and outdegree of each vertex is exactly |X|.

The study of the de Bruijn word dates back at least to the late 1800’s. In 1894,
de Riviere [134] raised the question of the number of de Bruijn words, which was
then answered by Flye Sainte-Marie [47], in the same journal L’Intermédiaire des
Mathématiciens. The concept of de Bruijn words is also connected to some other
concepts, such as Lyndon words and necklaces [144] and feedback shift registers [56].
All of the results can be used to efficiently generate a de Bruijn word; for example,
see Fredricksen [48] or Ralston [128] for a good survey on the topic of generating
de Bruijn words.
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The generalized de Bruijn graph

Let m,n be two distinct positive integers, where m < n, and ¥ be an alphabet.
The set of words ™ can be viewed as of len%ths m and n, although it contains no
word of length n. The special word graph Gznf,{n) is denoted by

T'(m,n) = Gim™. (2.92)

The digraph I'(m, n) is a generalization of the de Bruijn graph in the sense of the
following theorem.

Theorem 2.6.12. The digraph T'(1,n) defined over an alphabet of size k is iso-
morphic to the k-ary de Bruijn graph of order n — 1.

Proof. Let ¥ be the alphabet of I'(1,n) and let A = {0,1,...,k—1}. Then, by
definition, T'(1,n) = (X"7!,¥" ¢)) and the k-ary de-Bruijn graph of order n — 1
is (A" A" 9. Since S| = |A| =k, let n : ¥* — A* be a bijection. Let ¢
and £ be the restrictions of 7 on X! and X" respectively, and let w € ¥" be an
arbitrary arc of I'(1,n). Then by the definition of the word graph, ¥ (w) = (u,v),
where u = w[l..n — 1] and v = w[2..n]. By the definition of the de Bruijn graph,
V(E(w)) = ¢'(w') = («,v), where w' = w'a and v = u/[2.n — 1]a for some
a € A. By comparing lengths, we have v’ = w'[l..n — 1] and v' = w'[2..n]. So
Y (E(w)) = (¢(u),¢(v)), and thus ("1, £, ¢) is isomorphic to (A" 1, A" o). [

We call T'(m,n) a generalized de Bruijn graph. By the definition of the word
graph, Ggﬁ;n) = Gé)m’”) = G(Tm’”) for any 7' C X™. When S is co-finite, S must
contain all words of length m, so in the general discussion on the 2FPFM by the
graph approach, we are only interested in those S (and Ggm’")) for which ¥™ C S.
We always assume ™ C S without further explanation in the remaining of this

section.

Table 2.8: Comparison of the de Bruijn graph and the word graph I'(m,n)

word graph I'(m,n) = Ggf{n) de Bruijn graph of order &k

vertices yn—m Yk
arcs o Yktl
(w) = (u,v) weuX™ N XM weuy N v

Proposition 2.6.13. Let m,n be two integers, 0 < m < n, and let G be a digraph.
The following two conditions are equivalent.

(a) There exists a set S of words of lengths m and n such that S contains all
words of length m and its word graph Ggm’n) =G}

(b) The digraph G is a spanning subgraph of I'(m,n).
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Proof. From the definitions, the result follows straightforwardly. O]

By Theorem 2.6.6 and corresponding Corollaries 2.6.7 and 2.6.9, we know that
each acyclic spanning subgraph of I'(m,n) is a word graph that corresponds to a
basis S of words of lengths m, n such that S* is co-finite, and vice versa. The words
not in S* can be expressed by a regular expression in terms of the labeling of paths
in the corresponding word graph, and the length of the longest omitted word can be
expressed exactly in terms of the length of the longest paths in the corresponding
word graph. Based on the study of the generalized de Bruijn graph, I will show
below some general properties of the 2FPFM. For example, the maximum acyclic
subgraph of I'(m,n) can be used to construct an S with the minimum x = |S|
such that S* is co-finite; and the longest (simple) path in I'(m,n) can be used to
construct an S with the maximum £ = llw (?) among all instance of the 2FPFM
with respect to the integers m,n.

Now we consider the general properties of the generalized de Bruijn graph
['(m,n). First we need a concept from graph theory. The arc graph of a digraph
G = (V, A, %) is a digraph G = (A, B, ¢) that has the arcs of G as vertices, and
the set B of arcs contains a, where p(a) = (u,v), if there are x,y,z € V such that
Y(u) = (x,y) and ¥(v) = (y,z). Then the arc graph G has a Hamilton cycle if and
only if G has an Euler tour as in the following proposition.

Proposition 2.6.14. Let G = (A, B, ) be the arc graph of G = (V, A,9). Then
G has a Hamilton cycle if and only if G has an Fuler tour.

\\1 w ag/\l“’ \ w a/w \}1 w aﬁ/‘w \h wT, ag/‘w \a w9 a1p Y1
NS TN SN S NS ST

Figure 2.7: G has a Hamilton cycle if and only if G has an Euler tour

Proof. <=: Suppose G has an Euler tour given by
W = vga1v1a909 -+ Qj—1Vk_1aQLV (2.93)

that covers each arc in A exactly once and thus each a; is distinct for 1 <1 < k.
By definition, between each pair a;, a;41 of arcs in A (and ay, a; at the very end) as

vertices in G, there is an arc w; such that ¢(w;) = (a;, a;11). Then there is a closed
walk in G

W = ajwiasws - - - Wp_1apwyay, (2.94)

where each vertex encountered is distinct, except that the origin is the same as the
terminus. Then W is a cycle. Since W is an Euler tour, W encounters each vertex
exactly once, and thus W is a Hamilton cycle.
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=: Suppose G has a Hamilton cycle given by

W = ajwiaswsy + + * W1 QWA . (2.95)

By the definitions, each a; and w; is distinct for 1 < i < k and W covers each vertex
in A exactly once. For each w;, there are a;,b;, a;11,b;01 € V such that ¥(a;) =
(Vi u), Y(aiz1) = (Vig1, Uig1), and u; = vi41. In addition, by p(wy) = (ag,a1), we
have ugy1 = v;. Consider the walk in G given by

W = v1a109a4 - - - Va1 01 . (2.96)

Then W is a closed walk. Since W is a Hamilton cycle, W encounters each arc
exactly once, and thus W is an Euler tour. [

The following result is generalized from a property of the de Bruijn graph.
Zhang and Lin [175] showed in 1987 that the de Bruijn graph of order k + 1 is the
arc graph of the de Bruijn graph of order k. Lemma 2.6.15 is a generalization of
this result, namely, that the generalized de Bruijn graph I'(m,n + m) is the arc
graph of the generalized de Bruijn graph I'(m,n).

Lemma 2.6.15. I'(m,n +m) is the arc graph of I'(m,n).

Proof. Let X be the alphabet. By definition, we have
[(m,n) = (X""™,%"¢), T(m,n-+m)=(Z",3""" ¢). (2.97)

The vertices of I'(m,n + m) are exactly those arcs of I'(m,n). Now, we consider
the arcs of I'(m,n 4+ m). Let a,b be two arcs in I'(m,n) such that (a) = (z,v),
»(b) = (y, 2), a = zu, b = yv, where u, v are of length m. Then the word

Tuv € L") (2.98)

as an arc in I'(m,n + m), is the one that corresponds to a,b in the definition of
the arc graph of I'(m,n). On the other hand, each word w € ¥"*™ as an arc in
I'(m,n 4+ m) joins w[l..n] to w[m..n + m|, where the two vertices share a common
part w[m..n]. In other words, as two arcs in G,

Y(w[l.n]) = (w[l.n —m],w[m..n]), (2.99)
Y(w[m..n +m]) = (wm..n], w2m..n + m]), (2.100)

they share a common vertex that satisfies the condition in the definition of the arc
graph of I'(m, n). Therefore, I'(m,n 4+ m) is the arc graph of I'(m, n). O
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2.6.4 Spectrum theorem for the 2FPFM

Let ¥ be the alphabet and m,n be two integers that 0 < m < n. We know
that each word graph for a set of words of lengths m,n is a spanning subgraph
of the generalized de Bruijn graph I'(m,n), and from any spanning subgraph G of
['(m,n), we can construct a set S of words of lengths m,n such that G(Sm’n) =G@.
Furthermore, the language S* generated by S is co-finite if and only if the word
graph Ggm’n) contains no cycle. Then by the equivalence of the 2FPFM and the
word graph in Theorem 2.6.6, the bound in Theorem 2.4.12 is achievable if and only
if there is a path of length |X|"™™ — 1 in an acyclic spanning subgraph of I'(m,n),
that is to say there is a Hamilton path in I'(m,n), since there are |[XZ["™ vertices
in I'(m,n).

Euler tours and Hamilton cycles in I'(m,n)

Each ordinary de Bruijn graph has Euler tours and Hamilton cycles [22, 57, 175].
I will show that this result can also be generalized for the word graph I'(m,n).

Theorem 2.6.16. For any integers m and n, where 0 < m < n, there is an Fuler
tour in the generalized de Bruijn graph T'(m,n).

Proof. In order to prove that there is an Euler tour in I'(m,n) = (X", X", ¢), by
Theorem 2.6.1, we only need to show the following two conditions hold:

1. For any vertex v, the indegree d~(v) is equal to the outdegree d*(v);

2. For any ordered pair of vertices u, v, there is a directed path from wu to v.

By definition, for each vertex v € ¥X""™, the set of arcs with head v is v¥™,
and thus d*(v) = |X|™. Similarly, the set of arcs with tail v is X™v, and thus
d”(v) = [E[" = d*(v)

For any two vertices u,v € £"~™, define 7 = u0™/=1~"v. Then we have | 7| = n
(mod m) and we can write

/ rot
T = uwiwaws - - - w( 1-1 = Wi U1waws * + + w( 1-1 = W WyU2W3 * + + w[%1_1

== wjwh - -w’[%wﬁu[%kgw[%],l = wijwy - - - w'[%w_lv, (2.101)
where all the w; are of length m and all the u; are of length n. Then there is a
directed path from u to v given by

Uy UWY, Uty UgW2, Uz, - -, UL 2] g, U] _2W[ 21, . (2.102)

Therefore, there is an Euler tour in the generalized de Bruijn graph I'(m,n). [
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Lemma 2.6.17. For any integers m and n, where 0 < m < n < 2m, the generalized
de Bruijn graph I'(m,n) has a Hamilton cycle.

Proof. First we prove that for any pair of vertices u, v, there is an arc that joins
uw and v in each direction. By definition, I'(m,n) = (X"~™ X" ). For any two
vertices u,v € X" ™, the arc ©0?™ "v € X" has u as the head and v as the tail.
Now one can find a Hamilton cycle in I'(m,n) as follows. First find an arbitrary
permutation of all vertices. Since there is an arc that joins each pair of vertices,
the permutation of all vertices can be converted into a closed walk, which is then a
Hamilton cycle. O

Theorem 2.6.18. For any integers m andn, where 0 < m < n, there is a Hamilton
cycle in the generalized de Bruijn graph T'(m,n).

Proof. 1f n < 2m, by Lemma 2.6.17, I'(m, n) has a Hamilton cycle. Now we assume
n > 2m. Then the notation I'(m,n — m) is meaningful, and by Lemma 2.6.15,
['(m,n) is the arc graph of I'(m, n —m). From Theorem 2.6.16, we know that there
is an Euler tour in I'(m,n — m). Then by Proposition 2.6.14, there is a Hamilton
cycle in I'(m, n). O

The spectrum theorem

We are now ready to state the spectrum theorem, which gives a set of integers
»(m,n) for the 2FPFM corresponding to each choice of m and n that covers all
possible lengths of longest omitted words. Recall that g(z1, xe) = 2129 — 21 — X9 is
the Frobenius number of z1, x5.

Theorem 2.6.19 (Spectrum theorem). Let m,n be integers such that 1 < m <n
and ged(m,n) = 1. For any basis U C X™ U ¥" such that U* is co-finite, then
llw (U*) € 3(m,n), where

sx(m,n) ={glm,l):l=nn+m,....n+im,. .. ,n+(S"""=1m}. (2.103)

Furthermore, there is a set S of words of lengths m,n for each number g(m,l) in
»(m,n), such that llw (S*) = g(m, ).

Proof. Let S be a set of words of lengths m,n such that S* is co-finite. By the
equivalence between the 2FPFM and combinatorics on words of particular lengths
as in Theorem 2.5.3, the longest words not in S* are of length g(m, 1), where [ is
the unique integer that [ = n (mod m), ¥=™\ S* # (), and X!\ S* = (. By the
Second Lemma of the 2FPFM, all words of length m [X["™™ + n — m are in S*.
In addition, none of the words of length n — m is in S* for ged(m,n) = 1. So
n<l<n+ (X" = 1)m, and llw (S*) € s(m,n).

By Theorem 2.6.18, there is a Hamilton cycle in the generalized de Bruijn graph
I'(m,n). So there is an acyclic spanning subgraph G; of I'(m, n), where the longest
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path is of length j for each j = 0,1,2,...,|X|" ™ — 1. That subgraph G is just the
graph consisting all vertices of I'(m, n) and only the arcs that lie in a single path
of length j. Let S; be the corresponding set of words such that G(m "™ = @G;. Then
by the equlvalence between the 2FPFM and word graph as in Theorem 2.6.6, 7 is
co-finite and llw (S7) = g(m,n 4 jm) for 0 < j < [S["™ — 1. O

As shown in Theorem 2.6.19, there are exactly |X|" ™ integers that can be
the lengths of the longest words as solutions to the 2FPFM over the alphabet X
with lengths of words in the basis being m,n. Furthermore, the |X|"™™ integers
in »(m,n) constitute an arithmetic progression with common difference m? — m.

With fixed m and alphabet size > 2, the largest integer in s(m,n) is
L=gm, 2" +n—m)=0(%]"), (2.104)
where v = max {m,n } = n.

Example 2.6.20. Consider small integers m,n such that 0 <m <n < 10 and
ged(m,n) = 1. Then the possible lengths of the longest words not in a co-finite
language generated by words of lengths m,n are in Table 2.9.

Table 2.9: Spectrum s(m,n) of length of longest words not in S* in the 2FPFM

mn S =1 [%]=2 IS[=3 S[=4

L« {-1} {-1} {1} {-1}

2,3 {1}  {1,3} {1,3,5} {1,3,5,7}

2,5 {3} {3,5,7,...,17}s {3,5,7,...,55}a7 {3,5,7,...,129}¢4

2,7 {5} {5,7,9,...,6T}s {5,7,9,...,489} 243 {5,7,9,2051} 1024

2,9 {7} {7,9,11,...,261}1as  {7.9,11,...,4379}s157  {7,9,11,...,32773} 16384
3.4 {5} {511} {5,11,17} {5,11,17,23}

3,5 {7} {7,13,19,25} {7,13,19,...,55} {7,13,19,...,97}6

3,7 {11}  {11,17,23,...,101}ys {11,17,23,...,491}s;  {11,17,23,...,1541}0s6
3,8 {13} {13,19,25,...,199}3, {13,19,25,...,1465}043 {13,19,25,...,6151}1024
4,5 {11} {11,23} {11,23,35} {11,23,35,47}

4,7 {17}y {17,29,41,...,101}s  {17,29.41,...,329}s;  {17,29,41,...,773}e4
4,9 {23} {23,35,47,...,395} 3 {23,35,47,...,2927}ss3 {23,35,47,...,12299} 1024
56 {19}  {19,39} {19,39,59} {19,39,59, 79}

57 {23}  {23,43,63,83} {23,43,63,...,183} {23,43,64,...,323} 1
5,8 {27} {27,47,67,...,167}s  {27.47,67,...,54T}s;  {27,47,67,...,1287}e4
59 {31}  {31,51,71,...,331}y {31,51,71,...,1631}s1  {31,51,71,...,5131}asg
6,7 {29}  {29,59} {29,59,89} {29,59,89, 119}

7,8 {41}  {41,83} {41,83,125} {41,83,125, 167}

7,9 {47}  {47,89,131,173} {47,89,131,...,383}y  {47,89,131,...,677}
8,9 {55} {55,111} {55,111,167} {55,111,167, 223}

®The length of longest words not in S* is —1 means all words are in S™*.
®The subscript k in {...}; means the set contains k elements.

Given any set S of words of lengths m and n, the length llw (?) is the Frobenius
number of m and some [, where [ characterizes the structure of the basis and can
be calculated in polynomial time in the measure i, the total number of symbols in
the input. The algorithm will be discussed in Chapter 5.
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2.6.5 Bounds on the size of the basis in the 2FPFM

Let S be a set of words of lengths m and n over the alphabet ¥ such that S* is
co-finite. Now we consider the number of words in S. By the First Lemma of the
2FPFM, S must contain all words of length m and thus | S N ™| = |X[™. The
set ™ does not generate a co-finite language in general except when m =1, so S
must contain words of length n. Since ¥X™ U X" generates a co-finite language,
S may contain all words of length n and thus the upper bound |S N X" | < |¥|"
is tight. By Proposition 2.1.17 (the twins proposition), | S N X"| > |X|™. Here I
will give a better lower bound for | S N X" |.

Maximum acyclic spanning subgraph of I'(m,n)

Each set S of words of two lengths m,n with ged(m,n) = 1 corresponds to a word
graph G(mn , which is a spanning subgraph of T'(m,n). By Theorem 2.6.6, S* is
co-finite if and only G ) contains no cycle and ¥™ C S. Since the arcs of G

are in ™\ S, the maximum acyclic spanning subgraph of I"(m, n) is the word graph
of the basis of the least size among all such S that S consists of words of lengths
m,n and S* is co-finite.

Lemma 2.6.21. For any two integers m and n, where 0 < m < n < 2m, let
G = (X" A 9) be an acyclic spanning subgraph of the generalized de Bruijn
graph T'(m,n). Then

=" — ="

|A| <
2

(2.105)
Proof. By definition, T'(m,n) = (£"~™, %" 4). For each vertex u, there are |S[*™ "
loops in T'(m,n) given by uX** "u. So there are in total [S|*" " - |S[*" = |g|™
loops, which cannot be in A. Now we consider the remaining |X|" — |X|™ arcs.

Q (u)OQm Ny,
,U)OQm "y D

By comparing lengths, any arc from u to v can be written as uwv for some w of
length 2m — n. Then there is another arc from v to u given by vwu, which forms a
cycle given by u, uwv, v, vwu, u. So A contains at most half of the remaining arcs.
Hence |A| < (12" — |Z|™)/2. O

When 1 < m < n < 2m and ged(m,n) = 1, there is a family of examples of
acyclic spanning subgraphs of I'(m,n) such that the number of arcs is

ELEE _ogsp, (2.106)

which corresponds to the sets of words of lengths m,n of least size that generate
co-finite languages. The following theorem gives a bound on | A |.
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Theorem 2.6.22. For any integers m and n, where 0 < m < n, let (X" A1)
be an acyclic spanning subgraph of the generalized de Bruijn graph I'(m,n). Then

1A < (1—%) Dol (2.107)

Proof. Define the function ¢ : ¥ — X", where §(w) = w[m+1..n|w[l..m|. Starting
from each arc w € X", we consider the following walk in I'(m, n):

w[l.n—m], w, wim+1.n], §(w), §(w)[m+1..n], §(6(w)), 6(6(w))[m+1..n], ...,

(2.108)
where all arcs are conjugates. Now we define a relation — on arcs, where u — v if
starting from the arc u, the walk described in (2.108) eventually visits v.

The relation — is an equivalence relation. The reflexive property follows from
the definition straightforwardly. Suppose u — v and v — w. Then there are two

walks u[l..n — m|,u,ulm + 1..n],d(u),...,v,v[m + 1.n] and v[l..n — m|,v,v[m +
1.n],0(v),...,w,wim+1..n]. There is a walk starting from the arc u and visiting w
as follows: u[l.n—m), u, ulm+1..n],0(u),...,v,v[m+1..n],5(v),...,w,wlm+1..n].

So u — w and thus the transitive property holds. It remains to show the symmetric
property. By definition, v = §*(u) for some ¢ € N. Since for each word of length
n, there are at most n conjugates, the walk starting from v must visit some arc ¢
twice, where t = ¢/ (v) = §'(v) for some j < [,j,1 € N. The function ¢ is invertible.
So u = 6"*(v) and v = 6" 7(v). Then u = §¢=i~(v), where (I —j)i —i > 0. Hence
u is in the walk starting from v, and thus v — u. The symmetric property holds.

Since all arcs in the same walk are conjugates, the relation — is a refinement
of the conjugates, and thus the number of the — equivalence classes is at least as
large as the number of necklaces! of order n, which is

="

1 n by
—S o) 5 >

—_— (2.109)
din n
Any acyclic subgraph of I'(m,n) cannot contains an entire — equivalence class. So

for each of the — equivalence classes, there is at least an arc not in the subgraph,
and thus [A| < (1— 1) 2" O

Bounds on the basis size

Theorem 2.6.23. Let S be a set of words of lengths m and n, where 1 < m < n,
over the alphabet . If S* is co-finite, then S contains |X|™ words of length m and
more than * |S|" words of length n.

!'The number of necklaces is a classic result in combinatorics, which was discussed by
M. E. Jablonshi and M. Moreau in 1892. Refer to MacMahon’s paper [104] for more details.
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Proof. 1f §* is co-finite, by the First Lemma of the 2FPFM, S must contain all
words of length m. By Theorem 2.6.6, the word graph G(S’”’") has no cycle, and by
Theorem 2.6.22, G(Sm’") has at most (1 — 2) |X|" arcs. So, by definition, S has at
least - |%|" words of length n. O

In order to be co-finite, the set S must contain sufficiently many words of both
lengths m and n. Let xk be the number of words in S. Then by Theorem 2.6.23,

m 1 n m n
B+~ 2" < m < D"+ |2 (2.110)

This suggests that the running time of an algorithm to decide the co-finiteness of
S* might be exponential in v = llw (S). There is input with exponentially many
words such that the input generates a co-finite language but changing any input
word will result in a basis that does not generate a co-finite language. So in order
to determine co-finiteness for that input, an algorithm must read all input words,
which is exponential in ¥ = n. Another issue raised by this observation is that
one can discuss variations on the FPFM where the input, instead of in the form
of finitely many words x1, zo, ..., xg, is given in a compact way, such as a regular
expression or an NFA. We will discuss some of those variations in Chapter 3. In
particular, in the 2FPFM, when S* is co-finite, using the words in ¥ U ™\ S to
describe S is more concise.

If 1 <m < n < 2m, by similar reasoning and Lemma 2.6.21, the bound becomes
3 m 1 n m n
SIS SIS < h < BT IS (2111)

where both the upper bound and the lower bound can be achieved, respectively.

2.7 The FPFM with basis of special sequential
lengths

Since there are simple formulae for special cases of the FP where the input satisfies
a certain pattern, this suggests the question of the existence of simple formulae
or algorithms for the FPFM where input words satisfy a certain pattern. So far,
however, we have not found such formulae, although some of the lemmas satisfied in
the case of the 2FPFM are also satisfied in some cases with input words satisfying
certain patterns.

Proposition 2.7.1. Let S,T C ¥*, and suppose S* is co-finite.

(a) Then (S U T)* is also co-finite, and llw (S*) > llw <(S U T)*)

(b) Let U be the set of factors of words inT such that T C U*. Then ((S\T) U U)*
is co-finite, and llw (S*) > llw (((S \T) U U)*)
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Table 2.10: All bases S C 333 U X% for ¥ = { 0,1} with S* co-finite.

U X\ S onew ¢S {Jwl:wgS} [T\5]
{0001,0011,0101,0111} 00010000001 {1,2,4,5,8 11} 282
{0001,0011,0101 } 00010000001 {1,2,4,5,8,11} 200
{0001,0011,0111 } 00010000001 {1,2,4,5,8,11} 200
{0001,0011 } 00010000001 {1,2,4,5,8,11} 132
{0001,0101,0111} 00010000001 {1,2,4,5,8,11} 200
{0001,0101 } 00010000001 {1,2,4,5,8 11} 132
{0001,0111} 00010000001 {1,2,4,5,8,11} 132
{0001} 00010000001 {1,2,4,5,8,11} 78
{0011,0101,0111 } 00110000011 {1,2,4,5,8,11} 200
{0011,0101 } 00110000011 {1,2,4,5,8,11} 132
{0011,0111} 00110000011 {1,2,4,5,8,11} 132
{0011} 00110000011 {1,2,4,5,8,11} 78
{0101,0111} 01010000101 {1,2,4,5,8,11} 132
{0101} 01010000101 {1,2,4,5,8,11} 78
{0111} 01110000111 {1,2,4,5,8,11} 78
{1000,1010,1100,1110 } 10000001000 {1,2,4,5,8,11} 282
{1000, 1010,1100 } 10000001000 {1,2,4,5,8,11} 200
{1000,1010,1110} 10000001000 {1,2,4,5,8,11} 200
{1000, 1010, } 10000001000 {1,2,4.5,8,11} 132
{1000,1100,1110 } 10000001000 {1,2,4,5,8,11} 200
{1000, 1100 } 10000001000 {1,2,4,5,8,11} 132
{1000,1110} 10000001000 {1,2,4,5,8,11} 132
{1000} 10000001000 {1,2,4,5,8,11} 78
{1010, 1100, 1110 } 10100001010 {1,2,4,5,8,11} 200
{1010,1100 } 10100001010 {1,2,4,5,8,11} 132
{1010,1110} 10100001010 {1,2,4,5,8,11} 132
{1010} 10100001010 {1,2,4,5,8,11} 78
{1100,1110} 11000001100 {1,2,4,5,8,11} 132
{1100} 11000001100 {1,2,4,5,8,11} 78
{1110} 11100001110 {1,2,4,5,8,11} 78
0 00000 {1 2 5} 38
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Proof. (a) S* C (S U T)* so (S U T)* is also co-finite and the result is straight-
forward.

(b) S*C (S U U)*=((S\T) U U)* then the result is straightforward. [

The sequence m,2m,3m,...,(k—1)m,n

As we saw, the First Lemma of the 2FPFM is crucial for the 2FPFM. But for a
set S of words of lengths m,2m,3m, ..., (k — 1)m,n over the alphabet ¥, where
(k — 1)m < n, S need not contain all words of length m in order to generate a
co-finite language. For example, we can choose even multiples of m and odd n,
such as the particular case 2m,n, and still obtain a basis S consisting of words
of those lengths that generates a co-finite language, such as S = ¥?™ U X" for
ged(2m,n) = 1, where S contains no word of length m.

There are also bases for which none of £\ S, ¥ N S is empty for 1 <i < k,
and S* is still co-finite. Let k, m,n > 3 be integers such that ged(km —m,n) =1,
and let T = L=V U 3", From arbitrary words zy, &g, . . ., Tx_s of length (k—1)m
and z; # x; for ¢ # j, we construct

S =(T\{x1,29,..., 752 }) U U {x;[1.am], z;[im + 1..(k — 1)m] } . (2.112)

By Proposition 2.7.1, S also generates a co-finite language, and 7% C S*. The basis
S contains exactly two words of each of the lengths m,2m, ..., (k — 2)m.

If we require that S contains all words of length m, then S* contains all words
of lengths that are multiples of m and the problem becomes the 2FPFM.

Proposition 2.7.2. Let S be a set of words of lengths m,2m,3m, ..., (k—1)m,n
such that S* is co-finite. Then llw (S*) > g(m,1), where | =n+ jm and j is the

length of the longest path in G(Sm’n).

Proof. Let U = {wlim + 1.im +m]:w € S\ ¥, |w| = hm,0 <i < h }, and let
T =S5 N X" where ¥ is the alphabet. If S* is co-finite, by Proposition 2.7.1,
(U U T)* is also co-finite and llw (S*) > llw <(U U T)*) Since U U T contains

only words of lengths m,n, we have U = ¥™ and llw <(Em U T)*> = g(m,1),
where [ = n + jm and j is the length of the longest path in ngST = G(Sm’n). O]

The sequence m,n,2n,3n,...,(k—1)n

Lemma 2.7.3. Let S be a set of words of lengths m,n,2n,3n, ..., (k— 1)n, where
0 < m < n, over the alphabet ¥. If S* is co-finite, then ¥X™ C S.
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Proof. If S* is co-finite, by Proposition 2.1.14, gcd (m, n,2n,3n,...,(k— 1)n) =1,
and thus ged(m,n) = 1. Let w € ¥™. Now we consider the language

w(X" " w) . (2.113)
Since S* is co-finite, T' = w(X" ™w)* N S* # (. Suppose one of the words in T is
T =WWW: - U = T1T2 - Tj, (2.114)

where all the u; are of length n—m and all the z; arein S. Then | 7| = (I—1)n+m.
Since ged(m,n) = 1, at least one x; is of length m. By comparing lengths, the first
x; of length m in the factorization (2.114) is equal to w. Hence w is in S and by
the arbitrary choice of w, we see that S* contains all words of length m. O

Lemma 2.7.3 shows that a basis must contain all words of length m in the case
that the basis consists of words of lengths of this particular sequence. Lemma 2.7.3
becomes the First Lemma of the 2FPFM in the case where k = 2, and thus gener-
alizes the latter.

Let T = { w[in+1..in+n]:w € S\E™, |w|=hn,0<i<h},andU = SN E™.
If S* is co-finite, then by Proposition 2.7.1, (U U T')* is also co-finite. Since U U T’
contains only words of lengths m,n, the set U contains all words of length m

(which gives another proof for Lemma 2.7.3) and llw ((U U T)*) = g(m,1), where

Il =n+ jm and j is the length of the longest path in ngf)T. So we can obtain a
lower bound llw (5%) > llw ((U U T)*) = g(m,n + jm), where j is the length of

the longest path in ng’S)T.

The sequence m,m +d,m+2d,... m+ (k—1)d

In this case, a result analogous to the First Lemma of the 2FPFM does not hold in
general. For example, let S = Xmt*=2d y yym+k-Dd for gcd(m,m +d,...,m +
(k — 1)d) = 1. Since ged(m + (k — 2)d,m + (k — 1)d) = ged(m,d) = (m,m +
d,...,m+ (k—1)d) = 1, the language S* is co-finite. But S contains no word of
the lengths m,m +d,...,m+ (k — 3)d.

As we saw in the previous two sequences m,2m,3m,4m,...,(k — 1)m,n and
m,n,2n,3n,...,(k — 1)n, we can convert an instance of the FPFM with lengths
being those sequences into an instance of the 2FPFM, and obtain a lower bound
for the longest omitted words. The case of m,m + d,m + 2d,...,m + (k — 1)d,
however, cannot be converted into the 2FPFM easily.

The sequence m,n,n+m,n+2m,...,n+ (k—2)m

Since ged(n + m,n) = ged(m,n) = 1, in this case we can construct a basis S
consisting of words of lengths n+im,n + (i +1)m,...,n+ (k — 2)m that generate
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a co-finite language. Then a basis may not necessarily contain all words of length
m in order to generate a co-finite language. In other words, there is no analogous
result to the First Lemma of the 2FPFM. But if the basis contains all words of
length m, then a similar result to the Second Lemma of the 2FPFM holds.

Lemma 2.7.4. Let S be a set of words of lengths m,n,n+m,n+2m,... n+ (k—
2)m, where k — 2 < m < n, over the alphabet . If ¥™ C S and S* is co-finite,
then X! C S*, where | = m |S[" 7™ 4on 4+ (k — 3)m.

Proof. Proof by contradiction. Let x = ajas - - - a; be a word of length [ that is not
in $* and r = |S["T* "™ 4 (k. — 3). Then

zlim+1.(i+j)m+n] ¢S (2.115)
for 0<i<r,0<j<k—2,(i+j)m+n <Ll Otherwise, z =

(H x[fm+1..fm+m])x[im+1..(i+j)m—|—n]( H a:[gm—irn—l—l..(g—i—l)m—i—n])

0<f<i it+ji<g<r
(2.116)

is a factorization of x into elements of S, since X™ C S. We define
2 = Qim1Gimt2 * ** Cimegnt(k—3)m, tor 0 <@ < ||t F=m (2.117)

mHE=HM Qistinet words of length n + (k — 3)m over X, but there

are + 1 factors z;. By the pigeonhole principle, we have z, = z,, for
some 0 < p < ¢ < |Z["F* 3™ Now we define

There are only ||
’Z’n-‘r(k—:ﬂ)m

U=0102" " Qpms UV = Qpmt10pmt2** Qgms W = Qgmt10gm+2 * * * G (2.118)

Then x = uvw and v # €. Since S* is co-finite, uv*w N S* is not empty. Let
A be the smallest positive exponent such that uv*w € S*. Since z = uvw & S,
we have X\ > 2. Now let uvrw = 29 - - -x; be a factorization into elements of S.
Since z, = 2,, the words = wvw and uv*w agree on the first |uv|+ (n+ (k — 3)m)
letters. So all factors from z; to z, are of length m. We can write

U= 21Ty Tp, U= Tpp1Tpia- - Ly (2.119)
By removing the leftmost copy of v from wv*w, the new word

U)\—l

U W= T129 -+ Lplgi1Tgr2 - Tj (2.120)

is also in S*, where A — 1 > 1. This contradicts the minimality of . ]
Similarly to the bound we obtained for the 2FPFM, when S contains all words

of length m and S* is co-finite, we have
lw (S%) < g(m, 1) = g(m,m [S"TE™ Ln 4 (k - 3)m). (2.121)

The upper bound is tight. One can consider the 2FPFM with lengths m and
n+(k—2)m, which can be viewed as of lengths m,n, n+m,n+2m, ..., n+(k—2)m.
The example that achieves the upper bound in the 2FPFM also attains the equality
in the upper bound in (2.121) for the FPFM with sequential lengths.
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Chapter 3

Variations on the FPFM and
related problems

In this chapter, I will examine variations on the FPFM, some of which can also be
viewed as a generalization of the Frobenius problem, and discuss problems related
to the FPFM. In §3.1, we will see the variation where the concatenation of words
is taken in a fixed order. In §3.2, we will see variations on the FPFM where
the input and output are specified by other forms, including deterministic finite
automata (DFAs), nondeterministic finite automata (NFAs), regular expressions,
deterministic pushdown automata (DPDAs), linear bounded automata (LBAs),
and context-sensitive grammars (CSGs). In §3.3, we will see some variations and
related problems of the FPFM with different points of view instead of the length
of the longest omitted words (£ = llw (?)) These problems include

(a) the number of (symbols in) omitted words (M and W, §3.3.1);

(b) the number of words (and symbols) in a basis that generates a co-finite lan-
guage (k, §3.3.2 and §3.3.3);

(¢) what words (and integers) can be (the length of) the solution to instances of
the FPFM (§3.3.2);

(d) the number of different factorizations of a word w (D(w), §3.3.3).

In §3.4, T will examine co-finiteness in different settings, including
(i) infinite words (right-infinite ¥, left-infinite “3, bi-infinite “X*, §3.4.1);
(ii) concatenation with overlap (b, f, f, §3.4.2);

and discuss co-slender languages (§3.4.3). At the end, in §3.5, I will examine a
generalization of the local postage-stamp problem in a free monoid.

The new results are mainly in §3.3, §3.4, and §3.5. My most important results
in this chapter include Theorems 3.3.4, 3.4.24, 3.5.9, and a series of propositions
in §3.4 concerning co-finiteness.
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3.1 Concatenation of words with fixed order

Given k words x1,xo, ..., T, not necessarily distinct, we can consider two ana-
logues of the non-negative integer linear combination. One is to consider the lan-
guage { 1, ,...,7 }, which is the FPFM. The other is to consider the language
xixy - -y, which perhaps appears closer to the non-negative integer linear combi-
nation in the integer FP, which is based on the set

(x1,m, ..., x)) = {clx1+02x2+~--+ckxk:cl,02,...,ckEN}. (3.1)

Problem 3.1.1 (the FPFM with fized word order). Let ¥ be an alphabet. Given
k non-empty words x1,xs, ..., € X* such that there are only finitely many words

that are not in the language x5 - - - x, then what is the length of the longest such
word(s)?

Shallit asked the FPFM with fixed word order and proved the following theorem
in our papers [83, 84] with Shallit and Kao.

Theorem 3.1.2. /83, 8/] Let x1,xo,...,x € X7, Then L = xiay- - x} is co-finite
if and only if |S] =1 and ged (|1 |, 22|, ..., |2 ]) = 1.

So the FPFM with fixed word order for the language x5 - - - 7 is only meaning-
ful over the unary alphabet. When the alphabet is unary, in fact, the two languages
zixy - xp and { @1, @9, ..., 2} are identical. Hence the FPFM with fixed word
order can also be viewed as an equivalent form of the FP in the setting of a free
monoid in the same sense that the FPFM over the unary alphabet is an equiva-
lent form of the FP. The language over a unary alphabet is co-finite if and only if
ged (1], |22],...,|2x]) =1, and the length of the longest omitted words is the
Frobenius number llw (2523 2}) = g( |21 ], |22|,..., |2k |).

3.2 Variations with different measures

In Chapter 2, various measures of the input and various measures of the output
were discussed. In this section, the input words x1, s, ...,z of the FPFM will
be in a compact form other than simply enumerating them. For example, we will
use an automaton or a grammar to describe the words x1, zs, . .., z). Similarly, the
generated language { z1,Zs,...,2; }* can also be described succinctly.

3.2.1 State complexity of the generated language
In this subsection, we will see another variation on the FPFM. The results illus-

trated in this subsection on state complexity are mainly due to Shallit and Kao. Let
Z1,9,...,T be k words over X. For the language L = zjz5 - - -z} or alternatively
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L={xy,19,...,23 }, instead of considering £ = llw (E), the length of the longest
words not in L, we now consider § = sc(L), the state complexity, and N' = nsc(L),
the nondeterministic state complexity, of L.

Here we do not require L to be co-finite. Discussing sc(L) and nsc(L) is sensible
when L is regular, which is always true for the two languages obtained by applying
Kleene-star to a finite language.

Problem 3.2.1 (State complezity of star of a finite language). Given k words
T1,T2y..., Tk, (32)

what s the state complexity and nondeterministic state complexity of the languages
ixy - -x; and { Ty, %9, ..., 11}, Tespectively?

The state complexity of the star of a finite language can be viewed as one
generalized form of the Frobenius problem. Theorem 3.2.2 will show that in the
unary case the state complexity is strongly related to the Frobenius number of the
lengths of given words.

Over a unary alphabet

Let ¥ = {0} be the unary alphabet. Then the two languages zjz}-- -2} and
{x1,29,...,2, } are identical. For convenience we use z to represent both the
integer x and the unary word of length x.

Theorem 3.2.2. [83, 84] Let x1,xo, . .., x be k words over the unary alphabet { 0 }
with ged(xy, xa, ..., x,) = 1. Then sc ({xl,xg, R % }*) =g(z1,z9,...,7x) + 2.

Corollary 3.2.3. /83, 84/ Let xq,xa, ...,z be k words over the unary alphabet { 0 }
and d = ged(21,...,xy). Thensc ({zy,2a,..., 2} ) =dg(%, %2, .., 2)+(d+1).

By the results on the integer FP, it follows that sc ( {z1,29,..., 21 }" ) =0 (%) ,
which is tight.

State complexity of {zy,xq,..., 21}
Over a larger alphabet, the two languages xjz} - - -z} and { 1, 29,..., 24} are not
necessarily identical. First, we consider the language { z1, s, ..., x5 }".

In 1994, Yu, Zhuang, and Salomaa [174] showed that if S can be accepted by a
DFA of n states, then there exists a DFA of at most 2"~ +2"~2 states that accepts
S*, and that bound is tight when n > 2 (for the latter result, also see Maslov [107]).
In the notation of the measures defined in §2.2, this translates into

S = sc(S*) < 259~y 9se(9)-2, (3.3)
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Figure 3.1: Example for the bound 2"~! + 2"=2 on star operator
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Figure 3.2: Examples for the bound 2773 42"~ on star operator of finite languages

If S is a finite language, Campeanu, Culik, Salomaa, and Yu [29, 28] showed
that 273 + 2"~* states is enough for n > 4 and that bound is tight when the
alphabet size is > 3. That result can be translated into

S = sc(8%) < 25093 4 gselS)—4, (3.4)

In 2003, Holzer and Kutrib [70] examined the nondeterministic counterpart of
this problem and showed that if S can be accepted by an NFA of n states, n > 3,
then there exists an NFA of at most n + 1 states accepting S* and that bound is
tight. Furthermore, when S is finite and n > 2, then an NFA of n — 1 states suffices
and that bound is also tight. It is equivalent to say respectively

N =nsc(S*) <nsc(S)+1, and N =nsc(S*) < nsc(S) — 1. (3.5)
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By the subset construction, we have

S =sc(8*) <20+ and S = se(S*) < 2L (3.6)

Campeanu and Ho [27] gave in 2004 tight bounds for the state complexity of the
Kleene-star of a finite language in the input measure of the length of the longest
words in the input.

Shallit gave the following bounds in our papers [83, 84] with Shallit and Kao.

Proposition 3.2.4. [83, 8] Let x1,x,...,x; be k words over the alphabet 3 as
the input, and let 1 =3, ;o || be the total number of symbols in the input.

(a) N =nsc({zy,20,...,2,}" ) < p—k+1=0(p).
(b) S =sc({z1,20,...,2x}") < 27FL = O(2m),

(¢) Ifnox; is a prefiz of any other x;, then S = sc ({z1,29,..., 2, }*) < p—k+2.

Proof. (a) We can construct an NFA as in Figure 3.3, where each cycle of states

Figure 3.3: An NFA accepting { x1, %o, ..., T% }

starts from a common initial state ¢y, accepts one of the words x1, xs,..., 2, and
returns to qo. The NFA has at most u — k + 1 states.

(b) Change the NFA in part (a) into a DFA by applying the subset construction.

(c) Add one “dead” state that absorbs all unspecified transitions in the NFA
given in part (a), and combine those cycles that present words with a common
prefix by using a shared path of states to read that prefix. If no x; is a prefix of
any other z;, then by doing so, the NFA in part (a) becomes a DFA. O

Now we consider the upper bound on sc(S*) in the measure v = max,eg | w |.

Theorem 3.2.5. [83, 84] Let x1, 2, ...,z be k words over the alphabet 3 as the
input, and v = maxj<;<k | z; | be the length of the longest words. Then

S=sc({z,22,..., 24} 2V X" = 1) = 02" |2]"). (3.7)

2
)= o1
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Figure 3.4: The DFA accepts (22U X2\ {001})"

Proof. Let S = {x1,x9,..., 2k }. The idea is to create a DFA M = (Q, %, 9, qo, F')
accepting { x1,xa, ..., 2}, which keeps track of the last v — 1 symbols scanned,
together with a set of v signals, which represent whether a factorization of the input
word into words in the basis S could occur at the position after each of the last v
symbols scanned. More formally,

Q={[lwT):we, |w|<v, TC{0,1,....|w|}} (3.8)
90 = [e.{0}], (3.9)
F={[z,T]:0€T}, and (3.10)
[z, T),a) = [za,U], if |z| < v — 1, where (3.11)

{0,v+1:veT}, ifazv—i.|z|laec s for somei € T;
{ v+1l:veT }, otherwise;

[z, T),a) =[z[2...|z]|]a,U], if |z| = v — 1, where (3.12)

CJ{ov+1iveT i \{v}, ifaz[v—i.|z|la€ S for somei e T;
B {v+1l:vet}\{v}, otherwise.

Then L(M) = S* and the number of states of M is

2 v v 14
D IS = e (IR - ) = 0 ) (3.13)
[

0<i<n

Shallit gave in our papers [83, 84] with Shallit and Kao a construction of a family
of finite languages L over the binary alphabet such that sc(L*) is exponential for
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each L, where the number of words in L is linear in the measure nsc(L) and also
in v =maxyer |w]|.

Let t > 2 be an integer, and define words as follows:
y=01"10, az;=1""lot""" 0<i<t-2. (3.14)
Let Sy ={0,z0,21,...,242,y }. For example,
Sg 1= {O, 1111101,1111011,1110111,1101111,1011111,0111110 } . (3.15)

Theorem 3.2.6. [83, 8] S; has state complexity 3t2!=2 + 2¢=1.

Corollary 3.2.7. [83, 8] As usual, let k be the number of words, v be the length
of the longest words, and p be the total number of symbols in the finite language
as input. There exists a family of word sequences x1,xs, ..., x., where v =k, such
that the state complexity S = sc ({xb Ty T b ) satisfies

S=2°W" §=20" 4pd S=20WH), (3.16)

State complexity of zjz} - -z}

Now we will examine the state complexity of xjz5---z;. To avoid confusion, the
state complexity and nondeterministic state complexity of zjz;---x}, as output
measures, are written as &’ and N respectively.

Proposition 3.2.8. Let x1, 29, ...,z be k words over the alphabet 3> as the input,
and let =73 ;o |zi| be the total number of symbols in the input.

(a) N = nse(aia} o) < i = Ou).
(b) §" =sc(ajal---ap) <20 =0(2").
(¢) If no x; is a prefix of any other x;, then S = sc(xjzs - xy) < p+ 1.

Proof. (a) We can construct an NFA-€ as in Figure 3.5, where each cycle of states

e L e LD PO i
o7 A &7 A 7 A
7 r,// //H ~ // 7 7~ H/
~ - 7

Figure 3.5: An NFA accepting zjz5 - - - 2},

accepts one x}, and g is the only final state. Converting the NFA-¢ into an NFA|
the number of states will not change, which is p.
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(b) Change the NFA in part (a) into a DFA by applying the subset construction.

(c) Add a “dead” state absorbing all unspecified transitions in the NFA-¢ given
in part (a), and omit all € transitions and let § be the function for the remaining
transitions. If no x; is a prefix of any other z;, then there is a common prefix
v;; € X* for each pair of words x; and x; such that z; = v;;ay;, z; = v;;by;, where
a # b, a,b € X. Without loss of generality, we assume ¢ < j. Then add a new
transition from the state d(g;, v) to d(g;, vb) labeled by b. By doing so, the NFA-¢

becomes a DFA. O
Using similar ideas from the results on {xy,xs,..., 2 }*, Kao created an ex-
ample achieving exponential state complexity &’ = sc(zizj---x}), in our pa-

pers [83, 84] with Shallit and Kao.

Theorem 3.2.9. [83, 8] As before, define y = 011710, 2; = 107710177 0 < ¢ <
t—2. Let L = (0*xjzt - - xf_oy*)¢ wheree = (t+1)(t—2)/2+2t. Thensc(L) > 2172,

Corollary 3.2.10. /83, 84] As usual, let k be the number of words, v be the length
of the longest words, and p be the total number of symbols in the finite language
as input. There exists a family of word sequences x1,Ta, ..., T,, where kK = O(1?),

such that the state complexity 8" = sc(xjazh - x%) satisfies

S =20R S =90 gpd S = 20UV, (3.17)

State complexity for two words

Kao and Shallit also discussed the state complexity in the case k = 2 in our pa-
pers [83, 84]. Here g(a,b) is the Frobenius number of a and b.

Theorem 3.2.11. /83, 8] Let x1,x5 € 3. Then

sc({z, 22 }) < 1l el Z,f T 7 1 (3.18)
d-g(|lzil/d, [xa|/d) + (d+2), if 2120 = 2271,

where d = ged(|xq], |x2|). Furthermore, this bound is tight.
Theorem 3.2.12. [83, 8/] Let x1,x9 € 37, Then

2 ) :
se(aiz) < {\x1|+ | o], if T1T9 # T2%1; (3.19)

d-g(|z1|/d,|za|/d) + (d+2), if x129 = xo1,
where d = ged(|z1], |z2]).
In this section, we discussed the state complexity S = sc(L) (or &' = sc(L'))
and nondeterministic state complexity N' = nsc(L) (or N7 = nsc(L')) of a gen-

erated language L = {xy,29,..., 2}  (or with fixed order as L' = zixk---x}).
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Since the FPFM is about the words not in L, a natural question is to discuss the
state complexity S (or &') and nondeterministic state complexity A" (or N”) of the
complement of L (or L'). Since the complement operation does not change the
number of states of a DFA, we have

S=8, §=g, (3.20)
and the bounds on the state complexity of L (or L’) are also bounds on the state
complexity of the complement of L (or L'). Every DFA is also an NFA, so any
upper bound on the state complexity of L (or L') is also an upper bound on the
nondeterministic state complexity of the complement of L (or L') given by

N<S N <S. (3.21)

3.2.2 Input in other forms
Representation by complement

As we saw in the 2FPFM regarding words of lengths m and n, the number of words
must be exponential in n in order to generate a co-finite language, and each of the
bases S is essentially in the form

S=¥m U "\ T (3.22)

for some T'. So instead of enumerating all words in .S, one easy way to represent the
basis S in an instance of the 2FPFM is to list the words in 7" instead and give the
two integers m, n (since the information about m is missing from the set 7'). More
generally, if S is a set of words of lengths ¢y, co, . . ., ¢, then instead of enumerating
S, the complement defined by

T=(X*UX2U. - UX*\S (3.23)

may be of smaller size, and thus the basis can be represented by T" and the integers
c1,Co, ..., Cx. Then it is possible that T" may be more succinctly described than S
and provides an entirely different family of measures. In this way, we can reduce
the input size by giving the complement of the basis in some set.

Problem 3.2.13 (the FPFM with complement input). Given a set S of words
of length ci,ca,. .., cp over 3 such that L = (X U X2 U --- U X%)\ S)" is
co-finite, then what is the longest word(s) not in L?

In general, llw (?) is not bounded in | S|, which will be discussed in a later
section as shown in Theorem 3.3.4. In the 2FPFM, however, it is bounded. For
a basis S of words of lengths m,n that generates a co-finite language, we have
L=1w (5*) < g(m,m|S["™™ +n—m) and | S| > |S™ + |S|" /n. Hence there is
a trivial linear upper bound on L in the size of S as

E<g(m,mn%—mn+n—m>, (3.24)
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which is not tight. There is a tight linear bound on £ in the size of T'= X™ U X"\ S
as
L<g(mn+mmin{|S""-1,]T|}), (3.25)

which is an immediate result from the following proposition.

Proposition 3.2.14. Let S be a set of words of lengths m and n over the alphabet
>, where 1 <m <n, and S* s co-finite. Then llw (S*) € x, where

w={gm,l):l=n,n+m,....n+im,...,n+mmin{ [S["" = 1,|T|} }, (3.26)

and T =%" U ¥\ S.

Proof. By the equivalence of the 2FPFM and word graph, the longest words not
in S* is of length g(m 1), where [ is the longest path in the word graph G(m ",

Since each arc in G Corresponds to a word of length n that is not in .S, the size
of T is > I. On the other hand, there are in total |X["™™ vertices in GS ™. So
[ < |Z]"™ —1. Otherwise there is a cycle in Ggm’n) and S* cannot be co-finite. [J

Representation by regular expressions

There are also other compact ways to describe the basis, for example, by regular
expressions. We know that the length of a regular expression for the finite language
S ={x,29,...,24 } is bounded as follows:

alph(S Z |z |, (3.27)

1<i<k

and thus a regular expression is at least as succinct as simply enumerating the
finite language S, where alph(.S) is the smallest number of alphabetic symbols in
a regular expression for S. Although there is no standard definition for the length
of a regular expression, Ellul, Krawetz, Shallit, and Wang [41] showed in 2004 that
some common definitions on the length of a regular expression are bounded in each
other only up to a constant factor.

In 1980, Leiss [94] gave an algorithm (also see Glushkov [54]), by which an NFA
with < alph(S) + 1 states can be built to accept S. In other words,

nsc(S) < alph(S) 41, sc(S) < 22 4 ) (3.28)

and thus an NFA is at least as succinct as a regular expression in the sense of
representing the basis S.

In addition, if S is finite, we know that llw (S) must be bounded in the number
of alphabetic symbols (or the number of states) of a regular expression (or a DFA
or an NFA) for S, and thus for the finite language S = {x1, 29, ..., 21 },

= < = =
v = max | z; | <alph(S), v = max | z; | < nsc(S), v= 1IEa<>§€|xZ| < sc(S). (3.29)
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Therefore, some of the bounds in previous chapters in other measures can easily
be converted into bounds in alph(S). For example, by £ < 2"°(9~1 it follows

L =llw (S*) < 229, (3.30)

Representation by automata

The case of input being represented by DFAs and NFAs are discussed in §3.2.1. In
Chapter 4, I will show how to construct a family of examples in the 2FPFM, in
which 1w (?) is exponential in llw (S). In other words, when the alphabet is of
size > 2, the following bound

L= 0(|5| 8= (3.31)
is nearly tight in the sense there are examples such that
L=06(x), (3.32)

where the “breve” sign means the bound is for some particular family of examples.
Based on the example, Shallit showed that an NFA with O(v?) states and a regular
expression of length O(v?logv) can be constructed such that the longest words as
solutions to the instance of the 2FPFM can be exponential. In other words,

L= O(2nsc(5))’ i: @(‘E‘VHSC(S)), L= O(zalph(S))’ i: 6(‘2‘2+s alph(S))'
(3.33)
Details will be given in Chapter 4.

Now we consider pushdown automata (PDA). A deterministic pushdown au-
tomata (DPDA) can be effectively constructed to accept each of the bases in my
exponential examples in the 2FPFM, and thus we know that the upper bound on
L must be at least exponential in the size of the DPDA accepting the basis. Never-
theless, so far, an upper bound has not been obtained yet, nor do we know whether
it is bounded. For the same reason, the upper bound on £ in the measure of the
size of the PDA accepting the basis is at least exponential.

Now we consider linear bounded automata (LBA). For input being represented
by a LBA (or more generally a TM), £ is unbounded in the size of the automaton.
In order to show that, we need an uncomputable function.

Problem 3.2.15 (Busy beaver problem). [127] Let M be a deterministic Turing
machine of n + 1 states with a single doubly-infinite tape, where the tape alphabet
is { 1,B} and B is the blank symbol. Initially, the tape is completely blank. At each
step, the tape head of M must move either right or left. There is a single halting
state that has no out-going transitions. Then what is the mazximum number of 1’s

on the tape when M halts, say ¥(n), and what is the mazimum number of moves
M made when M halts, say S(n)?
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The busy beaver problem was introduced by Rado in 1962. Neither the function
¥(n) nor the function S(n) are computable functions [127].

Theorem 3.2.16. There is a family of LBAs such that for each M, the language
L = L(M) generates a co-finite language L* = (L(M))>k in ¥* and llw (L*) is not
bounded by any computable function in the number of states of M.

Proof. Construct the LBA M, as follows: on input x, it simulates a k-state busy
beaver Turing machine Ny on a second track for k > 2. After each move of the Ny,
the machine M} then erases a letter of the input. Before Ny halts, if at any point
the input tape becomes full of blank symbols, then we reject. If the simulated N
halts, then compare the number of remaining letters of the input and the number
of blanks on the input tape. If the former is less than the latter, then accept;
otherwise, reject. By the construction, at the ¢-th step, the simulated busy beaver
TM can move its head at most to the right and to the left i squares away. So, if
M, accepts an input, then the simulation of the k-state busy beaver TM will not
move past the endmarkers of the LBA.

By the construction, the machine My has k + O(1) states and accepts all words
w of length S(k) < |w| < 25(k), where S is Rado’s uncomputable function given
above. Since S(k) > S(2) = 6 for k > 2 (see [100]), the basis L(M}) generates a
co-finite language, where the longest words not in the generated language are of
length S(k) — 1 by Eq. (1.72) and S(k) — 1 is not bounded by any computable
function. ]

Representation by grammar

For input represented by a CSG (or more generally an unrestricted grammar),
the length of the longest words not in a generated language is unbounded by any
computable function in the number of symbols in the productions of the grammar.
This result is an immediate corollary of Theorem 3.2.16.

Corollary 3.2.17. There is a family of CSGs such that for each G, the language
L = L(G) generates a co-finite language L* in X* and llw (L*) 15 unbounded by any
computable function in the number of symbols in the productions of G.

Proof. By the equivalence of CSGs and LBAs [91, 89|, there is a CSG G that
represents each of the languages L(My) \ { €} = L(My), where M}, is the machine
constructed in the proof of Theorem 3.2.16 and the number of symbols in the
productions of GG is linear in the number of transition plus the number of states of
M. By Theorem 3.2.16, the length of the longest words not in L(G)* is unbounded
by any computable function in the number of states of M}, while the number of
symbols in the productions of G is quadratic in the number of states of Mj. O

The construction using the busy beaver TM in the previous discussion is due to

Shallit [154].
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3.2.3 Output in other forms

As usual, let S be a set of words over the alphabet . The cases of output being
represented by DFAs and NFAs are discussed in §3.2.1. As shown in Table 2.5 on
page 39, some of the measures are bounded in each other.

Let S be the number of states in the minimal DFA accepting S*, N be the
minimal number of states of an NFA accepting S*, R be the minimal number of
symbols in a regular expression for S*, and S, N, R be those for the complement
of S* respectively. Then their relations are

N<S<2V, N<S<2V (3.34)
N-1<R<|ZINY, N-1<R<|S|NAY, (3.35)

where the upper bound for regular expressions follows from the McNaughton-
Yamada algorithm [110].

Suppose S* is co-finite, and let £ be the length of the longest words not in
S*. By Proposition 2.3.1, a relation between £ and the state complexity of S* (or
complement of S*) is given by

L<S=S. (3.36)

Proposition 3.2.18. Let S be a set of words over X3 such that S* is co-finite., and
L be the complement of S*.

(a) lw (L) < nsc(L);
(b) lw (L) < alph(L).

Proof. Let M be any NFA accepting L and R be any regular expression for L.

(1) Similar to the proof of Proposition 2.3.1. We prove the result by contra-
diction. Assume w € S* = L(M) and |w| > n, the number of states in the NFA
M. Then M accepts w and M visits n + 1 states to accept w. There must be one
state that M visits at least twice. Suppose 0(qo,u) = d(qo, uv), where v # €, and
w = uvz. Then M accepts all words uv*z, which are not in S*. Then S* cannot be
co-finite.

(2) We prove instead that if L(R) is finite, then llw (L(R)) < alph(R), by
induction on the structure of a regular expression R. If Ris €, then llw (L(R)) =0 <
alph(R). If R is a single letter, then llw (L(R)) = 1 < alph(R). If R = R; + R», by
induction, llw (L(R)) = max {llw (Ry),llw (R2) } < max{alph(R;),alph(Ry)} <
alph(R; + Ry). If R = Ry Ry, then by induction llw (L(R)) = llw (Ry) + llw (Rg) <
alph(R;y) + alph(Rs) = alph(R1R). If R = Ry, then since L(R) is finite, L(R;)
contains only €. In this case, llw (L(R)) = 0 < alph(R;). Therefore, llw (L(R)) <
alph(R), and thus if S* is co-finite, then llw (S*) < alph(S*).

U
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Then we have additional bounds on £ = llw (?), in the nondeterministic state
complexity of S* (and complement of S*) and in the minimal alphabetic length of
a regular expression for S* (and complement of S*) as follows:

L<N, L<R, L<2V, L < 2R+ (3.37)

where the exponential bounds follow from £ < S.

As we saw, some measures of the input are more succinct than others in the sense
of considering the bound on £. For example, LBAs and more powerful automata,
CSGs and more powerful grammars are more succinct, since £ is unbounded in
those measures. For DPDAs, we know that at least there are examples where £
is exponential in the size of the DPDA accepting the basis. For NFAs and regular
expressions, the bound on £ is exponential, and there are examples to achieve
an exponential £. In the same sense, the number of distinct words in the input,
Kk = | S, is succinct, since £ is unbounded in k. The length of the longest words
in the input, ¥ = max,ecs | w |, is almost as succinct as NFAs;, since there is a tight
exponential bound on £ in v. For DFAs and the total number of symbols in the
input, 4 = Y ¢ |w|, there is an exponential bound on £, but we do not yet know
whether it is tight.

For different measures of the generated language S*, most of them provide an
good upper bound on L, except nondeterministic state complexity N' = nsc(S*)
and the minimal alphabetic length of the regular expression R = alph(S*).

3.3 Variations with different aspects

Let x1,2o,...,2, be a basis. Instead of asking for the longest words not in L =
{xy,29,...,2, }, there are other topics related to L and factorizations of words
into xq, o, ..., x,. For example, what is the number of all words not in L? If L is
co-finite, what is the possible size of k7 Can every word be a solution to an instance
of the FPFM with some xy, s, ..., 2,7 For a word w, in how many different ways
can w be factorized into a concatenation of xq, xs, ..., xx7

3.3.1 Number of words and number of symbols

Let S be a set of words such that S* is co-finite. The properties of the longest
words not in S* are discussed in Chapter 2. There are two other topics, one of
which concerns all words not in S* and the other concerns all words in S. The
number of these words and total number of symbols contained in those words will
be discussed in this section.
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All words not in a generated co-finite language

Let z1,xo,..., 2 be k integers. Recall that (x1,z,...,x;) is the set of all non-
negative integers that can be written as non-negative integer linear combinations
of the given integers xi,2s,...,2r. As we saw in the integer FP, the number
of all positive integers not in (xi,zs,...,xx), denoted by h(zy,xe,...,x5), is an
interesting topic and the relation to the Frobenius number is given by Eq. (1.56)
as follows:

%(g(xl, To,...,T) + 1) < h(xy, 29, ... o) < g1, 20, . .., Tp). (3.38)
Now let { 1, xo, ..., zx } be k words. The FPFM, as discussed in Chapter 2, is to ask
for the longest words that are not in { xy,...,z; }*. The analog of h(xy, xa, ..., x)
in the setting of a free monoid is the following problem, which also exhibits different
properties from its integer counterpart as the FPFM does.

Problem 3.3.1 (the FPFM, all words). Given k non-empty words x1,xs, ..., x) €
>* such that there are only finitely many words that cannot be written as concate-

nations of words in { x1,xs, ..., Ty }, then what are those words?
Let S = {21, x9,...,2; } such that S* is co-finite. Two measures can be used
to describe those words not in S*. One is M = ‘ S ‘, the number of words not in

S*, and the other is W = <= |w |, the total number of symbols of words not in
S*. They are generalizations of the corresponding problems for integers, or over a
unary alphabet

M, =h(lz1|,|22],..., |21 ]) = OW?), (3.39)
Wy=> {ieNuig (|| |2a],....[2]) } = O0Y), (3.40)

where v = maxi<;<x | z; | is the length of the longest z’s.

For larger alphabets ¥, M and W are exponentially bounded in £ = llw (§)
Since S* C¥ U X2 U --- U X%, it follows that

D b c
M< DS = A O(|Z[%), (3.41)
1<i<Ll
] 254—2 . 1 ZE—‘:—I »
we S g SECZERVET B _ s pay)
52 (X[ =1)

both of which can be achieved. Since £ = O(|X|”), where v = max;<;< | x; |, then
M = |Z|O(|E\V) 7 W = |Z|O(\E\V) ’ (3.43)

both of which are doubly-exponential in v. More precisely, the following corollary
is a direct result of Corollary 2.3.2.
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Corollary 3.3.2. /83, 8] Let S = {x1,x9,..., 21 }. Suppose |z;| < v for all i,
and S* s co-finite. Then the number of words not in S* is

= - 3.44
< ST (3.4

where q = 2|22|_1(2” XY —1).

I will show in the next chapter that there are examples in which both the
number M of words not in a generated co-finite language, and the total number W
of symbols of such words, can be doubly-exponential in v, the length of the longest
words in the given basis.

Number of words and symbols in the basis

Instead of considering the generated language, we can also consider the basis.

Problem 3.3.3 (the FPEFM, the basis). Given a set S of non-empty words of lengths
C1,Co, ..., Cp over the alphabet 3 such that there are only finitely many words that
cannot be written as concatenations of words in S, then what is the size of S?

As usual, let v = max{ ¢y, co, ..., } be the longest length.

Over the unary alphabet, then | S| < v and the problem becomes less interest-
ing. Over the unary alphabet, either k = 1 and | S| > 1 or k > 2 and | S| > 2 holds,
and the bounds are tight since there are two integers ¢1, ¢ such that ged(eq, ¢o) = 1.

Over a larger alphabet, | S| can be exponential in v. Over larger alphabets,
obviously there is an upper bound on the size of S, even when S* is not co-finite,
given by

[SI<IZI + I8+ + 21 =0(2"), Y |w|=0®E"), (345)

weS

both of which are tight. When £ = 1, by Proposition 2.4.1, we have ¢; = 1 and the
equation

1S]=3lw| =5 (3.46)

weSs

holds. When k& = 2, the problem is discussed in Chapter 2 in the 2FPFM, the
Frobenius problem in a free monoid with bases composed of words of two distinct
lengths. As we saw in the 2FPFM, if S is a set of words of lengths ¢y, ¢y and S* is
co-finite, then by Theorem 2.6.23,

1
S| > (9 + = |y > o |9 + D] 3.47
[ST> 217+ =2 dolwl>ea S+ (5, (3.47)

weS

where we suppose ¢; < ¢o. In other words, when the basis consists of words of two
lengths, an exponentially large basis is required to generate a co-finite language.
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For larger k£ > 3, is it necessary for a basis to be exponential in v in order to
generate a co-finite language? The answer is “no”. There are examples such that
the size of each basis is linear in v and each basis still generates a co-finite language.

Kao gave in 2006 the following example, which shows the existence of a linear-
size basis. Over the binary alphabet ¥ = { 0,1}, let

Uy = {1,00,01,000,010,0010, 0110, ...,001*7%0,01* 20 } , (3.48)

and V;, = Uy U {1%720,1%710} for k& > 3. Then V; is co-finite, and one can verify
by induction that
S\ Vg ={0,10,110,...,1* %0 }. (3.49)

The basis Vj is minimal in the sense that any proper subset of V}, cannot generate
a co-finite language in {0,1}". The size of V} is 2k + 1, which is linear in v =
llw (Vi) = k. In addition, the total number of symbols in V4, the alphabetic length
of a shortest regular expression for V4, and the (nondeterministic) state complexity
of Vj, are all polynomial in v.

I will show in the next section an even better example of a basis generating a
co-finite language, where the size of the basis is constant in v and thus the total
number of symbols of all words in the basis is v plus a constant.

3.3.2 Coverage of words as solutions

Given any word w over alphabet X, is there a basis S such that w is one of the
longest words not in the generated language S*, or is there a basis S such that
w is the unique longest word not in the generated language S*7? For the integer
FP, we saw in Theorem 1.2.16 that any positive integer n is a Frobenius number
n = g(x1,xs, x3) for some positive integers 1, x9, r3. So over the unary alphabet,
any word can be the unique longest word not in a language generated by three
words.

Over larger alphabets when |X| > 2, we first limit the number of words in the
basis S by | S| < k for some constant k. Then at least for every positive odd integer
[, there is a basis S of size k such that S* is co-finite and [ = llw (S*)

Theorem 3.3.4. Let ¥ be an alphabet. There is an integer k such that every
positive odd integer | is the length of the longest words not in a generated co-finite
language S* in ¥*, where the basis S is of cardinality k.

Proof. Let k = |%|* 4+ 2|%| — 1. We define
Si=(Z\{0}) ux*uoE\{o})ou {0} (3.50)

for odd positive integers I. Then S; is of cardinality k. Since ¥ C S}, any word of
even length is in S;'. Consider a word w = ajas - - - a, of odd length. If a; # 0 for
some odd integer ¢, then

w = (arag) - -+ (@;—2a;—1)a;(a;110:42) - - - (Ap—1a,) € S}, (3.51)
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since X\ {0} C S;. Now we assume a; = 0 for all odd integers 1 <i <n. Ifa; # 0
for some even integer 7, then

w = (a1az2) - - - (Ai—30i-2)(Ai-10i0i+1)(Ai420i+3) - - (an-1a,) € 57, (3.52)
since 0(X\ {0})0 C 5. So all words not in S} are powers of 0. Since
N\ (2,1+2)={1,3,5,...,1}, (3.53)

then S; is co-finite and S; = X*\ {0,0%,0°,...,0' } , where llw (5}) = L. O

Theorem 3.3.4 shows that using a fixed number of words, one can generate a
co-finite language such that the longest word can be arbitrarily long. Hence the
measure £ = llw (?) is unbounded in the measure | S'|. Theorem 3.3.4 also shows
that, for a fixed alphabet, the size of a basis that generates a co-finite language can
be a constant in ¥ = max,eg|w |, and thus the following bounds are tight for a
fixed alphabet

|S1=0(%F), [5]=0Q). (3.54)

The constructed S; is composed of words of only four lengths and the total number
of symbols in S; is v + O(1). That shows the exponential lower bounds for the
2FPFM, namely | S| > [X]" + |E]" /nand Y- .o |w]| > m |S[™ + 3", where m,n
are the two lengths of words in the 2FPFM, cannot be generalized in the general
FPEFM.

Now, we limit the number of different lengths of words in the basis. The follow-
ing proposition is a direct consequence of the integer FP.

Proposition 3.3.5. For any word w over the alphabet 33,

(a) there is a basis S of words of three lengths such that S* is co-finite and w is
one of the longest words not in S*;

(b) there is a basis S’ of words of four lengths such that S* is co-finite and w is
the unique longest word not in S*.

Proof. Let | = |w|. By Theorem 1.2.16, there are three integers ¢, co, c3 such that
g(c1,co,c3) = 1. Let
S=%¥" U X2 U X%, (3.55)

Then S* is co-finite, and w is one of the longest words not in S*, where S is
composed of words of three lengths ¢y, ¢o, c3. Furthermore, let

=% ux2uxsu\{w}. (3.56)

Then S™ is co-finite, and w is the unique longest word not in S™, where S’ is
composed of words of four lengths ¢y, co, c3, (. O
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Now we consider another type of problem: what fraction of bases generate co-
finite languages? First, we consider sets consisting of words of lengths m and n,
0 <m <n < 2m. By Lemma 2.6.21, we have |X"\ S| > 1/2(|Z]" — |X|™) and
there are bases that achieve equality, which will be presented in Chapter 4. Suppose
S is one such basis. Then any set T such that S C T C X™ U X" also generates
a co-finite language. There are in total 23 (ZI"+=™) gych T, while the number of
sets consisting of words of lengths m and n is 2*"+>" Now, we consider sets
consisting of words of lengths 1,2, ...,[ for an odd integer . By Theorem 3.3.4, the
set S = (E\{0}) U X2 U 0(X\{0})o U {0} generates a co-finite language.
Then any set T' such that S;_o CT C Ui:l ¥¢ generates a co-finite language. Then

at least
1

915*+2|5[-1 (3'57)

of all subsets of U§:1 ¥* generate co-finite languages.

Now we consider extending a basis S by adding words into S without changing
llw (S *) For the unary alphabet, this problem becomes an integer problem and is
already studied (see §1.2.3). Now we discuss it over a larger alphabet.

Theorem 3.3.6. For any alphabet 3, |X| > 2, and any integer p € N, there are
two sets S, T of words such that | T | > p, foranyw € S U T, w ¢ (S U T\{w})*,

and tw (U T)7) = I (5.

Proof. Assume |X|? > p. Now we consider the 2FPFM with lengths m = g+ 1,n =
2¢ + 1. In the word graph I'(m,n) = ("™ X" 1)), there are |X|™ — |X| arcs that
join the vertex 0"~ to other vertices, namely V = 0"~ (X"~™ \ 0"~™). Let
S=3m U X"\V,8 =" U X"\ {0"!'1}. Then the longest paths in both of
the word graph G(Sm’n), Gfg,”’”) are of length 1, which implies llw (?) = llw (W) =
g(m,n +m). Since 8" C ¥™ U ¥" and ged(m,n) = 1, for any w € S’, we have
w & (S"\{w})*. Then the two sets S and S"\ S satisfy the required conditions. [

3.3.3 The number of different factorizations

Let S be a set of words over an alphabet 3 such that S* is co-finite. If a word w is
in §*, then by definition, w can be written as a concatenation of words in S, and
this factorization may not necessarily be unique. Denote by D(w) the number of
different factorizations of w over the given basis S. We say two factorizations of a
word w = 122 -2, and w = Y1y - - -y, are different if p # g or p = ¢ and there
exists 7, 1 < i < p, such that x; # ;.

Problem 3.3.7 (Factorization of words). Given k non-empty words x1, ..., xy over
Y, and a word w that can be written as a concatenation of words in {xy,...,xx },
then in how many different ways can w be written in that form?
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In the integer analogue, let x1, s, . . ., x; be k positive integers. The denumerant
d(n;x1, 2, ..., 7x) is the number of different ways that n can be written as a non-
negative integer linear combination of z1, x», ...,z given by

n = c1x] + CaTo + -+ - + CLTp. (3.58)

As we saw in Eq. (1.67), for fixed basis 1, x9, . . ., 23 and as n — oo, the asymptotic
bound is

k-1

n _
d(n;xy, e, ..., 25) = 6(1,‘1:62 (k- 1)[) = 0(n" 1), (3.59)

which is polynomial in n.

In the setting of a free monoid, even over a unary alphabet, the result on the
number of different factorizations is different. This property is one of the few cases
where the FPFM differs from the integer FP, even when over the unary alphabet
{0}. For example, although d(11;3,5) = 1, as there is a unique partition of 11 in
(3,5) given by

11=2-3+1-5, (3.60)

there are three distinct factorizations of 0'* in {0%,0° }" given by
o' = 0%0%0° = 0°0°0% = 0°0%0°%. (3.61)
The function d(n; 1, xs, . .., xy) is strongly related to the Euler partition prob-

lem of integers which can be viewed as d(n;N). Similarly, the number D(w) of
different factorizations of w in a given finite basis is obviously less than or equal to
the number of different factorizations of w in the infinite basis ¥*. Hence it follows
that

D(w) < 2lvI=t = o(2v), (3.62)

which is tight. Let S = U1§z‘§l ¥! be the basis. Then for any word of length < [,
the equality in the bound in (3.62) can be attained as D(w) = 2/*I=1.

There is a trivial lower bound
D(w) > 1 (3.63)

(or D(w) > 0 if we do not ask w to be in the generated language S*), and it is tight.
Let w be one of the shortest words in the basis S. Then the factorization of w is
unique and thus D(w) = 1. In fact, in the trivial case S = 3, each factorization is
unique due to the freeness of the monoid, and thus D(w) = 1 for all w.

In particular, in the 2FPFM with lengths being m,n, m < n, then the factor-
ization, if any, of each word of length ¢m for 0 < 7 < n or in for 0 < ¢ < m must be
unique, since im, for 0 < 7 < n, has a unique expression as a linear combination in
(m,n) given by im = i-m, and any word of length im has a unique factorization,
where each factor is of length m. The case of words of length in for 0 < ¢ < m is
similar. There is another situation where the factorization is unique, as given by
the following proposition.
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Proposition 3.3.8. Let S be a set of words over X2 of lengths m andn, m < n, such
that S* is co-finite. If w € S* with |w|=n (mod m), but either w(l..|w|—m| ¢ S*
orwm+ 1..|w|] € S*, then w has a unique factorization in S.

Proof. Without loss of generality, we prove the prefix result. The suffix result is
similar. Suppose w € S* and w[l..|w|—m| & S*.

Since S* is co-finite, ged(m,n) = 1. Let |w| =n + jm. Then j > 0. If j =0,
then w has a unique factorization given by w = w. Now we assume j > 0. The
prefix w[l..n + (j — 1)m] is not in S*, so by Proposition 2.4.10 none of the words

wlim + 1..im + n] (3.64)
isin S, for 0 <7 < j — 1. Since w is in S*, there is a factorization of w given by
W = WiWs - - W (3.65)

Since m 1 |w| = n + jm, at least one of the factors is of length n. Consider the
first factor, say w;, that is of length n. Then all the w;, ¢ < [, are of length m.
Comparing lengths leads to w; = w[(l — 1)m + 1..(l — 1)m + n]. Hence [ — 1 > j,

and thus |wywe - --w;| = (I — 1)m +n > jm + n. But we know |w | =n+ jm. So
k =1= 741, and all factors are of length m except the last factor, which is of
length n. Therefore, w has a unique factorization in S. m

3.4 General form of the Frobenius problem of
words

Given x1, @y, ..., x) such that { z1,z,..., 75 }" is co-finite, the Frobenius problem
in a free monoid is to find the longest word(s) not in the generated language.

One way to look at the generalized Frobenius problem is that by defining the
appropriate concatenation of words, such that the concatenation-closure is well-
defined, then the concatenation-closure of input words covers all words in some set,
for example X*, over an alphabet X, except a “small” number of words, for example,
a finite number. When the concatenation is the normal concatenation, the set to
be covered is ¥*, and that “small” number is finite, it becomes the FPFM. Here
we will see some other variations on the problem.

3.4.1 Infinite words

First, we will discuss some types of infinite words. The study on words of infinite
length is essential in symbolic dynamics [12, 113] and logic with temporal proper-
ties [24, 114, 109] (refer to the book [122] for a comprehensive reading). Since each
word is of infinite length, the length of the longest words is not interesting, and
thus we will instead focus on the co-finiteness property.
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An infinite word w is an infinite sequence of letters over an alphabet X
w = ajasas - - (3.66)

and the set of all infinite words is denoted by ¥“. To avoid ambiguity, the words
we have studied thus far are called finite words. The set of all finite words and
infinite words over ¥ is denoted by X*°. Let w;, ws be two infinite words and u be
a finite word. Then we define wq - wy = wq, w1 - u = wy, and u - w; = Uws.

An infinite word w is periodic if w = u* for some u € ¥* and is ultimately
pertodic if w = vu® for some u,v € X*.

The set of all words that can be written as concatenations of words in S is, as
usual, denoted by
S*:{xle---xlle,xQ,...,xl65,[20}. (3.67)
Analogously, we define the set of infinite concatenation of words in S as

Sw:{.fl?1ll'2"'IZL’l,IQ,...GS}, (3.68)

and we write S® = S5* U S¥.

The co-finiteness of infinite words over a unary alphabet is not interesting, since
there is only one such word. In this section, we always assume the alphabet contains
at least two letters without further explanation.

Proposition 3.4.1. Let S be a set of words in 3X*° and T =S N X*. Then S*
is co-finite in X°° if and only if T* is co-finite in ¥X*. Furthermore, when T* is
co-finite in X*, then T is co-finite in X°°.

Proof. =: 1f S* is co-finite, then S* N ¥* is co-finite in X*. Since any infinite
concatenation of nonempty words gives an infinite word, and any concatenation
involving an infinite word gives an infinite word,

SENY=nN¥=7Tnk% (3.69)

is co-finite in X*. Hence T is co-finite in X*.

Assume T is co-finite in X*. We now prove T is co-finite in 3X*°. Let w be
an infinite word, and | = llw (3* \ 7). Write w = ujwy, where |u; | =1+ 1. Then
uy, € T* and w, is an infinite word. Repeat this procedure for w;, and so forth.
Then w = ujus - -+ is in T%, where all the u;,7 > 1 are in T%. Hence ¥ =T*. In
addition, T™ is co-finite in ¥*, so T is co-finite in ¥ = ¥* U »*.

«: If T* is co-finite in ¥*, then we already proved T is co-finite in 3°°. Hence
S D T is also co-finite in 3. O
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Therefore, any set .S of words that generates a co-finite language in X*° includes
as a subset a set of finite words that generates a co-finite language in >*, and any
set S of finite words that generates a co-finite language in »* itself generates a
co-finite language in 3°°. In this sense, the behavior in ¥*° and the behavior in ¥*
are equivalent. Furthermore, if S generates a co-finite language in 3°°, then any
word given by a concatenation of words in S that includes some infinite word must
be an infinite word, and thus can be written as concatenation of words in S N X*.
So in fact S™° = (S N X*)*>.

Right-infinite words

Now we consider >“. To avoid confusion with another concept, the left-infinite
word, the type of infinite word discussed so far is also called a right-infinite word.
Let S be a set of words in ¥*. Then by definition, S¥ = S. Hence, any set of words
in ¥ that generates a co-finite language in >“ must itself be co-finite. So in order
to generate a co-finite language in * non-trivially, the basis must contain words
in 3*. The following corollary follows directly from the proof of Proposition 3.4.1.

Corollary 3.4.2. Let S be a set of words in ¥*. If S* is co-finite in X*, then
S =3,

Shallit observed the property in the previous corollary and he gave an equivalent
condition in Proposition 3.4.3 to check whether 5% = ¥ for a set .S of words in >*.
Proposition 3.4.3 can be used to disprove the co-finiteness of S* for a particular
basis S of words in ¥* in the FPFM. The converse of Corollary 3.4.2 is not true.
For example, over the binary alphabet, let

5 =1{00,01,1}. (3.70)
Proposition 3.4.3 implies that S“ = ¢, but S* is not co-finite in X*.
Proposition 3.4.3. Let S be a set of words in X*. Then S = X% if and only if

for any word w in 3¢ there is a finite nonempty prefix of w that is in S.

Proof. =: Suppose S¥ = ¥¥. Then any word w in »“ can be factorized into
nonempty words in S, and the first factor is a nonempty finite prefix of w that is
in S.

<: Let w be a word in ¥¥. Then w = wyw;, where u; is a nonempty word
in S. Since w; is again in ¥, w; = uswy, where uy is in S, and so on. Hence
w = ujls - - - can be factorized into words in S. So S¥ = ¥, O

As we saw in Proposition 2.1.3, if a set S of words in >* generates a co-finite
language in >*, then there is a finite subset of S that generates the same co-finite
language in ¥*. But for co-finite languages in >, this is not true. Consider

S =0"1+0%=1{1,01,001,0001,...,00---}. (3.71)
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Then S“ contains all words in 3¢ for ¥ = { 0,1 }. For any word w in ¥¢, if w = u0%,
where u is a finite word that does not end with 0, then w = wjus - - - ©,0%v¥ is in
S¥ where u = ujug - - - uy is the factorization of w into { 1,01,001,0001, ...} and
v is an arbitrary word in S. Otherwise, w can be factorized by the positions after
each letter 1 and thus w is in S*. Now we consider a subset 7' C S. If T" does not
contain 0°1 for some i > 0, then none of the words 01X is in S¥. If T' does not
contain 0¥, then none of the words »*0“ is in S“. Hence S generates a co-finite
language in »“, while no proper subset of S generates a co-finite language in 3“.

Is there a basis S generating a co-finite language in 3 such that S“ # X7
The answer is “yes”. Consider the following basis over the binary alphabet

S =0"1+ 0*10* = {1,01,001,0001,...,100---,0100---,00100--- ,...}.
(3.72)
For any word w in “ that contains at least one 1, w can be factorized by the
positions after each letter 1 (except the last), and thus w is in S“. The only word
that cannot be so factorized is 0, and thus S* = ¥“\ { 0¥ } is non-trivially co-finite

(# 5).
Even when the basis contains only finitely many words in 3“, the answer is still

“yes”. For example, let

T ={1,00,011,0100,01011,010100,...}, and S=T7 U T0,  (3.73)

where T' contains all prefixes of (01)* with the last letter altered. Clearly, S contains
no word in »¥. We claim that S“ is co-finite in ¥* and S* # »“. Let w be any
word in 3¢ except (01)“. Then w has a prefix u; in T and can therefore be written
as w = ujw;. Now there are two cases for wy. If w; is not (01)¥, then we can
perform the factorization again on wq, and so forth. Otherwise, w; is (01)%, then
write w = (u10)(10)%, which is a factorization of w into words in S. Hence S¥ is
co-finite in ¥¢, and S* =3¢\ { (01)“ }.

When the basis contains only finitely many words in ¥*, the answer is trivially
yes”. Let S be any co-finite proper subset of ¥“. Then S contains no word in ¥*
and S¥ = S # X“ is non-trivially co-finite in X¢.

43

When a basis is finite, however, the answer is “no” as in the following proposi-
tion.

Proposition 3.4.4. Let S be a finite set of words in ¥X°°. Then S“ is co-finite in
Y if and only if S¥ = 3¢,

Proof. <: 1t is straightforward. =: Suppose there is a word w in 3 such that no
finite nonempty prefix is in .S. Since S N X* is finite, let u be a prefix of w that
is longer than any word in S. Now consider the language 4. We claim that if
w in uX*¥ can be factorized into words in S then w is in S. To see this, consider
the first factor in the factorization of u in S. It must be infinite, since any finite
word in S is of length < |u| and none of the prefixes of w is in S. But S N ¥
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is finite, so there are infinitely many words in > that are not in S“, and thus
S“ cannot be co-finite. Therefore, every word w in 3 has a finite prefix in S. By
Proposition 3.4.3, we have S = ¥¥. m

By the preceding proof, we also know that for a finite set .S of words, if S¥ # ¥¢,
then ¢\ S“ is of uncountable cardinality.

Left-infinite words

For each finite word w = ajas - - - a;, the reverse of w is wf* = a;a;_1 - - - a;. Similarly,
a left-infinite word w™ is the reverse of an infinite word w = ajasas - - - as
wR T e e e a3a2a1 (3.74)

and the set of all left-infinite words is denoted by “X. The set of all finite words
and left-infinite words is denoted by *¥ = ¥* U “X. The concatenation of two
finite words is defined as usual. Let w;,wy be two left-infinite words and u be a
finite word. Then define w; - wy = wy, wy - u = wyu,u - wy; = wi. A left-infinite
word w is periodic if w = “u for some u € ¥* and is ultimately periodic if w = “uv
for some u,v € ¥*. Analogously, we define the set of left-infinite concatenations of
words in S as follows:

wS:{"'5132513'12.1'1,5132,...65}, (375)

and we write S = 5* U “S. Then by the previous discussion on right-infinite
words, the following propositions hold analogously.

Proposition 3.4.5. Let S be a set of words in ¥ and T =S N X*. Then *S
1s co-finite in X if and only iof T* is co-finite in X*. Furthermore, when T* is
co-finite in X*, T s co-finite in *°%, and YT = “3.

Proposition 3.4.6. Let T be a set of words in ¥X*. Then “T = “X if and only if
for any word w in “Y there is a nonempty finite suffix of w that is in T.

Applying the reversal operator to each word in a basis in the examples for
right-infinite words, we obtain examples for left-infinite words. Let

S =10"+“0 = {1,10,100,1000,...,...00}. (3.76)

Then S generates a co-finite language in “3:, but no proper subset of S generates
a co-finite language in “¥. So Proposition 2.1.3 does not hold for languages of
left-infinite words. Let

T = {1,00,110,0010,11010,001010, ...}, (3.77)

which contains all suffixes of “(10) with the first letter altered. Then S =T U 0T
generates a co-finite language in “¥ with S =“3\ {¥(10) } # “X.

Proposition 3.4.7. Let S be a finite set of words in *°X. If“S is co-finite in “Y,
then ©S = “%.
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Bi-infinite words

Another concept of words of infinite length is the bi-infinite word. A bi-infinite
word w is the concatenation of a left-infinite word u with a right-infinite word v,
for example,

w=u-v=---bsbsbjajasas--- . (3.78)

For an arbitrary left-infinite word u, an arbitrary finite word z, and an arbitrary
right-infinite word v, we let (uz)v = u(xv). In other word, for a bi-infinite word w,
the factorization w = u - v is not necessarily unique. This kind of bi-infinite word is
called an “unpointed” bi-infinite word [7]. The set of all bi-infinite words is denoted
by “>, and the set of all finite words and bi-infinite words is denoted by *°3°°.
Since the concatenation of 2 bi-infinite words is not well-defined, the concatenation
in the discussion on bi-infinite words is only performed on finite words. A bi-
infinite word w is periodic if w = “uu® for some u € ¥* and is ultimately periodic
if w = “uxv? for some u, x,v € ¥*. We define the set of bi-infinite concatenations
of words in a set S of finite words as

wow — { X1 Y1Yo s i X1, T2, ., Y1, Y2, . GS}, (379)

and write ©S* = S* U “S“.  Analogously, a basis that generates a co-finite
language in >* also generates a co-finite language in *°¥*>° and “>*, respectively.

Proposition 3.4.8. Let S be a set of words in X*. If S* is co-finite in X, then
05 is co-finite in *°X>°, and “S¥ = XY,

Proof. Since S* is co-finite in ¥*, let [ = llw (X*\ S*). Then X1 C S*. Any
bi-infinite word can be factorized into X'*!, by grouping [ + 1 consecutive letters
together, so “¥v C @(X!Hl)w C «(§*)» C “S“. Hence “X* = “S“. Then the
language X\ ©S5%° = ¥* \ S* is finite, and thus *°S* is co-finite in *X>°. [

The co-finiteness of generated sets of bi-infinite words is related to the co-
finiteness of generated sets of right-infinite words and left-infinite words. First
we need a technical lemma.

Lemma 3.4.9. Let S be a set of words in X*.

(a) If S¥ is co-finite in ¥, and w is a periodic word not in S*, then there is a
suffix w of w such that u € S*.

(b) If“S is co-finite in “Y, and w is a left-periodic word not in “X, then there is
a prefiz u of w such that u € “S.

Proof. We prove the result (a) for right-infinite words; the result (b) on left-infinite
words is similar.

Suppose S¥ is co-finite in »“, and w is a periodic word not in S*. Consider the
language L = Y*w. Since S“ is co-finite in X*, we see that L N S* # (). Let v be
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awordin L N S“ and v = ujuy - -+ be the factorization of v into the elements of
S. Then v is ultimately periodic and all of the u; that are fully in the periodic part
of v give a suffix of v which is in S*. This suffix of v is also a suffix of w. m

Proposition 3.4.10. Let S be a set of words in X*. If S¥ is co-finite in ¥ and
“S' s co-finite in “X, then “S“ is co-finite in “X%.

Proof. Let w be a word in “¥¢ that is not ultimately periodic in any direction.
Then w can be written as w = uwv for some v in “¥ and v in X*. Since w is not
ultimately periodic in any direction, the number of distinct factorizations w = uwv
is infinite. Since there are only finitely many words in 3\ “S and in X¢\ S¥, there
must be some u, v such that w = wv and v € “S,v € S¥. So w is in “S¥.

Let w be a word in “>¢ | which is ultimately periodic in some direction (or both
directions), but not periodic. Without loss of generality, suppose w = uv and v is
periodic. By Lemma 3.4.9, there is a suffix v’ of v such that v’ is in S“. Then w
can be written as w = u/v’, where the number of factorizations of w with distinct
u’ is infinite. Since there are only finitely many words in “X \ “S, there must be
some v’ such that w = v/v" and v’ € “S. Since v € §¥, w is in “S¥.

Now, assume w = “(w')¥ is a periodic word in “¥*. Write w = uv for some

u € “Y and v € X*. Then both u,v are ultimately periodic and w is uniquely
determined by u and by v. If w is not in “S“, then either v is not in “S or v is not
in S*. Hence the number of w not in “S* is less than or equal to the number of
periodic and ultimately periodic words in (“¥\“S) U (X¢\ S¥), which is finite.

Therefore, the words, if any, in “X¢ \ “S¥ must be periodic, and there are only
finitely many such words. In other words, “S“ is co-finite in “¥*. m

By Proposition 3.4.10, if a set .S of finite words generates co-finite languages in
both right-infinite words and left-infinite words, then S also generates a co-finite
language in bi-infinite words, and those words that cannot be factorized must be
periodic. The converse of Proposition 3.4.10 is not true. For example, let

S =1{00,10,1}. (3.80)

Then “S¥ = “¥¥ is co-finite in “X* as ¥? C S*, but S¥ is not co-finite in ¥* as
01X« C ¥¢\ S“. Nevertheless, the co-finiteness in both right-infinite words and
left-infinite words does not ensure the co-finiteness in finite words. Let

S =1{00,01,1,10}. (3.81)

Then S = {00,01,1} U {00,10,1}, where the first term generates a co-finite
language in »“ and the second term generates a co-finite language in “>. So S
generates co-finite languages in all three types of infinite words, but S does not
generate a co-finite language in >*, since 0(00)* C ¥* \ S*.

To summarize, the strength of co-finiteness is as follows. The co-finiteness in
finite words leads to the co-finiteness in all types of infinite words. The co-finiteness
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in both single direction (right and left) infinite words leads to the co-finiteness in
bi-infinite words.

In 2009, Shallit [154] showed that a finite set cannot generate a co-finite language
in “S“ non-trivially. First, we need a proposition.

Proposition 3.4.11. [154] Let S be a finite set of words in ¥*. Then “S* = “3¥
if and only if for any word w in X* there are words u,v € ¥* such that vwv € S*.

Proof. =: Suppose “S¥ = “3¥*. Let w be a word in ¥X*. Now we consider the
factorization “0w0% = ---w3xow1y1y2Yys - - - into words in S. Then there are u,v
such that wwv = z; -+ - z1y; - - -y; € S* for some indices 7, j.

<: Let z = - - - bsbybiagaiasas - - - be a bi-infinite word in “X%, where a;, b; € .
Consider the following sequence of finite words

ao, bl(loa,l, bgblaoalag, bgbgblaoalagag, (382)

Then for each 7 > 0, there are u;, v; such that w; = w;b; - - - biagay - - - a;v; € S*. Now
we consider the middle factor that covers the letter ag in each of the factorizations
of words in Wy = {wi D> O} into words in S. Since S is finite, by the infinite
pigeonhole principle there must be infinitely many words in W, such that their
factorizations have the same middle term, say xo. Let W; be the set of all such
words. Now among those factorizations of words in W;, we consider the factors to
the left and to the right of xy. Again, since S is finite, by the infinite pigeonhole
principle, there must be infinitely many words in W; such that their factorizations
have the same middle terms, say z12¢y;. Let W5 be the set of all such words. Then
consider the factors to the left of x; and to the right of y;. Continuing in this
procedure, we construct a factorization for z as z = - - - Lox1ToY1Y2 - - - . O

Proposition 3.4.12. [15]] Let S be a finite set of words in ¥*. Then “S% is
co-finite in Y3 if and only if ©SY = “X¥.

Proof. «<: 1t is straightforward. =: Suppose “S* # “¥*. By Proposition 3.4.11,
there exists a word w in ¥* such that no word uwv can be factorized into words in
S for all u,v € ¥*. Then none of the words in “>w>* can be factorized into words
in S, which contradicts the co-finiteness of “5%. O

By the preceding proof, we know that for a finite set S of words, if ¥“S% # “¥¢,
then ¥ \ “S“ is of uncountable cardinality.

3.4.2 Concatenation with overlap

In this section, we will see some alternative definitions of concatenation of words.
We now return to words of finite length. Some concatenations do not satisfy the
associative law and thus may not lead to a monoid. But as far as the concatenation-
closure is well-defined, the discussion will be meaningful. To avoid ambiguity, we
denote by u - v or uv for short the normal concatenation of words, and by other
notation for each alternative.
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Repeated deletion

Ito, Kari, Kincaid, and Seki [77] introduced a new binary operation on languages
L, R C ¥* defined by

Lt R={ayz:aye Lyze€ Ry+e}. (3.83)

Proposition 3.4.13. [77] The class of reqular languages is closed under the oper-
ation of f .

Proof. Define a morphism on words h : (X U ¥')* — ¥* by h(a) = a and h(d') = a
for all a € ,a’ € ¥'. Let h~! be the inverse morphism of h. Then

LER=nh((h"Y(L) N Z*THT* n (r(R) N T'TEY)). (3.84)

Since the family of regular languages is closed under the operations of inverse
morphism (for example, see Shallit’s textbook [156]), intersection, concatenation,
and morphism, it is also closed under f . O

Next we consider a variation on § where the overlap can be empty. We define
the concatenation with overlap of two words by

ubv={uwv:Iw € X* such that u = v'v',v =w'v'} (3.85)
and define the concatenation with overlap of two languages L, R by
LbR={w:weubv,ueLveR}. (3.86)

We call L i R the concatenation with non-empty overlap of L and R, and define
ufgv=A{u} y {v} for two words u,v. Then the relation between the two new
operations is that

LYR=(L4R) U (L-R), (3.87)

where L - R is the normal concatenation of languages. The next proposition follows
immediately.

Proposition 3.4.14. The family of reqular languages is closed under the operation
of concatenation with overlap b .

The concatenation-with-overlap b does not satisfy the associative law. For
example, let Ly = {001}, Ly ={12},L3 = {0123 }. Then

(Ly b Ly) b Ly = {0012,00112} b {0123} = { 00123,00120123,001120123 } ,
Ly b (Lyb Ls) = {001} b {120123} = {00120123,001120123 } . (3.88)

The concatenation-with-nonempty-overlap f also fails to satisfy the associative
law. For the same example of Ly, Lo, L3,

(Ly 4 Ly) b Ly = {0012} 1 {0123} = {00123}, (3.89)
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In the following discussion, without further explanation, a sequence of concatena-
tion appearing without parenthesis means the concatenation is done from the left
to the right, as follows:

def

Lib Lob Lyb - b Ly (Lib Lo) b La) b -~ ) b Ly, (3.91)

Lyt Lo Ly 0Ly S (L g Lo) 8 La) b ---) 5 Ly (3.92)

Both concatenations with overlap b and with non-empty overlap 1§ satisfy the
associative law in the case where the arguments are the same language.

Proposition 3.4.15. Let L be a language over ¥. Then Lb (Lb L)=(Lb L)b L
and L (L L)=(LgL)t L.
Proof. First of all, by definition, L C L b Land L C L f L.

Let s € Lb (Lb L). Then s = wuv, where wu € L,uv € L b L, and uwv = zyz,
where xy € L,yz € L. So s = wuv = wzyz. Consider the length of u. If
|u| > |zy|, then

sewubyzCLbLC(LbL)b L. (3.93)

Otherwise |u| < |zy|. Then
s€ (wubaxy)byzC(LbL)b L. (3.94)

Hence L b (L'b L) C (L b L) b L. Considering the language L® that contains
the reverse of all words in L, it follows that L% b (LB b L) C (LR b LE) b LE.
Applying reversal operator on both sides, we get (Lb L) b L C L b (L b L). So
Lo (LbL)y=(LbL)b L.

The proof of L § (L § L) = (L § L) i L is similar. The only difference is that u
and y are non-empty. O]

As an immediate consequence, the following corollary holds.

Corollary 3.4.16. Let L be a language over 2. Then the order of calculation does
not matter for two or more applications of b (respectively, 4§ ) of L.

Let S be the concatenation-with-overlap closure of S, which is the set of words
that can be written as concatenation-with-overlap of finitely many words in S. In
other words,

S ={e} U SU(SHS) UBSHSHS) U---. (3.95)

The concatenation-with-overlap closure is well-defined, since the i-times b of S
with itself is a subset of (i + 1)-times b of S with itself, and thus the infinite
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set-union converges. Similarly, for the f operation, let S% be the concatenation-
with-nonempty-overlap closure of S, which is the set of words that can be written as
concatenation-with-nonempty-overlap of finitely many words in S. In other words,

SP={e}USUSES)U(SESES) U ---. (3.96)

By similar reasoning, the concatenation-with-nonempty-overlap closure is also well-
defined. Furthermore, the family of regular languages is closed under both of the
closure operations. In 2009, Shallit [154] proposed a way to prove the following
proposition by considering a normal form where at most two words overlap at any
given position.

Proposition 3.4.17. [15/] If L is a reqular language, then both L’ and L are
reqular languages as well. Furthermore, if L is accepted by an NFA of n states,
then there is an NFA of O(n?) states accepting each of L’ and L?, respectively.

The construction in Theorem 3.2.5 can be altered to accept L = S” by replacing
the transition function by

[za, U], if || <n—1,

z[2.. .|z |]la,U\{n}], if|z|=n—1, where (3.97)

5([I,T],a)={
U= {On+1:neT}, ifan—i...|z|la€ S forsome jeT, j<i;
B {n—l—l:n GT}, otherwise.

Replacing “j < ¢” by “j < ¢” in the definition of J, the resulting DFA accepts
L = S% The numbers of states in both DFAs are

2

<— v v — v v .
< =@ 1B - 1) = 0@ [EI) (3.98)

where v = llw (.5).

We will now discuss the co-finiteness in the concatenation closure, with overlap
and with non-empty overlap, and define the corresponding generalizations of the
Frobenius problem. Nevertheless, finite words over an alphabet with neither the b
operation nor the f operation define a monoid, since the operations do not satisfy
the associative laws.

Problem 3.4.18. Given k non-empty words xy, s, ...,z € X° over a finite al-
phabet 3 such that there are only finitely many words that cannot be written as
concatenations with overlap (respectively, with non-empty overlap) of words in
{x1,29,..., 2 }, then what is the longest such word(s)?

Let S be the set of words x1, xs, ..., x,. Our first observation about co-finiteness
is the following proposition, which is the analog of Proposition 2.1.4.
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Proposition 3.4.19. Let S be a set of words over the alphabet ¥.. Then S° (re-
spectively, S%) is co-finite if and only if there is an integer y > 2 such that XY C S°
(respectively, S*). Furthermore, the length of the longest words not in S (respec-
tively, S%) is <y — 1.

Proof. <: If there is such a y that XY C S (respectively, S%), then by concatenating
1 words in XY with non-empty overlap, S can generate all words of length y+i — 1,
for i > 1. Hence S (respectively, S%) is co-finite, and the length of the longest
words not in the generated languages is <y — 1.

=: Suppose L = S” (respectively, L = S%) is co-finite. Let ' be the length of
the longest words not in L, and y = max {2,y +1}. Then X¥ C L, and ¢/ <y —1
holds. O

Let S be a language such that S* or S% is co-finite. Then below we prove
that there is a finite subset T C S such that 7° = S? or 7% = S% So we can
always assume a set of words to generate a language is finite, since otherwise we
can just choose the equivalent finite set. The following proposition is analogous to
Proposition 2.1.3.

Proposition 3.4.20. Let S be a set of words over ¥.. If S° (respectively, S%) is
co-finite, then there exists a finite subset T C S such that T° = S° (respectively,
Th = S°%).

Proof. Let L = S° (respectively, L = S%). If L = ¥*, then ¥ C S. Let T = X.
Then T* = ¥* = §*. Otherwise, let [ be the length of the longest words not in L.
Consider the language

U=(Xux*u- - usthnlL (3.99)

Let T be the set of all words that appear in a factorization of a word in U in the
basis S with respect to b (respectively, 7 ). Then T is a finite subset of S, and
thus 7° C S° (respectively, 7% C S%). On the other hand, any word of length
> |+ 1 can be written as a concatenation with non-empty overlap of words of
length [ 4 1. Hence S° C U’ C T” (respectively, S* C U C T%). Therefore, T° = S°
(respectively, T% = S%). O

Since S* C S°, if S* is co-finite, then S° is also co-finite. But for S% when S*
is co-finite, S% is not necessarily co-finite. A trivial counter-example is S = ¥, in
which case S* = ¥*, but S* = S = ¥ is not co-finite. Let p,q be two distinct
positive integers with ged(p, ¢) = 1, and we assume |3| > 2. Then

S={0} U uU R\ {007} (3.100)

generates a co-finite language S* and S* # ¥*, but S% is not co-finite, since none
of the words in 000* is in S%. On the other hand, when either S” or S? is co-finite,
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S* is not necessarily co-finite. For example, let S = ¥2. Then both S* and S* are
co-finite, but S* is not co-finite.

Since S* C S°, if S% is co-finite, then S” is also co-finite. The converse is not
true in general, and the counter-example S = ¥ also applies. If all the lengths of
words in S are > 2, however, the co-finiteness in S? and in S” are equivalent.

Proposition 3.4.21. Let S be a set of words of lengths > 2 over X. Then S% is
co-finite if and only if S° is co-finite.
Proof. Since S* C S, if S? is co-finite, then S” is also co-finite.

Now we suppose S’ is co-finite. By Proposition 3.4.19, there is an integer y > 2
such that ¥¥ C S°. Let w be a word of length 2y — 1. Since each of the words

wll.yl,w2.y +1],...,w[y..2y — 1] (3.101)

is of length y, they can be factorized in the basis S with respect to b . Let wu;,v;
be the first and last factors in the factorization of each of the words, for 1 <17 < y.
Then all the u; and the v; are of lengths > 2, and we can write w as

weu fuy -l fwly.2y—1], wewlylgoifuag - g, (3.102)
where uy = uy, uh = Uy, |, U3 = Ujuguy)s - - - Hence
weuy fuy o forfual e fuy, (3.103)

and thus w is in S?. So X%~! C S% Then by Proposition 3.4.19, S% is co-finite. [

Since the co-finiteness of S” and S is equivalent when words in S are of lengths
> 2, in the following discussion, we will only show the co-finiteness of S°; the co-
finiteness of S% then follows. Furthermore, by the proof of Proposition 3.4.21, the
length of the longest omitted words differs at most by a multiple of 2.

When either S° or S? is co-finite, then both S¥ and S are co-finite in ¥ and “¥%.
respectively, and thus by Proposition 3.4.10 ¥S* is co-finite in “>“. The converse
is not true in general. For example, let

S ={00,010,011,10,11} . (3.104)
Then S¥ is co-finite in ¥, but neither S” nor S% is co-finite in ¥*, since (01)* C S
Proposition 3.4.22. Let S be a finite set of words of lengths > 2 over . Then

S° is co-finite in X* if and only if both S¥ and “S are co-finite in ¥ and in “Y,
respectively.

Proof. =: If S is co-finite, by Proposition 3.4.19, there is an integer k such that
¥* C S°. Then any infinite word w has a prefix of length k, which is in S°, and
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thus has a non-empty prefix in S. So by Proposition 3.4.3 S“ is co-finite. The case
“S' is similar.

<: Let n be the length of the longest words in S, and w = ajay - - - as, 2 be a
word of length 2n — 2. Consider the following words

Uy = a102, Uz = A203, ..., Up—1 = Ap-10n, V1 = Gp_1Qpn, ..., Up—1 = A2p—-30A2n—2.
(3.105)
Since each of the languages wli..2n — 2] - ¥* and “¥ - w[l..i + n — 1] is infinite for
1 <17 < n—1, there is a word in each of them that can be factorized in the basis
S. Consider the first factor, say wu;, and the last factor, say v., respectively, in the
factorizations of such words. Since words in S are of lengths > 2, u; must be a

prefix of uj, and v; must be a suffix of vj. Now let uf = uj, uy = uj,u, U5 = U p.y )

" " __ / " __ !/ 1 s
Cy Up, V] =0 il | —n1 vy = U|u’1’ug...ugv'; =m0 vy. Then one can verify
that
" 1 " " " "
wEuy buy b oceuy bvf by b oo b (3.106)
So ¥?"=2 C S°. Since 2n — 2 > 2, by Proposition 3.4.19, S” is co-finite. O

From the proof of Proposition 3.4.22, it follows that if S is a finite set of words
of lengths > 2 over ¥, and S’ is co-finite, then we have

Tiw (@) <ou -3, (3.107)

where v is the length of the longest words in S. The proof is in fact also valid for
5, and thus the length of the longest words not in S is also < 2v—3. When v > 3,
then by a similar construction, the upper bound can be improved to 2v — 4. Both
bounds are tight. The upper bound 2v — 3 is linear in v, while in the FPFM an
upper bound on the length of the longest omitted words can be exponential in v.

In the 1IFPFM, where the basis S consists of words of the same length n, by
Proposition 2.4.1, if S* is co-finite, then n must be 1 and S = X. In the setting of b
and 0 , however, there are bases consist of words of the same length that generate
non-trivially co-finite languages. Here non-trivially co-finite means co-finite but

DI
Proposition 3.4.23. Let S C X" for some n > 2. Then S° is co-finite if and only
if S =%"

Proof. If S = X", then one can verify by definition that S° is co-finite.

Suppose S is co-finite. Let w € ™. Then the set wX* N S is not empty. Let
wu be a word in S°. Then

wu € 1 bUg h o ij, (3108)

where all the v’s are in S and thus each is of length n. Comparing lengths shows
v1 = w and thus w € S. Therefore, S = X". O
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When S C ¥, where n > 2, and S” is co-finite, then the longest words not in
S° are of length exactly n — 1. None of the words of length n — 1 can be written as
a concatenation with overlap of words of length n. Any word w of length n + ¢, for
1 > 0, can be written as a concatenation of 7 + 1 words of length n with non-empty
overlap, and thus w is in S°. It is also true for S%, that when S consists of words of
the same length n, where n > 2, and S% is co-finite, then the longest omitted words
are of length exactly n — 1.

Now we will discuss the analog of the 2FPFM in the setting of b and . Let
m,n be two lengths of words. In contrast to the original 2FPFM, here ged(m,n)
may be an integer other than 1. First, we will prove an analog of Corollary 2.4.13.

Theorem 3.4.24. Let S be a set of words of lengths m and n, where 1 < m < n,
over the alphabet ¥.. Then S° is co-finite if and only if S is of the form

(X"\T) U ¥V U TE™ U U, (3.109)

where T'C X", U C X",

Proof. <=: Let w be a word of length 2n — m — 1. Consider every factor u; =
wli..i +m — 1] for 1 <1i < 2n — 2m. Since m > 2, we have

w € up b U b oo b U2 —2m - (3110)
Now define u; as follows:
Uy, if u; € S,
u, =S wli+m-—n.i+m-—1], ifu; &5S,i+m>n; (3.111)
wli.i+n—1], ifu, & S,1+m<n.

Then all the ] are well-defined and are in (X \7T) U ™7 U TX" ™. Fur-
thermore, the w; cover all letters of w, and each u] covers at least those letters
in wli..i + m —1]. Now let v; be v}, and v; be uj, . for i > 2. Then
wEwv hvgbh -+ bw; for some j. Hence

serom-lC ((S™\T) U """ U TS ™)’ C S (3.112)

Since 2n —m — 1 >n — 1 > 2, we have S” is co-finite by Proposition 3.4.19.

=: Let T = X"\ S, w e T, and u € X", Since S’ is co-finite, the set
wuX* N S is not empty. Let wuv be a word in S°. Consider a factorization of
wuwv induced by b . Since w is not in S, the first factor is of length n, and thus it is

wu. Hence wu is in S. By the arbitrary choice of w and u, T%"™™ C S. Similarly
xv=mT C S. Therefore, S is of the form S = (E™\T) U X" "T U Tx"™ U S. O

From the preceding proof, it follows that when the words in .S are of two lengths
m,n with 1 < m < n and S” is co-finite, then llw <S"> < 2n —m — 2. One can
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verify that the construction in the proof for b in fact also valid for f , and thus
the length of the longest words not in S? is also < 2n —m — 2. The bound is tight.
For example, assume |X| > 2 and let

S={0m} U T"\ (T mom U omEnm, (3.113)

Then S” is co-finite, but the word 0»~"~11™0"~™~! is in neither S’ nor S°.

Additive alphabets

Now we will discuss another type of concatenation with overlap, which takes place
over an additive abelian monoid as alphabet, such as the infinite alphabet N, and
the finite alphabet Zj.

Let ¥ be an alphabet such that the addition “4” is defined in X and (3, +)
is an abelian monoid. Now we define concatenation with additive overlap of two
words over X as follows:

uffv= {u'w’v’:u:u'al---an,v =by--- b0, w' = (ay +b1) - (a, +b,),n > O},
(3.114)
and we define concatenation with additive overlap of two languages L, R as

LtR={w:weutvucLveR}. (3.115)

For example, 123 # 321 = { 123321,12621,1551,444 }. If & = {0} with normal
addition, then concatenation with additive overlap is the same as concatenation
with overlap over the unary alphabet. Generally, the operation f does not satisfy
the associative law. For example, over N, let Ly = Ly = {11 },Ly = {1 }. Then

(L1 § Lo) § Ly ={111,12} § {11} = {1°,1121,122,1211,131,23 }, (3.116)
Lif (Lot Ly) = {11} # {111,201} = {1°,1211,221,1121,131,32 } .  (3.117)

Even in the case L f L, the associative law does not hold. For example, let L =
{1,111} over N. Consider the word w = 1231. Since the sum of all letters
appearing in w is 7, w can only be factorized into seven 1’s or into two 111’s and
one 1. In the later case, w € (111§1)4111 C (Lt L) L,butw &€ 1114 (14111) C
Lt (Lt L). Nevertheless, the concatenation-with-additive-overlap closure of S can
still be defined as the set of words that can be written as concatenation-with-
additive-overlap of finitely many words in .S using all possible orders of association
of the operations. In other words,

SP={e}USUS?TUSTU ..., (3.118)

where S* = St 4 S%a for i > 2.

Over the infinite alphabet N = {0,1,2, ...}, aset S of words can generate a co-
finite language non-trivially with respect to £ . (Here, non-trivial means S* # N*.)
For example, let S ={3,5} U {00,01,10}. Then

S¥=(N*\N) U (3,5) =N*\{0,1,2,4,7}. (3.119)

,94>0,p+q=1
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To see this, note that { 00,01, 10 } generates { 00,01, 10,000,001,010, 100 }, which
again generates all words in N> U N3, which finally generates all words in N* \ N.
In addition, ged(3,5) =1, so (3,5) is co-finite in N.

Over the infinite alphabet N = {1,2,...}, however, a finite set S of words can
only generate a co-finite language trivially as S* = N* with respect to § . To see
this, let S be a finite set of words. If the word 1 € S, then S* = N*, and S* is
trivially co-finite. Now we assume 1 ¢ S. Consider the language

L =1N1. (3.120)

Let w = 1al be a word in L such that w is in S*. Then either w is in S, or
w € 1b 1 c1, where 1b,c1 € S and a = b+ c. Since S is finite, there are only finitely
many such w in S*. Hence S* cannot be co-finite.

Over the modulo-k residue classes N, a set S of words can generate a co-
finite language non-trivially with respect to f . For example, let S = 1N;. Then
St = Ni \ Ny, is co-finite. To see this, let w = ajas - - - ax be a word of length k > 2.
Then w € (10)%1 # (10)ke2 - - (10)% -1 § (01)fx C S F .

3.4.3 Other variations
Slender languages

In the previous discussion, all our generalizations of the Frobenius problem dealt
with co-finiteness, which means only finitely many words are omitted. For any
alphabet ¥ with || > 2, the number of words of lengths < j is O(|X™). In view
of this, a finite language is a set of words where the number of words of lengths < j
is O(1). Now, we allow infinitely many words omitted but the number of omitted
words of lengths < 7 must be O(j).

A language L is slender if there is a constant ¢ such that for all integers
J, the number of words of length j in L is less than ¢. For example, (01)* =
{€,01,0101,...} is a slender language. Finite languages are special cases of slen-
der languages. In analogy with co-finiteness, a language is called co-slender if its
complement is slender. Thus, a co-finite language is co-slender.

Now we consider sets T" such that by adding one word T' generates a co-finite
language, but T itself does not generate a co-finite language. In other words, let
S be a set of words such that S* is co-finite, and 7" = S\ {w }, where T is not
co-finite. Then either T™ is co-slender, or T™ is not. Both cases are possible. For
example, let S = {1,00,01,10,000,010 } over ¥ = {0,1}. Then S* =¥*\ {0} is
co-finite. Let T3 = S\ {00}, and 7o = S\ {010}. Then 77 C ¥*\ 001X* is not
co-slender, but 75 = ¥* \ 0(10)* is co-slender.

Obviously there are bases that generate co-slender languages but not co-finite
languages (the T5 discussed above). But the following proposition shows a relation
between co-slender languages and co-finite languages of infinite words.
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Proposition 3.4.25. Suppose |X| > 2. Let S be a finite set of finite words over ¥
such that S* is a co-slender language. Then S generates co-finite languages in 3,
in Y, in YYXY, and in finite words with overlap-concatenation.

Proof. Since co-finiteness of generated languages in both right-infinite words and
left-infinite words implies co-finiteness of generated languages in finite words with
overlap-concatenation and co-finiteness in bi-infinite words, it is sufficient to show
that S“ is co-finite in ¥*. Since S is a set of finite words, (S%)* is also a co-slender
language. By symmetry, the co-finiteness of .S in “¥ follows.

Let n = llw (S). If for each word w of length n, there is a non-empty prefix
of w in S, then by Proposition 3.4.3, §“ = ¥* is co-finite. Otherwise, suppose
there is a word w of length n such that no non-empty prefix of w is in S. Then
wX* N S* = (), which contradicts the fact that S* is co-slender. O

Conversely, co-slenderness cannot be implied by any co-finiteness in Proposi-
tion 3.4.25. For example, let the basis S = ¥2. Then S“ is co-finite in ¢, “S is
co-finite in “%, “S¥ is co-finite in “X¥, and both S°, S? are co-finite in ¥*; but S*
is not co-slender.

The condition in Proposition 3.4.25 that S is a finite set cannot be omitted.
There are infinite sets S of finite words such that S* is co-slender in ¥* and S“ is
not co-finite in »“. For example, let S = X*1¥* over the binary alphabet. Then
S* =S5 =5%*\0" is co-slender, and S* = ¥¢ \ ¥*0“ is not co-finite in X.

There are infinite sets S such that S* is co-slender but no finite subset of S
generates a co-slender language. For example, let S = 0*10*. Then S* = ¥*\ 0
is co-slender, but for any finite subset T C S, we have 7% N wi1X* = (), where
we 0 1\ T,

Reverse of the basis

The following problem can be viewed as a special case of the FPFM where the basis
T satisfies T = T. Let S be a set of words over ¥. Then what is the longest words
not in (S U SR)*? Suppose each letter in X represents a unique color, and there
are sufficient supplies of every tile of size 1 x n that is colored according to each
word of length n in S. Then the longest 1 x m floor that cannot be mosaics of the

given tapes are of length m = llw <(S U SR)*). Here we assume the tapes can be

reversed but cannot overlap.

Let £ = llw ((S U SR)*). By considering the basis T = S U S% in the
FPFM, we have

2

LR <qprrtl=0(r), LR< T

2 |S)" - 1) = 02" [Z]).  (3.121)
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where p is the number of symbols in S, x is the number of words in S, and v =
llw (S). There are also examples in each of which the length of the longest words
not in the generated language is

LR =0(n"), (3.122)

which will be shown in Chapter 4.

3.5 Generalized local postage-stamp problem

As we saw in Chapter 1, the Frobenius problem is related to the local postage-stamp
problem. While the Frobenius problem is to ask for the largest integer that cannot
be written as a non-negative integer linear combination of given integers, the local
postage-stamp problem is to ask for the smallest positive integer that cannot be
written as a non-negative integer linear combination of given integers with the sum
of coefficients being bounded above by a constant.

Now we will discuss a generalized form of the local postage-stamp problem, the
Local Postage Stamp Problem in a Free Monoid (LPSPFM), which in some cases
is related to the FPFM, particularly to the word graph for the 2FPFM.

Problem 3.5.1 (local postage-stamp problem in a free monoid). Given a set S of
words of lengths 1 = c; < co < --- < ¢, and an integer h > 1, what is the shortest
word(s) that cannot be written as the concatenation of h or fewer words from S?

Here the property ¥ C S is required to avoid trivial cases. Otherwise, the
shortest words are exactly ¥\ S, and they are of length 1.

We define the closure of a finite number of concatenation of S, S<", and the
length of the shortest words not in S=" N (S), for n > 0 and h > 1 as follows:

S =(Su{e})' = 9 (3.123)
0<i<n
NL(S) = wrélgrglh |w|. (3.124)

First, I will show some easy results on special cases of the LPSPFM, which
follow rather straightforwardly from results on the LPSP for integers. For integers,
Np(1) = h+1 and, by Formula (1.83), Ny(1,n) =n(h+3—n)—1if h > n—1[60].

Proposition 3.5.2. For h > 1, Ny(X) =h+ 1.
Proposition 3.5.3. Forn > 2, h > 1,

h+1, ifh<n-—2;

3.125
n(h+3—-n)—1, ifh>n—1 ( )

Nu(Z U 2"):{
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Now, we consider a subproblem of the LPSPFM, in which the set of words are of
a fixed number of distinct lengths. Let 1ILPSPFM denote the local postage-stamp
problem in a free monoid with basis consisting of words of the same length, and
let 2LPSPFM denote the local postage-stamp problem in a free monoid with basis
consisting of words of two lengths. As we saw in Proposition 3.5.2, the problem
1LPSPFM is trivial.

Problem 3.5.4 (2LPSPFM). Given a set S of words of two distinct lengths 1 =
m < n, and an integer h > 1, what is the shortest word(s) that cannot be written
as the concatenation of h or fewer words from S?

Proposition 3.5.5. Let X C S C Y U X" Ifh<n—1, then Ny(S)=h+ 1.

Proof. Observe that words of length of h + 1 cannot be factorized into h words of
length 1, and the only other words available are of length n > h + 1. So we have
YL\ §=h £ (. On the other hand, all words of lengths < h are in S=". Hence
Nu(S)=h+1. O

In what follows, we use the concept of word graph, which was introduced in the
discussion on the 2FPFM. Recall, for a set S of words of two lengths m,n with
0 < m < n over the alphabet ¥, the word graph Ggm’") is a digraph

(X" N\ S, ), (3.126)

where ¥ (w) = (u,v) when wu is the prefix of w and v is the suffix of w of length
n —m. Let w = ww'. The arc w is labeled by p(w) = w', and for any walk
Vo, a1, V1, A2, Ve, . . . , Ugp_1, Ak, U, the labeling of that walk is vop(ai)p(az) - - p(ag).
In particular, for the basis in the 2LPSPFM, m is always 1.

Theorem 3.5.6. Let X C S C X U X", n > 2. If there is a cycle in the word
graph Gg’n), then Np(S) =h+ 1.

Proof. If h < n—1, then Ny(S) = h+ 1 holds. Assume h > n — 1. Since there is a
cycle in Gg’”), there are arbitrarily long closed walks in G(Sl’"). Choose one closed
walk of length (h+ 1) — (n — 1) and let w be the label of that walk. Then w is of
length h + 1. Let w = uyus - - - ug be a factorization of w into words from S. Then
by the definition of the word graph Gg’n), none of the factors wu; is of length n.
Hence the factorization of w is unique, and at least h + 1 words are required. On

the other hand, every word of length < h can be factorized into a concatenation of
at most h words of length 1. So N,(S) =h+ 1. O

Let S be a set of words such that ¥ C S C XY U X" and n > 2. Now we assume
there is no cycle in Gg’"), and the label of a longest path in Gg’") is a word of

length [. In other words, the longest path in Gg’n) is of length [ — (n — 1). Then
Np(S) can be calculated recursively by the following two lemmas.
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Lemma 3.5.7. Let ¥ C S C X U X", n > 2. If there is no cycle in the word
graph G(Sl’n), and the length of the word labeling a longest path in G(;’n) s, then
Nup(S)=h+1 forh<Il-1.

Proof. All words of lengths < h can be factorized into a concatenation of at most
h words of length 1 in S. Let w be a word of length [ labeling a longest path in
Gg’"), and take a prefix u of w of length h 4+ 1. Then this word u can be uniquely
factorized in the basis S, where each factor is of length 1, and thus at least A + 1
words are required to factorize u. Hence Nj(S) = h + 1. O

Lemma 3.5.8. Let X C S C ¥ U X", n > 2. If there is no cycle in the word
graph Gg’n), and the length of the word labeling a longest path in G'(Sl’n) s 1, then
Ni(S) = Ni—(t—nt2)(S) + 1+ 1 for h > 1.

Proof. Let w be a word of length < Nj,_(_n42)(S)+1. If |w| <, then w is in S=",
as h > 1. Assume |w| > [+ 1. Let w = uv, where u is of length [ + 1 and v is
of length < Nj,_(_n12)(S) — 1. Since there is no cycle in Gg’”) and [ is the length
of the label of a longest path in Gf;’”% any word of length [ + 1 can be factorized
as the concatenation of a word of length n and [ — n + 1 words of length 1 in S,
not necessarily in that order. So u can be written as the concatenation of [ —n + 2
words in S. The suffix v is of length < Nj_(_pn12)(S) — 1, so v can be written as the
concatenation of at most h — (I —n+2) words in S. Therefore, w can be factorized
into the concatenation of at most h words, and thus NN (-ns+2) ()H C g<h,

Now we prove that there is a word of length Nj_(_p49)(S) 4141 not in S=". Let
u be a word of length [ labeling a longest path in Gg’"), and let a be a letter. Then
the factorization of ua in S is unique, and is composed of [ —n+ 1 words of length 1
and one word of length n, in exactly that order. On the other hand, by definition,
there is a word v of length Ny__p42)(S ) such that any factorization of v needs at
least h—(l—n+2)+1=h—10+4+n—1words in S. In addition, any suffix of v of
length | v | —i needs at least h—[+n—1—i words in S. Otherwise, by concatenating
with ¢ words of length 1, the factorization of the suffix of v gives a factorization of v
with a smaller number of factors. Consider the word w = uav. Let w = wywy - - - wy,
be a factorization of w in S. If ua = wiwy---w; and v = wj1wjq9- - - wy, then u
contains [ — n + 2 factors, and v contains at least h — [ +n — 1 factors. So we have

k>(l—-n+2)+(h—-Il4+n—-1)=h+1>h (3.127)

Otherwise, there is a word w; = wjiw] of length n, such that ua = wywy - - - w; W}
and v = w}’wjﬂwﬁg -+ wy. Then w contains [ + 1 — ‘ w; | factors, and v contains
at least h — 1l +n—1— | w;’ ‘ factors. So we have

E>(+1—|wi])+(h—l+n—1—|w/|)+1=h+1>h (3.128)
Hence w is of length Nj_(_pn42)(S) + 1+ 1 and is not in S=".

Therefore, Nj,(S) = Np—(1—n42)(S) + 1+ 1. O
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From the previous two lemmas, Theorem 3.5.9 follows immediately.

Theorem 3.5.9. Let X C S C X UX", n > 2. If there is no cycle in the word
graph Gg’n), and the length of a word labeling a longest path in Gsl’n) s 1, then

N (S) :maX{O, (n—1) VZL—_TN:;J }+h+ 3 (3.129)

Proof. By Lemmas 3.5.7 and 3.5.8, the recursion for N,(95) is

Np(S) =

htl i h<l—1:
{ +h pastTh (3.130)

Nh,(l,n+2)(S) + 1+ 1, if h > 1.
Now we prove Formula (3.129) by induction on h. For 1 < h <[ —1, we have
(h—n+2)/(l—=n+2)<1. Then

h—n+2
mw{&@w%)bjgggJ}+h+1=0+h+1:h+1:Nﬂ$,(3BU

and thus Formula (3.129) is true. Now we assume for all h < H, where H > [,
Formula (3.129) is true, and we prove Formula (3.129) is true for h = H:

Ng(5) = Nu—-n+2)(S) +1+1
:mw{QOVJ)VH—U—n+2»—n+2

J}+(H—a—n+2»+1+l+1

[—n+2
H—n+2
=n-1)|—F|-(n—-1)+H 132
(n >{l—n+2J (n—1)+H+n (3.132)
H—-n+2

= —1) | ——— H+1. q

maX{O,(n )Ll—n—FZJ}—F + (3.133)
Therefore, Formula (3.129) is correct. O

For the set S = ¥ U 3", the corresponding [ is n— 1. Then by Formula (3.129),
Ny(S)=(n—-1)(h—n+2)+ (h+1)=n(h+3—n)—1, which is the formula in
the LPSP for integers. For the set S = 3, the digraph Ggl’n) has cycles. In other

words, the length [ of the longest path in Gg’n) is 0o, which means that there is a
cycle. The right-hand-side of Formula (3.129) converges to h 4+ 1 as [ goes to oo.
In the case S = X, Ny(S) = h + 1 also holds.

Let S be a set of words of lengths m and n with m = 1,n > 2 over the alphabet
Y. Then the length of the longest path in the word graph G(Sl’n) can only be in

{0, 1,2,..., |Z|”_1 — 1,00 }, where oo means that there is a cycle in G(Sl’"). Then

all possible [, the lengths of words labeling longest paths in G(Sl’"), are given by

n—1,n, ..., 2" +n—-2, co. (3.134)
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Table 3.1: Spectrum of length N (S) of shortest words not in S=" in 2LPSPFM

R E[=2,n=2 S[=2,n=3 S=2n=4

h=1 215%3, 2 2

h=2 3i13,42,51 3255, 01 3

h=3 413,52, 71 4943,612, 81 465535, 71

h=4  513,72,9 9225, 730, 111 965191, 3344, 111

h=5 613,8,11; 6217, 826, 1012, 144 663491, 92044, 151

h=6  713,102,13; 7217, 926, 1112, 171 760841, 104350, 13344, 191
h=7 83,115,15; 8217, 108, 1218,1412,201 859105, 116086, 14344, 231
h=8 = 913,132,17; 9217, 115, 1318, 1512,231 958089, 125402, 151700, 18344, 271
h=9 1013,142,19; 10217, 1496, 1812, 261 1057641, 135850, 161700, 19344, 311
h=10 11°,16,21 1917, 158, 1715, 191,29, 11,14, 17,23, 35

h X|=3,n=3 X|=3,n=2 E|=4,n=2

h=1 2 2511,31 2655355 31

h=2 3,5 3499,412,51 365449, 486, 91

h=3 4,6,8 4487, 524, 71 465185, 9350, 11

h=4 5,711 5487, 612, 712,91 564993, 6456, 786, 91

h=5 6,8,10,14 6487, 712,812, 111 664993, 7456, 886, 111

h=6 7,911,17 T487,912, 1012, 131 764993, 8192, 9264, 10g6, 131
h=7 8,10,12,14, 20 8487, 1012, 1115, 154 864993, 9192, 10264, 11586, 151
h=8 9/11,13,15,23 9487, 1112, 1312, 171 964993, 11456, 1386, 171
h=9 10,12,14, 18,26 10487, 1312, 1412, 19 10,12,13,14,19

h=10 11,13,15,17,19,29 1l14g7,1415,1612,214 11,13,14, 16,21

®The subscript &k in my means there are k distinct bases S in which N, (S) = m.
®Unsubscripted results are computed from the formula, not from calculations.

Then by Theorems 3.5.6 and 3.5.9, the complete spectrum of the length of shortest
words as solutions to 2LPSPFM can be obtained. Some of the results of calculations
are given in Table 3.1, which validates the spectrum for small n and alphabet size.

Here are some examples over the binary alphabet {0,1}. Let S; = 3, Sy =
Sy U {00,01,11}, S3 =% U 2. Then there are || 41 = 3 different cases
given by
No(S1) =3, Ny(S2) =4, Ny(S3) =5. (3.135)
Let 7y = %, T, = Ty U {000,001,101,111}, T3 =T U {011}, Ty = T3 U {100},
T; =¥ U ¥3. Then there are |£|®7Y + 1 = 5 different cases given by

N7(Ty) =8, N:(Tp) =10, N;(T3) =12, N;(T,) =14, N(T5) =20. (3.136)

Let Uy = %, for £ = {0,1,2}, Uy = U, U {00,01,02,11,12,22}, Us = U U { 10 },
Uy=3% U %2 Then there are [£|® ™ + 1 = 4 different cases given by

Ny(Ur) =5, Ny(Uz) =6, Ny(Us) =7, Ny(Us)=9. (3.137)

Over ¥ =1{0,1,2,3},let Vi = %, V5 = 1; U {00,01,02,03,11,12,13,22,23,33 },
Va=V, U {10}, Vi=Vs U {32}, Vs =% U 2. Then there are [£|® Y +1=5
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different cases given by

Ng(V1) =7, N¢(V2) =8, Ng(V5) =9, Ng(Vi) =10, Ng(V5) =13. (3.138)

For some h, the Nj,(S) corresponding to different cases of [, which is the length

of the longest path in the word graph Gg’”), may be the same. For example, let
X =2,n=3,h=29. Since

h—n+2 8 8 h—n+2

yuearrl Bl =l B Al brll Bl Iy 3.139

FEree B LR H R e FECAED
we have Nj,(S7) = N, (S2) = 14, where the longest paths in Ggl’n) and in GgQ’") are

of lengths 2 and 3, respectively. Nevertheless, for sufficiently large h, the N,(S) for

different cases of [ are distinct. To see this, when A > |Z|2("71) +n — 2, we have

— = >1 3.140
ll—n+2 lg—n+2 ’ ( )

h—n+2 h—n+2‘ (h—n+2)|l—14]|

where n — 1 < 1[y,ly < |Z|"_1 +n—2.
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Chapter 4

Examples of the FPFM

In this chapter, I will provide several families of examples that achieve some of the
upper bounds that appeared in the discussion on the FPFM and its variations in
Chapters 2 and 3. Let S be a set of words over the alphabet ¥ such that S* is
co-finite. By Corollary 2.3.2, we have

2

(VR —1) = |n°" . 4.1
2|2|—1(H ) =X (4.1)

L=1w(5*) <

In §4.1, T will provide examples where the length £ is exponential in v. By Corol-
lary 3.3.2, the number of words not in S* is

=" -1
<= -

5[0
e

M =|5* = , (4.2)

where ¢ = ﬁ(?’ 1¥]” —1). In §4.2, T will provide examples where the number

M is doubly-exponential in v. Finally, in §4.3, I will provide some statistics from
experiments.

4.1 Exponential length of the longest words & S*

All examples in this section in fact belong to the 2FPFM, the special subproblem
of the FPFM. Let S be a set of words of lengths m and n with 0 < m < n such
that S* is co-finite. As we saw in Theorem 2.4.12, we have

L£=1w(S*) < g(m,l)=ml—m—1, (4.3)

where [ = m|X|" ™ +4n—m. The examples given below achieve £ = g(m, 1) in (4.3).

4.1.1 Examples of the 2FPFM with 0 <m <n < 2m

We now look at some examples achieving an exponential upper bound in v = n,
the length of the longest words in the basis. Without loss of generality, we assume
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the alphabet ¥ is {0,1,2,...}. We define .(n), to be the unique word of length
¢ that represents the non-negative integer n in base k, possibly with leading zeros,
and define [w]; to be the non-negative integer represented by the word w in base
k. For example, 5(11); = 01011, and [01011]y = 11. When ¢ and k are clear from
the context, we write .(n), and [w]; as (n) and [w] for short, respectively. For two
integers m and n with 0 < m < n < 2m, define

T(m,n) = { ()0 "(i+1)p:0<i < |8 =2, k=8|, c=n—m}. (4.4)
For example, over the binary alphabet ¥ = { 0,1}, we have
T(3,5) = {00001,01010, 10011 } . (4.5)

Theorem 4.1.1. /83, 8] Let m,n be two integers with 0 < m < n < 2m and
ged(m,n) =1, and let S = ™ U E"\T'(m,n). Then S* is co-finite, and the longest
words not in S* are of length g(m,l) = ml —m — 1, where l = m|3S|""™ +n —m.

Proof. Let I = m|X|"™ +n —m. Since ¥™ C S and | = n (mod m), in order
to show S* is co-finite and the longest words not in S* are of length g(m,[), by
Theorem 2.5.3, it is sufficient to prove that S* \ X!=™ # () and S* \ X! = 0.

Let x be a word of length [. Then we can write x uniquely as

where all the y; are of length n — m, and all the z; are of length 2m — n. If all the
yizigir are in T(m, n), then [y s = [yiig + 1, for 0 <@ < [Z["™. So

[y|z\"*m]\2| = [yo]|2| + 5 (4.7)

But ygn-m is of length n — m, and thus it cannot be the base-|X| expansion of a
number > |X|"7™, a contradiction. Hence some y;2;y;41 is in .S, and so

T = ( H ypzp> YiziYi+1 ( H quCI>‘ (48)

0<p<i i+1<g<|Blnm

Since X™ C S, all the y,2, and z,y, are in S. Therefore, z can be factorized into
elements of S, and thus S* \ ¥/ = 0.

Let ¢ = n—m, and k = |X|. Now we claim that there is a word 7 of length
[ —m that is not in S*, which is

7 = (0),07" " (1),0%™ " (2), 0™ - - 02 (|Z]" 7™ — 1), (4.9)

Suppose there is a factorization of 7 in S given by 7 = wyws - - - wy, where all the w;
are in S. Since m does not divide | 7|, at least one of the factors is of length n. Let
w; be the first factor of length n. Comparing lengths shows w; = (i — 1),0*™™"
for 1 <i < jand w; = .(j — 1)50*"".(j)k. Then wj; is in both S and T'(m,n), a
contradiction. Therefore, 7 ¢ S*. O
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The word 7 = .(0),0%"".(1),0%™~" ... 0*™ " (|3["™™ — 1), is the only word
in S*\ X for S = ¥™ U X"\ T(m,n). By the same arguments in the
proof of Theorem 4.1.1, every word in S* \ ¥!™™ can be uniquely written as
T = YoZoY121 - - Yjgn-m_q, Where all the y; are of length n — m, and all the z; are
of length 2m — n, and y;z;y;11 € S. S0 yiziyir1 € T(m,n) for 0 <@ < |Z"™ —1,
and 7 is the only such word. By Corollary 2.5.5, the set of all longest words not in
S*is (TXm™)m 27,

Example 4.1.2. Let m=3,n=>5%={0,1}. In this case, [ = 3-2?+2 = 14,
S =33U¥\ {00001,01010,10011 }. Then one of the longest words not in S* is

00001010011 000 00001010011 (4.10)
of length 25 = ¢(3,14). The members of the set ¥* \ S* are given in Table 4.1.

Theorem 4.1.3. Let vy, v, ... Uy be any permutation of all words of length
n —m over the alphabet ¥, and let S = ¥™ U X"\ T, where

T = {00 ™y : 1 <i < |B["™ =1} (4.11)

Then S* is co-finite, and the longest words not in S* are of length g(m,l) = ml —
m — 1, where l =m |Z|""™ +n—m.

Using v; instead of ,,_,,(i)x) for 0 <@ < |3S["™ — 1, the proof of Theorem 4.1.1
is also valid for Theorem 4.1.3.

By Theorem 2.5.3, we know that in order to construct a basis S of words of
lengths m and n, where ged(m,n) = 1, such that S* is co-finite and the length
of the longest words not in S* attains the upper bound in Theorem 2.4.12, it is
essential to construct an S such that S* is co-finite and there is a word 7 of length
m %" + n — m that is not in S*. When 0 < m < n < 2m, the S and 7 can
be found easily, as shown in Theorem 4.1.1. The examples for small m and n are
summarized in Table 4.2. Since the proof of Theorem 2.4.12 does not rely on the
part 02" one can verify that replacing the 0?™~" part of each word in the set
T(m,n) by any word of length 2m — n (they do not even have to be the same),
then S = ¥™ U X"\ T(m,n) is also an example to attain the upper bound in
Theorem 2.4.12.

Now we consider a variation on the FPFM. In Chapter 3, we discussed a varia-
tion on the FPFM where we consider the language (T U TR)* instead of T™.

Proposition 4.1.4. Let S be a set of words of lengths m,n with 0 < m <n < 2m
such that S® C S and S* is co-finite. Then the length of the longest words not in S*
is strictly less than g(m,l) = ml—m—1, where | = m |X|"" " +n—m. Furthermore,
there are examples in which the length of the longest words not in S* is O(|X"™™).

Proof. Consider the word graph Ggm’n) as defined in Chapter 2, where the set of

vertices is "™ and the set of arcs is 3™ \ S. Then we claim any path in Ggm’n)
encounters at most one vertex that is a palindrome.

123



. * 3 5
Table 4.1: All the words in { 0,1 }"\ ({0,1}" U {0,1}”\{00001,01010,10011 })*

1 [1lo 89 [7]0111111 177 [1010000110010 265 [10]11000100001 353 [13]0000101000101

2 [111 90  [711000000 178 [10]0000110011 266 [10]11000101010 354 [13]0000101000110

3 [2]00 91  [711000001 179 [10]0000110100 267 [10]1000110011 355 [13]10000101000111

4 [2]01 92 [711000010 180 [10]0000110101 268 [10]11001000001 356 [13]10000101001000

5 [2]10 93 [711000011 181 [10]0000110110 269 [10]11001001010 357 [13]0000101001001

6 [2]11 94 [711000100 182 [10]0000110111 270 [10]1001010011 358 [13]0000101001010

7 [4]0000 95 [711000101 183 [10]0000111000 271 [10]1001100000 359 [13]10000101001011

8 [4]10001 96 [711000110 184 [10]0000111001 272 [10]1001100001 360 [13]10000101001100

9 [4]0010 97 [711000111 185 [10]0000111010 273 [10]1001100010 361 [13]10000101001101
10 [4]0011 98  [711001000 186 [10]0000111011 274 [10]1001100011 362 [13]0000101001110
11 [410100 99 [711001001 187 [10]0000111100 275 [10]1001100100 363 [13]0000101001111
12 [4]0101 100 [7]1001010 188 [10]0000111101 276 [10]1001100101 364 [13]0000101010000
13 [4]0110 101 [7]1001011 189 [10]0000111110 277 [10]1001100110 365 [13]0000101010001
14 [4]0111 102 [7]11001100 190 [10]0000111111 278 [10]1001100111 366 [13]0000101010010
15 [411000 103 [7]11001101 191 [10]0001000001 279 [1011001101000 367 [13]0000101010011
16 [411001 104 [7]11001110 192 [10]0001001010 280 [10]1001101001 368 [13]0000101010100
17 [4]11010 105 [7]11001111 193 [10]0001010011 281 [10]1001101010 369 [13]0000101010101
18 [4]1011 106  [711010000 194 [10]0001100001 282 [10]1001101011 370 [13]0000101010110
19  [411100 107 [711010001 195 [10]0001101010 283 [10]1001101100 371 [13]0000101010111
20 [4]1101 108 [7]11010010 196 [10]0001110011 284 [10]1001101101 372 [13]0000101011000
21 [4]1110 109 [7]11010011 197 [10]0010000001 285 [10]1001101110 373 [13]0000101011001
22 [4]1111 110 [7]11010100 198 [10]0010001010 286 [10]1001101111 374 [13]0000101011010
23 [5]00001 111 [7]11010101 199 [10]0010010011 287 [10]1001110000 375 [13]0000101011011
24 [5101010 112 [7]1010110 200 [10]0010100001 288 [10]1001110001 376 [13]10000101011100
25 [5110011 113 [7]1010111 201 [10]0010101010 289 [10]1001110010 377 [13]0000101011101
26 [710000000 114 [7]1011000 202 [10]0010110011 290 [10]1001110011 378 [13]0000101011110
27 [710000001 115 [7]1011001 203 [10]0011000001 291 [10]1001110100 379 [13]0000101011111
28  [710000010 116 [7]1011010 204 [10]0011001010 292 [10]1001110101 380 [1310000101100001
29 [710000011 117  [7]1011011 205 [10]0011010011 293 [10]1001110110 381 [13]10000101101010
30 [710000100 118 [7]11011100 206 [10]0011100001 294 [10]1001110111 382 [13]0000101110011
31 [710000101 119 [7]1011101 207 [10]0011101010 295 [10]1001111000 383 [13]0000110000001
32 [710000110 120 [7]11011110 208 [10]0011110011 296 [10]1001111001 384 [13]10000110001010
33 [710000111 121 [7]1011111 209 [10]0100000001 297 [10]1001111010 385 [1310000110010011
34 [710001000 122 [7]11100000 210 [10]0100001010 298 [10]1001111011 386 [1310000110100001
35 [710001001 123 [7]11100001 211 [10]0100010011 299 [10]1001111100 387 [13]10000110101010
36 [710001010 124 [7]11100010 212 [10]0100100001 300 [10]1001111101 388 [13]0000110110011
37 [710001011 125 [7]11100011 213 [10]0100101010 301 [10]1001111110 389 [1310000111000001
38 [710001100 126  [7]11100100 214 [10]0100110011 302 [10]1001111111 390 [13]0000111001010
39 [710001101 127  [7]11100101 215 [10]0101000000 303 [10]1010000001 391 [13]0000111010011
40 [710001110 128 [7]11100110 216 [10]0101000001 304 [10]1010001010 392 [13]0000111100001
41  [710001111 129 [7]11100111 217 [10]0101000010 305 [10]1010010011 393 [13]0000111101010
42 [710010000 130 [7]11101000 218 [10]0101000011 306 [10]11010100001 394 [13]0000111110011
43 [710010001 131 [7]1101001 219 [10]0101000100 307 [10]1010101010 395 [13]10001000001010
44 [710010010 132 [7]1101010 220 [1010101000101 308 [10]11010110011 396 [1310001001010011
45 [710010011 133 [7]1101011 221 [10]0101000110 309 [10]1011000001 397 [13]10001100001010
46 [710010100 134 [7]1101100 222 [10]0101000111 310 [10]1011001010 398 [13]0001101010011
47  [710010101 135 [7]1101101 223 [10]0101001000 311 [10]1011010011 399 [13]10010000001010
48  [710010110 136 [7]11101110 224 [10]0101001001 312 [10]1011100001 400 [13]0010001010011
49  [710010111 137 [7]1101111 225 [10]0101001010 313 [10]1011101010 401 [13]10010100001010
50 [7]10011000 138 [7]11110000 226 [10]0101001011 314 [10]1011110011 402 [13]0010101010011
51 [7]10011001 139  [7]11110001 227 [10]0101001100 315 [10]1100000001 403 [13]10011000001010
52 [7]10011010 140 [7]11110010 228 [10]0101001101 316 [10]1100001010 404 [13]0011001010011
53 [7]10011011 141  [7]11110011 229 [10]0101001110 317 [10]1100010011 405 [13]10011100001010
54 [710011100 142 [7]11110100 230 [10]0101001111 318 [10]1100100001 406 [13]0011101010011
55 [710011101 143  [7]11110101 231 [10]0101010000 319 [1011100101010 407 [13]0100000001010
56 [710011110 144 [7]11110110 232 [10]0101010001 320 [10]1100110011 408 [13]0100001010011
57 [710011111 145 [7]11110111 233 [10]0101010010 321 [10]1101000001 409 [13]0100100001010
58  [710100000 146  [7]11111000 234 [10]0101010011 322 [10]1101001010 410 [13]0100101010011
59  [710100001 147  [7]1111001 235 [1010101010100 323 [10]1101010011 411 [13]0101000000001
60 [710100010 148 [7]1111010 236 [1010101010101 324 [10]1101100001 412 [13]0101000001010
61 [710100011 149 [7]1111011 237 [1010101010110 325 [10]11101101010 413 [13]0101000010011
62 [710100100 150 [7]1111100 238 [10]0101010111 326 [10]1101110011 414 [13]0101000100001
63 [710100101 151 [7]1111101 239 [10]0101011000 327 [10]1110000001 415 [13]10101000101010
64 [710100110 152 [7]1111110 240 [10]0101011001 328 [10]1110001010 416 [1310101000110011
65 [710100111 153  [7]1111111 241 [10]0101011010 329 [10]1110010011 417 [13]0101001000001
66 [710101000 154  [8]00001010 242 [10]0101011011 330 [10]1110100001 418 [13]10101001001010
67 [710101001 155 [8]101010011 243 [10]0101011100 331 [10]1110101010 419 [13]0101001010011
68 [710101010 156 [10]10000000001 244 [10]0101011101 332 [10]1110110011 420 [13]0101001100000
69 [710101011 157 [10]0000001010 245 [10]0101011110 333 [10]1111000001 421 [13]0101001100001
70  [710101100 158 [10]0000010011 246 [10]0101011111 334 [10]1111001010 422 [13]0101001100010
71 [7]10101101 159 [10]0000100000 247 [10]0101100001 335 [10]1111010011 423 [13]0101001100011
72 [7]10101110 160 [10]0000100001 248 [10]0101101010 336 [10]1111100001 424 [13]0101001100100
73 [7]10101111 161 [10]0000100010 249 [10]0101110011 337 [10]1111101010 425 [13]0101001100101
74 [710110000 162 [10]0000100011 250 [10]0110000001 338 [10]1111110011 426 [13]0101001100110
75 [710110001 163 [10]0000100100 251 [10]0110001010 339 [11]00001010011 427 [13]0101001100111
76 [710110010 164 [10]0000100101 252 [10]0110010011 340 [13]10000000001010 428 [13]0101001101000
77 [7]0110011 165 [10]0000100110 253 [10]0110100001 341 [13]0000001010011 429 [13]0101001101001
78 [7]0110100 166 [10]0000100111 254 [10]0110101010 342 [13]10000100000001 430 [13]0101001101010
79 [7]o110101 167 [10]0000101000 255 [10]0110110011 343 [13]0000100001010 431 [13]0101001101011
80 [7]0110110 168 [10]0000101001 256 [10]0111000001 344 [13]10000100010011 432 [13]0101001101100
81 [7]0110111 169 [10]0000101010 257 [10]0111001010 345 [13]10000100100001 433 [13]0101001101101
82 [710111000 170 [10]0000101011 258 [10]0111010011 346 [13]10000100101010 434 [13]0101001101110
83 [710111001 171 [10]0000101100 259 [10]0111100001 347 [13]10000100110011 435 [13]0101001101111
84 [710111010 172 [10]0000101101 260 [10]0111101010 348 [13]10000101000000 436 [13]0101001110000
85 [710111011 173 [10]0000101110 261 [10]0111110011 349 [13]10000101000001 437 [13]0101001110001
86 [710111100 174 [10]0000101111 262 [10]1000000001 350 [13]10000101000010 438 [13]0101001110010
87 [710111101 175 [10]0000110000 263 [1011000001010 351 [13]10000101000011 439 [13]0101001110011
88 [710111110 176 [10]0000110001 264 [10]1000010011 352 [13]10000101000100 440 [13]0101001110100
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441
442
443
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445
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448
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450
451
452
453
454
455
456
457
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469
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474
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483
484
485
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487
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489
490
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501
502
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508
509
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524
525
526
527
528

[13]0101001110101
[13]0101001110110
[13]10101001110111
[13]10101001111000
[13]0101001111001
[13]0101001111010
[13]0101001111011
[13]10101001111100
[13]0101001111101
[13]0101001111110
[1310101001111111
[1310101010000001
[1310101010001010
[1310101010010011
[13]0101010100001
[13]0101010101010
[13]0101010110011
[13]0101011000001
[13]0101011001010
[13]10101011010011
[13]10101011100001
[13]0101011101010
[13]0101011110011
[13]0101100001010
[13]0101101010011
[1310110000001010
[13]0110001010011
[13]0110100001010
[13]0110101010011
[1310111000001010
[1310111001010011
[1310111100001010
[13]0111101010011
[13]11000000001010
[13]11000001010011
[13]11000100001010
[13]1000101010011
[13]11001000001010
[13]11001001010011
[13]11001100000001
[13]11001100001010
[13]11001100010011
[1311001100100001
[13]1001100101010
[13]11001100110011
[1311001101000001
[1311001101001010
[1311001101010011
[1311001101100001
[13]11001101101010
[13]1001101110011
[13]11001110000001
[13]11001110001010
[13]1001110010011
[13]11001110100001
[13]11001110101010
[13]11001110110011
[13]11001111000001
[13]11001111001010
[13]11001111010011
[13]11001111100001
[13]11001111101010
[13]1001111110011
[1311010000001010
[1311010001010011
[1311010100001010
[13]11010101010011
[13]11011000001010
[13]11011001010011
[13]11011100001010
[13]1011101010011
[13]11100000001010
[1311100001010011
[13]11100100001010
[13]11100101010011
[13]11101000001010
[13]11101001010011
[1311101100001010
[13]11101101010011
[13]1110000001010
[13]11110001010011
[1311110100001010
[1311110101010011
[1311111000001010
[13]11111001010011
[13]11111100001010
[13]1111101010011
[1610000000001010011

529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
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563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
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[1610000100000001010
[1610000100001010011
[1610000100100001010
[1610000100101010011
[1610000101000000001
[1610000101000001010
[1610000101000010011
[1610000101000100001
[16]10000101000101010
[16]10000101000110011
[16]0000101001000001
[1610000101001001010
[1610000101001010011
[1610000101001100000
[1610000101001100001
[1610000101001100010
[1610000101001100011
[1610000101001100100
[1610000101001100101
[1610000101001100110
[1610000101001100111
[1610000101001101000
[1610000101001101001
[1610000101001101010
[1610000101001101011
[1610000101001101100
[16]10000101001101101
[1610000101001101110
[1610000101001101111
[1610000101001110000
[1610000101001110001
[1610000101001110010
[1610000101001110011
[1610000101001110100
[1610000101001110101
[1610000101001110110
[1610000101001110111
[1610000101001111000
[1610000101001111001
[1610000101001111010
[1610000101001111011
[1610000101001111100
[1610000101001111101
[16]10000101001111110
[1610000101001111111
[16]0000101010000001
[1610000101010001010
[1610000101010010011
[1610000101010100001
[1610000101010101010
[1610000101010110011
[1610000101011000001
[1610000101011001010
[1610000101011010011
[1610000101011100001
[1610000101011101010
[1610000101011110011
[1610000101100001010
[1610000101101010011
[16]10000110000001010
[16]10000110001010011
[1610000110100001010
[1610000110101010011
[1610000111000001010
[1610000111001010011
[1610000111100001010
[1610000111101010011
[1610001000001010011
[1610001100001010011
[1610010000001010011
[1610010100001010011
[1610011000001010011
[1610011100001010011
[1610100000001010011
[1610100100001010011
[1610101000000001010
[1610101000001010011
[16]10101000100001010
[16]10101000101010011
[16]0101001000001010
[16]0101001001010011
[1610101001100000001
[1610101001100001010
[1610101001100010011
[1610101001100100001
[1610101001100101010
[1610101001100110011
[1610101001101000001

617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704

[1610101001101001010 705
[1610101001101010011 706
[1610101001101100001 707
[1610101001101101010 708
[1610101001101110011 709
[1610101001110000001 710
[1610101001110001010 711
[1610101001110010011 712
[16]0101001110100001 713
[1610101001110101010 714
[1610101001110110011 715
[16]0101001111000001 716
[1610101001111001010 717
[1610101001111010011 718
[1610101001111100001 719
[1610101001111101010 720
[1610101001111110011 721
[1610101010000001010 722
[1610101010001010011 723
[1610101010100001010 724
[1610101010101010011 725
[1610101011000001010 726
[1610101011001010011 727
[1610101011100001010 728
[1610101011101010011 729
[16]10101100001010011 730
[16]10110000001010011 731
[16]0110100001010011 732
[16]0111000001010011 733
[1610111100001010011 734
[1611000000001010011 735
[1611000100001010011 736
[1611001000001010011 737
[1611001100000001010 738
[1611001100001010011 739
[1611001100100001010 740
[1611001100101010011 741
[1611001101000001010 742
[1611001101001010011 743
[1611001101100001010 744
[1611001101101010011 745
[1611001110000001010 746
[16]11001110001010011 747
[16]11001110100001010 748
[16]11001110101010011 749
[16]11001111000001010 750

[16]11001111001010011 751
[1611001111100001010 752
[1611001111101010011 753
[1611010000001010011 754
[1611010100001010011 755
[1611011000001010011 756
[1611011100001010011 757
[1611100000001010011 758
[1611100100001010011 759
[1611101000001010011 760
[1611101100001010011 761
[1611110000001010011 762
[1611110100001010011 763
[1611111000001010011 764
[16]11111100001010011 765

[19]10000100000001010011 766
[1910000100100001010011 767
[1910000101000000001010 768
[19]10000101000001010011 769
[1910000101000100001010 770
[1910000101000101010011 771
[1910000101001000001010 772
[1910000101001001010011 773
[1910000101001100000001 774
[1910000101001100001010 775
[1910000101001100010011 776
[1910000101001100100001 777
[1910000101001100101010 778
[1910000101001100110011 779
[1910000101001101000001 780
[1910000101001101001010 781
[19]10000101001101010011 782
[19]10000101001101100001 783
[19]10000101001101101010 784
[1910000101001101110011 785
[1910000101001110000001 786
[1910000101001110001010 787
[1910000101001110010011 788
[1910000101001110100001 789
[1910000101001110101010 790
[1910000101001110110011 791
[1910000101001111000001 792

[1910000101001111001010
[1910000101001111010011
[1910000101001111100001
[1910000101001111101010
[1910000101001111110011
[1910000101010000001010
[1910000101010001010011
[1910000101010100001010
[1910000101010101010011
[1910000101011000001010
[1910000101011001010011
[1910000101011100001010
[1910000101011101010011
[1910000101100001010011
[1910000110000001010011
[1910000110100001010011
[1910000111000001010011
[1910000111100001010011
[1910101000000001010011
[1910101000100001010011
[1910101001000001010011
[1910101001100000001010
[1910101001100001010011
[1910101001100100001010
[1910101001100101010011
[1910101001101000001010
[19]10101001101001010011
[1910101001101100001010
[1910101001101101010011
[1910101001110000001010
[1910101001110001010011
[1910101001110100001010
[1910101001110101010011
[1910101001111000001010
[1910101001111001010011
[1910101001111100001010
[1910101001111101010011
[1910101010000001010011
[1910101010100001010011
[1910101011000001010011
[1910101011100001010011
[1911001100000001010011
[1911001100100001010011
[1911001101000001010011
[1911001101100001010011
[1911001110000001010011
[1911001110100001010011
[1911001111000001010011
[1911001111100001010011
[22]10000101000000001010011
[2210000101000100001010011
[22]10000101001000001010011
[22]10000101001100000001010
[22]10000101001100001010011
[22]10000101001100100001010
[22]10000101001100101010011
[22]10000101001101000001010
[22]10000101001101001010011
[22]10000101001101100001010
[22]10000101001101101010011
[22]0000101001110000001010
[22]0000101001110001010011
[22]0000101001110100001010
[2210000101001110101010011
[2210000101001111000001010
[2210000101001111001010011
[22]10000101001111100001010
[2210000101001111101010011
[22]10000101010000001010011
[22]10000101010100001010011
[22]10000101011000001010011
[22]10000101011100001010011
[22]10101001100000001010011
[22]10101001100100001010011
[22]10101001101000001010011
[22]10101001101100001010011
[22]10101001110000001010011
[22]0101001110100001010011
[22]0101001111000001010011
[22]10101001111100001010011
[25]0000101001100000001010011
[2510000101001100100001010011
[2510000101001101000001010011
[2510000101001101100001010011
[2510000101001110000001010011
[2510000101001110100001010011
[2510000101001111000001010011
[2510000101001111100001010011
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Table 4.2: Examples of the exponential length construction for 0 < m < n < 2m

Xl m n T |7 w |w]
2 2 3 001 3 T 3

2 3 4 0001 4 7037 11
2 3 5 00001010011 11 7037 25
2 4 5 00001 5 T0trotr 23
2 4 7 0000001001000110100010101100111 31 7047047 101
2 5 6 000001 6 7057057057 39
2 5 7 00000010001000011 17 T0%7057057r 83
2 5 8 00000001000100001100100001010011000111 38 7057057057 167
2 5 9 SESSUOIIOIEL GIo0I0OEL 0L 7 roSroiroir 331
2 6 7 0000001 7 706706708706+ 59
2 7 8 00000001 8 7077070707707 83
2 79 00000000100000100000011 23 707707707 707707 173
2 8 9 000000001 9 708708708708 708708+ 111
3 2 3 00102 5 T 5

3 3 4 0001002 7 7031 17
3 3 5 00001002010011012020021022 26 T03r 55
3 4 5 000010002 9 rotrotr 35
4 2 3 0010203 7 T T

4 3 4 0001002003 10 703+ 23
43 5 oz001002003030083002085. L7 0% 97
4 4 5 0000100020003 13 rotrodr 47

Assume there are two palindromes ay, as in the same path ajwobiw; - - - bpwyas.
Since S® C S, the words w{t, wf, ... wk are also in S. Hence afwlRblt - - - wiplal
is also a path. But aq,as are palindromes, so af = @a; and af = ag. Then the
concatenation of the two paths gives a cycle in Gfgm’n), which contradicts the fact

that S* is co-finite. Therefore, the longest path in Ggm’n) cannot encounter every
vertex, so by Theorem 2.5.3, the longest words not in S* are of length less than
g(m,l) =ml—m —1, where l=m|%|"" +n—m

We can construct a set of words S such that the longest path in Ggm’") encounters
every non-palindrome vertex and 0"~™. We start from wy = 0"~ and T being
empty. First we pick any non-palindrome vertex w; of length n — m, and add
wp0?™ "w; and w0 "wlk to T. Then we pick any non-palindrome wy of length
n — m such that neither w, nor wi was considered in previous steps, and add
w102 "wy and w0 "w!t to T. Continue this procedure until no word can be
added. Then we claim ¥X™ U X"\ T is the required set. To see this, first, no
non-palindrome vertex is left, or the procedure will not stop. Since at each step
the vertex w is picked only if it was not considered, it remains to check w! was
not considered in any previous step. Otherwise, for some previous chosen vertex
u, we have v = wf. Then w = u® was already considered, a contradiction. So
the longest path in G(Sm’n) encounters each non-palindrome vertex exactly once,
and the longest words not in S* are of length g(m,!’) = ©(|X|"™™), where I’ =

m(|" — [N Lo — . O

Shallit [154] considered examples with other input forms, such as NFAs, regular
expressions, and PDAs, accepting the example in Theorem 4.1.1 and variations.
The following constructions are mainly based on his ideas.

There is an NFA with O(n?) states accepting the example S in Theorem 4.1.1
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over the alphabet X. For two integers m,n with 0 < m < n < 2m and ged(m,n) =
1, the set S contains all words of lengths m and n except words of the form
(1)0*™ (i + 1) for 0 < 7 < |B"™™ — 1. For brevity, write # to represent the
middle zeros 0*™~". The NFA M is composed of five parts, an NFA accepting all
words of length m and words of length n not of the form u#u" and G, Ay, Co, T
for letters a € 3. Then M is constructed by combining the initial states of the five.
Each of the latter four parts handles a particular type of the word u#wv such that
[v]js;) # [u]js) + 1. Let z be the lexicographically last letter in X, and let 3, denote
Y\ {a}. The NFA G, accepts words of the form X"~ ""lqL#yn—m==1% 3
where L; is the set of all words of length ¢ that contain at least one letter in
¥y, for 1 < i <n-—m—1. The NFA A,, a # z, accepts words of the form
sromla#gynmly, where b)) = [a]jy) + 1. The NFA C,, a # z, accepts
words of the form X"~ laz!#yn—m—=1 (X p07), where (b)) = [a]js) + 1,
for 1 <i<n—m—1. The NFA T accepts the language z" ™#>"~™. One can
verify that all words accepted by the four NFAs are of length n.

First of all, none of the words accepted by any of the NFAs is of the form
(1)0*™ "(: + 1). Let u#v be a word of n, where u,v are of length n — m. If G,
accepts u#tv, then u = waw’ € X" ™alL;, for w' € L;. Since w’ contains a letter in
Y2, u plus 1 will not change the letter a even when a carry occurs. But v and v are
different at the position of a, so [v] # [u] + 1. If A, accepts u#wv, then u = wa for
w € X" 1 Since a # z, the addition of u and 1 will not carry, and equals wb,
where b is the letter that follows a. The last letter in v is not b, so [v] # [u] + 1.
If u = waz® for w € ¥n —m — i, then u plus 1 will carry right to the position of
a, and result in wb0?, where b is the letter that follows a. Now b0’ is not a suffix
of the word v and thus [v] # [u] + 1. Finally, the word z" ™ represents the largest
integer with length n —m, and thus none of the words accepted by T is of the form
()02~ (i + 1).

Now we prove that if u#v is not of the form (7)0*™ " (i+1), then u#v is accepted
by one of the four NFAs. If u = 2", then T accepts u#v. Otherwise, assume
u = xy, such that [zy] + 1 = [xz] and the first letters of y, z are different. Then y
contains at least one letter that is not z, and v # xz. The mismatching can happen
either in z or in z. If there is a letter in x which does not match v, then GG, accepts
u##v. If the mismatching is in z, then either A, or C, accepts u#v, depending on
whether the calculation [zy] 4+ 1 in base |X| carries.

There is an NFA of m + 1 states accepting words of length m, and an NFA of
n + 1 states accepting words of length n not in the form of w#w’, where w’s are of
length n —m. Each of the G, with i has (n—m —1i)+2i+ (2m—n)+(n—m) < 2n
states. Each of the A, has (2n —2m) + (2m —n) + 1 < n + 1 states. Each of
the C, with ¢ has (n —m) + 1+ (2m —n) + (n — m — i) + 2i < 2n states. T
has (2n —2m) + (2m —n) + 1 < n + 1 states. So the total number of states is
<4[Z|n*+ 2| (n+1) = O (|Z|n?). For |X| = 2,n —m = 4, the NFA is illustrated
in Table 4.3, where the number for each state is omitted, and repeated structures
are combined.
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Table 4.3: NFA accepting ¥ U 3"\ T'(m,n)
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“Here ©) denotes final states.
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Now we consider regular expressions. By the same construction in the NFAs, we
can effectively convert them into a regular expression of length O(n?logn), which
is also composed of five parts. Let ¥ represent the regular expression ) . a,
# = 02" and let L* abbreviate the regular expression of k-times concatenatlon
of L (when we count the length of the regular expression, alph(L*) = k - alph(L)).
We define omit(w) to be the regular expression for the language "\ { w }, where w
is a word of length n over the alphabet . It can be recursively constructed using
divide-and-conquer method as follows:

omit(ajag - - a,) = nin/2 omit(apn/a|41 -+ an) +omit(ay - - - apnsa))an/2)+1 - - n,

(4.12)
and thus has O(nlogn) alphabetic symbols [41]. Let Ry = R} + R}, where R} = ¥™
is of length m || and contains all words of length m, and R} = X"~ omit(#)X" ™
is of length O(n + mlogm). Let Ry be a regular expression for G,, that is
> cicnmet Dones (BTl L# XY B where L; is the set of all words
of length 7 that contain at least one of the non-z letters and can be constructed
recursively as follows:

Thus L; has length O(ilogi). Hence the total length of Ry is O(|X|n?logn). Let
R3 be a regular expression for A,, that is Y, 5 ., X" 'a#X" """ 1b, where b is
the letter that follows a. Then the length of Rs is < 2|%|*n. Let Ry be a regular ex-
pression for Cy, that is 71 icp 1 P gesang (27" az 45" ™ omit(b07)),
where b is the letter that follows a. Since omit(b0%)) has length O(ilogi), then the
total length of Ry is O(|X|n?logn). Finally, R is just z" ™#X"~™ which is of
length n—m+m |X|. Therefore, there is a regular expression Ry + Ry + R3+ R4+ Ry
of length O(v?log v) specifying the example in Theorem 4.1.1, where v = n is the
length of the longest words in the basis S.

For example, 7(5,9) = { 000000001, 000100002, 000200010, . .., 222102222 },
for ¥ = {0,1,2}. The regular expression for S =% U X2\ T(5,9) is

220(0+1)#X2(1+2) 2+ 20((0+1)S+Z(04+ 1)) #5(1+2)22 +0(((0+1)Z+Z(0+1)) S+ 22 (0+ 1)) #(1+2) 23+
22104+ 1)#22(0+2)Z+Z1((0+ 1D)E+ Z(0+ 1)) #Z(0+2)Z2 + 1 (((0+ 1) S+ Z(0+1)) S+ Z2(0+1)) #(0+2) 23+
222(0+ 1)#22(0+ 1)+ 22((0+ 1D)S+ 20+ 1) #X(0+ 1) +2(((0+ 1) S+ X(0+1))Z+ 520+ 1)) #(0+ 1) 53+
T30#33(0 4 2) + Z31#53(0 + 1) + D32#53(1 4 2) + 2222484+
0222#(((0+2)T + 1(1 +2))X 4+ 10((1 + 2) 4 0(1 + 2))) + T022#(((0 +2)L + 1(1 +2)) X + 10(1 + 2))+
2202#5%((0+2)X + 1(1 +2)) + 12224 (((0 + 1)E + 2(1 +2))E + 20((1 + 2)X + 0(1 + 2)) )+
£122#5(((0 + 1) + 2(1 + 2)) = + 20(1 + 2)) + Z202#5% ((0 + 1) + 2(1 + 2)) + 2° + (1 + 2)54,

where X = (0+ 14 2) and # = 0. The set S contains 19846 words.

Now we consider DPDAs. A DPDA of O(n) states can be constructed to accept
a variation on the example in Theorem 4.1.1. The idea is to construct a DPDA
M accepting all words of length n except those of the form (7)0*™ (i + 1)# for
0 < i < |3"™™ —2. The machine M simply reads the first n — m symbols in
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the input, and stores the result in the stack. Then M checks that the following
2m — n symbols are zeros. Finally, M does an addition of the word in the stack
with 1 in base |X| and matches the last n —m symbols of the input. If these match,
then M rejects. If any mismatching appears at any step, M continues to read
input symbols and verifies that the total number of input symbols is n. If it is,
M accepts; otherwise, M rejects. One can modify M such that when M reads m
symbols and there is no other symbol left on the tape, then M also accepts. So a
DPDA accepting

L=x" U 2"\ {@)0* "+ 0<i<|g|"™ -2}, (4.14)

can be constructed. The DPDA needs to store the information on the number of
symbols it had read, so M needs O(n) states.

For |X| even and n — m odd, Shallit proved in our paper [102] with Lubiw and
Shallit that starting from xo = 0"~™ and applying the recursion z,; = ([zz] +1)%,
all words of length n — m will be generated and z"~™ is the last one generated,
where z is the lexicographically last letter in . This means each word of length
n —m except z"~™ appears as a prefix of a word not in L exactly once and each
word of length n — m except 0"~™ appears as a suffix of a word not in L exactly
once. Then by Theorem 4.1.3, L* is co-finite and the length of the longest words
not in L* is g(m,l) =ml —m — [, where [ = m X" +n —m.

4.1.2 Examples of the 2FPFM with 0 < 2m < n

In this subsection, I will show how to construct examples achieving exponential
longest omitted words in the general case without the constraint n < 2m. By the
equivalence between finding the longest words not in S* and the words 7 not in S*
in Theorem 2.5.3, in order to construct an example for the 2FPFM with exponential
length of longest omitted words g(m, 1) = ml —m —1, where | = m |Z["™ +n—m,
it is essential to find a word 7 of length [ — m. When 0 < m < n < 2m, as we
saw in the last subsection, such a 7 can be effectively found. In order to do this for
0 < 2m < n, we again use the word graph.

By Theorem 2.6.6, the longest words not in S* are related to the longest paths
in the word graph. The labeling of a longest path in Ggm’n) gives the word 7 that
can be used to describe the longest omitted words. Then it remains to find a set
of words S with the longest path of length |X|"™™ — 1, which is a Hamilton path
in the generalized de Bruijn graph I'(m,n). For each Hamilton path in I'(m,n), let
T be the set of arcs in the path, and S = ¥™ U X"\ T. Then S* is co-finite and
the word graph Gfgm’”) is exactly the spanning subgraph induced by the Hamilton
path, and thus S can achieve the upper bound in the 2FPFM.

We know that a de Bruijn word, or a Hamilton cycle in the usual de Bruijn graph,
can be constructed. I will show how to find a Hamilton cycle in the generalized
de Bruijn graph by finding two de Bruijn words of particular lengths over particular
alphabets.
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When m = 1, I'(1, n) is the usual de Bruijn graph, and a Hamilton cycle can be
found accordingly. Furthermore, if m divides n, then a Hamilton cycle in I'(m,n)
can be obtained as follows. Let X be the alphabet. Now we consider the de Bruijn
graph G’(1,n/m) on the alphabet A, where | A | = |3|™. The vertices in G'(1,n/m)
are A™™=1 and the arcs are A™™. Let vpaivias . . . aja|vo be a Hamilton cycle in
G'(1,n/m). For each of the vertices and arcs in the cycle, treat them as base-| A |
expansion of integers and re-encode them in base |X|, possibly with leading zeros
as follows:

(n—m)([vo]a)s - my([a1]a)s - m)([v1]a)s - - - y([aja)]a)s - (-m)([vo]a)s. (4.15)

Then one can verify that the result gives a Hamilton cycle in I'(m, n). For example,
to find a Hamilton cycle in I'(2,4) on the alphabet { 0,1 }, first we find a Hamilton
cycle in I'(1, 2) on the alphabet { 0,1,2,3} given by 0,01,1,12,2,23,3,30,0. Then
a Hamilton cycle in I'(2,4) is given by 00,0001,01,0110,10,1011, 11,1100, 00.

When 0 < m < n < 2m, a Hamilton cycle in I'(m,n) can be found by first
finding a Hamilton cycle in I'(n — m,2n — 2m) and then adding extra letters in
the middle. More precisely, let vy, vovy, v1, V1U2, Vo, . .. , Usspn=m _1, Vjgn=m_1 V0, Vo be
a Hamilton cycle in T'(n — m, 2n — 2m). Then one can verify that

2m—n 2m—n 2m—n
Vg, V90 vy, V1, 010 V2,02, ..., Upgyn=m _y, Uygyn—m_; 0 Vg, Vo (4.16)

is a Hamilton cycle in I'(m,n). Here the padded factor 0*™~" can be any word of
length 2m — n, not even necessarily the same. Then there exists a Hamilton cycle
in I'(m, n). The construction here is precisely the same as I used to construct the
examples for 0 < m < n < 2m in the previous subsection.

Now we are ready to see the construction for a Hamilton cycle in a general
generalized de Bruijn graph I'(m,n) with 0 < m < n. Let n = km + r, where
0 <r < m. If either ged(m,n) = m or k = 1 holds, we already saw how to construct
a Hamilton cycle in I'(m, n). So we assume m > 1, gcd(m,n) # m, and k > 1. Let
my =r,ny = (k+ 1)r, Ny = |X|""™. Then m; divides n;, and we can construct
a Hamilton cycle of length N;. Suppose the labeling of the arcs in one Hamilton
cycle are uy, ug, -+ ,un,, starting from the vertex 0™~"™ . Define u; = up,4; for
j <0, and u} = u;, where j = 14 (i mod (N; —1)). Then by comparing lengths we
have that the i vertex in the cycle is u;_j, - - - u;_1, and thus UN, = UN, -1 =+ =
un, —kr1 = 0™ Let mg =m —r,ng = k(m —r), Ny = |X|"™7 . Similarly, suppose

the labeling of arcs in a Hamilton cycle are vy, vq, - -+ , vy,, starting from the vertex
0"7™2. Define v; = vy, for j <0, and v; = v;, where j = 14+(¢—1 mod N,). Then
the i*" vertex in the cycle is v;_j41 - - - vi_1, and UNy, = UNy—1 = **+ = UN,—kt2 = 02,

Consider the following two cycles in I'(m, n). Starting from vertex 0"~ one cycle
is labeled by
v10™ 00 L U, -1 0™ U, 0 (4.17)

Then one can check this cycle with labels in (4.17) visits every vertex in

(oM ym2)h=lgm (4.18)
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(k—=1)m

exactly once. Starting from the vertex 0O uy, the other cycle is labeled by

! ! ! / !/ / /
Uyty, UgUg, ~ 5 V(N —1) Ny —1U(N1 — 1) No—1> V(N — 1) N, Y(Ny —1) N, - (4.19)

Since ged(No, Ny — 1) = 1, this cycle with labels in (4.19) visits every vertex in
(Lmymz)k=lyma \ (gmiym2)k=lomi exactly once. Linking the above two cycles
together by modifying two arcs, the labeling of the arcs in the new cycle are given
below:

mi my mi /
0107, 0207 - UNG 107 UNG U 1) s
P / / / my
VYU, Vg, = 5 VN —1)Np— 1 YNy 1) No—15 VN —1) N, 0 -

Since the set of vertices in the two cycles are disjoint, and the length of the new
cycle is Ny + (Ny — 1)Ny = NN, = [S"17mFmemme — | g Fmemds — | gn=m he
new cycle in I'(m, n) is a Hamilton cycle.

Example 4.1.5.  For m = 2,n = 5, we construct a 7 of length 2 |S° +1 = 17
and a set S of words of lengths 2 and 5 such that the longest words not in S* are of
length ¢(2,19) = 17. Since n = km + r, where k = 2,r = 1, we first find Hamilton
cycles in G(r, (k+1)r) =T(1,3) and in G(m—r,k(m—r)) =T'(1,2). One Hamilton
cycle in T'(1,3) is 00,001,01,011, 11,110, 10, 100, 00, which starts from 00 and is
labeled by 1,1,0,0. Omit the first label 1. One Hamilton cycle in I'(1,2) is given
by 0,01, 1,10, 0, which starts from 0 and is labeled by 1,0. Then we construct two
cycles in I'(m,n). One starts from 000 and is labeled by 150,050. The subscript
here denotes whether the letter is from the Hamilton cycle in I'(1, 3) or from I'(1, 2).
The other is from 001 and is labeled by 1211, 0201, 1211, 0211, 1201, 0211.

120
0020 0120 01021 11101 11020 01121 11021 11150
2 ./N. 2 1.2 1 >1.2 1 >1.2 1 >1.2 1 >1.2 1 >]..2 1
S 1217 0201 1214 0211 1201
020 N J
0211

Now we connect the two cycles. Finally we obtain a Hamilton cycle in I'(2,5),
which starts from 000 and is labeled by 120, 0211, 1211, 0201, 1211, 0211, 1201, 020

0211

01020. 120 .0120 00211:’ 1}11.211 1>10.201 0}11.211 1/10211 1>11.201
/K 1017 0201 1014 0211 1201)

020
So there is a 7 = 00010011100110110, and a set of words
S=%* U ¥°\ {00010,01001,00111,11100,10011,01101,10110},  (4.20)
such that the longest word not in S* is 7 of length ¢(2,19) = 17.
When m = 1, the word 7 labeling a Hamilton path in I'(1,n) is essentially a

de Bruijn word. For example, m = 1,n = 4, then one de Bruijn word is 7 =
0001011100, which contains every word of length 3 exactly once:

0001011100, 0001011100, 0001011100, 0001011100
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0001011100, 0001011100, 0001011100, 0001011100.

For more general cases of 7 with m,n, 7 contains every word of length m — n
exactly once at a particular position in 7. For example, m = 2,n = 5, then one 7
is 7 =00010011100110110:

00010011100110110, 00010011100110110, 00010011100110110, 00010011100110110,
00010011100110110, 00010011100110110, 00010011100110110, 00010011100110110.

The definition of word graph and generalized de Bruijn graph does not require
the condition ged(m,n) = 1. But in order to construct a basis to generate a co-
finite language, the condition ged(m,n) = 1 is required. For the sole purpose of
discussion on co-finiteness, m = 1 only leads to trivial cases since a language is
co-finite when m = 1 if and only if the basis contains all letters. But as we saw,
when m = 1, the discussion on the word graph is not trivial. For small m,n, the
lexicographically least 7, the labeling of a Hamilton cycle in I'(m, n) is summarized
in Table 4.4. When gecd(m,n) = 1, there is a basis S for each of the 7 such that
the set of the longest words not in S* is (7X7)™ 27,

Table 4.4: Examples of generalized de Bruijn words 7

X m n T¢ [ 7]

2 1 2 01 2

2 1 3 00110 5

2 1 4 0001011100 10

2 1 5 0000100110101111000 19

2 1 6 000001000110010100111010110111110000 36

2 1 7 000000100001100010100011100100101100110100111101010111011011111100000 69

2 1 8:9 (too long, omitted) 134 :263
2 2 4 00011011 8

2 2 5 00001001011011110 17

2 2 6 0000010010001101011001111010111100 34

2 2 7 0000001000010001100010100100110011100110101101010111011110111111000 67

2 2 8:9 (too long, omitted) 132 :261
2 3 6 000001010011100101110111 24

2 3 7 0000001000010011001010100101011100110111101111110 49

2 3 8:9 (too long, omitted) 98 :195
2 4 6 00000100100011 14

2 4 8 0000000100100011010001010110011110001001101010111100110111101111 64

2 4 9 (too long, omitted) 129

2 6 8 00000001000010000011 20

2 6 9 000000001000010000011000100000101000110000111 45

3 2 4 000102101112202122 18

3 2 5 0000100020010110102011012021020211112112022122121222220 55

4 2 4 00010203101112132021222330313233 32

4 2 5 (too long, omitted) 129

Those already in Table 4.2 are omitted.

4.2 Doubly-exponential number of words ¢ S§*

I will give the following examples, in which the number of words not in the generated
co-finite language is doubly exponential in v, the length of the longest words in the
basis. Here we also assume the alphabet 3 is {0,1,2,...}. The notation .(n); and
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[w]g is the same as defined in the last section. Here .(n); represents the expansion
of the non-negative integer n in base k of length ¢ with possible leading zeros, and
[w]k represents the non-negative integer represented by the word w in base k. For
two integers m and n with 0 < m < n < 2m, define

U(m,n) = { (i)swe(j)p:0<i<j <[ =1LweX* ™ k=[S, c=n—m}.
(4.21)
For example, over the binary alphabet { 0,1}, we have

U(3,5) ={00001,00010,00011,01010,01011,10011,00101,00110,00111,01110,01111, 10111} .
(4.22)

Theorem 4.2.1. [83, 8] Let m,n be two integers with 0 < m < n < 2m and
ged(m,n) = 1, and let S = X™ U X"\ U(m,n). Then S* is co-finite, and the
number of words not in S* is = [5|?=")
Proof. Consider the word graph Gfgm’"). By the definition of U(m, n), we know that
the arcs in Ggm’n) are words of the form .(i)w.(j)x, for 0 <i < j < |E"™"—1,w €
¥2m=n k= |3|,¢ = n — m, which joins vertex .(i); to vertex .(j)z. So following
any walk in Gfgm’n), the vertices visited must be strictly increasing in lexicographical
order. Then Gfgm’n) does not contain a cycle. By the construction of S, we also
have ¥™ C S. By Theorem 2.6.6, S* is co-finite.

Furthermore, for any two vertices u and v such that v is lexicographically strictly
greater than u, then there are |Z|2m_" arcs join v to v as uwv for any w € L*m-n,
So the paths in GU™™ are exactly of the form

UL T ULTD * + * UpTpUpy, (4.23)

where uy, us, ..., ury1 are distinct vertices in lexicographical order from a smaller
vertex to a bigger vertex, and x; = u;y;u;4, for y € X2~ ", Then by Corollary 2.6.9,
we have

V= { (Cl)w2(02)w3 ()
0<a << <qg<|E""=1L1<I<[S"" w e} (4.24)
and the set of words not in S* is
m—2
¥\ S = ( U Zj> U ( U (Vzm)iv), (4.25)
Jjg{m,n) i=0

where the cardinality of V is

[z n—m 2m—n\|B|? ™
2| i-n@En-n _ (14X T -1 Q-
vi= 3 () e - o = [,
i=1 ! b
(4.26)
Hence the number of words not in S* is > V = |E|Q(‘E|n_m). O
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Corollary 4.2.2. Let m,n be two integers with 0 < m < n < 2m,ged(m,n) = 1,

and let S = X™ U X"\ U(m,n). Then S* is co-finite, and the number of the longest

words not in S* is = |9| ")

Proof. Similarly to the proof of Theorem 4.2.1, one can verify that the length of
the longest omitted words is g(m, 1) for | = m|%|"™™ +n —m. In addition, the set
of words of length [ — m not in S* is given by

VI = { (0)w2(1)w3 e w|2‘n—m(’2’n_m — 1) . wQ, wg, N ,w|2|n—m c ZQ?TL77L } (427)

Then by Corollary 2.6.7, the set of the longest words not in S* is

(V'smym2yY (4.28)

which is of cardinality
’ V! |m—1 |Z|m(mf2) _ |E|(men)(mfl)|E|"_m+(mnfm27n) _ ‘E‘Q(\E\"_m) ‘ (429>
]

By the preceding two proofs, one can also verify that both the total number of

symbols in words not in S* and the total number of symbols in the longest words
not in S* are = |E|Q(|E‘nim).
Example 4.2.3. Let m =3, n =5, % = {0,1}. In this case, S = ¥* U
Y5\ U(3,5) = X3 U {00000, 00100, 01000, 01001, 01100, 01101, 10000, 10001, 10010,
10100, 10101, 10110, 11000, 11001, 11010, 11011, 11100, 11101, 11110, 11111 }. Then S* is
co-finite, and the set ¥* \ S* is of cardinality 11562. In this case, the cardinality
of V is 40 = ((1 + 2)* — 1) /2, the cardinality of V' is 8 = 23, and the number of
longest omitted words is 512 = 224+ The total number of symbols is 200638 for
all omitted words and 12800 for the longest omitted words.

Theorem 4.2.4. Let vy, v, ...  Upgypn=m be any permutation of all distinct words of
length n — m over the alphabet 3, and let S = ¥™ U X"\ U, where

U={vwy:1<i<j< 8" weX* "} (4.30)

Then S* is co-finite, and the number of the longest words not in S* is = |Z|Q(|E|nim).

Using v; instead of ,,_, (i) for 0 <@ < |3[""™ — 1, the proof in Theorem 4.2.1
is also valid for Theorem 4.2.4.

Now, we consider a variation on the FPFM, where the basis is of the form
S U SE. Let wy = 0" ™, wy,ws, ..., w; be the vertices defined in the proof of
Proposition 4.1.4, and U’ = { wfww;, wyww;: 0 <i < j < k,w € ¥?™ "}, where
k= (| — x|/ "=™721y /2. Then the basis S = £™ U ¥\ (U’ U U'R) generates
a co-finite language, and one can verify that the number of the longest words not

in S* is also = |Z|Q(|Z‘n_m).
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The examples given in Theorem 4.2.1 with 0 < m < n < 2m have the maximum
number of omitted words among all bases S of two lengths m,n such that S* is
co-finite. To see this, note that any basis S of lengths m,n such that S* is co-finite
can be reduced to a basis of the form in Proposition 4.2.4. Since reducing the basis
S will not decrease the number of words not in S*, the number of omitted words
in the original S* is less than that of the reduced one. It remains to show that
the reduction can be done. First, we construct the word graph Gfgm’n), which is a
spanning subgraph of I'(m,n). The language S* is co-finite, so Gf;”’") has no cycle.
There is an order of the vertices in Ggm’") such that every arc in Ggm’") joins a
smaller vertex to a bigger vertex. Since 0 < m < n < 2m, in I'(m,n) there are
arcs between each pair of vertices in both directions, and thus there is a Hamilton
path that passes through all vertices from the smallest vertex to the biggest vertex.
Then, use the vertices in the order of the Hamilton path to construct a basis as in
Theorem 4.2.4, which defines the reduced basis of S.

Furthermore, when 0 < m < n < 2m, any example S with the maximum
number of omitted words among all bases of lengths m,n that generate co-finite
languages must also be an example with the longest omitted words. Suppose it is
not. Then consider the word graph Ggm’”). By the same reasoning, there is a order

of the vertices in Ggm’”) and a Hamilton path in I'(m,n) that passes through all
vertices in the same order. Use the vertices in the same order to construct a basis
as in Theorem 4.2.4, which defines a reduced set S’ that has the longest omitted
words. Furthermore, since the longest omitted words are not in S but in S*, the
number of omitted words in S™* is strictly greater than that of S*, which contradicts
the maximality of the number of words not in S*.

In general, an example with the maximal number of omitted words may not
be an example with the longest omitted words. For example, let m = 2 and
n =25 Let Sy =%* U ¥°\ {00001,00100,10010,01011,01101,10111,11110 },
and S, = {00, 01, 10, 11, 00000, 00010, 01010, 10000, 10001, 10010, 10011,
10101, 11000, 11001, 11010, 11011, 11101, 11111 }. Both bases generate co-finite
languages. The longest word not in S} is 00001001011011110 of length 17, which
is the maximum among all examples with m = 2,n = 5, and the longest words not
in S5 are of length 13, namely 01000(0 + 1)10111(0 + 1)0. But there are only 38
words not in ST, while there are 112 words not in S5.

4.3 Experiment statistics

In this section, I will summarize some of my experimental results. Most of the
experiments were done with GRAIL [131]. GRAIL automatically determines the
alphabet by choosing all letters and numbers that appear in the input. So, although
{00,000 } does not generate a co-finite language over the binary alphabet, GRAIL
will treat it as over the unary alphabet and result in a co-finite language over the
unary alphabet. In addition, when a basis S generates >*, we have llw (?) =—1,
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but such an S is counted into the case of length 0 for programming reasons. Consid-
ering the number of words, these cases are not numerous and will not significantly
affect the statistics.

For words of three lengths over the binary alphabet, I randomly chose each
word with fixed probability according to their length. The numbers of bases in my
experiments that have the same length of the longest omitted words are given in
Table 4.5.

Table 4.5: Experiment summary on the number of different cases — one
length-probability oo 0/-:0° 1)1 2/2 3/3 4/4 5/5 6/6 7/7 8/8 9/9
80%2,80%3,80%47 829213 0 71918 0 80178 0 42076 4376 4154 3063 2153

(1038275 in total) 93 1027 0O 24
80%3,80%4,80%5 939533 0 0 2 0 9 11477 0 21190 23379 0
(1080802 in total) 21036 24278 1136 13331 9673 2462 4505 3798 928 1946
780 279 456 367 51 69 66 34 7 5
1 3 0 0 0 0 1
all2,90%5 41121 0 0 0 3676 0 32440 0 20260 0 5786
(104690 in total) 0 1172 0 211 0 24
all3,90%5 293447 0 0 0 0 0 0 0 14880 0 0
(440370 in total) 0 0 0 79090 O 0 0 0 0 44041
0 0 0 0 0 8912
all2,80%3,80%4 6600 0 1682 0 1978 (10260 in total)
all2,90%3,90%4 8930 0 10182 0 4898 (24010 in total)
all3,90%4,90%5 254543 0 0 12794 0 13519649183 0 676868 211910 0
(2010370 in total) 141202 25184 0 20486 2209 0 2114 154 0 174
15 0 14 0 0 1
90%2,90%3,all4 33772 0 23557 O 10965 O 14836 (83130 in total)
70%3,70%4,all5 263442 0 0 61 0 410 0 0 17412 0 0
(308790 in total) 0 27465
90%3,90%4,all5 19438 0 0 6979 0 7048 0 0 22870 0 0
(85450 in total) 0 29115
all combination 1,2,3 12014 4104 259 0 6 (16383 in total)
all3,half4, most5 36341 0 0 0 0 0 0 0 23616 336 0
(144263 in total) 50792 180 0 29535 O 0 2916 0 0 547
all3,half4,half5 87528 0 0 0 0 0 0 0 0 0 0
(87539 in total) 0 0 0 0 0 0 0 1 0 0
4 0 5 0 0 1

*Symbol oo means the language is not co-finite. Symbol -1 means lengths 11,21,31,....
®We chose each word of length 2 with 80% probability, of length 3 with 80% probability, and
of length 4 with 80% probability. The number 829213 below is the total number of samples.

Table 4.5 shows that in general, a basis that generates a co-finite language does
not necessarily contain all words of the smallest length or all words of the greatest
length. For words of lengths 3,4, 5, there are bases that contain all words of length
3 and bases that contain all words of length 5, which generate co-finite languages
and the longest words not in the generated languages are rather long. In addition,
there indeed exist examples of words of lengths p, ¢,  achieving longer length of the
longest omitted words than those in the 2FPFM where the two lengths are { p,q },
{p,r}, or {q,r}. For example, let {p,q, 7} ={3,4,5}. Among all possible bases
in the 2FPFM where the two lengths € {3,4,5}, the longest omitted words not
in a generated language are of length 25. The set of words of lengths 3,4, 5, say
S = {000, 001, 010, 100, 111, 0001, 0010, 0011, 0100, 0101, 0110, 0111, 1000, 1001, 1010,
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1011, 1100, 1101, 1110, 00000, 00010, 00011, 00101, 00110, 00111, 01001, 01010, 01100, 01110,
10000, 10010, 10011, 10100, 10101, 10110, 10111, 11000, 11001, 11010, 11011, 11100, 11101,
11110, 11111 }, generates a co-finite language and one of the longest words not in S*
is 000011010101010110001111100001101111, which is of length 36.

Experiments suggest that if a set of words contains words of three consecutive
lengths, then it must contain most of the words (> 50%) in order to generate
a co-finite language. The bases were randomly chosen over the binary alphabet,
containing words of lengths 3,4, 5 with different possibilities. The numbers of bases
that have the same length of the longest omitted words are summarized in Table 4.6.
The few examples that generate a co-finite language in the experiments with low
probability of 5% and 10% are those that contain only one letter, which is not
co-finite over the binary alphabet.

Table 4.6: Experiment summary on the number of different cases — two

length-probability 00 o/0 1/1 2/2 3/3 4/4 5/5 6/6 7/7 8/:8 9/9
5%3,5%4,5%5 4706 0 0 0 0 0 3 0 3
10%3,10%4,10%5 4982 0 0 0 0 0 1
15-45%3,15-45%4,15-45%5 5000 0
50%3,50%4,50%5 4999 0 0 0 0 0 0 0 0 0 0
(5000 in total) 0 0 0 0 0 0 0 0 0 0
0 0 1
55%3,55%4,55%5 4999 0 0 0 0 0 0 0 0 0 0
(5000 in total) 0 0 0 1
60%3,60%4,60%5 4994 0 0 0 0 0 0 0 0 0 0
(5000 in total) 0 2 0 1 0 0 1 0 0 2
65%3,65%4,65%5 4972 0 0 0 0 0 0 0 1 3 0
(5000 in total) 2 3 0 7 7 1 1 1 0 1
0 0 1
70%3,70%4,70%5 4925 0 0 0 0 0 1 0 6 9 0
(5000 in total) 14 17 3 13 4 2 2 2 1 1
75%3,75%4,75%5 4751 0 0 0 0 0 12 0 21 50 0
(5000 in total) 34 34 3 38 20 2 15 4 1 6
3 0 3 2 0 0 1
80%3,80%4,80%5 4392 0 0 0 0 0 55 0 95 108 0
(5000 in total) 86 105 2 56 49 11 11 10 5 7
3 0 2 2 0 0 0 0 0 1
85%3,85%4,85%5 3570 0 0 0 0 1 217 0 319 221 0
(5000 in total) 174 242 10 89 71 26 22 23 4 6
0 1 1 3
90%3,90%4,90%5 2271 0 0 19 0 10 707 0 716 221 0
(5000 in total) 164 641 13 72 73 43 8 14 9 16
0 1 0 1 1
95%3,95%4,95%5 625 0 0 197 0 90 1214 0 690 65 0
(3625 in total) 35 635 1 20 25 16 0 4 2 4
0 1 0 1

In 2008, Bassino, Giambruno, and Nicaud [5] proved that for the uniform dis-
tribution over all bases S of fixed number of words, the average state complexity
sc(S*) = O(u), where p =Y, s |w]. So the case of a basis S such that llw (5*)

is exponential in p, if such a basis exist, is very rare.
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Chapter 5

Computational Complexity of the
FPFM

In this chapter, I will discuss algorithms for and the computational complexity of
a decision problem related to the FPFM and its variations. In §5.1, I will provide
two exponential-time algorithms for the general decision problem. In §5.2, T will
give a polynomial-time algorithm for the particular case of the 2FPFM. In §5.3
and §5.4, I will show two polynomial-time algorithms for decision problems related
to the variations on 2FPFM of infinite words and with overlap, respectively. In the
last section, I will discuss the computational complexity of some related decision
problems of the 2FPFM.

5.1 Algorithm for the FPFM

Recall that the FPFM is to find the longest words that are not in a generated
co-finite language. Since there is no simple test to specify whether the given words
generate a co-finite language, a natural variation on the FPFM is to check whether
the given words do indeed generate a co-finite language. So, more formally, we
want to find algorithms to solve the following decision problem.

Problem 5.1.1 (DECISION PROBLEM FOR THE FPFM).
INPUT: k words xy,xs,...,T, not necessarily distinct.

OUTPUT: YES, if L ={xy,19,...,2 } 18 co-finite; or NO otherwise.

The first algorithm to solve the problem was given by Shallit [154] as follows:
first construct an NFA M; to accept S = { x1, 22, ..., x) }, where M; has transitions
from the initial state to accept each of the words x;. Then, by adding e-transitions
from each final state to the initial state, an NFA-e M, can be constructed to accept
{x1,29,..., 2 }". Using the subset construction, convert My to a DFA Mj, and
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then exchange final states and non-final states to get My. Finally, detect whether
there is a reachable cycle including a state that leads to a final state.

The machine M5 can be constructed without making an explicit M; in linear
time in the size of the input, which is the total number of symbols in the x’s, plus
k. The constructed NFA M, is of the same size as the input plus a constant. The
conversion of Mj can be carried out in O(|X|n2") time, where n is the number of
states in M5. The new DFA M3 has < 2™ states. The machine M, does not have to
be constructed explicitly. To detect a reachable cycle, we first use depth-first search
from all final states in the reversed-transition of the machine to eliminate states
that do not lead to a final state. Then we do depth-first search from the initial
states and record the states visited to detect if there is a cycle. There is a cycle if
and only if there is a state visited twice. The running time for constructing My, M,
is polynomial in the size of the input, and the running time for converting Ms;
and finding a cycle can be exponential in the size of the input. By this algorithm,
if there is no cycle, then all longest paths in the machine M, starting from the
initial state and going to a final state are also obtained, which essentially solves the
corresponding FPFM as well.

In the Step 3, one can also use Brzozowski’s algorithm for minimization of finite
automata, which runs in O(n2?") time [23]. Although it is slower than the usual
NFA-DFA convention algorithm, it can reduce the size of M3, and thus reduce the
running time of the last step. Usually, the number of states in the minimal DFA
equivalent to M3 is much smaller than the number of states in M;5. Experiments
using GRAIL [131] with Brzozowski’s algorithm showed that the algorithm can
solve the DECISION PROBLEM FOR THE FPFM (and accordingly the FPFM)
very quickly when the longest words in the basis are of length < 7.

We can also solve the decision problem by ﬁrst building the DFA M described
in Theorem 3.2.5 on page 81, which has < 2\ (2" X" — 1) states, and then
detecting if there is any cycle in the DFA M by breadth-first-traversal to record
the states visited, which costs exponential time and uses exponential space in the
worst case. But it is not easy to construct the DFA M in Theorem 3.2.5.

5.2 Algorithm for the 2FPFM

Theorem 5.2.1. The 2FPFM can be solved in polynomial time.

I will present a polynomial-time algorithm to solve the decision problem of the
FPFM in the special case of the 2FPFM.

By Theorem 2.6.6, a given set of words S generates a co-finite language if and
only if there is no cycle in the word graph Ggm’n). So we can decide if S* is co-
finite by detecting whether there is any cycle in G(Sm’n), which can be constructed
from S in polynomial time. The first several steps check special cases and ensure
the cardinality of the input words is exponential in n. By Theorem 2.6.6, the set
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Figure 5.1: A polynomial-time algorithm to solve the 2FPFM

Input: words xq, 2o, ..., T.

Output: YES, if 2’s are of only two lengths and { 1, 2s,..., 23 }" is co-finite;

NO, otherwise.

enumerate all words in the input and find the lengths m,n with m < n ;
if no such m,n erist then

‘ return NO ;
else if ged(m,n) # 1 then

‘ return NO ;
else if m =1 orn =1 then

if input does not contains all words of length 1 ;
then return NO ;

else if the number of words in input is < |X|™ + |3|" /n then

‘ return NO ;
else if the input does not contains all words of length m then

‘ return NO ;
else

‘ construct the word graph Ggm’n) ;
end
if there is any cycle in Ggm’n) then

‘ return NO ;
else

‘ return YES ;
end
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S ={xy,29,...,2, } of two lengths m,n, where 1 < m < n and ged(m,n) = 1,
generates a co-finite language if and only if S contains all words of length m and
there is no cycle in Ggm’n). Now it remains to see that the word graph can be
constructed in polynomial time. The arcs in Gfgm’n) are words of length n and
vertices in Gfgm’n) are words of length n — m, the total number of which is less than
2|X|". But by Theorem 2.6.23, it follows that a basis that generates a co-finite
language consists at least |X|™ 4 |X|" /n words. So we first check that the number
of words in the input is at least |X|™ + |3|" /n. If it is not, then it cannot generate
a co-finite language, and we just return NO. This ensures that the computation, if
any, of the word graph G’Egm’n) is polynomial in the size of the input.

Lines 1-11 in the algorithm can be done in linear time. The construction of the
word graph in Line 14 can be done in time less than n times the size of the input.
Cycles can be detected by breadth-first-traversal from each unvisited vertex. Since
each vertex is visited at most once, the cycle-detection can be done in time linear
in the size of the word graph G(Sm’”), the size of which is again bounded by n times
the size of the input.

When Gf;"’”’ has no cycle, then one can find the longest path in the directed
acyclic graph G(Sm’") in polynomial time. Suppose j is the length of the longest
path. Calculating [ = n+ jm, then g(m,l) = ml—m —1 is the length of the longest

words not in S*. By finding the labeling of the longest path, the longest words not
in S* can be constructed to solve the corresponding 2FPFM.

5.3 Algorithm for the case of infinite words

In this section, we will discuss instead the co-finiteness of {1, xa,..., 21 }* and
“{@y,19,..., 71 }*. By applying the reverse operation on each word, the result on
the co-finiteness of “{ x1,2z9,..., 2, } can be obtained accordingly from the result
on the co-finiteness of { z1,z9,..., 21 }*.

Problem 5.3.1 (DECISION PROBLEM FOR FPFM OF INFINITE WORDS).

INPUT: k finite words x1,xo, ..., x, not necessarily distinct.

OUTPUT: YES, if L ={x1,xs,...,2 }" is co-finite in X¥; or NO otherwise.
There is a polynomial algorithm for the DECISION PROBLEM FOR FPFM

OF INFINITE WORDS as in the following theorem. The algorithm is based on
Shallit [154]’s idea.

Theorem 5.3.2. The problem DECISION PROBLEM FOR FPFM OF INFINITE
WORDS can be solved in polynomial time.

Proof. We assume z; # €. Let S = {1, x9,...,2; }. By Proposition 3.4.4, S is
co-finite in X* if and only if S* = 3“. Then by Proposition 3.4.3, S = > if and
only if for any word w € ¥ there is a finite nonempty prefix of w that is in S.
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The algorithm is as follows. Let S’ be the minimal subset of S such that for any
w € S\ S there is a word u € S” and u is a prefix of w. In the first step, we can
construct a tree T for S, where each node is labeled by a word in ¥*. The root of
T is labeled by €. The node u has a child v if v = ua for some a € 3. The leaves of
T correspond precisely to words from S’. This tree T' can be constructed in linear
time in the size of the input S. To see this, we simply add each word from S into
an empty tree. When we add a word w, we first find the longest prefix u = w[l..k|
that appears in the tree. If that prefix u is a leaf, then we simply ignore w since
w ¢ S'. If that prefix u = w, then we cut off all children {v; } of that node since
w is a prefix of every v;. Otherwise, from the node u, we construct a list of nodes
labeled by w(l..k + 1],w[l..k + 2],...,w. In the second step, we check whether
every internal node of 7" has exactly |X| children. If so, then S“ is co-finite in X¢;
otherwise, S“ is not co-finite in X*. This can be done in linear time in the size of
the tree.

To see the correctness of the algorithm, first we suppose every internal node of
T has exactly || children. Let w be any word in 3 and let u be the longest prefix
of w that appears in the tree T. Then u must be a leaf, or otherwise u has less
than |X| children. So, there is a nonempty prefix v of w that is in S. Then S¥ is
co-finite. Now we suppose some internal node of 7" has less than |X| children, say
u. Then none of the words w in 43 can be factorized into words in .S. Then S¥
is not co-finite. m

For bi-infinite words, we do not yet know any polynomial algorithm to decide
the co-finiteness. But it is decidable as in the following theorem.

Theorem 5.3.3. Given k words x1, s, ..., Tk, to decide whether “ {xy, ..., xy }*
s co-finite in “X% can be done in exponential time.

Proof. We assume x; # €. Let S = {x1,2,..., 2 }. By Proposition 3.4.12, “S“ is
co-finite in “3¢ if and only if “S* = “3*. Then by Proposition 3.4.11, S« = 3¢ if
and only if for any word w in X* there are words u,v € ¥* such that uwv € S*.

There is an algorithm proposed by Shallit [154] as follows. First we construct
an NFA M accepting the language { w:wwv € S*,|u|,|v| <1lw(S) }. The NFA
M is similar to the NFA accepting S* except M guesses u and v at the beginning
and at the end respectively (this can be done by € transitions). Then we convert
M to a DFA and see if L(M) = X*. Then “ { z1,...,xx }” is co-finite in “X* if and
only if L(M) = ¥*. O

5.4 Algorithm for the case of concatenation with
overlap

Now we will discuss the co-finiteness of { x1, 2o, ..., xy }h and { z1,xa,..., Tk }b. By
Proposition 3.4.21, if all z; are of lengths > 2, then { z1,xs, ...,z }h is co-finite if
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and only if { x1, 29, ...,z }b is co-finite. So we only discuss { z1,za, ..., Zg }b here.

Problem 5.4.1 (DECISION PROBLEM FOR FPFM WITH OVERLAP).
INPUT: k words xy,xs,...,T, not necessarily distinct.

OUTPUT: YES, if L={x1,29,..., 34 }b is co-finite; or NO otherwise.

In the case where all the input words are of lengths > 2, there is a polynomial
algorithm for the DECISION PROBLEM FOR FPFM WITH OVERLAP as in the
following theorem.

Theorem 5.4.2. When all words are of lengths > 2, the problem DECISION
PROBLEM FOR FPFM WITH OVERLAP can be solved in polynomial time.

Proof. Let S = {x1,1,...,2; }. By Proposition 3.4.22, S” is co-finite if and only
if both S“ and “S are co-finite. To decide the latter two problems can be done in
polynomial time. O

5.5 Computational Complexity

One natural question is what is the complexity of the decision problem for the
FPFM if the input is compressed in some way such that the algorithm does not
require exponential time in v = llw (.S) to read the input S. As shown in Chapter 3,
we can consider some variations on the FPFM.

Problem 5.5.1 (the FPFM, Variations on input). Given a DFA M (or NFA M,
or reqular expression E) such that there are only finitely many words that cannot
be written as concatenations of words in the language accepted by M (or language
specified by E ), then what is the longest such word(s)?

A star-free reqular expression is a regular expression in which the only operators
are - and +. A variation on the decision problem for the FPFM is the following
problem, which is NP-hard as I showed in a draft [157].

Problem 5.5.2 (CO-FINITENESS OF STAR OF STAR-FREE REGULAR EXPRESSION).
Given a star-free reqular expression E, decide if the language represented by E* is
not co-finite.

Theorem 5.5.3. [157] The problem CO-FINITENESS OF STAR OF STAR-FREE REG-
ULAR EXPRESSION is NP-hard.

Proof. We reduce from 3SAT. Let U = {uy,us,...,u, } be a set of variables and
C={c1,¢o,...,cn } be aset of clauses over U making up an arbitrary instance of
3SAT. Discard any variable in U that does not appear in any clause in C', which can
be done in polynomial time. So now we assume there is no useless variable in U and
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C is not empty. Then n < 3m. For each clause ¢;, we construct a star-free regular
expression e; = t; 12 - - - tin), where t; ;) = I if u; appears in ¢;, and t(; ;) = T'
if @; appears in ¢;, and t; j) = (T + F) otherwise. Let £/ = €1 + e+ -+ + €y,
E'=T+F)"=(T+F)(T~+F)--(I'+F),and E=F + E"(T+ F). One
can verify the construction of E from the instance of 3SAT can be performed in
polynomial time. It remains to see the set C' of clauses is satisfiable if and only if
the language represented by E* is not co-finite in { T, F' }".

Let S be the finite language represented by the star-free regular expression E.
Then, by the construction of E, words in S are of two possible lengths n and n+1,
and S contains all words of length n + 1. If C is satisfiable, then one can verify
that £’ # E”, which means that S does not contain all words of length n. Then
by the First Lemma of the 2FPFM on page 44, S* is not co-finite, since a basis
S consisting of lengths n,n + 1 such that S* is co-finite must contain all words of
length n. If S* is not co-finite, since ged(n,n + 1) = 1 and S contains all words of
length n + 1, then S cannot contain all words of length n, which implies E’ # E".
So C' is satisfiable. This finishes the NP-hardness proof. n

By the polynomial-time reduction in the proof, restricting CO-FINITENESS OF
STAR OF STAR-FREE REGULAR EXPRESSION to the binary alphabet and/or de-
manding that the language represented by the regular expression consists of words
of only two distinct lengths also results in a NP-hard problem. Furthermore, as a
direct consequence, the following problems are also NP-hard.

Problem 5.5.4. Given a reqular expression E, decide if L(E)* is not co-finite.

Problem 5.5.5. Given an NFA M, decide if L(M)* is not co-finite.

In 2007, Shallit [154] showed the following more general problem is PSPACE-
complete.

Problem 5.5.6 (CO-FINITENESS OF REGULAR LANGUAGE). Given an NFA M (or
reqular expression E), decide if L(M) (or L(E)) is not co-finite.

Theorem 5.5.7. [15/] The problem CO-FINITENESS OF REGULAR LANGUAGE is
PSPACE-complete.

Proof. Let E be an arbitrary regular expression, and ¢ be the length of £. Then
an NFA M can be constructed in polynomial time to accept E with at most ¢ + 1
states [70]. It therefore suffices to prove the case where the language is specified by
a regular expression is PSPACE-hard; and the case where the language is accepted
by an NFA, is in NPSPACE which by Savitch’s theorem [145] is equal to PSPACE.

First we show to decide whether L(FE) is co-finite for a regular expression F
is PSPACE-hard. The idea is to construct a regular expression E for a PSPACE-
bounded TM T' and the input x such that T accepts x if and only if L(E) is not
co-finite. Here we assume TMs accept input by going into a halting state. First
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we construct a new PSPACE-bounded TM T by adding a new state ¢’ into 7.
When T goes into the halting state, 7" goes into ¢’ instead. Then from ¢, the
machine 7" can arbitrarily move its head and stay on ¢’ or transits into the halting
state. Then T accepts z if and only if 7" accepts x by infinitely many possible
computations. Now we construct £ = ¥*\ {w }, where {w } represents the set of
all halting computations of the machine 7" for the input z. This construction of E
can be done efficiently (see [2, §10.4] or [156, Lemma 6.7.1]). Then T" accepts z if
and only if L(E) is not co-finite.

Now we prove to decide whether L(M) is co-finite for an NFA M with n states is
in NPSPACE. Let N = 2". Now we nondeterministically guess a word w of length
i for N <i < 2N, and check whether M rejects w. Then L(M) is not co-finite if
and only if M rejects such a w. To check whether M rejects the word w can be
done by storing a square 0 — 1 matrix of dimension at most n + 1, where the entry
(p,q) is 1 if and only if ¢ is reachable from p on a given word. At the beginning,
this matrix is initialized as an identity matrix, corresponding to the word e. At
each step, the matrix is updated to process one guessed letter. At the end, one can
check that M rejects the word w by observing that no final state is reachable from
the initial state. This algorithm uses only polynomial space.

To prove the correctness of this algorithm, notice that a DFA M’ accepting
L(M) has at most N = 2" states. By the pumping lemma, L(M)* is not co-finite if
and only if there is a word of length ¢ not in L(M)*, where N < i < 2N. In other
words, M’ rejects some word of length i, where N <i < 2N. [

Since CO-FINITENESS OF REGULAR LANGUAGE is PSPACE-complete, it follows
immediately that both Problem 5.5.4 and Problem 5.5.5 are in PSPACE.

Corollary 5.5.8. [157] To decide the co-finiteness of the star of a language repre-
sented by a regular expression E (or accepted by an NFA M) is in PSPACE.

Proof. A regular expression (or an NFA) for the star of a language represented by
a regular expression (or an NFA) can be constructed in polynomial time. Since
CO-FINITENESS OF REGULAR LANGUAGE is PSPACE-complete, the problem in the
assertion is also in PSPACE. m

In 2008, Shallit [155] showed that over the unary alphabet, Problems 5.5.4
and 5.5.5 can be solved in polynomial time.

Now we consider another variation on the FPFM — in terms of concatenation
with overlap.

Theorem 5.5.9. Given a star-free reqular expression E, to decide if the language
represented by E° (or E°) is not co-finite is NP-hard and is in PSPACE.

The proof is similar to that for the FPFM. Let S = L(E). First of all, by
Proposition 3.4.21, E’ is co-finite if and only if E? is co-finite, when all words in S
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are of lengths > 2. Furthermore, when S consists only of words of the same length
n > 2 over ¥, then S is co-finite if and only if S = ¥". Similarly to the proof
of Theorem 5.5.3, one can reduce from 3SAT to show the problem is NP-hard. To
show it is in PSPACE, by Proposition 3.4.17, an NFA-¢ can be built effectively to
accept the language S* with a quadratic number of states in the length of E. Since
CO-FINITENESS OF REGULAR LANGUAGE is PSPACE-complete, the problem in the
assertion is in PSPACE. The proof of PSPACE is also valid when E is a regular

expression.

Theorem 5.5.10. The two problems
(a) Given a reqular expression E, decide if L(E)’ (or L(E)!) is not co-finite.
(b) Given an NFA M, decide if L(M)* (or L(M)?) is not co-finite.

are both NP-hard and in PSPACE.

By the equivalence of the co-finiteness of L(F)” and L(E)“,“L(E), the following
theorem holds.

Theorem 5.5.11. Given a star-free reqular expression E, decide if S¥ (or “S) is
not co-finite is NP-hard and in PSPACE, where S is the language L(E). It is also
true if the input is a regular expression, or an NFA.

If the language is specified by a CSG, then to decide whether it is co-finite
becomes undecidable.

Theorem 5.5.12. The following problems are undecidable.

1. For two CFGs Gy and Gy, decide whether L(G1) N L(Gs) is co-finite.
2. For a CFG G, decide whether L(G) is co-finite.

Proof. (1) Let M be an arbitrary TM. Here we assume TMs accept input by going
into a halting state. Now we construct a new TM M’ by adding a new state ¢’
into M. When M goes into the halting state, M’ goes into ¢’ instead. From state
q', M’ can either stay on ¢’ and move its head arbitrarily or goes into the halting
state. Then L(M) is not empty if and only if M’ accepts some word by infinitely
many different computations. Two CFGs G; and G5 such that the set of valid
computations of M" is L(G1) N L(Gs) can be effectively constructed from M’
(see [71, Lemma 8.6] or [156, Theorem 6.6.1]). L(G;) N L(G3) is either empty or
infinite. Then L(M) is empty if and only if L(G1) N L(G3) contains finitely many
words (when it is empty).

(2) Similarly, we can construct a TM M’ for each M such that L(M) is not empty
if and only if M’ accepts some word by infinitely many different computations. The
set of invalid computations of M’ is a CFL and there is an algorithm to produce
the grammar G for that CFL (see [71, Lemma 8.7] or [156, Theorem 6.6.3]). L(G)
is either empty or infinite. Then L(M) is empty if and only if L(G) is co-finite
(when L(G) is empty). O
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Nevertheless, the decision problem “Given a finite language S, is S* co-finite?”
has no obvious relationship, complexity-wise, to the problem “Given a finite lan-
guage S such that S* is co-finite, find a longest word not in S*.” In addition, if we
are only interested in the length of the longest words not in S*, then finding such
a length could possibly be faster than that of finding the longest words not in S*.

There are algorithms for some related problems in the literature. For example, in
2005, Clément, Duval, Guaiana, Perrin and Rindone [32] developed an algorithm to
find all factorizations of a word w into elements in a given finite set S in O(v |w |+p)
time, where v = [ S| and p = > _o|w|, and developed an algorithm to decide
whether a word w € S* in O(r | w |+p) time, where r < v is determined by the basis
S. In 1977, Maier and Storer [105] showed the following problem is NP-complete:
given a finite set S of words, find the shortest word w that contains every word in
S as a factor at least once. In 1990, Neraud [116] showed the following problem is
co-NP-complete: given a finite set S of words, decide whether minxcy+ |Y | = | X |.

148



Chapter 6

Conclusion

6.1 Summary of results on the FPFM and varia-
tions

The Frobenius problem in a free monoid (FPFM) is to find the longest words not
in a language generated by a given set of words in the case that the generated
language is co-finite. There are extensive works on the integer Frobenius problem
in the literature; a book [130] on the Frobenius problem lists over 400 references.
The FPFM, the generalization of the Frobenius problem on words, however, is a
new topic. Research on descriptional complexity of the Kleene star operator for
DFAs [174], NFAs, and regular expressions [70] provides another point of view on
the FPFM. The difference is that the latter focuses on descriptional complexity in
general cases, and the FPFM focuses on co-finiteness.

In the thesis, I studied and completely solved the 2FPFM, which is a special
case of the FPFM, where words in the basis are of two distinct lengths m and n.
I gave examples, where the longest words not in a generated co-finite language is
exponentially long, in the 2FPFM. More precisely, the length of the longest words
is < g(m,l) = ml —m — [, where | = m|3|"™ + n —m. This upper bound is
tight. There are two equivalent problems of the 2FPFM. One is in combinatorics
on words and arises by considering words of length = n (mod m). The other is
about the word graph. As a side product of the discussion on word graphs, I studied
a generalized form of the de Bruijn graphs (words).

In the 2FPFM, let S be a set of words of lengths m and n over the alphabet 3,
where 1 < m < n and ged(m,n) = 1. The set of the longest words not in S* is

(TX™)™ 2T, (6.1)
where T'= ¥\ §*. The set of words not in S* is

( U 23’) U ( U (T’zm)iT’>, (6.2)
igmn)

(m.n i=0
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where T/ =¥""™ U ¥ U 2™ U -.. U B\ S*. The set of lengths of words
in S* is (m,n) and the set of lengths of words not in S* is

N\ (m,1). (6.3)
The number [ here can be obtained by either of the two conditions:
1. [ is the integer such that [ =n (mod m), £=™\ §* #£ (), and X'\ S* = .
2. | = n+jm, where 7 is the length of the longest path in the word graph Ggm’n).

In the thesis, I discussed some variations on the FPFM, such as those about
infinite (bi-infinite) words, and those about concatenation with overlap. Roughly
speaking, the co-finiteness property behaves differently in each case and there are
non-trivially co-finite languages in most cases. (Here co-finiteness is non-trivial if
the complement of that language is not the empty set.) Let S be a finite set of
words of lengths > 2. If S* is co-finite, then both S* and “S are co-finite. If both
5S¢ and “S are co-finite, then “S% is co-finite. In addition, S% is co-finite, if and
only if S” is co-finite, if and only if both S* and “S are co-finite. If S is a finite
set and S* is co-slender, then both S“ and “S are co-finite. In the thesis, I also
discussed some related problems, such as the size of S with S* co-finite, the number
of omitted words in the 2FPFM, the generalized local postage-stamp problem, and
related algorithms and computational complexity.

Table 6.1: Summary for the unary alphabet/integers
S| S |a;| max|a;| sc(S)  nsc(S) alph(S) 5%

LBA
L = llw (?) unbnd. quadratic  quadratic quadratic  quadratic  quadratic unbnd.
unbnd quadratic  quadratic quadratic  quadratic  quadratic unbnd.
( S*) unbnd. quadratic  quadratic quadratic  quadratic  quadratic *
SC unbnd. quadratic = quadratic quadratic  quadratic  quadratic
(?) unbnd. quadratic  quadratic quadratic  quadratic  quadratic "
5C unbnd. quadratic  quadratic quadratic  quadratic  quadratic
* unbnd.  linear linear linear linear linear
HSC(S ) unbnd.  linear linear linear linear linear *
(_*) unbnd. quadratic  quadratic quadratic  quadratic  quadratic *
nsc unbnd. quadratic  quadratic quadratic  quadratic  quadratic
* unbnd.  linear linear linear quadratic  linear
alph(s ) unbnd.  linear linear linear linear linear *
loh (§) unbnd. quadratic  quadratic quadratic  quadratic  quadratic "
alp unbnd. quadratic = quadratic quadratic  quadratic  quadratic
M _ | § ‘ unbnd. quadratic  quadratic quadratic  quadratic  quadratic unbnd.
- unbnd. quadratic  quadratic quadratic  quadratic  quadratic unbnd.
. expntl. . polynomial .
D(w) is geppqy. i |w | for unary words, and [07 P55 for integers.
#Sa % linear linear linear linear unbnd.
\/_ linear linear linear linear unbnd.

?Only in the case where S is a finite set.

The bounds on the output of the FPFM are briefly summarized in Tables 6.1
and 6.2. The top part of each entry is the upper bound on the output measure
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Table 6.2: Summary for larger alphabets

CFG CSG
| S| Slai]  max|xz;|  sc(S) nsc(S) alph(S)  ppa LBA
Ox unbnd. expntl. expntl. expntl. expntl. expntl. Open ¢  unbnd.
L = llw ( S*) P p P P P p
- unbnd. linear expntl. linear expntl. expntl. expntl. unbnd.
_ L * db-exp.  db-exp. db-exp. db-exp. db-exp. Open unbnd.
1= ’ by \ S Open linear db-exp. expntl. expntl. expntl. expntl. unbnd.
* unbnd. expntl. expntl. expntl. expntl. expntl.
SC(S ) unbnd. linear expntl. linear expntl. expntl. * *
(_*) unbnd. expntl. expntl. expntl. expntl. expntl. % %
5C unbnd. linear expntl. linear expntl. expntl.
* unbnd. linear expntl. linear linear linear
HSC(S ) unbnd. linear linear linear linear linear * *
Ox unbnd. linear expntl. expntl. expntl. expntl.
nsc ( ) unbnd. linear linear linear linear linear * *
* unbnd.  linear expntl. expntl.  expntl.  linear
alph ( S ) unbnd. linear linear linear linear linear * *
Ox unbnd. linear expntl. db-exp. db-exp. db-exp.
alph(‘g ) unbnd. linear expntl. linear expntl. expntl. * *
,/Vl:‘ S* |, and unbnd. db-exp.  db-exp. db-exp. db-exp. db-exp. Open p  unbnd.
W:Zwes—*| w | unbnd. linear db-exp. expntl. expntl. expntl. expntl. unbnd.
- expntl. .
D(w) 18 expntl. m ‘ w |
#Sc % linear expntl. expntl. expntl. expntl. Open unbnd.
linear expntl. expntl. expntl. expntl. expntl. unbnd.

oIt is at least expntl., which is also true for DPDA.
YAt least expntl. for DPDA.
“Only in the case where S is a finite set.

that labels the row in the input measure that labels the column, and the bottom
part of each entry is the lower bound on achievable examples S with S* co-finite in
the same output measure and input measure. (The reader can refer to Tables 2.2
and 2.3 for notation of the measures.) The entries unbnd., linear, quadratic, expntl.,
db-exp., *, and Open mean the bound is unbounded, linear, quadratic, exponential,
doubly-exponential, not sensible, and still open, respectively.

Some of my work was published in the STACS 2008 proceedings [84], and some
is still to be published.

6.2 Open problems

There are still some problems about the FPFM that remain open. First of all, as
discussed in the Chapter 2, there are several possible measures used to describe the
size of the input words. Although the bound on the length of the answer to the
FPFM is exponential in v (the length of the longest input word) and this bound
is tight as I showed in Chapter 2, there is still the possibility that the exponential
bound in p, the total number of symbols in the input words, is not tight.

Open Problem 6.2.1. Is the exponential bound L = O(2") tight, where L =
llw (S*) and p is the total number of symbols in S, for a finite set S of words?
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A regular expression (respectively, an NFA) with size polynomial in v (the
length of the longest input word) can be made to represent (respectively, to accept)
each S in the family of languages I gave in Chapter 4, where the longest omitted
words are of length exponential in v. But for the case of DFAs, the corresponding
problem is still open. In addition, for CFGs and PDAs, we don’t even know a
proper upper bound on the length of the longest omitted words, except that it
must be at least exponential since DPDAs can be used to accept the exponential
example in Chapter 4.

Open Problem 6.2.2. Is the exponential bound L = O(QSC(S)) tight, where L =
1w (?) and sc(S) is the state complexity of a finite language S ?

Open Problem 6.2.3. What is a bound on L, the length of the longest words not
in S*, in terms of the size of a PDA M (or a CFG G), where S = L(M) (or
S=LG))?

The FPFM with 2 lengths, the 2FPFM, is solved in Chapter 2 of the thesis.
Some other interesting topics to pursue include the FPFM with a fixed number
of lengths, such as the 3FPFM. It is not likely that the kFPFM for k£ > 3 can
be solved easily in general, since for the analog of integers, the case of a larger
number of integers is dramatically harder than the case for two integers. There is
a simple expression for the Frobenius number of two integers, which is at least 100
years old, but for three integers the expression was not discovered until recently and
the expression involves some implicit constants. Nevertheless, for some particular
situations, there is the possibility of the existence of explicit expressions or fast
algorithms for the FPFM with input given by certain patterns.

Open Problem 6.2.4. s there any special integer sequence, such that when the
lengths of words in the basis S constitute such a sequence, the length of the longest
words not in S* can be computed efficiently?

In Chapter 3, some analogous problems of the FPFM are discussed in the setting
of right-infinite words, left-infinite words, and bi-infinite words. Let S be an infinite
set of finite words. Then I showed that some S can generate a non-trivially co-
finite language in the one-sided infinite words. Here co-finiteness is non-trivial if
the complement of that language is not the empty language. But it is still open
whether there is any non-trivially co-finite language in the bi-infinite words, which
is generated by some S.

Open Problem 6.2.5. Is there any infinite set S of finite words such that “S% is
co-finite in “X¥ and ¥S* is not the empty set?

Open Problem 6.2.6. Is there any infinite set S of finite words such that S is
co-finite in X¥ and S¥ is of size > 27"

1See the construction (3.73) on page 100 for a set S such that |@| =1
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Open Problem 6.2.7. Is there any set S of finite words such that “S* is co-finite
in “YY but neither of the languages S and “S is co-finite in the corresponding set
of one-sided infinite words?

In Chapter 4, I showed how to construct a generalized de Bruijn word 7 by first
finding two de Bruijn words of specific orders over specific alphabets. The word I
constructed, however, is not the lexicographically least generalized de Bruijn word of
the same length. Since the lexicographically least de Bruijn word can be calculated
efficiently, it is likely that the lexicographically least generalized de Bruijn word
can also be calculated efficiently, although we do not have any such algorithm yet.

Open Problem 6.2.8. How can we efficiently compute the lexicographically least
generalized de Bruijn word 17

Although there is a tight exponential bound on the length of the answer for
the FPFM in the length of the longest words in the input, there is the possibility
that the FPFM could be solved in time faster than exponential in terms of the
total number of symbols in the input. So far, we only know that any algorithm to
solve the FPFM must run in at least linear time, and there is an exponential-time
algorithm to solve the FPFM. Furthermore, if we only ask for the length of the
longest omitted words instead of the longest words, then it is also possible that a
faster algorithm may exist. Any bound on the answer for the FPFM described in
terms of other measures is still to be studied. For a co-finite language, there may
or may not be a relationship between different measures. Some measures may be
more related and describe computational complexity better.

Open Problem 6.2.9. s there any efficient algorithm to solve the FPFM?

The original Frobenius problem is NP-hard. It is very likely that no polynomial
algorithm for the FPFM exists, but we have no proof of this. We do not even
know if there is an efficient algorithm to decide, given a finite set S of finite words,
whether S* is co-finite. The decision problem with compressed input (by NFAs or
by regular expressions) is NP-hard and in PSPACE.

Open Problem 6.2.10. What is the computational complexity of the problem to
decide whether a given finite language generates a co-finite language?
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