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Abstract

Energy harvesting from the surrounding environment has become a hot topic in re-

search as an alternative powering solution. The concept deals with scavenging, as well as,

harvesting energy from the surrounding energy sources. Harvesting vibrations, through

Micro-Power Generators (MPGs), has drawn a lot of attention recently due to the reduc-

tion in the power requirement of the current sensors and Integrated Circuits (ICs), and the

abundance of ambient vibrations in many environments.

Vibration Micro-Power Generators (VMPGs) use one of three transduction mecha-

nisms: piezoelectric, electromagnetic or electrostatic. Although electrostatic MPGs are

the most compatible mechanism with ICs technology, many challenges face their optimal

operation including low efficiency due to power electronics switching losses, the need for

pre-charge, and the inability to operate in vibration environments with low frequencies and

amplitudes.

The objective of this thesis is to develop novel electrostatic micro-power generators

using switchless architecture to achieve low cost, small footprint, self-sustained and op-

timal power generation in different vibration environments including low frequencies and

amplitudes.

The first electrostatic MPG uses an out-of-plane capacitive transducer. The new gen-

erator is sensitive enough to extract output power at very low base excitations. It is

designed to use ready-made electret as a charging source and is therefore portable and

self-sustained. Moreover, the new MPG can be configured as a wideband MPG in its im-

pact mode of operation. A bandwidth of up to 9 Hz has been realized in this mode of

operation. An improved version of the MPG is also presented that produces almost 1mW

output power at a base excitation amplitude and frequency of 0.08 g (RMS) and 86 Hz.

Two nonlinear models developed for the free-flight and impact modes of operation of the

MPG are presented to allow future analysis and optimization of the system.
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The second electrostatic MPG uses a novel interdigitated in-plane parallel plate elec-

trostatic transducer. The new implementation can achieve 78% more output power than

the original cited implementation. The MPG is fabricated using MEMS surface microma-

chining. The MPG introduces a new beam suspension system in which the source voltage

is unlimited by the pull-in instability and low MPG center frequency can be realized. The

MPG uses charged silicon nitride as a charging source. The MPG produces 65mV at a

base acceleration amplitude and frequency of 2 g and 1.1 kHz. The prototype achieves 27%

less resonance frequency with only one eight the size of the previous implementation.

A third electrostatic MPG architecture is introduced. The new architecture eliminates

the need for restoring force elements (springs) in the MPG. The architecture can realize

arbitrarily low MPG center frequency. It is suitable for both rectilinear and cylindrical

structures and can be used with different vibration energy transduction methods. A proto-

type is fabricated and tested to demonstrate the feasibility of this architecture. The center

frequency of the prototype is found to be 2 Hz demonstrating low frequency operation.

The nonlinear behavior of switchless (continuous) electrostatic MPGs is further studied

for optimal power operation. A consistent approximate analytical solution is developed to

describe the nonlinear behavior of switchless comb-finger electrostatic MPGs. The method

of multiple scales is used to develop such model. The model was found to be valid for MPGs

operating under tight electromechanical coupling conditions and for moderately-large base

excitations.
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Chapter 1

Introduction

1.1 Motivations

Nowadays, with the advances of ICs and low power applications, it has become easy to

operate sensors with an extremely low power. These sensors with the advances of wireless

communications led to the evolution of a new concept known as Body Sensor Network

(BSN). Using advanced new architecture, low-voltage, and low-power transceivers’ circuits,

the power consumption of these sensors systems can go as low as 20 µW [21]. In such

applications, the power required is extremely low and requires nearly a life-time power

source to operate it, especially in embedded and biomedical systems.

In the last decade, the storage densities of batteries have grown substantially for both

primary and secondary batteries. Commercial Lithium-ion batteries, which are known for

their highest energy density, have typical capacities of up to 160 W.h/kg or 1.1 kj/cm3 [21].

These batteries offer a good solution for these systems when it comes to 1∼2 years of op-

eration. However, for life-time operation where sensors are required to operate indefinitely

without the need for batteries to be replaced, or in the case of embedded sensors that are

not easily accessible, batteries or constant energy sources reach their limitations. More-
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over, even drained batteries represent a huge risk to the environment since they contain

hazardous chemical materials

As an alternative, energy harvesting from the surrounding environment has become

a hot topic in research as an alternative powering solution over the last few years. This

concept deals with scavenging as well as harvesting energy from the surrounding energy

sources. Although, the concept is not new, it drew a lot of attention due to the advances

and the reduction in the power requirement of the current sensors and ICs.

Vibration-based energy harvesters (VEHs) represent one of the appealing methods cur-

rently involved in research to produce electrical energy in the range of micro-watts [15].

These vibration harvesters or MPGs fall into one of three categories: piezoelectric, electro-

magnetic or electrostatic. Piezoelectric and electromagnetic have drawn a lot of research

interest in the past years because of their large power density and the robustness of their

operation theory. However, the implementation of these two types of MPGs requires a

magnetic or ceramic material that is not fully compatible with the current ICs fabrication

technology.

On the other hand, electrostatic VEHs are fully compatible with the ICs fabrication

technologies as they involve the use of one or more variable capacitors as an energy trans-

ducer. Therefore, implementing MPGs using this conversion method promotes their seam-

less integration in sensors.

However, all the commercial vibrational MPGs are either piezoelectric or electromag-

netic [22]. Several operational limitations have prohibited electrostatic VEHs from being

efficient power generators. The presence of power electronics for power handling during the

energy conversion of switched electrostatic VEHs lowers the conversion efficiency and thus

the harvested energy. The need for an electrical source for initial capacitance charging also

limits their life-time operation. Moreover, the lack of rigorous study of the electromechan-

ical coupling in electrostatic MPGs affected the optimization of the harvesters for power
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generation and led to a superficial conclusion of the low power density of the electrostatic

technique in comparison to the piezoelectric and electromagnetic harvesting techniques.

Moreover, electrostatic energy harvesters share the same design challenges facing vi-

bration energy harvester, including the need for miniaturization, low cost fabrication, and

operation in low frequency vibration environments.

1.2 Objectives

The purpose of this thesis is to propose novel electrostatic micro-power generators using

switchless architecture to achieve low cost, small footprint, self-sustained, and optimal

power generation in different vibration environments, including low frequencies and ampli-

tudes. Rigorous models are developed to account for the electromechanical coupling and

the nonlinear behavior of the mechanical system. These models are used to design the

electrostatic MPGs under different design constrains. Validation of the new architectures

is carried through fabrication of experimental prototypes and testing them to ensure the

achievement of the design goals.

To achieve this objective, we developed a portfolio of switchless (continuous) electro-

static MPGs. The course of development efforts took the following three stages:

1. Development of an out-of-plane electrostatic MPG using low-cost fabrication for self-

sustained, wideband, and optimal power generation in low-amplitude vibration envi-

ronments.

2. Development of two electrostatic MPGs using an in-plane interdigitated transducer

for small form-factor devices and vibration environments with low vibration frequen-

cies.
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3. Study of the electromechanical coupling in electrostatic MPGs to understand the

effect of the interaction between the MPG’s transducer and the mechanical oscillator

on the performance.

1.3 Thesis outline

The thesis is organized in six chapters. The first chapter outlines research motivations and

objectives. A literature review of the existing vibration energy harvesters with a focus on

electrostatic vibration harvesters is presented in Chapter 2.

Chapter 3 illustrates the transducers architectures used for switchless energy harvesters

and contrasts their ability to harvest energy. The chapter then focuses on out-of-plane

transducers and their use in energy harvesting. An energy harvester prototype using this

transducer is built and tested to demonstrate the power generation of the transducer. Using

electret as a charging source, we built a self-sustained MPG prototype using precision

machining. The MPG performance is tested and modeled for different operation regions,

including free-flight and impact modes. An improved version of the MPG architecture is

developed to demonstrate achievement of the design goals.

Chapter 4 presents the in-plane electrostatic MPGs. The interdigitated parallel plate

transducer design is illustrated and compared with other existing designs. The implemen-

tation of this architecture in two different MPGs is presented. The 1st MPG addresses

the miniaturization challenges in MPGs. A MEMS prototype of the novel structure is

designed and fabricated using a combination of standard fabrication using a polysilicon

multi-user MEMS process (PolyMUMPs) and an on-site fabrication and assembly. The

2nd MPG aims for low frequency operation using a springless suspension system based on

a rail and carriage. The model equations and testing results of a fabricated prototype are

also presented in this chapter.
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Chapter 5 studies the electromechanical coupling in electrostatic MPGs using an exist-

ing architecture as a test case. Analysis of the MPG’s linearized model is carried out to

identify different regions of operations and the limitation of the current linearized model.

The method of multiple scales is used to obtain a uniformly-consistent second-order solution

of the nonlinear system. The solution is validated with the experimental results obtained

from the literature and the numerical solution of the system differential equations.

Chapter 6 summarizes the contributions of the thesis and points out the problems that

will be solved in future work.
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Chapter 2

Literature Survey

2.1 Introduction

Power sources are key components in wireless systems. They determine the operating

distance, duty cycle, and the system processing power. Improving the existing power

sources or using new techniques aim to reduce the footprints of these systems and obtain

more sustainable operation. Numerous techniques were proposed in the literature to power

wireless systems [2, 23–27].

These power sources can be categorized into two main groups: constant energy and

constant power sources. Constant energy sources are like batteries and fuel cells. These

sources have certain amount of energy that they deliver and then recharging/refueling is

needed. As a result, these sources have the disadvantage of being frequently serviced,

depending on their discharge rates.

Batteries can be primary (single charging) or secondary (rechargeable several times)

types. Different materials are used in batteries, including acidic, alkaline, Nickel-Cadmium

(Ni-Cd), Nickel-Metal Hydride (Ni-MH), and Lithium-ion (Li-ion) types [26]. Li-ion bat-

6



teries have the highest energy density reaching 160 W.h/kg or 1.1 kj/cm3 [21].

The gravimetric energy density of fuel cells is expected to be three to five times larger

than that of Li-ion cells and more than ten times than that of Ni-Cd or Ni-MH batteries,

whereas the volumetric energy density is six to seven times larger than that of Li-ion [24].

Fuel cell’s gravimetric energy densities reaches 8 kW.h/kg [21]. However, the use of fuel

requires conversion and exhaustion mechanisms that complicate their operation when being

miniaturized.

On the other hand, constant power sources rely on the concept of energy harvesting to

obtain sustainable energy supply. Energy harvesting is defined as the process of extracting

electrical power from ambient sources. This approach has recently gained a lot of interest in

academia. Although the power obtained from the energy harvesting is generally less than

constant energy sources and depends on the operating environment, the concept is boosted

by the advances in electronics and ICs fabrication technologies. Different energy harvesting

techniques have been reported in the literature, including light, radio frequency (RF),

temperature gradient, solar energy, and vibrations [24].

Solar energy is the most successful and conventional source to scavenge energy. The

energy conversion efficiency of a solar cell ranges from 30% for inexpensive crystalline

silicon to 10% for flexible amorphous silicon [27]. The amount of harvested energy ranges

from mW to µW, depending on the location of operation whether it is outdoor or indoor

as well as the climate conditions whether it is sunny or cloudy. Therefore, solar cells are

very good source for outdoor operation and stable climate conditions, but fall behind other

sources when operated indoor.

Temperature gradient and surrounding heat energy harvesting are another way to ob-

tain electrical energy in the range of 10 µW/cm3 [24]. However, they depend on the

temperature gradient, which can change during the operation of the generator.

Vibration energy represents one of the sources of energy that exists everywhere. Vibra-
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tion energy can be obtained from nearby machinery, people, or animal activities. These

sources vary widely in their strength and frequency of vibration. Therefore, availability of

such an energy source makes it very appealing and makes it fit in many applications, like

automotive and biomedical applications.

The energy generated can theoretically reach up to 800 µW/cm3 when operating at a

resonance condition, depending on the strength of the source [15]. Different mechanisms

have been reported for harvesting such energy starting from watches that use the vibration

energy as a source to micro-generators that scavenge such energy for microelectronics’

circuit operation [21, 28]. However, vibration energy has not yet received much attention

in comparison with solar energy. Therefore, vibration energy has been chosen as the focus

of this research in order to enhance its energy scavenging and obtain higher output power

density.

2.2 Vibration Energy Harvesters

Using ambient vibrations for energy harvesting can provide an adequate power solution

for wireless sensors in numerous environments. The existence of different vibration sources

with different frequencies and amplitudes within the environment allows different levels of

power generation. The vibration sources can be from moving bodies whether it is living or

nonliving things, building components like doors and floors, and domestic and industrial

machines.

Vibrations can be periodic with fundamental frequency and harmonics, random, or

single event motions, such as impacts and triggered motions occurring at low frequencies.

Most of the ambient vibration sources are periodic. They are defined through acceleration

amplitudes at their fundamental frequencies. Different vibration sources resulting from

different activities have been measured and characterized in [1–3]. Table 2.1 lists these
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sources with their acceleration amplitudes at their fundamental frequencies.

Table 2.1: Examples of vibration sources. [1–3]

Source Acceleration (m/s2) Frequency (Hz)

Person nervously tapping their heel 3 1

Car instrument panel 3 13

Parking meter 0.0327 13.8

A/C duct center (Low setting) 0.0328 15.7

Small tree 0.003 30.0

Car hood - 750 rpm 0.0744 35.6

A/C duct side (High setting) 0.0990 53.8

A/C duct center (Low setting) 0.0398 55

Base of 3-axis machine tool 10 70

CD on notebook computer 0.6 75

Windows next to a busy road 0.7 100

Microwave oven top 1.11 120

Clothes dryer 3.5 121

Door frame just after door closes 3 125

Office desk 0.0879 120.0

Car hood - 3000 rpm 0.257 147.5

Microwave oven side 4.21 148.1

Bridge railing 0.0215 171.3

Car engine compartment 12 200

Refrigerator 0.1 240

Computer side panel 0.0402 276.3

Rotational machines 0.196 ∼ 0.784 1 ∼ 5k
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The vibration sources listed in Table 2.1 fall into three main groups: vibration due to

human activities, domestic vibrations, and rotational machine vibrations. Human-based

vibrations are characterized by low fundamental frequencies (<10 Hz). Vibrations due to

domestic activities and machines have fundamental frequencies below 300 Hz and vary sig-

nificantly in their amplitudes. Rotational machines vibrations can have large fundamental

frequencies due to the high rotational speed of their shafts.

Vibration energy harvesters generate electrical energy by allowing an inertial mass to

vibrate relative to a frame. This relative displacement is used to convert mechanical en-

ergy to electrical energy using a transducer. The transduction mechanism can be through

straining a piezoelectric material, moving a conductor in a magnetic field, or changing the

capacitance of a charged capacitor. As a result, vibration energy converters are divided

according to the transduction method into three main categories: piezoelectric, electro-

magnetic, and electrostatic. In the reminder of the chapter, an overview of the theory

behind the three methods and the existing literature are presented, illustrating the main

advantages and disadvantages of each type with a special focus on the electrostatic tech-

nique.

2.3 Piezoelectric Energy Harvesters

Piezoelectric (PZ) vibration energy harvesters use ceramic materials with good piezoelectric

property to transduce vibration to voltage output. The piezoelectricity phenomenon is the

deformation of materials in the presence of an electric field or the production of an electric

charge when the material is mechanically deformed. The governing equations for the

operation of a piezoelectric materials are

εm =
σm
Y

+ d.E

D = εE + d.σm

(2.1)
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where εm and σm are the mechanical strain and stress on the ceramic piece, respectively;

E and D are the electric field and displacement across the the ceramic piece; Y , d, and ε

are the modulus of elasticity, the piezoelectric strain coefficient, and the dielectric constant

of the piezoelectric material, respectively. The first equation in (2.1) is simply Hooke’s

law with an added term to account for the effect of the electric field, whereas the second

equation is the dielectric equation but with an added term to account for the mechanical

stress.

Piezoelectric micro-power generators (PZ MPGs) can be classified according to the

method of operation into three types: impact-coupled, direct-coupled, and inertial-coupled

types [28]. Impact-coupled PZ MPGs generate output voltage through impacting the

piezoelectric material by a moving mass (e.g., a ball). Direct-coupled PZ MPGs apply

compressive forces directly to the piezoelectric material. These two types are well suited

for low-frequency vibration sources (e.g., human motion). Inertial-coupled PZ MPGs use

an inertial mass in a frame to couple the vibration to the PZ structures. These structures

are mechanically stressed during their motion, leading to voltage generation. This type of

generators is not suitable for low-frequency operation as they efficiently work around the

natural frequency of the suspended structure.

PZ MPGs have many advantages and some limitations [28]. They offer the simplest

harvesting approach, whereby vibrations are converted into a voltage output by using an

electroded PZ material. They generate large output voltages but with limited currents.

They are suitable for miniaturization through micro-fabrication where several processes

exist for depositing piezoelectric films. On the other hand, the transduction efficiency of

PZ MPGs is limited by the piezoelectric material properties rather than by their design.

Moreover, the ceramic nature of the piezoelectric material limit the lifetime and durability

of the generator. The load impedance of this generator type needs to be high for efficient

generation (> 100 kΩ).
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(a) (b)

Figure 2.1: Proposed piezoelectric MPG [2]: (a) Schematic, (b) Picture.

Different authors [21, 28–30] have reviewed the existing PZ MPGs. From these cited

MPGs, Roundy et al. [2] have demonstrated the use of thin film piezoelectric films in MPGs.

They fabricated an inertial-type PZ MPG prototype. The prototype was fabricated by

attaching a PZT-5A shim to each side of a steel center beam. A cubic mass made from an

alloy of tin and bismuth was attached to the end and the generator was tuned to resonate

at 120 Hz. The volume of the prototype is 1 cm3. A model of the developed piezoelectric

generator, Figure 2.1, was constructed and validated. For an input vibration of 2.25 m/s2

at about 120 Hz, the maximum power density generated in a resistive load is 335 µW/cm3,

whereas that generated in a purely capacitive load is 180 µW/cm3.

The Volture PEH20W PZ MPG offered by Midé, Inc. is an example of the existing

commercial solutions in the VMPGs market [8]. Figure 2.2 shows a picture of the packaged

MPG. The volume of the MPG with the power electronics is around 40.5 cm3. The system

produces up to 16 mW at 80 Hz for 1g peak vibration amplitude. The harvesting bandwidth

is 3 Hz. The resulting power density is equal to 395 µW/cm3 which is close to Roundy et

al.’s MPG power density.
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Figure 2.2: Volture PZ MPG offered by Mide, Inc [8].

2.4 Electromagnetic Harvesters

The operation principle behind electromagnetic transduction is explained using Faraday’s

law. He states that the change in the magnetic field lines passing through a closed-loop

fixed conductor leads to the generation of current in the conductor as shown in Figure 2.3.

The resulting voltage is equal to

Vinduced = −dφB
dt

(2.2)

where φB is the magnetic flux.

The conductor typically takes the form of a coil and the electric current is generated

by the relative movement of the magnet and coil. The generated voltage depends upon the

strength of the magnetic field B, the velocity of the relative motion v, and the number of

turns of the coil N . Using (2.2), the resulting open circuit voltage across the coil is

Vinduced = NBLv (2.3)

where L is the length of one coil.

Decreasing the volume of the MPG limits the value of the generated voltage as the

values of N and L become small. The typical open-circuit voltage for 1 cm3 was reported

to be below 150 mV [2]. As a result, EM MPGs need to step-up the output voltage before

rectification using transformers or voltage doublers. Transformers at the small scale are

characterized by low efficiency due to the high core losses. In addition, the requirement of
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Figure 2.3: Principle of operation of electromagnetic MPGs.

a high magnetic field requires a strong permanent magnetic whose implementation is not

compatible with current MEMS processes.

On the other hand, EM MPGs have some advantages over other MPGs. They do not

require an initial source because they rely on a permanent magnet as a source of magnetic

flux. The mechanical part of the EM MPGs can be easily designed without the need for

mechanical contact, which improves its reliability and reduces its mechanical damping. In

addition, the existing literature in AC generators gives a boost to the effort of designing

and implementing commercial vibrational MPGs.

Different authors [21, 28, 31] have reviewed the existing EM MPGs. Several attempts

to implement an electromagnetic micro-generator were demonstrated both on the micro

and macro sizes. One of the earliest implementations is that of Williams et al. [9]. A

micro-size electromagnetic generator was designed and fabricated. A rare-earth magnet

was assembled to provide the needed magnetic field. Figure 2.4 shows a schematic of the

cross-section of the generator. The size of the generator is 5 mm × 5 mm × 1 mm and

it generates 0.3 µW from a 4 MHz excitation input. Such a high vibration frequency as

well as the use of an external magnet reduce the usability of these generators for real

applications.
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Figure 2.4: Cross-section of the electromagnetic MPG proposed by Williams et al. [9].

Figure 2.5: Commercial Perpetuum EM energy harvester [10].

As an example of commercial EM MPGs, Perpetuum Ltd [10] has developed a series

of vibration-powered electromagnetic generators, which cover a broad range of vibration

frequencies. Power outputs of up to 5 mW at an acceleration of 0.1 m/s2 have been

demonstrated and their devices, shown in Figure 2.5, have been used to power sensors and

commercial wireless modules.

Examination of the literature on MPGs shows that EM MPGs have been a hot topic

in research over the last few years because of the well-established operating principles of

AC generators. Moreover, macro-scale EM MPGs have demonstrated the generation of

mWs output power enough to power commercial wireless modules. However, scaling down

the size of EM MPGs produces small output voltages below the rectifying diodes cut-in
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voltage. As a result, additional transformer or voltage doublers circuits are needed.

2.5 Electrostatic Energy Harvesters

Many similarities in the theory of operation exist between electromagnetic and electrostatic

generators. In electrostatic generators, mechanical energy is stored in an electric field

in contrast to electromagnetic generators in which it is stored in a magnetic field for.

Moreover, an energy storage device is present in both cases. In electromagnetic generators,

the inductance of a coil stores the magnetic field while a capacitor stores the electric field

in electrostatic generators.

Electrostatic generators are older than electromagnetic generators. The first primitive

electrostatic generator was invented in 1663 by Otto von Guericke. Since that time, sev-

eral electrostatic machines have been demonstrated. The method of generation in these

machines varies between friction, charge induction and variable capacitor techniques [32].

Electrostatic generation machines can be classified into two groups: three-element ma-

chines and two-element machines. In three-element machines, a charge induction element

causes a charge to be produced and deposited on a transporting element. This transporter

can be an insulating belt, a disc, a gas, or an oil or water droplet. By allowing the motion

of this charged transporter away from the induction source, the potential of the charges

is raised until the charges are collected by the other terminal. These machines are also

called fixed-capacitance or charge-transporter machines. An example of these machines is

the Van de Graaff belt-type machine [33].

However, this group of electrostatic machines is suitable for large-scale machines only.

For efficient operation of these machines, a sufficient charge production and a long trans-

portation distance to raise the potential are required. These conditions are not suitable

for micro-power generation on the small-scale and can lead to electric discharge in the air
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or breakdown of the dielectric.

The two-elements machine is simply a variable capacitor that varies cyclically between

minimum and maximum values. This type of machines is characterized by higher effi-

ciency and power density compared to the first type. Besides, two-element machines are

based on variable capacitors, which can be implemented on the small-scale for micro-power

generation.

To illustrate the concept, we can write the electrical power stored in a capacitor with

variable capacitance and electric field as

P = vi = v
dq

dt

= v
d(cv)

dt

= cv
dv

dt
+ v2dc

dt

(2.4)

The first term in (2.4) represents the power stored in the electric field due to an applied

electric source, while the second term represents additional contribution to the power due

to the change in the capacitance with time. Therefore, by changing the capacitance with

time, we can change the amount of power stored in the charged capacitor. In short, allowing

vibrations to change the capacitance value of a charged capacitor will change the amount

of stored energy inside the capacitor.

The main advantages of the electrostatic generator are the compatibility with the back-

bone of MEMS technology as well as the possible integration with electronic circuits. Unlike

electromagnetic generators, electrostatic generators produce a satisfactory voltage suitable

for electronic circuits that will be attached for power conditioning. On the other hand,

electrostatic generators suffer from a main operational limitation. They require an initial

source of electrical energy in order to start the conversion.

Comparing the three transduction mechanism, we noted that the main limitation fac-

ing both piezoelectric and electromagnetic generators is the use of special materials (i.e.,
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ceramic materials and magnets). These materials place a limitation towards MPGs in-

tegration with ICs technology. These problems can be solved only on the process level

through improving or inventing processes that allow the development of these generators

as well as the integration of external electronics. On the other hand, the short comings

of electrostatic MPGs are operational and not problems in the fabrication processes. In

other words, with a better design of the transducer as well as finding alternatives for the

initial energy source, the performance of electrostatic generators can be improved without

the use of special costly processes.

In the next section, classification of electrostatic MPGs according to their charging

mechanism is presented with a discussion on the existing implementations.

2.5.1 Switched Electrostatic Micro-Power Generators

In this type, the capacitive transducer is charged at the maximum capacitance instance and

then either the charge or the voltage on the capacitor is constrained during the free flight

of the movable electrode. The charge is drained from the capacitor when the minimum

capacitance position is reached. This charging cycle is called conversion cycle and occurs

every vibration period.

Figure 2.6 shows the Q–V plot of the capacitive transducer during energy conversion

using charge-constrained and voltage-constrained operation. The amount of generated

energy is the area enclosed by the curve. Increasing the amount of generated energy

requires increasing the capacitance of the transducer and the tuning range of the capacitor

and a proper control of the switching times.

As a result, power electronics circuits are present in this type of ES MPGs to perform

three main functions: extracting power from the generator, returning some of the energy

back to the generator in order to initiate the next conversion cycle, and regulating the
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(a) (b)

Figure 2.6: Switched electrostatic MPG’s conversion cycle: (a) charge-constrained, and (b)

voltage-constrained.

output in order to deliver a constant voltage to the load. Although the wording “power

electronics” is confusing because the generator is dealing with power in the µW to mW

range, it is still valid because of the presence of relatively high voltage and high current

during switching. Moreover, control circuits are needed to control the operation of the

generator by controlling the timing of the switches used in the power electronics circuits.

A functional block diagram for switched electrostatic MPGs is illustrated in Figure 2.7.

In the block diagram shown in Figure 2.7, we have distinguished among the transducer,

energy harvester, and the micro-power generator blocks. The capacitive transducer block

is the variable capacitor. The energy harvester includes beside the variable capacitor, a

mechanical oscillator with the capacitor’s movable electrode attached to the inertial mass

of the oscillator. The micro-power generator includes the power electronics and control

circuits, the energy harvester, and the charging source.

Different switched ES MPGs have been proposed in the literature. In fact, the first

electrostatic MPG was of the switched-type. The first electrostatic micro-generator system

was proposed in [11, 34]. A schematic of the micro-generator is shown in Figure 2.8 in
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Figure 2.7: Traditional electrostatic micro-power generator block diagram.

which the size of the proposed transducer is 1.5 cm × 0.5 cm without including the spring.

A comb-like structure with overlap variation topology was used to build the transducer.

The thickness of the device is 500 µm. The finger length was 512 µ with a width of 7 µm

and a gap of 7 µm. The capacitance of this device varies between 2 pF and 260 pF. The

device is capable of two conversion cycles per vibration cycle, thereby doubling the amount

of harvested power. The amount of harvested power is predicted to be 8.66 µW from a

vibration source of frequency 2520 Hz and an acceleration equal to 0.196 m/s2 (2% of

the gravitational acceleration). This device was only proposed but not fabricated. Subse-

quently, the fabrication steps and structure of the transducer were further developed in [3].

However, the device failed to be fabricated due to the stringent dimensions/requirement

for the fingers and the gap between them.

Tashiro et al. [12] presented a macro-size ES MPG in which a honey-comb-type variable

capacitor with a capacitance variation of 32 – 200 nF was used to convert mechanical energy

into electrical energy. A sketch of how the capacitance varies is shown in Figure 2.9.
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(a) (b)

Figure 2.8: Meninger et al.’s electrostatic MPG: (a) schematic, and (b) SEM picture [11].

The capacitance is changed by changing the gap between honeycomb-type structures. An

output of 58 mW was reported for this generator using a 24 V charging source and a load

of 1 MΩ. The device weighs 0.64 kg.

In 2002, Roundy et al. presented a transducer that is capable of producing a predicted

power of 54 µW using a comb-finger structure with a gap variation topology [2]. The device

has a nominal gap separation of 530 µm, a finger length of 50 µm, a 0.25 µm minimum gap,

and a device thickness of 200 µm. A vibration source of amplitude 2.25 m/s2 at 120 Hz

was used to power the micro-generator. The authors proved the concept of operation using

a macro-scale generator. The device was based on out-of-plane gap closing topologies. It

produced an output power of 0.1 nW for a 3 V source and about 1 nW for a 9 V source

with an operating vibration frequency of 100 Hz. Three prototypes using different MEMS

fabrication processes and sizes were fabricated. However, the devices failed to operate

due to problems in the fabrication processes, integration of the diodes, the high electric

resistivity of the electrodes, and the stringent dimensions of the fingers.

A working out-of-plane cantilever-based MPG was presented by Miyazaki et al. [13].

A picture of the generator is shown in Figure 2.10. The MPG has a base capacitance of

1 nF and a variable capacitance of between 30 pF and 350 pF. The device resonated at
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Figure 2.9: Capacitance variation in Tashiro et al.’s ES MPG [12].

45 Hz. The device was tested on a wall with a 1 µm displacement up to 100 Hz. A power

of 120 nW was harvested for a wall acceleration of 0.08 m/s2.

Despesse [35] reported on an electrostatic MPG with a wide bandwidth(<100 Hz).

He used an in-plane gap-closing transducer operating in the charge-constrained mode to

achieve high electrical damping. A fabricated macroscale bulk tungsten structure, with

a volume of 18 cm3, delivered 1.05 mW at 50 Hz and 1 g acceleration, with an inertial

mass of 104 gm. Another silicon microstructure of volume 81 mm2 × 0.4 mm with a 2 gm

inertial mass excited by a vibration amplitude of 95 µm at 50 Hz is predicted to produce

a scavenged power of 70 µW.

An electrostatic generator with a transducer topology based on out-of-plane parallel

plate transducer was presented in [14]. The cross-section of the transducer is shown in

Figure 2.11(a). The capacitor was a hybrid integrated device. The generator is a meso-

scale generator. It is 28 mm × 28 mm × 2 mm. It had a considerably large gold inertial

mass. The mass of the moving plate of the capacitor is estimated from the dimensions on

the schematic to be about 2.5 gm. The inertial mass is suspended using a highly flexible
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Figure 2.10: Picture of the capacitor proposed in [13].

polyimide membrane. Metal is deposited on the fixed plate as well as the moving plate to

insure good contact. The capacitance variation of this structure was estimated between

1 pF and 100 pF. The transducer was driven using a 26 V voltage source and the output

voltage reached 2.3 kV. This large output voltage makes integrating the transducer with

integrated electronics difficult. The amount of power generated from this device based on

the charging and discharging of the charges was calculated to be 24 µW at a vibration

frequency of 10 Hz.

Based on this energy harvester, a non-resonant MPGs was presented by Mitcheson et

al. [15]. The new MPG is called “the Coulomb-force-parametric generator (CFPG)”. The

CFPG is inherently a nonlinear mechanical device where it uses a very low stiffness sus-

pension to eliminate the dependance on the natural frequency. The device was fabricated

using a three-wafer construction. The central wafer contains a silicon inertial mass, forming

one plate of the variable capacitor, along with a silicon frame and a polyimide suspension

metallized for electrical contact. Polyimide is chosen to give a very low suspension stiffness.

The bottom wafer is glass to minimize parasitic capacitance. Charging and discharging are

through studs with which the moving mass makes contact at the ends of its travel, resulting
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(a) (b)

Figure 2.11: CFPG electrostatic MPG [14, 15]: (a) device’s cross section and (b) MPG

picture.

in self-synchronous operation. Figure 2.11(b) shows a picture of the complete device. The

measured output energy was 120 nJ per cycle at 30 Hz, with a source acceleration of 10

m/s2.

2.5.2 Switchless Electrostatic Micro-Power Generators

Switchless or continuous ES MPG relies on operating the capacitive transducer charged all

the time. The system dynamic will change both the voltage and charge on the capacitor

as vibration occurs, leading to a net energy generation. The Q–V curves of this type of

MPGs is presented in details in Section 3.2. The operation in this case is neither charge

nor voltage constrained.

Figure 2.12 shows the functional block diagram of the switchless type MPG. The power

electronics and control circuits used for charging and discharging control are eliminated.

As a result, the energy consumed in those circuits is eliminated, resulting in a simpler

structure with higher conversion efficiency.

24



Figure 2.12: Switchless electrostatic micro-power generator block diagram.

The charging sources can be either an external DC voltage or a layer of electret, which

is used to induce charges on the electrodes of the capacitive transducer. The electret acts

similar to a magnet. A magnet is a body that possess long-lasting magnetism. Similarly,

an electret is a body that possess long-lasting electrization or polarization. In other words,

an electret is a dielectric material that exhibits a quasi-permanent electrical charge. The

term ”quasi permanent” means that, if the electret layer is properly handled, it can retain

its charge for years. Such materials are widely used in microphones. More information

about the history and nature of electrets can be found in [32, 36].

Significant efforts have been devoted to developing electret-based electrostatic MPGs in

the last five years. Boland et al. [16] miniaturized an electret-based electrostatic generator

proposed by Tada [37]. The fabricated MPG shown in Figure 2.13 had a rotor diameter of

8 mm and an output power of 25µW at 4170 RPM.

Tsutsumino et al. [17, 38] developed the electric subsystem of an electrostatic MPG

using electret-based interdigitated parallel-plate capacitors. The moving electrode of the
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Figure 2.13: Rotary electrostatic MPG [16].

Figure 2.14: 3D schematic of Tsutsumino et al.’s electric subsystem [17].

variable capacitor was attached to a shaker to move it parallel to the fixed electrode as

shown in Figure 2.14. Using rectangular electrodes, 10× 20 mm2, they realized maximum

output power of 278 µW. Later, they modified their design to divide the variable capacitor

into two out-of-phase capacitors and found that this architecture improves the power ex-

traction capacity of the MPG and transforms the electric damping force from Coulomb-like

to viscous [38, 39].

Edamoto et al. [18] constructed a fully functioning MPG, Figure 2.15, by combining
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(a) (b)

Figure 2.15: Electret-based interdigitated parallel plate electrostatic MPG [18] (a) 3D

schematic of the MPG, (b) Packaged MPG picture.

this electric subsystem with a mechanical subsystem. The movable electrodes were at-

tached to an inertial mass suspended from soft parylene springs to create a low-frequency

resonator [40]. They also used two electret layers to induce levitation forces in the mov-

able electrodes, thereby protecting against pull-in [41]. The simulated output power was

12.5 µW, but it dropped in experimental measurements to 0.28 µW due to misalignment

between the electrodes of the variable capacitor [42].

Naruse et al. [19] used interdigitated capacitive electrodes with a microball bearing

suspension [43] to develop low-frequency electret-based electrostatic MPGs. The microball

bearing suspension, shown in Figure 2.16, allowed the use of compliant springs, while

keeping a firm separation gap. The MPG used an electret layer formed using a new

technique that made the electret’s surface voltage reaches up to 800V with the use of

silicon oxide as an electret material. The dimensions of the device are 20 mm×45 mm.

The fabricated MPG produced 20 µW output power from a vibration source of frequency

2 Hz and an acceleration amplitude equals to 0.4 g. The comb-finger capacitive transducer
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Figure 2.16: New structure of Naurse at al.’s MPG supported with microball bearings [19].

is employed in electrostatic MPGs in several implementations. Sterken et al. [20] proposed

and fabricated a rectilinear electret-based electrostatic MPG using comb-finger variable

capacitors and a predicted output power of 50µW. Bartsch et al. [44] fabricated two MPG

prototypes based on Sterken et al.’s topology: a meso-sized prototype (59 mm × 86 mm)

and a micro-sized prototype (3 mm × 6 mm) with output powers of 0.36 µW and 1.4 nW,

respectively, [6].

2.6 Discussions and Summary

From the above survey, it is difficult to compare the performance of different reported

generators based on the output power density only. Two reasons are behind these diffi-

culties. The first reason is the wide variation in the vibration sources, which has a direct

impact on the amount of output power generated because it is equal to the product of the
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output energy and the operating frequency, which in most cases is the vibration frequency.

Moreover, the smaller the vibration frequency is, the larger the inertial mass is, resulting

in larger generator volume which affects the energy density.

The second reason is that some of the published works report the movable electrode

displacement without mentioning the vibration displacement, which makes it difficult to

normalizes the output power with respect to the input vibration power. Moreover, one of

the generators was of the rotational type, which makes it even more difficult to compare

its performance with respect to others.

As a result, rather than using the output power or energy density as the only measure of

performance,other operating parameters need to be considered. Some of these parameters

are:

• Frequency of operation

The operating frequency of an electrostatic generators is limited by the frequency of

the vibrating source. The reason behind this is to achieve maximum displacement of

the movable electrode by working at the natural frequency of the mechanical structure

of the transducer. However, for low-frequency vibration sources, it is very difficult

to match the natural frequency of the device to the vibration frequency because this

requires a large inertial mass. The direct impact of the low frequency of the excitation

source is to have larger volume and lower output power, which are unavoidable using

current implementations.

• Electrostatic MPG types

The use of electret layer in switchless ES MPGs as a source of charge induction

seems to be the best solution for several reasons. The first reason is the possibility of

integrating it within the generator without the need of assembly or special processes.

The second reason is the possibility of using SiO2 and Si2N3 interface for trapping

charges to act like an electret [45]. The third reason is the elimination of the power
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electronics circuitry needed to pass energy between the capacitor and the energy

source to sustain the conversion process. The presence of such circuits complicates

the design, increases the power losses in the conversion cycle, and decreases the

resulting output power. However, the drawback of switchless ES MPGs is the need

of a large resistive load (in the range of 10 MΩ to 100 MΩ) to work efficiently.

• The design of the transducer

The two main structures proposed in the published work are either a comb-finger or

a parallel plate structure. Although the comb-finger structure can achieve a large

capacitance variation and is easy to operate compared to the limitation in parallel

plate capacitors (pull-in problem, stiction, . . .etc), they fail in most of the cases. The

reason behind this is that implementing large capacitance requires a large number of

fingers with large aspect ratio as well as small gap operation, which make fabrication

of the device more difficult as well as costly because of the need for a high-aspect

ratio bulk micro machining fabrication facility.

Moreover, due to the large size of the comb-structure transducer, a comparable dis-

tributed resistance appears across the transducer due to the limited conductivity of

polysilicon. Such resistance may cause the transducer operation to fail [2]. As a

result, most of the reported literature using comb-like structures failed to fabricate

or operate the actual designs; instead, they were forced to fabricate reduced size

transducers, which affect both the operation and the expected output power.

On the other hand, parallel plate structure can achieve large capacitance values

using more planar technology and using metallic electrodes to minimize the effect

of shunt distributed resistance. In addition, it is possible to include intermediate

layers, such as electrets or high dielectric materials, to elevate the performance and

reduce the size. In conclusion, a parallel plate structure suits more the requirements

of electrostatic MPGs.
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According to the aforementioned discussion, switchless (continuous) electrostatic MPGs

using electret is a suitable implementation for portable and lifetime operation. This MPGs

type eliminates the power electronics and control circuits needed in the conversion process.

However, current implementations of switchless electrostatic MPGs suffer from limitation

according to their topology and the operating frequency. Therefore, improved structures

are needed to enhance the performance of switchless electrostatic micro-generators as well

as the easiness of implementation.
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Chapter 3

Out-of-plane Switchless Micro-Power

Generators

3.1 Introduction

In this chapter, the theory of Switchless (continuous) MPGs is developed. In-plane and

out-of-plane transducers for switchless energy generation are presented with special focus

on their energy harvesting capacities. A system model of the out-of-plane transducer is

derived and validated using a macro prototype. The experimental results of the prototype

are compared with the model results showing good agreement.

Practical implementation of the MPG by embedding an electret film within the trans-

ducer is presented. The experimental results demonstrate the energy harvesting capability

of this type of MPGs. Moreover, the results show the occurrence of impacts and their

role in obtaining wideband energy harvesting. A comprehensive model is developed that

takes into account the impact process. Finally, an improved version of the MPG prototype

is presented. The MPG achieves high energy generation, low vibration amplitude and

wideband operation.
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3.2 Switchless Energy Harvesters

Consider the circuit shown in Figure 3.1. The circuit consists of a DC voltage source Vdc, a

variable capacitor Cv, and a load resistance R. When Cv is held constant, the steady-state

voltage drop across the capacitor is equal to the source voltage, leaving no current through

or voltage drop across the resistance. On the other hand, if Cv is allowed to vary over time,

an AC voltage drop Vac develops across the capacitor and a similar and opposite-polarity

voltage drop develops across the resistor.

There is no power dissipation in the voltage source because its voltage is held constant

while the current passing through it is AC. On the other hand, the root mean square of

the electrical power delivered to the load is

Pe = R (Iac)
2
rms

where Iac is the current passing through the load. Therefore, net power generation is

achieved. The circuit in Figure 3.1 is used to generate electrical energy out of vibrations

by allowing those vibrations to vary the capacitance Cv.

The electrical model of the transducer in Figure 3.1 can be derived by applying Kirch-

Figure 3.1: A circuit diagram for switchless (continuous) energy harvesting.
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hoff’s voltage law to the circuit, the resulting differential equation is

Vdc = VC(t) + I(t)R

=
q(t)

Cv(t)
+ q̇(t)R

(3.1)

where q(t) is the charge stored in the capacitor Cv(t), VC(t) is the voltage across the

same capacitor, and q̇(t) is the current passing through the resistance R. Implementation

of variable capacitors can be of either the in-plane or out-of-plane type. The relative

motion between the electrodes of in-plane variable capacitors, like the overlap comb-finger

capacitor shown in Figure 3.2, occurs in the plane of one or both electrodes. The relative

motion between the electrodes of out-of-plane variable capacitors, like the parallel plate

capacitor shown in Figure 3.3, is perpendicular to their planes.

The capacitance of the in-plane overlap comb-finger capacitor is

Cv = C◦

(
1− x(t)

h◦

)
(3.2)

where C◦ is the nominal capacitance at a nominal finger length, h◦, while x(t) is the

displacement of the movable electrode. The capacitance of out-of-plane parallel plate

capacitors is

Cv =
C◦(

1− x(t)/g◦
) (3.3)

where C◦ is the nominal capacitance at a nominal gap, g◦, between the electrodes while

x(t) is the displacement of the movable electrode. Using (3.2) in (3.1), the electrical model

of the in-plane comb-finger transducer can be written as

q̇ =
Vdc
R
− q
[ 1

RC◦
(
1− x/h◦

)] (3.4)

Similarly using (3.3) in (3.1), the electrical model of the out-of-plane implementation can

be written as

q̇ =
Vdc
R
− q
[(1− x/g◦)

RC◦

]
(3.5)
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Figure 3.2: A schematic of an in-plane variable capacitor.

Figure 3.3: A schematic of an out-of-plane variable capacitor.

The choice of a suitable transducer for vibration energy harvesters requires a method to

estimate the energy harvesting capacity. The area enclosed by the Q–V curve can be used

to determine the amount of electrical energy harvested per conversion cycle. Assuming a
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sinusoidally moving electrode such that

x(t) = x◦ sin(Ωt+ γ) (3.6)

where x◦, Ω, and γ are the amplitude, frequency, and phase angle of the displacement of the

moving electrode, respectively, the resulting Q–V curves for the in-plane and out-of-plane

cases are shown in Figures 3.4 and 3.5 for the same amplitude of electrode displacement

normalized with respect to h◦ and g◦, respectively. The plotted voltage and charge are

normalized with respect to Vdc and C◦Vdc, respectively. As a result, the harvested energy

is equal to the area enclosed by the loci times C◦V
2
dc; the magnitude of electric energy

injected into the system initially.

Comparing the two figures, it is clear that, due the singularity in the out-of-plane

capacitor as x◦ → g◦, the amount of harvested electrical energy per conversion cycle is much

more than that of the in-plane capacitor for the same normalized stroke when the motion

becomes comparable to the gap. Moreover, although the in-plane electrode displacement

is normalized with respect to the finger length h◦, which enables the use of larger finger

lengths without decreasing the nominal capacitance C◦, structural instability places an

upper bound on the maximum realizable comb-finger length. From this discussion, it

is clear that out-of-plane transducers have a good potential as switchless micro-power

generators compared to conventional in-plane transducers.

The amount of harvested energy depends on the size of the movable electrode motions

x(t). The motion of the movable electrode does not depend only on the external excitation

but also on its coupling with the electrical harvesting transducer. Therefore, it is important

to study the integrated system dynamics to correctly estimate the harvested energy. In

the next section, a complete system model of the out-of-plane energy harvester will be

presented.
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Figure 3.4: Q–V curves for the in-plane transducer for different electrode displacement

amplitudes.
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3.3 System Model

To study the system dynamics, we augmented the electrical model of the transducer with

a model to describe the capture of kinetic energy. Typical vibration-energy harvesters

capture base excitations, as shown schematically in Figure 3.6 [46]. Base excitations move

the frame with a displacement y(t). A spring exerts a force Fs on an inertial mass, m,

attached to one of the capacitor’s electrodes, to keep it suspended inside the frame. The

relative displacement of the mass with respect to the frame is x. The electrostatic field

exerts a force Fe to attract the moving electrode to the fixed electrode while a damper

opposes the motion of the mass with a damping force Fd. Using the relative displacement

as state variable, the equation of motion of the system can be written as

mẍ = Fe − Fs − Fd −may(t) (3.7)

where ay(t) = ÿ = A◦ cos(Ωt) is the base acceleration and A◦ is the amplitude of base

acceleration. The electrostatic force between the electrodes is obtained by differentiating

the energy stored in the capacitor with respect to the movable electrode displacement.

Figure 3.6: Mechanical model of a vibration energy harvester.
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Therefore, the electrostatic force of the out-of-plane capacitors is

Fe =
q2

2g◦C◦
(3.8)

Using (3.8) in (3.7), a linear spring force Fs, and a viscous damping force Fd, we write the

equation of motion as

mẍ =
q2

2g◦C◦
− k1x− cmẋ−mA◦ cos(Ωt) (3.9)

where k1 is the linear spring constant and cm is the mechanical damping coefficient, which

can be written as

cm = cl + csq (3.10)

where csq accounts for squeeze-film damping and cl accounts for damping due to other

sources. Squeeze-film damping depends on the gap between the electrodes and, therefore,

constitutes a nonlinearity in the equation of motion. Following Fedder [47], the squeeze-film

coefficient is represented by

csq =
3

2π

µA2

(g◦ − x)3
(3.11)

where µ, A, and g◦ are the coefficient of viscosity of air, the electrodes surface area, and

the nominal gap between the electrodes, respectively.

Substituting (3.10) and (3.11) into (3.9) and using (3.5), we find that the system dy-

namics are described by the differential equations

q̇ =
Vdc
R
− q
[(

1− x/g◦
)

RC◦

]
mẍ =

q2

2g◦C◦
− k1x−

(
cl +

3

2π

µA2

(g◦ − x)3

)
ẋ−mA◦ cos(Ωt)

(3.12)

The quantities

ωm =

√
k1

m
, ζl =

cl

2
√
k1m

(3.13)
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are then introduced into (3.12) to represent the mechanical natural frequency ωm and the

damping ratio ζl, respectively. As a result, the system differential equations become

q̇ = − q

RC◦

(
1− x

g◦

)
+
Vdc
R

ẍ =
q2

2mg◦C◦
− ω2

mx−
(

2ζlωm +
3

2π

µA2

m(g◦ − x)3

)
ẋ− A◦ cos(Ωt)

(3.14)

This is a system of nonlinear coupled differential equations in the state variables q and

x representing a lumped-mass model of the energy harvester in free-flight. It does not

account for the possibility of the inertial mass coming into contact with the fixed electrode

which will be addressed using a separate model. In the next section, model validation will

be carried out by comparing the numerical solution of (3.14) with the experimental results

obtained from testing an out-of-plane implementation of the energy harvester.

3.4 Model Validation

The prototype used to demonstrate the out-of-plane electrostatic energy harvester was

fabricated using precision machining. Figure 3.7 shows a picture of the electrostatic har-

vester prototype. Its dimensions are (9 mm × 2 mm × 1.8 mm). It consists of a bottom

fixed electrode and an upper movable electrode attached to the anchors using four guided

aluminum beams. The anchors are fixed to the base using screws. The gap between the

electrodes is varied by inserting shims between the anchors and the base to obtain the

corresponding gap. The inertial mass is made of a steel rectangular cube attached on top

of the movable electrode. Table 3.1 summarizes the prototype dimensions.
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Figure 3.7: Picture of the electrostatic energy harvester prototype.

The linear spring constant of the guided beams can be estimated using the formula [47]

k1 = nE
bh3

L3
(3.15)

where n, E, b, h, and L are the number, Young’s modulus, width, thickness, and length

of the beams, respectively. We used the beam dimensions listed in Table 3.1 into (3.15)

to calculate k1 = 13361 N/m. The natural frequency was calculated using (3.13) and the

inertial mass m1 from Table 3.1 as ωb = 673 rad/s or fb = 107 Hz.

To account for the non-idealized geometry and configuration of the beams, nonlinear

finite element analysis (FEA) was carried out on the prototype using the COMSOL software

Table 3.1: Summary of the electrostatic harvester prototype dimensions.

Plate length 15 mm Plate width 15 mm

Beam length 32 mm Beam width 2 mm

Beam thickness 0.9 mm m1 29.5 gm
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(a) (b)

Figure 3.8: The (a) first (b) second mode shapes of the prototype.

package. The linear spring constant was then extracted from the relationship between the

static force and the displacement to be 10987 N/m. The first and second mode shapes of

the harvester prototype, shown in Figure 3.8, were also found using COMSOL. The first

mode is a torsional mode. It appears at ft = 84.6 Hz. The second mode is a bending mode.

It appears at fb = 96.1 Hz. The bending mode is used for energy harvesting, therefore

the effective mass of the energy harvester was calculated from the second mode natural

frequency and the linear spring constant using (3.13) as m = 30.1 gm.

A schematic of the experimental setup is shown in Figure 3.9. The prototype was

placed on the base of a pneumatic shaker which is used to supply base excitations. The

prototype was connected electrically to a DC power supply, primary load resistor, and test

resistor. The test resistor Rtest was used in series with the load resistor Rload to prevent

the loading effect of the signal analyzer input impedance. The signal analyzer measures

the root mean square (RMS) of the output voltage across the test resistor.

The load resistance is composed of primary and test resistances of 1 MΩ and 100 kΩ,

respectively. The gap between the electrodes was initially set to a nominal value of 250 µm,

the DC power supply to 300 V, and load resistance to R = 1.1 MΩ. The frequency-

response curve of the RMS output voltage was obtained by sweeping the frequency of
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Figure 3.9: The experimental setup of the energy harvester prototype.

base accelerations between 70 Hz and 100 Hz while holding the amplitude constant at

A◦ = 0.04 g (RMS). Two peaks are observed in the frequency-response curve, Figure 3.10,

at ft = 81.41 Hz and fb = 94.1 Hz. The first peak corresponds to the torsional mode while

the second peak corresponds to the bending mode. The voltage level of the torsional mode

is much smaller than that of the bending mode since torsional motions of the movable

electrode do not produce as much variation in the capacitance as up-and-down motions of

the bending mode.

The lower natural frequencies obtained experimentally, compared to those obtained

with FEA, are due to support flexibility (anchors, screws, and base) unaccounted for in

the FE model. Using the effective mass calculated from FEA and the natural frequency

of the second mode obtained experimentally, the linear spring constant was adjusted using

(3.13) to be k1 = 10480 N/m.

In order to compare the experimental results with the model, the actual gap g◦ and the

damping coefficients need to be estimated. The actual gap differs from the nominal gap

by the amount of static deflection that occurs because of settling under the weight of the
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Figure 3.10: RMS of the output voltage obtained experimentally from a frequency sweep

of base acceleration at an amplitude of 0.04 g (RMS).

inertial mass. The static deflection is evaluated as

xstatic =
mg

k1

(3.16)

where g is the acceleration of gravity. The static deflection of the prototype was calculated

as 25 µm, therefore, g◦ = 225µm.

The total damping ratio can be extracted from the experimental results using the half

power bandwidth BW and the natural frequency f◦ using

ζm =
BW

2f◦
(3.17)

Using the results in Figure 3.10, it was found that ζm = 0.006. A parameter estimation

procedure was developed to estimate ζl based on the fact that squeeze-film damping is
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minimal for electrode motions away from the fixed electrode. The procedure used the

frequency-response curve corresponding to the lowest excitation amplitude available in the

data set in this case, the curve corresponding to a base acceleration of A◦ = 0.02 g(RMS).

The total damping coefficient ζm was then used as an initial guess for the linear damping

coefficient ζ il = ζm. The energy harvester model (3.14) was integrated numerically for the

output voltage at resonance and the value of the linear damping coefficient was reduced

until the values of the numerical and experimental RMS output voltages match.

Using this procedure, we found the value of the linear damping coefficient to be ζl =

0.0057. Figure 3.11 compares the frequency-response curves of the RMS output voltage for

base acceleration amplitudes of A◦ = 0.02 g, 0.03 g, 0.035 g, and 0.04 g(RMS). The curves

shown in solid lines were obtained experimentally, while the curves shown in dotted lines

were obtained by integrating (3.14) for the parameters estimated above. The results show

good qualitative and quantitative agreement between the model and experiment for all

four excitation levels.

Finally, the Q–V curve was found experimentally and predicted using the model in

(3.14) at the natural frequency of the bending mode fb = 94.1 Hz. The experimental

voltage across the variable capacitor was obtained as the difference between the measured

supply and load voltages. The charge on the variable capacitor was obtained by integrating

the current measured passing through the load. The constant of integration was estimated

by shifting the experimental Q–V curve along the Q-axis to fit within the Q–V curve

obtained by numerical integration of the model (3.14). Figure 3.12 shows the experimental

and numerical Q–V curves for a base acceleration amplitude of A◦ = 0.04 g (RMS). The

areas enclosed by the two curves are close to each other. The experimental results were

moved up along the Q-axis by adding a constant of integration Q◦ = 0.72C◦Vdc. This

value correspond to the charge available on the variable capacitor at equilibrium (in the

absence of motion).
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Figure 3.11: The frequency-response curves of the RMS output voltage at four base accel-

eration amplitudes obtained experimentally (solid lines) and numerically (dotted lines).
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The experiment and model predications presented in this section show good agreement,

indicating the validity of the model developed in the previous section to describe switchless

out-of-plane energy harvesters. In the next section, a practical implementation of an elec-

trostatic micro-power generator (MPG) based on this energy harvester will be introduced

and studied.

3.5 MPG Realization

Realization of a practical electrostatic energy harvester requires the substitution of the DC

voltage source with a portable charging source. A charged dielectric embedded within the

structure of the transducer will be used to induce charges on the capacitor electrodes. A

permanently charged dielectric, an electret [36], constitutes an attractive option to satisfy

this requirement since it facilitates sustainable operation over several years. Ready-made

electrets are used here as a low cost solution to provide Vdc that avoids extra fabricating

and charging steps.

An electret film was integrated into the energy harvester prototype introduced in Sec-

tion 3.4 to constitute an Electret-MPG prototype. Figure 3.13 shows an extended 3D

schematic of the Electret-MPG prototype where the electret layer is attached to the top

surface of the fixed electrode using conductive double-sided copper tape. The electret

layer was fashioned from a negatively charged PTFE Teflon sheet (Radelec Inc.). It has a

thickness of 50 µm and the surface voltage was measured at Vdc = −410 V.

Figure 3.14 shows a picture of the assembled MPG prototype. The MPG prototype is

identical to the energy harvester prototype except that the inertial mass is initially made of

a shorter copper block with m2 = 17.5 gm, resulting in an effective mass of m = 20.4 gm.

The reduced rotary inertia of the new mass increases the natural frequency of the torsional

mode so that it exceeds the natural frequency of the bending mode. FE analysis produced

47



the natural frequency of the bending mode at fb = 121 Hz and the natural frequency of

the torsional mode at ft = 170 Hz. The test setup of the MPG prototype, Figure 3.15, is

also similar to that of the energy harvester prototype except that the external DC power

Figure 3.13: Extended 3D schematic of the electret-MPG prototype.

Figure 3.14: Picture of the electret MPG prototype.
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Figure 3.15: The test setup for the electret MPG prototype.

source is eliminated.

The nominal capacitor gap was initially set equal to g◦1 = 300µm by inserting shims

under the anchors. The frequency-response of the system is obtained by sweeping the

frequency of the base acceleration while maintaining the amplitude constant. The fre-

quency was swept up and down over the whole frequency range [110, 124] Hz to detect the

presence of hysteresis in the system response. Figure 3.16 shows the frequency-response

curves of the RMS output voltage for different vibration base acceleration amplitudes of

A◦ = 0.15 g, 0.2 g, 0.3 g, 0.4g, and 0.5 g (RMS).

The frequency-response curves in Figure 3.16 show three distinct regions of behavior:

linear, soft impact, and hard impact. Linear response is seen at low acceleration amplitudes

(A◦ = 0.15 g) and is characterized by a frequency-response curve centered around the

natural frequency of the bending mode fb = 116 Hz. Similar to the case of the energy

harvester, the natural frequency obtained experimentally is lower than that obtained with

FEA because of the un-modeled effect of support compliance.

Soft impact is seen at an acceleration amplitude of A◦ = 0.2 g where the peak of

the frequency-response curve appears wider than that of the linear response due to the

dominance of the nonlinear damping mechanism, squeeze-film, for large motions (near
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Figure 3.16: Frequency-response curves of the RMS output voltage for inertial mass m2,

gap, g◦1 = 300µm, and base acceleration amplitudes in the range A◦ = 0.15−0.5 g (RMS).

Frequency up-sweeps are shown in dashed lines and down-sweeps as shown in solid lines.

resonance) as the moving plate approaches the electret layer. Hard impact responses are

seen for base acceleration amplitudes A◦ ≥ 0.25 g. The onset of hard impact is marked by

a “knee”, an abrupt change in the curvature of the frequency-response curve.

Defining the MPG bandwidth as the half-power bandwidth for the linear response and

the distance between the response knees for soft and hard impact, we observe the following:

• The MPG bandwidth increases as the amplitude of base acceleration increases and

the response region changes from linear to soft impact to hard impact

• The up-sweep and down-sweep bandwidths are equal for linear and soft impact, while

the up-sweep bandwidth is wider than the down-sweep bandwidth for hard impact,

as reported by Soliman et al. [48].
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Specifically, Figure 3.16 shows that the MPG bandwidth increases from 2 Hz for the linear

response to 9 Hz for hard impact and a base acceleration amplitude of A◦ = 0.5 g. These

results facilitate the use of electrostatic MPGs under hard impact to design wideband

MPGs [49] that can harvest more energy by increasing the fraction of time during which

random environmental vibrations fall within the MPG bandwidth.

To test the effect of variation in the electrostatic field strength on the MPG performance,

we repeated the experiment shown in Figure 3.16 using the MPG prototype with nominal

capacitor gaps of g◦2 = 425µm and g◦3 = 750µm. The results for the three gap distances

are summarized in Figures 3.17, 3.18 and 3.19. The figures show the MPG output power

and bandwidth at the prototype’s natural frequency fb = 116 Hz in frequency up- and

down-sweeps at a constant base acceleration amplitude.

The results show that the MPG output power and bandwidth depend on the interaction

Figure 3.17: Output power and bandwidth of the MPG prototype as functions of the base

acceleration amplitude at g◦1 = 300 µm.
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Figure 3.18: Output power and bandwidth of the MPG prototype as functions of the base

acceleration amplitude at g◦2 = 425 µm.

among three factors: the strength of the electrostatic field, squeeze-film damping, and hard

impact. A small gap and, thus, a stronger electrostatic field for a given electret voltage,

allow the MPG to extract more output power from lower excitation levels than MPGs

with weaker electrostatic fields. This can be seen by comparing the output power of the

MPG at g◦1 to those at g◦2 and g◦3 at low base acceleration amplitudes A◦ ≤ 0.2 g. The

output power is more than 6 µW for g◦1 and less than 10 nW for g◦3 at a base acceleration

amplitude of A◦ = 0.2 g. That is because the output power is proportional to the nominal

capacitance C◦. Similarly, a smaller gap increases squeeze-film damping, even in the linear

region, which increases the mechanical losses in the MPG. This can be seen in the larger

bandwidth of the linear region for g◦1, BW = 2 Hz, than those for g◦2 and g◦3.

A smaller gap leads to low impact losses since it means that impact will occur at a lower

velocity. This can be seen in the figures by comparing the up-sweep bandwidth for g◦1,
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Figure 3.19: Output power and bandwidth of the MPG prototype as functions of the base

acceleration amplitude at g◦3 = 750µm.

BW = 9 Hz at A◦ = 0.5 g, to that for g◦3, BW = 5.75 Hz at A◦ = 1.5 g. Soliman et al. [49]

show that the MPG up-sweep bandwidth is counter-proportional to impact losses. On the

other hand, a larger gap allows for a longer stroke and a higher peak velocity, resulting in

higher output power. This can be seen in the value at which the output power saturates

with increasing base acceleration amplitude for the three gap distances. The output power

saturates at 8 µW, 20 µW, and 30 µW for g◦1, g◦2, and g◦3, respectively.

We conclude that it is crucial to balance these three factors in the design of out-of-plane

electrostatic MPGs. The proper balance depends on the harvesting environment:

• For environments where small-amplitude vibrations are available, a small capacitor

gap should be used to increase the strength of the electrostatic field and obtain higher

nominal capacitance C◦ while maintaining the response in the linear region, thereby

avoiding impact losses and increasing the efficiency of power extraction from low
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excitation amplitudes.

• For environments where large-amplitude vibrations are available in a narrow fre-

quency band, a large capacitor gap combined with a strong electrostatic field gen-

erated by a large source voltage will lead to high efficiency energy extraction by

maintaining the response near the linear response region while guaranteeing a larger

output power saturation level by allowing for a larger stroke.

• For environments where large-amplitude vibrations are available in a wide frequency

band, a large capacitor gap will lead to larger output power and wider MPG band-

width by operating in the hard impact region.

3.6 Impact Model

Operating the MPG in the hard impact region creates a wideband MPG with up to 9 Hz

in the up-sweep and 7 Hz in the down-sweep. Therefore, it is important to modify the

model of the MPG to include the hard impact region, so that it can be used in performance

prediction and optimization. In this section, a modified system model is developed and

verified by comparison to experimental results.

Manual assembly of the electret on the bottom electrode creates bumps on the electret

surface. To account for this, the electret film position was elevated by ge, there by reducing

the effective gap to gi, as shown in Figure 3.20. Further, since the form of squeeze-film

damping used in (3.11) has a singularity as x → g◦, two viscous damping coefficients cm

and ci were used to capture the dissipative processes during the free flight and impact

phases of motion. The damping force is thus written as:

Fd =

{
cmẋ x < gi

ciẋ x ≥ gi
(3.18)

54



The restoring force Fs is also re-defined to account for the impact phase of motion as

follows:

Fs =

{
ksx+ k3x

3 x < gi

kix+ (ks − ki)gi + k3gi
3 x ≥ gi

(3.19)

where ks and k3 are the linear and cubic stiffness coefficients of the suspension beams and

ki is the stiffness coefficient of impact with the electret-covered bottom electrode.

Substituting (3.8), (3.19), and (3.18) into (3.7), we obtain a model for the MPG in the

hard impact region composed of a system of two differential equations

q̇ = − q

RC◦

(
1− x

g◦

)
+
Vdc
R

mẍ =

{
1
2

q2

C◦g◦
− ksx+ k3x

3 − cmẋ−may x < gi

1
2

q2

C◦g◦
− kix− (ks − ki)gi − k3gi

3 − ciẋ−may x ≥ gi

(3.20)

Realization of the impact model requires estimation of the system parameters that

appear in equations (3.20). The linear and cubic stiffness coefficients ks and k3 were

extracted by fitting a third-order polynomial to the static force-deflection curve obtained

from nonlinear FEA of the MPG with inertial mass m2. The linear stiffness coefficient was

then used in conjunction with the natural frequency of the bending mode obtained from

FEA (fb = 121 Hz) to extract the effective mass of the MPG (m = 19.5 gm). The linear

stiffness coefficient was then decreased to match the natural frequency of the bending mode

to the experimentally measured value, fb = 116 Hz, thereby accounting for the compliance

Figure 3.20: Cross-section of the MPG prototype.
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in the supports. The damping coefficient of the free flight phase cm was calculated from

ζm obtained from the same experiment in (3.17) using the definition of the damping ratio

cm = 2ζm
√
ksm (3.21)

The effective gap g◦ was obtained by matching the RMS output voltage of the model to

the output from the same experiment at a frequency away from resonance (f = 110 Hz).

The linear stiffness ki of the contact spring was found by matching the slope of the

frequency-response curve of the output voltage during impact at a base acceleration of

A◦ = 0.5 g. The damping coefficient during impact ci was found by matching the predicted

and the experimental responses obtained in the up-sweep. The impact height gi was

estimated by matching the left knee in the frequency-response curve predicted by the

model to that obtained from the same experiment. The estimated model parameters are

listed in Table 3.2.

Figure 3.21 compares the frequency-response curves obtained from the impact model

and the experiment in the up- and down -sweeps, respectively, of the MPG prototype

with inertial mass m2 and a gap g◦1. The figure shows good agreement between model

predictions and experimental results.

Table 3.2: Summary of the MPG impact model parameters.

ks 10443 N/m k3 7.1× 109 N/m

ki 8ks C◦ 8.1 pF

cm 0.337 N.s/m ci 78 cm

gi 240 µm g◦ 295 µm
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Figure 3.21: Frequency-response curves of the RMS output voltage obtained experimentally

(solid lines) and predicted by the impact model (dotted lines) for frequency up-sweeps and

down-sweeps of the MPG prototype with inertial mass m2 and gap g◦1.
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3.7 Improved MPG

We examined the potential to design better MPGs that can capture more kinetic energy

from the environment by testing the effect of stronger electrostatic fields and larger inertial

mass. The strength of the electrostatic field was increased using a high-voltage electret

at a gap similar to that in the previous experiment to minimize the effects of variation in

squeeze-film damping and impact losses on the MPG performance. The surface voltage of

the charged electret film was measured upon receipt from the manufacturer at -1700 V. At

the time of the previous experiment, the surface voltage had degraded and was measured

at -410 V. The surface voltage is known to drop in open air due to charge recombination

under the influence of humidity [36]. For this experiment, we used an electret that was

sealed from air until use in the experiment to preserve the charge within the electret. We

also used the tall inertial mass m1 = 29.5 gm. The nominal gap after installing the fresh

electret is go4 = 275µm.

Figure 3.22 shows the frequency-response of the RMS output voltage using the fresh

electret, the tall inertial mass m1, and base acceleration amplitudes in the range A◦ =

0.05−0.2 g (RMS). Comparing Figure 3.22 to Figure 3.16, it can be seen that a higher source

voltage and a larger inertial mass increase the output voltage by an order-of-magnitude

for the same input base acceleration. They also result in the hard impact region starting

at lower excitation levels (≤ 0.1g), thereby producing a wider MPG bandwidth even for

low environmental vibration amplitudes. We note that the higher rotary inertia of the tall

mass m1 shifts the natural frequency of the torsional mode ft = 76 Hz below the natural

frequency of the bending mode fb = 86 Hz. This configuration has a detrimental effect

on the MPG performance in the hard impact region. This can be seen in the initial drop

in the output voltage beyond the left “knee” of the frequency-response curve instead of

the the gradual increase observed in Figure 3.16. In this initial region, impact couples the

closely-spaced bending and torsional modes, thereby channeling some of the kinetic energy
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Figure 3.22: Frequency-response curves of the RMS output voltage for inertial mass m1 =

29.5 gm and base acceleration amplitudes in the range A◦ = 0.05−0.2 g (RMS). Frequency

up-sweeps are shown in solid lines and down-sweeps in dashed lines.

to the torsional mode which is less effective in energy harvesting than the bending mode.

In fact, the time-history of the output voltage shows a signal at the forcing frequency Ω

modulated by the torsional mode natural frequency ft.

Figure 3.23 shows the output power and MPG bandwidth at the natural frequency of

the bending mode fb = 86 Hz for the fresh electret, inertial mass m1, and base acceleration

amplitudes in the range A◦ = 0.05 − 0.2 g (RMS). The bandwidth of the MPG increases

linearly with the amplitude of base acceleration in the hard impact region. On the other

hand, the output power drops progressively in the hard impact region as higher excitation
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Figure 3.23: MPG prototype’s average power and bandwidth at different accelerations for

m1.

amplitudes channel more kinetic energy into the inefficient torsional mode.

We note that, while increasing the inertial mass allows the MPG to capture more

kinetic energy, it changes the optimal load resistance, as shown in Figures 3.24 and 3.25.

Figure 3.24 shows that changing the load resistance from the nominal value R = 1.1 MΩ

increases the output power from less than 100µW to more than 900µW in the range

R = 30 − 37 MΩ. Figure 3.25 shows that decreasing the inertial mass to m2 decreases

the maximum output power to 130µW and the optimal load resistance to the range R =

10− 20 MΩ.

The analysis and results detailed above demonstrate the feasibility and advantages of

electret-based out-of-plane switchless MPGs. In fact, the improved MPG demonstrates

this potential by realizing almost 1mW of output power in Figure 3.24 at A◦ = 0.08 g

(RMS) base acceleration amplitude. In addition, implementation and fabrication of this

MPG are simple and use low-cost components. Table 3.3 compares the performance of
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Figure 3.24: Average output power as a function of the load resistance R for the inertial

mass m1 and g◦4.
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Table 3.3: Comparison with previously published work.

ES MPG Source Size Acceleration f◦ Power density

(cm3) (g) (Hz) (µW/cm3)

Bartsch et al.[44] External 20.3 N/A 90 0.36

Edamoto et al.[18] Electret 1.221 N/A 21 10.23

Hoffmann et al.[4] External 0.2 13 1330 17.5

Kloub et al.[50] External 0.171 1 1740 29.8

This work Electret 36 0.08 86 27.8

1 Packaging thickness is assumed to be 0.4 cm

this electrostatic MPG to previously reported electrostatic MPGs. The results show that

the improved prototype generates a power density closer to that of Kloub et al.[50] but

at a much lower center frequency f◦ and excitation level. Further, several engineering

enhancements can be easily introduced to minimize the volume of the device and increase

the power density. For example, using 0.2 mm instead of 0.9 mm thick sheets in the moving

structure will cut the beams length by more than one third without changing the MPG

center frequency and, thus, more than doubling the power density.

We find that the capacitor gap should be set to match the requirements of the harvesting

environment. On the other hand, increasing the electrostatic field strength, by using a high

DC voltage source, is always advantageous, leading to more sensitive MPGs that can collect

energy at lower excitation levels, have larger optimum output power, and have wider MPG

bandwidth. A larger nominal capacitance and, thus, a larger capacitor area and a larger

inertial mass allow for a larger optimum output power, however they change the nature

of the electromechanical coupling in the MPG and require a search for the optimal load

resistance.

Finally, the use of an electret layer as a DC charging source does not only make the MPG
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portable and low-cost, but also helps to isolate the two capacitive electrodes during impact.

However, since charged electrets degrade with exposure to humidity, implementation of a

good sealing is a must to preserve the electret charge over the lifetime of the MPG.
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Chapter 4

In-plane Switchless Micro-Power

Generators

4.1 Introduction

In Chapter 3, switchless electrostatic MPGs were presented with special focus on out-of-

plane parallel-plate transducers. Another popular approach to implement energy harvest-

ing transducers is the in-plane comb-finger architecture. Several implementations have

been reported using this architecture because of its linearity and low mechanical damping

losses [5, 6, 20, 34, 50]. However, implementing electrostatic MPGs using such a transducer

has some limitations. These include:

• Limited capacitance variability

The converted energy per cycle depends on the capacitance variability. Achieving

large variability in this architecture requires long and/or deep fingers with narrow

gaps. This configuration makes the structure susceptible to mismatches in the sus-

pension system and can lead to a short circuit between the fingers [51].
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• Low silicon conductivity

The fabrication of in-plane comb-finger transducers uses the Deep Reactive Ion Etch-

ing (DRIE) process to etch through the silicon, thereby implementing thick fingers

with narrow gaps that repeat over a wide area and achieve large capacitance. How-

ever, because of silicon’s high sheet resistance, a distributed parasitic resistance ap-

pears across the variable capacitor that affects the MPGs performance for large ca-

pacitor footprints [2].

• Difficulties in suspension

The movable electrodes require in-plane compliance and out-of-plane stiffness. As

a result, high-aspect ratio beams are needed, which undermines the goal of low fre-

quency operation. Moreover, long suspension beams are required to achieve compli-

ance, which decreases the density of the fingers, the overall capacitance and, thus,

the harvested energy.

• Low energy conversion efficiency

The Q–V curves shown in Figures 3.4 and 3.5 demonstrate that out-of-plane archi-

tecture converts much more energy per vibration cycle than the in-plane comb-finger

architecture.

Alternative in-plane MPGs are proposed in this chapter to overcome the limitation of

the comb-finger architecture. In terms of the transducer topology, interdigitated planar

electrodes are proposed to overcome the limited conductivity of silicon and increase the

converted energy per vibration cycle. In Section 4.2, an electrical model of the interdigi-

tated parallel-plate transducer is developed and used to show improved performance over

conventional in-plane transducers. In Section 4.3, the performance of the interdigitated

parallel-plate architecture is compared to that of the comb-finger architecture. It is shown

that the interdigitated architecture increases the amount of harvested energy over that of

the comb-finger architecture. New suspension techniques for in-plane energy harvesters are
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Figure 4.1: (a) A 3D schematic of an electrode and (b) a cross-section through the inter-

digitated transducer.

presented in Sections 4.4 and 4.5. In Section 4.4, miniaturized MPGs with planar struc-

ture are presented. These MPGs are suitable for fabrication using surface micro-machined

MEMS processes. In Section 4.5, a suspension system suitable for very low frequency

MPGs is presented.

4.2 Interdigitated Transducer Model

Figure 4.1 shows a 3D schematic for one of the electrodes and a cross-section through the

interdigitated parallel-plate capacitor. The transducer consists of n periodic metal slabs

each of them is wslab wide with an inter-slab gap of wgap and a slab pitch of

ps = wslab + wgap

such that wslab ≤ wgap. The planar nature of the electrodes allows for the use of metallic

slabs as electrodes to reduce parasitic distributed resistance.

The configuration of the interdigitated electrodes allows for full and zero overlap be-

tween a top moving electrode and a bottom fixed electrode as a carriage carrying the

moving electrode travels along a rail, thereby maximizing the capacitance variation of the
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transducer. Moreover, the periodicity of the slabs leads to multiple maxima and minima

during one vibration cycle. For example, a carriage stroke of x◦ leads to

j =
x◦
ps

cycles of maximum-to-minimum capacitance variation and j cycles of energy conversion

per carriage cycle.

Setting the nominal position of the movable electrode to x = 0 where full overlap occurs

between the electrodes, assuming a large number of slabs per electrode (thereby justifying

neglecting the edge effects at the first and last slabs), and ignoring the fringing field, we

use parallel-plate theorem to find the nominal capacitance of the interdigitated capacitor

as

C◦ =
nε◦Lcwslab

g◦
(4.1)

where n is the number of slabs per electrode, Lc is the slab length, and g◦ is the gap between

the electrodes. The capacitance of the variable capacitors varies with the overlap area

between the slabs, and thereby the carriage displacement x, according to the relationship

Cv(x) = C◦ s1

(2x

ps

)
(4.2)

where s1(u) is a periodic triangular function defined as

s1(u) =

{
1− |u| |u| ≤ 1

s1(u± 2) |u| > 1

The Q–V curves of the interdigitated transducer were obtained by substituting the

expression of Cv obtained in (4.2) into the KVL equation of the switchless (continuous)

transducer (3.4) and solving the resulting differential equation for a harmonic displacement

x(t) = xo sin(Ωt+ γ)

Figure 4.2 shows the Q–V curves for transducers with j = 5 and 10 conversion cycles and

the same nominal capacitance C◦, where the time is normalized to the vibration period
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Figure 4.2: Q–V curves for two interdigitated transducers with the same nominal capaci-

tance and C◦: (a) j = 5 and (b) j = 10 conversion cycles.
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T = 2π
Ω

. The energy generated per vibration period is equal to the algebraic sum of the

areas enclosed in each plane (conversion cycle). The two curves in Figure 4.2 illustrate the

effect of changing the slab pitches. Decreasing the slab pitch allows for more conversion

cycles per vibration period. Moreover, decreasing the slab pitch increases the rate of change

of capacitance, thereby enlarging the area of an individual conversion cycle.

The curves in Figure 4.2 suggest that minimizing the slab pitch allows for more energy

generation cycles per vibration cycle. However, as the slab pitch ps decreases compared to

the capacitor gap g◦, the fringing field increases and it becomes imperative to account for

its contribution to the capacitance. The capacitance model in equation (4.2) is, therefore,

modified by introducing two constant fitting parameters Cl and Cd to account for the

fringing field as follows:

Cv(x) = C◦

[
Cl s1

(2x

ps

)
+ Cd

]
(4.3)

Electrostatic finite element analysis (FEA) was carried out using the commercial code

COMSOL to extract the capacitance of an interdigitated capacitor with wslab = 10g◦

and wgap = 12g◦ as a function of the carriage displacement. The results were used to

estimate the fitting parameters as Cl = 0.85 and Cd = 0.4. Figure 4.3 shows the FEA-

extracted capacitance and the capacitance calculated using the models (4.3) with, and (4.2)

without fringing field effects. The curves show that the fringing field leads to a significant

constant shift in the capacitance and a smaller drop in the linear proportionality constant

between displacement and capacitance. The modified linear model captures both of these

effects well, producing a better estimate of the capacitance variation with the displacement

than the original model. Further, the results indicate that a more accurate model can be

obtained using a quadratic function to approximate the capacitance variation with the

displacement.

In this section, the electrical performance of the interdigitated in-plane transducer

was investigated. The results indicate potential of this transducer to improve the energy
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Figure 4.3: Comparison between the finite element simulation and two variable capacitance

models.

converted per vibration cycle. Further, the interdigitated in-plane transducer has a planar

structure that allows for the realization of smaller harvesters, less parasitic resistance, and

lower fabrication cost. In the next section, the interdigitated transducer is employed in an

energy harvester and its performance is compared to that of the overlapping comb-finger

transducer reported in the literature [5, 20].

4.3 Interdigitated Parallel-Plate Energy Harvester

Several energy harvesters have been reported in the literature using overlapping comb-

finger transducers [5, 6, 20, 34, 50]. A typical example of these harvesters is that proposed

by Sterken et al. [20]. Figure 4.4 shows a schematic of the circuit topology used in that

harvester. External vibrations vary the capacitances of the capacitors C1 and C2 in opposite

sense. In the presence of identical load resistances, the charge will oscillate back and forth
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Figure 4.4: Circuit diagram of Sterken et al.’s [20] energy harvester.

due to the opposite capacitance variation in the variable capacitors. As a result, an out-

of-phase current will pass through the loads while negligible current will pass through the

constant capacitor due to the circuit symmetry.

Sterken et al. proposed an implementation of this harvester using two overlapping

comb-finger capacitors. An electret layer is inserted between the fixed and movable elec-

trode of the comb-finger capacitor and used as a charging source [20]. Figure 4.5 shows

a cross-section of this harvester implementation. This implementation suffered from the

limitations of overlapping comb-finger transducers discussed earlier.

Figure 4.6 shows an alternative implementation of the same harvester using the in-

terdigitated transducer proposed in Section 4.2. The harvester consists of two in-plane

parallel-plate variable capacitors C1 and C2 each having n metallic slabs with slab width

wslab and initial overlap wslab/2. The slabs of each capacitor are arranged so that capac-

itance variation in the two capacitors have opposite sense in a manner similar to that

realized by Sterken et al. [20]. The suspension of the moving electrode, electrode A, was

designed to allow motion in the x-direction while preventing motion in the z-direction
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Figure 4.5: Schematic cross-section of Sterken et al.’s [20] comb-finger harvester implemen-

tation.

(i.e., kx � kz). The two capacitors are identical with a nominal capacitance at x = 0 of

C◦ =
nε◦wslabLc

2 g◦
(4.4)

The nominal capacitance realized under this configuration is half that realized under the

configuration shown in (4.1) due to the initial overlap between the slabs of the fixed and

moving electrodes.

The charging source of the variable capacitors is the embedded electret layer shown in

Figure 4.6. The electret layer is made of a dielectric sheet with quasi-permanent polarized

charges that can last for years [36]. It produces charges on the movable electrodes via

charge induction. Using Gauss law, the voltage across the combined capacitor made of the

continuous center capacitor and the electret layer embedded in between is [20]

Vcenter =
Q

Cet
+ σ

d

ε◦εet

=
Q

Cet
+ Vet (4.5)
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Figure 4.6: Schematic cross-section of the new interdigitated harvester implementation.

where |Q| is the charge on each plate of the center capacitor, σ, d, and εet are the surface

charge density, the electret thickness, and the relative permittivity of the electret sheet,

and Cet is the capacitance of the electret sheet in the absence of surface charge. This

capacitance is equal to

Cet =
ε◦wxLet

(g◦ − d) + d
εet

(4.6)

where wxLet is the electret area. Using (4.5), the center capacitor can be modeled as a volt-

age source Vet in series with a fixed capacitor Cet. Finally, to account for the initial overlap

and the opposite variation sense of the variable capacitors C1 and C2, the capacitance

variation model (4.3) is written as

Ci(x) = 2C◦

[
Cls1

(2x

ps
± 1

2

)
+ Cd

]
(4.7)

where the + sign is used for C1 and the − sign is used for C2.

The system model was derived by applying Kirchhoff’s voltage law to the electric circuit
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and writing the equation of motion of the inertial mass. The result is

Vet = Rq̇1 + VC1(q1, x) + VCet(q1, q2)

Vet = Rq̇2 + VC2(q2, x) + VCet(q1, q2)

mẍ = F2(q2, x)− F1(q1, x)− k1x− cmẋ−may(t)

(4.8)

where R is the load resistance, cm is the mechanical damping coefficient, and ay(t) is

the base acceleration. The state variables q1, q2, and x correspond to the charge on the

variable capacitors C1 and C2, respectively, and the displacement of the inertial mass m in

the x-direction. The driving efforts are

VCi
=

qi(t)

Ci(x)
, Fi =

1

2

∂

∂x

( q2
i (t)

Ci(x)

)
(4.9)

Inserting (4.7) into (4.9), we obtain the voltage drops across the variable capacitors as

VC1 =
q1

2C◦

[
Cls1

(
2x
ps

+ 1
2

)
+ Cd

]
VC2 =

q2

2C◦

[
Cls1

(
2x
ps
− 1

2

)
+ Cd

] (4.10)

and the electrostatic forces as

F1 =
Cls2

(
2x
ps

+ 1
2

)
2C◦ps

q2
1[

Cls1

(
2x
ps

+ 1
2

)
+ Cd

]2

F2 =
Cls2

(
2x
ps
− 1

2

)
2C◦ps

q2
2[

Cls1

(
2x
ps
− 1

2

)
+ Cd

]2

(4.11)

where s2(u) is a periodic function defined as

s2(u) =

{ −sgn(u) |u| ≤ 1

s2(u± 2) |u| > 1

The voltage drop across the fixed capacitor Cet is

VCet =
q1 + q2

Cet
(4.12)
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In the absence of motion, the initial charge on each of the variable capacitors is q◦ = C◦V◦

where V◦ is the initial voltage drop on the variable capacitor calculated from

V◦ = Vet
Cet

2C◦ + Cet
(4.13)

We substitute (4.10), (4.11), and (4.12) into (4.8) and introduce the nondimensional

variables

t̂ = tω , q̂1 =
q1

q◦
, q̂2 =

q2

q◦
, x̂ =

x

ps/2
(4.14)

to the resulting system of equations to obtain the nondimensional system equations

˙̂q1 = − ωe q̂1

2
[
Cls1

(
x̂+ 1

2

)
+ Cd

] − ωet(q̂1 + q̂2) + Iet

˙̂q2 = − ωe q̂2

2
[
Cls1

(
x̂− 1

2

)
+ Cd

] − ωet(q̂1 + q̂2) + Iet

¨̂x = ηs2

(
x̂+ 1

2

) q̂2
1[

Cls1

(
x̂+ 1

2

)
+ Cd

]2
+ ηs2

(
x̂− 1

2

) q̂2
2[

Cls1

(
x̂− 1

2

)
+ Cd

]2 − x̂− 2ζ ˙̂x− Â◦ cos(Ω̂t̂)

(4.15)

where ω =
√
k1/m is the natural frequency of the uncoupled mechanical oscillator. The

following parameters were introduced to simplify writing the system of equations

ωe =
1

ωRC◦
, ωet =

1

ωRCet
, Iet =

Vet
ωRC◦V◦

η =
C◦V◦

2Cl
mps2ω2

, ζ =
cm

2mω
, Ω̂ =

Ω

ω
, Â◦ =

2A◦
ω2ps

(4.16)

The system of equations (4.15 is a coupled nonlinear differential system whose analytical

solution is not available. While linearization of the system equations is useful in under-

standing the system behavior, Peano et al. [5] showed that optimization of the linear

system leads to erroneous results. Therefore, the system of equations (4.15) were solved

numerically.

The dimensions and parameters of the energy harvester under study are listed in Ta-

ble 4.1. The amplitude A◦ and frequency Ω of the base acceleration used in the calculations
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Table 4.1: The system parameters of the interdigitated energy harvester.

Wx 2.4 mm Ly 4.7 mm

wslab 40 µm wgap 48 µm

n 27 slabs wet 48 µm

g◦ 4 µm Lc 2.3 mm

Vet 150 V cm 25.5 µNs/m

A◦ 163.8 m/s2 Ω 5724 rad/s2

are the same as those used by Sterken et al. [20] and Peano et al. [5]. The average output

power was obtained by averaging the instantaneous output power P (t) calculated from [5]

P (t) =
q◦ V◦ω

ωe

[(
dq̂1

dt̂

)2

+

(
dq̂2

dt̂

)2
]

(4.17)

over a period of excitation T = 2π/Ω.

The load resistance and natural frequency of the mechanical oscillator were varied to

optimize the harvester output power. Figure 4.7 shows the average output power of the

energy harvester for a range of natural frequencies and load resistances. The output power

saturates to a maximum in the natural frequency range of 5600 to 5700 rad/s since a limiter

was used to limit the carriage motions.

The parameters of the optimal operating point of the interdigitated harvester are shown

in Table 4.2. The optimized harvester was predicted to produce 89 µW output power at

6 MΩ load resistance using a mechanical oscillator with a natural frequency of 5620 rad/s.

This is more than 78% improvement in the output power over that predicted for the comb-

finger harvester [5] achieved in conjunction with a one-order of magnitude reduction in

the optimal load resistance over that of Peano et al. [5]. Figure 4.8 shows the nondimen-

sional charge, current, displacement, and capacitance for the optimal interdigitated energy
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harvester.

Figure 4.7: The average output power of the interdigitated energy harvester for a range of

load resistances and natural frequencies.

Table 4.2: Optimal performance of the interdigitated energy harvester.

This work [5]

Size 4.7 mm × 2.4 mm 5 mm × 2.3 mm

Output Power 89 µW 50 µW

Natural Frequency 5620 rad/s 5080 rad/s

Load resistance 6 MΩ 70 MΩ

77



(a) (b)

(c)

Figure 4.8: The nondimensional (a) charge q̂i, (b) current ˙̂qi, (c) displacement x̂ and

capacitance Ci

2C◦
of the interdigitated energy harvester at the optimal operating point

In this section, the use of the in-plane interdigitated transducer to realize a new energy

harvester was investigated. The results show superior performance, namely more output

power and lower optimal load resistance, over that of the previous implementation using

overlapping comb-finger transducers. In the next section, we investigate the realization

of this energy harvester and possible approaches to improve the suspension systems of

in-plane energy harvesters.
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4.4 Miniaturized Surface Micromachined MPGs

In the preceding two sections, we demonstrated the advantage of the use of interdigitated

transducers in energy harvesting. However, practical realization of this harvester depends

on the development of a compatible fabrication process. For small form factor devices,

like wireless sensors and embedded systems, successful integration of vibration energy har-

vesters within these systems requires miniaturization while maintaining efficient generation

and operation [52]. Scaling down of electromagnetic forces with length ranges between L3

and L4, while the scaling down of electrostatic forces with length ranges somewhere be-

tween L1 and L2 [53]. As a result, electrostatic energy harvesters are better candidates

for miniaturization. Moreover, electrostatic energy harvesters are more compatible with

surface micro-fabrication processes.

Efficient harvesting requires the center frequency of the energy harvesters to be close to

the fundamental frequency of environmental vibrations. The natural frequency of a linear

mechanical oscillator is

ω =

√
k1

m
(4.18)

where k1 is the linear stiffness of the support structure and m is the effective mass. The

fundamental frequency in most vibration sources is below 200 Hz [2]. Fabricating minia-

turized harvesters with a center frequency in this range is quite challenging. In the next

subsection, miniaturization challenges for electrostatic energy harvesters are presented.

4.4.1 Miniaturization Challenges

The ultimate goal in miniaturization is to scale down the device without affecting its

generated power. Therefore, it is important to study the factors affecting the amount of

harvested energy during miniaturization. There are four important parameters that affect

the amount of harvested energy by capacitive transducers. The first is the kinetic energy
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content in the system, which is mainly driven by the inertia of the inertial mass and the

amount of mechanical damping present in the system. Increasing the inertial mass m and

decreasing the damping ratio ζm lead to a larger stroke and, therefore, more vibration

energy available to harvest.

The second parameter is the strength of the electrostatic field. Energy harvesting oc-

curs through electrical damping of the mechanical oscillator. Electrical damping increases

with the strength of the field, which is a function of the applied voltage and the nominal ca-

pacitance value. Therefore, maximizing the operating voltage and the nominal capacitance

are requirements for strong electrical damping and more harvested energy.

The third parameter is realization of the optimal operation point by matching the

electrical and mechanical damping forces [46, 54]. Therefore, the electrical damping in the

capacitive transducer should be optimized to maximize the power flow to the electrical

system.

The fourth parameter is the ability of the electrical subsystem to store the captured

kinetic energy as electrical potential energy by changing the capacitance value [34]. There-

fore, it is necessary to realize variable capacitors with a wide variation range to improve

the transduction capacity of the harvester.

In conclusion, the miniaturized electrostatic energy harvesters should aim to increase

their inertial mass, lower their mechanical damping, operate at high voltage, and use

variable capacitors with a large nominal capacitance and a wide capacitance variation

range. As a result, in-plane capacitive transducers are widely used in miniaturized MPGs

because of their low mechanical damping and wider capacitance variation range compared

to capacitive out-of-plane transducers [2, 5, 6, 20, 34, 50].

However, miniaturization of in-plane transducers adds additional constraints on the

harvester suspension system. In-plane motions require suspension beams that are compli-

ant in-plane and highly stiff out-of-plane, such as high aspect ratio beams. Figure 4.9 shows
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Figure 4.9: The conventional suspension system.

a conventional suspension system for in-plane transducers. The ratio between the beam

stiffness in the x- and z-directions depends on the beam cross-section. For a rectangular

cross-section, this ratio is given by

kx
kz

=

(
b

h

)2

=
1

r2
(4.19)

where b, h, and r are the beam width, thickness, and aspect ratio, respectively.

Similarly, miniaturizing of capacitive transducers requires minimization of the gap be-

tween the capacitor electrodes to ensure a large nominal capacitance [34]. Decreasing

the gap between the fingers in overlapping comb-finger transducers makes the suspended

structure very sensitive to any mismatch between the suspension beams, leading to a short

circuit between the fingers [51]. Decreasing the capacitor gap in interdigitated parallel-

plate transducers makes the suspended structure liable to pull-in by electrostatic forces.

The deflection of the transducer electrodes due to the electrostatic force between the elec-
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trodes depends on the value of the applied voltage. The maximum voltage that can be

applied without collapse is the pull-in voltage of the capacitor. The static pull-in voltage

is [55]

Vpull−in = Vmax =

√
8

27

kzg3
◦

ε◦A
(4.20)

where A and g◦ are the capacitor area and nominal gap. Using a substrate and inertial mass

made of silicon, solving for kz in terms of r and m from (4.18) and (4.19), and substituting

the result into (4.20), we obtain an estimate of the maximum voltage in the form

Vmax = ω

√
8

27

hρSir2g3
◦

ε◦
(4.21)

where ρSi is the density of silicon.

We use (4.21) to plot the maximum voltage that can be applied to interdigitated

parallel-plate transducers as a function of the natural frequency of the mechanical os-

cillator in Figure 4.10. The results show that the oscillator low natural frequency required

to realize low MPG center frequency sets a significant constraint on the maximum stable
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Figure 4.10: Maximum applied voltage for different natural frequency.
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voltage that can be applied to the transducer, especially for small capacitor gaps. As a

result, miniaturizing in-plane parallel-plate transducers lowers the strength of the electro-

static field and, therefore, significantly decreases the amount of electrical energy harvested.

Table 4.3 summarizes miniaturization challenges of capacitive transducers discussed above.

In the next subsection, a novel suspension system is presented that overcomes the pull-

in instability by decoupling the natural frequency of the oscillator from the maximum

stable transducer voltage.

Table 4.3: Miniaturization challenges of capacitive transducers.

Transducer Architectures Miniaturization Challenges

Out-of-plane parallel-plate
• Pull-in instability

• High squeeze-film damping

In-plane overlapping comb-finger
• High aspect ratio beams for motion isolation

• Mismatch instability for long fingers and small gaps

In-plane parallel-plate
• High aspect ratio beams for motion isolation

• Pull-in instability

4.4.2 Dimple-Based Suspension System

A novel suspension system was developed to decouple the relation between the maximum

applied voltage and the natural frequency and alleviate the need for high aspect ratio

beams. The new suspension system uses dimples for suspension similar to those used in

electrostatic motors. In addition, compliant beams are used to guide the lateral motion

rather than to support the inertial mass.

Figure 4.11 illustrates the new suspension system. The beams are fabricated using
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Figure 4.11: A novel suspension system for in-plane energy harvesters.

surface micro-machining to ensure their compliance. The beams are connected to a carriage

supported by dimples to decrease friction and prevent stiction. The two electrodes are

fabricated in two different substrates with one of the substrates containing the suspension

system and one set of electrodes while the other substrate contains the second set of

electrodes. The two substrates are bonded together to form the transducer. The gap is

defined using a gap adjusting post to support the moving electrode, prevent pull-in, and

ensure uniform gap. The suspension system provided in this transducer is a compromise

between the use of thick beams with high stiffness to support the inertial mass and lower

damping and the use of thin beams to lower the center frequency of the harvester.

A 3D schematic of the energy harvester is shown in Figure 4.12. The energy harvester

has two variable capacitors with interdigitated slabs. The orientation of the slabs deter-

mines the harvester operation mode. When the slabs of the two capacitors are configured

to provide for out-of-phase capacitance variation between the two capacitors, the harvester

operates in a balanced mode similar to that of Sterken et al.’s [20]. When the slabs are con-

figured to provide for in-phase capacitance variation for the two capacitors, the harvester

operates as a simple interdigitated transducer. This mode is useful for single load oper-

ation. Figure 4.13 shows the connections of the two configurations where the electrodes
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colored in orange are placed in the top substrate of the schematic shown in Figure 4.12

while the electrodes in the bottom substrate are colored in red.

In the next section, a prototype of the interdigitated energy harvester using the dimple

suspension was fabricated using surface micro-machining and used to demonstrate the new

transducer and suspension system.

Figure 4.12: A 3D schematic of the capacitive transducer.
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(a) (b)

Figure 4.13: Two configurations of the interdigitated energy harvester: (a) The double

load harvester where C1 and C2 vary out-of-phase and (b) the single load harvester where

C1 and C2 vary in-phase.

4.4.3 Prototype Fabrication and Postprocessing

A prototype employing the new suspension was fabricated using hybrid integration of

two chips. The two chips were fabricated using surface micro-machining processes. The

first chip carrying the bottom substrate in Figure 4.12 was fabricated using PolyMUMPs

process. This is a commercial fabrication process offered by MEMSCAP, Inc. It has

three structural layers and two sacrificial layers on a silicon substrate coated with silicon

nitride for isolation [56]. The fabricated chip was postprocessed in the CIRFE (Center of

Integrated RF Engineering) laboratory to minimize the parasitic capacitance of the silicon

substrate.

The other chip carrying the top substrate was fabricated in the CIRFE lab. The

fabrication process has one structural layer and no sacrificial layers. The assembly process

of the two chips consists of flip-chip bonding of the two chips followed by sacrificial layer
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etch using Hydrofluoric acid for release. In the next paragraphs, fabrication considerations

and results of the two-chip fabrication process are presented.

• PolyMUMPs chip

This chip carries the bottom substrate of the energy harvester, which contains one of the

capacitive electrodes and the suspension system. The silicon nitride layer covering the

substrate is used as an electret by electrically charging it after fabrication and assembly.

The substrate used in PolyMUMPs process is a highly doped crystalline silicon substrate

with low resistivity covered with a layer of silicon nitride as an insulator. To understand

the effect of the substrate type on the interdigitated harvester performance, consider the

transducer cross-section shown in Figure 4.14(a). The capacitance of each of the variable

capacitors is

Ci = Cpar +
CviCb
Cvi + Cb

(4.22)

where Cvi, Cpar, and Cb are the capacitance between the variable capacitor slabs, the ca-

pacitance between the top electrode and the silicon substrate, and the capacitance between

the bottom electrode and the silicon substrate, respectively. Since the silicon nitride layer

is very thin, Cb is much larger than Cv and we can approximate the capacitance of the

variable capacitor as

Ci ≈ Cpar + Cvi (4.23)

Further, Cpar and Cvimax are of the same order-of-magnitude and are much larger than

Cvimin
. As a result, we can write the ratio of maximum to minimum variable capacitance

∆Ci as

∆Ci =
Cpar + Cvimax

Cpar
(4.24)

Since the amount of harvested energy is proportional to ∆Ci [34], it is important to min-

imize Cpar in order to increase ∆Ci and the amount of harvested energy. Accordingly, a
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(a) (b)

Figure 4.14: Transducer cross-sections (a) without and (b) with substrate etching.

post processing technique was adopted [57] to wet etch the inter-slab areas on the bot-

tom substrate, as shown in Figure 4.14(b), using 5% tetramethylammonium hydroxide

(TMAH).

TMAH etching is an anisotropic process where the etching rate is dependent on the

orientation of the holes through the nitride with the (1 1 1) planes having a slower etching

rate. Different configurations of the slabs were used including 90◦, 45◦, and zigzag-like

structures. Figure 4.15 shows SEM pictures of the PolyMUMPs chip before and after

processing for the different slab configurations. Figure 4.16 shows a profile obtained using

Veeco White Light Profilometer of a PolyMUMPs chip with 45◦ slabs after 90mins of

etching using TMAH at 75◦C. The results show approximately 43µm of substrate etching

between the fingers which is close to the 0.5µm/min etch rate reported by Fouladi et al. [57].
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(a) (b)

(c)

Figure 4.15: SEM pictures of TMAH substrate etching: (a) 90◦ slabs before etching, (b)

Zig-zag slabs after etching (c) 45◦ slabs after etching.
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Figure 4.16: Optical profile of the PolyMUMPs chip after 90 mins. etching time.

TMAH etching of silicon produces large amounts of hydrogen bubbles as a reaction

byproduct, which causes turbulent motion of the chips during processing. These bubbles

led to the frequent destruction of the fine features on the processed chips. We identified a

need to redesign the etch holes in the silicon nitride layer and glue the chips to a bigger

substrate to control the reaction and protect the fine structures from the flow of hydrogen

bubbles, thereby increasing the postprocessing yield.

The PolyMUMPS chip supports the top substrate on four suspension carts. The carts

move over the substrate supported by dimples to prevent stiction and guided by guide

beams to maintain alignment. Compliant folded-beams were used as guide beams to allow

for motion in the x-direction. A layer of trapped silicon oxide was embedded within the

beams to alleviate the residual stresses arising from deposition of gold and to in increase

the beams thickness, thereby increasing their structural strength. Figure 4.17 shows an

SEM of a released suspension cart. The flatness of the beams shown in the figure indicates

minimal residual stresses.
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Figure 4.17: Released suspension cart (Half structure).

• Alumina chip

This chip contains the top substrate of the harvester. The chip was fabricated using a

2-mask process on an alumina substrate. The alumina substrate was chosen because it is

not affected by HF acid during release as well as it has high resistivity, which is suitable

for the capacitive electrodes.

Figure 4.18 shows the process flow. The process starts with a RCA cleaned alumina

substrate. A 50 nm of chromium is evaporated on the substrate followed by DC sputtering

of a 1 µm of gold to have a gold seed-layer for electroplating. The first mask defines the

electroplating mold for the harvester support posts. A 5 µm thick negative photoresist layer

was patterned using this mask under 1000 rpm spinning and 110 ◦C soft and hard baking.

Gold electroplating of the resulting pattern was done using the Technic 5-Tank Electro-

plating System. The height of the electroplated post was around 4µm. Figure 4.19(a)
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Figure 4.18: Alumina chip fabrication process flow.

shows an SEM picture of the posts after electroplating. The second mask defines the ca-

pacitive electrode slabs and bonding pads for bonding with the suspension carts on the

PolyMUMPs chip. The photoresist layer patterned using this mask is used as an etch-mask

for gold and chromium to obtain the needed pattern.

The PolyMUMPs chip was glued to an assembly substrate using 1 minute Epoxy glue.

The two chips were bonded together using the flip-chip technique to insure alignment

between the electrodes of the two chips. The bonded system was released using 49% HF

acid for 4 minutes followed by CO2 drying using Tousimis critical point CO2 dryer. The

MPG final size is (2.5 mm × 1.5 mm). Figure 4.19(b) shows a picture of the assembled

MPG.
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(a) (b)

Figure 4.19: MPG assembly: (a) electroplated posts and (b) assembled MPG.

4.4.4 Test Setup and Experimental Results

A PolyMUMPs chip with 45◦ slab electrodes was assembled with an alumina chip in the

single load configuration, Figure 4.13(b), with C1 and C2 varying in-phase. The load

resistance was set to 50 MΩ. The silicon nitride layer on the PolyMUMPs chip was charged

using a 300V voltage supply. The nitride layer was found to retain the charge for several

days and was used as a charge source for the variable capacitors.

The test setup was built on an L-shaped platform. A piezoactuator was used to actuate

the platform and an accelerometer was used to measure the acceleration of the platform.

Figure 4.20 shows the setup used in testing.

The frequency-response curve of the output voltage was obtained by sweeping the

frequency of the platform accelerations between 400 Hz and 2.2 kHz while holding the

amplitude constant at A◦ = 2 g. Figure 4.21 shows the experimental results with one

peak observed at 1.1 kHz. The peak (amplitude) of output voltage at this frequency was

found to be 65 mV. Table 4.4 compares the test results of the MPG prototype to the

most recent comb-finger implementation of the Sterken et al. topology [4]. The results
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Figure 4.20: Test setup of the MPG prototype.

show that the center frequency of our MPG is 25% lower than that of standard suspension

implementation, yet its size is only 12.5% of the comb-finger MPG implemented using

standard suspension, therefore, the proposed MPG architecture and suspension technique

demonstrate the ability to simultaneously miniaturize and lower the center frequency of

electrostatic MPGs.

The output voltage of the MPG prototype is lower than that of the comb-finger MPG.

This difference is due to the smaller variable capacitor area, center frequency, and the lower

base acceleration used in the experiment. Further improvements in the output voltage can

be obtained by deploying arrays of the MPG to increase the capacitance and thus the

output voltage and generated power.
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Figure 4.21: Frequency-response curve of the prototype peak output voltage when the base

acceleration amplitude was held constant at A◦ = 2g.

Table 4.4: Performance of the interdigitated energy harvester compared to that of Hoff-

mann et al. [4].

This work Hoffmann et al. [4]

Size 2.5 mm × 1.5 mm 5 mm × 6 mm

Center frequency 1100 Hz 1460 Hz

Base acceleration 2 g 13 g

Charging source Charged nitride 50V DC supply

Peak voltage 0.065 V 1.4 V

Load resistance 50 MΩ 560 kΩ
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4.5 Springless Vibration Energy Harvesters

Vibration-based energy harvesters (VEHs) collect kinetic energy from the environment

through mechanical oscillators. Figure 3.6 illustrated a generic block diagram of a me-

chanical oscillator. These oscillators can be linear [46], piecewise-linear [48], or nonlin-

ear [58, 59], depending on the restoring force-displacement (stiffness) characteristics of the

system. The oscillators achieve maximum displacement and velocity in a frequency band

around their natural frequencies.

The natural frequency of the mechanical oscillator, listed in (3.13), was determined from

the linear stiffness k1 and the effective mass of the oscillator m. The natural frequency of

the oscillator was matched to the fundamental frequency of environmental vibrations in

order to maximize the efficiency of the harvester. Therefore, the mechanical restoring force

plays a dual role in VEHs. It provides the dominant component of the stiffness k1 required

to tune the VEH center frequency. It also provides the support/suspension system that

the oscillator needs to keep an inertial mass in alignment and function properly.

These roles run into conflict in the design of low-frequency harvesters. In fact, these

harvesters are not useful in environments where the fundamental frequency of environmen-

tal vibrations is low (<10 Hz). The realization of a mechanical oscillator with a low natural

frequency requires a very compliant suspension system and, as a result, experiences a large

static deflection xs due to the inertial mass. At rest, the spring restoring force balances

the weight of the mass

mg = k1xs (4.25)

where g is the acceleration of gravity. The static deflection was obtained from (4.25) by

dividing the suspension weight with the linear stiffness k1. Using (3.13), one can write the

static deflection in terms of the system natural frequency ω◦ as

xs =
g

ω◦
(4.26)
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Figure 4.22: Variation of static deflection with the natural frequency.

Figure 4.22 shows the static deflection of the suspension system as a function of the natural

frequency. It is clear that below 10 Hz, a highly compliant support/suspension system leads

to large static deflection, which makes the harvester impractical due to size and reliability

constraints as well as the support system inability to maintain alignment. These limitations

set a design floor on the center frequency of the harvesters.

On the other hand, it is impractical to use a harvester with a center frequency (≥

10 Hz) to harvest energy from low-frequency (<10 Hz) environmental vibrations. The

mechanical oscillator in the harvester acts as a bandpass filter. The oscillator response to

external excitations (output motion) is large and resonant around the center frequency but

small (attenuated/forced) away from the center frequency. While, in theory, it is feasible to

collect kinetic energy and convert it to electric energy away from the center frequency of the

VEH, in practice the process is highly inefficient, thereby leaving room for improvement.

To summarize, there is a need to develop ’springless’ harvesters where the support system
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does not contribute towards the linear stiffness that sets the resonance of the oscillator and

therefore the center frequency of the VEH.

4.5.1 Alternate Suspension Approach

The new approach to achieve low-frequency, low-excitation-amplitude VEHs is to eliminate

the use of resorting force components (springs) in the support/suspension system. We

propose to use a support system made of a guide to support the inertial mass of the VEH.

The support system presents no restoring force opposing the carriage motion along the

rail and prevents motion in all other directions. The main feature of the new approach

is that no mechanical restoring force is allowed to interact with the oscillator throughout

its motion. At most, when limiters are used to limit the stroke size, the oscillator comes

into contact with mechanical restoring force elements for a brief and intermittent interval

during the excitation cycle. Even where it might be desirable to tether the carriage to a

particular location along the rail to reduce uncertainty in the oscillator response due to

stiction and chaos, the tether stiffness will be negligible since it is not meant to provide

support, suspension, or alignment to the VEH mass. Although the last two cases will

create a linear stiffness coefficient k1 in the oscillator, it can be minimized to approach a

0 Hz oscillator natural frequency or to meet a target VEH’s center frequency.

The support guide can be straight or circular leading to linear and rotary guide con-

figurations. The linear guide configuration is made up of a carriage and a rail. It allows

the carriage to move along the rail while baring any motion in the other directions. The

carriage carries the inertial mass and part or all of the electric transducer along the guide.

The linear guide system can be implemented and integrated with the VEH using standard

off-the-shelf components, custom-built components, or micro-electro-mechanical-systems

(MEMS). Various mechanisms can be used to reduce the friction between the carriage and

guide including, but not limited to,
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• rolling-element bearing,

• lubricated rail, or

• low friction un-lubricated rail.

In all cases, the stroke size will depend on the friction level, excitation level, and the rail

length. This arrangement provides support and alignment for the inertial mass and the

transducer without contributing to the restoring force of the system.

The new suspension system can be used with any of the transduction mechanisms

(piezoelectric, electromagnetic, and electrostatic). Figure 4.23 shows a mechanical model

of the new VEH where the restoring spring force was replaced with a friction force. The

friction force along the movement direction is approximately constant, and therefore does

not contribute to the linear stiffness k1 of the oscillator, has no effect on the natural

frequency of the oscillator, and has no effect on the VEHs’ center frequency unlike the ES

VEH proposed by Naruse et al. [19] where a linear guide was used to extend the travel range

only. Therefore, the center frequency of this VEH can be set arbitrarily low including 0 Hz.

As a result, the proposed VEH can harvest energy from environments where vibrations are

regular with a low frequency, irregular and chaotic, stochastic, or single event motions,

such as impacts and triggered motions occurring at low frequencies. In the next section,

the mechanical model of the linear guided VEH is derived for different orientations.

4.5.2 Linear Guide Model

The orientation of linear guided VEHs with respect to gravity affects their operation and

thus their mechanical model. Therefore, we make a distinction between planar and vertical

(or inclined) implementations of VEHs.
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Figure 4.23: Modified VEH mechanical model.

• Planar Implementation

The linear guide shown in Figure 4.24 is placed in this case in the horizontal plan. As

a result, it will allow the carriage to move along the rail (longitudinal motion along the

x-axis) while baring any motion in the other two directions (y and z axes). The equation

of motion of the harvester is

mẍ = Fe − cmẋ− µN sgn(ẋ)−may(t) (4.27)

where Fe, cm, µ, N , x, and ay(t) are the force the electric transducer applies to the inertial

mass, viscous damping coefficient, friction coefficient, normal reaction force distributed

over the contact surface, the carriage displacement, and the base acceleration, respectively.

Since the normal reaction force is N = mg, we can divide by the effective mass of the

oscillator m to simplify (4.27) to

ẍ =
Fe
m
− cm
m
ẋ− µg sgn(ẋ)− ay (4.28)

The harvester equation of motion, (4.28), does not contain any mechanical restoring

forces. It describes a true free-body motion with a fundamental natural frequency of 0 Hz.
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Equation (4.28) also shows that motion occurs, and thereby energy harvesting, as soon

as the external excitation level exceeds the summation of the friction force and electric

transducer force (for electrostatic and electromagnetic transducers only). So, we can write

that the threshold of harvestable base accelerations is

ay ≥
Fe
m

+ µg (4.29)

Reducing the friction coefficient µ and electric transducer force Fe or increasing the

effective mass of the oscillator m will lower the minimum excitation level that will produce

carriage motion along the rail and, hence, harvest electric energy. Since we design the

mechanical oscillator to minimize friction to very low levels and maximize the inertial mass

and since Fe is either unavailable (piezoelectric transducers) or can be set to low values,

this configuration allows us to harvest energy from very low amplitude environmental

vibrations.

Figure 4.24: Springless planar linear support system.
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• Vertical Implementation

The linear guide in this case, shown in Figure 4.25, is aligned with the direction of gravity.

It allows the carriage to move along the rail (the z-axis) while baring any motion in the

other two (x and y) directions. The carriage carries the inertial mass and part or all of the

transducer along the guide. The equation of motion of a vertical-aligned harvester is

mz̈ = Fe +mg − cmż − µN sgn(ż)−may(t) (4.30)

where z and ay are the carriage displacement and base acceleration, respectively. The

normal force N is equal to the pre-loading force Nc of the carriage N = Nc

Dividing (4.30) by the effective mass of the oscillator m, we obtain

z̈ =
Fe
m

+ g − cm
m
ż − µNc

m
sgn(ż)− ay (4.31)

Equation (4.31) shows that, in this configuration, the excitation amplitude must exceed

the friction, electric transducer forces, and the weight of the oscillator W = mg before

motion occurs and energy is harvested. We can write the threshold of harvestable base

accelerations as

ay ≥ g +
Fe
m

+
µNc

m
(4.32)

While it is possible to minimize the friction coefficient µ and the transducer force Fe

and to increase the effective mass m, the gravitational acceleration is essentially constant.

So, the base accelerations will have to exceed at least 1 g before we can start harvesting

electric energy. Also, because the initial position of this harvester (rest position) is always

in contact with the limiter at the bottom of the rail, it is not possible to realize a 0 Hz

oscillator natural frequency. As a result, this configuration cannot realize as low “minimum

threshold of excitation amplitude” or “center frequency” as the planar configuration. On

the other hand, the vertical implementation of the VEH is more suitable for environments

where motions are predominantly in the vertical direction.
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Figure 4.25: Springless vertical linear support system.

• Inclined Implementation

The linear guide can also be inclined such that the angle between the rail and the direction

of the gravitational acceleration is less than 90◦. In this case, the weight of the oscillator

is distributed between a constant component that opposes motion directly (mg cos θ ) and

a component that opposes motion in proportion to the friction coefficient (Nw = mg sin θ

). We can write the threshold of harvestable base accelerations as

ay ≥ g cos θ +
Fe
m

+
µNc

m
+ µg sin θ (4.33)
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where Nc is the carriage pre-load. This implementation places a lower threshold of base

accelerations though still larger than that of the planar implementation. It also allows for

the realization of lower VEH center frequency although it does not allow for true free-body

motion or a 0 Hz oscillator natural frequency.

Regardless of the VEH implementation (planar, vertical or inclined), large stroke ex-

citations will cause this system to run off the rail without the use of limiters. To limit

the size of motions and keep the harvester size under control, limiters are placed at one or

both ends of the rail. The limiters can be

• Impact-type a wall, screw, or a protrusion in a wall placed at the end of the rail.

• Spring-type

– a helical spring attached to the wall at the end of the rail and aligned with the

longitudinal direction of motion

– a solid beam or a plate attached on one side or both side of the rail and stretching

across the rail at the end point

– an elastica (highly complaint structure such as a rubber band) supported on

both sides of the rail and stretching across the rail at the end point

Figure 4.26 shows schematics of impact, spring-limited, and elastica-limited or beam-

limited VEHs. The spring-type limiter has a big advantage in the vertical implementation

as they will cancel the effect of the inertial mass weight in (4.31) by compressing the spring

at impact and releasing it as kinetic energy at take-off from the limiter. Such a configuration

allows low-excitation levels for the vertical operation. In the next subsection, the focus will

be given to the planar implementation rather than the vertical and the inclined versions

as it works at lower excitation levels.
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(a) (b)

(c)

Figure 4.26: Schematics of (a) impact-limited VEHs, (b) spring-limited VEH and (c)

elastica-limited VEH.

4.5.3 Springless VEH System Model

The system model of the springless VEHs is derived by combining the model of the trans-

ducer with those of the mechanical oscillator and the limiters. An electrostatic inter-

digitated transducer is suitable for this VEH where a long travel distance is expected.

Figure 4.27 shows a cross-section of a planar implementation of the VEH with the inter-

digitated transducer.

The electrical model for the transducer is obtained from the interdigitated transducer

model derived in Section 4.2. Using (4.3), (4.9) and (4.28), we rewrite the system model
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Figure 4.27: Springless VEH’s cross-section.

of the springless VEH as

q̇ = − q

RC◦
[
Cls1

(
2x
ps

)
+ Cd

] +
Vdc
R

ẍ =
Cls2

(
2x
ps

)
mC◦ps

q2[
Cls1

(
2x
ps

)
+ Cd

]2
− cm
m
ẋ− Fs

m
− µg sgn(ẋ)− A◦ cos(Ωt)

(4.34)

where R is the external load and Vdc is the DC voltage used to charge the transducer. The

piecewise functions cm and Fs describe the damping coefficient and restoring force of the

end limiters. For a spring-type limiter installed at the tip of an end-post, the damping

coefficient can be written as

cm(x) =


cf |x| ≤ ds

cs ds < |x| ≤ di

ci |x| ≥ di

(4.35)

where cf , cs, and ci are the damping coefficients of the system while the carriage is sliding

freely, in contact with the end-spring-limited, and in contact with the end-post, respec-
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tively. The restoring force is an odd function Fs(−x) = −Fs(x) defined as

Fs(x) =


0 0 < x ≤ ds

ks(x− ds) ds < x ≤ di

ki(x− di) + ks(di − ds) x ≥ di

(4.36)

where ks and ki are the linear stiffness coefficients of the end-spring and end-post, respec-

tively. The damping coefficient and restoring force are plotted in Figure 4.29 as functions

of the carriage displacement.

Equations (4.34) represent a system of nonlinearly coupled differential equations in

the variables q and x describing the state of the VEH as the carriage travels along the

rail. Numerical solutions of the system equations will be obtained to evaluate the VEH

performance. Due to the presence of impact and friction in the system, convergence of

these solutions will depend on selection of a proper time step. In the next subsection, a

fabricated prototype of the new VEH will be presented.

(a) (b)

Figure 4.28: Piecewise function of (a) damping coefficient, and (b) limiting–spring restoring

force.
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4.5.4 Planar VEH Model Validation

We designed and fabricated a prototype of the planar electrostatic VEH to test the fea-

sibility of the new architecture. The support system was made of a Chieftek Precision

Co. (CPC) high-accuracy class linear guide with a 7 mm wide and 10 cm long rail. The

carriage was lightly preloaded to minimize friction with the rail and had dimensions of

(17 mm × 21.7 mm). The reported coefficient of friction for this linear guide series is

µ = 0.002 ∼ 0.003. The carriage was loaded with a 266 gm inertial mass. A helical

spring was attached, at either end of the rail, to a screw protruding from the wall to limit

the carriage motion. Figure 4.29 shows an exploded schematic of an electrostatic VEH

prototype.

The gap between the electrodes was not optimized for maximum output power to

minimize the possibility of the electrodes coming into contact due to height variation across

the electrode surfaces. The nominal gap between the electrodes was set to g◦ = 150 ∼

200µm. The transducer electrodes were made of PCB boards. The moving electrode width

wm was set to approximately half the fixed electrode width wf . Figure 4.30 shows a picture

of the prototype after assembly. Table 4.5 lists the prototype system parameters.

A schematic of the experimental setup is shown in Figure 4.31. The prototype was

placed on the base of the linear motor used to supply base accelerations. It was connected

Table 4.5: Summary of interdigitated harvester’s parameters for power optimization.

Lx 114 mm Ly 50.8 mm

di 12.4 mm ds 6.5 mm

wgap 0.375 mm wslab 0.25 mm

g◦ 200 µm n 59 slabs

wxm 36.6 mm wxf 74.35 mm
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Figure 4.29: Exploded schematic of the prototype.

Figure 4.30: Picture of the assembled prototype.
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Figure 4.31: The experimental setup for the springless VEH.

electrically to a DC power supply and primary load and test resistors. The test resistor

Rtest was connected in series with the load resistor Rload to prevent the loading effect of

the signal analyzer input impedance. The signal analyzer was used to measure the root

mean square (RMS) of the output voltage across the test resistor.

The DC power supply was set to 300 V and the load resistance was set to R = 1.1

MΩ, divided into primary load and test resistances of 1 MΩ and 100 kΩ, respectively.

The frequency-response curve of the RMS output voltage was obtained by sweeping the

frequency of base accelerations between 1 Hz and 8 Hz while holding the amplitude constant

at A◦ = 0.2 g. One peak was observed in the frequency-response curve, Figure 4.32, at

2 Hz.

The effect of the end-limiters on the frequency-response curve was observed by changing

the acceleration amplitude used in the frequency sweep. Figure 4.33 shows the frequency-

response curves of the RMS output voltage for A◦ = 0.1 g, 0.4 g, 0.5 g, and 1g. At low

excitation levels, A◦ = 0.1 g, the frequency-response curve has a distinct peak at 2 Hz. As

the excitation level is increased, the bandwidth of the VEH becomes wider, 5 Hz, at A◦ =
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Figure 4.32: The frequency-response curves of the RMS output voltage at 0.2g base accel-

eration.

0.2 g, and multiple peaks appear at A◦ = 0.4 g. As the excitation level is increased further,

the center frequency shifts to higher values at A◦ = 0.5 g and 1 g. These results indicate

that the carriage contact with the spring had a positive effect on the VEH performance

since it increases the bandwidth of the VEH in a manner similar to that encountered in

the piecewise-linear MPGs reported by Soliman et al. [48]. However more violent impacts,

which can bring the carriage into contact with the screw, reduced the output power, due

to larger impact losses, and significantly increases the center frequency of the VEH.

The obtained output voltage was low because of the relatively large capacitor gap and

misalignment between the electrodes during the assembly. To operate at smaller gaps, one

need the electrodes to be covered with an insulator to guard against the possibility of a

short circuit between the electrodes upon impact. Thin film fabrication can also be used to

gain better control over the electrode thickness and minimize height variations across the

electrode surface. Alignment of the capacitor electrodes can be improved using precision
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Figure 4.33: The frequency-response curves of the RMS output voltage at four base accel-

eration amplitudes.

machine design techniques to maximize the capacitance variation with carriage travel.

As a result, a second generation of the springless MPG was implemented in a smaller

footprint prototype. Figure 4.34(a) shows a picture of the new prototype in comparison to

a 9 V battery. The new prototype size is 5.5 cm × 3 cm × 1.2 cm. The support system

was made using Chieftek Precision Co. (CPC) precision class linear guide with a 3 mm

wide and 5 cm long rail. The carriage is lightly preloaded to minimize friction with the

rail and has dimensions of (11.7 mm × 8 mm).

Precision machine design was used to ensure proper alignment of the bottom and upper
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electrodes. Dowel pins were used to align the rail of the linear guide with the prototype

base. The two end stops were made from Lexan and were similarly aligned using dowel

pins. An inertial mass is inserted on the carriage to hold the movable electrode on the

carriage. Helical springs were used for spring-limited operation and were installed at both

end of the inertial mass. Dowel pins were used to occupy the middle of these springs to

prevent their tilt on impact as shown in Figure 4.34(b).

(a)

(b)

Figure 4.34: 2nd generation springless MPG (a) assembled prototype (b) prototype without

top electrode.
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The capacitive electrodes were fabricated using thin-film fabrication to ensure good

control on the gap. An alumina substrate was used for the bottom (movable) electrode,

Figure 4.35(a), whereas a glass substrate was used for the top electrode, Figure 4.35(b).

The choice of the glass substrate for the top electrode provides transparent view to ensure

the proper alignment of the top and bottom electrodes during assembly. An additional

SiO2 layer was added to the bottom electrode to ensure the electrical isolation between the

two electrodes during motion. This layer can be used in the future as an electret-layer.

The testing and validation of the assembled prototype will be carried out in the future

work of this dissertation.

(a) (b)

Figure 4.35: Prototype’s electrodes: (a) bottom alumina substrate (b) top glass substrate.

114



Chapter 5

Electromechanical Coupling in

Electrostatic MPGs

5.1 Introduction

Vibration based MPGs are electromechanical systems with a mechanical oscillator that

captures and amplifies environmental vibrations and a transducer that transforms these

motions into electric energy. The transduction mechanisms can be: electromagnetic, piezo-

electric, or electrostatic, as discussed earlier in Chapter 2.

The time constant of the electric subsystem, τe = RC for electrostatic and piezoelectric

MPGs and τe = L/R for electromagnetic MPGs, is much smaller than that of the mechan-

ical subsystem τm ∝ 1/ω. As a result, the electric subsystem dynamically decouples from

the mechanical subsystem, thereby reducing its impact on the mechanical subsystem to

a damping force Fe representing the energy extracted by the electric subsystem. There-

fore, we assume a linear mechanical oscillator and use the MPG block diagram shown in
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Figure 3.6 to write the equation of motion of the MPG as

ẍ+ 2ζmωẋ+ ω2x =
Fe
m
− ay(t) (5.1)

where x(t) is the relative displacement of the inertial mass m with respect to the frame,

ζm = cm/2mω is the mechanical damping ratio, ω =
√
k1/m is the natural frequency of

the oscillator, and ay(t) = A◦ cos(Ωt) is the base acceleration.

The nature of electric damping depends on the topology and transduction mechanism of

the MPG. In electromagnetic MPGs, the extracted energy is proportional to velocity of the

inertial mass and the electric damping behaves as a viscous damping force ζe = ce/2mω [46].

In other MPGs, the electric damping can be constant over a range of motion, thereby acting

like Coulomb damping [15]. Electrostatic and piezoelectric MPGs can exhibit either type

of damping, depending on the system architecture [39, 60].

The strength of the dynamic coupling between the electrical and mechanical subsystems

is not always negligible, rather it depends on the MPG architecture. At one end are

electromagnetic MPGs where the dynamics of each subsystem are normally uncoupled,

since the MPG inductance is small leading to an electrical time constant much larger than

the mechanical time constant (τe � τm). At the other end are many electrostatic and

piezoelectric MPGs where (τe ≈ τm), the dynamics in this case are tightly coupled, and

the subsystems can not be decoupled to study each one alone.

This is particularly the case in switchless (continuous) electrostatic MPGs, which have

large load resistance by design to maximize the power output. These MPGs are designed

to eliminate the need for switched circuits. Many of them, also, use electrets, quasi-

permanently charged dielectrics, to induce charges on the capacitor plates and eliminate

the need for initial charge sources. Due to these advantages, significant efforts, including

this thesis, have been devoted to developing electret-based electrostatic MPGs in the last

five years [16–18, 20, 39, 44, 61]. As a result, it has become important to study the impact

of the electromechanical coupling on the dynamics of these MPGs.
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In this chapter, we investigate the dynamics of switchless MPGs, identify their optimal

operating conditions, and formulate design rules for these MPGs. In Section 5.2, we

describe a model of nonlinearly coupled electrostatic MPGs. In Sections 5.3 and 5.4, we

develop simplified linear and weakly nonlinear analytical solutions of the system response,

compare the results of the analytical solutions, and identify the optimal operating regions

of the MPG. In Section 5.5, we validate the obtained nonlinear analytical solution against

previously published experimental results and summarizes the chapter.

5.2 System Model

Switchless electrostatic MPGs vary in the number, arrangement, and type of capacitors

employed. Sterken et al.’s architecture was one of the early implementations of these

MPGs [20]. The circuit topology and original implementation of this MPG were presented

earlier in Figures 4.4 and 4.5, respectively. It employs two identical out-of-phase (right

and left) variable comb-finger capacitors. The electret layer is embedded below a central

capacitor located under the inertial mass m to form the electric equivalent circuit shown

in Figure 5.1 and A and B are modeled as two series capacitors. The electret layer and

the center capacitor are modeled as a battery of voltage Vet and capacitor Cet.

The system dynamics are derived by applying Kirchhoff’s voltage law to the electric

circuit and writing the equation of motion of the inertial mass. The result is

Vet =Rq̇1 + VC1(q1, x) +
q1 + q2

Cet

Vet =Rq̇2 + VC2(q2, x) +
q1 + q2

Cet
(5.2)

mẍ =F2(q2, x)− F1(q1, x)− k1x− k3x
3 − cmẋ−may(t)

where R is the load resistance, k1 is the linear spring constant, k3 is the coefficient of the

cubic nonlinearity representing the springs mid-plane stretching, and ay(t) is a sinusoidal
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Electret  

equivalent circuit

C1 C2A

B

RR

Cet

Vet

Figure 5.1: An equivalent circuit for Sterken et al. electrostatic MPG taking into consid-

eration the embedded electret.

base acceleration with amplitude A◦ and frequency Ω. The state variables q1, q2, and

x correspond to the charge on the right and left variable capacitors C1(x) and C2(x),

respectively, and the displacement of the inertial mass. The driving efforts are

VCi
(q, x) =

qi(t)

Ci(x)
, Fi(q, x) =

1

2

∂

∂x

( q2
i (t)

Ci(x)

)
(5.3)

The capacitances of the variable capacitors are

C1(x) = C◦

(
1− x

h

)
, C2(x) = C◦

(
1 +

x

h

)
(5.4)

where C◦ is the capacitance of the variable capacitors and h is the finger overlap distance

of the unactuated MPG. The initial voltage VCi
(0) = V◦ is related to the initial charge

qi(0) = q◦ by V◦ = q◦/C◦. The voltage across the central capacitor is VCet = (q1 + q2)/Cet.

Applying Kirchhoff’s voltage law to the circuit of the unactuated MPG, we obtain

V◦ = Vet

( Cet
2C◦ + Cet

)
(5.5)
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We introduce the nondimensional variables

t̂ = tω , q̂1 =
q1

q◦
, q̂2 =

q2

q◦
, x̂ =

x

h
(5.6)

into (5.2) and using (5.3)-(5.5), we obtain the nondimensional system of differential equa-

tions

˙̂q1 = − ωeq̂1

1− x̂
− 1

2
(Iet − ωe)(q̂1 + q̂2) + Iet

˙̂q2 = − ωeq̂2

1 + x̂
− 1

2
(Iet − ωe)(q̂1 + q̂2) + Iet (5.7)

¨̂x = 1
2
η
( q̂2

1 + x̂

)2

− 1
2
η
( q̂1

1− x̂

)2

− x̂− κx̂3 − 2ζm ˙̂x− Â◦ cos(Ω̂t̂)

where 1/ωe is the electrical time constant, Iet is the decay time constant for the induced

charge on the variable capacitors, η is an electrostatic transduction coefficient, Ω̂ is the

nondimensional excitation frequency, and κ is the nondimensional coefficient of the cubic

nonlinearity. The nondimensional parameters are defined as

ωe =
1

RC◦ω
, Iet =

Vet
Rq◦ω

, ζm =
cm

2mω
, η =

q2
◦

C◦mω2h2
,

κ =
k3h

2

k1

, Â◦ =
A◦
hω2

, Ω̂ =
Ω

ω

(5.8)

We note that the coupling between the electric loops is linear, whereas the electrome-

chanical coupling is nonlinear. Since an analytical solution of this system is not available,

we seek an approximate analytical solution using the method of multiple scales. Towards

this end, we introduce the linear transformation

u1 =
1

2
(q̂1 + q̂2)− 1 , u2 =

1

2
(q̂1 − q̂2) , u3 = x̂ , u4 = ˙̂x (5.9)

to shift the equilibrium point of the unactuated system from (q◦, q◦, 0) to the origin. In-

troducing this transformation into (5.7), expanding the nonlinear terms in Taylor series,
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and retaining terms up to third-order, we obtain

u̇1 + Ietu1 = −ωeu2u3 − ωeu3
2 − ωeu1u3

2

u̇2 + ωeu2 + ωeu3 = −ωeu1u3 − ωeu2u3
2 − ωeu3

3

u̇3 − u4 = 0

u̇4 + 2ηu2 + 2ζmu4 + (1 + 2η)u3 = −2ηu1u2 − 4ηu1u3

− 2ηu1
2u3 − 2ηu2

2u3 − 6ηu2u
2
3 − (κ+ 4η)u3

3 − Â◦ cos(Ω̂t̂)

(5.10)

Once the velocity u4 of the inertial mass is found, the nondimensional average electrical

power Pe of the MPG can be obtained using the relationship [5]

Pe =
1

T

∫
T

(
− ây(t̂)

η
u4 − 2

ζm
η
u2

4

)
dt̂ (5.11)

where the first and second terms of the integrand are the input power and the dissipated

power in the mechanical subsystem, respectively, and T = 2π/Ω̂ is the period of base

excitations.

5.3 Linear Analysis

The linearized system is obtained from (5.10) by dropping the nonlinear terms. The re-

sulting linear system is

u̇1 = −Ietu1

u̇2 = −ωe(u2 + u3)

u̇3 = u4

u̇4 = −2ηu2 − (1 + 2η)u3 − 2ζmu4 − Â◦ cos(Ω̂t̂)

(5.12)

The first equation in (5.12) is uncoupled from the other equations, indicating that the

mean charge on the left and right capacitors (u1 + 1) will decay exponentially with a decay
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constant Iet towards a constant value q◦ over long time. As a result, the electromechanical

system reduces to the last three equations of (5.12). Solving the reduced linear system in

(5.12) for the forced response and substituting the results into equation (5.11), we obtain

an expression for the extracted power [5] in the form

Pe =
ωeΩ̂

2Â2
◦

[ωe − (ωe + 2ζm)Ω̂2]2 + Ω̂2(2ζmωe + ω2
c − Ω̂2)2

(5.13)

where ωc =
√

1 + 2η. Equation (5.13) was used to plot the peak power (Pe)peak and corre-

sponding nondimensional excitation frequency Ω̂peak as functions of the electrical frequency

ωe for MPG #1. The MPG parameters are listed in Table 5.1, the mechanical damping

was set to ζm = 0.01, and the base excitation amplitude was set to Â◦ = 0.01.

The plots in Figure 5.2 show two distinct domains for the MPG response separated

Figure 5.2: Peak output power (Pe)peak (solid black line) and the corresponding nondimen-

sional excitation frequency Ω̂peak (dashed blue line) as functions of the electrical frequency

ωe.
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Table 5.1: Dimensions and Properties of MPG #1 [5].

m 1.212µkg h 140.0µm

C◦ 19.37 pF Cet 16.80 pF

Vet 150 V η 0.065

k1 31.27 N/m k3 0

by ωe = 1 where the electrical frequency is perfectly tuned with the uncoupled oscillator

natural frequency. In the fast domain (ωe > 1), the optimal peak power occurs as the

excitation frequency approaches the natural frequency of the uncoupled oscillator Ω̂→ 1.

In the slow domain (ωe < 1), the optimal peak power occurs as Ω̂ → ωc where ωc is the

nondimensional natural frequency of the coupled oscillator. The existence of two optimal

operating points was observed by Sterken et al. [20] in switchless electrostatic MPGs and

by DuToit et al. [1] in piezoelectric MPGs. In the following, we present an overarching

system dynamics framework to explain and optimize the two peaks simultaneously and to

use them to design wideband MPGs.

5.3.1 Fast MPG

In the fast domain (ωe > 1), the electrical subsystem approaches a short circuit as ωe →∞.

The second of equations (5.12) can, therefore, be used to write

u2 = − u̇2

ωe
− u3 and u̇2 ≈ −u̇3

These relations can then be used to eliminate u2 from the fourth equation in (5.12) and

the system dynamics reduce to

ü3 = −u3 − 2
(
ζm +

η

ωe

)
u̇3 − Â◦ cos(Ω̂t̂) (5.14)

Therefore, the MPG reduces in this case to an uncoupled viscous-damped MPG with the

current in the electric subsystem enslaved to the velocity of the inertial mass. The center
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frequency of the MPG is identical to that of the uncoupled mechanical oscillator ω = 1

and the additional electrical damping ratio is

ζe =
η

ωe
(5.15)

Solving (5.14) and substituting the solution into (5.11), we express the extracted power as

Pe =
Ω̂2

ωe
Â2
◦

(1− Ω̂2)2 + 4Ω̂2
(
ζm + η

ωe

)2 (5.16)

For a given MPG, the peak extracted power occurs when the excitation frequency is equal

to the natural frequency of the MPG (Ω̂ = 1) and hence

(Pe)peak =
Â2
◦

4ωe
(
ζm + η

ωe

)2 (5.17)

The same expression can be obtained from (5.13) by noting that for a fast MPG, ζm
ωe
→ 0.

The electrical frequency ωe corresponding to optimal peak power (i.e., the load resistance

R required to obtain maximum (Pe)peak for a fast MPG) can be obtained by setting the

derivative of the peak power with respect to ωe equal to zero and obtaining

(ωe)opt =
η

ζm
(5.18)

Comparing (5.18) to (5.17), we conclude that the optimal peak power is extracted when

the electrical damping and the mechanical damping are equal (ζm = ζe). This is the

traditionally studied optimal operating point. Similar results to those obtained here were

reported by Williams and Yates [46] and others [5].

5.3.2 Slow MPG

In the slow domain (ωe < 1), the electrical subsystem approaches an open circuit as ωe → 0

and the second equation in (5.12) can be used to write

u̇2 ≈ 0 ⇒ u2 ≈ qc
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where qc is a constant charge difference between the left and right variable capacitors. As

a result, the system dynamics reduce to

ü3 = −2ηqc − ω2
cu3 − 2ζmu̇3 − Â◦ cos(Ω̂t̂) (5.19)

As the MPG moves towards one of the variable capacitors, it builds charge on it and

drains charge from the opposite capacitor. The difference between their electrostatic fields

produces a net quasi-static (Coulomb damping) force and a hardening linear spring effect

on the oscillator, thereby shifting its coupled natural frequency to ωc.

For a given MPG, the peak extracted power occurs when the excitation frequency is

equal to the natural frequency of the MPG (Ω̂ = ωc). Substituting this value into (5.13),

scaling the electrical frequency and mechanical damping at εωe and εζm, and dropping

terms of order O(ε4) and higher, we obtain the following expression for the peak extracted

power for a slow MPG in the form:

(Pe)peak =
ωeω

2
c Â

2
◦

4 (ζmω2
c + ηωe)

2 (5.20)

The electrical frequency ωe corresponding to the optimal peak power for a slow MPG can

be found from (5.20) as

(ωe)opt =
ζm
η
ω2
c (5.21)

Figure 5.3 compares the peak power found using the linear model, (5.13), with those

calculated using the simplified linear models, (5.17) and (5.20), for MPG #1. Each of the

simplified models approximates the system response well in its own domain but they both

fail in the mixed domain (ωe ≈ 1).

Comparing (5.18) and (5.21), we conclude that as η
ζm
→ 1, the locations of optimal peak

power in the slow and fast domain approach each other. Figure 5.4 shows the peak output

power for MPG #2 which was obtained from MPG #1 by reducing the electromechanical

coupling coefficient to η = 0.02, thereby setting η
ζm

= 2. The locations of the optimal
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Figure 5.3: Peak output power obtained using the linear model and the simplified models.

peak output power approach each other and merge into a single peak centered at ωe = 1

and stretching over a wider band of excitation frequencies Ω̂ = [1, ωc]. We conclude that

it is necessary to maintain η
ζm
≈ 1 to optimally tune switchless electrostatic MPGs to

harvest energy over a wideband of excitation frequencies. The power output can be further

enhanced by setting the load resistance such that ωe ∈ [ η
ζm
, ζm
η
ω2
c ]

Although the linear model offers significant insights into the MPG response, it breaks

down in the slow and mixed domains. Figure 5.5 shows the peak output power (Pe)peak

and the corresponding excitation frequency Ω̂peak for MPG #2 and a base excitation of

Â◦ = 0.02. The figure compares two sets of results obtained using numerical integration

of the full model, (5.7), and analytical solution of the linear model, (5.12). The numerical

solution verifies the wideband operation for MPG behavior, and it also shows that the linear

model underestimates the excitation frequency corresponding to peak power Ω̂peak in the

slow domain. We found that, for excitation amplitudes Â◦ ≥ 0.01, frequency errors were
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Figure 5.4: Peak output power and the corresponding excitation frequency for a wideband

MPG.

≥ 2% in the slow and mixed domains. As a result, the error in the peak excitation frequency

Ω̂peak calculated using the linear model was large enough for the excitations to completely

miss out the energy harvesting bandwidth even for a wideband MPG. These results are

in agreement with the findings of Peano and co-workers [5, 62] and our observation above

that the simplifying assumption used to uncouple the electric and mechanical subsystems

leads to erroneous conclusions about the optimal operating conditions when (τe ≈ τm).

These results make the need for a nonlinear model of electrostatic MPGs evident.

5.4 Nonlinear Analysis

A uniformly consistent second-order approximation of the MPG response is developed

using the method of multiple scales [63]. We assume a solution of the form

ui(t) = εui,1(T◦, T1, T2) + ε2ui,2(T◦, T1, T2) + ε3ui,3(T◦, T1, T2) + · · · i = 1, 2, 3, 4 (5.22)

126



Figure 5.5: Peak output power (Pe)peak (black lines) and the corresponding excitation

frequency Ω̂peak (blue lines) obtained from the full and linear models for Â◦ = 0.02.

where ε is a small bookkeeping parameter and the time scales are T◦ = t, T1 = εt, and

T2 = ε2t. In order to balance the effects of the nonlinearity, damping, and base excitation,

we scale the electric damping as ε2ηu2, the mechanical damping as ε2ζmu3, the forcing as

ε3Â◦, and drop the higher-order squeeze-film damping terms. Restricting our interest to

the mixed domain region, we write the nondimensional excitation frequency as

Ω̂ = ωc + ε2σ

where σ is the detuning between the excitation frequency and the natural frequency of the

coupled oscillator. Substituting (5.22) into (5.10) and equating coefficients of like powers

of ε, we obtain the following hierarchy of problems:
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Order ε

D◦u1,1 + Ietu1,1 = 0

D◦u2,1 + ωeu2,1 + ωeu3,1 = 0

D◦u3,1 − u4,1 = 0

D◦u4,1 + ω2
cu3,1 = 0

(5.23)

Order ε2

D◦u1,2 + Ietu1,2 = −D1u1,1 − ωeu2,1u3,1 − ωeu2
3,1

D◦u2,2 + ωeu2,2 + ωeu3,2 = −D1u2,1 − ωeu1,1u3,1

D◦u3,2 − u4,2 = −D1u3,1

D◦u4,2 + ω2
cu3,2 = −D1u4,1 − 2ηu1,1u2,1 − 4ηu1,1u3,1

(5.24)

Order ε3

D◦u1,3 + Ietu1,3 = −D1u1,2 −D2u1,1 − ωeu2,2u3,1 − ωeu1,1u
2
3,1 − ωeu2,1u3,2 − 2ωeu3,1u3,2

D◦u2,3 + ωeu2,3 + ωeu3,3 = −D1u2,2 −D2u2,1ωeu1,2u3,1 − ωeu2,1u
2
3,1 − ωeu3

3,1 − ωeu1,1u3,2

D◦u3,3 − u4,3 = −D1u3,2 −D2u3,1

D◦u4,3 + ω2
cu3,3 = −Â◦ cos(ωcT◦ + σT2)− 2ηu2,1 − 2ζmu4,1 −D1u4,2 −D2u4,1 − 2ηu1,1u2,2 − 2ηu1,2u2,1

− 4ηu1,1u3,2 − 4ηu1,2u3,1 − 2ηu2
1,1u3,1 − 2ηu2

2,1u3,1 − 6ηu2,1u
2
3,1 − (4η + κ)u3

3,1

(5.25)

where Di = ∂
∂Ti

.

The first-order system is a homogeneous linear system. The eigenvalues of this system

were found to be

λ1 = −Iet , λ2 = −ωe , λ3,4 = ±i
√

1 + 2η (5.26)

Therefore, the first-order system solution can be expressed using the eigenvalues and eigen-
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vectors of the system as

u1,1 = B1(T1, T2)eλ1T◦

u2,1 = B2(T1, T2) eλ2T◦ −B3(T1, T2)
λ2e

λ3T◦

(λ2 + λ3)λ3

+ cc

u3,1 = B3(T1, T2)
1

λ3

eλ3T◦ + cc

u4,1 = B3(T1, T2)eT◦λ3 + cc

(5.27)

where the Bi are functions of the slow time-scales to be determined by imposing the

solvability condition in the higher-order problems and cc stands for the complex conjugate

of the preceding term.

Substituting (5.27) into (5.24), we find that the Bi are independent of T1 and evaluate

the particular solution to the second-order system as

u1,2 = B2e
λ2T◦(p1B3e

T◦λ3 + cc) + p2B
2
3e

2λ3T◦ + cc + r1B3B̄3

u2,2 = B1e
λ1T◦(r2B2e

λ2T◦ + p3B3e
λ3T◦ + cc)

u3,2 = B1e
λ1T◦(r3B2e

λ2T◦ + p4B3e
λ3T◦ + cc)

u4,2 = B1e
λ1T◦(r4B2e

λ2T◦ + p5B3e
λ3T◦ + cc)

(5.28)

where the pi are complex-valued constants, ri are real-valued constants, and the overbar

denotes the complex conjugate.

Substituting the first-order and second-order solutions, (5.27) and (5.28), into the third-

order system (5.25), we determine the modulation equations governing the evolution of

Bi by enforcing the solvibility condition on the third-order system. We use the polar

transformation B3(T2) = 1
2
a(T2)eiθ(T2) to simplify the equations and obtain

B′1 = s1B1a
2

B′2 = 2ηs2B2 + s3B2a
2

a′ = −(ζ + ηs2)a+ ηs4a
3 − 1

2
Â◦ cos γ

aγ′ = −(σ + ηs5)a+ s6a
3 +

1

2
Â◦ sin γ

(5.29)
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where the prime denotes the derivative with respect to T2, γ = σ − θ, and the coefficients

si are

s1 =
(I4
et − 12ηI2

et + 4(I2
et − 2η)ω2

c )ω
2
e

2IetN3N4(ω2
c +N1)

+
Iet(I

2
et + 4ω2

c − 2η)ω4
e

2N3N4ω2
c (ω

2
c +N1)

− (I2
et + ω2

c )(I
2
et + 4ω2

c − 8η)ωe
2N3N4(ω2

c +N1)
− (I4

et + 5ω2
cI

2
et − 2ηI2

et + 4ω4
c )ω

3
e

2N3N4ω2
c (ω

2
c +N1)

s2 =
ωe
N3

, s5 =
ω2
e

ωcN3

s3 = −ωe (ω6
c − 6ηω4

c + 2ω6
e + (5ω2

c − 4η)ω4
e + (4ω4

c − 18ηω2
c )ω

2
e)

2N2
3ω

2
c (ω2

c +N2)

− Ietωe (Iet + 3ωe) (ω4
c − 6ηω2

c + ω4
e − 2(η − ω2

c )ω
2
e)

2N2
3ω

2
c (ω

2
c +N2)

+
ηω2

e

IetN3 (ω2
c +N2)

s4 = −ωe (2N4ωe(ω
2
c − Ietωe) + IetN3(4ω2

c + 3N4 + Ietωe))

4IetN2
3N4ω2

c

s6 =
3k3

8ω3
c

+
ηωc (3IetN4 + ωe(Iet + ωe)(3Iet + 4ωe))

2IetN2
3N4

+
ηωe (8ω4

c + Ietωe(2I
2
et + 2ωeIet − ω2

e))

2IetN2
3N4ωc

(5.30)

where

N1 = I2
et − 2ωeIet + ω2

e , N2 = I2
et + 2ωeIet + ω2

e

N3 = ω2
c + ω2

e , N4 = I2
et + 4ω2

c

(5.31)

The fixed points of the modulation equations (a◦, γ◦) are obtained by setting the time

derivatives in (5.29) equal to zero and solving a third-order algebraic equation for the fixed

points.

Substituting the first-order and second-order solutions, (5.27) and (5.28), into (5.22),

substituting the fixed points of the modulation equations, and dropping the exponentially
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decaying terms, we obtain the second-order approximation of the response of the MPG as

u1 = c11a
2
◦ cos(2Ω̂t̂+ 2γ◦) + c12a

2
◦ sin(2Ω̂t̂+ 2γ◦) + c13a

2
◦

u2 = c21a◦ cos(Ω̂t̂+ γ◦) + c22a◦ sin(Ω̂t̂+ γ◦)

u3 =
1

ωc
a◦ sin(Ω̂t̂+ γ◦)

u4 =
Ω̂

ωc
a◦ cos(Ω̂t̂+ γ◦)

(5.32)

where the coefficients cij are

c11 =
ωe(2ωe − Iet)

2N3N4

, c12 =
ωe(Ietωe + 2ω2

c )

2ωcN3N4

, c13 =
ωe

2IetN3

c21 =
ωe
N3

, c22 =
−ω2

e

ωcN3

(5.33)

The mean extracted power Pe can be found in closed-form by substituting the steady-

state velocity u4 in equation (5.11) and carrying out the integration. The result is

Pe = − Ω̂Â◦
2ωcη

a◦ cos γ◦ −
ζmΩ̂2

ηω2
c

a2
◦ (5.34)

We note that the output power depends implicitly on ωe through a◦ and γ◦.

The equilibruim solution was used to generate the frequency-response curves of the iner-

tial mass displacement for MPG #1 where the load resistance was set so that ωe = 0.145.

These curves are compared in Figure 5.6 to the frequency-response curves obtained by

numerically integrating equations (5.7) at the four levels of base excitation amplitudes

Â◦ = 0.003, 0.01, 0.015, and 0.02. The figure shows good agreement between the numer-

ical and analytical results. The frequency-response curves are all bent to the right, indi-

cating that the effective electromechanical nonlinearity is of the hardening-type. These

results explain the reason for the underestimation of the linear model for the excitation

frequency at which peak power occurs Ω̂peak, since the hardening nonlinearity shifts the

center frequency of the MPG to higher values.
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Figure 5.6: The frequency-response curves of the nondimensional displacement x̂ at four

levels of excitation.

Almost a vertical drop is observed in the response curve of Â◦ = 0.02 at (Ω̂ = 1.09),

which indicates the impending appearance of a region of multi-valued responses at higher

excitation amplitudes (Â◦ > 0.02). Although operating the MPG at this level of excitation

amplitudes might seem to promise higher levels of extracted power, this promise is compli-

cated by the fact that a lower level of extracted power is also available in the multi-valued

region. The actual extracted power in such a region will depend on the initial conditions.

The nonlinear model offers significant improvements in the prediction of the output

power and peak frequency as the base excitation exceeds Â◦ > 0.01. Figure 5.7 shows the

peak output power (Pe)peak and the corresponding excitation frequency Ω̂peak for MPG #2

at a base excitation of Â◦ = 0.02. The figure shows good agreement between the predictions
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of the nonlinear model and the results of numerically integrating (5.7). In particular, the

deviation in the predicted peak frequency Ω̂peak is small enough to avoid mistuning the

MPG away from the excitation frequency.

Figure 5.7: Peak output power (Pe)peak (black lines) and the corresponding excitation

frequency Ω̂peak (blue lines) obtained from the full and the nonlinear models for Â◦ = 0.02.

5.5 Model Validation and Discussion

To validate the nonlinear model of the electrostatic MPG, we compare our results to those

experimentally obtained by Bartsch et al. [6] for an MPG, dubbed MPG #3, with the

same architecture as ours. The parameters of the MPG are listed in Table 5.2. Each of

the variable capacitors had 55 comb fingers. We estimated the stiffness of the support

springs using static deflection analysis in the FEM code COMSOL. Bartsch et al. [6]

used a power source, rather than an electret, to supply the voltage drop to the common

capacitor. Therefore, we set (Cet = ∞). Further, the realized MPG had a significant
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Table 5.2: Dimensions and Properties of MPG #3 [6, 7].

m 0.1µKg h 30.0µm

C◦ 0.122 pF Cp 0.12 pF

Vet 70 V η 0.0956

k1 6.931 N/m k3 14.5

parasitic capacitance Cp [7], which was factored in our model shifting the static charge on

the variable capacitors to a value larger than q◦ and decreasing the electrical subsystem

frequency ωe and Iet.

Figure 5.8 compares the maximum displacement of the inertial mass x predicted using

our model to their experimental results for two frequency sweeps at constant base displace-

ment amplitudes of y◦ = 0.1µm and 0.2µm. A region of multi-valued responses appears at

Ω = 1696 Hz and Ω = 1738 Hz for the small and large excitation amplitudes, respectively,

where the experimental frequency-response curves exhibit a sudden drop. Our model was

able to predict the experimental results well except for the high-frequency region of the

large excitation frequency-response curve. In this region, the piezoelectric actuator that

was used to supply the base excitation sees the most significant challenge to maintain a

constant displacement amplitude as the frequency of excitation increases, which can be

expected to decrease the realizable excitation amplitude, consistent with our model over-

estimation of the response.

In this chapter, we studied the system dynamics of electrostatic MPGs and found that

the strength of electromechanical coupling in these MPGs depends on the magnitude of

the electrical frequency ωe and that two qualitatively different domains of MPG behavior

exist. In the fast domain ωe > 1 (small load resistance), the electromechanical coupling

is weak and the MPG behaves as a linear viscously damped system with the maximum

output power occurring at Ω̂ = 1. In the slow and mixed domains ωe ≤ 1 (large load
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Figure 5.8: The maximum displacement of the inertial mass x as a function of the excitation

frequency Ω.

resistance), the electromechanical coupling is strong, thereby introducing a hardening-type

effective nonlinearity in the system response and shifting the maximum output power to

the neighborhood of Ω̂ =
√

1 + 2η. As a result, electrostatic MPGs have two distinct, fast

and slow, optimal operating points.

It is possible to merge these optimal operating points in an intermediate range (ωe ∼ 1)

to obtain a wideband MPG. The design of wideband MPGs requires simultaneous opti-

mization of the power output and locations of the operating points, which is obtained by

satisfying the following design rules:
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- The electromechanical coupling coefficient should be set to η ≈ ζm

- The load resistance should be set so that the frequency of the electrical subsystem

lies in the domain: ωe ∈ [ η
ζm
, ζm
η
ω2
c ]

Linear and simplified linear models were found to be adequate for predicting the re-

sponse of MPGs operating in the fast domain and lightly-excited MPGs (Â◦ ≤ 0.01)

operating in the slow or mixed domains. This limitation is particularly important, since

one of the two optimal operating points exists in the slow domain.

To address this need, we developed a nonlinear model and validated here. The model

was found to be valid for MPGs operating under tight electromechanical coupling condi-

tions (slow and mixed domain) and for moderately large base excitations. Although the

model diverges for large excitations Â◦ ≥ 0.03, this is not a significant limitation since large

displacements lead to multi-valued responses. This is an undesirable feature in MPGs since

it makes the power output sensitive to initial conditions (environmental disturbances) and

thereby unpredictable.

We also presented a general and analytical approach to identify the damping mechanism

in electrostatic and piezoelectric MPGs more rigorous than merely observing that electro-

static MPGs are mostly Coulomb-damped and piezoelectric MPGs are mostly viscous-

damped [21]. Using our analytical approach, we found that the damping in electrostatic

and piezoelectric MPGs can be either viscous or Coulomb, depending on their time con-

stants and whether they operate in the fast or the slow domain. We also found that their

damping can be a mixture of both mechanisms in the mixed domain where the damping

of the electric subsystem can not be reduced to either of these damping mechanisms and

has to be included explicitly in the overall system dynamics. That is true even for lightly

excited MPGs (Â◦ ≤ 0.01), where a coupled linear model can be used to represent the

contribution of the electrical and mechanical subsystems to the overall system dynamics.
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Chapter 6

Conclusions

6.1 Thesis Contributions

The major contributions of the thesis can be summarized as follows:

• A switchless electrostatic out-of-plane micro-power generator was modeled, designed,

fabricated and tested. The new generator is sensitive enough to extract output power

at very low base excitations. It is designed to use a ready-made electret as a charging

source and is therefore portable and self-sustained. Moreover, the new MPG can be

configured as a wideband MPG in its impact mode of operation. A bandwidth of

up to 9 Hz has been realized in this mode of operation. An improved version of the

MPG was found to produce almost 1mW output power at a base excitation amplitude

and frequency of 0.08 g (RMS) and 86 Hz. Two nonlinear models were developed to

model the free-flight and impact modes of operation for this MPG allowing for further

future system analysis and optimization.

• A new implementation of the in-plane electrostatic transducer was designed, fabri-

cated using MEMS surface micromachining, and tested. It is estimated that the new

137



implementation can achieve 78% more output power than the original implementa-

tion [5]. This implementation was used in the fabrication of a novel MPG where

the source voltage is unlimited by the pull-in instability and a low MPG center fre-

quency can be realized. The MPG uses charged silicon nitride as a charging source.

The MPG produces 65mV at a base acceleration amplitude and frequency of 2 g and

1.1 kHz. The prototype achieves 27% less MPG center frequency with only one eights

the size of the previous implementation [4].

• A new MPG architecture was developed that eliminates the need for restoring force

elements (springs) in the MPG. The architecture can realize arbitrarily low MPG

center frequency. It is suitable for both rectilinear and cylindrical structures and

can be used with different vibration energy transduction methods. A prototype

was fabricated and tested to demonstrate the feasibility of this architecture. The

center frequency of the prototype was found to be 2 Hz demonstrating low frequency

operation.

• A consistent approximate analytical solution is developed to describe the nonlinear

behavior of switchless comb-finger electrostatic MPGs. The method of multiple scale

was used to develop such model. The model was found to be valid for MPGs operat-

ing under tight electromechanical coupling conditions and for moderately large base

excitations.

6.2 Future work

The work presented in this thesis represented different novel MPGs to tackle different

challenges in electrostatic MPGs. The experimental results of the developed prototypes

demonstrated their success in overcoming many of the ES MPGs’ challenges existing in

the literature. These results were further used to develop robust models that accurately
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describe the behavior of switchless ES MPGs. The general frame work of future work of

this thesis well be the use of these models to optimize the present prototype for optimal

power generation. Some of these future directions are:

• Developing miniaturized out-of-plane switchless ES MPGs using MEMS technology.

• Developing and charging of electret using both organic (polymers) and inorganic

(silicon dioxide and nitride) materials.

• Developing of post-processing techniques for further enhancement of the robustness

of the dimple-based suspension.

• Deploying springless MPGs operation in different transduction mechanisms using

both linear and cylindrical guides
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