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Abstract

Abstract harmonic analysis is mainly concerned with the study of locally compact
groups, their unitary representations, and the function spaces associated with them.
The Fourier and Fourier-Stieltjes algebras are two of the most important function

spaces associated with a locally compact group.

The Rajchman algebra associated with a locally compact group is defined to be
the set of all elements of the Fourier-Stieltjes algebra which vanish at infinity. This
is a closed, complemented ideal in the Fourier-Stieltjes algebra that contains the
Fourier algebra. In the Abelian case, the Rajchman algebras can be identified with
the algebra of Rajchman measures on the dual group. Such measures have been
widely studied in the classical harmonic analysis. In contrast, for non-commutative

locally compact groups little is known about these interesting algebras.

In this thesis, we investigate certain Banach algebra properties of Rajchman
algebras associated with locally compact groups. In particular, we study various
amenability properties of Rajchman algebras, and observe their diverse character-
istics for different classes of locally compact groups. We prove that amenability
of the Rajchman algebra of a group is equivalent to the group being compact and
almost Abelian, a property that is shared by the Fourier-Stieltjes algebra. In con-
trast, we also present examples of large classes of locally compact groups, such
as non-compact Abelian groups and infinite solvable groups, for which Rajchman
algebras are not even operator weakly amenable. Moreover, we establish various ex-
tension theorems that allow us to generalize the previous result to all non-compact

connected SIN-groups.
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Finally, we investigate the spectral behavior of Rajchman algebras associated
with Abelian locally compact groups, and construct point derivations at certain
elements of their spectrum using Varopoulos’ decompositions for Rajchman alge-
bras. Having constructed similar decompositions, we obtain analytic discs around
certain idempotent characters of Rajchman algebras. These results, and others that
we obtain, illustrate the inherent distinction between the Rajchman algebra and

the Fourier algebra of many locally compact groups.
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Chapter 1

Introduction

Amenability of a group is a fundamental notion in analysis that was originally
introduced by von Neumann in 1929. This remarkable property has many equivalent
definitions and various interpretations. For instance, one can think of amenability

as a translation-invariant averaging condition for a locally compact group.

In 1972, Johnson defined amenable Banach algebras as those satisfying a certain
cohomological property. The choice of terminology was inspired by Johnson’s well-
known theorem demonstrating the equivalence of amenability for a locally compact

group and its convolution algebra [Joh72].

Since many important Banach algebras in harmonic analysis, e.g. the Fourier-
Stieltjes algebras, are operator spaces as well, it is natural to also define the notion of
operator amenability in order to take the operator space structure into account. The
concept of (operator) amenability turned out to be extremely fruitful in the theory

of (completely contractive) Banach algebras. For example, Connes [Con78] and



Haagerup [Haa83] showed that for C*-algebras amenability and nuclearity coincide.

In his influential work, Eymard [Eym64] defined the Fourier and Fourier-Stieltjes
algebras of locally compact groups, and studied many of their properties. For a
locally compact group G, let C*(G) denote its group C*-algebra. The Fourier-
Stieltjes algebra of GG, denoted by B((G), is defined to be the Banach space dual of
C*(G). One can show that B(G) is in fact a subalgebra of the algebra of bounded
continuous functions Cy,(G). Moreover the Fourier-Stieltjes algebra together with
its norm as a dual space turns out to be a Banach algebra. The Fourier algebra
is defined to be the closed subalgebra of the Fourier-Stieltjes algebra generated by
its compactly supported elements, and is denoted by A(G). The Fourier algebra
is in turn a subalgebra of Cy(G), the algebra of all continuous functions on G
which vanish at infinity. In the special case of locally compact Abelian groups, one
can identify the Fourier and Fourier-Stieltjes algebras with the L!-algebra and the

measure algebra of the dual group.

In addition to the Fourier and Fourier-Stieltjes algebras, one can define the
Rajchman algebra associated with a locally compact group G, denoted by By(G),
to be the set of elements of the Fourier-Stieltjes algebra which vanish at infinity.
It is easy to see that the Rajchman algebra is indeed a Banach subalgebra of the

Fourier-Stieltjes algebra.

We recall that a measure p in the measure algebra of a locally compact Abelian

group is called a Rajchman measure if

lim fi(n) = 0.

[n|]—0



Consequently, the Rajchman algebra on a locally compact Abelian group can be
identified with the algebra of Rajchman measures on the dual group, denoted by
My(G).

The importance of Rajchman measures first became apparent in the study of
uniqueness of trigonometric series. A subset E of T is a set of uniqueness (or a
U-set) if the trivial series is the only trigonometric series which converges to 0 on
every element outside £. Otherwise it is a set of multiplicity. The classical Cantor

%—set is an example of a U-set.

Sets of uniqueness are typically small. In fact, every Borel U-set has Lebesgue
measure 0. However the converse is not true. In 1916, Menshov showed that there
are closed sets of Lebesgue measure zero which are not sets of uniqueness [Men16].
In his proof, Menshov constructs a probability measure p supported in a set of
Lebesgue measure zero whose Fourier transform vanishes at infinity. This is one of
the earliest examples of measures in My(T) which do not belong to L(T). Hewitt
and Zuckerman generalized this result for all non-discrete locally compact Abelian

groups [HZ66].

In the case of non-Abelian locally compact groups, understanding the asymp-
totic behavior of unitary representations turns out to be important due to its ap-
plications in other areas of mathematics such as the theory of automorphic forms
and ergodic properties of flows on homogeneous spaces (e.g. see [HM79], [Moo66],

and [Shi68]).

The Fourier and Fourier-Stieltjes algebras are two of the most important al-

gebras associated with a locally compact group. The study of the structure and



properties of these algebras have become an essential part of abstract harmonic
analysis. For instance, a major trend in noncommutative harmonic analysis con-
cerns with deep investigation of various amenability properties of the Fourier and
Fourier-Stieltjes algebras. Combining the famous theorems of Johnson [Joh72] and
Ruan [Rua95], one observes that for a locally compact group, the (weak) amenabil-
ity of the L-algebra and the operator (weak) amenability of the Fourier algebra are
equivalent. This fact leads one to suspect the analogous relation between measure

algebras and Fourier-Stieltjes algebras.

For a locally compact group, it has been shown that the measure algebra is
amenable if and only if the group is discrete and amenable [DGH02|. Since com-
pactness is the dual notion to discreteness, it is natural to conjecture that the
operator amenability of the Fourier-Stieltjes algebra is equivalent to the compact-
ness of the group. In 2007, Runde and Spronk [RS07] found surprising examples of
noncompact operator amenable Fell groups. These examples disproved the conjec-
ture, and left the characterization of the operator amenability of Fourier-Stieltjes
algebras wide open. In the case of non-Abelian locally compact groups, Rajchman
algebras of many locally compact groups seem to have as rich a structure as their
Fourier-Stieltjes algebras, and can be used as a crucial stepping stone in the study

of the Fourier-Stieltjes algebras.

The purpose of this thesis is to investigate By(G) as a Banach algebra. In partic-
ular, we study its various amenability properties. We show that Rajchman algebras
behave widely in terms of amenability. We first characterize locally compact groups

whose Rajchman algebras are amenable. In fact, we prove that amenability of the



Rajchman algebra of a group is equivalent to the group being compact and almost
Abelian. On the other hand, we present examples of groups, such as non-compact
Abelian groups and infinite solvable groups, for which Rajchman algebras are not
even (operator) weakly amenable. We then extend these results to all non-compact
connected SIN-groups. A locally compact group is called a SIN-group if it has a
neighborhood basis of the identity consisting of pre-compact neighborhoods which
are invariant under inner automorphisms. This is a very natural class of groups

which contains all Abelian, all compact and all discrete groups.

Our main tool to prove the above-mentioned results is a deep theorem of
Varopoulos [Var66a], where he obtains a direct decomposition of the measure alge-
bra M (G) of a non-discrete locally compact Abelian group G into an L-subalgebra
and L-ideal. Varopoulos constructs the decomposition based on a given compact
perfect metrisable strongly independent subset P of G. A set P is a strongly in-
dependent subset of G if for any positive integer N, any family {pj}j-v:l of distinct
elements of P, and any family of integers {nj}évzl, the equality Zjvzl n;p; = Og
implies that n;p = 0 for every p in P and 1 < j < N. The following theorem is an
application of the decomposition theorem:

Theorem Varopoulos. For any non-discrete locally compact Abelian group G,

(i) M.(G)/M2(G) is a non-separable Banach space.

c

(i) Mo(G)/ME(G) is an infinite-dimensional Banach space.

Note that this theorem implies that if GG is a non-compact locally compact Abelian

group then By(G) cannot be (operator) weak amenable. We also adopt Varopoulos’



method to obtain similar decompositions for My(G) using appropriate strongly

independent subsets P of G. These decompositions are used to study the spectral

behaviors of By(G).

One of the important and fundamental questions in the theory of Banach alge-
bras is the existence and construction of derivations for certain classes of Banach
algebras. In the particular case of the Fourier-Stieltjes algebras, the derivation
problem is of great importance, as it sheds substantial light on the structure of

algebra, and then in turn on the underlying group.

Amongst all derivations, point derivations play a particularly important role.
However, examples of point derivations are rare, and except in a few basic instances
we do not know how to construct them. In this thesis, we investigate the spectral be-
havior of the Rajchman algebra associated with an Abelian locally compact group,

and construct derivations at certain points of the spectrum.

In contrast to the generally complex nature of the spectrum of the Rajchman
algebra, the spectrum of the Fourier algebra is well-understood. In fact Eymard
showed that the spectrum of the Fourier algebra is the group itself [Eym64]. From
a result of Spronk [Spr02] and independently Samei [SamO05], it is also clear that
the Fourier algebra does not admit any point derivations at the elements of its
spectrum. These results illustrate the inherent distinction between the Rajchman

algebra and the Fourier algebra of many locally compact groups.

As a natural continuation of the above discussion, we investigate the spectral
structure of Rajchman algebras and illustrate aspects of the residual analytic struc-

ture of their maximal ideal space. The Rajchman algebra associated with a locally



compact Abelian group is a commutative convolution measure algebra, i.e. it has
a natural lattice structure which is compatible with its Banach algebra structure.
Taylor [Tay65] showed that one can construct analytic discs around certain non-
idempotent elements of the spectrum of a convolution measure algebra. It is now
interesting to study the possibilities for elements of the spectrum whose modulus
are idempotents. For the special case of the measure algebra of a locally compact
group, Brown and Moran [BM76] constructed nontrivial continuous point deriva-
tions at the discrete augmentation character. In a subsequent paper, they used a
method of Varopoulos to construct analytic discs around the discrete augmenta-
tion character [BM78a]. Having constructed similar decompositions for My(G), we
have been able to obtain analytic discs around certain idempotent characters of

Rajchman algebras.

The rest of this thesis is organized as follows: In Chapter 2, we provide the
necessary background, and review some basics of harmonic analysis. We finish this

chapter by a brief discussion on induced representations.

In Chapter 3, we introduce the Rajchman algebra associated with a locally
compact group, and briefly discuss its relationship with the Fourier algebra. We
then study the functorial properties of the Rajchman algebras. In particular, we
show that if G is a SIN-group with a closed subgroup H, then the restriction map
from By(G) to By(H) is surjective (Theorem 3.2.2).

In Chapter 4, we demonstrate a theorem of Varopoulos regarding certain decom-
positions of the measure algebra of a non-discrete locally compact Abelian group.

We then find similar decompositions of Rajchman algebras associated with such



groups, which will be used to construct nonzero point derivations on My(G).

Chapter 5 investigates various amenability properties of Rajchman algebras
using the results of the two preceding chapters. In this chapter, we prove that
amenability of the Rajchman algebra of a group is equivalent to the group being
compact and almost Abelian. We also present examples of large classes of locally
compact groups, such as non-compact connected SIN-groups and infinite solvable

groups, for which Rajchman algebras are not even (operator) weakly amenable.

The final chapter of the thesis studies the Rajchman algebra of the group
SLy(R). Using Kunze-Stein phenomena we show that By(SL2(R)) has no nonzero
continuous point derivation. On the other hand, we use the results of Repka [Rep7§|
and Pukdnszky [Puk61] regarding the decomposition of tensor products of unitary
representations of SLy(R) to observe that By(SLy(R)) is not (operator) weakly

amenable.



Chapter 2

Background and literature

The present chapter contains the background necessary for this thesis. Here we
introduce notations and provide some tools used in the following chapters. In
Section 2.1, we review the basic properties of locally compact groups and their
Haar measures. We then define various Banach algebras associated with locally
compact groups such as the Fourier and Fourier-Stieltjes algebras in Section 2.2. In
the final two sections, we overview the procedure of inducing representations from
subgroups of locally compact groups. One can refer to [HR79], [Fol95] and [Eym64]

for more details.



2.1 Locally compact groups

Let X be a locally compact Hausdorff space. A Radon measure on X is a positive

Borel measure p which is finite on compact sets, and satisfies
u(E) =inf{u(U) : E C U and U open}

and

p(U) =sup{p(K): K CU and K compact},

for any Borel subset FE and open subset U of X. A locally compact group is a group
G equipped with a locally compact Hausdorff topology which is compatible with
the group structure, i.e. the group product is a jointly continuous map from G' x GG
to (G, and the inverse is a continuous map from the group to itself. A Borel measure
pon a locally compact group G is called left-invariant if u(xE) = p(E) for any x in
G and Borel subset E of GG. The following theorem states a fundamental property

of locally compact groups.

Theorem 2.1.1. Let G be a locally compact group. There exists a left-invariant
Radon measure pn on G which attains positive values on nonempty open sets. More-
over, if v is another left-invariant Radon measure on G with positive values on
nonempty open sets, then there exists ¢ > 0 such that v = cu. That is, the measure

W18 unique up to multiplication by a positive constant.

For a locally compact group G, we fix once and for all, a measure ug as in

Theorem 2.1.1. Particularly, if G is a compact group or a discrete group then

10



we scale g to be a probability measure or a counting measure respectively. The
measure (i is called the left Haar measure of G. For f in Co(G), let [, f(x)dx

denote its integral with respect to ug. By the left-invariance of the Haar measure,

/G F(yz)da = /G [(@)de,

for every y in G and function f in C.(G). It is important to note that the left Haar
measure on GG need not to be right-invariant in general. However, there exists a

multiplicative RT-valued function Ag on G such that

/Gf(:cy)dxz @/Gf(x)dx,

and

/G f(e ) = /G F(5)Aa(a)d,

for every y in G and ug-integrable function f on GG. The function Ag is called the
modular function of G. The group G is called unimodular if Ag = 1. Abelian,
compact and discrete groups are examples of unimodular groups. On the other
hand, the group ax + b of affine transformations of the real line is not unimodular.

The following lemma will be used in the proof of Proposition 2.4.1.

Lemma 2.1.2. Let G be a locally compact group with the left Haar measure p, and
¢ : G — G be a topological group isomorphism. Define the measure u® on G by

pl(E) = pu(¢(E)) for every Borel subset E of G. Then u® is a constant multiple of
I
Proof. The measure ;¢ is a Radon measure with positive values on nonempty open

11



sets, since ¢ is a topological isomorphism. Moreover, for any y in GG and Borel subset

E of GG, we have,

1 (YE) = W(d(yE)) = n(¢(y)o(E)) = u(¢(E)) = n(E). (2.1)

Hence p® is left-invariant as well. Therefore by uniqueness of the Haar measure,

there exists a positive constant ¢y such that u® = cpu. (I

Let Aut(G) denote the set of all topological isomorphisms of G. The func-
tion A defined as A(¢) = ¢, is a homomorphism of Aut(G) to the multiplicative

group of positive real numbers. In addition A(y,) = Ag(z) where 4, is the inner

automorphism on G defined as 7,(s) = " !sz.

2.2 Banach algebras associated with locally com-

pact groups

Let G be a locally compact group with the Haar measure A. Let the group algebra of
G, denoted by L'(G), be the Lebesgue space L'(G, \). Recall that L'(G) equipped
with pointwise addition and convolution is a Banach algebra. In fact, L'(G) is a

Banach x-algebra with involution defined as

fr(@) =A@ ) fh).

12



Let M(G) be the space of complex-valued Radon measures on G. We define the

convolution of two measures p and v in M(G) to be

| 1@ = [ [ reduean,

for every f in C.(G), the set of compactly supported continuous functions on G.
The measure algebra M(G) equipped with the total variation norm is in fact a

Banach algebra, which contains the L!-algebra as a closed ideal.

Let H be a Hilbert space, and U(H) denote the group of unitary operators
on H. A continuous unitary representation of G on H is a group homomorphism
7w : G — U(H) which is WOT-continuous, i.e. for every vector £ and n in H, the

function

Ex.m:G—=C, g~ (n(9)&,n)

is continuous. Functions of the form & %, n, for vectors & and 7 in H, are called
the coefficient functions of G associated with the representation 7. One can extend
7 to a non-degenerate norm-decreasing x-representation of the Banach x-algebra
LYG) to B(H) via

<ﬂﬁmw=4ﬂmwmmmw,

for every f in L*(G) and vectors € and  in H. We use the same symbol 7 to denote
the x-representation extension as well. Let m; and 79 be unitary representations of

G on the Hilbert spaces H; and Hs respectively. 7 and my are unitarily equivalent

13



if there exists a unitary operator U : H; — Hso such that
U7T1(.§L’) = FQ(I)U,

for all z in G.

For a locally compact group G, the Fourier-Stieltjes algebra of G is the set of all
the coefficient functions of G, and is denoted by B(G). Clearly B(G) is a subalgebra
of Cy(G), the algebra of bounded continuous functions on G. Recall that the group
C*-algebra C*(G) is the enveloping C*-algebra of L'(G), i.e.

C*(G) _ mll'\\cﬂc)’
where for each L!-function f,
| fllcx = sup{||=(f)|| : 7 is a continuous unitary representation of G'}.

Eymard [Eym64| proved that B(G) can be identified with the Banach space dual
of C*(G) as following. For u in B(G) and f in L}(G),

(fyu) = /G u(x) f(z)dz.

Moreover, the Fourier-Stieltjes algebra together with the norm from the above
duality turns out to be a Banach algebra. The Fourier algebra of G, denoted
by A(G), is the closed subalgebra of the Fourier-Stieltjes algebra generated by

its compactly supported elements. Clearly, the Fourier algebra is a subalgebra of

14



Co(@G), the algebra of continuous functions on G which vanish at infinity. In the
special case of locally compact Abelian groups, one can identify the Fourier and
Fourier-Stieltjes algebras with the L!-algebra and the measure algebra of the dual

group respectively.

Let m be a continuous unitary representation of G on a Hilbert space H,. Let
A, (G) denote the closed subspace of B(G) generated by the coefficient functions

of GG associated with 7, i.e.

Ay = spang{€ #, €, € Hal PO,

It is easy to see that A, (G) is a left and right translation-invariant closed subspace of
B(G). Conversely, by Theorem (3.17) of [Ars76], any closed subspace of B(G) which
is left and right translation-invariant, is of the form A,(G) for some continuous

unitary representation .

Let A denote the left regular representation of G' on L*(G), i.e. for x in G and
fin L*(G),
Ao f(y) = f(a'y)  VyeG.

For a unitary representation 7, let VN, (G) denote the von Neumann algebra gener-
ated by 7(G) in B(H,). Note that by Theorem 2.2.1, A,(G) is the image in L>°(G)
of the projective tensor product H, ®, H, under the continuous sesquilinear form
taking £ @ to & *, n. Eymard [Eym64] proved that A,(G) is just the Fourier alge-
bra A(G), and can be identified with the unique predual of VN, (G). The following

theorem is a generalization of this result:

15



Theorem 2.2.1. [Ars76]

(i) The dual of the Banach space A,(G) can be identified with VN, in the fol-

lowing manner. For u in A,(G) and f in LY(G),

(u,7(f)) = /G f(@)u(z)d.

Moreover, Az(G) is the unique predual of VN (G).

(i1) The Banach space A(G) is the subset of elements u in B(G) which are of

the form
U = Z gn *7 M,
i=1

where &, and 0, belong to Hr and Y. 1&||||1n:]] < oo.

(111) For every u in A.(G),
|l By = inf{z II&il[l|7m:]] = w represented as above},
i=1

and the infimum is attained.

Recall that every unitary representation m of G extends to a non-degenerate
norm-decreasing *-representation of L'(G), and in turn C*(G). By slight abuse
of notation, we denote all of the above representations by 7. Let Ker(7) and
Kere«(m) denote the kernel of the unitary representation = of G and the kernel of
the x-representation m of C*(G) respectively. The following lemma is due to Fell

[Fel60].

16



Lemma 2.2.2. Let G be a locally compact group with unitary representations m

and o. Then the following are equivalent:
(i) Kergs(m) C Kerg«(0)
(ii) llo(w)|| < 7wl for u € LY(G).

(i1i) For every n € H,, the positive definite function n %, n can be uniformly

approximated on compacta by functions of the form & x, & with & € H..

(iv) Every function u in A,(G) can be uniformly approximated on compacta by

functions v in A-(GQ) with ||v]|a, < ||ulla,-

If any (therefore all) of the above conditions hold, we say that o is weakly

contained in .

2.3 Induced representations

The most important method for producing representations is to induce representa-
tions for GG from representations of its subgroups H. The resulting representation
is called an induced representation.

2.3.1 When G/H admits an invariant measure

Let H be a closed subgroup of a locally compact group G, and ¢ be the quotient

map from G to G/H. Assume that the quotient space G/H admits a G-invariant

17



measure 4. Then from a unitary representation 7 : H — U(H,) of H, we derive a

unitary representation Ind§w : G — U(F) of G in the following way.

e We first define the new Hilbert space F as follows.

- Fo:={f € C(G,H,) : q(suppf) is compact &f(xh) = w(h™1)f(x)Vx €
G,h e H}.

For f,g € Fy, define (f,9)x = fG/H<f(a:),g(x))Hﬁdu(xH) to be the

inner product.

For cach f € Fy, we have [|f%, = fiy 1 (2)|3. du(aH).

CFF M,
e For x in G, define the bounded operator
ndr(z) : Fo — Fo, [ of,
where . f(y) = f(x~ly) for every y in G. Since u is a G-invariant measure,

Ind$ () is an isometry on JFy, and can be extended to a unitary in B(F).

e The map Ind$7 : G — U(F), g — Ind§n(g) is a unitary representation of

G, called the representation induced from .

Let H be a closed subgroup of a locally compact group G. Let Ag and Ay
denote the modular functions of G and H respectively. Then the quotient space
G/H admits a nonzero positive invariant measure if and only if Ag|y = Ag. If

this is the case, then the positive invariant measure is unique up to multiplication

18



by a positive constant. Moreover, one can normalize the invariant measure p on

G/H such that for every f in C.(G),

/G . /H f(xh)dhdu(zH) = /G f(z)dz, (2.2)

where dz and dh denote the Haar measures of G and H respectively.

Remark. Let G, H, and 7 be as above. Let C.(G,H,) be the set of continuous

compactly supported H,-valued functions on GG. Then the mapping
PG H) — CG M), (P)) = / w(h) f(zh)dh
H

is well-defined, and P(C.(G, H,)) = Fo. Moreover, every element of Fj is uniformly

continuous.

Remark. Let G, H, and 7 be as above. For any ¢ in H, and v in C.(G), we
define the compactly supported function f,¢ : G — H, z — v(x)€. Let n and w

be elements of H, and C.(G) respectively, and compute the coefficient function of
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Ind%7 corresponding to Pf, ¢ and P fy.

<Indw<$>7)fv,£a7)fwﬂ7>}'o = /G/Handﬂ(xﬂ)f”’g(g)’wa,n(Q))?—[ﬂd,u(gH)
= /G/H</H m(h)(v(z” gh)f)dh’/HW(h,)<w(9h,)77)dh'>mdp(g[{)
- /G/H/H/HU(flgh)w(gh')<ﬂ(h)€,W(h’)m%ﬂdhdh’dﬂ(gﬂ)
= /G/H/H/Hv(xlgh)w(gh/)@r(h/1h)§,n>ﬂﬂdhdh/du(gH)
— /G/H\/H/Hﬂ(x_lgh/h)w(gh/)<7r(h)€7n)Hﬂdhdh/dﬂ(gH)

= [ [ vl ayto) m(s. s (23)

where in the last equality, we used the normalized relation stated in Equation (2.2).

2.3.2 General case

Realization I: Let H be a closed subgroup of a locally compact group G, and
7m: H — U(H,) be a continuous unitary representation. Let ¢ be the quotient map

from G to G/H. We define a linear map P : C.(G) — C.(G/H) by

Pf(:cH):/Hf(:Eh)dh,

for f in C.(G). Tt is easy to see that P is surjective, and maps Cf(G) onto
CH(G/H).

e To define the new Hilbert space, let:
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f€C(G, Hr), q(suppf) is compact,

flah) = /328w (h =) f(z) Vo € G,h € H

- For = I

- For each f,g € Fo 1, define the inner product

9 = /G B()F (@), g(2))ndr,

where 1) is an element of C.(G) such that

Pip(w) =1 Vw € q(suppf) U g(suppg).
This inner product defines the norm || - ||, on Fo .
_ _F[ — ,F ” H]:OI

e For each = in G, define the bounded operator
Ind$w(x) cFor — Forn e oof,

where ,f(y) = f(z~'y). Tt is easy to show that Ind$m(z) is an isometry on
Fo.r, and can be extended to a unitary in B(Fj).
e The map Ind§m : G — U(F;), g — IndGn(g) is a unitary representation of

G, called the representation induced from .

Remark. Let G, H and 7 be as above. Then the linear map

AGh
AHh

P CUGH) = C(G M), (Puf)a /
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is well-defined, and P;(C.(G,H.)) = For. Moreover, every element of Fy; is

uniformly continuous.

For o in C.(G) and € in H,, we define f,¢ to be

fae(x) = a(z)é Vzeq.

Clearly f,¢ is a compactly supported H.-valued function. Let D be a total subset
of H,.. Then
Fh = A{P1(fas) : a € C(G), € € D}

is total in F7.

Realization II: Let H be a closed subgroup of a locally compact group G, and 7
be a unitary representation of H on the Hilbert space H,. One can use the above
method to construct a representation for G induced from 7 on the Hilbert space F;.
However, it is often useful to modify the Hilbert space F; such that its inner product
is given by integration over G/H against a strongly quasi-invariant measure. A
regular Borel measure p on G/H is called quasi-invariant if the measures p and
fe = x - i are mutually absolutely continuous for all x in G. Recall that - u(E) =
p(xE) for Borel subsets E of G/H. A quasi-invariant measure p on G/H is strongly
quasi-invariant if there exists a continuous R*-valued function A on G x G/H such

that

dpz(p) = Mz, p)du(p)

for all p in G/H. Strongly quasi-invariant measures on GG/H are closely related to

rho-functions on G. A real-valued function p on G is a rho-function for (G, H) if
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it is positive, continuous, and satisfies

p(zh) =
for all z in G and h in H. The existence of strongly quasi-invariant measures is
guaranteed by the following theorem.

Theorem 2.3.1. Let H be a closed subgroup of a locally compact group G, and

q: G — G/H be the quotient map. Then

(i) There exists a rho-function p for (G, H) on G.

(11) Given any rho-function p for (G, H), there exists a strongly quasi-invariant

measure p, on G/H such that

| Pramuh) = [ j@pis
G/H G

for all f in C.(G). Moreover u, satisfies

where % denotes the Radon-Nikodym derivative of pu,.

(111) Every strongly quasi-invariant measure on G/H arises from a rho-function

as in (ii).

() If p and v are two strongly quasi-invariant measures on G/H then they are
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strongly equivalent, i.e. p and v are mutually absolutely continuous with con-

tinuous derivations.

Fix a strongly quasi-invariant measure g as in Theorem 2.3.1. Let p be the

corresponding rho-function.

e To define the new Hilbert space F}; we proceed as follows.
- For i =1f € C(G,Hy) : q(suppf) is compact & f(xh) = w(h™")f(x) Vo €
G,h e H}.
- For fvg S "T_.(l)f[]’ define <f7g>]:0,11 = fg/H<f(x)7g<m)>'Hﬂdu(xH) to be
their inner product.

- Fi = .7-—5':H|H‘f°’”. Using a standard measure theory argument, one can
identify F7, with the Hilbert space of (equivalence classes of ) measurable
functions n : G — H, such that n(zxh) = w(h~!)n(x) for all A in H and

almost all z in G, and fG/H ()13, du(zH) < oo.

e For each = in G, define Indg#w(x) in B(Fy ;) to be

(nd,,m(@) f)(y) = | 2oL e y).

It is easy to see that Indg,#ﬂ(:c) is an isometry on Fy';;, and extends to a

unitary in B(F7).

e The map Indfmﬂr : G — U(F},) is a unitary representation of G, called the

induced representation.
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The multiplication operator M, extends to a linear isomorphism from Fr to
Fr, and provides a unitary equivalence between Indgvl/r (from the second real-
ization) and Ind%7 (from the first realization). Therefore, a different choice of a
strongly quasi-invariant measure for G/H will result in a new unitary representa-
tion for GG induced from 7, which is unitarily equivalent to Indgﬂuﬂ. Moreover, if
Ag|lp = Ap, then all three methods explained above will be identified. In other
words, the equivalence class of the representation induced from 7 is independent

from the method of construction.

The notation Indgw denotes the representation of G induced from the represen-
tation m of the closed subgroup H using any of the above methods. One can use

the simpler notation Ind, if by omitting G and H no confusion will arise.

2.3.3 Basic properties of induced representations

Let H be a closed subgroup of a locally compact group G. In the following, we list

some basic properties of the induction process from H to G.

Conjugate representation: Let H be a Hilbert space. The conjugate of H,
denoted by H, is a new Hilbert space defined to be the vector space H together

with the inner product

where 7 and @ in H are the corresponding elements to v and w in H. Let 7 be a

unitary representation of G' on H. Define the conjugate of 7, denoted by 7, by

T:G—o>UH), T(x)[®)=mn(x)(v),
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for x in G and v in ‘H. Clearly 7 is a unitary representation of G.

Proposition 2.3.2. Let H be a closed subgroup of a locally compact group G, and

m be a unitary representation of H. Then
nd$7 = Ind%r.

Quotient: Let N be a closed normal subgroup of GG, and ¢y be the quotient
map from G to G/N. Let H be a closed subgroup of G which contains N, and =
be a unitary representation of H/N. Then T = 7o qy|y is a unitary representation
of H, and

Ind§ 7 ~ (Ind%%ﬂ) oqy-

Direct sum: Let {m,}.,cr be a family of unitary representations of H. Then
@, Ind§m, = Ind% (D, 7,).

Induction in stages: Let K and H be closed subgroups of a locally compact

group G with K C H, and 7 be a unitary representation of K. Then

Ind% (Ind%n) ~ Ind%x.

Tensor product: Let H; and H, be closed subgroups of locally compact groups
G, and Gj, and 7 and m, be unitary representations of H; and Hs respectively.
Then

G G G1xG
Indpg 7 @ Indp2my ~ Indf! 72 (m @ ma).
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2.4 Induced representations in special case:

2.4.1 Semi-direct product of locally compact groups

Let H and N be locally compact groups with identities ey and ey respectively. By
Aut(N) we denote the group of automorphisms of N, i.e. the set of all topological
group isomorphisms of N to itself with composition as the group action. Let « :

H — Aut(N) be a group homomorphism such that the map
Vo : NxXxH— N, (n,h)— alh)(n)

is continuous. Define the locally compact group N x, H to be the set N x H

equipped with the product topology for which the group actions are defined as

(n1, ha) - (na, ha) = (nia(hy)(ng), haha),

and

(n,h)~ = (a(h™)(n™1),h 7).

Clearly, (en, ey) is the identity element of N x, H. It is easy to see that the group
operations of N x, H are continuous with respect to the product topology. The
locally compact group N x, H is called the semidirect product of N and H over «.
The following proposition states some properties of the semidirect product of two

groups.

Proposition 2.4.1. Let N, H and o : H — Aut(N) be as above. Let py (or dn)
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denote the Haar measure of N, and uy (or dh) denote the Haar measure of H.

(i) Let 6 : H — R>° be defined as 6(h) = comny where copy denotes the con-

stant obtained in Lemma 2.1.2 with u?v(h) = comytn. Then d is a continuous

homomorphism.
(ii) The measure dy = ﬁduNduH is the Haar measure of N X, H.

(11i) Let An and Ay denote the modular functions of N and H respectively. Then

the modular function of N x H is A(n,h) = %.

Proof. (i) Note that x5\“") = j which implies that §(ez) = 1. For hy and hy in

H and a Borel subset E of N we have,

S(hiho)un(B) = pa""(B) = un(a(haha)(E)) = px(a(hy) (a(ha) B))
= " () B) = 6(hy) v (a(ho) E) = 6(h) "™ (E)

= §(h1)d(he)un(E),

hence ¢ is a homomorphism. It remains to show that ¢ is continuous. Note that

_ Jy flah) ()

o(h) T fydn

where f is any positive continuous compactly supported function on N. Without
loss of generality we can assume that f(ex) = 1. Given € > 0, there exists an open
subset ey € U of N such that |f(x) — f(y)| < € for all x and y in N with y~'z € U.

By continuity of v, there exist open neighborhoods ey € V of H and ey € W of
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N such that a(h™)(W) C U for all h € V. In particular W is a subset of U. Let
x € N,we W and h € V be arbitrary. Then

|[f(a(h™)(zw)) = fla(er)(zw)| = |fa(h™)(@)a(h™")(w)) — f(zw)]
< Ifla(h ) (@)a(h™H)(w)) = flah™ ) @)] + [flah™) (@) = f(@)]+|f(z) - f(zw)]
< 2e+[fla(h7)(@) — f(2)].

Since f is compactly supported, there exists a finite set {zy,...,z,} in N with

supp(f) Cx,WU...Uz,W.

Now for each 1 < i < n, by continuity of ¥, at (e, z;), there exist neighborhoods

ey € V; C H and x; € W; C N such that

a(hHY(W;) C oW Vh €V,

in particular |f(a(h™')(2;)) — f(z;)] < e Let V! = V N[, Vi. Then for each

1<i<n,weWandheV,

|fla(h™) (zw)) = f(alen)(zw))| < 3e.

Hence ¢ is continuous.

29



(ii): Define the positive linear form I on C.(N x, H) as

//fnh ——dhdn,

for all f in C.(N x H). By Riesz representation theorem there exists a unique

Radon measure p on N x H such that

/NNHf(n,h)dp:/N/Hf(n,h)ﬁdhdn,

for all compactly supported continuous functions f. Let f € C.(N x H) and

(n1,h1) € N x H be arbitrary. Then,

) dutny = [ (1) - (. 1)) sl

_ / / f(nla(hl)(n),h)ﬁdhdn: / / f(nla(hl)(n),h)%((];;))dndh

= / / f(nain, h dndh / / f(n,h) —h>dndh /]WH fdp,

which proves that pu is left-invariant.
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(iii) For arbitrary f in C.(N x H) and (ny, hy) in N x H, we have

[ () (). ) = / / f<na<h><m>,hhl>ﬁdhdn

_ / / Fla(h)(@(h=")(n)na), hh)S(h=")dndh — / / F(a(h) (), hhi)dndh
_ AN — //f hhl)dndh_AN o //fnhh1 5(h~")dhdn
— ) //f n, h)6(h™")d(h1)dhdn = AN(SI()}ZL(}M) /MHfdu,

ie. Anywg(n,h) = % O

2.4.2 Mackey machine

Let G be a locally compact group and N be a nontrivial Abelian closed normal
subgroup of G. Then G acts on N by conjugation. Suppose that H is a closed
subgroup of G such that G = N x H, where a : H — Aut(N) is defined as
a(h)(n) = h™'nh. The conjugation action of G on N induces an action of G on the
dual group N via (n,z-v) = (z"'nz,v) forn € N,z € G and v € N. Let G, and

O, denote the stabilizer and orbit of v respectively, i.e.
G,={reG:z-v=v}jand O, ={z-v:z e G}

We say G acts regularly on N if the following two conditions hold.

(R1) There exists a countable family {E;};en of Borel sets in N which are G-

invariant and for each v in N, we have O, = No,cg; Fj.
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(R2) For each v in N, the natural map G/G, — O, defined as zG,, — x - v forms

a homeomorphism.

For each v in N define the little group H, to be H, = G, N H. It is easy to
show that G, = N x H,. Let v € N, and p: H, — U(H,) be an irreducible
representation. Then the tensor product representation v ® p forms an irreducible

representation of N x H,. Note that v ® p can be viewed as a representation of

N x H, by the definition of H,.

Theorem 2.4.2. Suppose G = N x H with N and H as above. Suppose that G
acts reqularly on N. Let v € N and p be an irreducible unitary representation of
H,. Then Indgu(y ® p) is an irreducible representation of G. Conversely, every
irreducible representation of G is equivalent to one of this form. Moreover, two
representations Indg, (v ® p) and IndGV, (V' ®@p') are unitarily equivalent if and only
if there exists x in G such that v/ = x - v and the representations p : h — p(h) and

o' h— o (x7hx) of H, are unitarily equivalent.
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Chapter 3

Functorial properties of Bj(G)

Let G be a locally compact group. The Rajchman algebra associated with G,
denoted by By(G), is the set of elements of the Fourier-Stieltjes algebra which

vanish at infinity, that is
By(G) = B(G) N Co(G).

Note that By(G) is a subalgebra of B(G), since both Cy(G) and B(G) are algebras.
It is easy to see that the Rajchman algebra is indeed a Banach subalgebra of the
Fourier-Stieltjes algebra which contains the Fourier algebra as a closed ideal. In the
case of Abelian groups, Rajchman algebras can be identified with the algebra of
Rajchman measures on the dual group. A measure p in M(G) is called a Rajchman
measure if

lim fi(n) = 0.
[n|—0
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Rajchman was the first who studied the behaviors of these measures in a systematic
manner. Due to their close relation to the question of uniqueness of trigonomet-
ric series, Rajchman measures have been widely studied in the classical harmonic
analysis (e.g. see [Kah64]). On the other hand, Rajchman algebras of many locally
compact non-Abelian groups have as complicated structure as their Fourier-Stieltjes
algebras, and can be used to illustrate the structure of the Fourier-Stieltjes algebras.
In addition, the study of asymptotic behaviors of unitary representations turns out
to be important in other areas of mathematics such as the theory of automorphic
forms, and ergodic properties of flows on homogeneous spaces (e.g. see [HM79],

[Moo66], and [Shi68]).

In the present chapter, we review some basic properties of Rajchman algebras.
Particularly, we illustrate the relations between the Rajchman algebra of a locally
compact group and such algebras associated with its subgroups and quotients. We
show that if H is a closed subgroup of a SIN-group G then the restriction map
from By(G) to By(H) is surjective. For a general locally compact group such
restriction maps are not necessarily onto. However, for certain subgroups such as
open subgroups, the connected component of the identity, and the center of a locally

compact group the restriction map is surjective.

3.1 Properties of By(G)

Let G be a locally compact group. Recall that a linear space A of functions on G
is called translation-invariant if for every function f in A and z in G, the left and

right translations of f by z belong to A.
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Proposition 3.1.1. The algebra Bo(G) is a left and right translation-invariant

closed subspace of B(G).

Proof. First note that By(G) is translation-invariant since both B(G) and Cy(G)
are translation-invariant. We only need to show that By(G) is a closed subspace of
B(G). Let {fu}nen be a sequence in By(G) converging to an element f in B(G),
le.

||fn_fHB(G)—>O as n — 0Q.

Recall that || - || on B(G) is bounded above by || - || p(c), in particular,

||fn - f”oo < ||fn - f”B(G)-

Therefore the sequence { f,, }nen converges to f in Cy(G) as well. Now by complete-
ness of Cy(G), we conclude that f vanishes as infinity. Hence By(G) is a closed

subspace of B(G). O

Recall that any closed subspace of B(G) which is left and right translation-
invariant, is of the form A, (G) for some continuous unitary representation 7. There-

fore by Proposition 3.1.1, the algebra By(G) admits such a form too.

3.2 Extension problem

Let G be a locally compact group and H be a closed subgroup of G. Then the set

of restrictions By(G)|y is a subspace of By(H), which we will show is also closed.
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The extension problem asks whether every function in By(H) has an extension in
By(G).

It has been proved that for every closed subgroup H of a locally compact group
G, one has A(G)|g = A(H) (see [TT72] or [Her70]). In fact, every function in the
Fourier algebra of H can be extended to a function of the same norm in the Fourier
algebra of G. Unfortunately, the analogue of this result does not hold in general
for the Fourier-Stieltjes algebra. However, for a locally compact group G and a
closed subgroup H, it has been shown that B(H) = B(G)|g if G is Abelian, or if
H is open, or compact, or the connected component of the identity or the center of
G. Moreover, Cowling and Rodway [CR79] answered the extension problem of the
Fourier-Stieltjes algebras in affirmative for the case of SIN-groups. In this section,
we present the following two theorems which are analogues of results in [CRT79].

The proofs herein are motivated by those of Cowling and Rodway [CR79].

Theorem 3.2.1. Let N be a closed normal subgroup of a locally compact group G.
Then
Bo(G)lx = {& € Bo(N) : |a® — sy = 0 as g — e}, (3.1)

where x9(k) = x(g 1 kg) for each g in G and x in By(G). If x is an element of
Bo(G)|n then

]| By vy = inf{|ul[ Byc) : w € Bo(G) and u|y = z}.

Theorem 3.2.2. Let H be a closed subgroup of a SIN-group G. Then

By(G)|ir = Bo(H), (3.2)
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and for each x in By(H),

]| By (zry = Inf{||ul[ o) : w € Bo(G) and uly = z}.

Before proving Theorem 3.2.1 and Theorem 3.2.2, let us observe examples of

groups for which the restriction map is not onto.

Proposition 3.2.3. The restriction map r : Bo(G) — Bo(H) is not surjective in

each of the following cases.

1 b

(i) G=ax+band H = :be R} ~R asits closed subgroup.
01
1 b

(ii)) G = SLy(R) and H = :beR Y ~ R as its closed subgroup.
01

Proof. (i) Suppose not, i.e. Bo(G)|g = Bo(H). Khalil [Kha74] showed that

By(G) = A(G). Hence

By(H) = Bo(G)|n = A(G)|n = A(H),

which is a contradiction with the fact that By(R) # A(R).

(ii) In Theorem 4.6.2 and Proposition 6.4.1, we will show that By(R) has a nonzero
continuous point derivation, but By(SLs(R)) does not have any. Suppose that the
restriction map 7 from By(SL2(R)) to By(H) is surjective. Let d be a nonzero

continuous point derivation of By(H) at a character ¢. By Lemma 4.6.3, dor is a
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nonzero continuous point derivation of By(SLy(R)) at the character ¢ o r, which is

a contradiction. 0

We now review the definition and basic properties of SIN-groups. We also
present Lemma 3.2.6 which will be used in the proof of Theorem 3.2.1 and Theorem

3.2.2.

Definition 3.2.4. Let G be a locally compact group.

e A function v : G — C is called central if

v(9q) =v(dg) Vg, €G.

e A locally compact group G is a SIN-group if it has a basis of compact neigh-

borhoods {Uy }aer of the identity in G with central characteristic functions.

Let [SIN] denote the class of locally compact SIN-groups.

Lemma 3.2.5. Let G € [SIN]. Then

(1) G is unimodular.

(i1) For every neighborhood V of e in G, there exists a non-negative central func-

tion v in C.(G) with supp(v) C V.

(111) If H is a closed subgroup of G then H is a SIN-group as well.

Proof.
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(i) Let U be a compact open neighborhood of the identity in G which is invariant

under inner automorphisms. Fix ¢’ in G. Then,

A( ,)_M(Ug’) w(g'U)  u()

CouU)  u(U) u(U)

Hence A(g') =1 for all ¢’ in G.

(ii) Since G is a SIN-group, there exist relatively compact open neighborhoods
U and W of the identity which are invariant under inner automorphisms and

satisfy UU—T C W C V. Let ¢y be the function on G defined as

(bu(g):/GXu(l‘)Xu(gx)dx.

Clearly ¢y, is supported in W. For elements g and h in G, we have:

bu(h'gh) = /G (@)X gha)de = /G () (b g de

= /Xu(l"h_l)Xu(gl"h_l)d$:/XU(x)XU(gx)dx
o G

= ¢M(g)7
where we used part (i) in the last equality. Finally note that ¢y = X *x Xu
belongs to the Fourier algebra, hence it is continuous.

(iii) Let {Un}aer be a family of neighborhoods of the identity in G as in the
definition of a SIN-group. Then {U,NH },¢; is such a family of neighborhoods
of ein H.
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Lemma 3.2.6. Let G be a locally compact group. For an element g in G and a

function u in B(G), define the function u9 in B(G) as in Theorem 3.2.1.

(i) For each g in G, the map ¢4 : Bo(G) — Bo(G), x — 29, is an isometric

1somorphism of Banach algebras.

(1) Bo(G)|g is a closed subspace of Bo(H), and for each u in By(G),
[ulllBocrry < llulloce)-

(i11) Fiz x in Bo(G). Then the map G — By(G), g — 29 is continues.
Proof.

(i) The map ¢, is clearly an algebra homomorphism. Let z(k) = (w(k)&, n) be

an element of By(G) with ||z g = [[€|IIn]. Then for each g in G,
2/(k) = 2(g™ " kg) = (n(k)m(9)S, m(g)n),
which implies that 29 belongs to B(G) and
1278y < I (@)Elllim(g)nll < lEllinll = llzllz)-

Hence,
-1
[zl sy = 1) sy < 27lse) < 2] se@)
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Recall that for each g in G and compact subset K of G, the set gKg ! is
compact. Therefore 29 vanishes at infinity if x does, and the map ¢, is well-

defined.

Note that any representation of G restricts to a representation of H. Therefore
Bo(G)|y is clearly a subspace of Bo(H). To show that By(G)|y is closed
in By(H), it is enough to note that By(G) is a translation-invariant closed
subspace of B(G). Therefore there exists a unitary representation 7 of G such
that By(G) = A-(G). We now use the fact that A.(G)|g = Az, (H) which is
a corollary of Theorem 2.2.1 (ii). Indeed, let u be an element of By(G). Then
by Theorem 2.2.1 (ii)

00
U = E Sn * T,y
=1

where &, and 7, belong to H, and Y>>, [|&]/]|m:]] < co. Therefore

)
U|H = Zén >l<71'|H M,
=1

where 7|y is the restriction of the representation 7 from G to H. This implies

that u|g belongs to Ay, (H). On the other hand, let v be an element of

7lH

Ar, (H). Applying Theorem 2.2.1 (ii) again, we get

o]
!/ /
U= E gn >‘<T|'|H nna
i=1
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where £, and 7/, belong to H, and > .=, ||&]]7]] < co. Define

o0

w:Zﬂl *w%~

i=1
Then w belongs to Ax(G) and w|g = v. Hence Ar(G)|n = Ay, (H), and the
latter is a closed subspace of B(G) by definition.

Finally, for every u in B(G), we can find a representation u(x) = (w(x)&,n)
such that |[ull g = [[€]l[lnll. Then uln(h) = (x| (h)E,n), and [lulullpe) <

EMHI7l] = [l 5

(iii) Fix = in By(G), and let {go}o be a net in G converging to g. Let z(k) =

(m(k)&,m) be a representation of x. Then

[2% = 2%llBoey = m()(7(92)8), 7 (ga)m) — (m(-)(7(9)E), m(9)m) | Bocr)
{7 () (7(9a)€), w(ga)n) — (7 () (7(9)€), 7(9a) ) || Bo(c)

+ {7 () (@ (9)€), m(ga)n) — {x()(7(9)€), 7(9)m) || 3oy
1(7(ga) = 7(g))Ellll7(ga)nll + [[(7(ga) = 7(g))nll[[7(g)€]l
1(7(ga) = 7 (g))ElllInll + 1| (7 (ga) = w(g))nlllIE]l;

IN

IA

IN

where in the last inequality we used the fact that 7 is a unitary representation.
Moreover note that [|(m(ga) — 7(9))& ]l + | ((ga) = ()l [1€] tends to zero

as g, converges to g by strong operator continuity of 7, and we are done.

g

In the proof of Theorems 3.2.1 and 3.2.2, we use the following lemma which is
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closely related to the open mapping theorem.

Lemma 3.2.7. Let X and Y be normed spaces and X be complete. Then for every
T in B(X,Y), if Ds(Y) CT(D,(X)) then Ds(Y) C T(D,(X)), where D,(X) is the

closed ball in X centered at 0 with radius r.

3.2.1 Proof of Theorem 3.2.1

Proof. (of Theorem 3.2.1) Define the set
A={x € By(N) : ||29 — x| gyn) = 0 as g = e}.

Throughout the proof, let dg, dg, and dn be the Haar measures of G, G/N, and N

respectively, normalized so that
/ / w(gn)dndg = / w(g)dg Yw e C.(G). (3.3)
G/N JN G

By Lemma 3.2.6, the inclusion ‘C’ of (3.1) is clear. To prove ‘2’ by Lemma

3.2.7, it is enough to show the following:
Vo € Aand Ve > 0, Ju € By(G) s.t. |luly — || gyv) < € and [Jul|gyc) < |2 Bo(ay-

Given such z and €, there exist a neighborhood U of the identity in G, and a
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neighborhood H of the identity in N such that:

€

5 VgelU and (3.4)

|29 — 2| By(vy <

||)\(h_1)l‘ — I'HBO(N) < Vh € H, (35)

€
2

where A(h) is the left translation operator by h~!. Now let V be a relatively compact

neighborhood of identity such that
VCU and V' VNN CH, (3.6)

and v be a continuous R=%-valued function on G with supp(v) C V that satisfies

/G/N[ /N”(W)andQ ~1

Note that

— /G/N /N v(gn)dn/}vv(gn')dn/} dg
_ /G R /N o(gn'n)dn /N v(gn’)dn’] dg
_ /G N /N /N w(gn'm)v(gn’)dndn'dg

= /G/v(gn)v(g)dndg, (3.8)

N

where we used Equation (3.3) in the last equality. Next, we define the function u
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_ /G /N v(g'g)v(gn)z(n)dndg.

We will check the following claims:

Claim 3.2.8. The function u belongs to Bo(G). Moreover ||u||gycy < ||#] B, (v)

Proof. Let us first show that x € Cy(IV) implies that u € Co(G). Let € > 0 be

given, and define ¢; = There exists a compact subset K of N such that

(BOV)lvfles)?”

|z(n)| < € for any nin N\ K. Let K| = VKV, and note that since ¥ and K
are compact, K is compact as well. If ¢ € G\ K; then v(¢'g)v(gn) # 0 implies
that g ¢ VK ! and n ¢ K. Hence,

) = || [ oantamatnandg < [ [ wigautgnlenlindg
< € /G /N v(g'g)v(gn)dndg = e,

which implies that u vanishes at infinity.

Next, we will show that u belongs to B(G). Since z is in B(N), there exists a
unitary representation 7 of N and vectors £ and 7 in ‘H,, such that x(n) = (7 (n)&, n)

with [le]lsycv) = lIElInll- Note that

ug) = /G /N v(g'g)v(gn)z(n)dndg
- //v(g/g)v(gn)@r(n)g,mdndg
N // v(g' " gn)(m(n)€, n)w, dndg,
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which belongs to B(G) as shown in (2.3). Moreover,

1

el < HPfU,fufHva,nuf:( /G NHva,»:(w)HQd(ch))( /G upfv,n(xw?d(w))
- (/ N rootanein) d(scN) (f o ) [Paan) )
< ( [ e | v(xh)dhfd(xm)é( [ e I v(och)dhrd(scm)é

=ttt | | v<xh>dh]2d<xzv>

= l&llinll = llzll g,

where we used Equation (3.7) in the last equality.

Claim 3.2.9. u|y € Bo(N) and |Ju|y — 2| gyv) < €.

Proof. By Claim 3.2.8, the function u belongs to By(G). Therefore the restriction

u|n belongs to Bo(N). For n’ in N, we have

u(n') = v(n'g)v(gn)z(n)dndg
v(g)v(n'~ gn)z(n)dndg
v(g)v(g(g'n'" g)n)x(n)dndg

v(g)v(gn)[A(n~")z]*" (n)dndg.

T—
T~

The map from G x N to By(N) defined as (g, n) — v(g)v(gn)[A(n~!)z]9" is a contin-

uous compactly supported map, so the vector-valued integral [, [\, v(g)v(gn)[A(n~")z]"dndg
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is well-defined and equal to u|x. Moreover from (3.7), we have

o= [ [ viaptome.

and therefore,

A
=
Q
S~—

e
Q
S
P

3
g,

Q

S

|
8
W
o
=

3

QL
Q

u|n — 2| By (v

IN
=
K
~
1
Q
2
X
N
g
Q
S
8
Q
_3
W
IS)

Ny + |29 — || By(v)) dndg

- /c:/]vv(g)v(9”><|”)‘(nl)$] — || Bovy + [|129" — [ Bo(vy ) dndy.

To get an estimate, note that v(g)v(gn) # 0 implies that g € V andn € V=1-VNN.
Hence by (3.4), (3.5) and (3.6), we have:

// v(gn)(||[Mn~ )]—x|yBO(N>+||x9”—a:\|BO(N))dndgge//v(g)v(gn)dndgze,
GJN

which finishes the proof of the claim.

Having Claim 3.2.9 and Claim 3.2.8, the proof of Theorem 3.2.1 is complete. [

3.2.2 Proof of Theorem 3.2.2

Proof. (of Theorem 3.2.2) Let dg and dh denote the Haar measures of G and
H respectively. Note that G/H admits a G-invariant measure dg, since G is a

SIN-group and therefore G and H are both unimodular by Lemma 3.2.5. Moreover
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assume that these measures are normalized so that
/ / w(gh)dhdg — / w(g)dg Y € CL(G). (3.9)
G/H JH G

By Lemma 3.2.6, the inclusion ‘C’ of (3.2) is clear. To prove ‘2’, by Lemma

3.2.7, it is enough to show the following:
Vo € Bo(H) and Ve > 0, Ju, € By(G) s.t. ||ue|g—| B,y < € and ||ue||Byay < |2 Bo(a)-

Let z and € be given as above. Let V. be a compact neighborhood of identity in G
such that

AR N2 — 2| gy <€ Yh eV 'V.NH, (3.10)

and let v, be a nonnegative continuous central function on G such that

supp(v.) C V. and (3.11)

/G/H UH ve(gh)dhrdg ~1 (3.12)

We now define the function u, on G to be

uc(g') = /G /H ve(9'g)ve(gh)z(h)dhdg (3.13)

We then verify the following claims.

Claim 3.2.10. |luc|g — ||,y < €.
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Proof. Note that as in (3.7),

-/ ] [ otamanzai = | [ wohyota)inds

Moreover, for ' € H, we have

u(h') = ve(h' g)ve(gh)x(h)dhdg
ve(g)ve(W' " gh)a(h)dhdg

ve(g)ve(ghh'~1)z(h)dhdg

ST~ —a
T—i i

ve(g)ve(gh) [)‘(h_l)x] (h")dhdg,

since v, is central and H is unimodular. Using the same argument as in proof of

Claim 3.2.9, we have

v = / / velg)v(gh) A )l dhdg,
x = / / 9)ve(gh)zdhdy,

which easily imply that |[ue|g — 2| gy < [ [ ve(g9)ve(gh) | Ah™) 2z —2|| 5o ()

using the fact that v.(g)v.(gh) # 0 implies that h € V'V, N H.
Claim 3.2.11. u, € By(G) and |[uc||Byc) < |12 Bo()

The proof of Claim 3.2.11 is identical to Claim 3.2.8, and we are done.
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Corollary 3.2.12. Let H be a closed subgroup of a locally compact SIN-group G,
and {us} C Bo(G) be a bounded approximate identity for By(G). Then {u.|g} C

Bo(H) is a bounded approzimate identity for By(H).

Proof. Note that by Theorem 3.2.2, restriction map is a surjective contraction.
Hence {uq|n} € Bo(H) is a bounded net. Moreover, for any y in Bo(H) there

exists = in By(G) such that x|y = y. Hence,

lim lyuala =yl Bo) = lim 2| zuela — o|ull By = lim |(vua — )| a2 || Bo(a)

<l (20— 2) 5y = 0.

Therefore {u,|p} is a bounded approximate identity for By(H ). O

3.3 Quotient

Proposition 3.3.1. Let N be a compact normal subgroup of a locally compact group
G. Then
B()(G/N) = BO(G : N),

where Bo(G : N) = {u € By(G) : u is constant on each coset of N}.

Proof. Let g be the quotient map from G to G/N. By Corollary (2.26) of [Eym64],
the map

t:B(G/N)— B(G:N), fwuf)=foaqn
is an isometric Banach algebra isomorphism. Therefore, we only need to show that
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(i) For each g € Cy(G : N), there exists f € Cy(G/N) such that g = ¢(f).

(i) If f € Co(G/N) then o(f) € Co(G : N).

Note that (i) is clear, because gy is continuous and maps compact subsets of G
to compact subsets of G/N. Now for ¢ in Cy(G : N), the map f : G/N — C
defined as f(zN) = g(z) vanishes at infinity. To prove part (ii), let € > 0 be given.
Since f belongs to Co(G/N), there exists a compact subset K of G/N such that
|f(xN)| < € for all N in K° In order to show that «(f) vanishes at infinity,
it is enough to prove that ¢y'(K) is a compact subset of G. Recall that since
K is compact, there exists a compact subset L of G such that o(L) = K, hence

o 1 (K) = LN is compact as well. O

Note that the assumption of N being compact is essential. For instance, let
G =R xTand N =R. Then G/N =T, and By(T) = B(T) = B(G : R), but
By(G : R) = {0}. For G and N as above, let P : Cy(G) — Co(G : N) be defined as

(P)(x) = /N f(xn)dn.

It is well-known that P is a projection of Cy(G) onto Co(G : N). If we assume that

the Haar measure on N is normalized, we also have that || P| = 1.

Lemma 3.3.2. The map P defines a well-defined contractive projection from By(Q)

onto By(G : N) which maps positive definite functions to positive definite functions.

Proof. Let f be an element in By(G). Then there exists a unitary representation

7 : G — U(H,), and vectors £ and 7 in H, such that f = . n and | f||pe) =
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ll€Illlnl]- Note that by the above comment, Pf belongs to Co(G : N), and if

P : By(G) — By(G : N) is well-defined then it is a projection. Moreover,

P = [ sanyin= [ wanéndn = [ (roe.xamn

N

= /N<7T!N(n)§,7r(x1)'rz>><zv(n)dn= (mlx Oxw)&s (@™ Hm) = (m (@) (mlw (xw)$), m)-

Hence, Pf belongs to B(G). In addition

1P flls@e < llwly Oen)E Il < liwln O gl < i€ llinll = N€lnll = 1115w,

which implies that P : By(G) — Bo(G : N) is a contraction. Note that By(G :
N) C By(G) together with P? = P gives the surjectivity. Finally, assume that f is
a positive definite element of By(G), and let f = £ *, £ be a representation for f.

By Lemma 2.1.2 and compactness of N, we have

Pf(z) = P2f(x):/NPf(3m)dn:/NPf(3:nx1x)dn:/ Pf(nz)dn

N

- /N (r(ne) (x| ()6, €)dn = / () (| ()€, ()€l

N

= /N(W(w)(ﬂN(XN)f),W(n)@dn—<7T(9€)(7T!N(XN)€)>(WIzv(sz)f))-

Hence Pf is positive definite.

U

Proposition 3.3.3. Let P : Bo(G) — By(G : N) be defined as in Lemma 3.3.2,

and suppose By(G) admits a bounded approzimate identity {u,}. Then {Pu,} is a
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bounded approximate identity for Bo(G : N).

Proof. Clearly {Pu,} is a bounded net. Let f be an arbitrary element in By(G :
N). Then,

(fPua — f)(@) = f(2) /N wa(zn)dn — f(z) = /N (f(zn)ua(zn) — f(zn))dn = P(fuq - f),

where we used the facts that f is constant on each conjugacy class of N, and the

Haar measure on N is normalized so that u(N) = 1. Therefore,

lim || f Pua = fllse) = lim [ P(fua = fllse) < lm || fua = flls@) =0,

hence {Pu,} is a bounded approximate identity for By(G : N). U

3.3.1 Open subgroups, center, connected component of the
identity

For a general locally compact group, the restriction map from B(G) to B(H) is

surjective if H is open, or the connected component of the identity of G, or the

center of G [LM75]. In Theorem 3.3.5, we show that for the above-mentioned cases,

the restriction map from By(G) to By(H) is surjective as well. The proofs herein

are adopted from those of Liukkonen and Mislove [LM75].

Let us begin with the following proposition.

Proposition 3.3.4. Let K be a compact normal subgroup of a locally compact group

G, and 7 be a representation of G on the Hilbert space H,. Let dk denote the Haar
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measure of K, and define the operator Q) : H, — Hx to be

Q€)= [ {n(k)g. )
for & and n in H,.

(i) Q is a projection.
(ii) For each x in G, Qn(x) = m(x)Q.

(i1i) Let P be the map from B(G) to B(G : K) defined in Lemma 3.3.2. For

vectors & and 1 in M, we have
P& &) = Q8 %, QF.
(iv) For each vector & in H,
Exr € = Q8 Q€+ (I — Q)+ (I — Q)E.

Proof. (i) Since K is compact, clearly @ is a bounded linear map. We need to

show that Q* = Q? = Q. For &, 1 in H,,

@€ = (&Qn) = Qo) - /K R Eydk = /K (&, w(K)n) dk
- /K (r (ke m)dk = /K (r(k)E, m)dk = (QE. ),

where we used the fact that the Haar measure of K is unimodular. Hence QQ* = Q).
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Moreover,

(Q%¢,n) :/ k)QE, n)dk = // gndtdk_// (kt)€, n)dtdk
= [ [ g manar = e,

using the fact that the Haar measure of K is normalized. Therefore Q% = Q.

(ii) Let = be an element of G. Since N is compact and normal, by Lemma 2.1.2
the Haar measure is invariant under the inner automorphisms. Therefore, for & and

nin H,,
(n(2)Q€. 1) = /N () ()€, m)ddn = /N (n(nx)€, m)dn = (Qr(x)E, ).
(iii) For each z in G,

P(é %, 6)(a) = /N (€ %, €)(en)dn = /N (r(an)€, £)dn = /N (m(n)e, m(z)E)dn
= n(@)QE.E) = (Qu(2)QE,€) = (n(x)QE, QE) = (QE %, QE)(x).

(iv) It is enough to show that for each vector £, the map Q€ *, (I — Q)£ =

Indeed,

(Q€x-(I=Q)&)(x) = (m(2)Q¢E, (I-Q)€) = (Rn(z)¢, (I-Q)&) = (m(x)¢, QU-Q)E) =
U

Theorem 3.3.5. Let G be a locally compact group, H an open subgroup, Gq the
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connected component of the identity in G and Z(G) the center of G. Then,

1. The restriction map v : By(G) — Bo(H) is surjective.
2. The restriction map r : By(G) — Bo(Z(G)) is surjective.
3. The restriction map r : Bo(G) — By(Go) is surjective.

Proof. 1. Since H is an open subgroup of G, the restriction map r : C*(G) —
C*(H) is norm-decreasing (see [Rie74]). Moreover, it is very easy to see that for
an open subgroup H, the inclusion map i : C*(H) — C*(G), f — f°, is norm-

decreasing, where for f in L'(H), we define f° in L'(G) as

f(x) reH
0 x%H.

However, since r o ¢ = idpi gy, 4 is an isometry and r is a surjection. Taking the
dual map of r, we get the isometric *-homomorphism 6 : B(H) — B(G), ¢ — ¢°,
which restricts to an isometric *-homomorphism from By(H) to By(G). Therefore,
in the case of an open subgroup, we can consider By(H) as a subalgebra of By(G),

which implies that the restriction map r : Bo(G) — By(H) is surjective.

2. First note that Z(G) is a closed normal subgroup of G. Moreover for every f
in By(Z(@)), gin G, and z in Z(G), we have f9(z) = f(g '2g9) = f(g7g2) = f(2);
therefore f9 = f. Now by Theorem 3.2.1, By(G)|z) = Bo(Z(G)), hence the
restriction map r : By(G) — Bo(Z(G)) is surjective.

3. Since Gy is the connected component of the identity, G /G is totally discon-

nected, therefore, it contains a compact open subgroup H/Gy. Note that H is an
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open subgroup of G, hence by part (1), Bo(H) C By(G). It is now enough to prove
that r : Bo(H) — By(Gp) is onto. So without loss of generality, we can assume that
G is almost connected. Therefore there exists a net {K;};en of compact normal
subgroups of G such that G; = G/K; is an almost connected Lie group for each i,

and G = @nG /K; where @ denotes the projective limit of groups.

Let ¢ be a positive definite function in By (Gy), and € > 0 be fixed. Let 7 be a
representation of Gy, and £ be a vector in H, such that ¢ = £ %, £&. For each i, let
w; denote the Haar measure of Gy N K;. Since ¢ is continuous at eg, there exists
an index 7 such that |p(eq) — ¢ * w;(eq)| < €. Note that Gy N K; is compact and

normal, hence Ag,|g,nk, is identically 1. Therefore,

Grw)@) = | dlay )AL )dwily) = / oy ") dur(y)

Go GoNK;

N /G _dlay)duiy) = Po(z(Gon Ky)).

Therefore by Lemma 3.3.2 and Proposition 3.3.1, the function ¢ *w; can be viewed
as a positive definite function on Go/(Go N K;) ~ GoK;/K;. Moreover GoK;/ K is
open in G/K;, so we can extend ¢*w; to a positive definite function ¢ in By(G/K;)
by part (1). Let b =1o gk, where qg, is the quotient map from G to G/K;. By
Proposition 3.3.1, ¢ can be viewed as a positive definite function in By(G). In

addition,

19lco — dllBio) = 6% wi — dllniGe) = (&% wi — d)(eq)| <,
where we used Proposition 3.3.4. Hence ¢ is a limit point of the closed set By(G)|q,,
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i.e. ¢ belongs to By(G)|g,. Therefore By(G)l|g, is a closed translation-invariant
subspace of By(Gy) which contains each element of By (Gy), hence must be By(Gy)

itself.

3.4 When is By(G) = A(G)?

One of the most natural questions about By(G) is to characterize the groups G for
which the Rajchman algebra properly contains the Fourier algebra. In 1916, Men-
shov [Men16] constructed a probability measure p supported in a set of Lebesgue
measure zero whose Fourier-Stieltjes transform vanishes at infinity. This is one of
the earliest examples of measures in My(T) which do not belong to L!(T). Hewitt
and Zuckerman [HZ66] proved that the inclusion of A(G) in By(G) is proper for
every non-compact locally compact Abelian group GG. On the other hand, in his
study of the representations of ax + b group, Khalil [Kha74] proved that the Ra-
jchman algebra and the Fourier algebra coincide in this case. The question is open

in general.

A locally compact group G is called an AR-group if the left regular representa-
tion of G' decomposes into a direct sum of irreducible representations. Clearly R is
not an AR~group. On the other hand, compact groups and ax + b group are exam-
ples of AR-groups. Figa-Talamanca proved that if G is a unimodular non-compact
locally compact group for which A(G) = By(G), then G is an AR-group ([FT77]
and [FT77]). In [BT79], Baggett and Taylor showed that the above result holds
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even without the unimodularity condition. This result together with Theorem 3.1
of [MMOO] implies that By(G) is larger than A(G) for any non-compact IN-group
G.

In this section, we prove that for the special case of non-compact connected SIN-
groups, the Rajchman algebra contains the Fourier algebra properly. Our approach
is completely different from [FT77]. In fact, our proof is a concrete application
of the extension result obtained in Theorem 3.2.2. We begin with the following

lemma.

Lemma 3.4.1. Let H be a closed subgroup of a locally compact group G with
Aglyg = Ay, and m : H — U(H,) be a unitary representation of H. If A(H) C
Co(H) then Apa, (G) C Co(G).

Proof. Suppose H, G and 7 are as above. Let dh and dx denote the Haar measures
of H and G respectively. Since Ag|p = Ay, the quotient space G/H admits a

nonzero positive left-invariant measure p such that for every f in C.(G),

/G y /H f(ah)dhdp(aH) = /G f(w)da.

Let Ind,; be the unitary representation of G on the Hilbert space F induced from

7. Recall that the set
Fo={zw / a(zh)m(h)édh : a € C.(G), & € Hna}
H

is a total subset of F. To prove Apq, (G) C Cy(G), it is enough to show that

for arbitrary vectors ¢ and ¢ in F°, the coefficient function ¢ *p,q_ 1 vanishes at
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infinity. Let o and 8 be functions in C.(G), and & and 1 be vectors in H,. Define

the H-valued functions P f, ¢ and P fz, on G to be

Pfa,g(.r):/Ha(:rh)ﬂ(h)fdh, and  Pfg,(x /ﬁ (zh)m(h)ndh.

We now compute the coefficient function of Ind, associated with Pf, ¢ and P fg,,.

For g in G,

P foe *nds Pfﬁm(g) = (Ind,(g )P fae: Pls, 77)

= [ Phda™ ) Pl et
G/H

- /G /H< / a(g~tzh)m(h)édh, / Bl )m (R ndh')s,, dp(zH)
-/ B [ [ ala e a(ah ) w0 b6, dh o)

- /G/H a(g~xh)B(x) (n(h)E, n)a, dhdx

_ / B(ge) / a(h)(x(h)e, n)w. dhd.
G H

Note that by the inclusion A,(H) C Cy(H), there exists a sequence {7, }nen of

compactly supported continuous functions on H such that

||§*7r77_7n||oo—>0 when n — oo.
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For each n in N, define the function I',, to be

L GoC,  Tulg) = /G B(gz) /H a(zh)n(B)dhdz.

It is easy to see that I, is compactly supported and continuous for each n. Moreover

for g in G,

P fae *md, Pfon(g) —Tn(9)]
/G B(ge) / a(wh){m ()&, n)w dhdz — / B(ge) /H o(wh)ya(R)dhdz

o

< /G /H 1Blgz)a(zh)| - [{x(h)E, MY, — Yu(h)|dhdz
< ey — Yl /G /H \Bg)a(zh)|dhdz

< M1M2HG(K1)MG(K2)H7T£J; — Ynll oo

where M; and Ms are the maximum values, and K; and K5 are supports of o and
3 respectively. Therefore ||P fo.¢ *md, Pfsn — I'nllcc = 0 as n — oo, which implies

that P fa¢ *ma, Pfs, belongs to Co(G). O
Corollary 3.4.2. If G is a connected non-compact SIN-group then By(G) # A(G).

Proof. By contradiction assume that G is a connected non-compact SIN-group
with A(G) = By(G). Then G has a non-compact Abelian closed subgroup H. By
Theorem 3.2.2, the restriction map from the Rajchman algebra of a SIN-group to

the Rajchman algebra of its closed subgroup is surjective. Hence

A(H) = A(G)|u = Bo(G)|u = Bo(H),
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where we used the fact that for every locally compact group G and its closed
subgroup H, the restriction map from A(G) to A(H) is surjective. This contradicts
with the fact that for any non-compact locally compact Abelian group H, A(H) #
By(H) (see [HZ66]). Hence A(G) C By(G) is proper. O
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Chapter 4

A decomposition of M(G) and its

applications

Throughout this chapter, let G denote a locally compact Abelian group, and M (G)
denote the Banach algebra of complex bounded Radon measures on G. Let M.(G)
denote the subset of all continuous measures in M(G), i.e. the set of all complex
bounded Radon measures p on G such that p({z}) = 0 for every element z in G.

Let My(G) denote the algebra of discrete measures, i.e.

My(G) = {n=7) b, : |lul =) _las| < oo},

seG seG

Let A(G) denote M.(G)*. Note that A(G) is in fact the algebra of discrete measures
M,(G). Recall that My(G) is the set of all measures in M (G) whose Fourier-Stieltjes
transforms vanish at infinity. Clearly M.(G) and My(G) are closed ideals of M (G).

In [Var66a], Varopoulos obtains a direct decomposition of the algebra of con-
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tinuous measures M.(G), and hence the measure algebra M(G), of a non-discrete
locally compact Abelian group G into a subalgebra and an ideal. The following
strong theorem has been mentioned in [Var66a] as an application of the decompo-

sition theorem.

Theorem 4.0.3. [Var66a] For any non-discrete locally compact Abelian group G,

(1) M.(G)/M2(G) is a non-separable Banach space.

(ii) Mo(G)/MZ(QG) is an infinite-dimensional Banach space.

In the present chapter, we give a detailed exposition of the proof of Varopoulos’
Theorem which we need in Chapter 5 in order to study the cohomological properties

of BQ(G)

We begin this chapter by definition and basic properties of an L-space in Sec-
tion 4.1. We then review strongly independent sets in Section 4.2. Next, we
overview definitions and proofs from [Var66a] that are necessary tools for the sub-

sequent sections.

Section 4.4 presents Varopoulos’s construction of decompositions of M (G) using
suitable strongly independent subsets of G. We then obtain similar decompositions

for My(G) in the next section.

Section 4.6 provides us with examples of groups for which By(G) has nonzero
continuous point derivations. In fact, we show that if G is a non-discrete locally
compact Abelian group then My(G) has nonzero continuous point derivations. Fi-
nally, we conclude this chapter with a brief discussion on analytic discs in the

spectrum of My(G).
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4.1 L-spaces

Definition 4.1.1. A subspace B of M(G) is called an L-space if it satisfies the

following conditions.

1. B is a closed subspace of M(G).

2. If pv € M(G), v € B, and p < v, then p € B.

The following lemma shows that one can replace the second condition of Defi-

nition 4.1.1 with Condition (2’):
If p,v € M(G),v € B, and |u| < |v|, then u € B. (27)

Lemma 4.1.2. Let B be a closed subspace of M(G). Then B is an L-space if and

only if it satisfies Condition (2’).

Proof. First assume that B is an L-space. Note that for measures p and v in
M(G), the inequality |p| < |v| implies u < v. Therefore B clearly satisfies (2') as

well.

Conversely, assume that B is a closed subspace of M (G) that satisfies Condition
(27). Let p and v be measures in M (G) such that v belongs to B. By Condition
(27), |v| belongs to B as well. Now assume that y < v, i.e. |u| < |v]. By Radon-

Nikodym Theorem |u| < |v| implies that |u| = f|v|, where f is a non-negative
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Borel integrable function. For each n € N, let f,, be defined by

flx) i flz) <n

n otherwise

fn(x) =

Note that f,|v| < n|v|, which implies that f,|v| belongs to B. Therefore f|v],

being the limit of f,|v|’s, belongs to B as well. O

It is known that My(G) is a translation invariant L-subspace of M(G) (for
example see [Gra7l]). In the following lemma, we use properties of L-spaces to

prove the well-known fact that My(G) is a subspace of continuous measures on G.

Lemma 4.1.3. For a locally compact Abelian group G, My(G) C M.(G).

Proof. Suppose My(G) € M.(G) and let pp € My(G) \ M.(G). Note that Ru and
Zu belong to My(G) as well, since My(G) is an L-space. Moreover, at least one of
R or Z is not continuous. Hence without loss of generality, we can assume that p
is a real measure. Let p = uq + 2 be the orthogonal decomposition of p with pq in
M. (G) and 0 # po in A(G). Then pg < p implies that us belongs to My(G), which
in turn implies that 8, belongs to My(G) for some g in G. But |3,(x)| = |x(g)| = 1,

which is a contradiction. O

Remark. Definition 4.1.1 of an L-space is equivalent to the definition of a band,

which has been used by Varopoulos in [Var66a].
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4.2 Strongly independent sets

Let G be a locally compact Abelian group, and P be a subset of G. Let k(P)
denote the smallest positive integer k such that {kx : x € P} = {0g}, if such an
integer exists. Otherwise, set k(P) = oo. The integer k(P) is called the torsion
of P. The set P is called strongly independent if for any positive integer N, any
family {p;}_, of distinct elements of P, and any family of integers {n;}},, the

equality E;VZI n;jp; = O¢ implies that n; is a multiple of k(P) for each 1 < j < N,

unless k(P) = oo, in which case n; =0 for each 1 < j < N.

Note that if G is a non-discrete locally compact Abelian group then G has a
perfect metrisable subset P which is strongly independent [Var66b]. Recall that
a subset P of an Abelian group G is called an independent set if for any positive
integer N, any family {p; }jvzl of distinct elements of P, and any family of integers
{nj}é-v:l, the equality Zjvzl n;p; = O¢ implies that n;p; = 0 for every 1 < j < N. It
is clear that the notions of strong independence and independence are equivalent in
the case of a torsion-free group. In [Rud58], Rudin showed that every torsion-free
locally compact Abelian group contains an independent set P homeomorphic to
Cantor’s ternary set, called an independent Cantor set. For instance, if G is the
additive group of real numbers then one can proceed as follows. First note that for

any positive integer k£ and any family of k integers {n;}*_,, the hyperplane

k
Hyoony, = {(xl, ,x) ERF Zm:)s, = 0}
i=1

is a closed subset of R* with empty interior. We now define a collection of compact
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neighborhoods inductively. First, let V; = (1,2). To construct V5, observe that the

set

U Hy,

(n1,n2)#(0,0)&|n;] <1
is closed and of empty interior. Therefore one can find disjoint compact neighbor-

hoods Vz(l) and ‘/2(2) of diameters less than % such that

< v cvy U Hpy .
(n11n2)¢(010)&‘n2|§1

Let V5 = V2(1) U VQ(Q). For an integer ¢ in N, suppose V; = Vi(l) U...u VZ-(”) is

1

the disjoint union of r; compact neighborhoods of diameters less than g where

r; = 271 for each i. To construct V;,;, we use a similar argument to find disjoint

21 of diameters less than —— such that
i+1

compact neighborhoods {Vzﬂ}

v 'XViE:ZiH) C Vi(l)XVi(l)X. . .XV;(”)XV,L-(”)\ U H,, .

i+1 S
(151 )#(0,...,0) & | | <i

Now define
Vi = ViU oy,

It is easy to see that for arbitrary elements z; in Vi(j ), and any family of integers

n;} whose modulus are bounded by 7 + 1, we have
J y

Ti+1

Z n;T; 7é 0.
j=1
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This easily implies that the set P defined as

P=(\V;

ieN
is a strongly independent Cantor set.

The proof of Theorem 4.0.3 is based on Theorem 4.2.1 of [Var66b] which proves
the existence of certain strongly independent sets. One can refer to [Var66b| for

the proof of Theorem 4.2.1.

Theorem 4.2.1. [Var66b] Let G be a non-discrete metrisable locally compact Abelian
group. Then there exists a perfect strongly independent subset P of G such that
My (P) # {0}, i.e. there erists a nonzero positive measure p in Mo(G) which is

supported in P.

The proof of the above theorem is rather difficult and technical. In fact, the
argument in [Var66b] relies on structural theorems and treatment of some special

groups. In what follows, we sketch a proof of Rudin for the special case of T.

Theorem 4.2.2. [Rud60] There ezists an independent compact perfect subset P of
T such that My (P) # {0}.

Sketch of proof. Let {&}ren be a sequence of real numbers in (0, 3). We first

construct a compact perfect subset @ of [0, 27] using the usual Cantor procedure.

First we divide the interval @1 = [0, 27] into three intervals le), MQ(I), and Qg) of

lengths proportional to &, 1 — 2&;, and &; respectively. Let

Q2= Q% UQY.
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Next, we split each interval Qél) and Qg) to three intervals of lengths proportional
to &, 1 — 2&, and & respectively. Let Qél), Mél), and Q:(f) denote the intervals

splitting Qg), and Qg”, Méz), and Q§4) denote the intervals splitting Qg). Define

Qs = QMUY UQY LY.

Repeating the above procedure, we construct a family {Q; };en of subset of [0, 27].

Note that for each positive integer i, (); is written as a disjoint union of intervals

Qi=QVu...u® ",

where each Ql(-j) is of length 27&; ... & 1. Let

Q=)Q:

1€EN

Clearly @ is a compact perfect subset of [0,27]. Let f be the classical Cantor-
Lebesgue function associated with @), i.e. f is the uniform limit of the family
{fx}ren of functions defined in the following way. For each positive integer k, let

fr be the continuous function such that

j .
fk(t) = F fOI' t - Q]({:]),

and fj is linear on each interval off (). Let p be the first distributional derivative
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of f, i.e. for every ¢ in C(T),

2

(0p) = | o)df (D).

0

Clearly p is a singular probability measure supported in Q).

In [Sal42], Salem proved that there are sequences {&, }nen for which the associ-
ated set @ is of measure zero, and the corresponding measure p belongs to My(Q).
Rudin then constructed certain deformations which transform ) to an independent
set P. Furthermore, he showed that the measure i is mapped to an element of

My(P) via such deformations. O

The following lemma will be used in Theorem 4.6.2 to construct nonzero con-

tinuous point derivations on My(G).

Lemma 4.2.3. Let G be a non-discrete metrisable locally compact Abelian group.

Then there exists a compact perfect strongly independent subset P of G such that
Mg (P) # {0}.

Proof. By Theorem 4.2.1 there exists a perfect metrisable strongly independent
subset P’ of G which supports a nonzero Rajchman measure pg. It is known that
My(G) is an L-space [Gra7l]. Therefore, without loss of generality we can assume
that po is a positive measure. Note that po(P’) > 0 and p is a Radon measure,
therefore there exists a compact subset K of P with po(K) > 0. But po|x belongs
to Mo(K) = My(G) N M(K), because it is a positive measure supported in K
and dominated by po. Note that supp(uo) is still a perfect set, because pq is a

continuous measure by Lemma 4.1.3. Let P = supp(pg). Clearly P is a strongly
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independent set, since it is a subset of the strongly independent set P’. Hence P is

a compact perfect strongly independent subset of G with My(P) # {0}. O

4.3 Geometric and measure theoretic results on

independent sets

Let G be a non-discrete locally compact Abelian group. Recall that the convolution

of two measures p and v in M(G) is defined as

pen(E) = | oy B)ivty),

and

/G F(2)dp o v(z) = /G / F(o+ y)dp(e)du(y),

where F is a measurable subset of G, and f is an integrable function. It is easy
to see that if p and v are elements of M (G) with supp(u) € E and supp(v) C F,

then supp(u*v) C E+ F.

Let u and v be measures in M (G). Then u and v are mutually singular, denoted
by p v, if there exists a partition AU B of GG such that pu is concentrated in A and
v is concentrated in B. We say u is absolutely continuous with respect to v, denoted

by u < v, if for every measurable set A, the following condition is satisfied.

V[(A) = 0 = [u](4) = 0.
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For subsets P and ) of G, and an integer n in N, we recall the following

notations:

P+Q={c+y:2€ PyecQ}.

nP={Y" z:x € P}

—nP ={=Y " 2 :x € P}

e Gp(P) is the subgroup generated by P in G.

For a positive integer m, define
W P G wn((pg)jh) = Yy
j=1
Let @y, : M(P™) — M(G) be the map induced from wy,, i.e.

an()(B) = H (B and [ @)@ @) = [ (Fown) ),

where 71 is a measure in M (P™), E is a subset of G, and f is a measurable function
on G. Note that if 7 and 7 are measures in M (P™) and M (P") respectively such

that w,, (@) = p and w,(7) = v, then W, 1, (F R T) = p*v.

Lemma 4.3.1. If P is a strongly independent perfect metrisable subset of a locally

compact Abelian group G, then w,, maps M(P™) onto M(mP).

Proof. First note that the subset P is a metrisable perfect (hence closed) subset

of a locally compact space GG. Therefore both P and P™ are Polish spaces. Let
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~ be the equivalence relation defined as (p1,...,pm) ~ (q1,...,qm) if and only if
pi+...4+Pm = q+...+qn. Forapermutation sin S,,, let o, : P™ — P™ be defined
as 0s((p1s- - Pm)) = (Ps1)s - - - Ps(m))- 1t is clear that (pi,...,pm) ~ (q1,. .., @) if
and only if there exists a permutation s such that os5((p1,...,Pm)) = (¢1, -, @m)-
It is now easy to see that the map @ : P — P™/ ~ is a closed map, because
Q7 'Q(E) = U,es,,05(E) and each o, is a homeomorphism of topological spaces.
Hence the Polish space P™ contains a Borel set Ejy which meets each equivalence
class in exactly one point (see [Par05], Theorem 1.4.2.). Now for a measure p in
M (mP) define v to be
v(B) = plwm(B N Ep)),

for Borel subsets B of P™. It is easy to check that w,,(v) = i, hence w,, is onto. O

A reduced sum on a strongly independent subset P of torsion k(P) = k is a

formal expression » ., 7i;p;, where I is a possibly empty finite index set, p;’s are

iel

distinct elements of P, and

0 # 1; € Z(mod k).

Two reduced sums are said to be equivalent if one can be obtained from a permu-
tation of the other. Let P be a subset of G. For m and k in N, and ¢ in G, define

the following sets.

g}

Dy(9) = {w= )iz € P" : i
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Rb= | Hw=@)ePmip,=...=p}

1<hi<l2<...<lp<m

The following two lemmas illustrate interesting properties of strongly indepen-
dent sets which will be used in future. Lemma 4.3.3 is in fact a corollary of Lemma
4.3.2 which in turn has a straightforward proof. One can refer to [Var66a] to see

the details.

Lemma 4.3.2. [Var66a/ Let P be a strongly independent subset of an Abelian group

G. Letm,neZ, m>1, and m > n > 0.

1. Every x in Gp(P) can be expressed uniquely (up to equivalence) as a reduced

sum.
2. If g € G\ Gr(P) then mP N (g +nP) = (.
8. If0# g€ Gp(P) and g =Y ,.; 7ip; is the reduced sum expression of g then:

(i) If k > m > n then mP NnP =0, and in particular w,,*(mP NnP) = (.
(ii) If m > n and m > k then w,'(mP NnP) C R*.
(i) If k > m then w,'(mP N g+nP) C U, Ui<j<m D (p;).
(iv) If m >k then w,'(mP N g+nP) C RE UUic; Uicjcm D (pi)-
Lemma 4.3.3. [Var66a] Let P be a strongly independent perfect metrisable subset

of a non-discrete locally compact Abelian group G. Let p and v be measures in

M1 (G) that satisfy conditions (i) to (iv) listed below.

(i) supp(p) € mP.
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(i1) For every g € G and 0 < m/ < m, the set g+ m'P is p-null.
(111) supp(v) C nP.
(iv) For every g € G and 0 < n' <mn, the set g+ n'P is v-null.

Then for every g € G and 0 < r < m + n that satisfy (g,r) # (0g, m +n), the set

g+ 1rP is p*xv-null

Let s be a permutation in the symmetric group 5, on m elements. We define

the symmetric operation associated with s as

os: P — P™, Js{@j)?:l] = (pS(j))?:lv

and we denote the set of all such symmetric operators on P™ by ¥,,. Recall that
os induces a map J, on the measure algebra of P™. An L-subspace B of M(P™)
is called symmetric if for all o in 3,,, 5(B) is contained in B. Let B* denote the

smallest symmetric L-space which contains B, i.e.

B*¥ =n{S:BCS,S is a symmetric L-space }.

Note that there is a natural one-to-one correspondence between 35, and S,, which

preserves multiplication. Finally for a measure p in M (P™), we define the measure

MZ = ZsGSm 68(“)

Let © be a measurable subset of G. Let B(Q2) be defined as

B(Q) = {p € M(G) : |p[(G\ Q) = 0}.
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It is easy to check that the space B(f) is an L-space. Recall that M(£2) denotes
the subspace of M(G) whose measures are supported in €. Note that B(2) and
M (Q) are different. For example, for any continuous measure p in M.(G) and any

x in supp(p), we have u € B(G \ {z}).

Lemma 4.3.4. [Var66a] Let P be a strongly independent perfect metrisable subset
of a mon-discrete locally compact Abelian group G. Let B be an L-subspace of

M(P™), and m > 2.

(a) If u belongs to M(mP) N wy,(B) then Ry belongs to @, (B) as well.

(8) &7} @ B(RL))) 0 M*(P™) € B(R?,) and
W (@ [P\ B(RY)]) N M*(P™) € B(P™\ Ry).
(c) If u,v € B(P™\ R2)NM*(P™) and @, (1) < O (v) then u € B¥[V], where

B[] is the symmetric L-space generated by v.

(d) Let {Va}acr be a family of measures in B(P™\ R%) such that for each index
a, Om(Va) = 0. Then there exists a family {0, }aer in MT(P™)NB(P™\ R%)

that satisfies the following properties.

— 04 € B*[7,] for all a in T.
— Wm(0a) = Om(Va) for all a in T.

— Forall a and B in T, if Om(Ya) > @m(vs) then do > d5.

(e) If B C B(P™\ R%) is a symmetric L-space then &y,,(B) is an L-space of
M(mP).
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Proof.

(a)

Let @ be a measure in B such that w,,() = p. Note that @, maps positive
(respectively real) measures to positive (respectively real) measures. Now
consider the decomposition @ = [y + ifty, where fi7 and 7z are real measures
(the real and imaginary parts of ir). Then &y, (1) = @, () + iWm (Jiy), where

Om(11y) and @, (fi,) are real measures. Hence

R(p) = R(@m(7)) = @m(ir) = @m(R(1))-

Moreover by the definition of L-space, R(fz) belongs to B, which proves (a).

It is clear that R% and G'\ R2, are “symmetric sets” i.e.

V(Pz)?;l € R?n Ve Sm7 (pw(z));il € R?m

and

V(p:)ity € G\ R2, VT € S, (pr(iy)ity € G\ RZ,.

Therefore w,,'(w,(R2)) = R% and w,'(w,(G\ R?)) = G\ R?,. Let u in
M*(P™) and v in B(R?) be such that @&,,(11) = @n(v), ie. plw(E)) =

v(w Y(F)) for every Borel subset E of mP. Hence

WG\ Ry = p(wy, (win(G\ B7))) = v(w,! (wn(G\ RL))) = v(G\ Ry,) = 0.

This, together with positivity of x, implies that u belongs to B(R?,). Hence
O (@0 [B(R2)]) N MT(P™) is a subset of B(R?). The proof of the second

m
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claim is identical.

The open subspace P™ \ R? of P™ is a Polish space, and ~ is a closed
equivalence relation on P™\ R? . Hence the conditions of Borel cross-section
theorem are satisfied, and P™\ R?, contains a Borel subset A that meets each
equivalence class in exactly one point. For s in 5,,, let A, denote the Borel

set 05(A). It is easy to see that for permutations s and ¢ in S,,,
— P\ R} = Uses,, As.
— A,NA =0if s # 1.
— 05(Ay) = Ags.

To a measure « in M (P™\ R?)), we associate the following orthogonal (Riesz-

Lebesgue) decomposition:

Clearly oy < «a for each s in S,,. Let E and F' be Borel subsets of P™ and
mP respectively. For a in M(P™\ R?,), and permutations s and ¢ in S,,, we

have

[Gs()(E) = a(o; (A, N E)) = a(o; ' (E) N A1) = a1 (01 (E)).

S

Moreover, observe that w_1(F) is a symmetric set, and og(w 1 (F)) = w 1(F).
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Therefore,

Om ([P (F) = Y (05 )(F) = Y m(@rs-1)(F) = (@) (F).

SESm SESm

Let © and v be measures as described in (c), r be a permutation in S,,, and

FE be a Borel subset of P™. Then

E) = Y am(ENA)=Y ve ] (ENA) =v(|] o, (ENA))

SESm SESm SESm

— (w, @n(ENA))) = Gu(v)(wn(ENA,)), (4.1)

where we used the fact that for distinct permutations s and ¢ in S,,, the sets
oY (ENA,) and o; '(E N A,) are disjoint. Now [v¥],.(E) = 0 implies that

Om (V) (wim (E N A,)) = 0 which in turn implies that
1] (E) = @m (1) (win (B N A;)) = 0.

Hence [p*], < [v¥], for each r € S,,. Therefore u < pu* < v*, and p belongs

to the symmetric L-space generated by v.

(d) Let {7a}aer be a family as in (d), and r in S,, be a fixed permutation. For

80



each o in I', define

0o = [ Z]r'

Note that @, (6a) = Gm([12];) = @m(7a). Let E be a Borel subset of P™.
By Equation (4.1), we have 6,(E) = [/Z].(E N A,) = Om(Va) (W (E N A,)),

therefore ¢, belongs to M+ (P™). Moreover,
100l (Ry) = 0a(R7,) = Ya (W, (Wi (R N A)) =0,

hence 4, belongs to B(P™\ R?,). Fix a and 8 in T, and note that §,(E) =
Om (Vo) (wm(E N A;)). Therefore @, (Va) > @m(ys) implies that 6, > dp.
Finally, using part (c¢) and Lemma 4.1.2, we have d, € B*[|V.|]] = B*[14),

since Wy, (6a) = Wm(Va) K Om(7al)-

(e) This part follows easily from parts (a), (b) and (d).

4.4 A direct decomposition of M(G)

Fix a strongly independent perfect metrisable subset P of GG, and let

Ty = M.(P) = {n € M(G) : supp() C P}.
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For a positive integer n, let
T,=T® .."T
denote the tensor product of n copies of 17, and define
T=0_ @, T,
We equip T" with the multiplication defined as
b tn =ty @ tn € Than

for t,, in T}, and ¢, in T,,, and extend it to T by linearity and continuity. Let 6 be
a continuous function in C,(P) viewed as an element of the dual space T}. Let 6"

denote the element 6 ® ... ® 0 of T)7, and define

S, =T,/ ﬂ Ker(0").

0eCy(P)CTY

Let S = (' ®,>1 S,, and p : T — S be the natural projection. It is easy to see
that Ker(p) is an ideal of T, therefore one can define a multiplication on S using

the multiplication on 7. Indeed, for t¢,, in T}, and t,, in T},, let

p(tm) 'p(tn) = p(tm ® tn) € Sm+n;
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and extend it to S by linearity and continuity. These multiplications turn 7" and S
into Banach algebras, and p becomes a surjective algebra homomorphism. Let 71 be

the inclusion map from Ty = M.(P) to M(G). The map 7 induces 7, : T,, = M(G),

To(f1 @ o0 @ ) = 1 % ook [y, 41, -+, fin € Mo(P).

Let 7 =0 @517, : T — M(G). Clearly 7 is a Banach algebra homomorphism.
Finally, let i : A(G) — M(G) be the inclusion map, and define 7 = i ® 7 from

A ®T to M(G) to be the linear extension of,

T(0g @ (1 @ ... @ fn)) = g * i1 * ... * [l

Then 7 is a Banach algebra homomorphism as well. In Lemma 4.4.2, we show that

7,.(T},) is the L-space generated by products of n elements of T, i.e.
{p e M(G) : pp < py * ... %y, for some gy, ..., pu, € T1}.

Denote 79 = 7|5,cer,, and m, = 7|7, .

Observation 4.4.1. Let ¢, : T,,, — M(P™) be the map defined by

me(asl,---,xm)dcbm(m®--.®um)=/P---/Pf(wl,---,xm)dul---dum-

Then,

(a) ¢n is an isometric injection. Moreover, Ty, = OmPm.
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(b) &m(Ty) is a symmetric L-subspace of M(P™).

(c) Let g be an element of G, and 1 <1 <m. Then for t,, in T™, we have
|6 (tm) [(Ry) = 0 and |6 (tn) (D5, (9)) = 0.

(d) For all g in G, Imn? = 0, * Im,,.
Proof.

(a) Fix an element z in T, and € > 0. There exists a representation of

sz,ui@...@Min

€N

with >, v llwd]l < |lz|| + € and [[pb]| = ... = ||ui,|| = 1 for each ¢ in N.
Fix an integer 1 < j < m. The set {|u}|}ien is bounded, and M.(P) is an
L-subspace of M(G). Therefore v; = sup{|u}|}ien belongs to MF(P). By
Radon-Nikodym Theorem

T € D1<jem L (P;v;) = LY(P™ @1<j<mrj) C M(P™),

where the last inclusion is an isometric injection. Moreover, for an integrable

function f, and pq, ...,y in 17,

/Gf(l’)d@mqu(,ul ... Mm)(ff) = /m fo Wm(X)d¢m(M1 ® ... @ fim)(X)
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which finishes the proof.
(b) We observed that for x in T, that for each integer j in {1...m}, there exist
v; in M (P) such that

T € ®1§j§mL1(P; I/j) CcT,,.

Hence ¢,,,(z) belongs to L'(P™; ®1<m<mV;) which is a subset of ¢,,(T},,), and
¢m (1)) is an L-subspace of M (P™). Moreover,

(77"¢m(,ul ®...® ,Um) = gbm(ﬂr(l) ®...® MT‘(M))

for every r in .S,,, which implies that ¢, is a symmetric L-space.
(c) Tt follows from Fubini’s theorem.

(d) Tt is trivial.

Lemma 4.4.2. [Var66a] Let 11 = Im7 and I =TI+ N M(G).

(a) For g in G andn > 1, Im(n9) is an L-subspace of M(—g + mP).

(b) Let g1 and go be elements of G, and ny and ny be in Z such that (g1,n1) #
(92,n2). Then Im(wgll)J_Im(ﬂgzz)'

(¢) 11 is a translation invariant L-subspace of M.(G).

(d) I is a translation invariant ideal of M(G).
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Remark. Notice that to build II, it is necessary to use components of the form
Im(m,) ={pn € M(G) : p < py *...% p, for some py,...,u, € M.(P)}

rather than using all of M.(nP). In fact, it is not even true that “M.(¢g; +nP) L
M.(g2 + mP) for (g1,n) # (g2,m)”. For instance, if ¢ is an element of P then
¢+ P C 2P and M.(q+ P) C M.(2P).

Proof.

(a) It is very easy to see that Im(7?) C M(—g + mP). The map p +— d, * p is
an invertible isometric linear map on M (G) which takes positive measures to
positive ones. So B is an L-space if and only if d,* B is one. Hence it is enough
to show that Imm, is an L-space. By Observation 4.4.1, ¢,,,(75,,) is a symmetric
L-subspace of B(P™\ R?). Therefore by Lemma 4.3.4, 7,,(T},) = &y, 0 ¢,,(T},)

is an L-space in M (G) as well.

(b) Without loss of generality, we can assume that g; = og and ny > ny. Let z
and y be elements of Im(7J! ) and Im(7¥2) respectively. By Lemma 4.3.2 and

Observation 4.4.1,

Tn, (2)|(g2 + 12 P) =[Oy &y (2)](g2 + 12 P) < Wy Py (7)](g2 + 12 P)
= |¢n, (@) |(w,,, (11PN go + 0y P))

< [n (@I(RR,) + Y D |6 (2)|(D2, (9,)) = 0,

rel j=1

where g = Y .1 7-g- is the reduced sum expansion of g. Now x_Ly follows
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from supp(y) C go + n2P.

II = Im(7) is an L-space since each ¢ is an L-space. Using the above

argument with ny = 0, we obtain Im7g L A.

By Observation 4.4.1, II is translation invariant. Hence [ is translation in-

variant as well, and it is enough to show that [ is an ideal of M.(G), i.e.
v € MH(G), plIl = pxv LIl (4.2)
For p in M*(G), we say that u has property (A) if
Vge GVYm >0, u(lg+mP)=0. (A)

Case 1: Assume that g and v are elements of M (G) such that pLIT and p

has property (A). Then for ¢; in G and m; > 0,

pxv(gi +mP) = /G/Gxg1+mp(ﬂf +y)dp(z)dv(y)

_ /G /G Nor_ysmp (@) dp()dv(y) = 0,

which implies that p* v LII.

Case 2: Now assume that p in M (G) does not have property (A). Then

there exist g in G and m > 0 such that p(g+mP) > 0. Let m; be the smallest
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integer such that (g1 +m,P) > 0 for some ¢y in G. Let p; = pt|g,4m, p- Then

supp(p1) € g1 + my P and py(g+m'P) =0 for all m' <m,g € G. (B)

A positive measure p in M.(G) has property (B) if it satisfies Condition (B)
for some my and ¢;. Note that p—pu; € M (G) and p— py L. By repeating

the above process, we can find measures {4 }aes and v in M (G) such that

p= Y et

ael

where each p, satisfies property (B), v has property (A), and p,Lpg for
a # 6.

Note that the index set I should be countable since the measures are orthog-
onal and y is a finite measure. Using translation invariance of I, it is enough
to show (4.2) with the further assumption that p and v satisfy property (B’),

i.e.

Im > 1 s.t. p satisfies property (B) with (m,0q). )

dn > 1 s.t. v satisfies property (B) with (n,0q).

Case 3: Let p and v be elements of M (G) which satisfy property (B’) as

above, and pLII.

(i) If g € G and 7 > m + n then p* v1Imn?. Indeed, as we observed
in (c) the set (m + n)P is a null set for every element of Imn?, but

supp(p x v) C (m +n)P.
(ii) If g € G and r < m + n then by Lemma 4.3.3 and property (B’) u *
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v.1Immnd.
(iii) If g # O¢ then by Lemma 4.3.3 and property (B’) pu* v LImny, .

(iv) Tt only remains to show that p * vLlImm,,. Let @ € MT(P™) and

v € M*(P"™) be such that @,,(f) = p and @,,(7) = v. Note that

wn-l-m(ﬁ@v) = HpxU.

Claim: il ().

Let p : P™t™ — P™ be the projection of P™*™ to its first m entries. Define

v M(P™) = M(P™™), u(x)(E) = 2(p(E))

for every measurable subset E of P™". Clearly ¢ identifies M (P™) isometri-
cally as a subset of M (P™""). By the hypothesis, we have plImn? , i.e. for

each x in T, there are disjoint sets A and B partitioning m P such that

H(A) = () (B) = 0.

Hence &y, (71)(A) = Ti(wy,' (A)) = 0 and @n(¢m(2))(B) = dm(2)(wy,' (B)) =0,
which implies that 7L ¢y, (T,).

Note that fiLe,,(Ty,) implies that 7 @ 7 Lém(Tm) @ ¢n(Th) = Gmin(Tomin)-
Fix an element z in ¢pin(Tmin) N MT(P™). Note that u ® v1z™ since

Omin(Tmin) 18 a symmetric L-space. Therefore, there exists a partition
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P™t" = AU B such that

Hence,
IE(B> = x(“&in(wm—%n(B))) = Omin () (Wmn(B)) = 0,
and
Oan (R V)((m + n) P\ wingn(B)) = 0.
Hence p * v1Im(m,,1,), using the fact that w,,,,(Z @ 7) = p* v.
O

We are now ready to state the decomposition theorem of [Var66a]. Recall that
S=6_ |M(P)*"/ ()  Kert"
n>1 0€C,(P)CM.(P)*
Recall that II and I are defined in Lemma 4.4.2.

Theorem 4.4.3. [Var66a] Let P be a perfect metrisable strongly independent subset

of G. Then one can decompose M.(G) in the following way:

1. M.(G) =11 I (direct and orthogonal decomposition)
2. 11 is a closed subalgebra of M.(G).
3. 1l is an L-space of M(QG).
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4. 1 is an ideal and L-subspace of M(G).

5. Kerr = Kerp C T. Therefore Il ~ A(G)®S (topological and algebraic identi-

fication of Banach algebras)

6. Let j : AG)R (51769@1 MAP)®" | Nyecreronmie)- Ker9”> — 5 11 be the

identification map of part (5). Then

il 0p® [ M(P)*") () Kert" || Lj| 6, ® [ Mc(P)*™/ (] Kexf™
0eCy(P) 0€Cy(P)

of (91,n) 7& (927m>'
Note that one can decompose M (G) in a similar fashion as

M(G) = (AG) @) @ 1.

Proof. We only need to prove (5). By Lemma 4.4.2 (b), we just need to show that

for every positive integer n,

Kern,, = ﬂ Ker6". (4.3)
0eCy(P)CM.(P)*

To prove “D” of (4.3), let a be an arbitrary element of meer(P)gMc(P)* Kerf™. For

a character x on GG, define the following bounded continuous function on P:

fx:P—=T, ,t—x(1).
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By Observation 4.4.1 we have,

0=(a, f) = (@) .o f(zn)don(a)(zq,. .., xp)

X(z1) ... x(Tp)don(a)(xy, ..., xy)

X(wn(x1, .. xp))ddn (@) (21, ... xy)

/.
/.

_ /P @1+ .+ n)dbn(a) @1, . ., 2n)
/.

where we used W, ¢, = 7, in the last equality. This implies that 7, (a) = 0, since x

is an arbitrary element of G.

Conversely, let a be an element of Kerrm,, and # be a bounded continuous

function on P. Then the function 6™ defined as
0" (x1,...,x,) = 0(z1)...0(xy)

is a bounded continuous function on P™ which is symmetric under permutations,

i.e. for every permutation s in the symmetric group .S,

9”(%1, . ,l’n) = 9”(%5(1), . ,st(n)).

By the proof of Lemma 4.3.1, there exists a Borel subset Fy of P" which is home-

omorphic to nP. Therefore there exists a bounded Borel function fy on nP such
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that 6" = fy ow,. Hence

(a, 0"y = 0" (z1, ..., xn)don () (21, ..., 2y)

Pn

= folwn(z1, ... x0))don (@) (zq, ..., xy)

_ / o)) )
= (fo, () =0,

which finishes the proof. U

Theorem 4.0.3 is an important corollary of Theorem 4.4.3. Recall that in
[Var66b|, Varopoulos showed that if G is a non-discrete locally compact Abelian
group then there exists a perfect metrisable strongly independent subset P of G.
Moreover, if G is metrisable as well then we can assume that the above-mentioned

subset P satisfies the additional condition
My(P) = {p € Mo(G) : supp(p) C P} # {0}.

Proof of Theorem 4.0.3. (i) Let G, P, II and I be as in Theorem 4.4.3. Then

MG =IaI)?CIPal.

By the construction of II, it is easy to see that M.(P) C M.(G)/M.(G)?. This

implies that M.(G)/M.(G)? is a non-separable Banach space, since M.(P) is one.

(ii) First assume that G is metrisable, and let P be a perfect metrisable strongly
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independent subset of G such that My(P) # {0}. Since My(G) is an L-space, one

can easily show that

Mo(G) = (ITN My(G)) & (I N Mo(G))

is a nontrivial decomposition of My(G) to the subalgebra IIN My(G) and the ideal
I N My(G) (see the proof of Theorem 4.5.1 for more details). Note that My(P) C
II N My(G). Therefore

L'(P) C My(P) C My(G)/Mo(G)>?,

which implies that My(G)/My(G)? is infinite dimensional.

For a general non-discrete locally compact Abelian group G, let H be a compact
subgroup of G such that G/H is metrisable and non-discrete. Let p denote the
quotient map from G to G/H. The map p induces a Banach algebra homomorphism

p from M(G) to M(G/H). Moreover, since H is compact, we have

p(M(G)) = M(G/H).

Therefore M(G)/M(G)? is infinite dimensional, because its image under p, i.e.

M(G/H)/M(G/H)?,

is infinite dimensional by part (1). O
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4.5 A direct decomposition of M;(G)

In this section, we obtain decompositions for My(G) similar to those of M(G)
discussed in Theorem 4.4.3. Our proofs are based on the results of Varopoulos in

[Var66a].

Theorem 4.5.1. 1. For a non-discrete locally compact Abelian group G and a

subset P as in Theorem 4.4.3, we have the orthogonal decomposition
Mo(G> - HO @ [0,

where Iy = 1IN My(G) is a closed subalgebra and Iy = I N My(G) is an ideal
of the Banach algebra My(G). In addition, both 1y and Iy are L-subspaces of
M(G).

2. If G is metrisable as well, there exists a subset P such that the above decom-

position is non-trivial, i.e. 11y # {0} and Iy # {0}.
Proof.

1. Let p be an element of My(G). Since My(G) is a subset of M.(G), we can

orthogonally decompose p to

o= 1+ p,

with gy in IT and po in 1. Note that |p| < |p| and |ps| < |p|. Therefore py

and ps belong to My(G), since My(G) is an L-space.
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2. Let GG be a non-discrete metrisable locally compact Abelian group. Then
there exists a perfect metrisable strongly independent subset P of G such

that

My(P) = {1 € My(G) : supp(ys) C P} #{0}.

Hence

{0} # My(P) = My(P) N M(P) C I,

which implies that Iy # {0}.
Moreover, Iy = I N My(G) 2 IMy(G). Now let p in I and v in My(G) be
nonzero positive measures with u(E) > 0 and v(F') > 0 for compact subsets

E and F of G. Then

pxv(E+F) = / Xe+r (@ + y)dp(z)dv(y)

-

Hence pxv # 0 and IMy(G) # {0}. To finish the proof, we just need to show

Q

Q
R

xe(@)xr(y)du(z)dv(y) = p(E)v(F) > 0.

that such p and v exist. Note that My(G) and I are non-trivial L-spaces,

therefore contain positive measures.

4.6 Point derivations on M;(G)

Let G be an Abelian locally compact group. To construct point derivations on

My(G), we use the decomposition of My(G) presented in Theorem 4.5.1. We begin
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with the following lemma.

Lemma 4.6.1. Let G be a non-discrete locally compact Abelian group, and P be a

perfect metrisable strongly independent subset of G. Then

1. For each pu in M.(G), we have ) . p(x + P) < oo,

2. If p,v € M.(G) then (u*v)(P)=0.
Proof.

1. First note that if  and y are distinct elements of G then |(z+P)N(y+P)| < 2.
Indeed, assume that there exist distinct elements z; and 2 in (z+P)N(y+P).

Then there are py, po, p), and p), in P such that

s=x+p=y+pand z=x+p=y+p,

which imply that x —y = p| — p1 = p), — p2. Therefore x — y should be an

element of P — P. Note that since z; # 2o and x # y, we have

p1# P2, Dy F Dy DL FEDL, D2 F Do

By Lemma 4.3.2, the element x —y in P — P can be expressed uniquely (up to

permutation) as a reduced sum on P, i.e. one of the following cases happens:
Case 1: p| = pf, and p; = po, which is a contradiction with x # y.

Case 2: pj = —py and p), = —p;1, and * — y = —p; — p2 is the unique

representation of x — y in P — P. Taking permutations into account, there
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are at most two possibilities for p; and p,, which implies that

(x+P)N(y+ P)| <2

Since p is a continuous measure on G, it treats the sets z + P as disjoint sets,
ie. p((x+ P)N(y+ P)) = 0 for distinct elements x and y in G. Hence for

any finite number of points zq,...,x, in G,

> lulwi+ P < [pl(Uy (2 + P)) < |ul(G) < oo,

=1

Finally,

D iz + P)| = supeq e Y 1(x + P)| < [pl(G) < oc.

zeG zel

. Convergence of the sum in part 1 implies that only for countably many z in
G, u(x + P) is nonzero. Therefore the function x — u(x 4+ P) is equal to 0

v-a.e. and the result follows.

0

In [BM76], Brown and Moran constructed a nonzero continuous point derivation

on the measure algebra M (G) of a non-discrete locally compact Abelian group G.

Their construction is based on the decomposition of the measure algebra of a locally

compact group to its discrete and continuous parts. In Theorem 4.6.2, we prove a

similar result for the algebra of Rajchman measures on a non-discrete locally com-

pact Abelian group using the decomposition of My(G) obtained in Theorem 4.5.1.
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Our construction here is motivated by [BMT76].

Theorem 4.6.2. If G is a non-discrete locally compact Abelian group, then My(G)

has a nonzero continuous point derivation.

Proof. First assume that GG is metrisable. By Lemma 4.2.3, there exists a compact
perfect metrisable strongly independent subset P of G which supports a nonzero
Rajchman measure pg. Using Theorem 4.5.1, we obtain a nontrivial decomposition
My(G) =y & Iy with {0} # My(P) C 1l,. For each p in My(G), let p = pum, @ pig,

denote its decomposition accordingly. Define the linear functionals x and d to be
X: My(G) = C, u— pn,(G),

and

d: My(G) = C, pw— Z/uo(:c + P).

zeG

First, observe that x is a nonzero character of My(G). Indeed, it is clear that
X is a continuous linear map, and x(uo) = plor, (G) = po(G) # 0. Let p and v be
elements of My(G). Then (u* v)n, = pm, * Vi, since Iy is an ideal and Il is a

subalgebra of My(G). Therefore

X(pxv) = (p* V), (G) = (pm, * v ) (G) = pry (G)vimy (G) = x(1)x(v),

i.e. x is a nonzero character. Next by Lemma 4.6.1, d is well-defined and vanishes

on I2. Moreover, d is clearly a nonzero linear map which vanishes on Ily. Fix
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arbitrary elements p in Il and v in Iy. Then

dpxv) = Y (nxv)(z+P)

zeG

= Z/GV(—y+w+P)du(y)

zeG

= /GZV(—y+x+P)du(y)

zeG

= (S u+P) /G dy(y)

zeG

= dv)x(w).

We are now able to prove that d is a point derivation of My(G) at the character x.

Let p and v be measures in My(G). Then

d(ﬂ*l/) = d(MHO*VHO + Hi, * Vi + iy * Vi +:u10*l/10) :d(uﬂo*yfo+ufo*yﬂo)

= X(py)d(viy) + x (v, )d(psy) = x()d(v) + x(v)d(v),

which finishes the proof for the metrisable case.

For the general case, let G be a non-discrete locally compact Abelian group,
and H be a compact subgroup of G such that G/H is metrisable and non-discrete.
Let p be the quotient map from G to G/H, and p be the surjective Banach algebra
homomorphism from My(G) to My(G/H) induced by p. By the above argument,
My(G/H) has a nonzero continuous point derivation. Hence by Lemma 4.6.3,

My(G) has a nonzero continuous point derivation as well. i

Let us remark that choosing a different perfect compact strongly independent
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subset P may result in a different decomposition for My(G). In fact, let P and pq
be as in Theorem 4.6.2. Let P, and P, be disjoint perfect subsets of P such that
o restricts to nonzero measures on P, and P, respectively. Then for each x and
y in G and integers m and n, the set (x +mP;) N (y + nPs) is finite. Therefore
M. (x +mPy) and M.(y + nPs) are orthogonal subsets of M.(G). This implies that
the decomposition of My(G) based on P, is different from the one that is based on
P,. We can now apply Theorem 4.6.2 to each decomposition and obtain distinct

nonzero continuous point derivations for My(G).

One can extend Theorem 4.6.2 to non-compact connected SIN-groups using the

following lemma.

Lemma 4.6.3. Let A and B be Banach algebras, and ¢ : A — B be a Banach
algebra homomorphism with dense range. If B has a nonzero continuous point

derivation then A has one as well.

Proof. Let d : B — C be a nonzero continuous derivation at the character x :
B — C. Then D = d o ¢ is a nonzero continuous derivation of A at the character
0 = x o ¢. Indeed, the function @ is a multiplicative linear map, since it is the
composition of two multiplicative linear maps. Moreover, y is nonzero and ¢ has
dense range, therefore y o ¢ is nonzero as well. Similarly D is a nonzero linear map,

and for elements x and y in A, we have:

D(zy) = d(é(zy)) = d(d(z)o(y)) = d(o(x))x(é(y)) + d(o(y))x(o(x))
= D(z)0(y) + D(y)0(x).
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Hence D is a nonzero continuous point derivation of A at the character 6. ]

Theorem 4.6.4. Let G be a non-compact connected SIN group. Then By(G) has

a nonzero continuous point derivation.

Proof. Any non-compact connected SIN group has a copy of R™ as a closed sub-
group for some n > 1. Recall that the restriction map r : By(G) — By(R") is
a surjective homomorphism. By Theorem 4.6.2, By(R") has a nonzero continuous

point derivation, and by Lemma 4.6.3 By(G) also has one. O

4.7 Analytic discs in the spectrum of M,(G)

Let G be a non-discrete locally compact Abelian group. Let L'(G) and M(G)
denote the group algebra and the measure algebra of G respectively. The maximal
ideal space of L'(G) can be identified with the character group of G. In analogy
with this result, Taylor [Tay65] described the maximal ideal space of M(G) as the
set S of all semicharacters on a compact topological semigroup S. Moreover, he
showed that for an element ¢ in S, if |¢| is not an idempotent then there exists
an analytic disc around ¢, and therefore there is a nontrivial continuous point
derivation at ¢. By an analytic disc in the maximal ideal space A, we mean an
injection 1 of the open unit disc in C into A such that ji o ¢ is holomorphic for
each p in M. This method is applicable to a large class of convolution measure

algebras including My(G).

A convolution measure algebra is a closed subalgebra of M(G) which is an L-

space as well. Recall that My(G) is a commutative convolution measure algebra.
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Taking the above remark into account, it remains to study the possibilities for
clements ¢ in S whose modulus are idempotents. For the special case of M (G) and
the discrete augmentation character h, Brown and Moran [BM76] have constructed
nontrivial continuous point derivations at h. Later on, they used a method of

Varopoulos to construct analytic discs around A in the maximal ideal space of

M(G).

Having constructed certain decompositions for My(G), we will show that similar
results can be obtained for the Rajchman algebra as well. Especially, we construct
analytic discs around idempotent characters of My(G) associated with such decom-
positions. Such results will serve as a tool to determine whether those characters are
strong boundary points. Let us recall some definitions and results for convolution

measure algebras.

Definition 4.7.1. Let S be a topological semigroup. A semicharacter on S is a

nonzero continuous function of norm not bigger than 1 such that

fst) = f(s)f(t)

for every s and t in S. The collection of semicharacters on S is denoted by S.

Theorem 4.7.2. [Tay65] Let M be a commutative convolution measure algebra
with mazimal ideal space A. Then there exists a compact Abelian topological semi-
group S and a map

LS = A

such that v is a bijection, and S separates the points of S.

103



The semigroup S of Theorem 4.7.2 is called the structure semigroup of M. Let
r > 0 be an element of S, and z be a complex number with strictly positive real
part. Then 7% belongs to S. In fact the map z — 72 is a vector valued analytic
function from {z € C : Rez > 0} into S. Let f be an element of S. Clearly the map
| f| belongs to S as well. In [Tay65], it has been shown that there exists a unique
hin S such that f = |f|h, supp(f) = supp(h) and |h| is an idempotent. If ¢ is a
semicharacter such that |¢| is not an idempotent, then there exists an analytic disc
around |¢|. Indeed, let ¢ = |¢|hy be the polar decomposition of ¢. Then the map

2+ |p|7hy is a vector-valued analytic map from {z € C : Rez > 0} to S.

Corollary 4.7.3. Let ¢ be an element of S such that |¢| is not an idempotent.

Then M admits a point derivation at ¢.

Proof. Note that for each p in M, the map z — (u, |¢p|*hy) is an analytic map
from {z € C: Rez > 0} to C. We then define

d
D:M=C, D(p) = (k|9 ho)) =1

It is easy to check that D is a continuous point derivation. Moreover, using the
polynomial expansion of z — |¢|*h, around z = 1 and the Gelfand representation

of M, we see that D is nonzero. O

To construct analytic discs in the spectrum of My(G), we use the following

construction which is due to Brown and Moran in the case of measure algebras

[BM78a]. Let My(G) = I & A be a decomposition of My(G) where I is an L-ideal
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and A is an L-subalgebra. Clearly

0 pel
h(p) =
1 peA

is a character on My(G). Suppose that there exist mutually orthogonal L-subspaces

A = By, By, Ba, ... of My(G) such that

[ J B1 % {0}
o If p€ B, and v € B, then u*v € B,,,, for all positive integers m,n.

o (% ,B,)" is an L-ideal of M(G).

For z in D and p in My(G), define

Jo 2 dp wE By,

{1, 0(2)) = .
0 IUS (@ZO:OBTL)J—

One can easily verify that ¢(z) is an element of the maximal ideal space of My(G),

and ¢(0) = h. Hence ¢ is an analytic disc around h.

Proposition 4.7.4. Let G be a metrisable locally compact Abelian group. Then

one can construct an analytic disc in the maximal ideal space of My(G).

Proof. By the above argument from [BM78b], we only need to find a nontrivial
decomposition My(G) = A @ I and L-subspaces By, Bi,... as described above.

Note that in a metrisable space, every perfect strongly independent compact set

105



K is totally disconnected, and is homeomorphic to a standard Cantor set. Hence
we can decompose K into K; and K5 such that each of them are compact, perfect,
and strongly independent. Note that by Lemma 4.4.2, M.(nK;) and M.(mKs) and

each of their translations are orthogonal for positive integers m and n.

Now we can proceed similar to [BM78b] to construct analytic discs. Let K; and
Ky be perfect metrisable strongly independent compact subsets of G constructed
as above, such that My(K7) and My(Ks) are nontrivial. By Theorem 4.5.1, we can
decompose My as My(G) = A@ I, where A is constructed using the set K. Now let
By be the translation-invariant L-space generated by My(K5). For each n, let B, be
the translation-invariant L-space generated by {1 *. .. %, @ i1, .., fin € Mo(K3)}.

Then the L-spaces By, By, ... satisfy the desired properties, and we are done. [
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Chapter 5

Amenability properties of By(G)

In this chapter, we consider the problem of characterizing the groups G for which
By(G) is (operator) [weakly] amenable. We can assume that our groups are non-
compact. Indeed, if G is compact then By(G) = B(G) = A(G). Hence By(G)
is always operator weakly amenable, and it is weakly amenable if and only if the

connected component of the identity in GG is Abelian.

In the present chapter, we prove extreme cases for amenability properties of
By(G). We first characterize locally compact groups for which their Rajchman
algebras are amenable. In fact, we show that the Rajchman algebra of a locally
compact group is amenable if and only if the group is compact and almost Abelian.
On the other extreme, we present many examples of locally compact groups G for
which By(G) fail to be even operator weakly amenable, hence fail to be weakly
amenable or operator amenable. In particular, in Section 5.2 we show that the

Rajchman algebra of a connected non-compact SIN-group cannot be (operator)
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weakly amenable. Our proofs are derived from the theorem of Varopoulous which

we presented in Chapter 4.

For certain groups such as Fell groups and the axz + b group, the associated
Rajchman algebras are non-amenable, but they are operator amenable. This begs
the question, to which we do not know the answer, if there are any (operator)

weakly amenable examples which are not (operator) amenable.

5.1 Amenability of By(G)

Let G be a locally compact group. Recall that the Rajchman algebra By(G) is
a translation-invariant closed subspace of B(G). Therefore there exists a unitary
representation 7 of G such that By(G) = A,(G), and By(G) is a complemented
ideal in B(G) [Ars76]. (Complemented and weakly complemented ideals play an

important role in the hereditary properties of amenable Banach algebras).

Let A be a Banach algebra, and X be a Banach space. The space X is a Banach
A-bimodule if it is an A-bimodule whose module actions are continuous, i.e. there

exists a positive constant K such that
la-z|| < Kllal[[|z]] and ||z - af| < K|[z|[||al]

for every x in X and a in A. Note that A can be considered an .A-bimodule with

usual multiplication as its module actions. For any A-bimodule X, one can equip
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the dual space X* with the following module actions. For f in X* and a in A,

fra(z)=fla-z) and a- f(z) = f(x-a).

Then X* is an A-bimodule, called a dual bimodule. A bounded linear map D from

A to an A-bimodule X is called a derivation if for all a and b in A,

D(ab) = D(a) -b+a- D(b).

Let z be an element of X, and define

D:A—- X, Da)=a-z—2x-a.

The map D is a derivation called the ”inner derivation” associated with x. A
Banach algebra A is amenable if every continuous derivation D from A to a dual

A-bimodule X* is inner.

Johnson introduced the concept of amenability for Banach algebras, and showed
that L'(G) is amenable as a Banach algebra if and only if G is amenable [Joh72].
Later, Connes [Con78] and Haagerup [Haa83] showed that for C*-algebras amenabil-
ity and nuclearity coincide. The concept of amenability turned out to be very im-
portant in the study of Banach algebras. One can refer to [Run02] for a detailed

discussion of amenability of Banach algebras.

Theorem 5.1.1. (Hereditary properties) Let A and B be Banach algebras.

(i) Let ¢ be a surjective homomorphism from A to B . If A is amenable then B
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is amenable as well.
(11) Let I be a closed ideal of A. If A is amenable then the following are equivalent.

— I is amenable.
— I has a bounded approximate identity.

— I is weakly complemented.

Theorem 5.1.2. Let A be a closed subalgebra of B(G) which contains By(G). Then
A is amenable if and only if G is compact and has an Abelian subgroup of finite

ndex.

Proof. Suppose GG is compact and has an Abelian subgroup of finite index. Then

By(G) = A = B(G), and it is amenable by Corollary 4.2 of [LLW96].

Conversely, suppose that A is amenable. Since By(G) and A(G) are comple-
mented ideals of A, they are amenable as well. Hence, by the characterization
of amenable Fourier algebras by Forrest and Runde [FRO05], G is almost Abelian,
i.e. it has an Abelian subgroup H of finite index. Note that H is clearly an open
subgroup. Hence the restriction map r : By(G) — By(H) is surjective, which im-
plies that By(H) is amenable as well. Since H is Abelian, by Corollary 5.2.5 the
amenability of By(H) implies that H is compact. Therefore G is compact as well.

D
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5.2 Weak amenability of By(G)

A Banach algebra A is called weakly amenable if every bounded derivation D from A
to A* is inner. If A is a commutative Banach algebra, then A is weakly amenable
if and only if every bounded derivation D from A to A* is identically 0. For a
completely contractive Banach algebra A, one can define operator weak amenability

to be the analogue of weak amenability for Banach algebras.

A Banach algebra A is called a completely contractive Banach algebra if A has
an operator space structure for which the multiplication map m : A x A — A is
a completely contractive bilinear map; equivalently if m extends to a completely
contractive map from A®A to A. Let A be a completely contractive Banach
algebra. An operator space X is called a completely contractive A-bimodule if
X is an A-bimodule, and the left and right module actions extend to completely
contractive maps on A®X and X®A respectively. Note that if A is a completely
contractive Banach algebra, then the usual multiplication gives A the structure of
a completely contractive A-module. It is also easy to see that this module action

determines a completely contractive A-module structure on A*.

Definition 5.2.1. Let A be a completely contractive Banach algebra. Then A is
operator weakly amenable if every completely bounded derivation D from A to A*

1S 1nner.

One can refer to [ER00] for more information on operator spaces. The fol-
lowing lemma shows that weak amenability and operator weak amenability imply

factorization.
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Lemma 5.2.2. For a Banach algebra A, let A% = span{ab: a,b € A}.

1. If A is weakly amenable, then A = A2,

2. If A is a completely contractive Banach algebra which is operator weakly

amenable then A = A2.

Proof. 1. Let ¢ be an arbitrary element of A* such that ¢|42 = 0. In order to
show A = A2, it is enough to prove that ¢ is identically 0. Indeed, let D be defined

as

D:A— A aw ¢(a)e.

It is easy to see that ¢|42 = 0 implies that D is a bounded linear derivation on A.
Since A is weakly amenable, D should be inner. Therefore, there exists an element

f in A* such that for every a in A,

¢(a)p=D(a)=a-f—f-a

Applying the above functions to a, we get ¢(a)d(a) = (a-f— f-a)(a) = f(a®>—a?) =

0. Hence ¢ is identically zero.

2. In this case, we only need to check that the derivation D defined as above
is a completely bounded map. The rest of proof is identical to part (1). Let n be

a positive integer, and consider the nth amplification of D:

D™ : M, (A) — M, (A", [ai ;] = [¢(ai;)d].
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Then

ll¢(ai gl = No(ai) Lsll < Ndlai) ISl < lllassllllll*,

where I is the n x n matrix in M, (A*) which has ¢ on the diagonal and zero
elsewhere. Note that in the last inequality we have used Smith’s Lemma saying

that any bounded linear functional is a completely bounded map. (I

Recall that the continuous homomorphic image of an amenable Banach algebra
is amenable. It is also known that the above fails for weak amenability. However,

in the case of commutative Banach algebras, we have the following result.

Lemma 5.2.3. Let A and B be commutative Banach algebras, and ¢ : A — B be
a bounded homomorphism with dense range. Then weak amenability of A implies

weak amenability of B.

Proof. Let D be a bounded derivation from B to B*. Then ¢*o Do ¢ is a bounded
derivation from A to A*. Hence ¢* o D o ¢ is inner by weak amenability of A, i.e.

there exists f in A* such that

(p*oDod)(a)=a-f—f-a VacA

Hence for an arbitrary a’ in A,

(D(¢(a)),¢(a)) = ((¢" 0 Do @)(a),d’) = (a- f— [ -a,a) = f(a'a—ad’) = 0.

Therefore by the density of ¢(A) in B and continuity of D, we have D = 0. Hence
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B is weakly amenable. U

Lemma 5.2.4. Let A and B be commutative completely contractive Banach alge-
bras, and ¢ : A — B be a completely bounded homomorphism with dense range.

Then operator weak amenability of A implies operator weak amenability of B.

Proof. First note that since ¢ is a completely bounded map, its dual ¢* : B* — A*
is completely bounded as well. Suppose D is a completely bounded derivation from
B to B*. Then ¢* o D o ¢ is a completely bounded derivation from A to A* as well.
By operator weak amenability of A, ¢* o D o ¢ is inner, and by density of the range
of ¢, we have D = 0. O

5.2.1 Examples of groups with non-weakly amenable Ra-

jchman algebras

Let us recall the important theorem of Varopoulos [Var66a] which we presented in
the previous Chapter. For any non-discrete locally compact Abelian group G, the
quotient M./ W is a non-separable Banach space. Moreover, M, /Mg is an infinite-
dimensional Banach space. Note that for an Abelian group G, the algebras By(G)

and My(G) are isometrically isomorphic via the Fourier-Stieltjes transform. The

following facts are immediate corollaries of the above non-factorization theorem.

Corollary 5.2.5. Let G be an Abelian non-compact group. Then, the Rajchman
algebra associated with G is not (operator) weakly amenable. In addition, By(G)

does not have any bounded approrimate identity.
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Proof. Let G be an Abelian non-compact group. Then the dual group G is non-
discrete. Hence applying Theorem 4.0.3 together with Lemma 5.2.2, we get the
desired result. Moreover, suppose By(G) has a bounded approximate identity. Then
by Cohen factorization Theorem, By(G)? = By(G), which contradicts the non-

factorization theorem of Varopoulos. U
Proposition 5.2.6. Let G be a non-compact connected SIN-group. Then,

1. Bo(G) is not weakly amenable.
2. By(G) 1is not operator weakly amenable.

3. Byo(G) does not have a bounded approzimate identity.

Proof. 1. Since G is a non-compact connected SIN-group, it is of the form G =
R™ x K, where K is a compact subgroup. Hence R” is a closed subgroup of the
SIN-group G, and by Theorem 3.2.2; the restriction map r : By(G) — By(R")
is a surjective bounded algebra homomorphism between two commutative Banach
algebras. Now suppose that By(G) is weakly amenable. Then by Lemma 5.2.3,

By(R™) is also weakly amenable, which contradicts Corollary 5.2.5.

2. Note that the restriction map is a completely bounded surjective homo-
morphism. Moreover By(R™) is not operator weakly amenable, so we can proceed
exactly as in part (1) to conclude that By(G) is not operator weakly amenable

either.

3. Corollary 3.2.12 and the fact that By(R™) does not have a bounded approx-

imate identity imply part (3). O
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Proposition 5.2.7. Let G be a discrete group which has an infinite Abelian sub-
group H. Then, By(G) is not (operator) weakly amenable. In particular, for a
positive integer n, the free group W, with n generators is not (operator) weakly

amenable. In addition, By(G) does not have a bounded approximate identity.

Proof. Discrete groups are SIN-groups, and any subgroup of a discrete group is
closed. By Theorem 3.2.2, the restriction map r : By(G) — Bo(H) is a surjective
completely contractive homomorphism. Assume that By(G) is (operator) weakly
amenable. Then by Lemma 5.2.3 and Lemma 5.2.4 By(H) is (operator) weakly
amenable as well, which contradicts Corollary 5.2.5, since an infinite discrete group

is non-compact.

Now assume by contradiction that By(G) has a bounded approximate identity,
and let {u, } be a bounded approximate identity of By(G). Then by Corollary 3.2.12
{uqa|n} is a bounded approximate identity for By(H) which is a contradiction with

Corollary 5.2.5. O

Let G be a discrete group such that By(G) is (operator) weakly amenable. Then
by Proposition 5.2.7, G cannot have any infinite Abelian subgroup. In particular,

every element of G has finite order, i.e. GG is a periodic group.
Definition 5.2.8. Let G be a discrete group. Then

o The group G 1is called periodic if for every element g of G, there exists a

positive integer n(g) such that g"9) = e.

e The group G s called locally finite if every finite subset of G generates a

finite subgroup of G.
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o The group G is called Fy if every two elements of G generate a finite subgroup

of G.

Clearly the class of locally finite groups is contained in the class of Fy groups,
which in turn is contained in the class of periodic groups. It has been shown in
[HK64] that every infinite locally finite group contains an infinite Abelian subgroup.
More generally, every infinite Fy group contains an infinite Abelian subgroup (see

[Str66]). We then have the following corollary.

Corollary 5.2.9. Let G be a discrete group such that By(G) is (operator) weakly

amenable. Then

1. G is periodic.
2. If G 1s locally finite, then G is finite.

3. If G is Fy, then G is finite.

5.2.2 Center and the connected component of the identity

In Theorem 3.3.5 of Chapter 3, we showed that for a general locally compact group,
the restriction map from By(G) to By(H) is surjective for specific subgroups such
as open subgroups, the center, and the connected component of the identity. The

following proposition is a corollary of Theorem 3.3.5 and Lemma 5.2.3.

Proposition 5.2.10. Let G be a locally compact group, and H be an open subgroup.
Suppose Bo(G) is (operator) weakly amenable. Then By(H ), Bo(Go) and Bo(Z(G))

are (operator) weakly amenable as well.
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Corollary 5.2.11. Let G be a locally compact group. If By(G) is (operator) weakly

amenable then Z(G) is compact.

Proof. By Proposition 5.2.10 By(Z(G)) is (operator) weakly amenable. In addi-

tion, Z(G) is Abelian. Hence by Corollary 5.2.5, it should be compact. O

As an application to the above corollary, one can note that the centers of GL,,(C)
and the Heisenberg group can be identified with the complex numbers and the real
numbers respectively. Hence their Rajchman algebras are not (operator) weakly
amenable. For the case of a SIN-group, one can study the structure of its con-
nected component of the identity using the characterization in Proposition 5.2.6

for connected SIN-groups.

Proposition 5.2.12. Let G be a locally compact SIN-group such that By(G) is

(operator) weakly amenable.

1. The connected component of the identity Gy is compact. In addition, if By(G)

is weakly amenable then G is compact and Abelian.

2. If G is a central group (that is G/Z(G) is compact) then G is compact.

Proof. 1. By Proposition 5.2.10, By(Gy) is (operator) weakly amenable. The
group Gy is a connected SIN-group. Hence by Proposition 5.2.6, G is compact. In
addition, if By(G) is weakly amenable then Gy is compact and By(Gy) = A(Gy).
Now using the characterization of connected SIN-groups with weakly amenable

Fourier algebra [FSS09], we have that Gy should be Abelian as well.
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2. By Proposition 5.2.10, By(Z(G)) is (operator) weakly amenable, hence Z(G)
is compact since it is an Abelian group. Therefore G is compact, because G/Z(G)

and Z(G) are both compact. O

5.2.3 Solvable groups

A locally compact group G is solvable if it has a finite series of closed subgroups

{e}=Gp<G1<...9G, =G

where each subgroup is a normal subgroup of its predecessor, and G;11/G; is Abelian

for0<i<n-—1.

Theorem 5.2.13. Let G be a solvable discrete group such that By(G) is weakly

amenable. Then G is finite.

Proof. Suppose G is solvable, i.e. it has a series {e¢} = Go<G1 <... <Gy = G such
that G; is normal in G,y and the quotient G;,1/G; is Abelian for i =0,...,k — 1.

we proceed by induction on the length of the subnormal series:

Case 1: If £ = 1, then G is Abelian and we are done. So we start with k£ = 2,
and assume that {e} = Gy < G; < Gy = G is a subnormal series such that Gy
and G/G; are Abelian. By functorial properties for By, we have that By(Gy) is
weakly amenable as well. Hence G is finite by Corollary 5.2.5. Now let g1, g2 be

two elements in the group G, and let w = g{* ggl g g2’8" be a word in the group
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generated by ¢; and go. Then

GGGy = (G (95 Gh) L (98 G (g5 Gy)

= (91"G1) ... (97" Gh) X (92'81G1) e (ggnG1>

= glz aiQQZ BiGl?

therefore every word in (g, g2) is of the form ¢¥gs = for some z in Gy. Moreover
g1 and go are periodic since the group has weakly amenable Rajchman algebra.
Therefore (g, go) is finite, i.e. G is F». Recall that infinite F, groups always
have infinite Abelian subgroups, hence their Rajchman algebras are not weakly

amenable. Therefore G is finite.

Case 2: First note that the group is periodic. Suppose that for periodic solvable
groups of subnormal series of length less than n, if By(G) is weakly amenable then
G is finite (induction hypothesis). Let G be a periodic solvable group with the
subnormal series {1} = Gy < G; < ... < G, = G. Then by functorial properties
and induction hypothesis, G,,_; is finite. Repeating the same argument as in Case

1, we get that G is finite as well. O
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Chapter 6

The group SLy(R)

In the present chapter, we study the group SLs(R) as an example of a locally
compact group whose Rajchman algebra has no nonzero continuous point deriva-
tion. Using the Kunze-Stein phenomena, we show that the Rajchman algebra of
SLy(R), and more generally any connected semisimple Lie group with finite center,
has simple spectrum and admits no nonzero continuous point derivations. Note
that SLy(R) is a nontrivial example of such groups. As a trivial example, one can
consider the n’th rigid p-adic motion group, where the Rajchman algebra is the

Fourier algebra itself.

Let us recall the definition of the n’th rigid p-adic motion group. Let p be a
prime number, and define the p-adic absolute value on Q as follows: Let x be a
nonzero rational number. Then there exists a unique integer n such that x = p" ¢,
where neither of the integers a and b is divisible by p. We define |z|, = p™" if

x # 0, and |0|, = 0. Let d, be the metric defined by the p-adic absolute value
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on Q, and define the p-adic numbers Q, to be the completion of (Q,d,), which is
both a totally disconnected complete metric space and a field. The p-adic absolute
value is a multiplicative non-Archimedean evaluation on Q,, i.e. |rs|, = |r|y|s|,
and |r + s|, < max{|r|,, |s|,}. It can be shown that every element x in Q, may be
uniquely represented as >_.°, a;p’ where k € Z and a; € {0,...,p — 1}. This series
converges to x with respect to d,. We also define the p-adic integers @, and the

multiplicative group T, to be

0,:={r€Q:lrl, <1} and T, := {r € Q, : |rl, = 1}.

For an integer n and a prime p, we define the nth rigid p-adic motion group Gy,
to be

GPJL = GL(TL, (O)p) X Q;La

where GL(n,0,) denotes the multiplicative group of n X n matrices with entries
in @, and determinant of p-adic absolute value 1, which act on the vector space
Q, by matrix multiplication. Note that @,, and therefore GL(n,0,), are compact.
Each group G, is of the form G, = K, x A,, where K, is a compact group
acting on a noncompact Abelian group A, ,. It has been shown that B(G,,) =
A(K,,)0q®n A(Gp,) (see [RS05]). Therefore By(G,n) = A(G,n), which implies
that B(G,,) does not admit any point derivation.

Although both By(SL2(R)) and By(Gp,) admit no nonzero continuous point
derivations, they behave differently as Banach algebras. For instance, we will later

observe that By(SLy(R)) is not (operator) weakly amenable. However By(Gp,)

is operator weakly amenable, since it is just the Fourier algebra of G, ,. Taking
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Proposition 6.1.1 into account, it is clear that By(SLy(R)) is an interesting example

regarding its amenability behaviors.

6.1 Point derivations and weak amenability

Proposition 6.1.1. Let A be a (completely contractive) Banach algebra. If A
has a monzero continuous point derivation, then A is not even (operator) weakly

amenable.

Proof. Let d : A — C be a continuous nonzero point derivation at the character
¢ : A — C. Suppose by contradiction that A is (operator) weakly amenable. Then
by Lemma 5.2.2, A2 = A. Note that by Smith’s lemma d is completely bounded.

Define the linear map D on A to be
D:A— A", a— d(a)o.
For elements a,b, and x in A, we have

D(ab)(z) = d(ab)é(x) = (d(a)o(b) + d(b)d(a))d(x)
— d(a)é(bx) + d(b)d(a)
— d(a)(¢- B)(x) +d(b)(a- )(x)

= (D(a)-b+a-D())(x),

hence D is a derivation. Moreover note that the map d is nonzero, therefore D is a

nonzero derivation as well. Next, we observe that D is a completely bounded map.
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Indeed for any m in N and [a; ;] in M,,(A), we have:

1D [ai ]| = Illd(as, )@l = Nd(ai))(@ - DI < lllda)lol < lldlloll]as Il

Since we assumed A to be (operator) weakly amenable, the derivation D should
be inner, i.e. there exists an element 7 in A* such that D = ad,. Now for every a

and b in A,

Hence

d(ab) = d(a)p(b) + d(b)p(a) = ¥(ba — ab) + ¥(ab — ba) = 0.

Therefore d vanishes on A2 which is a dense subset of A. This forces d to be iden-

tically zero, which is a contradiction. Hence A is not (operator) weakly amenable.

U

Let us now remark that for any locally compact group G, its Fourier algebra has
no nonzero continuous point derivation. In fact, Spronk [Spr02] and independently
Samei [Sam06] showed that the Fourier algebra of a locally compact group is always
operator weakly amenable, and hence has no nonzero continuous point derivations.
Proposition 6.1.2 proves a similar result for certain closed subalgebras of B(G).

Examples of such algebras are provided in Proposition 6.1.3.

Proposition 6.1.2. Let G be a locally compact group and A be a closed subalge-

bra of B(G) which contains A(G). If o4 is just the set of the point evaluations
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with elements of G (denoted by o4 ~ G) then A has no nonzero continuous point

derivation.

Proof. Let D be a continuous point derivation on A at the character ¢. By our
assumption, there exists an element g in GG such that ¢ is the point evaluation at g.
Hence ¢|4(c) is a character for A(G), and D|4¢) is a continuous point derivation
of A(G) at the character ¢|a(z). Therefore Dy is identically zero, since A(G)
has no nonzero continuous point derivation. Fix an element h in A(G) with ¢(h) =

h(g) = 1. For every u in A, we have
0 = D(uh) = D(u)¢(h) + D(h)p(u) = D(u).

Hence D is identically zero, and A has no nonzero continuous point derivation. [J

Proposition 6.1.3. Let G be a locally compact group. Let A be a closed subalgebra
of B(G) which contains A(G). If the set Ay ={f € A:3nfe N s.t. f*reAG)}

is dense in A then o4 ~ G.

Proof. Let 0 : A — C be a nonzero multiplicative linear functional on A. Note that
ola@) # 0. Indeed, assume o vanishes on A(G), and let f in A be an element such
that f™ belongs to A(G) for some positive integer n. Then |o(f)| = |o(f™)]* = 0,
and by density of such elements in 4, the function o is forced to be zero everywhere.
Therefore 0|4 is a nonzero element of the spectrum of A(G). By Theorem 3.34

of [Eym64], there exists an element g in G such that for every f in A(G),



Now fix an element h in A(G) for which o(h) = h(g) = 1. For any u in A,

_o(uh) B B
o(u) = = uh(g) = u(g)h(g) = u(g),
since A(G) is an ideal in A. Therefore o is a point evaluation, and o4 ~ G. O

6.2 By(SLy(R)) is not (operator) weakly amenable.

In this section, we use the results of Repka [Rep78] and Pukénszky [Puk61] regard-
ing the decomposition of tensor products of unitary representations of SLs(R) to
observe that By(SL2(R)) is not (operator) weakly amenable. The author would like
to thank Viktor Losert for pointing her attention to the above-mentioned results.
We begin with a brief overview of the theory of direct integrals. The reader may

refer to [Fol95], [Dix69] and [Ars76] for more details.

Let {Ha }aeca be a family of nonzero separable Hilbert spaces, and y be a measure
on the index set A. For each Hilbert space H,, let (-, ), and || - || denote its inner
product and norm respectively. To define the direct integral of Hilbert spaces
H,, we need to assume a certain measurability condition on the family {H,}aea.
Indeed, we assume that there exists a countable subset {e;}32; of [[,c4 Ha with

the following properties:

(i) The functions o = (e;(a), ex(a))a are measurable for all j and k.

(ii) The linear span of {e;(a)}{° is dense in H,, for each .
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An element f in J] ., Ha is called measurable if the function

a = (f(a),e(@))a

is a measurable function on A for each index j. The direct integral of the fam-
ily {Ha}aca, denoted by f@ Hodp(), is the space of measurable elements f in
[1,c4 Ha such that

1] = / 1F(@)Zdp(a) < oo.

It is not hard to show that [¥ H,du() is a Hilbert space with inner product defined

as

(f.g) = / (F(a), g())du(a).

We now define the direct integral of operators. Let {H,}aca and {e;} be as
above. An element 7" in [] ., B(H,) is called measurable if for all indices j and &,
the map

a = (T(a)ej(@), ex(@))a

is a measurable function on A. Suppose that 7' is measurable, and satisfies
[T|cc = ess supgeal| ()| < oo.

Then T defines the bounded operator f@ T'(a)dp(a) on the Hilbert space f@ Hadp()

in the following way:



Moreover one can see that || fEB T(a)du(a)|| = ||T||co = ess supyeal|T(a)]|-

Let G be a locally compact group. The net {m,}oc4 is called a measurable net
of unitary representations of G' on Hilbert spaces {H, }aca if for every z in G, the
map « +— T, (z) is measurable as an element of [] ., B(H.). For every z in G,

form the direct integral

r(z) = / Y (2)dula).

Then = is a unitary representation of G on [ @ Hodp(), called the direct integral

of representations .

From now on, we assume that G is a second countable locally compact unimod-
ular group which is of type I. This assumption ensures that G admits a standard
Borel structure induced from the Fell topology (see Theorem 7.6 of [Fol95]). Let

be a positive Borel measure on G ,and {H,} be the family of Hilbert spaces as-

el
sociated with elements of G. By Ll(é , 1), we denote the set of all the measurable

elements {75} & of [[.co Tr(H,) that satisfy

re@

[ Idhdute) < .

Let L®(G, 11)® denote the set of all the measurable elements {U, } rec f [ ca B(Hx)
such that

ess sup||Uy || < oo.

Arsac proved that if o = féB mwdu(m) is a unitary representation of G' defined by

i, then the Banach spaces A, and Ll(é, p)® are isometric (see Theorem 3.53 of
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Ars76]). In particular, every u in A, can be represented uniquely as
y

u(s) = / Te(m ()T )du(r),

G

where {7}, . belongs to LY(G, 1)® and satisfies

lullz) = /G Tl dpa().

Similarly, every S in VN, can be isometrically identified with an element {U,} &

in L>°(G, p)® such that

(u, S) —/Tr(TﬂU,r)du(w).

G

Proposition 6.2.1. Let p and v be positive Borel measures on G defining unitary

representations T and o of G as direct integrals:

T = /@Wdu(w) and o = /69 mdy (). (6.1)

G G

If p is absolutely continuous with respect to v then the matriz space A, is a subset

of Ag.

Proof. Suppose that u < v, i.e. there exists a v-measurable function f on G such

that p = fv. Let £ = {&:} and n = {n,} be vectors in f® H.du(m). Note that

H£H2=/GH£7rHiﬁdu(ﬂ)Z/Gf(ﬂ)lléﬂHiﬂdV(ﬂ),
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hence {1/ f(m)&:}, and similarly {+/f(7)n.}, belongs to f@ Hdv(m). Now for an

element x in GG, we have

Exrn(x) = (T(x)€,n)
- / 7 (2)Er, ), ()

- / F () () 1), dir()
= \/_§ *o \/_77 ZE

which implies that A, is a subset of A,.

g

Let us consider the case G = SLy(R). We use the notations from [Fol95] and

—

parametrize the dual space SLy(R) through its identification with the following

family of representations:

trivial representation: ¢,

principal continuous series: {m} : t >0} U {m;, : ¢t > 0},
discrete series: {01, : n > 2},

mock discrete series: 041,

complementary series: {rs: 0 <s < 1}.
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Theorem 6.2.2. If G is the group SLy(R) then By(G) is not square-dense, i.e.
By(G)? # By(Q).

Proof. Let p denote the Plancherel measure on SLy(R). Recall that the Plancherel
measure of the complementary series, mock discrete series, and the trivial represen-
tation is zero. Moreover, by Harish-Chandra’s trace formula the Plancherel measure

on the principal and discrete series is defined as

t t
du(mh) = —tanh% dt,

2
t t
du(my) = §coth% dt,

H({Bn) =1 — 1.

Therefore, by Proposition 8.4.4 of [Dix69], the left regular representation \ is quasi-

equivalent with the representation

b 53} 0
/ Thdt @ / o dt & @ (6  0_n). (6.2)
( (

0,00) 0,00) n=2

Let mg denote the renormalised Plancherel measure given in (6.2). Define the new

representations

0700)

@ o
Iy = / T dt ® @(5% © 0_2x),
( k=1
and

[ [e.9]
Iy = / T dt @ @(5%4-1 © 0 _ak-1),
(

0,00) k=1
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and note that by Proposition 6.2.1, the matrix coefficients Anar and Ang are con-
tained in A(G). Note that these representations are used in the direct integral
decomposition of tensor products of irreducible unitary representations of SLy(RR).
In fact, Repka [Rep78] proved that if 7 and 7" are irreducible unitary representa-

tions of SLy(R) then

o g & kpys if {m, 7'} ={k,, ks and r+s > 1
TR ~,
IT otherwise,

where IT is a subrepresentation of IIj or II;, and ~, denotes the quasi-equivalence

of representations.

For irreducible unitary representations = and 7’ of G, let m »» denote the mea-
sure on G which appears in the direct integral decomposition of 7@ 7’. By [RepT78§],
M is absolutely continuous with respect to the Plancherel measure ms on G’r,
and supp(m; /) contains at most one element from the complementary series. Now
let v and v’ be elements of the coefficient spaces A, and A, respectively, with trace

operators T, and T}, such that
uw="Tr(r(-)T,) and o' =Tr(x'(-)T).

Then

il = Tr(r @ 7 ()Ts ® Ty) = / Te( (VT e o (7). (6.3)
G

Finally let u and «’ be elements of By(G). By Corollary 3.55 of [Ars76], there

132



exist positive measures p and p’ on G such that

"= /G Te(a()T)du(x)  and o = /G Te(r( T )dg (),

where {7}, s and {70}, ¢ are elements of L'(G, 11)® and L'(G, i) respectively.
Therefore by (6.3) we have,

wu(-) = /GXGTT(W®W/<')TW®T7,r/)du(7T,7T/)

= / A/Tr(7T”(‘)Tﬂ,w;wn)dmmw(W")du(ﬂ,7r’). (6.4)
GxG JG

For a unitary representation 7 of GG, let 7 denote the surjective map generated by
7 from VN, (G) to VN, (G), where w is the universal representation of G. Note that
every unitary representation m of G extends to a nondegenerate norm-decreasing
s-representation of C*-algebras from C*(G) to C%(G), which identifies C(G) with
a quotient of C*(G). Then the dual map 7* identifies B, (G) with a subset of B(G),

and we have

T = (m"]a.)"

Hence for every S in VN, (G), we have
m(S) = Sla,-

Now fix a positive real number ¢. Then 7}, and Dreg\(rf)T ATC disjoint unitary
representations of SLy(R), and by Proposition 3.12 of [Ars76], A+ and Ag vt
3 ™ Tr/Lt

intersect trivially. Therefore by the Hahn Banach theorem, there exists an element
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S in VN, (G) such that 7 (S) # 0 and 7(S) = 0 for every other representation m

in G. Hence by Equation (6.4),

it 5 = [ | [ ) T i) o ) ) 0,

G

where we used the fact that m;, » is continuous on the principal continuous series.
Therefore S vanishes on By(G)? but does not vanish on A+ Moreover, it is
known that A+ is a subset of By(G) (e.g. an easy consequence of Kunze-Stein

phenomena). Thus we conclude that By(G) is not square-dense. O

The following corollary is a natural consequence of Theorem 6.2.2 and Lemma

5.2.2.

Corollary 6.2.3. Let G denote the group SLy(R). Then By(G) is not (operator)

weakly amenable.

6.3 On Kunze-Stein phenomena

This section contains a summary of the Kunze-Stein phenomena for SLy(R). The
reader may refer to [KKS60] for more proofs and details. Note that using the Kunze-
Stein phenomena for SLy(R), one observes that the elements of By(SLy(R)) which
are nilpotent modula A(SLy(R)) form a dense subset. Throughout this section, we

let G = SLy(R).

Definition 6.3.1. Let m be a unitary (not necessarily irreducible) representation

of SLa(R), and p > 1 be a fized number. We say m is extendable to L,(SL2(R)) if
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there exists a constant A such that for every f in Ly N L,(SLa(R)), the inequality
[ (DI < Allf[lp holds.

The following lemma, due to Kunze and Stein [KS60], presents equivalent con-

ditions for extendability of a representation of a general locally compact group.

Lemma 6.3.2. Let G be a locally compact group, and 7 be a unitary representation
of G on the Hilbert space H,. Let p > 1 and q be its conjugate. Then the following

are equivalent:

(i)  is extendable to L,(G).

(11) Exxm € Ly(G) for all €,m € Hy.
(iii) Ar C Ly(G).
(iv) There is a constant C' such that

(a) 1§ = nllq < ClIEllnll for any &, 1 € Har.

(0) [lm(u)ll < Cllullp, v & Ly N Ly(G).

Proof. (i) = (iv) Suppose that 7 is extendable to L,(G) with the constant factor

A. Let §,n € H,. Since Ly N Ly, is dense in L,

1€z mlly = SUPfebl(Lp)mLJ/G<7T($)5777>f($)d$| = Squebl(Lp)mL1|<7T(f)§777>|

< supsep, ) [T NIENNI < sup sep, r,)nn, Al LI IENI < AllE]Inll-

Letting C' = A, we get (iv).
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(iv) = (iii) Assume (iv) holds. Let u be an arbitrary element of A,(G). By

[Ars76], there exists sequences {&;}3°, and {n;}2, in H, such that
=" and Julla, = 3 Il Il
=1 =1

For each N € N define uy := S0 | [& #x 7. Then uy — 3252, |& 5 7:| pointwise

as N tends to infinity, and

N N N
lunlly = 11 e mlll < D N6 #millg < Y Clléllllmll < Cllul| a,
=1 =1 =1

Hence by Lebesgue monotone convergence theorem,

lally = lullly < 11 ) 1€ *x milllg < Cllula,
i=1
(iii)= (ii) Clear.
(ii) = (i) We use the closed graph theorem to prove this direction. Fix an

element 7y in H,. The map
Do+ He = Lg(G), = Exnmo

is an everywhere defined linear map from the Banach space H, to the Banach space
L,(G). Let (&,)nen be a sequence in H, which converges to &, and assume that the
sequence (&, % 1o)nen converges to f in L,. We want to show that ¢,, has a closed
graph, i.e. f = & *,19. Note that since ||, — &3, converges to zero, the sequence

&n *x Mo converges pointwise to & *; 19. Therefore f and &, %, 19 are pointwise
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limits of the sequence (&, *x Mo)nen. Hence & % n9 = f, and ¢, is a closed map.
Therefore, by closed graph theorem, ¢,, is bounded, i.e. there exists a constant A,
such that ||€ x nolly < Ay ||| for every € in H,. Similarly ||&o *, nll; < Ag||n|| for
every 1 in H,.

The family {¢y}yep, (3,) of bounded operators are uniformly bounded. To see

this, fix an element £ in H,, and note that

16n(E)llg = NI€ %= nllq < Aellnl] < Ag < o0

Hence by uniform boundedness principle, there exists a constant A such that for

each 7 in by (H.), we have ||¢,|| < A. Now for any &,n € H,, we have

1€ #x mllq = NIl *x e Ty < AllnllIgl.
Finally for f € (Ly N L,)(G),
|7(f)Il = Supg,nebl(m)|<ﬂ(f)fﬂ7>’ = SUP¢ neby (Hn) |/ z)dx|

< supg e () [ 1 11€ 4 1l < ALl

g

Theorem 6.3.3. (Kunze-Stein phenomena) Let 7 be a nontrivial irreducible

unitary representation of SLa(R).
(a) The following are equivalent:

- 7 is unitarily equivalent to an element of the discrete series.
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- 7 is extendable to Ly(SLa(R)).
- &x,.1m € Ly(SLa(R)) for each §,m € H,.

- A, C Ly(SLy(R)).
(b) The following are equivalent:

7 1s unitarily equivalent to an element of the continuous principal series.

7 is extendable to L,(SLa(R)) for every 1 < p < 2 but not to Ly(SLo(R)).

- "€ x.m € Ly(SLa(R)) for all &,m € H,” holds for all 2 < q but not for

q=2.

- A, C L,(SLe(R)) for all ¢ > 2 and Ar € Ly(SLa(R)).
(c) The following are equivalent:

m is unitarily equivalent to an element of the complementary series in-

dexed by o, 0 < 0 < %

7 is extendable to L,(SLa(R)) for 1 < p < 755 but not to L.

- “Cx.n € Ly(SLy(R)) for each &,m € M holds for all ¢ > § but not for
q=7-

- Ay C Ly(SLy(R)) for all ¢ > 5 and Ax ¢ L%(SLQ(R)).

Let 7 be a unitary (not necessarily irreducible) representation of SLs(R) on
a separable Hilbert space H. We can find a direct integral decomposition for
H= @ HAdo()), such that in the corresponding direct integral decomposition

A

form= [ @ 7 do()), the representation 7 is an irreducible unitary representation

138



for almost every A. Let T € B(H) be an operator that can be decomposed with
respect to the above decomposition of H. We then write T = (7). Recall that
|T || = esssup, ||T*||co. The following theorem extends Theorem 6.3.3 for some
non-irreducible representations. The proof is based on the independence of the
constant C, introduced in part (iv) of Lemma 6.3.2, from representations in the

continuous or discrete series.

Theorem 6.3.4. Let w be a unitary representation (not necessarily irreducible) of
SLy(R) on a Hilbert space H, and © = [ 7 do(\) be its decomposition into a direct

integral of irreducible unitary representations ©. Then the following are equivalent:

A

(i) For o-almost every A, the representation © is unitarily equivalent to a rep-

resentation in the discrete or continuous principal series.
(ii) The representation 7 is extendable to L,(SLa(R)) for every 1 < p < 2.
(iii) Ax C L, for every 2 < q.

(iv) Every coefficient function of m belongs to L, for every 2 < q.

Remark. Let G = SLy(R), and G denote the set of all the (equivalence classes of )
irreducible unitary representations of GG. Let m be an irreducible unitary represen-
tation of G. Cowling [Cow78] observed that there exist a constant C' independent

of m and a positive integer ¢ such that

1€ %7 nll2g < ClEl[l[n]l for all £, € Har. (6.5)
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Furthermore, for each positive integer ¢, the set éq of all the (equivalence classes of)
irreducible unitary representations m of G that satisfy (6.5) forms a closed subset

of G in the Fell topology.

6.4 By(SLy(R)) has no point derivations

Proposition 6.4.1. Let G = SLy(R). Then

(i) The elements of Byo(G) which are nilpotent modulo A(G) are dense.
(ZZ) UBO(G) ~ G

(11i) Bo(G) has no nonzero point derivations.

Proof. (i) By Remark 6.3, G is an increasing union of closed subsets Gq for positive

integers ¢q. Let f be an element of By(G), and write a direct integral decomposition

3(m)

f= / > & nfidp(r)

G =1

that satisfies
3(m)

|3 sttt < o
G k=1

Let € > 0 be given. Since p is a regular Borel measure on GG, one can use Remark

6.3 to find ¢p in N such that

J(m)

k k
[ i) <

a0 k=1
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Define f. to be f. := féqo 7 (m) 18 % mEdu(r). Clearly f. lies within e-distance of
f in B(G). Moreover by the definition of Gy, the function f. belongs to L*®(Q).
Therefore f% belongs to B(G) N L?(G) C A(G), which proves (i).

(ii) This follows from Proposition 6.1.3 and part (i).

(iii) This follows from Proposition 6.1.2. O

Note that By(SL2(R)) is a subalgebra of B(SLy(R)) of codimension one [Cho80].

The following corollary is a natural consequence of Proposition 6.4.1.

Corollary 6.4.2. For every g € SLo(R), let ¢, denote the character on B(SL2(R))
which acts by evaluating at g. Let ¢y denote the unique (nonzero) character on

B(SLy(R)) that vanishes on By(SLa(R)). Then

(i) 0 (stam) = {64 : 9 € SLa(R)} U {0} as a set.

(i) For g in SLy(R), B(SLy(R)) has no nonzero continuous point derivation at

the character ¢,.

(111) B(SLy(R)) has nonzero continuous point derivations at ¢q.

Proof. (i) Let o be a nonzero multiplicative linear functional on B(SLy(R)). Recall
that B(SLy(R)) = Bo(SL2(R)) @n C1. Clearly o(1) = 1, since o is multiplicative
and nonzero. If o|pysL,m)) 7 0 then by Proposition 6.4.1, there exists an element
g in SLo(R) such that o(u) = u(g) for every u in By(SLa(R)). Note that 1(g) =
1. Hence o is the point evaluation at g on B(SLy(R)). On the other hand, if
0| By(sLa(r)) = 0 then o is the unique character satisfying o(1) = 1 and o(f) = 0 for

all fin By(SLy(R)). Hence opsi,m)) = {¢g: 9 € SLa(R)} U {¢o} as a set.
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(ii) Let g be an element of SLy(R), and suppose that D is a nonzero continuous
point derivation of B(SLy(R)) at the character ¢,. Note that ¢,(1) = 1, hence
D(1) = D(1 x 1) =2D(1)¢4(1) = 2D(1). Therefore D(1) = 0. Since D is nonzero,
the restriction D|pgysL,m)) is @ nonzero continuous point derivation of By(SLy(RR))

at the character ¢|g,(sr,(r)), which contradicts with Proposition 6.4.1.

(iii) Let ¢g be the character of B(SLy(R)) defined by ¢o(1) = 1 and ¢o|py(sL.w)) =
0. Recall that by Theorem 6.2.2, By(SLy(R))2 # By(SLy(R)). Let d be a nonzero
continuous functional on By(SLy(R)) that vanishes on By(SLy(R))2. For an ele-
ment f in B(SLy(R)), let f = fo 4+ As - 1 denote its decomposition with respect to
B(SL2(R)) = By(SL2(R)) @n C. Define

d: B(SLy(R)) — C, f > d(fo).

Then d is a nonzero continuous point derivation of B(SLy(R)) at ¢. In fact, it is

very easy to see that d is nonzero and continuous. Let f, g € B(SLy(R)). Then

d(fg) = d((fo+Ar-1)(go+ Ag- 1)) = d(fogo + Argo + Agfo + ArAg)

= d(fogo + Nrgo + Ngfo) = Apd(go) + Ned(fo) = do(f)d(g) + do(9)d(f),

where we used the fact that d| Bo(SLe(R))2 = 0. Hence dis a point derivation of

B(SLs(R)) at ¢o. O
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6.5 Connected semisimple Lie group with finite

center

Proposition 6.5.1. Let G be a semi-simple connected Lie group with finite center.
(i) The elements of Byo(G) which are nilpotent modulo A(G) are dense.
(ii) oy ~ G.

(111) Bo(G) has no nonzero point derivations.

Proof. (ii) and (iii) follow from Propositions 6.1.3 and 6.1.2. We only need to prove
(i). Let G be a connected semisimple Lie group with finite center. Then G has a

finite covering group G° of the form
G°=Hyx H x...x H;,

where Hg is compact, and for each 1 < j < m, the subgroup H; is noncompact and
simple. Let 7 be an irreducible unitary representation of G. Then 7 can be lifted
to an irreducible representation of G°, which in turn is the external tensor product
of irreducible representations my, 71, ..., T, of the subgroups H§, H7,..., H;, re-
spectively. Using the results in [Cow79b], one can observe that for each 1 < j < m,
either 7; is the trivial representation of H; or there exists a positive integer p;
with A, (H5) C LPi(H3). Suppose that the first case happens, i.e. there exists an
index jo such that 7, is the trivial representation. This implies that every nonzero

coefficient function of ), is constant on the equivalence classes of H;, and there-

fore does not vanish at infinity. Hence for an irreducible Cy-representation 7, there

143



exists a positive integer p such that A.(G) C LP(G). Moreover, by [CowT78], there

exists a positive integer ¢ and a constant C' independent from 7 such that
1€ 57 nll2g < CliENln| for each &£, 1 € Hr. (6.6)

Let S be the finite family of subgroups S of G defined in [Cow79a]. Recall that the
only compact subgroup in the family S is the trivial subgroup Sy = {eg}. For each
Sin S, let gs denote the quotient map from G to G/S. For each g € N, define G’S’q
to be the set of all (equivalence classes of) irreducible unitary representations 7 of
G that are trivial on S and each coefficient function of 7 satisfy (6.6) as a function
on G/S. Let u be an element of B(G). Recall that any unitary representation of
G on a separable Hilbert space can be written as a direct integral of irreducible

representations. Then we can decompose u as

UIE us,

Ses

with ug € B(G) N (Co(G/S) o qs). Each ug can be written as a direct integral of

irreducible representations in Gg := | J, .y Gs,q- Clearly if u belongs to By(G) then

qeN

/G ZS’“* My

So k=1

with st ZJ(W) €5 |ImE ||dp(m) < oo. Now using an argument identical to the proof

of Proposition 6.1.2, we obtain (i). O
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