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Abstract

This study develops a dynamic pricing model with a quality substitutable product,
taking into account strategic and myopic consumers. In each of the two periods, the
firm can choose between offering a high quality product, a low quality product or both
and the corresponding price for the product. Strategic consumers compare current
utility with future utility in order to decide the time of purchase and the quality of
the product in an attempt to maximize their utilities. Myopic consumers consider only
current utility in purchasing of the products. We generate scenarios, prove whether
a scenario is feasible and which scenario produces the best profit for the firm. Our
result suggests that the firm obtains the best profit when it provides only high quality
products in each of the two periods. In other words, the firm does not have to offer
quality substitution as intertemporal substitution suffices to maximize the expected

profit.
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1 Introduction

Dynamic pricing decisions bear significant importance for firms. In recent years it has
been implemented in a wide variety of industries (such as retailing, manufacturing, and
E-business) while exploring new and innovation pricing strategies. The emergence of new
software tools might reflect the importance of dynamic pricing. For example, “Early users of
the new software-Gymboree, J. C. Penney, KB Toys, and ShopKo, among others-are already
reporting promising results, with gains in gross margins in the range of 5% to 15%. Retailers
are also seeing significant increases in process efficiency. Planners at one chain, for instance,
experienced a 20% gain in productivity.” (S.C. Friend and P.H.Walker., 2001) Welcome to
the New World of Merchandizing. Harvard business Review, 79, November 2001.) The same
result (gains in revenue and increased productivity) has been shown by Gallego and Van
Ryzin (1997). They find that “price-based rationing” is a more profitable way to limit sales
than “quantity-based rationing”, since firms reduce the sales and increase revenue at the

same time.

Commonly, to account for dynamic pricing the interaction between retailers and con-
sumers is modeled as two-period setting where consumers visit the store in both periods and
retailers have an opportunity to update the price. A strategy of decreasing the product price
over time enables the seller to take advantage of differences in both consumers’ valuations

of the product and patience level in order to extract consumers’ surplus.

While consumers differ in their patience level, generally academic literature divides the
consumers into two broad groups: strategic and myopic. The former consider the future; the
latter are impulse buyers. The consideration of both types of consumers is essential to the
firm’s pricing decision, so we discuss more about these two types of customers. Consumers
behave strategically, especially when they purchase durable goods or more expensive prod-
ucts. Therefore, models that account for on strategic customers is more realistic. Models

based on strategic consumer behaviour are being used more often recently in the operation



literature. Bensanko and Winstion (1990) already reveal the fact that “underestimating the
rationality of consumers can have dramatic negative effects on a seller’s profit.” In contrast,
consumers can not always behave strategically. In modern society, consumers all lead very
hectic daily lives and they are reluctant to take time: such as spending time to visit a store
again or searching for the low price. Many researchers have managed to study this complex
and heterogeneous consumer behaviour and reveal that “consumers tend to purchase prod-
ucts spontaneously” (Hughes and Fill, 2007). Therefore, much of the literature has assumed
myopic consumer behaviour. However, in this study we have chosen to consider the model

dealing with strategic as well as myopic consumers.

Besides the pricing decision, other marketing and operational decisions have to be consid-
ered. Product quality is one such consideration. The consideration of pricing and product
quality is not only useful, but essential to the firm. The integration of pricing and qual-
ity /production decisions is still in its early stage in many firms, but it has the potential to
radically improve supply chain efficiencies as well as revenue. Although consumers differ
in the evaluation of quality, they generally agree which product is of better quality. Their
choice preference depends on quality of the product, their evaluation of the quality, location
along the Mussa-Rosen line and the price of the product. Needless to say, it is better for a
firm to satisfy these consumer desires. For instance, many firms in the computer software
industry offer different prices of a single product (professional and student version) of the
same program. When consumers pay the higher price, they are able to download the full
package of the new software (high quality). The lower priced student version has limitations

(low quality).

Consequently, we are motivated in this dissertation to consider both strategic and my-
opic consumers with pricing and product decisions over two periods. Expressed simply, we
introduce a product that has a value from usage both in the first and the second period, but

due to discounting the second period value is lower. While much of literature has assumed a



single product, we allow the firm to choose between two different quality levels of the product

so that it can sell both in the first period and the second period.

We consider a software developing company with many retailers to distribute the product,
say Microsoft. The software can easily be sold in different quality levels. The users purchase
the installation kits and based on the price paid, different quality of the product components
are installed. They behave as strategic consumers since they purchase durable goods and

can be patient.

We follow the well-known Mussa and Rosen’s model (1978), while incorporating intertem-
poral effects. In their model, two populations of opposite preferences exist. While the goods
are similar and the goods are sold at the same price, the two populations rank them ex-
actly in the reverse order. Especially, Mussa and Rosen’s model derives demand functions
based on consumer’s utility for differentiated goods, and in their utility function, consumers’
valuations of quality vary. We extend their setting by looking at a two period version. Fur-
thermore, we restrict the customer’s valuation of the quality to two in our utility function

and a firm decides to set four prices through the two periods.

In our setting, consumers obtain utility from using the product in the first period and
additional discounted utility from using it in the second period. The firm chooses the product
selection that becomes available to consumers, which means that the firm can choose between
two configurations: high quality and low quality, and can make one or both (or none)

available in each of the two periods.

The firm sets the prices for both the high quality and low quality product price in each
of the periods. We restrict the high quality product price to be higher than the low quality
product. For both, high or low quality product, the first period price is higher than the
second period price. However, no assumption is made regarding the relationship between
the first period low quality price and the the second period high quality price. A strategic

consumer always maximizes the utility in the selection of a product. In other words, when



two qualities of the product are being offered, the strategic consumer chooses the time and
product that yield the most utility, given the consumer’s location along the Mussa-Rosen
model. On the other hand, myopic consumers purchase a product in the period they visit as
long as their utilities is positive. If a myopic customer’s utility is negative, she will return in
the second period and repeats the process. For each period, myopic customers decide which

quality of the product to purchase by evaluating their utilities.

First, we enumerate all possible scenarios and derive the corresponding prices for each
of these scenarios. Then, we eliminate all non-feasible scenarios and generate conditions for
feasibility for the remaining one. Lastly, we compare the remaining scenarios to find the

scenario that produces the best profit for the firm and characterize the results.

To summarize our results, a firm is better off using intertemporal substitution rather
than product substitution. In other words, the provision of two different qualities in one
period is not beneficial to a firm. Specifically, the firm generates the best profit with the
model in which it provides only high quality product and sets only one price in each of two
periods. This result is in line with that of Bara and Carr (2009). In their model, when a
consumer purchases the product, the firm offers a future upgrade price for a slightly higher
cost. This would be interpreted as offering two qualities of the product in the first period.
However, their result show that offering an upgrade prices (i.e., offering two qualities of the

product) is not always optimal.

This paper is organized as follows. Section 2 reviews related literature. Later, we provide
some general idea in our two-period model and elaborate our model in Section 3. In Section
4, we test the feasibility. In Section 5, we test optimality and find the best scenario of the

model. Section 6 concludes.



2 Related Literature Review

In earlier studies, intertemporal substitution, delaying purchase to a future date, was ne-
glected. Models assumed that a consumer either purchases on the first visit or the sale was
lost forever. However, recently revenue management literature has begun to pay more atten-
tion to intertemporal substitution and new models allow more opportunity for anticipation
of future demand. Strategic consumers refer to those who practice intertemporal substitu-
tion and myopic consumers refer to those who make a purchase decision at the time of their

arrival.

Consumers behave more strategically when they face firms’ dynamic pricing mechanisms,
(changing prices over periods). The economic literature has considered the dynamic pricing
mechanism in the presence of the strategic consumer. Modeling the interaction between
strategic consumers and retailers can be found in the famous study of Coas(1972), in which
a monopolist sells a durable good to a large group of consumers with different valuations. He
shows how the seller sets the price in a way that results in per fect segmentation: initially
charge a high price to customers with high valuation, and later sequentially reduce the prices
to customers with low valuation. However, if the high valuation consumers anticipate the
future price decrease, they wait for a lower price. This leads the seller to offer the product
at marginal cost. Coas suggests ways to avoid this result for the firm. One is that the seller
makes a contract with the buyers, not to sell more than a given quantity of the product,
referred to as capacity rationing. The other is that the seller makes a commitment that if

the future price is lower, then the seller will buy back the purchased good.

Bensanko and Winstion (1990) extends management science literature on intertemporal
pricing to include the assumption that consumers are intertemporal utility maximizers. The
study characterizes a subgame perfect Nash equilibrium involving a strategic seller and
consumers. The study finds that the demand of strategic consumers is more price elastic

than that of myopic. In addition, the numerical analysis shows that “underestimating the



rationality of consumers can have dramatic negative effect on a seller’s profit.”

One of the earliest studies, optimal dynamic pricing under strategic consumers with ca-
pacity limitations, by Aviv and Pazgal (2008), analyzes a model with a single price reduction
at a fixed point in time 7. A fixed premium price is charged prior to a fixed time T and
a discount price p is charged after time 7. Consumers’ arrival is determined by a Poisson
process and their valuations of the product vary across the population. Those consumers
arriving before time 7" wait to purchase the product if it is beneficial from them. However,
consumers arriving after time 7' do not have an incentive to wait. The seller commits a fixed
price path and under this assumption the seller has to choose the discount price p. The
study considers two discounting strategies: contingent and fixed discounts. In the former
case, the magnitude of the discount depends on the remaining inventory. The latter indicates
that the discounting factor is announced at the beginning. The authors also test the seller’s
discount price in both contingent and fixed discount cases. Their results can be grouped.
First, pre-commitment is of benefit to a firm when consumers behave strategically. Second,
the presence of strategic consumers affect how the firm’s inventory influences the depth of

discount. Last, ignorance of the strategic consumer induces significant losses to the firm.

Levin et al. (2007) study monopoly and duopoly settings with a fixed number of con-
sumers whose valuations are random along the horizon. They introduce a dynamic model
that includes an internal price guarantee instrument. They consider that the initial price
guarantee provides a consumer with compensation if the price of the product decreases below
the strike price. Consumers can choose whether to accept or reject the guarantee. When
they buy, they pay a fee. A price guarantee encourages an early purchase. For the firm, an
increase in the number of early purchases reduces the uncertainty of late purchases. It also
improves consumer satisfaction by capacity planning. In addition, the fee of the guaran-
tee from the consumer exceeds potential average loss. The collected fee provides additional

revenue.



Su (2007) studies the impact of strategic consumer behavior in which he allows pricing
to increase or decrease over periods. Consumers are modeled in two dimensions: customers
having high or low valuations and high patient or impatient. In this way, it can be studied
by four segments of consumers: strategic-high, strategic-low, patient-high and patient-low.
The result shows that increasing prices are optimal when high valuation consumers are more
strategic but decreasing prices are optimal when high valuation consumers are more myopic.
It also emphasizes that strategic behavior implies that when prices are high initially, demand
is not lost; rather it cumulates in sales if prices are lowered eventually. Furthermore, scarcity

causes strategic consumers to compete and therefore leads to purchases at higher prices.



3 The Model

In this section, we now formally describe our two-period dynamic pricing model. The com-
plete notation is provided at the end of this section. Let pg; be the price of the product
of quality 6 in period ¢, where # € {H, L}, denoting high and low quality respectively,

t e {1,2}.

Over two periods, a firm may sell two different qualities of the same product: high and
low quality. The firm predetermines the pricing path over the two periods but announces
the prices sequentially. We restrict the price such that (i) the high quality product price to
be higher than the low quality product and (ii) in each case, (high or low quality), the first
period price is higher than the second period price (i.e., py1 > pr1, Pa2 > Pr2, PH1 > PH2
and pr1 > pre2). In addition, all decision variables and constants are positive through out
this dissertation. We assume that the firm is able to offer enough units to meet all realized

demand. That is, we abstract away from inventory considerations.

Consumers is uniformly distributed along the linear line [0, 1] and each customer’s loca-
tion is denoted by i. Consumers have heterogeneous utilities, denoted by u(:) and a unit
demand for a product. In each period, consumers arrive continuously. We distinguish two

types of consumers: myopic and strategic.

Myopic consumers visit the firm in the first period and purchase the product with the
quality that offers the highest positive utility. When the utility is less than zero or less (i.e.,
u(+) < 0), the consumers may exit and return in the second period, at which time, she makes

the same purchasing decision.

By rational expectations, strategic consumers correctly predict the the firm’s choice of
quality for the second period and the corresponding prices. Thus, strategic consumers visit
the firm in the first period, and choose the time and product that yield the most utility, given

the consumer’s location, 7. Thus, a strategic consumer may delay her purchase to the second



period although positive utility could be obtained in the first period as she is interested in
maximizing her utility over the entire remaining time.
Demand Side

We describe consumers’ derivation of utility. When consumers arrive to the store, they
observe the firm’s quality choices (i.e., whether a high quality product, oy, is offered, a low
quality product,ay, is offered or both) and the prices (py1, pr1pu2, andprs). Each consumer
has a utility ug; from purchasing a product of quality  in period ¢. Consumers who purchase
in the first period, obtain both utilities from the first and an additional discounted utility
from the second period. Consumers who purchase in the second period, obtain only the
discounted utility in the second period. Especially, a consumer located at ¢ obtains a utility
of iay from a product of quality € if he owns the product in the first period and obtains
a utility of iday from a product if he owns the product in the second period as well. This
uge (g, 0, por 51):

iOé,g (1+5) — Po1
Ugt =

ig (6) — poa,
where § € {H, L}.
Figure 1 illustrates one of scenarios. The following explanation is based on Figure 1.
The first period

Consider the first period. Strategic consumers are intertemporal utility-maximizers, since
they select the time and product that yield the highest utility. For example, suppose that
the utility from purchasing high quality product in the first period is uy; and the utility
from purchasing high quality product in the second period is uys (see upper right in Figure
1). Strategic consumers purchase the high quality product in the first period, since for these
consumers ug; > Ugo, while some other strategic consumers will purchase this product in

the second period as for these consumers ugys > ugy;.

A strategic consumer chooses the product quality and time which provide the maximum
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Figure 1: An Example of Consumers’ Utilities and Corresponding Demands

utility, max{ug, ur1, upge, ure}. Strategic consumers’ demand for the product 6 in period ¢

is expressed as gj,.

Consider the myopic consumers. Myopic consumers purchase the product once they visit
a store if the utility is positive. In the first period, the consumers face the decision of which
quality of the product to purchase. Some of the myopic consumers choose to purchase the
high quality products, since for these consumers ugy; > ur; while some others will choose
the low quality product if in their case ur; > ugy. Let 6, and 65 to be the quality choices in
period 1 and 2, respectively. In general, given ug,; and up,1, a myopic consumer in the first
period purchases oy, in the period 1 if and only if ug,; > ug,; where 01,0, € {H, L}, 0, # 05.
The number of units of quality, #; , purchased by myopic consumers in the period ¢ is ex-
pressed as gy, where t € {1,2}. The Second period
In this period, strategic and myopic consumers behave in the same way. Given wug,o and

Ug,2, & Myopic consumer purchases oy, in period 2 if and only if ug,o > ug,2, where 6y, 6, €

10



(H,L},0, # 0,

The Firm’s Pricing Decision

We now study the firm’s optimization problem. We have seen how the consumers’ demand
to be determined, so we omit the demand consideration. See the strategic consumers’ demand
depicted by the two-sided arrow in the upper part and the myopic consumers’ demand
depicted by the two-sided arrow in the lower part in Figure 1. Note that a strategic consumer
at point A has the same utility if she purchases a high quality product in each of the periods.
Therefore, she might buy now or later. A myopic consumer at point B has the same utility

if she purchases or not in the first period.

Now, the firm is able to anticipate the quantity demand by both the strategic and myopic

consumers. Hence, The expected revenue from myopic consumer; demand in both periods is

Rev,, = Z Z gt * Pot-

te{1,2} 0e{H,L}

The expected revenue from the strategic consumer; demand in both periods is

Rev, = Z Z Qo - Dot

te{1,2} bc{H,L}

Hence, the total revenue expected to the firm in both periods is

1= Z Z (B - Revs + (1 — B) - Revy,) .

te{1,2} bc{H,L}

Finally, the firm is able to set the prices (i.e., py1,pu2, pr1 and pra) over two periods by
differentiating with respect to the price in each case.
Notation

We summarize the notation used in this dissertation. gy refers the quality product 6 with

11



0<ap<ay<1, where § € {H, L}

[ is a share of strategic consumers with 0 < 5 <1

0 is the discounting factor of strategic consumers with 0 < 9§ <1

1 is the consumer location with 0 <37 < 1.

ugy is the consumer utility from product quality € in the period ¢, where 0 € {H, L},t € {1,2}.
17" is the intersection point of two utility functions, high and low quality in period ¢.

iy, is the i-intercept of the 6 quality product utility function in period ¢.

U519 1s the intercept point of the two utility functions in 1st period and 2nd period.

Uss= 1s the consumer utility at i=4;*.

Uiz, is the consumer utility at i=ig,.

Ui
2

: . 1s the consumer utility at i=ij g, .
192
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4 Model Analysis

In this section, we study the different scenarios that may occur based on the retailer’s choice
of qualities to offer in each of the periods and corresponding prices. We distinguish between
three main broad groups of scenarios:

Case 1-in which the second period utility function dominates the first period utility function.
Case 2—in which the first period utility function dominates the second period utility function.

Case 3-in which the both period utility functions meet in the range.

4.1 Scenario Analysis

The retailer can choose to offer only one quality or both qualities of the product in each
period. Therefore, we identify the following cases: Case 1, Case 2 and Case 3. Next, we
analyze each of cases separately, and consider the different scenarios each case entails. The
different scenario described in Figure 2 are based on the potential relationships between the
available products in period 1 and period 2, and the points where the utility has intersect.
We solve and obtain the prices by assuming each case is feasible.

Case 1

In Case 1, we have several scenarios (see Figure 2). In all scenarios, the utility functions in the
second period dominate those in the first period. This implies that all strategic consumers
wait for the second period so none of them purchases in the first period. Intuitively, when
this happens max{uys, uro} > max{uyy,urs }. We find that only Case 1D2 is feasible. Case
1A

In this scenario, the retailer offers both high and low quality of the product in both periods.
If the scenario is feasible then (i3*,Us+) must exist in the first quadrant. In other words,

iy" > 0 and U+ > 0.

13
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Lemma 1 Case 1A is infeasible.

Proof. By contradiction.

Assume Case 1A1 is feasible. Then Us- > 0.

But, Ulg*

= % — pu2 , substituting the optimal prices in this case

_( _onapd(B+B6+148) a7 d(B+BI+1+96) aplay — o )—1 _apapd(B+B85+1+4)
- dar+4apd—agd+péay dar+4ard—agd+Béay H H L 4oy +4arpd—agd+Béay

. (ozHoaL5(,8+ﬁ5+1+5)—oa%6(,3+,86+1+6))aH(04H—o¢L)’1—oaHaL5([3+ﬁ5+1+6)
- dar+4ard—agd+Béay
ard(B+Bo+1+6)(ag—ap)an(ag—ar) t—ay)

= Tog o, 3o fFamn = 0, which violates the assumption that U~ should

be strictly positive. Hence, Case 1A1 is infeasible. m
Case 1A2
In this scenario, the retailer offers both high and low quality of the product in both periods.

If the scenario is feasible, then (i}*,U;:«) must exist in the first quadrant. In other words,

ZT* > 0 and U’I* > 0.
Lemma 2 Case 1A2 is infeasible.

Proof. By contradiction.
Assume Case 1A2 is feasible. Then Us:+ > 0.

— 1agd0t1+botp) 0, leading to a contradiction. Thus, Cases 1A2

But, in optimality Uiy = —5 =3 55735

is infeasible. =

15



Case 1B1
In this scenario, the low quality product is not offered in the first period. Hence, whenever

Ugy > U, we must have wgr  — ugr Ji=1> 0.

Lemma 3 Case 1B1 is infeasible.

Proof. By contradiction.
Assume Case 1B1 is feasible. Then wug — ug  |i=1> 0.
However, w;: = — u;:  |i=1

= PH1 — PH2 — QH

aH(2—62+65)
1+35+35

aH(2—62+65)
1+35+35

< 0 : contradiction.

Hence, the assumption uge — upg |;=1> 0 does not hold and Case 1B1 is infeasible. m
Case 1B2

In this scenario, the low quality product is not offered in the first period. Hence, whenever

Ugy > g, we must have ugr  — ugr |i=1> 0.

Lemma 4 Case 1B2 is infeasible.

Proof. By contradiction.

Assume Case 1B2 is feasible. Then uys — ugy |i=1> 0.

But, ugs — um |i=1= 1 — Pu2 — an
4a%1673aL62aH+ﬁaL52aHf4aL6aH+a2L62fﬁa%52+26aL5o¢H+4a%I
2(4aH+404H57aL6+[3aL5)
(4aH2—4aL6aH)+(aL262—,8aL252)+(4a§16—3aL52aH)+(BaL62aH+2BaL6aH)
2(4ag+3agé+(ag—ar)d+Bard)
4aH(oszocL6)+(17,8)aL252+(3aH2573aL62aH)+aH26+,8aL62aH+2,BaL6aH
2(dag+3agd+(ag—ar)d+Lard)

o 4aH(aH—aL5)+(l—,8)aL262+3aH6(aH—aL)+aH25+ﬁaL62aH+2,8aL6aH
2(4(XH+3aH§+(OcH—OzL)(5+BO!L6)

< 0 : contradiction.

This violates the assumption that ugs dominates and , hence, Case 1B2 is infeasible. m

16



Case 1B3
In this scenario, the high quality product is not offered in the first period. Hence, whenever

Uprg > ury, we must have ug- > 0.
Lemma 5 Case 1B3 is infeasible.

Proof. By contradiction.

Let Case 1B3 is feasible. Then U > 0.

a2 §(8+B5+1+9) )+< apars(B+B5+1+6) )aL

—apgdét+péa+dar +dard —apgdé+pBéatiar +dard

_aH(
But, Uiy = —OHPIATPHIOL = 0, contra-

ag—oar ag—or

diction.

Thus, we conclude that Case 1B3 is infeasible. m

Case 1B4

In this scenario, the high quality product is not offered in the first period. Hence, whenever

Upo > ury, we must have 7, < 5",

Lemma 6 Case 1B/ is infeasible.

Proof. By a contradiction.
Assume i}, < 3*. Then 7, —i3* < 0.

>k > kK
However, 17, — 5

_ _pL1 pH2—pL2

T aL(149) d(ag—ar)

(2+ﬂ62+46+66+262)aL 18(=2ap+2Bap+dag+3agi+Biag—ard+Bars) ) < ar 8(B8+148+6) )
55T 2 IT35455 1735485

aL(1+49) o dlag—ar)
_ 24B6%+45+B5+26% 1
(4+35+35)(1+9) 2

_ 1 _6(B+1)
T 24435488

> 0, which violates the assumption that 7, — 5" < 0.

Therefore, Case 1B4 is infeasible. =

17



Case 1C1
In this scenario, the low quality product is not offered in the second period. Hence, whenever

Up2 > w1, we must have 0 <47, <147" <1

Lemma 7 Case 1C1 is infeasible.

Proof. Showing that CASE 1C is not feasible.
Assumption 1: i3, >0

Claim that 77, > 0

_ BO+pBS2+4ard+2ar+20r, 62

111 = ey tdagé—sradie > Y
(B0+2ap 6420 )(149)
(4OLL+404L67(5+55)(1+5) > 0
— (ﬁ(;-i—roL(S-FQOéL) > O

(daz +dar6—6+050)
S 4CYL+4(){L5—5+5(5>0

3(1-8)
4(1+9)

<~ Qg >

6(1-p)

Therefore, the assumption 1 holds if and only if oy > EE

Assumption 2: 7}, < 4]

Claim that ¢7, < 7"

Pricr PH1—PL1
= 10~ ancanir <0
- 1 (B+D)ag
§4aL6+4aLfaH6+/BaH6 < 0

<= 4dapd +4ap — 6 + B < 0, By substituting ayg =1

— ap < i((lljr?)) Thus, the assumption 2 holds iff o, < i((llig)) .
From, assumption 1 and 2, Case 1C1 is feasible iff aj, < i((lljr’?)) and ay > i((lljr’?)) This implies

that there is no value of «aj, for which Case 1C1 is feasible. Thus, We conclude that Case
1C1 is infeasible. m

Case 1C2

In this scenario, the high quality product is not offered in the second period. Hence, whenever

urg > upi, we must have 7, < 7",
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Lemma 8 Case 1C2 is infeasible.

Proof. By contradiction.

Assume Case 1C2 is feasible. Then ¢}, < 7.

(B+1)8
36+4+B80

But, i}, —if* =3 > 0, a contradiction. Hence, Case 1C2 is infeasible. m
Case 1D1
In this scenario, the retailer offers the high quality product in both periods. Hence, whenever

Up > ug1, we must have wg  — ug  |i=1> 0.

Lemma 9 Case 1D1 is infeasible.

Proof. By contradiction.
Assume Case 1D1 is feasible. Then w;:  — ug  [i=1> 0.
But, ui;ﬂ — ui;ﬂ |i:1

= PH1 — PH2 — CH
ap (2-02+485)
T 4436486
a (2-52+80)
T 4436+85

< 0 : contradiction.

Hence, the assumption uys — ug |;=1> 0 does not hold and Case 1D1 is infeasible. m
Case 1D2

In this scenario, the retailer offers the low quality product in the first period and the
high quality product in the second period. Hence, whenever ugs > wur;, we must have

0< 2;[2 < izl < 1l,ugs — uL1|(i:1) > 0.
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Lemma 10 Case 1D2 is feasible if and only if ap, > %?TH(?.

Proof. We test all assumptions.
Assumption 1: i}, > 0

iro = 25 > 0, which is always true.

Assumption 2: ugs — ury|i=1) > 0

ugy — uri|=1) > 0 <= agd —pg2 > ar(l1+0) —pr1

pa2 < agd+pr1 —ap(1+0) < agd +ag(l+6) —an(l+9)

= ayd + (g — ar)(1 4 0), which is always true since pys < ayo.
Assumption 3: i}, < i},

PH2 _ _ PL1

= s o <0

P ar (B+B86+149) _ Bagd+Bapé®+2ar6®+2ar+4ars <0
4ard+4ar,—agd+Bagd (4aL5+4aL*aH5+BO¢H5)(1+5)

RN _aré—paré+fagd—PFartar
dagd+4ar, —agd+LBagd < O

RN apd—papd+Bagd—PLartar
404L6+4C!L—OLH6+BQH6 > O

Now, consider two cases:

(1) The numerator > 0 and the denominator > 0

1agé(1-p) Bapd
< QL>ZTaHd&L>W}i571
ce 1agd(l-p) Bagd
Have to check if ;== > —Hﬁéljrﬁ—l
Lagd(=) _ _ pays _ _ _1 (128 )owd 4 (g41ats
47 140 —6+BB—1 — 4 —o4Bs+B—1 4(1+0)(1-B)
1agdé(1-p) Bamd
Thus, ;=75 > 4Bt p1
1 agdé(1-5)
Hence, af > 1755

(2) The numerator < 0 and the denominator < 0

1 aHé(lfB) ﬁOéH&
= oy <375 and ap < i
é
Hence, ay < %
Bapd  _ __ Bayé

However, aj, < < 0, which violates the assumption 0 < ay < 1

—5+B5+B—1 — (6+1)(B—1)
thus, we do not need to consider this case.

1agdé(1-5)

Therefore, from (1) and (2) assumption 3 holds <= ay > ;=5
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Assumption 4: ;, <1
Claim that 7, —1 <0

s ko __ _ b —2ard+agd—2ar,
111 1= ar (146) 1= dapd+dar,—agd+Bagd <0

Now, consider two cases:
(1) The numerator > 0 and the denominator < 0

1agd 104H6( —B)
— ap <395 and ay, < 7R o

e 1lagd 1 C‘lHé(l*B)
Have to check lf 57145 > 17 1te -

lagd _ 1agdé(1-B) _ 1and(B+1) >0

2 1446 4 146 4 1446

lagd  1and(1-5)
Hence, 555 > 3745

1 agd(1-p)
1+6

Hence, af <
(2) The numerator < 0 and the denominator > 0

1 ayd 1QH5( :8)
= ap > 375 and oy > i1

1lapd

Hence, af > 3355

Therefore, from (1) and (2) assumption 4 holds <= ay < 1% or ay > ;?fg

From assumption 1,2,3, and 4, Case 1D2 is feasible if and only if oy, > ;j“fg [
Case 1E1
In this scenario, the retailer offers the high quality product in the first period and the low

quality product in the second period. Hence, whenever urs > upy, we must have ij, >

0,ure — UH1|(1':1) > 0, 222 < 2}}1 , and Z;Il < 1.

Lemma 11 Case 1E1 is infeasible.

Proof. By contradiction.
Assumption 1: i3, > 0

i1 = &5 > 0, which is always true.
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Assumption 2: ury — U |i=1) > 0

<— (a0 —pra) — (ag(l+98) —pg1) >0

apagd(B+B5+1+6) ag (146) — aH(BaL6+BaL52+2aH52+20‘H+4QH5)) >0

OZLCS B dagdt+dag—arpd+Bard dagd+dag—ard+Bard

dop02ag+aaropgd—ar?6?24+ar?6?2—Bagard—Lagord?—4dog26—2ar262—202
= >0
dagdtdayg—ard+PBard

Note first, by substituting iy = 1, the numerator becomes:

4o 0% 4+ dopd — ap?6® + ap?6?B — Bard — Bapd? — 45 — 262 — 2

= (2a0? — 26%) + (2a0? — 2) + (=40 + 4ad) — ar?6? + (268 — Bard) — Bayd?

=-2(1-az)—2(1 —ard?) —46(1 —ar) — ar?6® — (1 — apd)Bard — Bard® < 0
Now, we need the condition: the denominator < 0;

< 4oy +4dag — ard + 50([/5 <0

= ar > i
Hence, the assumption 2 holds iff ay > 4%89;)5).
Assumption 3: i}, < i}
pbr2 __ PH1
= o5 anisn <0
: : aH(ﬁ+ﬁ5+1+5) o BaLéJrﬁozL52+2aH52+2aH+4aH5 < 0
dagdtdag—ard+pPard (404H§+404H704L5+,3a1,5)(1+5)
: —agdtagBi—PLardtagf—amg
dagdt+dag—arpd+Pard < 0
Note the numerator: = —(1 — f)ayd — fard — (1 — B)lag <0

Now, we need the condition: the denominator > 0;

A 4OZH(S+40éH — OéL5+ 501L5 >0

4041{(14»5)

= or < i3

4&H(1+6)

Hence, the assumption 3 holds iff a < 5(1-5) -

Assumption 4: i}, <1

— aHp—(Iﬁé) <1 < py1 < ay(l+6), which is always true.
dap (1+9)
6(1-5)

. This implies that there is no value of a for which Case 1E1 is feasible.

and

From the assumptions 1,2,3 and 4, Case 1E1 is feasible if and only if ay >

6(1-8)

ay <

Therefore, we conclude that Case 1E1 is infeasible. m
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Case 1E2
In this scenario, the retailer offers the low quality product in both periods. Hence, whenever

ure > ury, we must have ugys — up1f=1) > 0.

Lemma 12 Case 1E2 is infeasible.

Proof. By a contradiction.

Assume Case 1E2 is feasible. Then urs — up|G=1) > 0. But,

urs — uri|=1) = (rd — pr2) — (ar(1 +6) — pr1)

o o 6(ﬂ+ﬂ6+5+1) aL(,B5+552+252+2+45)
- (O‘Lé - = 30+4+86 ) - (O‘L(l + 5) - 36+4+086

aL(—62+ﬂ5+2>
T 36+4+85

< 0, since (—0%+2) + 36 > 0

This leads to a contradiction. Therefore, Case 1E2 is infeasible. m

Case 2

In Case 2 we have several scenarios (see Figure 3). In all scenarios, products in the first
period are always preferred over those in the second period. These cases are inferior to other
cases. In each case of the possible scenarios in Case 2, we must have ug; > wugs, where

0 € {H, L}. This implies that strategic consumers purchase the products in the first period.
Hence, strategic and myopic consumers behave in the same way, as they all purchase in the
first period, if they purchase at all. This leads all consumers purchase in the first period and
the firm would not offer the products in the second period. Consequently, this violates our
model assumption (two period time horizon) and makes it impossible to obtain the prices
in the second period. (i.e., pgo and prs). Therefore, we cannot prove scenarios. The major

proofs are following in two group:
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Case 2A and 2B

Lemma 13 Case 2A and Case 2B are infeasible.

Proof. By contradiction.
Assume CASE 2A and CASE 2B are feasible. Then Uy« > 0.

However, U+

_ (pH1—PpL1)O0H

ap—-ap  PH1

_ (pui—pri)on—(oex—or)pm
apg—ar,

— PH1OL—PL1QH
Qg —Qf

aH(1+5
2

) and pr; = ar (149)

substituting optimal prices in these scenarios py; = 5

@ 1+6 ar (146
HO46) ) _ar(4e)

OH—OL
agop(149) opap(1+9)
2 2

= — = 0, which violates the assumption that U;s« should be strictly positive.
H—QF, 1

Therefore, we conclude that Case 2A and Case 2B are infeasible. m Case 2C and 2D

Lemma 14 Case 2C and Case 2D are infeasible.

Proof. By contradiction.
Assume CASE 2C and CASE 2D are feasible. Then ug; — ug2|@=1) > 0.
But, ugy — umali=1) = ag(1+0) — pa1 — (ud — pr2)
= g > PH1 — PH2, this can not be shown if whether it is true or not since pgo cane not

be determined in this cases. m
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Case 3
In Case 3, we enumerate several scenarios (see Figure 4). In all scenarios, four consumer
utility functions meet each other in the range (i.e., 0 < i < 1). We test feasibility in each
case. We find that only Case 3D, Case 3E, Case 3F and Case 3G are feasible.
Case 3A1

In this scenario, ug; and ugo meet in the range. If this is feasible, we must have U= > 0.

Lemma 15 Case 3A1 is infeasible.

Proof. By contradiction.
Assume Case 3A1 is feasible. Then Uz > 0.

However, Uj;-
— —QHPL2tPH20L
ag—ar

_ —ag(pL2) + ar (pH2)
T ag-—or ag—ar,

( ar?6(144+386+2852+5) )

-1
dapd—agd+5Bard+58ard?+Bagd—Bapd?+5262ay—B26%2ar,—B20ar+4ar, (aH - aL)

apapd(1+B+385+2852+0) _
Taro—andi5Barotbhar s’ tBand—Band?tB20%ay —B26%aL, —B20aL tday (an — o)

+ay,

— aiéX + o agoard X

ag—Qay, afg—Qy,
—apols 25 -
= % X + % X = 0 :contradiction
2
where X = 1+5+385+285%+6

4CYL5—C!H5+5BC¥L6+5BC!L62+BC¥H5—['30£H62+,8262OLH—ﬂ252OéL—B2§OLL+4CML :

Hence, we conclude that Case 3A1 is infeasible. m
Case 3A2
In this scenario, ugy; and ugs meet in the range. If Case 3A2 is feasible we must have

Ui;* > 0.
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Lemma 16 Case 3A2 is infeasible.

Proof. By contradiction.
Assume Case 3A2 is feasible. Then Us- > 0.

However, U+
— —QHPpL2tpH20L
ag—ar

_ —an(pl2) ar (pH2)
apg—oy, ag—of

_aHaié(_52°‘H+ﬁé2aH+52aL+ﬁ62°‘L_aH§+BQL+20L6+ﬁ&H5+&L+2ﬁaL5)

6204%{72662aH2+62aH2B2+6B52aLaH752aHB2aL75620411aH+4§2a%+GBaLaH675aHﬁ2aL7504L0¢H6+8a%5+4a%

)

ag—ar,
o} aps(-02ay+862ay +5%ay+85%ay, —ays+Bag+2a 5+ Bayb+ay +20a,0)
62aH2—2[352041_12+62aH252+6B52aLaH—ézaHB2aL—5(52&LaH+452a%+65aLaH6—6aHB20¢L—SaLaH5+Sa%5+4a%
+ ag—or,
2 2
—agad X afagX ..
= L L = 0 : contradiction,
ag—ary, ag—ar,

§(~82an+psan+8aL+B8*aL —and+Bar+2ari+Bandtar+2Bard)

where X =
Hence, we conclude that Case 3A2 is infeasible. m

Case 3B1

Qa%{72,86204}12+52aH252+6552aLaH762aHﬁ2aL7562aLaH+462a2L+65aLaH575ozH52aLf5aLaH5+8a2L6+4a2L

In this scenario, ugy; and ugyo meet in the range. If this is feasible, we must have Ui= > 0.

Lemma 17 Case 3B1 is infeasible.

Proof. By contradiction.
Assume Case 3B1 is feasible. Then Us:+ > 0.

However, U+

_ —QeppritpHiQL
ag—ar,
(aur+and?B+285an+Ban+ans®+2ay—aLd+Bari-s2ar+62arB)ard
(—BéaH—7aH5—4aH—aH§26—3aH62—362aL[3+52aL5—5,8aL6+362aL+4aL6)
(1+5)(aHlSJrﬁéOéH*04L5+,304L5+C¥H+501H)04L5
(7ﬁ50¢H7701}1574041-[7041-[52/373&}1527352041,64»62&[/575,304L(5+3(52a[‘+4aL5)
(1+9) (o —ap )o+Boapé+Bard+an+Bam)ard
—ﬂ(SOCH—40[1-[—aH525—3(52061,6-{-5041,5(5—5)-}—352(OCL—(XH)+4O£L5—7OLH(5
_ _1 (1+9) (e —ar)d+Béapdé+Bardtant+Bam)ard
T 2Bdapgt+dagtapd?B+362arB+Bard(5—PB)+362%(ag—ar)+46(ay—ar)+3agd

N =

NI—= D=

<0

, since the denominator and the numerator are positive.
Hence, we conclude that Case 3B1 is infeasible. m
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Case 3B2

In this scenario, ugo and uy; meet in the range. If this is feasible, we must have Ui;* > 0.

Lemma 18 Case 3B2 is infeasible.

Proof. By contradiction.
Assume Case 3B2 is feasible. Then U~ > 0.

However, U;:-

_ —agpritpHioL

o ag—ag

(—28-286+1+6+6%6+5)ar, 6
—43562-636-30+3%0—4

_ 1 (B=1)*(+8ars

T 274B862—(6—B)B6—30—4

1
2

< 0 : contradiction.

Hence, we conclude that Case 3B2 is not feasible. m
CASE 3C1
In this scenario, ugy; and ugo meet in the range, but the low quality product is not offered

in the second period. If this is feasible, we must have 0 < 13, <i7; and Up= > 0.

Lemma 19 Case 3C1 is infeasible.

Proof. By contradiction.

Assume Case 3C1 is feasible.

Then must satisfy assumption (1) 0 <4}, < i}, and assumption (2) Ug= > 0.
Assumption (1) : 0 < iy < i},

(i) Claim that i}, > 0

— (14+8+380+6+2852)ar

ZHQ - ,8262aH+ﬁaH5faH67aH52,8+4aL6+5,8aL62+5,8aL6752aL6762aL62+4aL
< 52(52CKH+ﬂOéH(5—OJH5—04H625+404L(5+5506L62+5ﬁCKL(5—5204L(5—B206L62+404L >0

ar, (74675,6527555+526+,826274)
8(B26+B—1—6)

ay (—46-5802—585+/25+p5262—4)
5(B26+8—1—B5)
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(ii) Let ity < i%,.

_ (146)(=Bard+Bagdtar—PBar)
,8262aH+,8aH5—aH6—aH62ﬁ+4aL6+5,8aL62+56aL5—ﬁ2aL5—,82aL62+4aL

_ (A+8)(Bd (eg—ar)tar(1-5))
ﬁ2520q-1+,304H5—01H5—01H526+4QL(5+5ﬂO¢L(52+5BaL5—52(1L5—52QL52+4(1L

< ﬁ252OéH—f—ﬁOéH(;—OéH(S—(IH(525+4OéL(S+5ﬁOéL52+5BO&L5—ﬁ2aL(5—52aL52+4O{L >0

ay, (—46-5802—585+325+/3262—4)
5(8%20+8—1—p9)

Then i}y — 7, = < 0.

<— <0

— ag <

ar, (—45—5562—566+626+6262—4)
5(B%0+B—1-p9)

ar (—46-5B62—580+325+5262—4)
5(B26+B—1-B5)

Therefore, 13, <17, iff ag <

From (i) and (ii), assumption (1) is satisfied iff ay <

Assumption (2) : Ug= > 0.
Let Uy > 0,

Then Uy = ZOHPLITPHIOL , ()

ag—og
1 (1+5+385+5+2852 )anard
2 B282ag+Bagd—ag d—ag 5264—40([, d+5Bar, 52+5ﬂOéL (5—[32011, 5—52(1L 62+4ag

< ﬁ252OéH—f—ﬁOéH(;—OéH(S—(IH(525+4OéL(S+5ﬁOéL52+5BO&L5—ﬁ2aL(5—52aL52+4O{L <0

ay, (—46-5802—585+325+/3262—4)
3(B%5+5—1-p3)

ar (—46—5802—5B0+/26+5252—4)
5(B25+B—1-p3)

—

= ay >

Therefore, Uiz >0 iff ag >

From Assumption (1) and (2),

ar (—45—5662—5B5+626+B252—4)

ar (—46-5B52-585+325+5252—4)
ar < 5(F25+F—1-P0)

8(B20+B—1-p9)

and oy >
Hence there is no solution of ay satisfying the Assumption (1) and (2) simultaneously and
we conclude that Case 3C1 is infeasible. m

Case 3C2

In this scenario, uy; and ugys meet in the range, but the low quality product is not offered

in the second period. If this is feasible, we must have 0 < 7}, < i}, and i}9,, < 07"
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Lemma 20 Case 3C2 is infeasible.

Proof.

By contradiction.

We solve and obtain the following prices by assuming Case 3C2 is feasible. Assume Case 3C2
is feasible. Then the following assumptions (1),(2),(3),(4) and (5) are satisfied. Assumption
1: 0 < 1y

irp = 45 > 0, which holds.

Assumption 2: i}, < 17,4

- Sk DPH2 Pr1 agdpry

Assumption 3: i}, < 397,

<k sk pPL1 PH2—PL1
It i, <ipop < ar(1F3) < apo-ar—ars

agopL1 : _ _ .
So. i < it PH2 > aL4o) if OKH(S Qy, OéL5 > 0, @
s L1 H2L1

apdpri :
pH2 < Srats) otherwise. NG
ag - 146 ar ~ 6
Note that, agd —ap —apd <0 <~ s < = o> ..
Assumption 4: ij5,, < 0}

s ok PH2 PH1—PL1 (pH1—PL1)HO
B ihor <7 <= 05 < Gnaan)(10) T PH2 < (ay—a)(140)

If agd —ap —ard < 0.

Then we can simplify this inequality equation by using @ and becomes

(pr1—pr1)end _ (pui—pri)em & _ (pHi—PrLi)or
= PH2 < (ap—ay)(1+9)  (am-ap) (1)  (am—az)
— apgd .
prrs < BPLIIS - if 05— ap — apd > 0; ..

-k -3k %k
50,00 <1 =

(pH1—PL1)OL .
PH2 < o) otherwise. ..®
Assumption 5: Ups > Uy
e — [T _ —agppitpmiar _ (=pritpm2)apd
U’ U7’H2L1 - ag—ar, —ay—ard+agd + Ph2
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ar(agpri—pH10L—aL0pH1+OHPH1—HPH2 —PH20H +PH2OL+PH2OLY)
(—ap—apdt+agd)(ag—ar)

_ ar(-apd—ap+ap+ard)pus + ar(agpr1—pH10L —0LdpH1+OHOPH1) >0
(—aL—aL5+aH6)(aH—aL) (—OzL—OAL(;-i-OzH(S)(OLH—OzL)

P2 < QHPL1—PH1OL—CL0pH1+OHODH if ad —ap —apd > 0; @

—agd—agtapt+ard )

<

QHPL1—PH10L =1 6PH1+OHOPH1
—agd—ag+tap+tapd ’

P2 > otherwise. e

Simplify @) by using @ and this inequality equation becomes,

QHPL1—PH10L =1 0pH1+OHOPH1
—agd—ag+tap+apd

PH2 >

~ QHPLI=PH1 ap—arépg1+apépr:
—agd—agtarpt+ard

,since pri < pH1

_ (ampri—orpu)(1+0) _ awpri—orpH1 _ QLPH1—OHPLI appai—anprl _ (PH1—PL1)OL
(—ag+ar)(1+9) —agtar ag—ar ag—ar (ag—ar)
So (pH1—PL1)OL
y PH2 > (ag—ar) @

Have to consider two cases: agd —ayp —ard >0 and agd —ap — apd < 0 separately.

First consider the case if agd — af — ard > 0.

Then from the assumption 2 ( (D) and assumption 3 (@), pu2 < Sf(i[jfg) and pgo > SLH(‘EL(;).
Hence. it is not possible to make a decision to pgo, so fail to satisfy the four assumptions.
Next consider the case if agd — ar — ard < 0.

Then from assumption 4 ( @) and assumption 5 (D), pys < m-pr)or  and  pye >

(ag—ar)

(pH1—PL1)OL

(an—cn) Thus, it is not possible to make a decision to pge, so fail to satisfy the four

assumptions. Consequently, the four assumptions above cannot be satisfied so Case 3C2 is
infeasible. m

Case 3C3

In this scenario, ug; and urs meet in the range, but the high quality product is not offered

in each period. If this is feasible, we must have U > 0.
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Lemma 21 Case 3C3 is infeasible.

Proof. By contradiction.

Assume Case 3C3 is feasible. Then Ui~ > 0.

w — —HPLAtPH1IOL
Uzl - afg—Qy,
1 (6204H+5520/H+604L52_52aL+20¢H5+260¢H5+BQL5_QL6+04H+60¢H)O‘Lé

2 (—35204H—552aH+362aL —3,3041,(52—704H5—ﬁ04H5—5604L5+562(XL+404L(5—404H)
2

1

(1+6)(—aL6+ﬂaL5+6aH6+aH5+Bo¢H+aH)ozL§
(—35204[1—,8626!1-]4-352&[, —360&L52—7aH5—ﬂaH5—5ﬂOAL5+5B2QL+4OLL5—4CMH)

For the numerator

—apd +ag + agd + Pard + Pag + Bagd

= (a0 +ag +agd) B —ard +ay + ayd

= (a0 +ag +agd)f+ (ag —ap)d+ag >0
For the denominator

—3(52CYH - ﬁéQaH + 352aL — SBCYL(SZ — 7QH6 - ﬁozH5 - 560[L5 -+ (5520{L + 406[}5 - 4CYH

(=30% — 862 — 76 — B6 — 4) ay + §3%ar, — 3Bard® + 36%ar, — 5Bard + 4ard

(—362 — B62 — 36 — 46 — BS — 4) ar + (=5 + B) Bawd + 30%as, — 3Bard? + dard
(—352 - 5(52 - 5(5 —30 — 4) ag + 4 (—OéH + OéL) ) + <—5 + ﬁ) ﬁOéL(s + 3(5204L - ?)BOKL(SQ
:—(ﬁ52+5(5+3(5+4)a1{—4(aH—aL)(5—(5—ﬁ)ﬁaL(5—3(52(aH—aL)—360@(52 <0

Qo Uis = L (1+0)(ard+ag+agd)f+(ag—ar)dt+an <0
T2 7(552+B6+36+4)a1{74(a}1faL)57(57,8)60%57362(aHfaL)fZiBaLSQ

. contradiction.
Hence, the assumption U+ > 0 is false and Case 3C3 is infeasible. m

Case 3C4

In this scenario, ur; and uzo meet in the range, but the high quality product is not offered

in the second period. If this is feasible, we must have U= > 0.

Lemma 22 Case 3CY is infeasible.

Proof. By contradiction.

Assume Case 3C4 is feasible. Then U= > 0.
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However, U;:-

1
2
1
2

1

2

_ “QHPL1tPH1QL
OH—OL
(—28-285+1+5+825+52)ar

—4B62 6803015204
(B=1)*(148) ar.d

—4362—685—36+£25—4

2
(B-D°(+9)ad () . contradiction.

—1867—[(6—B)A+3]0—4

Hence, the assumption U+ > 0 is false and Case 3C4 is not feasible. m

Case 3D

In this scenario, ugy; and ugs meet in the range. The high quality product is offered in each

period. Case 3D is feasible if and only if 4}, < i}, < 1.

Lemma 23 Case 3D is feasible.

Proof.

Without Loss of Generality (W.L.O.G), substitute ay = 1 into all equations below:

Assumption 1: i3, < 03759

— U <pm —pm2

<= pm < (pu1 — pu2)(1+96)
< pH1(5 > pHQ(l -+ (5)

pr2(149)
= py > 2l

1+0
< PH1 — p—H2((5 ) > O
2(B§3+2ﬁ52+65+1+25+52)

Substituting pg; = — —655 1357 1357 % and pyo =
2(B63+2B0%+B5+1420+02)  —3(B+3B0+2B6%+143) 15
T Z6B0—4B02—4—35+B25  —680—4PB02—4—35+825 o

2(B3%+285°+B0+1+26+5% ) +(8+385+286° +1+45 ) (149)
- —636—4862—4—35+326

(1+6)*(8—1)

T 6B0—1B5?—3—(41—F%0) = 0 : True.

—

Hence, assumption 1 is satisfied.

Assumption 2: i}, <1

< pu1 —pH2 <1

< pg1 —pa2—1<0

34

3(B+385+2852+1+9)
T —6B86—4B62—4—36+826




—3B62—586—2+82+528

—6B6—4B62—4—35+825
(5—8)B 643 B 5%+(2—62)
—686—4862—36—(4—B25

— —

by substituting prices

—

5 < 0 : True.

Hence, assumption 2 is satisfied.

Assumption 1 and 2 above hold so Case 3D is feasible. m

Case 3E

In this scenario, uy; and uyo meet in the range. The firm offers the high quality product in
the first period and the low quality product in the second period. Case 3E is feasible if and

only if the following two assumptions hold: Ui‘in s

> 0 and if;70 < 1.
Lemma 24 Case 3E is feasible.

Proof.
We test the following two assumptions are satisfied.
W.L.O.G., substitute ay = 1 into all equations below:

Assumption 1: U >0

H1L2

_ (pH1—PL2)(149)

Ui}{lLQ - 1+6—aré — PH1
2
Substituting prices py; = 2(1+6) (mggmf%aﬂ) and pp, = (1+6)(faL5+,BaL)(§+5+,B6+1+B)aL6
_ (PP +285-20-146)oud _ (146(1-ars

< X > 0,

where

X = 452 — 5(IL(S2 + 2 + 650&[152 — 250[[,252 + G/BQL(S — 52ﬁ204L + 85 + 52520.@2
+ OéLQCSQ +2— 5620@
=4(1—ap)6®+ (2— ap6®) +4Ba6” + 2(1 — ar) Bard® + (1 — B8) Bard + 5Bard

+ (8 - 50&L) ) + 525204L2 + OéL252 + (2 - 5ﬁ2OéL) >0

Thus, assumption 1 is satisfied.

Assumption 2: 3,5 < 1
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—PL2tPHL —_33( > 0, where

g% _ __ __—TPr2TPH1
L=t =1 “aLotontons

Y = —252 - 5505L52 + 52ﬂ2OéL + 401L52 - 52/82OéL2 + 260-/11252 — aL252 — 45 — 550[[[5
+ 5520411 + 40@5 -2
= —4(1—ap)d—2(1 —aré®) —2(1 —a)6® —2(1 — ar) Bard® — 3Bard® — (1 — B6) Bars

— (4 — ﬂ) 5O~/L5 — (525204L2 — CYL252 <0

Thus, assumption 2 is satisfied.

Assumption 1 and 2 are satisfied hence, Case 3E is feasible. m

Case 3F

In this scenario, ur; and urs meet in the range. The firm offers the low quality product in
each period. Case 3F is feasible if and only if the following three assumptions hold: 77, > 0,
Ui >0 and i}, < 1.

*
L1L2

Lemma 25 Case 3F is feasible.

Proof.
We test assumptions the following:
Assumption 1: i}, > 0
179 = % > 0 ,True; hence,the assumption 1 holds.

Assumption 2: Uz >0

) _ PL1i+PrL2 __ aL5(266_52+552_25_1+’3) _ —apd(146)*(1-B) >0
12— ar | —6B0-4PB6°—4-35+P5%6  —6B0—4B852—4—(3—B2)6
Hence, assumption 2 holds.
Assumption 3: 7},,, <1
- _ | = bLizPr2 _ | — 586+3862+2—p26—6% _ (5—B)B5+385%+(2—42) <0
‘L2 —ag T T6B80-4B0°—4-35+P526  —6B0—4B62—4—(3—B2)5

Hence, assumption 3 holds.

All three assumptions are satisfied; therefore, Case 3F is feasible. m
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Case 3G
In this scenario, uy; and uge meet in the range. The firm offers the low quality product in
the first period and the high quality product in the second period. Case 3G is feasible if and

only if the following three assumptions hold: iy >0, Uiz >0 and i}y < 1.

0

Lemma 26 Case 3G is feasible only if oy, > 135

Proof.
We test that all assumptions are satisfied.
W.L.O.G., set ayg = 1.

Assumption 1: i, > 0

~

_ b . 3
To = QLH% > 0, True; hence, assumption 1 holds.

Assumption 2: Uy >0

L1H2

L1H?2

_ 5 _ _ _
Then Uy _ (=pritpH2)an — e = pridortprzaptarpyad _ prid—pazap—oarpmad -

L1iH2  —ap—apdtagd —ap—aré+agd arp+ard—35

Have to consider two cases: (1) and (2) below.

(1) The numerator > 0 and the denominator > 0

P10 _6_
= ap < T and ag, > 5

pr1é ) PL1
It P10 © 116 7 s © 1 <= pr1 > pu2

J pr1d ; .
140 <arp < pr2(149)° if PrL1 > pm2; @
pr1d d :
ar < o and a > 15 otherwise. @

Note that, @) can be omitted, since two different vales of ay at the same time

does not make sense.

(2) The numerator < 0 and the denominator < 0

pr1d 5
= oL > T and af, < 5
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s 5 .
aL<1+6ando¢L> pﬁ+5)7 if pr1>pp2; ...O

PLY _ () <

pr2(1+9) otherwise. ..@

1+5’
Note that, @) can be omitted as the same reason with (2).

Hence, assumption 2 holds if @) OR @

Assumption 3: 7}, <1

Qay,

y K
Assume i}, — 1 < 0.

Then i}, — 1 = 2L ] — PLPIR_0Lo0L040 < () (5)

Let’s consider two cases: the denominator and the numerator.

(1) The denominator

We draw four different quantities in this scenario (see Figure 5) by Maple.
It suffices that showing the myopic consumer quantity demand is positive.
Figure 5 shows that there is a threshold a; above which the myopic
consumer quantity demand in second period, denoted by Qty5*, is positive.
Thus, have to define ay.

If Qty* =0

> i — i =0

— PL1  _ PH2 __
OéL(1+5) apd O

(*0L52+5250‘L+52*552*ﬁJ*QCML(H’é‘FQﬁCVLé*aL‘FBOlL)OéL —0
—52+26§2—6252+52ﬂ2aL—662BaL+5aL52—4aL262+552aL—GBaL§+5aL5—8aL26—4aL2 - ?

—

by substituting the optimal prices and ag = 1.

< (—CYL52 + 52ﬂOéL + 5% — B52 — 55 — 204L(5 +0+ QBOéL(S —ay, + B@L) ar, =0

5

= Hence, Qty3y* > 0, when oy > oy = 05

1+6

We conclude that Qty;" > 0 if and only if af > 5 + s

This leads a, + ar d — 6 > 0, which is the denominator of ().
(2) The numerator
Next, consider the numerator of ).

< pr1—pa2 > 0,by O w>_

Ifap > 1+o 143

1+§
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by adding 1%5 to both sides.
= oy > BPRE s pr) — ppy —ap — g+ 0 <0
Hence, the numerator = py1 — pga —ap —ard +0 < 0 and 7,4, — 1 < 0.

Therefore, assumption 3 holds if and only if oy > %....@

From assumption 1, 2, and 3, Case 3G is feasible if and only if ether (D and ©)) or (@ and

®) holds. However, there is no value of «, satisfying the condition: (@ and ©)).

o

This leads the condition ay > 7 d

Hence, we conclude that Case 3G is feasible if and only if ay > 1%5. ]
1_
Qty |

Deman:l

0.5+

0.1 0.4 0.5

-0.54

|_ Qtysl - QtysZ Qtym] - Qtym2|

Figure 5: The Quantity Demand in Case 3G
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Case 3H1
In this scenario, four consumer utility functions meet each other. If Case 3G is feasible then

we must have U+ > 0.

Lemma 27 Case 3H1 is infeasible.

Proof. By contradiction.

Assume Case 3H1 is feasible. Then Uy > 0.
1 (—2B—2B6+1+6+8%5+52)ars
27 —4PB52—6B5—36+B20—4
(B2—28+1)3+(8*—28+1)
2(—4—4B52+(—66—3+052)0)

(0+1)(B-1)*
3(—4—4B57—([6—B1A+3

Case 3H2

However, Uj:- =

5 < 0 : contradiction. m

In this scenario, three consumer utility functions meet each other. The firm does not offer
the low quality product in the second period. If Case 3H2 is feasible then we must have
Ui*{* > 0.

Lemma 28 Case 3H2 is infeasible.

Proof. By contradiction.

Assume Case 3H2 is feasible. Then i3, > i7"

» k%

<k
But, i3 g0 — 41

_ —PH2+PH1 _ _ PH1—PL1
aH (am—ar)(1+9)

_ —%a%é—%a%{y—i—%a}[&xL—&-%aLaHy—i—aH(%aH-l—%aH(S)&—(%ozH+%o¢H5)aL—aL(S(%aH—l—%aHé)—l—%aHaL(l—i—é)
aH(OszozL)(]:I»(S)

Canceling the terms, the numerator is equal to zero.
Hence, i1 o — 17" = 0 ,which violates the assumption %}, 54 > 97"

Consequently, Case 3H2 is infeasible. m
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Case 3H3

In this scenario, two qualities of the product are offered in both periods and ur; and ups. If

Case 3H3is feasible then we must have 7% > 7, ,,.

Lemma 29 Case 3H3 s infeasible.

Proof. By contradiction.
Assume Case 3H3 is feasible. Then 7" > i} ,;,.

5k %k 3k
But, i7" — 4779

o 5(72,35+25+3+,32745)
T 2 (—6B6—4B852—4—35+529)
5(—286+25+3+82—4p)
(—685—4B5%2—4—35+529)

5(B-1)((8—3)—29) . i
~A(1185%)—([6-B1B+3)5 < 0: contradiction.

N= NI

Hence, i7" — i}, < 0, which violates the assumption i7* — 7,5 > 0.

Consequently, Case 3H3 is infeasible. m
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4.2 The Practical Use and Corresponding Scenarios

We discuss each of our five feasible scenarios in terms of practical application.

First, Case 1D2 shows that the high quality utility function in the second period domi-
nates the low quality utility function in the first period. Particularly, in Case 1D2 all strategic
consumers delay their purchases to the second period and they only purchase high quality
products. Myopic consumers all buy the low quality product in the first period. This is
the extreme case, which is hardly found in practice although this scenario is mathematically

feasible.

Second, Case 3D is interpreted as offering only the high quality product in both periods
and results in the best profit to the firm. This indicates that there is no need to produce
two different qualities of the same products. In fact, one might intuitively know this result,

but this theoretical study proves it.

Third, Case 3E suggests that the firm provides the high quality products in the first period
and the low quality products in the second period. In the introduction section, we show an
example in the computer software industry. This scenario works well in that example. Once
the firm releases the new product, it sells the professional version of the product at the high
price in the first period and sells the student version of the product at the low price in the

second period. this scenario turns to the best if 5 = 1.

Fourth, we notice that offering the low quality products in both periods, Case 3F, is
inferior than offering the high quality products in both periods, Case 3D, since no firm sells
low quality products in both periods. Thus, we omit the discussion of Case 3F. Although
it might be profitable in the short run, it might hurt the profit in the long run since this

scenario does not meet consumer desire for the high quality products.

Last, Case 3G denotes the instance wherein the firm provides the low quality products

in the first period and the high quality products in the second period. This strategy also
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has been used in software industry. For example, Ahnlab, which is the well-known Korean
Anti-Virus software producer, offers the first version of a new product (low quality product)
at the beginning. It revises errors if any exist or increases performance according to con-
sumer comments and offers the complete product later (high quality product). One study

of upgrading pricing related to this scenario can be found in Bala and Carr (2009).

We use Maple Optimization package and LINGO, optimization software, to obtain the
optimal maximum possible profit of the each of feasible scenarios (see Table 1). However,
many of the optimal solutions in each case explain that in order to capitalize, the firm should
not have the strategic consumers (5 = 0) but this is hardly found in practice and these cases
are too extreme. Consequently, we choose three feasible scenarios which are considered to be
more practical and test by setting different values for the constants, particularly, beta and
delta. Unexpectedly, the feasible scenario Case 3G is extremely beneficial (see Figure 6) if

the difference between two qualities is very large (say ay = land aj = 0.25).

Scenario | Case 1D2 | Case 3D | Case 3E | Case 3F | Case 3G
oy 1 1 1 NA 1
ar, 0.85 NA 0.0795 1 1
15} 0 0 1 0

) 1 1 1 1 1
PH1 NA 1.14 1.14 NA NA
Pr1 0.99 NA NA 1.14 1.14
DH2 0.29 0.29 NA NA NA
DrL2 NA NA 0.29 0.29 0.29

Profit | 0.50 0.57 0.50 0.57 0.57
Table 1: Optimal Solution of The Feasible Scenarios
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0.8

0.6

Profit

044— |

0.2

0 T T T T T T T T T 1
0 0.2 0.4 0.6 0.8 1
B
— Profit[3 D ] Profit[3E ] Profit[3G]

Figure 6: Feasible Solution Analysis (note: Case 3G is feasible only for g > 0.2)
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5 The Optimal Scenario

We have identified the five feasible scenarios: Case 1D2, Case 3D, Case 3E, Case 3F and
Case 3G. In this section, we find the scenario which offers the best profit for the firm. We
first show that the profit of Case 3D dominates all other feasible scenarios.We then further

characterize the best scenario, Case 3D.
Proposition 1 Case 3D yields the highest profit for the firm with oy =1, if ap > 135

Proof.
The proof is followed easily from requires the following four Lemmas: Lemma 30, 31, 32 and
40.

From Lemma 30: 732 > 7tP2 if af > 2(1+5)

3D > 7T3E

From Lemma 31: 7w along with our global assumption 0 < a; < ay < 1.

From Lemma 32: 3P > 73 when 0 < o, < ay < 1.
From Lemma 33: 7P > 3¢ ifa, > 115

Note that Hence, Case 3D offers the best profit for the firm if oy, > with

’ 1+6 (1+5) (1+5)

a setting ay =1. m

Lemma 30 The profit of Case 3D dominates the profit of Case 1D2, when oy > ﬁ (i.e.,

7T3D > ’/T1D2).

Proof.

Recall that Case 1D2 is feasible only when aj, > aj, = 281%) Let this threshold o = 2?1—?:;).

We show that 73 > 7'P2 when a; > d.

Let A = 3P — g1D2
(553+2552+55+1+25+52)aH aL(,6’601H+BaH62+aL52+aL+20<L6fﬁaL72,804]457&0%52)
—636—4B862—4—36+326 - dapdt+dar —apo+Bday

_ 205’82 (0+1)*(B-1)(B+1)°
o (4aL6+4o¢L—aH6+B5aH)3 :
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Then 287 — (§+1)(aHé_QaLfs_zaL)(5_1)(650‘H+20¢L5+2QL)'

dayr, (4aL5+4aL—aH6+B6aH)2

Now, consider the first order condition.

ONT
day,

_ _ aH6 —
=0 <— aL——2(1+5) = oy,
Next, consider the second order condition.

PAr _ 2ap26%(5+1)%(B-1)(B+1)*

804% o (4aL6+4aL—aH6+,B5aH)3
FAx | C_2(B=1)(6+1)° 0
oa? 1OL=AL™  (B+1)apgs
We have shown that 227 |, _ = 0 and Z4% |,, o, < 0, which that 730 — 7102
¢ have shown that 77% |a,=a,= 0 and F5° |a; =, , which means that 7 s
has the local maximum at aj = 2?‘1—%, and it shows that the profit difference is concave

downward near ay..

3D

Next, we have to check in which range of oy, 7P — 7'P? is positive.

W.L.O.G., set ag = 1. First, check the low bound of aj. Substituting oy = 0, the profit

3D 7T1D2|( _ B63428624B6+1+25+5>

ar=0) = T685+4862+36+4— B2 > 0.

difference becomes 7

Now, check the upper range of ay. Substituting oy, = 1, the profit difference becomes

3D D2  B(—4-65+352—7B5—13802+5232+325—735%+5—B51)
= (ay=1) = (—6B3—4B52—4—35+523) (30+4+33)
_ B(0+1)(6°—B6%+282—6852—TB6+25—20—4)
(—6B0—4B62—4+325—30)(36+4+/30)
_ B0+1)((85-4)—B5°+26(6—1)~6862+B5(~T+5) )
- (—656—4552 —4+ 325 —35)(30+4+59)

™

> 0,

since that the denominator and the numerator are negative. Therefore, we have shown
that 3P — 7'P? is concave downward and has the local maximum at ;. In addition,
0 — 7tP2| o) > 0 and 7P — 72|, ;) > 0. This means that 7*” — 722 > 0, where
arp € [0,1]. With the feasibility of Case 1D2 (af > ap = ?%fé) from Lemma 10 and the
setting ay = 1, we conclude that the profit of Case 3D dominates the profit of Case 1D2 if

d
“L > aigy M
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Lemma 31 The profit of Case 3D dominates the profit of Case SE (i.e., w0 > n3F) .

Proof.

We prove that w32 > m3E,

a3D _ 3B _
— (853 +2862 485+ 1425462 )an
—680—4B52—4—35+525
f(ﬁaL53+25aL52+BaL6+63aHfaL637252aL+352aH7aL5+3aH5+aH)aH2
_—4C¥H262+5C¥L§2CMH—6ﬂCML§2C¥H+62aH62aL+2IBC!L262—526201L2—52aL2—8OLH26+5C!HQL5—6,8CMHOLL§+5QH52QL—4O{H2

D

W.L.O.G., assuming oy = 1 to make the calculation more tractable, 73 — 73F becomes

—8(6+1)2(=14ar)(B—1)?(Bard®+aré—06—1)
(—686—4B52—4—35+35432)(462—6232ar +6Bard2—5ar62+6282ar2—2Bar262+a 262485 —6F2ar,+6Bard—5ard+4)

(1) Showing that the numerator < 0
For the last term :
(Bard® + ard — 0 — 1) = (Bapd® —0) + (ad — 1) = =6(Barl —0) — (1 —ard) <0
Consequently, this leads the numerator< 0.
(2) Showing that the denominator < 0
For the first term :
(=686 — 4862 —4 — 35+ 03%) = =635 — 4835% — 36 — (4 —66%) <0
For the second term :
(462 — 6?2 +6Lard* —bard? +062F2ar? —2Bar?0* + 202 +85 — § 3% ar +68ard —bard+4)
= (0282 — 2862 + 6%)ar? + (—6%B% + 636 — 68% + 685 — 53 — 50°%) ap, + 40% + 85 + 4
=02 (B—1)% a2 4 (—6%8% + 636% — 62 + 680 — 56 — 502) avp, + 402 + 85 +4 > 0
, Since —8%5%ay, + 688%ar, — %oy, + 68dar, — 5day, — 562ary, + 462 + 85 + 4
= (686%ay + 68day, + 46 + 80 + 4) — (6% ay + dB3%ay + Sday, + 5d*ar)
= (686%ar — 6*B%ar) + (6B8dar — 63%ar) + (86 — Bdar) + (46% — 46%ar) + (4 — 6%ay)
= B6%ar(6 — B) + Béar(6 — B) + 6(8 — Hay) + 46%(1 — ap) + (4 — 6%ar) >0
Hence, the denominator < 0

3D 3E __ _The numerator<0 ; 3D 3E
From (1) and (2), 77 > 7% = gosmmators= > 0 (ie., w7 > 7°F).

Therefore, we conclude that the profit of Case 3D dominates the profit of Case 3E. m
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Lemma 32 The profit of Case 3D dominates the profit of Case SF (m3P > 73F").

Proof.

3D 3F 3D 3F _ _ (0+D)*(Bo+D)(ag—ar) _ _ (3+1)%(86+1)(ag—ar)
We prove that 72" > 7", 728 — 28 = _—655—4552—4—§5+525 = — 6B i A 551 % 0.

Hence, the profit of Case 3D dominates the profit of Case 3F. m

Lemma 33 The profit of Case 3D dominates the profit of Case 3G if ap > 2

1+9)
(i.e., TP > 73¢).

Proof.
First, test if a threshold exists.
First of all, find this point a’,.

Profit 3D — Profit 3G

(B83+2862+66+1+26+82)ay
—686—4352—4—36+328
(Bo*an+2Bam6?+BSan+aLs®—i3ay—2and+3a,6—apd+3aLdtar)ar?
- aH262+62aH252—2,8aH252—52aH,32aL—5aH52aL+6,BaHaL52+4aL262—5aH,82aL—5aHaL6+6,8aHaL5+8aL25+4aL2

—(64+1)*(—ap+o)W
(6831357 —1-—354+ 520X

Y
(76,367455274736+526)((462+86+4)aL2+(762aH,8275aH62+6,362aHfJaH,BQ75aH6+6,8aH6)aL+aH252+52aH25272ﬁaH262)
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Where, W =838%ay? — 28283 ay?® + B%an® — 4858°%anar, + 48° apar, + 4858°%a;?

+ ape® + 52(11{252 — 25041{252 — 5352aHaL — 504HQL52 — daydiar + 652aHﬁzozL
— 0%5%a% + 30.%0% + 1080, 20% — Say fPar + 6fagard — Sagand + Tap?6
—dar2B% +680ar? + da?

X =ag?6® + 820y’ p% — 2Bay20° — Say o — bagdiar + 6Lagard® + da?s?
— dayBPan, — bagard + 6Bagard + 8ar’s + 4oy ?

Y = (—4—216%+ §'8% + 38%6° — 486" — 186* B — 30B36°
—150 — 30" — 136° + 36%B% + B%0 — 2236° — 630) aur”
+ (3088°ay + BPapd® + 16 ay + day — T6°ay B — 46°ayB® + 35a 4
+88°Bay — 158%ay B2 + 20y + 1186%ay — 1853 ay S% + 2663ay + 276 Bay
+20 3°0° + 6354041{) ar?
+ (GﬂaH25 +3Bap?0® —58° Bay® — BP8%an? + 13Bay>6® + 36%ay> 6% — 15a 426
—96*Bay?® — bag?d + 68° a3 — day’ B — Brag?s® — 15a5°6° — 33°6 ay®
—35383ay® + 156328 + 1764y 5? — 554aH2) ar
—26%85%ay® — 3Ban’0® + aps® + ap B + a®st + 2536 + B2écay®

‘|‘5304H353 + 655OéH3 + 253(54OéH3 — 352(5404}[3 — 2BaH3(52

3D 3G onT  ap(148)?(2ar6+2ar —agd+Bamd)A
Let Am =7 — 7 . Then 33% = — 5 ,

where
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A :252041'{262 — 52(1}[520[11 - 50&]{/8204[1 - 4601]{252 + 550&H01L52
+ 560&H&L5 + 20./H252 — 4CEH52(IL + 20&[1252 — 40éHCYL5 + 40[[,25 + 20./L2
B = (OéH2(52 + 520(}]252 — 2504}]252 — 52QH52(IL — 5OéH52()ZL + 66@H()4L52

+404L252 - (SOéHﬁzOéL — 501H04L5 + 6604}[&[,5 + 80[[,25 + 4CYL2)2

asd(5—1) (71+§ﬁ\/w>5(571)a,, <71+§+%\/W)5(671)QH

gﬁ: =0 <= ar=0,- 2(1+3) 110 ) 1+0
Now, we have the threshold o = %jﬁ;;l) , since two other points are not Real number.
Next, have to check if Profit 3D > Profit 3G holds above a7,.
9*An _ —2a5282(5+1)*(=1+8)*C
0a? T D ’
where

C = (3arar®s® — 38%agar® + 3aran®s® + 380°ay® — 6and’ar® + 28 an® — 3agar®s
—36%83ay® + ar® + 3028 + 3030 — ap®® + ar® + 3625%a?
+368%a® + BPar® — 1888%a® — 1886a® — 6B8ar® + 63 5%a® — 68°Bay’
—60%agfPar? + 12Bagar?0® — 3danBPar’ + 6fagar’d — 6arBay’s®
+3a,03ay?B% + 3ad’ay’p? — 6aBay?6® — 383 anBPar® + 653BaHaL2)

D= (ozH252 + 02 B% — 2Bay?0? — SPapBPar — bagdiar + 6fagand® + da?6?

—5CYH52(){L - 5CYHOéL5 + 6BaHaL5 + 80éL2(5 + 4OéL2)3

AT 2(6+1)(BO+6+8+1) _ 2(6+1)%(8+1)

Substituting o, 902 = 5anGAFP—357—1) — san(-1i5) < 0.
We have shown that % la,—a, = 0 and %QQ—A{F |l =ay, < 0.
This means that 73 — 7%¢ has a local maximum at o, = ag(al(ig)ﬁ)'

In other words, the profit difference is concave downward near a’.
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3D

Next, we have to check in which range of oy, 7 — 3¢ is positive.

W.L.O.G., set ag = 1. First, check the lower bound of ay. Substituting oy, = 0, the profit

difference becomes 73" — 73¢|

ar=0)
_ —2B6%-28265-382514335°42336+ 3365+ 865 —3863+62 4263 +5% 46232
(—686—4352—4—35+520)(82+6252—-2552)
762(726726253736262+B35+26362+6363+6637356+1+25+62+52)
(—686—4862—4—35+326)62(8—1)2
—62{B5%(B—1)>+(28+1)(B—1)%52+(B+2)(B—1)?6+(8—1)* }
(—686—4362—4—36+5326)62(8—1)*

> (), since both the denominator and the

numerator are negative.

Now, check the upper bound of ay. Substituting oy, = 1, the profit difference becomes

3D _ 7T3(;| _ B&42B6%4B6+1+42646% 634286 +55+1426+42
(ap=1) 4B852—B25+35+6B5+4 4382— 325+ 35+6B5+4

= 0. Therefore, we have shown
that 7P — 7172 is concave downward and has the local maximum at o;. In addition,
T30 — 739 (4, —0) > 0 and 7P — 7'P?|,, _4) = 0. This implies that 73” — 3¢ > 0, where
ar, € [0,1). With the feasibility of Case 3G (ay, > % by Lemma 26), we conclude that the

profit of Case 3D dominates the profit of Case 3G if o > 1%6. ]

Analysis of Case 3D

In general, the increase in delta means that the consumer utility in the first period is
increased. Both types of consumers tend to purchase in the first period at the high price.
This leads to higher profits. The profit increases a maximum of 104% when the plausible
parameters are set at {ay = 1,a; = 0.5, = 0.5}. Many studies have shown that the
increased number of strategic consumers has a negative effect on the firm’s profit. In our

study the profit loss is 8.3% when the parameters are set at {ay = 1,a; = 0.5, = 0.5}.

We analyze whether product substitution is necessary, but our analysis suggests that of-

fering only one quality of the same product in each period is the optimal strategy for the firm.
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6 Conclusion and Remarks

It is well known that the presence of strategic consumers has a negative effect on a firm’s
profit. In this thesis, we study product and intertemporal substitution in a dynamic pricing
model in the presence of strategic consumers. We enumerate scenarios, prove feasibilities and
choose the best scenario which provides the most profit for the firm. Our result shows that
a firm is better offering only a single quality of the product. Particularly, the highest profit
is realized when only the high quality product is offered in each of the two periods. Clearly,
fewer strategic consumers mean higher profit. In addition, the increase in the discount factor,
0, allows a strategic consumer to purchase at a high price. Therefore the firm must consider

carefully the discount factor particularly in our optimal scenario (Case 3D).

Strictly speaking, we have assumed that both types of consumers are utility maximizers
and simply set the consumer linear utility function with quality variation in the form w(-),
which may not be realistic. There are studies showing people are not utility maximizers.
However, the contribution of this dissertation is to show that product substitution may be

beneficial to a firm in some setting.

Although we find the optimal scenario, other feasible scenarios (Case 3E, Case 3G) also
can be used if the condition, assumptions for a scenario, is satisfied. Our analysis also
has other implications. For examples, firms can choose pricing decisions according to their
expectations: how many strategic consumers would visit, how to set quality difference, which
quality of product to sell, the effect on their profit if they provide two qualities of the product
in the same period (if they have to use this scenario). This study is applicable to a firm’s

pricing decision depending on the firm’s operation environment.

This study may be extended to multiple periods. If a model can be focused on durable
goods, then capacity constraint and time limitation can be dealt with it. Furthermore, for

durable goods it is much easier to distinguish between strategic and myopic consumers as well
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as to manage inventory. Any consumer’s waiting cost or the cost of learning can be inserted
into the utility function although Su (2007) found that when the waiting cost is significantly
high, consumers are myopic; otherwise they are strategic. In the future our research plan is
to consider a setting in which the firm announces product prices dynamically in each period

in a multiple time horizon, and consumers react dynamically to the announced prices.
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