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Abstract

Online computation is a model for formulating decision making under uncertainty. In an
online problem, the algorithm does not know the entire input from the beginning; the input is
revealed in a sequence of steps. At each step, the algorithm should make its decisions based on
the past and without any knowledge about the future. Many important real-life problems such
as robot navigation are intrinsically online and thus the design and analysis of online algorithms
is one of the main research areas in theoretical computer science.

Competitive analysis is the standard measure for analysis of online algorithms [19, 22, 30, 38].
It has been applied to many online problems in diverse areas ranging from robot navigation, to
network routing, to scheduling, to online graph coloring. In this thesis, we first survey three
classic online problems, namely the cow-path problem, the Processor-Allocation problem and the
Robots-Search-Rays problem and highlight connections between them.

Second, the main result is for the One-Robot-Searches-Two-Rays problem for which we con-
sider the weighted scenario, in which the robot is located on a ray with a preferential probability
p. We term the One-Robot-Searches-Two-Rays-And-Weighted problem as 1-STRAW (and in
general k-STRAW for k searchers).

In the 1-STRAW problem, we propose a search strategy which is optimal among weighted
geometric states. In addition, we prove a tight lower bound of the worst case competitive ratio
and conjecture a lower bound of the average case competitive ratio for the 1-STRAW problem.
Additionally, we compare our search strategy and its performance with the doubling strategy [41]
and the SmartCow algorithm[36].
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Chapter 1

Introduction

Online computation is a model for formulating decision making under uncertainty [5} [15] 39, [47].
In an online problem, the algorithm does not know the entire input of the problem. The input
is rather revealed in a sequence of steps. An online algorithm makes its decisions only based on
the observed past and without any given knowledge about the input sequence in the future. The
cost of a decision taken by the online algorithm cannot be undone.

1.1 Online Target Searching

Online target searching is the class of robot searching problems in which the robot knows only
partially about some of the configuration of the search domain, the shape of the terrain, the
target’s location and its own position. The problem of target searching involves an agent or a
robot exploring a given domain, with the purpose of guarding it or finding a given target under
some conditions of uncertainty [41].

The quality of a search depends on the searching abilities of the robot and its knowledge
about the terrain being searched. Therefore, it is important to consider various cases given the
robot’s different capabilities.

Targets for searches are classified into two main types: mobile and immobile. Domains are
divided into bounded and unbounded. Among the first, we consider searches on line segments.
For unbounded domains, we consider the real lines.

Robots are also classified according to their abilities in several classes: tactile, visual, nav-
igational tools, and computing resources. A tactile robot identifies the target when the
robot is located at an e distance or less of the object. A robot with vision comes with a system
that provides a visibility map of its local environment. However, a robot moving under restricted
memory may not be able to use previous visibility maps. Additionally, a robot with no memory
or knowledge is termed oblivious whereas the robot is non-oblivious.



These conditions introduce a degree of uncertainty in the search that is revealed as the robot
searches the terrain. Thus, searches can be considered as an online problem because the robot
can only attain more information while active, as opposed to the offline version, in which all the
information is given at once before the start of the computation.

In this thesis, we will focus on the One-Robot-Searches-Two-Rays-And-Weighted problem.
By weighted, we mean that the target hides on one of the rays with a random probability p,
where p € [0, 1]. We will discuss the Robots-Search-Rays problem in details in Chapter [2[ Section
and the One-Robot-Searches-Two-Rays-And-Weighted problem in Chapter

1.2 Online Measures

Competitive analysis is the standard measure of online algorithms. In this model, we compare
the performance of an online algorithm with an offline optimal algorithm OPT which knows the
entire input in advance. Intuitively, we want to measure how close is the performance of the online
algorithm to the optimal case. Competitive analysis became popular after two papers by Sleator
and Tarjan [19] B0] in 1985. The term competitive analysis was introduced by Karlin et al [3§].
Additionally, the competitive framework was thoroughly studied by Dorrigiv and Lépez-Ortiz
[22, 23).

Competitive analysis is a relatively simple measure to apply but efficient to quantify the
performance of the online algorithms, which was a major breakthrough in the study of online
algorithms. It computes a partial solution to a problem with incomplete information of a prob-
lem. It indicates the performance drop of the online algorithm given the absence of the input
information of the problem. Therefore, we compare the cost of the online algorithm with the
one computed with the full information, namely the cost of the optimal offline algorithm OPT.
Without loss of generality, we denote the cost of an algorithm A on a sequence o by A(c). An
online algorithm A is said to have competitive ratio c if A(c) < ¢- OPT (o) for all sequences o.

Alternatively, a C'(n)-competitive algorithm is defined as that, for all sequences o, an online
algorithm A is said to have the competitive ratio C(n) if A(c) < C(|o|)-OPT (o). More generally,
we have that an algorithm is C(n)-competitive if and only if

C(n) = ,f;}i’;{mé(Ta()@}

We will use the notation of the competitive ratio throughout the thesis especially in Chapter

For randomized algorithms, we have a similar definition of the competitive ratio [45]. A
randomized online algorithm 4 makes some random choices while handling the sequence of the
input. Therefore the cost of the randomized online algorithm is a random variable. In addition,
depending on the types of the adversaries, we have different types of offline algorithms. An
oblivious adversary does not know the actions made by A on ¢. Therefore it cannot make its
own movements according to the performances of the online algorithm. We say that A has an



asymptotic competitive ratio C'(n) against an oblivious adversary if there exists a constant b such
that for all sequences o,
E[A(0)] < C(|o]) -OPT (o) + b

In contrast, for the adversaries who are non-oblivious, for example adversaries can observe
the outcome of the online algorithm, and make its own decision accordingly, the competitive ratio
then is defined as:

Alo) <b

C(lel) - OPT(o) | —

Since in this case, OPT (o) is a random variable as well.

Competitive ratio is the key to measure online problems and we use the concept throughout
the thesis. For the cow-path problem in Section [2.I] we use the competitive ratio to evaluate
the performance of the SmartCow algorithm which is described in Figure For the Processor-
Allocation problem in Section we use a similar concept of the acceleration ratio which is a
worst case measure, refer to Definition For the Robots-Search-Rays problem in Section [2.3
which includes our core work of the 1-STRAW problem, we used the competitive ratio as well.

1.3 Owur Results and Organization of the Thesis

This thesis is concerned with oblivious robot searches for an immobile target on unbounded real
lines. In Chapter [2| we present a survey of three classic online problems, namely the cow-path
problem, the Processor-Allocation problem and the Robots-Search-Rays problem. We state the
known lower bounds on the competitive ratio for these three problems and compare the common
aspects and differences between them. In Chapter we define the problem of One-Robot-
Searches-Two-Rays-And-Weighted (1-STRAW) and propose a search strategy. Additionally, we
compute both the worst case competitive ratio and the average case competitive ratio given our
search strategy. In Section we analyze the average case competitive ratio of 1-STRAW in
both the un-truncated setting and the truncated setting in terms of the target’s location range.
We prove a tight lower bound of the worst case competitive ratio and conjecture a lower bound
on the average case competitive ratio for the 1-STRAW problem. In Chapter 4] we present the
conclusions and the open problems.



Chapter 2

Classic Online Problems

The problem of scheduling is central to many areas of computer science [40]. In this chapter, we
demonstrate connections among three typical scheduling problems. The first problem is known
as the w-ray cow-path problem [36, [37]. The second involves computing solutions to multiple
problems given a limited amount of processors, under the condition that a solution to any one
of the problems can be requested at any time. The third problem involves multiple robots
searching an unknown environment for a goal. These problems concern anytime algorithms whose
quality of output improves gradually as the amount of available computation time increases. Such
algorithms occur naturally in settings where a computationally intensive problem is addressed
under uncertainty with respect to the available computation time.

In the cow-path problem, consider a cow standing at a crossroads (referred to as the origin)
with w paths (rays) leading off into unknown territory. On one of the rays there is a grazing
field (the goal) at distance (unknown) d from the intersection, and all of the other rays go on
forever; unfortunately, the cow does not know that it has found the field until it is standing in
it. Clearly, the cow must walk at least distance d to get to the field; if it knows which path to
take, the cow will walk exactly distance d. When the cow has no prior knowledge of which ray
the field is on, we would like to know how it can find the field while traveling the least distance
possible. Lépez-Ortiz [43] proved a firm lower bound of the competitive ratio for the w-ray cow-
path problem among all deterministic search strategies. Additionally, Kao et al. [30] gave an
optimal randomized algorithm for the 2-ray cow-path problem and conjectured a lower bound
among all randomized algorithms for the w-ray cow-path problem.

In the Processor-Allocation problem, consider the general setting in which a set of m pro-
cessors of the identical speed is available for the execution of n problem instances each with a
corresponding contract algorithm, which is defined as a set of the computation durations for the
specific problem instance. For example, given the problem instance p;, its corresponding contract
algorithm is denoted as {(p;,d1), (pi,d2), ... (pi,dj) ..., (pi,dn)}, which means a processor can be
executed for d; amount of time to get a solution of the problem instance. (p;,d;) is termed as a
contract in the contract algorithm.



The problem we face is how to assign and schedule the executions of the various contract
algorithms to the processors in a way that guarantees an efficient interruptible algorithm, which
is the algorithm that can provide the solutions of the problem instances given the fact that
the algorithm can be interrupted at any time to be queried for the problem solutions. In this
setting, at query time, the algorithm will report for each problem instance the solution of the
corresponding contract of longest length (i.e., contract time) which has been completed by query
time. Schedules are compared in terms of the acceleration ratio, which is a worst-case measure
of efficiency. Bernstein et al. [I3] showed an upper bound of %(mTM)(mTM) on the acceleration
ratio; in addition, they showed that this bound is optimal for a restricted, though natural and
intuitive, class of schedules that use a round robin and length-increasing strategy. Such strategies
are known as cyclic strategies. Lopez-Ortiz et al. [42] proved that this bound is tight among all
possible schedules.

In the Robots-Search-Rays problem, m robots search for a target which is located on one
of p concurrent rays. We seek search strategies for the robots that minimize the competitive
ratio, namely the maximum of the ratio of the search cost using the strategy, and the distance

from the starting position to the target, over all possible positions of the target. Kao et al. [37]

(p*(:iiﬁ));:zﬂ. For
the general problem of m robots and p rays, Lépez-Ortiz and Schuierer [43] showed an optimal
p

strategy that achieves competitive ratio 1 + 2%(#)E.

gave a hybrid algorithm that achieves an optimal competitive ratio of m + 2

It has been observed that the theoretical analysis of geometric searches and robot motion
planning is closely linked to the scheduling of heuristics and algorithms for problem solving.
This connection was first established by Kao et al. [30, B7] for the case of a single searcher in
the randomized case, as well as certain multi-searcher scenarios. The work of Bernstein et al.
[13] drew a similar connection between scheduling contract algorithms and robot searching on a
set of rays. Bernstein et al. [13] work established the connection only for cyclic schedules. It
turns out that interesting parallels can be drawn for the Processor-Allocation problem and the
Robots-Search-Rays problem: informally, the rays correspond to problem instances, the robots
to processors, and the (unknown) location of the target corresponds to the (also unknown) query
time. Moreover, when p=1, the Robots-Search-Rays problem becomes the cow-path problem.

2.1 Cow-path Problem

Search problems are widely studied by computer science researchers [II, [8, 9, 10, 111, 12 26], 27,
28, 34, 44] and the cow-path problem is one of them. The cow-path has been the subject of
intense study under the competitive framework [6, 20} 33], 35], 86], which plays an important role
in online problems. The problem has a simple model. A cow is standing at the origin of w rays,
which extend from the origin to unlimited distances far away. There is only one grass field (goal)
on one of the w rays and the information of the goal is not revealed to the cow. The problem is
to minimize the cow’s total traveling distance until it finds the grass field.

This problem has various applications, one of which is robot motion planning [7, 16} 17} 18]



25]. For example, a robot searching in a two-dimensional space with obstacles. Whenever the
robot runs into an obstacle, it should look for the closest corner of the obstacle to walk around.
This problem of avoiding obstacles can be interpreted as a 2-ray cow-path problem, where the
goal is the closest corner and rays are the two possible paths, one of which contains the closest
corner.

A tight lower bound for general deterministic algorithms for the cow-path problem is known
but the randomized search algorithms and the lower bound of the set of general randomized
algorithms are relatively less developed than deterministic search strategies. In this section, we
list the results of the deterministic search strategies and introduce a randomized algorithm, which
was first proposed and shown to be optimal for the 2-ray cow-path problem by Kao et al. [36].

Here we denote by A a deterministic algorithm for the cow-path problem and by g the goal
distance dist(g) from the origin. Algorithm A searches a fixed distance to find the goal, which is
denoted as cost(A, g).

Definition 1 ([36]) Algorithm A has competitive ratio c if, for all goal positions g,
cost(A, g) < cxdist(g) +d, (2.1)

where ¢ and d are constants that are independent of the goal position g.

We denote randomized algorithms as R. Since the distance explored to find the goal is not
a fixed number under randomized algorithms, instead we define cost(R, g) as a random variable.
Therefore we define the competitive ratio of randomized algorithms by the expected value of the
random variable cost(R, g).

Definition 2 ([36]) Algorithm R has competitive ratio c if, for all goal positions g,
Elcost(R,g)] < c*dist(g) + d, (2.2)

where ¢ and d are constants that are independent of the goal position g.

Particularly, if an algorithm for the cow-path problem has competitive ratio ¢, then for any
goal position g from the origin, the expected search distance that the algorithm explores to find
the goal is at most cg plus a small constant.

A Deterministic Algorithm

An optimal deterministic search strategy is a cyclic search strategy with the exponential geometric

ratio b. The strategy works as follows. The cow explores the w rays in a fixed cyclic order. Let
w 4
b= w1 The sequence of turn points of the cow is given by z; = b* for i = 0,1,2,.... The kth

time that the cow returns to the origin it chooses to explore ray (k mod w) up to distance z.



Theorem 1 ([43]) Any deterministic search strategy for the w-ray cow-path problem has a worst
case competitive ratio of at least
w w
142w 1) () .

w—1

In the 2-ray cow-path problem, the optimal deterministic search strategy defined above is
named as the doubling strategy and it has the worst case competitive ratio of 9, which matched
Theorem [I] Additionally, it has been proved that the doubling strategy can achieve an average
case competitive ratio of approximately 5.27, which is stated in the theorem as follows.

Theorem 2 ([41]) Assume that the hiding target selects a random distance d and that it hides
using a uniform distribution on the interval [d,—d]. Then the doubling strategy has an average
case competitive ratio of = 5.27.

A Randomized Algorithm

Kao et al. [30] described an algorithm named the SmartCow algorithm, which is a randomized
geometric sweep algorithm with geometric ratio r > 1, which is a fixed constant used to accu-
mulate the cow’s search distances in rounds. Without loss of generality, we assume that the w
rays are tagged with the integers 0,1,...,w-1. The description of the SmartCow algorithm can be
found in Figure The analysis of the competitive ratio will be made regarding the constant 7.

Restrictions of the SmartCow Algorithm

e The usage of the randomization in the SmartCow algorithm is very limited in this case.
The randomization is only used at the beginning of the search, in order to get a random
permutation of the w rays and a random initial search distance. The algorithm does not
require a random number generator after the search begins.

e The goal is located on one of the w rays with the same possibility.

Under the randomized settings, according to Definition [2| we need to consider the expected
value of the total searching distance when computing the ratio and Kao et al. [36] proved the
general representation of the average case competitive ratio given the SmartCow algorithm.
Theorem 3 ([36]) For any fized r > 1, the SmartCow algorithm has the competitive ratio of

1+3>< 1—1—7‘—}—7“2—}—...—!-7““]_1'
w Inr

It has been shown that the SmartCow algorithm is an optimal strategy that matches the lower
bound of the 2-ray cow-path problem|[36].



1 o «— arandom permutation of 0,1,2,...,w-1

2 € «+ a random real uniformly chosen from [0,1)
3 d—rci+—0

4 repeat

5 Explore path (i) up to distance d

6 If goal not found then return to origin

7 d—dxr
8 i — (i+1)mod w
9 Until

10  goal found

Figure 2.1: The SmartCow algorithm proposed in [36]

Theorem 4 ([36]) For w=2, the optimal competitive ratio is given by

. { 1+r}
min< 1+
r>1 Inr

Since this ratio is achievable by the SmartCow algorithm, therefore the SmartCow algorithm is
optimal.

Note that for the 2-ray cow-path problem, the optimal geometric ratio r* for the SmartCow
algorithm is other than two, i.e. it is 3.59112. Additionall;;, the lower bound of average case
LA 50112
Inr*

Therefore we have shown two lower bounds of the average case competitive ratio under both
the deterministic and the randomized settings for the 2-ray cow-path problem. When the ge-

ometric ratio is two, the doubling strategy outweighs the SmartCow algorithm in terms of the
5.32 — 5.27
average case competitive ratio by —F3m ~ 1%.
In addition, Kao et al. [36] conjectured that the SmartCow algorithm is also an optimal

randomized search strategy for the general w-ray cow-path problem.

competitive ratio given the SmartCow algorithm is 1 +

Conjecture 1 ([36]) The optimal competitive ratio achievable by any algorithm for the w-ray
cow-path problem is given by

< 2 1+r+r2+...+rw1>
min 1+ — x

r>1 w Inr



Since this is exactly the ratio achievable by SmartCow, under this conjecture, the SmartCow
algorithm (with the appropriate minimizing r) is an optimal randomized algorithm.

It is an important open problem to determine the lower bound for randomized algorithms
when w > 3, as stated in Conjecture

2.2 Processor-Allocation Problem

Anytime algorithms [3, 13, 14, 21), B1, 142, 48, 49] are widely used in solving the Processor-
Allocation problem. Anytime algorithms are the algorithms that are able to return a partial
answer, whose quality depends on the amount of computation they were able to perform. The
answer generated by anytime algorithms is an approximation of the correct answer. Anytime
algorithms are widely used in solving real-world problems, such as game-playing programs [2], 36,
37], robotics searching and medical diagnosis systems.

There are two different types of anytime algorithms—interruptible algorithms and contract
algorithms. Interruptible algorithms can be stopped at any time during their execution and
provide current useful partial results, whereas contract algorithms provide valuable results only
when being interrupted after a contract completion. If the contract algorithm is interrupted at
the time before a contract completion, there is no result available to be used.

Although contract algorithms are less flexible than interruptible algorithms, it turns out that
in terms of implementation, contract algorithms are much simpler. This provides the possibility
of working on contract algorithms for online problems and then converting them to interruptible
algorithms by applying a standard black-box transformation. The Processor-Allocation problem
is a typical problem that uses the transformation described above. Consider the scenario as
follows:

There are n problem instances and m parallel processors ready to execute the problems. We
want to design an interruptible algorithm, which at any time, may be interrupted and queried for
solutions of each problem instance with its corresponding longest length of the contract that has
been completed. The problem is how to assign and schedule the executions of the various contract
algorithms to the processors in a way that guarantees an efficient interruptible algorithm.

Schedules for the Processor-Allocation problem are evaluated by the acceleration ratio, which
is a worst-case measure of efficiency. Let us consider the case described as follows in order
to perceive what we mean by the worst case. Denote the length of the last contract which is
completed for problem p; as d and processor m; started a new contract for problem p; with
length d; at time ¢, where d; > d;. The worst case acceleration ratio for problem p; will happen
at t + d; — e, where ¢ is an arbitrarily small value, since intuitively, that is when processor m; is
e-close to complete a longer contract (with better solution) for problem p;, of which the current
solution is still provided by the contract with smaller length (lower quality) of d.



Definition 3 ([42]) Given a set P of n problem instances and a set M of m processors of
identical speed, the acceleration ratio of a schedule X for P, denoted by R, »(X) is defined as
the smallest value r, with r > 1 such that for any allowable interruption time t, and any problem
p € P, we have that Ix (p,t) > t/r, where lx(p,t) is the length of the longest contract for problem
p that has been completed by or at time t in X. Then the acceleration ratio for P and a set M
of processors of identical speed is defined as

RY,, = inf Ryyn(X).
: X
A schedule X is optimal if Ry n(X) = R, ..

Informally, the acceleration ratio indicates how much faster the processors in M should be in
order to provide a solution of the same quality as an offline algorithm.

Figure[2.2) [42] illustrates an example of a schedule X for 2 problem instances and 4 processors.

t
It is noticeable that the value of m peaks just before each contract is completed for each
x\p,
problem instance.

Processor 0

U7/} robiem py
Processor 1
Processor 2 A
Processor 3 V

Ixpn °

—eem Ix(post)

Ix(p1,t)

Figure 2.2: The top figure depicts a schedule of contracts for the case of 4 processors and 2

problems, for the first ten time units. The bottom figure depicts the plots of the function XD
x\Pp,

for the two problems (p € {po, p1}). The acceleration ratio is the maximum value, on the y axis,
attained by either curve, and in this example it is equal to 4 [42].

Early research [13] showed that a cyclic schedule, as defined below, is a good candidate for
an optimal acceleration ratio for the Processor-Allocation problem. The properties are

10



e Problem-round-robin: The schedule arranges the problems in a round robin manner, which
means that given a permutation of problems, the schedule executes each problem in the
order according to the permutation of problems and iterates over it.

e Length-increasing: The lengths of contracts are arranged by the schedule in an increasing
manner.

e Processor-round-robin: The schedule arranges each problem on a specific processor in a
round robin manner, which means that given a permutation of processors, the schedule
picks the processor in the order according to the permutation of processors and iterates
over it.

The round-robin schedule of contract lengths 1, a, a?, ... has the acceleration ratio that matches
the lower bound for all possible cyclic schedules [13], 49], which is stated in the following theorem.

Theorem 5 ([13]) The optimal acceleration ratio for m processors and n problems is

m-+n

(2) (mEm)

for all possible cyclic schedules.

Although a lower bound on the acceleration ratio is known for cyclic schedules, the case for
general schedules remained open until Lépez-Ortiz et al. proved the lower bound proposed in
Theorem [5|is true for all schedules in [42].

Model Design 1 Model of the Processor-Allocation problem [42]
(pi,d;): contract of length d; for problem p;

(pi, D;): the next contract after (p;,d;) in schedule X
T;: when a processor is about to start contract (p;, D;)
Tj: when a processor is about to start contract (pj;,Dj)

The key to Lépez-Ortiz et al. [42] proof of the lower bound on the acceleration ratio among
all schedules is the swap concept. Intuitively, when the schedule is about to choose one contract
out of the two to start processing, it chooses the contract with a longer length to process than
the one with a shorter length, which is shown in Technique

Another swapping case is shown in Technique It shows that if a contract a, with which
the problem instance was executed by the last contract with longer duration, starts earlier than
contract b, with which a different problem instance was executed by the last contract with shorter
duration, it should be completed later than contract b. That is because we want to balance the
value of the acceleration ratios over the two problem instances.

11



Technique 1 Longer contracts start earlier [42]

Given a schedule X and two problems p; and p; for which
dj < d; and Tj; >T;, then either D; < D; or
we can define a new schedule s.t.Dj <D,
and whose acceleration ratio is no worse than that of
the original schedule.

Technique 2 Longer contracts complete later [42]

Let Cp = (po, Dy) be a contract scheduled by X at time

Ty and C; = (p;j, Dj) be any contract

happens after 7. Then there exists another schedule of no worse
acceleration ratio such that if dy > d; for a problem

Pj % po then Ty + Dy > TJ—FD]

A schedule is normalized when being constructed using Technique [1| and Additionally,
normalized schedules have no worse acceleration ratio than un-normalized schedules. The work-
flow of the techniques to prove the lower bound acceleration ratio is shown in Figure [2.2

By normalizing schedules and making use of the results of Gal [28] and Schuierer [46], Lépez-
Ortiz et al. [42] proved the lower bound for the acceleration ratio for general schedules as
follows.

Theorem 6 ([42]) Given n problem instances and m processors, every schedule that simulates
an interruptible algorithm using executions of contract algorithms has an acceleration ratio no
less than

m+n
( n ) m+n\ m
m n
An interesting open problem is to find the optimal randomized algorithms (lower bound) for
the Processor-Allocation problem. Instead of having contracts with pre-defined lengths, we can

assign contract durations randomly. In addition, the speed of the processors can be different or
assigned with random values.

2.3 Robots-Search-Rays Problem

The Robots-Search-Rays problem is a classic and thoroughly studied problem in robotics [4}, 24,
20, 32]. In this set of problems, the agents are robots and the space being searched is two-
dimensional and consists of rays, which start from an origin and extend to unlimited distances.
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orst
(worst) Space of all schedules

Model Design l

: '\/_\ Technique 1:
acceleration ratio |: :

Technique 2

(best)

Figure 2.3: ITllustration of the techniques for proving the lower bound in the Processor-Allocation
problem [42]

Consider m robots standing at the origin of p concurrent rays. On one of the p rays, there is
a target g, whose distance from the origin is unknown to the robots. The robot finds the target
only when it stands on it. When m = 1, the Robots-Search-Rays problem is equivalent to the
cow-path problem. Baeza-Yates et al. investigated searching on real line [6] and Lépez-Ortiz et
al. [43] proved the lower bound of the competitive ratio for the Robots-Search-Rays problem over
all deterministic search strategies.

To formalize the problem, we use the model described in Model Design [2l The competitive
ratio is the quotient of the search time over the distance of the target to the origin. Here we
consider the robots have same maximal speed, which is without loss of generality, the ratio of
unit distance and unit time.

Since our goal is to find the optimal searching strategy with the best competitive ratio,
therefore, we need to define the properties which optimal strategies should have. Clearly, having
more than one robot searching on the same ray is not optimal since resources are wasted in this
case. Additionally, removing the robots’ idle periods from the robot schedule never increase the
competitive ratio.

Intuitively, when a robot returns to the origin and is ready to start searching another ray,
it should choose the ray which is least explored since we want to make every ray searched in a
balanced way given the same possibility of containing the target. This rule is defined in Technique
and proved to be optimal by Lépez-Ortiz et al. [43] among general search strategies.

A strategy satisfying Model Design [3] and Technique [B]is termed a normalized strategy. It has
the worst case competitive ratio defined as follows:

13



Model Design 2 Model of the Robots-Search-Rays problem [43]

Unit Speed: All robots have the same maximal speed-—-
one unit of distance per unit of time
Xs = (xo,x1,...): robots’ turn points
ordered by time
r;: the ray on which the robot that turns at
x; is located
T;: the first time that a robot passes z;
on ray r; again after the last time it
was searching the same ray
competitive ratio: supﬁﬂ){zz}
occupied: ray r is occupiedlat time 7' if there
is a robot on r at that time
busy: ray r is busy at time T if there
is a robot on r that is moving away
from the origin at that time

Model Design 3 Properties of Optimal Searching Strategies [43]

Let S be a strategy to search on p rays with m robots.

Then there exists a strategy S2 with the same competitive

ratio or better such that

(1) At any time t{, there is at most one robot on a given ray.

(2) If a robot moves towards the origin on some ray, then it
continues until it has reached the origin.

(3) All robots are moving at all times.

Technique 3 Search Least Explored Ray First [43]

There is an optimal on-line strategy to search on p rays
with m robots that satisfies Model Design [3
such that if a robot is located at the origin at time T,

then it chooses to explore the ray that has been explored
the least among all non-busy rays.

14



Theorem 7 ([43]) The worst case competitive ratio of an optimal normalized strategy with turn
point sequence X = (xg,x1,...) is at least

k+p—m k
sup{1+2 Sy x} 23
=0 i=k—m+1

k>0

where p is the number of rays, m is the number of robots and X* = (xf§,23,...) is the sequence
of the sorted values of X and x; := 0 if 1 <0.

(worst) . .
Space of all searching strategies

Model Design 2:

\/\ Model Design 3:
competitive ratio |

Technique 3 *

(best)

Figure 2.4: Illustration of the techniques for proving the lower bound in the Robots-Search-Rays
problem

Note here the restrictions do not mean that only normalized strategies can be optimal. In-
deed there are non-normalized strategies which are optimal. However, one can always obtain a
normalized strategy from those non-normalized ones with the same or smaller competitive ratio.

By normalizing strategies and making use of the results of Gal [28] and Schuierer [46], Lépez-
Ortiz et al. [43] proved the lower bound of the competitive ratio for the Robots-Search-Rays
problem among all the deterministic search strategies, which is described as follows.

Theorem 8 ([43]) There is no search strateqy for a target on p rays using m robots with a

competitive ratio of less than
p/m
1+2(£-1) <p> .
m p—m
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An optimal exploration algorithm

A classic strategy that achieves a competitive ratio matching the lower bound in Theorem [§]is a
cyclic search strategy with the exponential geometric ratio b [43]. The strategy works as follows.
The robots explore the rays in a fixed cyclic order. Let b = (p/(p—m))'/™. The sequence of turn
distances of the robots is given by x; = b’ for i = 0,1,2,.... The kth time that robot R returns

to the origin it chooses to explore ray (km + R) mod p up to distance x4 R.
Notice that this optimal strategy is similar to the one for the Processor-Allocation problem,
which is cyclic and has contracts assigned with lengths 1,a,a?,.... In the next section, we will

discuss the connections between these two problems.

2.4 Connections of Three Online Problems

Clearly, the Robots-Search-Rays problem is a generalization of the cow-path problem. Now we
will highlight the connections between the Processor-Allocation problem and the Robots-Search-
Rays problem.

The connection was first established by Kao et al. [36], 37] for the case of a single searcher in
the randomized case, as well as certain multi-searcher scenarios. The work of Bernstein et al. [13]
drew a similar connection between scheduling contract algorithms and robot searching on a set
of rays. It turns out that interesting parallels can be drawn for the two problems: informally,
the rays correspond to problem instances, the robots to processors, and the (unknown) location
of the target corresponds to the (also unknown) query time. Refer to Figure By looking
into the two problems, we also found the similar intuitions behind the normalization of schedules
for the Processor-Allocation problem, and the normalization of search strategies for the Robots-
Search-Rays problem.

Note here, it is not a two-direction transformation which means that we can transfer the
Processor-Allocation problem to the Robots-Search-Rays problem but we cannot transfer it back.
To demonstrate this, we just need to look at one simple example, e.g we can benefit from multiple
processors working on contracts for the same problem at the same time. However multiple robots
searching the same ray provides no benefit at the same time.
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Connections | Processor-Allocation Problem | Robots-Search-Rays Problem

Agent Processors Robots
Media Problem Instances Rays
Geometric Contracts Search Extents
Metric
Evaluation Acceleration Ratio Competitive Ratio
Metric

The normalized strategy The normalized strategy

pushes forward the completion | pushes forward the searching

Normalized | ;, by processing the problem | process by exploring the ray
Strategy with longer contract duration | with smaller searched distance
earlier. earlier.
mi+n

Lower Bound n mi+n my 1492 <p—m2> ( D )P/mz
mi n ma Db —m2

Figure 2.5: Connections of the Processor-Allocation Problem and the Robots-Search-Rays Prob-
lem, in order to distinguish the notations, we denote m; as the number of processors, n as the
number of problems, p as the number of rays and meo as the number of robots.
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Chapter 3

One Robot Searches Two Rays And
Weighted Problem

In this chapter, we study the One-Robot-Searches-Two-Rays-And-Weighted (1-STRAW) prob-
lem. Here by weighted, we refer to the different probabilities of the target being located on either
of the two rays. This problem is new to the Robots-Search-Rays problem and the lower bound of
the competitive ratio has never been proved before. In this chapter, we compute and prove a tight
lower bound on the worst case competitive ratio and conjecture a lower bound on the average
case competitive ratio. This chapter consists of three parts. Firstly, we define the 1-STRAW
problem in a formal way and propose a search strategy for this problem. Secondly, we compute
the worst case competitive ratio of our proposed search strategy and prove its tight lower bound.
Thirdly, we analyze the average case competitive ratio given our search strategy.

3.1 Problem Definition and Search Strategy

3.1.1 Problem Definition

In the 1-STRAW problem, we investigate searching on two concurrent rays for a point target g
located at some unknown distance along one of the two rays with different locating probabilities.
A robot moving at unit speed searches for the target using a strategy S. The probability of
the target located on the first ray is p and the probability of it located on the second ray is
g. Therefore we have p + ¢ = 1. Without loss of generality, we define high = max{p, ¢} and

low = min{p, q}.

Now let us recall the 2-ray cow-path problem, which is equivalent to the problem of One-
Robot-Searches-Two-Rays in the unweighted case. Here we define a cyclic search strategy with
a geometric ratio b for the 2-ray cow-path problem as S, where u stands for unweighted. We
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define the worst case competitive ratio given the cyclic search strategy as Cgu(,,) and we have

k+1 7

k—oo bk + e

2#

which results in Cgu(,) =1+ -

Now, let us compute the worst case competitive ratio Cgu(,) in a different way. We denote the
two rays as Ry and Ry and the worst case competitive ratio as CL, (w) when the target is found
on ray R1. The worst case competitive ratio is denoted by C’Qu(w) when the target is found on ray

Ry. Since the target selects a location on either one of the two rays with the same probability, we

2b2
2 _
_C§W®_1+b—r

have Cgu(y) = 0.5 xC’éu( )—1—0.5 X CQu( ) In addition, we know that C’S

%2
bh—

This gives us an mdlcatlon of how to compute the worst case competitive ratio for I-STRAW,
which is denoted as Cg(,). Here we denote the ray with the probability of high as Ry and the

u (w)

Therefore Cgu(,) =1+

ray with the probability of low as Ry. In addition, we use Cg(w) as the worst case competitive

ratio when the target is on Ry and C’g(w) as the worst case competitive ratio when the target is
on Ry.

Definition 4 The worst case competitive ratio Cs(w) for 1-STRAW is
Cs(w) = high x Cﬁw) + low % Cb@(w)

where C’g(w) and C’g ) Tepresent the worst case competitive ratios on the ray with the probability
of high and on the ray with the probability of low respectively.

In the case of the real line, the competitive ratio for a given target point g is the distance
traversed by the robot divided by the distance from the origin to the target position, that is

Cs(g) = Csty)

are interested in both the worst case and the average case performance under this measure.

, where és(g) denotes the total search distance by the robot. Additionally, we

Without loss of generality, we can assume that the robot starts from the origin, which simplifies
the description of a strategy. In addition, we study the case where the target point is not located
within a distance € of the robot starting position. Again, this is a natural restriction, as otherwise
the target can hide infinitesimally close to the starting point and on the opposite side of the first
search move by the robot, resulting in an unbounded competitive ratio. Therefore, in the study,
we set € = 1.

Definition 5 The average case competitive ratio of a randomized strateqy S given the target

Ju,—a, C(S:9)/|gldg
ds — dy

location range [dy,ds] is defined as Cg(a) = , where g is the possible target

location chosen from [dy, dg].
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3.1.2 Proposed Search Strategy

Now that we have the definitions of the 1-STRAW problem and the performance measures of both
the worst case competitive ratio (Definition |1) and the average case competitive ratio (Definition
5)), we propose a search strategy.

1 high — max {p,1 —p}

2 low «— min{p, 1 — p}

3 Ry 0 /* the ray with probability high */
4 Ry <1 /* the ray with probability low */
5 oc— {Ruy,R.}

6 dg «— f(p)-v°

7 dp «— b

8 10

9 repeat

10 if (i mod 2 == 0)

11 Explore Path ¢(0) up to distance dp
12 if (target is not found)

13 dy — dy x b?

14 Robot returns to the origin

15 else if (i mod 2 == 1)

16 Explore Path (1) up to distance dr,
17 if (target is not found)

18 dr « dg x b

19 Robot returns to the origin

20 i+ +

21 Until target is found

Figure 3.1: Proposed Searching Strategy for the 1-STRAW problem

In this strategy, we inherit the geometric ratio of the cyclic strategy [43]. However, we intro-
duce a ratio function f(p) to accelerate the search distances on the ray with higher probability,
which is a function of the probability p. Intuitively, we want the robot to search for longer dis-
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tances on the ray with higher probability because there is a better chance that the robot will
reach the target there. In the next section, we will obtain the optimal representation of f(p) to
get the lower bounds of the worst case and the average case competitive ratio.

3.2 Worst Case Competitive Ratio

In the previous section, we defined the 1-STRAW problem and proposed a search strategy. In
this section, we compute its worst case competitive ratio, introduce the representation of the
optimal ratio function f(p) and prove the lower bound of the worst case competitive ratio of the
1-STRAW problem.

We observe that the worst case competitive ratio grows bigger as the number of search rounds
increases, which means the worst case competitive ratio in the last round is the largest out of
all the worst case competitive ratios at all the former rounds, shown in Figure and The
following lemmas prove this point.

Competitive Ratio™

A

»

Y 0 PO fOR2 fBR 2 fb2k f¥***2 TargetDistance

1 fb0 fb?

Figure 3.2: General case of C’g

Here we have the following settings:

Index 7 is the accumulator of rounds. Cﬁw) (i) represents the worst case competitive ratio at

round 2¢ 4+ 2 when the target is on Rpy. C’é(w) (7) represents the worst case competitive ratio at

round 2¢ + 3 when the target is on Ry.

Lemma 1 Cg(w) (1) is a monotonically increasing function of i.

Proof. We here introduce a small number . The worst case occurs when the target is located
just past the end point of the searching distance at round 2i, which is f(p) - b* + ¢.
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CompetitiveRatio®

TargetDistance
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O
\\ : \\\
NS I
[ ] : N~ »
\\\\_ __,f’
b7 b‘) bZifl bZH»l b2k‘—l b2‘k'+1 b2k+.3 >
Figure 3.3: General case of Cé
Therefore we have
2.3 f0) b2 0 (F(p) b o)
CH N 7=0 7=0 ‘
5 flp) - 0% + ¢

2f(p)(b%+2 _ 1) + 2b<62i+2 _ 1)

I (=BT By
, 1
2+ U m
=1+ 21 . =
f(]?)‘*‘@

Recall that ¢ is arbitrarily small, so we have ﬁ

— 0 and hence

2f(p) +2b

b2

1
i

Cgf(w)(z’) =1+ 2

Therefore, C’g(w) () is a monotonically increasing function of .

1

f(p)

Lemma 2 Cé(w) (1) is a monotonically increasing function of i.
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Proof. We denote Cé(w)(i) as the worst case competitive ratio at round 27 + 3 when the target
is on Ry. The worst case occurs when the target is located at the closest place to the end point
of the searching distance at round 2i + 1, which is %+ + ¢.

Therefore we have

i+1 )
2. Zf(p) b2 4 9. Zb2j+1 +(BFH 4g)
L N Jj=0 j=0
Cuy () = P2+l ¢

) 1 1
Qf(p) <b3 - b2i+1> +2b (b - b2z’+1)

(b? — 1) (1 T b2i€+1>

Since ¢ is arbitrarily small, so we have b;ﬁ — 0 and hence
1 1
3
L 2f(p) (b - b2i+1) +2b (b_ bQH-1>
CS(’LU) (2) =1+ b2 _1
Therefore, Cé(w) () is a monotonically increasing function of . |

The lemmas above allow us to use the worst case competitive ratio at the last search round
as the worst case competitive ratio for the 1-STRAW problem.

Now we will compute the worst case competitive ratio for a general function f(p), given the
probability p with which the target is located on one of the rays and the geometric ratio b. By
the general function f(p), we mean that nothing is known for f(p) other than the fact that f(p)
is a function of the probability of p. Later on, we will decide how to choose f(p) in order to get
the best efficiency out of the search strategy.

Theorem 9 The worst case competitive ratio for the 1-STRAW problem given the general func-
tion f(p) is:

2 _ 3 1—
3;’2 — 11 + bfﬁ 1 [pf(p) + p] p €1[0,0.5]

Csw) =

3[)[)22__11 + bQQZf 1 [(1 -p)fp) + f%jp)] p € [0.5,1]

Proof. There are two cases for the location of the target. One is that the target is located on
Ry and the worst case competitive ratio is Cgl(w). The second case is that the target is located

on Ry and the worst case competitive ratio is Cg(w). In addition according to Definition 4| we

have Cg(,) = high x ng) +low X C’éfi(w).
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The worst case is that the target is located at the point which is £ away from the end point
of the last search distance on this ray. For the case that the target is located on Ry, the target
distance will be f(p) x b?* +&, given our searching strategy. For the case that the target is located
on Ry, the target distance will be b**1 4 ¢. Now we will compute C’g(w) and Cé’(w) respectively.

Case 1: Target is on Ry, target distance is f(p) x b** +¢

We denote the total distance the robot traveled as Dy and we have

k k
DHZQZf(p)b21+(f(p)b2k+8)+22b22+1
i=0 =0
2b2k+2 -9 b2k’+2 _ b2k‘ 2b2k’+3 — 92
_f(p)'bgi_l—"_f(p)' Z_1 -y ¢
3b2k+2 _ b2k —9 2b2k+3 — 9%
BEA A =i E e e I
Given Definition [1] and Lemma [T we have
D
H . H
=1 e
o = i e
2 2b
2 3
3b° —1— =3 . 2b° — 3 . .
ST L T Gt B L I (O
k—o0 1+ ——
f(p)- v

\ 7

302 —1 23 1
— —|- 5 .
v -1 f(p)

b2 —1

Case 2: Target is on Ry, target distance is b?**! 4+ ¢

k+1 k
DL =2 Zf(p) . b% + 2. Zb2i+1 + (b2k+1 +€)
i=0 i=0
op2ktd _ 9 3p2k+3 _ p2k+1 _ 9p
=) =g+ T Ny
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Given Definition [1] and Lemma [2| we have

2 2b
3 2
2b p2k+1 3b p2k+1 -1 €
' {f(]?) 21 + b2 _ 1 +b2k+1}
= lim =
k—o0 1+ 2R
362 —1 263

Now we can compute Cg,,y = high X C'Sffw) + low X C’g(w).

302 -1 203 high
CS(w)_ b2 — 1 +bg_1 {f(p)l0w+ f(p)}

which is

?})%2__11 + b22b_31 [pf(p) + %pﬂ p €1[0,0.5]

Cs(w) =

315922_—11 + b226_31 [(1 -p)f(p) + ffjp)} p € [0.5,1]

This completes the proof. |

3.2.1 Lower Bound of Worst Case Competitive Ratio
Representation of Ratio Function

So far we have obtained the expression of the worst case competitive ratio of the 1-STRAW
problem given an unknown ratio function f(p). What we do next is to find a proper formula for
the ratio function f(p). By proper, we mean that, out of all the possible representations of f(p),
the final f(p) we choose minimizes the value of Cg(,), given the same geometric ratio b and the
same probability p. We additionally prove a theorem which indicates that the ratio function f(p)
we choose is the best function out of any possible choice of f(p), in terms of getting the smallest
value of worst case competitive ratio for the 1-STRAW problem.

The requirements for the ratio function f(p) are to be considered carefully. Let us examine
the search strategy at a higher level. The robot should search a longer distance on the ray with
higher probability because the target is more likely to be on this ray. This is where the ratio
function f(p) comes in. It is also the reason why there is no need to have a ratio function f(p)
for the 2-ray cow-path problem since the two rays have equal probability of having the target

25



located on them. Therefore, the first requirement for ratio function is f(p) > 1 (when p = 0.5,
f(p) = 1), which makes the searching distance longer than the ones in the unweighted case.

Another requirement can be observed from the representation of worst case competitive ratio
Cs(w), which is

3% —1 2h3

high

should be functions of the probability p with boundaries. This is a

high
Both f(p) - low and

. S . o
straightforward requirement since if either of the function goes to infinity, the worst case com-
petitive ratio will be unbounded, which makes Cg(,,) meaningless since we desire the smallest
possible worst case competitive ratio.

Under the conditions of the two requirements above, we proposed the first candidate of ratio

high
function f(p), which is f(p) = lz—g Intuitively, this makes a lot sense. The ratio function
ow
high
flp) = lzg is bigger than or equal to 1. When low — 0, f(p) — oo, which means, if the target
ow

is on Ry for sure, then the robot will search on Ry to an unbounded distance. This will make
the robot get to the target at its first try and the worst case competitive ratio will be 1.

high
However, if we set f(p) = Y9 , then we have
low
high
f(p) - low+ =1
(®) f(p)
Therefore,
32 —1 263 high 202
_ . .l 200
Csw =1 e {f(p) o f(p)} Thod

which cancels out the probability p and is equivalent to the worst case competitive ratio of the
2-ray cow-path problem. This means that, no matter what the probability p is, if we follow the
proposed search strategy, we will always get the worst case competitive ratio with the same value
as the one in the unweighted case.

The result shows that the natural weight function is not correct. So the next question

ow
high
is: does there exist any other representation of f(p), which makes f(p) - low + ngn <17

f(p)
.

Now we will introduce a theorem, which takes us one step closer to get the best representation

of f(p).
Here we define g(f(p)) = f(p) -p+

Ideally, we want to find

, we propose the theorem described as follows.

9
f(p)
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Theorem 10 The optimal ratio function f(p) which makes g(f(p)) minimal is

flp) = »

Proof. First, we compute the derivative of g(f(p)) over f(p), we have
d
——~9(f(p)) =p—
7o) (f(p))

Assign Equation [3.2] to zero, we have

_q
f(p)? (32

Now we will prove that f(p) = \/E is the optimal choice to make g(f(p)) minimal.
p

For any = # \/? , we have
p

g(x)—g< Z) :x-p+g_p.\/g_q.\/§

_a*ptq  w-2pq
X

(VP = — 2

T

Since we only consider any x > 1, therefore we have

g(ﬂ?)—g< z) >0

And f(p) = \/a makes g(f(p)) minimal, which value is 2,/pg [}
p

Corollary 1 Cg(, achieves the smallest value when f(p) = ‘\/}lﬂh, given the same choice of
ow

geometric ratio b and probability p.

Proof. Refer to Theorem |

Therefore, we have the final representation of the worst case competitive ratio Cg(,) for the
1-STRAW problem. Since it is a function of the geometric ratio b and the probability p, we
denote the function of the worst case competitive ratio for the 1-STRAW problem as Cgy) (b, p)

and it equals to
362 -1 4b
C b,p) = . (11—
swb:p) =5+ 7 { p-( p)}
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Lower bound

In this section, we will compute the lower bound of the worst case competitive ratio Cs(w)(b, D).
The shape of Cg,,) is shown in Figure @ Our goal is to find the optimal geometric ratio b given
the probability p, which ensures that our proposed search strategy has the smallest worst case
competitive ratio. Now that we have the representation of Cg(,)(b,p), which makes finding the
lower bound easier. What we will do is to compute the derivatives of Cg(,,)(b, p).

Figure 3.4: Cg(y)(b, p)

There are two partial derivatives for C’S(w)(b, p), which are respectively the partial derivative

dC b dC' b
over p, denoted as W and the partial derivative over b, denoted as W

We will compute the partial derivative over p first since it is more straightforward. Because
we have

302 -1 453
Cs(w)(b,p) = + { p-(1 —p)}

-1 -1
when we compute the partial derivative over p, we regard b as a constant. We introduce two
2 3
constants ¢; and co with ¢ = 3bb2 _11 and cp = b226 T Therefore the function C’S(w) (b,p) can

be re-written as

Csw)(p) =c1+ca-2¢/p-(1—p)

We denote g(p) = 24/p- (1 —p), as it is shown in Figure Since ¢ and co are constants
and Cg () (p) = c1 +c2-24/p - (1 — p), therefore Cg,)(p) has the same symmetric shape as g(p).
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Given
d 203(1 — 2p)

— Cg) =
dp " T =) p-(1-p)

dCls ()

when —dn = 0, we have p = 0.5. Therefore the maximum worst case competitive ratio is
achieved at p = 0.5 and
20 + 30 — 1
Csw)(b,0.5) = 21

Because of the symmetry of Cg(,)(p), the minimum worst case competitive ratio is achieved
at either p=0or p=1 and
362 —1
b? —

Cs(w)(b,0) = Cgy (b, 1) =

Intuitively, this is as expected. When the probability of the target located on one ray is close
to 1, which means almost surely that the target is on this ray, then our proposed strategy will
make the robot search on this ray first for a long distance, which ensures that the robot finds
the target as soon as possible, thus making the worst case competitive ratio as small as possible.
When the target is located on either of the rays with the same probability, then our strategy
results in an unbiased search and the worst case competitive ratio will be the highest among all
cases with non-equal probabilities.

0.8
0.6
2(p)

0.4+

0.2

T T T T 1
0 0.2 0.4 0.6 0.8 1
P

Figure 3.5: g(p) =2+/p- (1 —p)

Now let us consider the partial derivative of Cs(w)(b, p) over b. In this case, the probability p
is regarded as a constant. We have

dCs(w) (b, p) 6b  2b(36° —1)  12v°\/p-(1—p) 8b*\/p-(1—p)

db -1  (*-1)? v —1 (b? — 1)?
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dC () (b, p)

When = 0, we have
1
(1=p) =
Therefore, given the equation of \/p- (1 —p) = l)?’%?)b’ we can represent p as y(b). In
addition, we can compute Cg(y) (b, y(b)) as
362 -1 4b3
CS(w)(b7y(b))_ 2 _ 1 +b2—1‘ p‘(l—p)
6
=3t
Therefore,
6
Cs(w)(b,y(b)) =3 + 2 _3 (3-3)

dC b

M = 0, we denote this b as b*.
Now we will prove that this Cg(,)(b*, (%)) is the minimal value out of any possible Cg(, (b, p),
given the same p.

In order to distinguish this special b which makes

Theorem 11 Clg,) (b*,y(b*)) is the smallest value out of any Cg(.,)(b, y(b%)).

Proof.
Oy (0" (b*))—3+L
- YS(w) Y = (b*)2 _3
. 302 -1 43
Cs)(0:y(07) = =7 + a7 VP - (1-p)
3 -1 N 4p° 1
-1 21 (b*)3 - 3b*

=+ Cu) (0, y(07)) = Cs(u) (b, y(b7))

=3+ 6 _ 3b2 -1 N 4b3 1
2 o o
TP =] - (2 —1) [(2b% + b)b2 — (b")% - b — 202 - ]

" BEHT {“* — ) [b(b+b) = b (" + b)]}
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There are two cases when b # b*

Case 1: if b > b*, then b* — b < 0,b(b+b) — b*(b* +b) >0
Therefore, CS(w) (b*a y(b*)) - CS(w) (bay(b*)) <0,

CS(w) (b*a y(b*)) < CS(w) (ba y<b*>)

Case 2: if b < b*, then b* — b > 0,b(b+b) —b*(b* +b) <0
Therefore, CS(w) (b*a y(b*)) - C’S(w) (bvy(b*)) <0,

CS(w) (b*7 y(b*)) < CS('LU) (ba y<b*>)

Cs(w) (b, y(b")) is the smallest value out of any Cg(y (b, y(b*)). |

Now given the probability p, we can get the optimal b to reach the lower bound of Cig ) (b,p).
The equation is

1
p-(1-p)=
b — 3b
. . 6 .
And the lower bound of the worst case competitive ratio is Cg(y) (b, y(b)) = 3 + o3 shown in
Equation

307 9
29

287 8.5
27
26

25 31
24

231 7.57
22

21 "
201

Cs(w)(b,0.5) }g: Cs(w)(2.p) 6.5
17

16 6
15
14

134 5.5
12

114 5
10

91 4.5

1'52I 2153I 3'.5 zlt 415% 5{5«% 6'.55 7'.5;3 8{5 <'> 9{51'0 0 01 02 03 04 05 06 07 08 09 1
b p
(a) Cs(uw)(b,0.5) (b) Cs(w)(2,p)

Figure 3.6: Cg(,,) given the specific probability p and the geometric ratio b

Also, refer to Figure and Figure When the probability p = 0.5, the optimal b equals
to 2. The result matches with the lower bound of the worst case competitive ratio for the 2-ray
cow-path problem, which is 9. Note here, when p = 0.5, our proposed search strategy is equivalent
to the doubling strategy.
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3.3 Average Case Competitive Ratio

3.3.1 Un-truncated Average Case Competitive Ratio

In this section, we will compute the average case competitive ratio for the 1-STRAW problem.
Different than the worst case competitive ratio, the average case competitive ratio is determined
by any possible target location since we want to get the average value of all the competitive ratios,
see in Figure

Competitive Ratio™
A

—

1 £ 6% fbt f8 8 f0R2 fU? fpRhe? 1ok Y2 TargetDistance

(a) General case of C with the average competitive ratio

Competitive Ratio”
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\ : \\ agyq
N oL -
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L] \\\
. ok Lo
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N
b7 pO pl piHl 2kl p2ht1 p2h+3 TargetDistance

(b) General case of C§ with the average competitive ratio

Figure 3.7: General case of C§I and C’g with the average competitive ratio
We assume that there is no limitation on the range of the target location, which means that

it is possible that the target is located at an unbounded distance to the origin. We call this case
un-truncated.
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The average case competitive ratio under this setting is named the un-truncated average case
competitive ratio, denoted as Cg(,). We will introduce three models to compute the un-truncated
average case competitive ratio and analyze the lower bound of Cg(,). To compute the average
case competitive ratio, we will use the formula as follows.

Cs(a) = high x C§{,y + low x C§y (3.4)

where Csl'{(a) is the average case competitive ratio when the target is on Ry and C’g(a) is the
average case competitive ratio when the target is on Ryp.

First, we will introduce two lemmas which give the properties of Cg,). Refer to Figure
and Figure [3.8bl To simplify the descriptions, instead of using the notation of round, we use the
notation of term. Note here the term does not equal to the round. We name the un-truncated
average case competitive ratio for term i (which is the (2i)th searching round) as aff on Rpy.
Similarly, we denote the un-truncated average case competitive ratio for term i (which is the
(2i)st searching round) as a¥ on Ry

Competitive Ratio™
Competitive Ratio™

A
A N
LY SN
: : \\\ aF
AN : N
\\\ af[ ~
\\\§
o272 T e fb% TargetDistance pi-1 pr-t 4 pt TargetDistance
(a) CE at term 4 (b) C& at term 4

Figure 3.8: The ith term of Cg and C’g

Lemma 3 af{ is a monotonically increasing function of i, where t = 1,2, ..., 00.

Proof. In the ith term, if the target is located at f(p)-b%*~2+z, where x € [0, f(p) - (b* —b%~2)],
refer to Figure the un-truncated average case competitive ratio is:

" 1 SO [ 23T f(p) b 2 S b
2 s 1+ dx

b ) flp) v +a
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1 F(p)-(b¥—b22) 2(f(p) +b) - (bzi ) F(p)-b2—2(b2—1)
T ) ) Y ") - (P -1
2(f(p) +b) - (0¥ — 1)

f(p) - b*=2 - (2 = 1)

In(f(p) - 07 + @)

0

=1+

<[2i-Inb — (2 — 2) Inb]

oy, Ab(f(p) +b) [2 1] (3.5)

N PR N

H

. 1 . .
When i increases, [bQ ) increases, therefore a;" increases. |

Lemma 4 aZ»L is a momnotonically increasing function of i, where i =1,2,...,00.

Proof. In the ith term, if the target distance is located at b**~! + x, where x € [0, b1 — p?i—1]
refer to Figure the un-truncated average case competitive ratio is:

pRitl _p2i—1 2.3 VR B S A
; 1 / {1 L2 X @) 2 5= "

ay = = - .
? b21+1 _ b2’L—1 b22—1 +x
1 b2i+1_b2i71 b2i+17b2i—1
= pritl _pri-t

2f(p) - (b*F2 — 1) +2b(b* — 1)
b2i—1(b2 — 1)2
. 41Inb- [f(p)(d*+? — 1) + b(b* — 1)]
T (b2 —1)2 - p2i-1

An(b* T 4 2)

0

41nb - [f(p)(b3 - 1;2%1) +0(b - b21—1)}
Soa =1+
3 (b2_1)2

1

L
B b2i71)

1
When i increases, |f(p)(b3 +b(b— 5)211)} increases, therefore a;” increases. |

Last term of the un-truncated Average Case Competitive Ratio

According to Lemma [3] and Lemma [4 we know that the last term of the un-truncated average
case competitive ratio is the largest. We will compute the largest value given that the target
distance can be unbounded. To be consistent with the proofs for the worst case competitive
ratio, we will compute the (i + 1)st term for both Ry and Ry, shown in Figure and Figure
3.90)
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Figure 3.9: Last term of C’g and C§

TargetDistance

Theorem 12 The last term of the un-truncated average case competitive ratio Cgy),, ., for the
1-STRAW problem given the general function f(p) is:

41nb - b*

Cs@an = Alnb - b

(v* —1)°

(v* —1)°

?blznf 1(;3 [pf( )+ m] € [0,0.5]
41nb - b*
02— 1) [( p)f(p) + ffp)} € [0.5,1]

Proof. There are two cases in terms of the location of the target.

Case 1: Target is on Ry, target distance is f(p) x b** +z, 2 € [0, f(p)b? 2

refer to Figure [3.9a]

all =
k+1 F(p)- (b2k+2
_ o, Alnb(f(p)+b) [ 1
SR OB [ WJ
Because

H
CS(a)1as

Therefore we have

1 /f( p)-(b*FH2—07F) {1 2. Zf:of
2k) +

- f(p>b2k]7

flp)-v*F +

= lim {af!
el e

41nb - b? b

Cgl() =1+

4Inb-b%- (f(p) +b) B
et o) @107

@12 o7
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Case 2: Target is on Rj, target distance is bt + 2, = € [0,

Figure

b2k+3 _ b2k+1]

2k+3_72k+1 k . k .
L B 1 . b b 2 E +1 (p) . b2z +92. Zi:O b21+1 p
el = kT3 _ 2kt . p2 | X

4lnb-[f(p)(b3 1 )+b(b—1)]

b2k+1 b2k+1

=1
" B —1)?

Because
41nb - b2

CSla)ian = Jim {aiﬂ} =1+ gy )bl

" C5(a) s = Nigh x Cg(a)zast + low X Cg(a)lm
We have Cg(y),,., =1+ Elblznf 11;2 + Elbgnf 1?2 x [low x f(p) + SLCZ(‘;];;], which is
dlnb-b | Alnb.b [pf( )+ ] € [0,0.5]
Csehaae = Elbl ;122 Elbl ;123 w
L el A, -nfw)+ofy|  pes

This completes the proof. |

Arithmetic Mean of the un-truncated Average Case Competitive Ratio

, refer to

Now we need to emphasize the difference between the worst case competitive ratio and the average
case competitive ratio in terms of computing the lower bound. In the previous section, we have
two lemmas similar to Lemma 3| and Lemma 4, We used the last term worst case competitive
ratio for the 1-STRAW problem to compute the lower bound of Cg(,). The reason is because

our goal is min { max C’S(w)}}. However, for the average case competitive ratio, our goal is

to minimize the average value of the average case competitive ratios of all the terms, which is

denoted as AVE{C’S(CL)}. Therefore we desire

min {AVE{ Csta) } }

The first option of computing the average value of the competitive ratio is to calculate the

arithmetic mean of a;, which is denoted as

k
>
0

kE+1

AVEm‘ithmetic =
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Theorem 13 The arithmetic mean of the un-truncated average case competitive ratio Cg(q), ;...
for the 1-STRAW problem given the general function f(p) is

14 Elblznf 1(;22 I ElbIan 1;3 [pf( )+ 11’] p € [0,0.5]

(
4lnb-b* | 4lnb-b |4 _ _P_
1+ (1% — 1)2 + (0 — 1)2 [(1 p)f(p) + ] p € [0.5,1]

Cy(

a)arithmetic

Proof. When the target is on Ry, we name the arithmetic mean of the average case as
AVEamthmetzc Whereas when the target is on Ry, we use AVEX
of the average case. We have

arithmetic & the arithmetic mean

ZGH
AVEarzthmetzc = k + 1

and

Za

AVEarzthmetzc = k + 1

Case 1: Target is on Ry, refer to Figure

First, we need to know the value of af!, in which case the target distance is between [1, f(p)-bY].
The robot will find the target at the first round of searching and the competitive ratio will always
be 1. Therefore, aéf = 1. Given aéi =1 and Equation we have

k k
H H H
g a; ay + E a;
i=1

=0
AVEarzthmetzc: kE+1 - k+1
4lnb(f(p) +b) [, 1
1+Z{ o e P ) )
= k+1
1L
:1+4lnb-b2(f(p)+b). O
o =17 TP =1 k1
k
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Additionally, we have

Cgl(a)arithmetic = 11{2‘(} {AVEgithmetic}
1
~ lim 1+4lnb-b2(f(p)+b) 1 b2 1_b2k‘}
ke fo)-@2 =12y 1=l ket
k

- 4Inb-b*(f(p) +b)
=) o1

Case 2: Target is on Rjp, refer to Figure [3.7

First, we need to know the value of a%, in which case the target distance is between [1,b'].
According to the definition of the competitive ratio, we have

aé = b—% . Ob_l {1 + 2f1(]2 ;Ubo }dx =1+ Qbf_(]? ‘In(z+1) Z_l =1+ 21121)_-]1”(19)
Given a} = 1+ QIbe_Ji(p) and Equation we have
Therefore
ot
AVEaLrithmetic = Z; 0+ 1

1 1
k Alnb- | f(p)(V° — 5=7) +b(b — 157)
4_2lnbb_-¢71”(110)4_23{1+ [ p2i—1 p2i—1 ]

— (b2 - 1)2 }
- k+ 1
1
_ L 2Wbf(p) 1 b P(L4bf(p) 1 Alnb-b(f(p) +D) P s
B b—1 k+1 (b2 —1)2 1+1 (b2 —1)2 -1 k+1
k
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Additionally, we have

Cg(a)am'thmenc = lim {AVEamthmetzc}

k—oo
21nb 1 4lnb-b2(1+b 1
|, 2nbf(p 4 Alnb- 1L+ b/ )
k
1
dlnb-b(f(p)+b) »* 1w
;Hoo b2—1 -1 k41
2
1 b B+ bf(p))
(b? —1)?

Because we know

+ low % Cé/(a)

arithmetic

Cs(a)a'rithmetic = h’l/gh X CSIV{(CL)

arithmetic

Y 4nb-b*(f(p) +b) Alnb- b2 (1+ bf(p))
= high x [14— Fo) - (2 = 1)° } + low X [l-i- 1)
. 4lnb-b*  4lnb-b high
=1+ 212 + 212 x [low x f(p) + f(p)]
which is
Alnb-b* | 4lnb-b° 1-p
CS( : B 1+ (b2 - 1)2 + (b2 _ 1)2 [pf(p) + ) :| pE [0,0.5]
Q)arithmetic ~ 2 3
A0 el [0 s+ gps ] pels]

This completes the proof. |

Weighted Mean of the un-truncated Average Case Competitive Ratio

Now we compute the weighted mean of the un-truncated average case competitive ratio. Here we
define the weight as the length difference between the endings of two consecutive searching rounds
on the same ray. Therefore we denote len” = f(p) - b* — f(p) - b¥*~2 and lenl = p?*+! — p2i-1
when ¢ > 1. And the weighted mean of the un-truncated average case competitive ratio is defined

as
k

Z {aff X lenZH}

AVEH, ., = =
len{l + leni + lenil + - - - + len!!

k
Z {aiL X lenf}

AVEL =0
weight — lené + len% + lené’ + -4 l@né

and
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Theorem 14 The weighted mean of the un-truncated average case competitive ratio Cgy)
for the 1-STRAW problem given the general function f(p) is

weight

1+4?b$2+4?bbzﬁﬂm+lu§} p €[0,0.5]
Cs(a)weiqht = Elbl _b 122 Elbl _b 1[23 Y4
< nb- no- _
1+ (62 — 1)2 + (b2 ~ 1)2 [(1 p)f(p) + f(p)] p € [0.5,1]

Proof. Same as the arithmetic mean of average case, we will consider two situations (C’g(a) -
weig

and Cé(a) _ ht) respectively and then combine them using the formula
weig

Cs(a)weight = hlgh X Cgl(a)weight + low X Cg(a)

weight

Case 1: Computation of Cg(a) ot
wetig

T — f(p)-b* — f(p) - b*2, aiH = l—l—m- [bQ_b232] when ¢ > 1 and

all = 1, therefore we have

k

Z {af] X lean}
H o =0
AVEueign = len{l + lent! + lenfl + -+ + len!!
b L Anb(f(p) +b) 1
21— 2 R
L0 P 0D [+ R ¢ - ) |
- Flo) 1
1
2—f(p) , 4lnb-02(f(p)+b) '
-1+ + :
. — — 1
OREE A S
k
CAlb(f(p)+b)
_ 1
-1 F0) = 3o
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’ C‘g(a)weight - hm {AVEwelght}

k—o0
2 1 !
: 2—f(p)  4lnb-b°(f(p)+b) ~ 2%
.ol _ .
. Cs(a)weight - khjgo {1 + f(p) b2k —1q + (b2 _ 1)2 1
fp) - p2k
L
L [AmbF@) )
k—o0 b2 —1 1
F0) = ar
Alnb-b*(f(p) +b)
fp)- (b* —1)?
Case 2: Computation of Cé(a)weight
, 1 1
leniL = p2tl _ p2i—l aiL =1+ e when 7 > 1 and
2Inb-
ab =1 r;_];(p), therefore we have
k
Z {af X lenf}
AVEL — i=0
weht = Jenk 4 lenE + lenk + - + lenk
k
ab + Z {%L x (b2 bQiI)}
i=1
- p2k+1 _q
2Inb - f(p) b
b1 AT b ()b ) 1
=1+ p2k+1 — 1 + (b2 —1)2 ' 1
T p2ktl
k
41nb- (f(p) +b) p2k+1
— Ty . I
1= h2k+1
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.. L _
: Cs(a)weight - kl 0 {AVEwelght}

2Inb- f(p) b
o T R v T2=b gmb0? (f(p) b+ 1) LT g
S (@)weignt T g T p2k+1 _ 1 (b2 —1)2 ’ 1
T p2ktl

ko

~ lim 4Inb- (f(p) +b)  p2kt1

k—oo b2 —1 1 1

T p2ktl

4Inb-b*(f(p)-b+1)
G

Because we have

Cs(a)weight thh X Cs( Ywe —|— low x CS( )

weight

e 41nb-b2(f( )+ b) 4nb - b2(1+bf(p))
= high x f(p) : (b2 — 1)2 :| + low X |:1 + (b2 — 1)2
Alnb-b*>  4lnb-b? high
=1t G g ¢ [l x 10+ s
which is
) ria Rl A CRE Pl € 0.0
@) = Alnb-b>  4lnb-b° p
L bt BT )+ ] pel0s )

This completes the proof. |

We computed three measures of the un-truncated average case competitive ratio, namely
Cs(a)1str Cs(a) and Cs(a)weight' In addition, the values of these three representations of
average case competitive ratio are the same. Therefore, we have the observation.

arithmetic

truncated average case competitive ratio dominate the whole picture of the un-truncated average
case competitive ratio, see Figure and Figurd3. 70,

Since we observed that the last few terms of the un-truncated average case competitive ratio
dominate over the previous terms, we conjecture that while the robot searches the target to an un-
bounded distance using our proposed search strategy, the un-truncated average case competitive
ratio will converge to a limit, which is the last term of the un-truncated average case competitive
ratio.

Conjecture 2 By following our proposed search strateqy, the un-truncated average case compet-
itive ratio for the 1-STRAW problem converges to a limit when the robot searches the target to
an unbounded distance.
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Lower Bounds of the un-truncated Average Case Competitive Ratio

Since the three un-truncated average case competitive ratios have the same values, we will denote
the ratio as Cg(,) and analyze the lower bound of Cgq)(b, p), which is denoted as a function of
the geometric ratio b and the probability p. Because we have

4Inb-b*>  4lnb-b? high
w1z T < Uew T+ 5

Therefore, according to Theorem the optimal representation of Cg(,) (b,p) is

Csa)(b;p) =1+ )

4Inb-b*>  8lnb-b?

Cs(@)(b,p) =1+ e + CEEh p(1—p)

which is shown in Figure |3.10

Figure 3.10: Cg(q)(b,p)

. . L . dCg(q) dCs(a)
Here we consider the two partial derivatives of Cs(a)(b, p), which are 7 and b to
P

get the insight into the properties of Cg(q).

43



dCs(ay(b,p)

dp
the un-truncated average case competitive ratio can be written as

Cs@y(p) =1+c1+c2-2y/p(1 —p)

41nb - b? d _ 4lnb-b?
7(()2_1)2 an 62—7(62_1)2.

Refer to Figure When p = 0.5, Cg(,)(0.5) is maximized, with value

When we regard b as a constant and p as a parameter < ), the representation of

where ¢ =

41nb - b n 4Inb - b
w-17 T @1y

Cs(a)(b, 0.5) =1+

which is shown in Figure |3.11

30
28+
26
24+
22+
20
18-

C b,0.5 107
@005 |

Figure 3.11: Cg(q)(,0.5)

In addition,when p = 0 or p = 1, Cg(4)(0) or Cg(4(1) is the min, which is

41nb - b2

Cg(a)(b, 05) =14 m

Since we are seeking a lower bound of any possible average case competitive ratio, we desire
to find the minimal value of the maximum of the un-truncated average case competitive ratio,
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which is Cg(q)(b,0.5). Now let us consider the derivative of Cg(q)(b,0.5), which is

dCsa)(0,0.5)  4b N 8Inb-b  16Inb- b3
db B2 —1)2 " (B2—-1)2 (b2—1)3
4b? 12Inb-b>  16Inb- b
MG R GRS VR G Vs
4b

T 1) [(0® + 5% —b—1)(1 — Inb) — Inb(b? + 4b + 3)]

dCs(a)(b,0.5)
db
< 0, which means Cg,)(b,0.5) decreases as b grows. Therefore the optimal b for

As we can see from

dC () (b,0.5)

, when b grows bigger than e, then we have Inb > 1 and

the un-truncated average case competitive ratio is unbounded.

Now let us regard p as a constant and b as a parameter. We have

41nb - b? 41nb-b?
Cs(a)(b) =1+ 7(1)2 — 1)2 +c- 7([)2 — 1)2
where ¢ = 21/p(1 — p). Obviously, Cg(q)(b) decreases while b increases. Therefore, the optimal b
in this case for the un-truncated average case competitive ratio is also unbounded.

Now if we consider the problem at a high level, the un-truncated average case competitive
ratio is achieved when the robot can always finish its searching in every round given that the
target was not found at that round. Moreover, the target’s location range is [—00, +00]. It makes
sense that the optimal b is unbounded in this case since the robot can always reach the target
given a sufficiently large b. However if the target is located in a restricted range, then the optimal
b is bounded. We will consider the truncated case in the next section.

3.3.2 Truncated Average Case Competitive Ratio

In this section, we will compute the truncated average case competitive ratio for the 1-STRAW
problem. By truncated, we mean that the target is located in a bounded interval [—d/, +d], see
in Figure and Figure [3.12D] The signs of + and — represent robot searchings on Ry and
R}, respectively.

Additionally, we have f(p)-b**=2 < d < f(p)-b?* and b**~! < d' < bv?*+!. Here we introduce a
parameter ¢ to represent the ratio between the target boundary and the search distance closest to
the target boundary given the search strategy. Therefore we have d = t- f(p) - b*¢2, d =t p2k-1
and t € [1,b%). Next, we will compute the truncated average case competitive ratio. Our setting
here is that the target truncates the searching distance with the same ratio ¢ on both Ry and

Ry.

Now we will compute the truncated average case competitive ratio for the 1-STRAW problem,
denoted by Cg(a), given the general ratio function f(p).
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Figure 3.12: The Truncated Competitive Ratio of Cgl* and C’é*

Theorem 15 The truncated average case competitive ratio C’;(a) for the 1-STRAW problem given
the general function f(p) is:

( 41nb - b2 1+ 252 Int
(172—1%2 t b2§1 /
4Inb-b° 1 2b Int 1—p
[(52_1)2 R t] ' [pf(pH(m} p €10,0.5]
Csay =
41nb - b2 1 252 Int
(b2_1)32 t b2g1 t
4Inb-b° 1 2b Int
7 = - 5,1
{ {(bQ—l)Q n +b2—1 t ] [( p)f(p) + f(p)} p € [0.5,1]



Proof. We denote the truncated average case competitive ratio AVEZ =~ . . when the target is
located within [f(p)-4**72,d] on Ry. Similarly, AVEZ . denotes the truncated average case

competitive ratio when the target is located at [b?¢~1, d/] on Ry. Additionally, we denote
H* . H
CS(a) = klglgo {AVEtruncated}

Cg(*a) = kILI{:o {AVEtLruncated}

and we have the formula
C;'(a) = h'lgh X Cgv_](;) + low X C’g(*a)

Next we will compute Cg(;) and C’é(*a) respectively.

Case 1: Computation of Cg(;)

As we can see from Figure there are three ranges to include in the computation of
AVEtI;{uncated‘ The first range is from [1, f(p) - 8°] and in this range, afl = 1. The second range is
from [f(p)-b°, f(p)-b**~2] and in the second range, the robot returns to the origin after completes
the search distance in the current round given the fact that the target is not found. The third

range is from [f(p) - ¥**~2,d] and robot finds the target in the third range. Therefore we have

1
AVEguncated = ﬁ ’ {(f(p) - 1)
i—1 i—1
_ , 23 f(p)-b¥ +2) pFH
i S (O ; ( ;)
+ / 1+ 55 dx
S 0 f(p) /A N
1=1
k—1 4 k=1
d— f(p)-b2k—2 2 Z F(p) - 0" +2 Z b
+ 1+ =0 =0 dx}
/o fp) - 0%
i1 i1
. A 2 f p) - b2j + 2 b2j+1
f(p)-b*—f(p)-b*~2 ]Z(:) (®) jz;) J
... 1 _|_ _
/0 F) v !
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: . b —1 b2 1
/ s r | 2f() et 2

: d
0 fp) ¥+ v

Alnb(f(p) +b) - (b*" — 1)
2 —1

=[f(p) - b* — f(p) - b* %] +

1
AVEguncated - ﬁ : {(f(p) — 1)

+ kil {[f(p) LpE £(p) - bQi_Q] n 41n b(f(p) + b) ) (b2i B 1)}

21
1=1 b
k-1 ' k=1
d—f(p)-b>+—2 2 Z f(p) - b* +2 Z p?itt
+/ L+ —= T de}
0 fp) b+
gL Almb (f)+D) bz(ka_Q—l)_k+1
d—1 b2 -1 b1
1 2(f(p) +b)- (0™ —1) -
=1 o [nd —n(f(p) - 1772)]

d=t- f(p)- b

1
L AVEHE =1+ n (g(l?)l; ) ' b2k 21
t‘f(P)_W
_ 4Inb-(f(p) +0) k—1
-1 t-f(p)-b*2—1
ER—
2(f(p) +b) - Int o)
+ .
b2 —1 ; 1
f(p)_m

2 Clq = Jlim {AVEﬁuncate d}
b
22 (1 + )
f(p)) Int

4lnb'b2'<1+b)
Lol = fp)) 1 It
s = (b2 —1)2 A :
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Case 2: Computation of Cg(*a)

As we can see from Figure there are three ranges to include in the computation of
C’é(*a) The first range is from [1,b]. The second range is from [b,b?*~!] and in this range, the
robot returns to the origin after completes the search distance in the current round given the fact
that the target is not found. The third range is from [6?*~!,d'] and robot finds the target in the

third range. So we have

1 -1 2f(p) +1
truncated l/ 1 { A { 1 } &

7 1—1
s | 22 @)Y 20 BT
— =

k—1 : >
" 1+ ; L dx
221 /0 b2171 +x
( k e
d —p2k—1 2 Z f(p)- b+ 2 Z p2itt
+ 14 =9 i=0 dx}
A b2k:—1 +x
\
¢ i—1
2J 2j+1
p2iHl_p2i—1 2Zf(p)'bj+22bj
' / 1+ = = dx
“Jo p2i-1 1 o

2141 2i—1 %t2 _ 1 % — 1

1 b—1
AV pea = ey {0 D4 F0) + 1) (1 42)
0
k—1 21 i1 b2i+2 -1 b2i -1
B2y 4 2f (p) - S 425 | 21nb
+;{< )+ [2f0) T v G| 2o
b2kz+2 -1 b2k -1
d —p2k—1 Qf(p) . T +2b - T
+/ 1+ Y] dx}
0 b +
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_ b 2P +1) +41nb-b4-f(zn).1)2’“*2—1+ 4lnb- b5 v -1
d—1 (b2 —1)2 d—1 " ®-12 d-1
Alnb- f(p) k—1 4lnb-b k-1
-1 d-1 »-1 d-1
2k+2 2k
§2f(_p)1'bd’_1l b22f1'bd/_11 -(ln(d/)—ln(b%_l))

od =t bR
4 1 !
B Inb- (2f(p)+1) 4lnb-b*- f(p) T p2k—2
AVEtruncated 1 t'ka_l—l (b2_1)2 .t b 1
U p2k—2
1
L Alnb b 1=p=  4lmb-f(p) k-1  4lnb-b k-1
(b% —1)2 fb 1 -1 t-b%k-l -1 p2—1 t-p2k-1-1
U p2k—2
1 1
b — b— ——
2f(p) p2k—1 2b p2k—1
+ ok T +b2—1' T “Int
T p2k—1 t= p2k—1

Cé;a) = kli»nolo {AVEtruncated}

. 4Inb-b*-(b- f(p)+1) 1 26*-(b- f(p)+1) Int
-‘CS(a)_l_‘_ (b2—1)2 'Z—i_ 2 -1 T

Now we can compute C’:'g‘(a) which is high x Cg;) + low % Cé’(*a).

C;()—hlghXC()"—lOwXCS()
_1+4lnb-b2 L 20* Int
N (2—-1)2 t bv2—-1 t

4Inb-b® 1 203 Int high
[wz—m RS ‘t] | (ﬂm”‘””'f(p))

This completes the proof. |

According to Corollary the optimal function f(p) is \/flwigh Therefore we have the rep-
ow

(b,p,t), which is denoted as the function of the geometric ratio b and the

resentation of C’;( a)
probability p and the ratio ¢, defined as follows.

4lnb-b?-[1+2b-+/p(1—p 2 b1 +2b-/p(1—p 3.7)

CS(a)(b’p’t) =1+ (b2 —1)2 B2 — 1
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Theorem 16 The maximum of C’;(a)(b,p,t) is

L2V P - p)] e

CS(a) (b, p) = max {C;’(a)(b,p,t)} =1 01

_2Inb
when t =¢  v?-1,

Proof.
. 2 . . —_—
Here we regard b and p as constants and we set ¢] = dlnb-b [(1[);_ 211)2” p(1—p)] and
2 p—
ch = 2-b71 +l)22b Vl p( = p)) . Therefore ¢} and ¢ are taken as constants as well. Given Equation
3.7, we have
N . 1 . Int
C5)(t) =1+ ;e -+
Now we will compute C’:'g‘(a)/(t)
Cswo _ o L ot 1
T__Cl‘ﬁ_CQ‘tT—i_CQ'?_

We have the result that whent =e 2,

Now we will divide all possible values of ¢ to three categories, which is

L

t1: [1,6 Cg)
_a
tr=c %
-4

to : (6 CQ,bQ]

and we will prove that both C% (t1) and C(a) (t2) are smaller than Cgq)(t").

Gt
Case 1: t; € [l,e )
1

1_*
Th<tt=e ©

therefore we set t| =t*-e S =e¢ <= 8,6 > 0.

1 — 1 —z ¢
:c*-——i—c* 2k = k. 2
15 2 T (S 2 t
1 1—c¢
. *
= Cy tj'(l— 6_5)



*
‘1

1-——=
Case 2: t; € (e 2,0

-4
Lt >tt=e 2
ey
therefore we set t) =t*-eF=e < €,€>0.
1 In¢* 1 Inty
Cs(a)(t*) = Cg(o)(12) =] - — + ¢ - - — =y —
s@(t7) —Cs@t2) =ci- o+ —- —a e
-4 1-4
=c-—+c- 2 e c 2
I ™ 173 2 t
1 1+¢
*
=y ti*.(li = )
l+e<e

Therefore, we proved that

2Inb
. 2-02[1+2b-/p(1—p)] 77—
Cs(a)<t):1+ b2—1 -662_1
1—2lnb
is maximum when t* = e #>-1 out of any possible ¢ € [1,?]. |

The graph of C’E(a)(b, p) is shown in Figure

Lower Bound of Truncated Average Case Competitive Ratio

In what follows, we compute the lower bound of the truncated average case competitive ratio
C;(a)(b, p). Refer to Figure we know visually that given b as a constant, function Cg(a) (p)

has the same shape as g(p) = 21/p - (1 — p). In addition, given p as a constant, function C’;(a)(b)
decreases in the beginning and once passes a specific value of b, Cg(a) (b) increases. Therefore, we

ACiiy(b:p) A0, (op)

compute an respectively to get the observations above proved theoret-

dp db
ically.

Firstly, we regard b as a constant and denote

2b2 21nb71
b2 —1

aj =
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.
C*aa)

b

Figure 3.13: Truncated Average Case Competitive Ratio Cg(a)(b, D)

3 2Inb
ay = 72b .eb2—1_1
b2 —1

Therefore, according to Equation we have
CoP) =1+a1+a5-2y/p-(1—p)
In addition, we have
dcs(a)(b,P) _ ; ' 1—-2p (3'9)
dp p-(1-p)
Since the function g(p) = 24/p- (1 — p) as shown in Figure therefore function C'g (p)
has the same shape as g(p). Given the shape of C’g(a) (p) and Equation W’ we have that when
p = 0.5, the value of Cg(a)(0.5) is maximum, which equals to

2 221nb71
.ebe—1
b—1

C’;(a) (05) - 1 +
When p =0 or p =1, either C’;(a)(O) or C’;(a)(l) is minimum, which equals to

2h2 2Inb g
b2 —1

C5a)(0) = Cgy(1) = 1+

Now we will regard p as a constant and we have

C:;v(a)(b,p) 21nb_1

4b? (1 — 2% - Inb
S == e '<1+2b‘m>'b2_1x{ p-1-p n}
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2Inb

e (1420 \/T) b2_1

dc?s, \(b,p) (1= 2b - 1Inb

S(a)\Y ) . p-(1-p) -

. — — = (0. Therefore we h

. b 0 if and only if o T ) CEE 0 erefore we have
2b-1nb

p-(l=p)= (02 —1)2— 462 - Inb (3.10)

The solution of Equation [3.10] is
b— ROOtOf(2Z6Z+4Z )2\/p-(1—p) \/p~(1—p)(ez)4+2\/p-(l—p)(ez)2—\/p-(1—p)) (3.11)

dCE(a) (bv p)
db

Here we introduce a conjecture on the lower bound of the truncated average case competitive
ratio as follows.

which makes =0.

Conjecture 3 The optimal geometric ratio b which leads to the lower bound of C*(a) given

z 1 /p- Zy2_ /
the probability p is defined as eROOtOf(Zze HAZ(ZPN P (-p)=/p (=P () 42y (L-p) (e P p)),

where the function RootOf is a place holder for representing all the roots of an equation in one
variable and it checks the validity of its arguments and is expressed in a single-argument canonical

form, obtained by making the argument primitive and expressing the RootOf in terms of the global
variable Z.
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Comparisons between the 1-STRAW problem and the SmartCow algorithm

In this part, we compare the lower bound of the truncated average case competitive ratio for the
1-STRAW problem with the lower bound of SmartCow algorithm. Since the SmartCow algorithm
only applies to the unweighted case, therefore, the truncated average case competitive ratio we

are using here is
2 2Inb
-1

C;(a)(b’05) =1 + bLl . €b271

Firstly, we will demonstrate the similarities and differences between our strategy for the 1-
STRAW problem and SmartCow algorithm. Refer to [36] and Figure We have the following
comparison table, see in Table Both the competitive ratios in the table are for the average
cases.

Comparisons 1—-STRAW SmartCow
1 Two Rays 1 Two Paths
One Robot One Cow
Similarities
Geometric Ratio: Geometric Ratio:
b>1 r>1
Randomization Initially: Randomization Initially:
fp) - 8°,peU0,1] d«—reecU[0,1]
Weighted Case: Un-weighted Case:
high,low, Ry, Ry, p=q=05
First Searched Ray: First Searched Path:
RH Random Permutation on Two Paths
Initial Searching Distances: Initial Searching Distances:
. 0
Ry : f(p)-b Ry:re
Differences Rr:b Ry - retl
Accumulations: Accumulations:
Ry« f(p) - 0¥ Ry :ret
RL . b2i+1 RQ . ,r,(+i+1
Competitive Ratio: Competitive Ratio:
2[nb
* 5y 20* 2! smart _ 1+r
Oy (0,05) = 14 37 et =1 CS(G) =1+ Inr

Table 3.1: Comparisons of the 1I-STRAW problem and the SmartCow algorithm

In addition, we computed the truncated average case competitive ratio C’g(a)(b,O.B) given
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different geometric ratio b and the average case competitive ratio Cg”:‘la” given various values of

r. Without loss of generality, we use b as geometric ratio for both algorithms and produced a
value table for both cases, see in Table

2inb__
b | Cy.05) = 14,25 B 1| ogeip) =1+ LD
1| 15 7.3342 7.1658
2| 17 6.3259 6.0883
3] 1.9 5.8262 5.5182
4] 20 5.6718 5.3280
5| 25 5.3463 48197
6| 30 53574 4.6409
7| 35 5.5046 45921
8 | 3.59112 5.53998 459112
91 40 5.7207 4.6067
10 45 5.9769 4.6567

Table 3.2: Comparisons on the lower bounds of the 1-STRAW problem and the SmartCow
algorithm

Here we can see from Table that the optimal geometric ratio b for the 1-STRAW problem
lies between [2.5,3.0] and the optimal value of the truncated average case competitive ratio
C;’(a) can be obtained between [5.3463,5.3574]. Whereas, the optimal geometric ratio b of the
SmartCow algorithm is 3.59112 and the lower bound of C’gr(’;‘irt is 4.59112. Moreover, given the
same b, CE’Z&S‘” is slightly smaller than C;’(a)'

The lower bound of the average case competitive ratio given our search strategy, therefore,

5.3574 — 4.6409
is less than = 15.4388% worse than the lower bound of the average case com-

petitive ratio obtained by the SmartCow algorithm , given the same geometric ratio b under this
unweighted setting. The reason is because that the SmartCow algorithm is an optimal random-

ized algorithm and our search strategy for the 1-STRAW problem is in essence a deterministic
algorithm.
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However, the SmartCow algorithm only applies to the unweighted case. In the 1-STRAW
problem, our proposed search strategy outweighs the SmartCow algorithm. To illustrate this
point, let us consider a simple case where p = 1. In our search strategy, the robot will choose
the ray with the probability of 1 to search for an unbounded distance, which ensures that the
robot will find the target at its first try and the competitive ratio is 1, which is the optimal value.
However, given the same settings, the SmartCow algorithm will make the robot to pick one of
the two rays randomly which means that there is a half chance that the robot will choose the ray
with the probability of 0 to search at the first round and will return to the origin after it fails to
find the target. This guarantees that the competitive ratio after the first round given our search
strategy is better than the one obtained by the SmartCow algorithm. Therefore, under weighted
settings, our search strategy is the better choice than the SmartCow algorithm.

o7



Chapter 4

Conclusions

In this thesis, we surveyed three classic online problems, which are the cow-path problem, the
Processor-Allocation problem and the Robots-Search-Rays problem, and described the connec-
tions between these three problems.

In our core work, which is the One-Robot-Searches-Two-Rays-And-Weighted problem under
the Robots-Search-Rays problem set, Chapter [2| Section we proposed a new search strategy
and an optimal ratio function f(p) for the strategy given. We computed the representation of
high
low

3P —1 4
CS(w)(bap): 21 +b21'{ p‘(l—p)}

the worst case competitive ratio Cg(w) given the optimal f(p) = , which is

In addition, we proved a tight lower bound on the worst case competitive ratio, which is

6
3+ 3 when equation \/p- (1 —p) = 7 i o

and any probability p, we can get the optimal b* to reach the lower bound of Cs(w) = 3+

is fulfilled. This means that given the equation

6
2 _3
The result is equivalent to the result of the doubling strategy, since when p = 0.5, the optimal b
equals to two and the minimal worst case competitive ratio is 9. This shows our search strategy
is no worse than the doubling strategy [41].

Moreover, we studied the average case competitive ratio for the 1-STRAW problem in two
settings. We first assumed the target can be located on the two rays without boundaries. In
this setting, we obtained the conjecture that the average case competitive ratio, as the robot
searches towards to an unbounded distance, will converge to a limit, shown in Conjecture[2] Also
we have the result that the optimal geometric ratio b is unbounded, which led us to study the
truncated average case competitive ratio. In the truncated setting, the target is located in the
range of [—d,, +d]. Under this setting, we obtained the representation of the truncated average
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case competitive ratio, which is

2-b?[1+2b- 1-— 2inb _
Chiy =1+ [ : _\l/p( Pl Eme

And we conjecture the lower bound of the truncated average case competitive ratio, which is
shown in Conjecture [3

Additionally, we compared our search strategy and its performances with Kao et al.’s Smart-
Cow algorithm under the unweighted setting. It shows that the average case competitive ratio
given our search strategy is less than [15.4388% — €] worse than that obtained by SmartCow
algorithm [36], since in essence, our search strategy is a deterministic algorithm whereas the
SmartCow algorithm is an optimal randomized search strategy. However, under the weighted
settings, our search strategy outweighs the SmartCow algorithm.

Last but not least, there are some open problems raised in our research. The first open
problem is to prove Conjecture |3 Secondly, the design and the computation of the lower bound
of the randomized algorithms for the 1-STRAW problem remain unknown. Moreover, we know
there are some connections between the Processor-Allocation problem and the Robots-Search-
Rays problem in the unweighted case. We are interested in researching on the possible connections
between the two problems in the weighted case as well. Additionally, we would like to consider
more general case, which are the k-STRAW problem and the k-SnRAW (k-Robots-Search-n-Rays-
And-Weighted) problem.
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