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Abstract

A valuable analytical tool to understand the event of ruin is the Gerber-Shiu discounted
penalty function. It acts as a unified means of identifying ruin-related quantities which
may help insurers understand their vulnerability ruin. This thesis provides an introduction
to the basic concepts and common techniques used for the Gerber-Shiu analysis.

Chapter 1 introduces the insurer’s surplus process U, in the ordinary Sparre Andersen
model along with key quantities such as the time of ruin 7', the surplus immediately
prior to ruin Up_, the deficit at ruin |Ur|, and the infinite ruin probability. Defective
renewal equations, the Dickson-Hipp transform, and Lundberg’s fundamental equation are
reviewed.

Chapter 2 introduces the classical Gerber-Shiu discounted penalty function mgo(u).
The function’s value as a unified means of identifying ruin-related quantities is examined by
considering special cases of the function for various penalty functions and values of 9. Two
framework equations are derived by conditioning on the first drop in surplus below its initial
value, and by conditioning on the time and amount of the first claim. A detailed discussion
is provided for each of these conditioning arguments. By conditioning on the first drop in
surplus below its initial level, we show that ms2(u) satisfies a defective renewal equation;
this result gives insight into the mathematical structure of the Gerber-Shiu function and
provides guidance in our analysis. To determine a relationship between mgo(u) with the
interclaim time density and claim size density, we condition on the time and amount of the
first claim to derive an integral equation satisfied by ms12(u). The classical Poisson model
(where interclaim times are exponentially distributed) is then considered and mg12(u) is
solved in full generality. In addition, we consider an exponential claim size density and
an arbitrary interclaim time and determine the form of the solution of ms2(u) up to an
unknown density, which is derived in Chapter 4.

Chapter 3 introduces the delayed renewal model which allows the time until the first
claim to be distributed differently than subsequent interclaim times. A brief discussion is
made of a special case of the model called the stationary renewal model where the den-
sity of the time to the first claim is the equilibrium density of the density of subsequent
interclaim times. Next, the Gerber-Shiu function in the delayed renewal model is consid-
ered and denoted as mgu(u). Since the delayed renewal model reverts to the ordinary
model after the first claim, Gerber-Shiu analysis in the delayed renewal model aims to
determine the relationship between ms12(u) and mg ,(u) such that we can extend results
found in the ordinary model to the delayed model. We determine a functional relationship
between mj12(u) and m§,,(u) for a class of first interclaim time densities which includes
the equilibrium density for the stationary renewal model, and the exponential density.
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To conclude, Chapter 4 introduces a generalized Gerber-Shiu function where the penalty
function includes two additional random variables : the minimum surplus level before ruin
Xr, and the surplus immediately after the claim before the claim causing ruin Ry, ;.
This generalized Gerber-Shiu function, denoted as ms(u), allows for the study of random
variables such as the last interclaim time and the last ladder height, which otherwise could
not be studied using the classical definition of the function. Additionally, it is assumed
that the size of a claim is dependant on the interclaim time that precedes it. As is done
in Chapter 2, a detailed discussion of each of the two conditioning arguments is provided.
Interestingly, despite containing a 4-variable penalty function, by conditioning on the first
drop in surplus, it is demonstrated that mgs(u) satisfies a defective renewal equation that
is only dependent on the density of the 3 variables Ur_, |Ur|, and Ry,—; which does not
involve Xp. Using the uniqueness property of Laplace transforms, the form of the joint
defective discounted densities of the 4 variables (Ur—, |Ur|, X7, Ry,—1), as well as the last
ladder height are determined. The classical Poisson model is revisited and ms(u) is solved
in full generality when the penalty function does not involve Xp. This is used to derive
the joint defective discounted density of (Ur—, |Ur|, Rn,—1) and the joint defective density
of the last interclaim time before ruin and the claim causing ruin. Also revisited is the
exponential claim size assumption where a penalty function is assumed such that mg(u)
becomes the Laplace transform of the joint defective discounted density of (Ur_, |Ur|, X,
R, —1). This is solved in full generality and used to obtain the proper density of the last
interclaim time as well as the joint defective discounted density of (Ur_, |Ur|).
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Chapter 1

Background

1.1 Introduction

To provide sound risk management, insurers must adequately understand the risk of their
financial obligations. This entails understanding worst case scenarios such as when the
insurer’s surplus process goes below 0 which we define as “ruin”. Since insurers usually
manage large amounts of capital, failure to properly calculate the risk of ruin can result
in serious financial consequences. However, even in the simplest cases, an insurer’s surplus
process is very complicated to understand. A valuable analytical tool to understand the
event of ruin is the Gerber-Shiu discounted penalty function. It acts as a unified means of
identifying ruin-related quantities which may help insurers understand their vulnerability
to the event of ruin. This may explain why after its introduction in the well-known paper
[Gerber and Shiu (1998)], a considerable amount of ruin theory research has been devoted
to study this function. The purpose of this thesis is to provide an introduction to the basic
concepts and common techniques used in the so-called Gerber-Shiu analysis.

This function was first studied in the classical Poisson model where interclaim times are
assumed to be exponentially distributed. In this model, claim sizes and interclaim times
are also assumed to be independent. Research then began on the Gerber-Shiu function in
the ordinary Sparre Andersen model where the interclaim times are instead assumed to
follow an arbitrary density. Because the Gerber-Shiu function satisfies a defective renewal
equation in the ordinary Sparre Andersen model, we are able to use the mathematical
machinery behind defective renewal equations in our analysis. However, in this model,
there is an implicit assumption that a claim occurs at time 0 which may not be true in
settings we wish to consider. Thus, the Gerber-Shiu function in the delayed renewal model



has also been considered where the first interclaim time is assumed to follow a (possibly)
different density than the common density followed by subsequent interclaim times as is
discussed in [Willmot, G.E. (2004b)] and [Dickson and Willmot (2003)].

Generalizations of the Gerber-Shiu function have also been studied, for example [Che-
ung et al. (2010a)], which will be discussed further in Chapter 4. A Gerber-Shiu function
that has been generalized to a more general “cost” function is considered in [Cai et al.
(2009)] and the Gerber-Shiu function at absolute ruin is considered in [Cai, J. (2007)].

There has also been a considerable amount of research on models where the size of a
claim is assumed to be dependant on the interclaim time preceding it such as in [Willmot
and Woo (2011)] and [Badescu et al. (2007)] but this topic is beyond the scope of the
present work.

The thesis will proceed via four chapers. Chapter 1 introduces the insurer’s surplus
process U, in the ordinary Sparre Andersen model and provides some mathematical pre-
liminaries.

Chapter 2 introduces the classical Gerber-Shiu discounted penalty function mg j2(u). To
obtain an expressions satisfied by ms 12(u), conditioning arguments are used. We commonly
condition on the first drop in surplus below the initial value v and/or the time and amount
of the first claim. In the classical Poisson model, results are needed only from conditioning
on the time and amount of the first claim in order to solve for mg2(u) in full generality.
However, except for a few assumptions for the interclaim time density i.e. exponential
or Coxian-2, we almost always require both conditioning arguments. After introducing
the joint density of the time of ruin, surplus immediately prior to ruin, and deficit at
ruin in Section 2.2, Sections 2.3 and 2.4 will examine each of the conditioning arguments
in detail to obtain expressions satisfied by ms12(u). Following this, two examples are
considered. First, where interclaim times are exponentially distributed for an arbitrary
claim size distribution (i.e. the classical Poisson model) and second where claim sizes are
assumed to be exponentially distributed for an arbitrary interclaim time distribution.

Chapter 3 considers the Gerber-Shiu function in the delayed renewal model.

Finally, Chapter 4 considers an extension of the classical Gerber-Shiu function by gener-
alizing the penalty function. This generalized Gerber-Shiu function will allow for analysis
of ruin-related quantities that could not be studied using the classical definition of the
function.



1.2 Ordinary Sparre Andersen model

Consider an insurer’s surplus process defined by

N
Uy=u+ct—>» Y, (1.2.1)

=1

where u > 0 is the initial surplus and ¢ > 0 is the premium rate. The number of claims
process {IV;,t > 0} is assumed to be a renewal process defined by a sequence of positive,
independent and identically distributed (i.i.d.) interclaim times {V;}32,. That is, V; is
the time of the first claim and V; for ¢ = 2,3, ... is the time between the (i — 1)th and
ith claim. For V an arbitrary V;, define the interclaim time distribution function (d.f.)
to be K(t) = 1 — K(t) = Pr(V < t) and its probability density function (p.d.f.) to be
k(t) = K'(t) for t > 0. Also, we assume {Y;}°, is an i.i.d. sequence of positive claim size
random variables (r.v.’s) and is independent of {V;}2°,. For Y an arbitrary claim size Y;,
let P(y) = Pr(Y <vy) beits d.f. and p(y) = P'(y) for y > 0 be its p.d.f.

We define the time of ruin 7" to be the time in which the surplus level first falls below
zeroie. T =inf{t >0:U; <0} and we let T' = oo if U; > 0 for all ¢ > 0. Thus, the Npth
claim is the claim causing ruin. The surplus immediately prior to ruin Ur_ and the deficit
at ruin |Ur| are 2 key r.v.’s in the so-called Gerber-Shiu analysis to be introduced in the
next chapter. We also define the infinite ruin probability or simply, ruin probability, to be
Y(u) = Pr(T < oo|Uy = u). Consider the following graphical representation of a sample
path of the surplus process Us.

U,

Figure 1.1: Sample path of the surplus process U;

Note that the claim causing ruin Yy, is given by Ur_ + |Ur|. Additionally, we assume
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the premium rate ¢ satisfies the positive security loading condition
cE[V] > E[Y], (1.2.2)

such that ¢(u) < 1 [Asmussen and Albrecher (2010), Section 3.3] and we often let ¢ =
(14+0)E[Y]/E[V] where 6 > 0.

Also, we define the Laplace transform of a function f(z) by

fo)= [ et

1.3 Preliminaries

Before introducing the so-called Gerber-Shiu analysis in the next section, we first introduce
a few important results which will be very useful in the sequel.

1.3.1 Dickson-Hipp transform

The Dickson-Hipp transform of an integrable real-valued function f(x) [Dickson and Hipp
(2001)] is given by

Tfz) = / T ey (1.3.1)
_ /Oooe—ryﬂwy)dy,

where 7 satisfies |f(r)| < co.

It can easily be shown that the Dickson-Hipp transform is a linear operator i.e. for
constants a; and integrable real-valued functions f;(x) where i = 1,2,....,n

T, (Z a; f,-(@) => a;T,(fi(x)). (1.3.2)

=1

Also, note that f(s) = T,f(0) and thus, the Dickson-Hipp transform is a “generalized”
Laplace transform. Additionally, note that we can write the tail F(z) = [7° f(t)dt as

Tof(z).



The properties of this transform are discussed in detail in [Li and Garrido (2004)]
and understanding these properties is very useful in connection with Gerber-Shiu analysis.
This is particularly true when interclaim times are assumed to be Coxian-n distributed as
is done in [Willmot and Woo (2010)] and [Willmot, G.E. (2011)]. For our purposes, we
consider the Laplace transform of T, f(z) given by

| ermpeyae = [Tt [T ey

= [Ter ([ etran) st
- [T () s

f(]oo e—T’yf(y)dy - fooo e—syf<y)dy

S—T

_ .]E(T) B f<5)7 (1.3.3)

s—r
for s # r.
Note that the Laplace transform of F(z) is given by (1.3.3) if we let r = 0 and thus

/Oooe_sxf(;p)d:r = /0 S

(O} (1.3.4)

S

Now let Y be a r.v. with p.d.f. f(y) = F'(y) and let F,(y) = F(x +y)/F(x) be its
excess loss distribution. For r € R, consider the following distribution which we will refer
to as the generalized equilibrium distribution of F'(y)

J e T (@) Faly)da

0

Foe(y;r) = o0 -
wely57) Jo e F (x)da

Y

which is a mixture of F,(y) over z. In [Willmot, G.E. (2011)], it is shown that if F'(y) is
a mixed Erlang d.f., then F.(y;r) is a different mixture of the same Erlangs. It is also



shown that if F(y) is a Coxian-n d.f., then Fj(y;r) is also a Coxian-n d.f. Note that if
r =0, then
IS F(z +y)da
IS F(z)da

S, F(x)de

EY] -
which is the equilibrium distribution of F'(y). Now let the generalized equilibrium density
of f(y) be defined as

Fye(y;0)

foelysr) = Fo(y;r)

ey fyoo e f(x)dx
- e Twn (1.3.5)

and since the numerator is the Dickson-Hip transform of f(z) and the denominator is the
Laplace transform of F(z), then using (1.3.4)

fge(y;r> = 7R

and using (1.3.3), its Laplace transform is given by

s f)=fs)
foelsim) = — e (1.3.6)

which is a useful result in later analysis.

1.3.2 Lundberg’s fundamental equation

Consider Lundberg’s fundamental equation given by
1—E eV 0meV] =, (1.3.7)

for Y and V an arbitrary claim size r.v. and interclaim time r.v., respectively. If Y and V'
are independent r.v.’s, then (1.3.7) is equivalent to

1 —p(s)k(6 — ¢s) = 0. (1.3.8)

Lundberg’s fundamental equation and in particular, its root(s) with positive real parts
have an important role in connection with the Gerber-Shiu analysis as will become evident
in later sections. Note that if 6 = 0, then s = 0 is clearly a non-negative root.
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1.3.3 Laplace transform of an important integral function

In Gerber-Shiu analysis, we often come across a function that is of the form

ns(u) = /000 e %wy(u + ct)k(t)dt, (1.3.9)

and we are interested in its Laplace transform which is given by

fis(s) = /OO e (/Oo ety (u + ct)k(t)dt) du
- /O ~(8cs) ( / h ety (u + ct)du) k(t)dt
_ /O e ( o(s) — /O ’ e—%t(x)dx> ()t
—(6—cs)

_ /OO ()k(t)dt — D3(5 — cs), (1.3.10)

/ / o~ ¢ dats(ct—a)} | () k(t)dadt. (1.3.11)

where

If w(z) = w(x) i.e. a function independent of ¢, then
fis(s) = O(s)k(d — cs) — @5 (6 — cs), (1.3.12)

where

00 ct
w5 (s) :/0 /0 e_%{MJFS(Ct_E)}w(x)k(t)dxdt.

1.3.4 Defective renewal equations

Suppose m(x) satisfies the defective renewal equation

gb/ m(z —y)f(y)dy + v(x), x>0 (1.3.13)

where ¢ € (0,1) and f(y) = F'(y) is a p.d.f. with F/(0) = 0. We assume v(z) is a locally
bounded function i.e. |v(x)| < oo for x < occ.



To find a general solution for m(x), we begin by taking the Laplace transform of (1.3.13)
to obtain

and solving for m(s), we obtain

o(s)

) = T o)

(1.3.14)

Now consider a compound r.v. with secondary p.d.f. f(z) and primary distribution
a geometric with parameter ¢ (i.e. GEO(¢)). We call this an “associated” compound
geometric r.v. It has a mass point of 1 — ¢ at 0 and for z > 0, if its p.d.f. is given by

o0

gx) = (1= 9)(9)" " (), (1.3.15)

n=1

where f**(x) is the n-fold convolution of f(x) with itself, then the d.f. of this compound
geometric r.v. can be written as

— Y
Gly)=1-Gly)=1-2¢ +/ g(z)dz. (1.3.16)
0
Consider the Laplace transform of g(z) = —G (z) given by

(s) =:géwe—wm¢ﬁm

= ) (1= (d)"{f(s)}"
- % —(1-¢), (1.3.17)

using properties of an infinite geometric series. Substitution into (1.3.14) yields

ils) = ol (1- 6+ (s)




and inversion leads to
y)d 1.3.18
(o) = vle) + 1 [ otwata =iy (1318)
which is a general solution to the defective renewal equation (1.3.13). Thus, we note a close

relationship between defective renewal equations and its “associated” compound geometric
distribution G(z).

Now consider when v(z) is differentiable and recall that G(0) = ¢ from (1.3.16). Then
using integration by parts, we obtain

/Ozv(y)g(ﬂf—y)dy = v(y)G(z —y) /éx— y)dy
= pu() - /@x_ y)dy.

n@) = o)+ —— (asv(x) ~u(0)G(a) - [ Gla - y)v’(y)dy)
= — (v(x) —v(0)G(r) — /Ox G(x — y)v’(y)dy) : (1.3.19)

which is an alternate form of the general solution for m(z) in (1.3.18) if v(x) is differentiable.
This result will be useful in Section 4.3 when we determine a density of interest.

Using (1.3.17), the Laplace transform of G(z) = ¢ — fo y)dy from (1.3.16) is given
by
G(s) = o _3)

s s

- 2 (- a-0)
5 S\1—=9¢f(s)

1

s

Il

®w | =
[ T R

—_

|

-

=<,

I =

se\\_/

| |
o~

|

=

S~ —

w |-



which we rearrange to obtain

(1= 07(£)Ts) =6 =1,
or equivalently
&) = o) (o) + 0 LI
Its inversion leads to
)= [ Gl =)y + 0T (a),

x>0, (1.3.20)

and thus, the tail of the “associated” compound geometric r.v. also follows a defective
renewal equation given by (1.3.20). And since a defective renewal equation uniquely defines
a function, given that an arbitrary function satisfies a defective renewal equation with a
form given by (1.3.20), then the function is equal to the tail of a compound GEO(¢) r.v
with secondary p.d.f f(z). Note that we can also express G(z) as

o0

Gx) =) (1-¢)(@)"F " (x),

n=1

where " f f(

10



Chapter 2

The classical Gerber-Shiu function

2.1 Introduction

Since we are interested in identifying various ruin-related quantities to understand the risk
of ruin, we focus our attention to a Gerber-Shiu discounted penalty function
[Gerber and Shiu (1998)] given by

m5’12(u) = E[6_6Tw12(UT77 |UT|)](T < OO)|U0 = U], (211)

which is a function of u where § > 0 is often interpreted as a force of interest. The so-called
“penalty function” wis(x,y), is assumed to be an integrable function for x > 0 and y > 0.
We define the indicator function I(A) to equal 1 if the event A occurs and equal to 0 if the
event A does not occur. Thus, since I(T' < o0) is included in msg12(u), we are generally
only concerned with cases where ruin is inevitable.

With carefully chosen functions for wis(z, y) and values of §, the Gerber-Shiu function
becomes an expression for various ruin-related quantities of interest i.e. moments, d.f.’s,
Laplace transforms of densities we are interested in, the ruin probability, etc. Some special
cases of the Gerber-Shiu function and the ruin-related quantities that it becomes for various
functions of wys(x,y) and values of § are given in the table on the next page.
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Table 2.1: Special Cases of the Gerber-Shiu Function: Ruin-Related Quantities

|

MOMENTS
w1(, y) 0 | msia(u)
ly 0 | E[(Ur- ) ([Ur])*I(T < 00)|Up = u],
joint jth moment of the surplus immediately prior to ruin
and kth moment of the deficit at ruin
x 0 | E[(Ur_) (T < 00)|Uy = ul,
jth moment of the surplus immediately prior to ruin
v 0 | E[(|JUr)*I(T < 00)|Us = ul],
kth moment of the deficit at ruin
Yk >0 | Ele™T(|Ur)FI(T < 00)|Uy = ul,
discounted kth moment of the deficit at ruin
(x 4+ y)’ 0 | E[(Ur_ +|Up|) I(T < 00)|Uy = ul,
jth moment of the claim causing ruin
] DISTRIBUTION FUNCTIONS
wia(z,y) 6 | msa(u)
I(X <zY <y) 0 | EI(Ur- < z,|Ur| < y)I(T < 00)|Uy = ul,
joint d.f. of the surplus immediately prior to ruin and the
deficit at ruin
I(Y <y) 0 | EI(|Ur| < y)I(T' < 00)|Up = ul,
d.f. of the deficit at ruin
I(X <x) 0 | E[I(Up- <x)I(T < 00)|Uy = u,
d.f. of the surplus immediately prior to ruin
I(X+Y <z 0 | E[l(Up- +|Ur| < 2)[(T < 0)|Uy = ],

d.f. of the claim causing ruin

12




] LAPLACE TRANSFORM OF DENSITIES ‘

wlg(:v,y) J m6,12(u)

e srTsy >0 | Ble”®T=sUr-=21Url[(T < 00)|Uy = ul,

Laplace transform of the joint density of the time of ruin,
the surplus immediately prior to ruin, and the deficit at
ruin

e~ s(@+y) 0 | EfesWUr-—+Ur) [(T < 00)|Uy = ul,
Laplace transform of the density of the claim causing ruin

1 >0 | E[e’TI(T < 00)|Uy = ul,

Laplace transform of the density of the time of ruin
| RUIN PROBABILITY

wiz (7, y) 0 | msaa(u)

1 0 [ BT < 5)[To = u] = 6(u),

ruin probability

And since, mg 12(u) can become expressions for various ruin-related quantities of interest
depending on our choice of the penalty function, it is easy to see that the Gerber-Shiu
function serves as a valuable analytical tool to understand the event of ruin and acts
as a unified means of identifying ruin-related quantities. Note that in the case where
wia(z,y) = 1 and 6 > 0, mgs12(u) becomes the Laplace transform of the density of the
time of ruin. We will later show that in this case, m;j2(u) satisfies a defective renewal
equation and is also equal to the tail of a compound geometric r.v. Obtaining the density
of the time of ruin 7" by inverting this special case of the Gerber-Shiu function allows for
the calculation of finite ruin probabilities i.e. Pr(T < t|Uy = u) for ¢ > 0. In [Dickson
and Willmot (2005)], an expression for the density of the time of ruin is derived using this
method in the classical Poisson model where interclaim times are exponentially distributed
and finite ruin probabilities for mixed Erlang claim sizes are calculated. Determining an
explicit solution for this density is not easy (even in the classical Poisson model) and is
beyond the scope of this thesis.

Under certain assumptions for p(y) and/or k(t) (such as in the classical Poisson model
where k(t) is assumed to follow an exponential distribution), we are able to explicitly state
mes12(u) entirely in terms of known quantities. Otherwise, in some cases of p(y) and/or
k(t), msi2(u) can only be solved for certain choices of the penalty function.

To obtain an expressions satisfied by mgsi2(u), we use conditioning arguments. We
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commonly condition on the first drop in surplus below the initial value u and/or the time
and amount of the first claim. After introducing the joint density of (7, Ur—,|Ur|) in
Section 2.2, Sections 2.3 and 2.4 will examine each of the conditioning arguments in detail
to obtain expressions satisfied by mg12(u).

2.2 The joint density of T', Ur_, and |Ur]|

As a forewarning, the notation introduced in this section as well as some later sections may
seem somewhat daunting at first but it is actually quite simple. Nonetheless, tips pointing
out what some of the trickier superscripts and subscripts are denoting will be provided.

In this section, we wish to consider his(¢, z, y|u), the joint density of (T, Ur_,|Ur|) at
(t,z,y). A subscript “1” indicates a quantity involving Ur_ and a subscript “2” indicates a
quantity involving |Ur|. Note that because we are assuming that ruin occurs (i.e. T' < 00),
the joint and marginal densities of 7', Ur_, and |Ur| integrate to the probability of ruin (a
quantity less than 1) and are thus, defective densities.

First, consider when the surplus immediately prior to ruin and the time of ruin are
given and equal to z and ¢, respectively. Thus, to guarantee that ruin occurs from surplus
level x at time ¢, this is equivalent to a claim exceeding x immediately occurring which
has probability P(z). And in particular, if we want a deficit at ruin of size y, this claim
must be of size x + y which has density p(x + y). Therefore, given Ur_ = x and T = ¢, the

conditional density of |Ur| is given by

o ):p(ﬁy)

— , >0,z >0, 2.2.1
) y (2:2.1)

which is the excess loss density of p(y) and does not depend on the time of ruin 7' = ¢.

Now consider when ruin occurs on the first claim. If an insurer starts with an initial
surplus of u and collects premium at rate ¢ up to time ¢ when the first claim that causes
ruin occurs, then the surplus immediately prior to ruin is = u 4+ ct. Or equivalently, ruin
occurs at time ¢ = *=*. A deficit of y is obtained when the first claim is of size x + y.
Therefore, the joint distribution of (T, Ur_, |Ur|) at (t,x,y) for ruin occurring on the first
claim is k(t)p(x 4 y) where ¢t = £=*. And with a change of variable from ¢ to z, this joint

defective density is given by

his(z,ylu) = %ks( )p(:c+y), (2.2.2)



r—u

where t = #=*, ¥ > u, and y > 0. A superscript “x” that appears on an “h” indicates
a density for ruin occurring on the first claim. Since p,(y) was determined to be the
conditional density of |Ur| given Ur_ = x and the time of ruin, we can also write hjy(z, y|u)
as

his(x,ylu) = hi(z[u)p.(y), (2.2.3)

where using (2.2.1) and (2.2.2), hj(z|u) = 1k (%) P(z) is the marginal defective density
of Up_ for ruin occurring on the first claim.

Next, consider when ruin occurs on claims subsequent to the first. Then there is no
direct relationship between ¢, x, and y. We only know that z must be less than u + ct.
Let’s denote hi5(t, z,y|u) to be the joint defective density of (7, Ur_, |Ur|) given that ruin
occurs on claims subsequent to the first. A superscript “ x %” indicates a density for ruin
occurring on subsequent claims.

Therefore, the joint defective density of (7', Ur_, |Ur|) which we denote as hia(t, z, y|u)
is defined differently depending on whether ruin occurs on the first claim (r = u + ¢t) or
subsequent claims (z < u + ct) and can be summarized as follows

Wiz, ylu) = 1k (=) pla+y), t=2% 2>u, y>0

hia(t, , ylu) =
stz ylu), t>0,0<z<u+tct, y>0.

Now we introduce a class of densities which we refer to as “discounted” densities because
we appear to be “discounting” the density of (T, Ur_, |Ur|) from the time of ruin using 9.
These discounted densities do not have any meaningful probabilistic interpretations and
in fact, to make these types of interpretations, we often need to let § = 0. However, these
discounted densities will become very useful in the following sections. First, using (2.2.2)
and (2.2.3), let the joint defective discounted density of the surplus immediately prior to
ruin and the deficit at ruin for ruin occurring on the first claim be given by

Bina(a,ylu) = e hiy(a, ylu) (2.2.4)
_§T=u 1 r—U
- e ()
C C

= g1 (|u)pa(y),

where

fL'—Ual - _—
B () = 075 L (”“" “) P(a),

C c
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is the defective discounted marginal density of Ur_ for ruin occurring on the first claim. A
subscript “0” that appears on an “h” indicates that it is a discounted density. Also, let the
joint defective discounted density of the surplus immediately prior to ruin and the deficit
at ruin for ruin occurring on subsequent claims be given by

hiha(r,yl) = / e~ h3s(L, . ylu)dt. (2.2.5)
0
Note that, similarly to (2.2.3),

hi3(t, @, ylu) = hy*(t, z|u)pa(y), (2.2.6)

where hi*(t,z|u) is the joint defective density of 7" and Ur_ on claims subsequent to the
first. Then using (2.2.5)

hg:ku(x, ylu) = h;;ji (z|u)pe(y),
where

hﬁ(ﬂu):/ e_5th}‘*(t,x|u)dt,
0

is the marginal defective discounted density of Ur_ for ruin occurring on claims subsequent
to the first.

Next, using (2.2.3) and (2.2.6), let

h(;,u(x,y\u) - h§712(x,y|u)+h§f12(x,y|u) (227>
= s (lu)pa(y) + h (zlu)pa(y)
= hsa(zlu)pa(y), (2.2.8)

be the joint defective discounted density of (Ur_, |Ur|) where
ho(lu) = hgy(xlw) + b (2]u),

is the marginal defective discounted density of Up_.

Since the Gerber-Shiu function ms2(u) given by (2.1.1) is essentially an expectation
of e=*Two(Up_, |Ur|)I(T < o0), we can write mg12(u) as a sum of contributions from ruin
on the first claim (t ==t x>u, y> 0), ruin on subsequent claims (¢ > 0, 0 < x <

u—+ct, y > 0), and 0 otherwise as follows
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T—u

/ e 0T ) wyy(, y)hly(, ylu)dady

/
o0 [e’e) u—+tct
4 / / / e s (o, y)hi (e, ylu)dedydt
0 0 0
/
/

7"15712(“) =

| watew (h;,u(:c,mu) ; hz:az(x,mu))dxdy
0

wiz(w, y)hs12(x, ylu)drdy, (2.2.9)
0

using (2.2.4), (2.2.5), and (2.2.7).

2.3 Conditioning on the first drop in surplus

In this section, by conditioning on the first drop in surplus below its initial level, we
determine an important equation satisfied by mgsi2(u). Consider the following graphical
representation of a sample path followed by a surplus process with initial level u where the
first drop in surplus below its initial level is of size y and occurs at time ¢.

0 J

Figure 2.1: A sample path of U; showing the first drop in surplus

For convenience, we will refer to a drop in surplus below its initial level as simply, a
drop in surplus. Now consider his(t, z,y|u), the joint density of (7, Ur—,|Ur|) at (t,z,y)
and simply let v = 0. Then hys(t, z,y|0) is the density of a surplus process starting at
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level 0, being at level x above 0 at time ¢ without ruin first occurring and then a claim of
size x + y immediately occurring such that ruin occurs with a deficit of y and a surplus
immediately prior to ruin of x. A sample path of this scenario is shown in the following
figure.

U,

_y -+

Figure 2.2: A sample path of U; showing ruin occurring when v = 0

Now consider an almost parallel scenario where a surplus process starting at level w is
at an amount x above u at time ¢ without a drop in surplus first occurring and then a
claim of size x 4+ y immediately occurring such that the first drop in surplus occurs and is
of size y and the surplus immediately prior to the drop is u + x. Note that if z = u + ¢,
then the first drop in surplus occurs on the first claim, and if z < u + ct, then the first
drop occurs on subsequent claims. A sample path of this scenario is shown in the following
figure.

U K ////?
utx T _
o // X
u
P
0 Ly
~(v-u) +

Figure 2.3: A sample path of U; showing a drop in surplus causing ruin
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Referring to Figure 2.2 and 2.3, we can observe that the sample path in Figure 2.2 is
simply the sample path of Figure 2.3 translated up an amount v and thus, it is easy to
see that both scenarios must share the same density his(t, z,y|0). Therefore, for a surplus
process starting at level u, his(t, x,y|0) is the density of the first drop in surplus of size y
from a surplus level u + = at time ¢. Also, depending on the size y of the drop in surplus,
ruin could occur (y > u) or not occur (y < u).

Now, we wish to determine an expression for ms12(u) by conditioning on the first drop
in surplus. To do this, we consider the following 4 cases for which the first drop in surplus
occurs:

Case 1: first drop occurs on the first claim and causes ruin

Case 2: first drop occurs on the first claim and does not cause ruin
Case 3: first drop occurs on a subsequent claim and causes ruin

Case 4: first drop occurs on a subsequent claim and does not cause ruin

Let’s now consider each of these cases in detail and outline the contribution that each case
makes to mg12(u) = Ele™Twip(Ur-, |[Up|)I(T < 00)|Uy = u]. Make note of the corre-
sponding figures which help to illustrate each scenario.

Case 1: first drop occurs on the first claim and causes ruin

The first drop occurs on the first claim and causes ruin when the surplus process,
starting at level u, accumulates at rate ¢ until it reaches an amount z = ¢t above u when
the first claim occurs (at time ¢ = ) and causes a drop in surplus below u of size y where
y must exceed u to cause ruin. Then the surplus immediately prior to ruin is v + = and
the deficit at ruin is y — u.

Us
utxr
x=ct
u
s
0 x/e by
-(y-u) +

Figure 2.4: Conditioning on the first drop in surplus - Case 1
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This occurs with density hjy(x,y|0) where > 0 and y > u. Thus, using (2.2.4), the
contribution to ms12(u) for this case is

= // e cwia(u+ 2,y — u)hiy(z,y]|0)dzdy

- / /‘wﬂu+ay—w@3@meMy (2.3.1)
u 0

Case 2: first drop occurs on the first claim and does not cause ruin

This case is satisfied by the scenario presented in Case 1 except that the drop in surplus
below u of size y must be less than u for ruin not to occur. This also occurs with density
15(x,y]|0) but for z > 0 and y < w. Since ruin does not occur and because we have
assumed the surplus process renews after every claim, the process is said to renew with an
initial surplus of u — y where an amount of time ¢ = % has passed.

Uy
utxT
x=ct
u
Y
u-yT / JL s
0 x/c

Figure 2.5: Conditioning on the first drop in surplus - Case 2

Thus, again using (2.2.4), the contribution to ms;2(u) for this case is

_ /(/ 3% ms1a(u — y)hiy(x, y|0)ddy

_ /0 ms 12t — 1) ( /0 h312(x,y\0)dx> dy. (2.3.2)

Case 3: first drop occurs on a subsequent claim and causes ruin

The first drop occurs on a subsequent claim and causes ruin when the surplus process,
starting at initial level w, is an amount x above u at time ¢ when a claim (not the first)
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causes a drop in surplus for the first time of size y > w for ruin to occur. Again, the surplus
prior to ruin is u + x and the deficit at ruin is y — u.

u+x--US | /
u
| s
0 t jy
-(-u) +

Figure 2.6: Conditioning on the first drop in surplus - Case 3

This occurs with density h**(t x,y|0) where ¢ > 0, x > 0 and y > w. Thus, using
(2.2.5), the contribution to mgs12(u) for this case is

= / / / wig(u + x,y — w)hi(t, z, y|0)dtdrdy

- / / wis(u+ .y — u)hihy (e, yl0)dady. (2.3.3)
u 0

Case 4: first drop occurs on a subsequent claim and does not cause ruin

This case is satisfied by the scenario presented in Case 3 except that the drop in surplus

below u of size y must be less than u for ruin not to occur. This also occurs with density

w5(t,z,y|0) but for t > 0, z > 0 and y < u. The process is said to renew with an initial
surplus of u — y where an amount of time ¢ has passed.
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utxy /

b
U 1y

u-y+ g s
0 !

Figure 2.7: Conditioning on the first drop in surplus - Case 4

Thus, again using (2.2.5), the contribution to mg;a(u) for this case is

_ / / / N R R
= /0 ms2(u —y) (/ h512(x,y|0)d:p) dy. (2.3.4)

Recall that the Gerber-Shiu function m;2(u) is an expectation of a function involving

T which explains why we multiply by e7%¢ and e~ in (2.3.2) and (2.3.4), respectively,
and that is to account for the amount of time that has passed until the time of ruin. By
summing the contributions to ms12(u) from all 4 cases (2.3.1), (2.3.2), (2.3.3), and (2.3.4),
and using (2.2.7), we obtain the following expression for ms12(u)

minale) = [ st ) { [ nitesde + [T g0 fay

+ / / wlz(u+x7y—U){hiu(w,ym)+h§f12(937y|0)}dl’dy
u 0

= /ma,n(u—y){/ h5712(95>y|0)d$}dy
0 0

+ / / wia(u + z,y — whs2(z, y|0)dzdy. (2.3.5)
u 0
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Now define the positive constant

b5 = / / hsa2(z, y|0)dydx (2.3.6)
o Jo

= [Thaatelo) ([ ntniy) o

- /OOO h6,1($|0)d$7 (237)

using (2.2.8). Note from (2.2.9) that ms12(0) = ¢5 when wio(z,y) = 1. Then using (2.1.1),

0<¢ps = E[eTI(T < 00)|Uy=0]
< E[(T < o0)|Uy = 0] = Pr(T < oo|Uy = 0) = (0)
< 1 (2.3.8)

Also note that if § = 0, then ¢9 = ¥(0) which is the probability of ruin when the initial
surplus u = 0 and can also be interpreted as the probability of a drop in surplus.

Now we define the ladder height

i) = = /Oooha,m(x,y\o)d%, g0, (23.9)

which using (2.3.6), is a proper density. And using (2.2.8), we can also express this as

f5(y) = /0 " pe) {%} dz, (2.3.10)

and thus, the ladder height is a mixture over x of the p.d.f. p,(y) with the mixing weights
w. And therefore, in many cases, fs(u) is of the same family of distributions as p(y)

i.e. if claim sizes are assumed to be mixed Erlang, then fs(u) is a different mixture of the
same Erlangs [Willmot and Lin (2011)]. Note that when 6 = 0, fo(y) can be interpreted
as the density of the size of the first drop in surplus given the drop occurs.

Thus, using (2.3.5) and (2.3.9), we can write mg12(u) as the following defective renewal
equation

mei2(u) = ¢6/ ms12(u —y) f5(y)dy + vs12(u), (2.3.11)
0
where

vs12(u) = / / wia(u + 2,y — w)hs12(z, y|0)dzdy. (2.3.12)
u 0
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Recall from (1.3.18) of the Preliminaries section that the general solution to ma(u)
can be expressed as

m5712(u) = 05,12 1 — ¢ / 512 95 u— )dy, (2-3-13)
where
gs(u) = —G(u) =Y (1= ¢5)(ds)" f;"(u), (2.3.14)

is the p.d.f. of an “associated” compound geometric r.v. for u > 0 where ¢; is defined by
(2.3.6) and f;™(y) is the n-fold convolution of fs(y) defined by (2.3.9) with itself.

We are able to simplify ms12(u) by considering special cases for wis(z,y). For example,
if wia(z,y) = wa(y), then (2.3.11) simplifies to

mas(u) = b / ms2(u — ) F5()dy + vs(u), (2:3.15)

where using (2.3.12) and (2.3.9)
vs2(u / / wa(y — u)hs12(x, y|0)dxdy
_— / way — u) fs(y)dy. (2.3.16)

which is a considerable simplification since unlike vs12(u), vs2(u) is a function of ¢s and the
ladder height fs5(y) and does not depend on hs12(z,y|0). Also, using (2.3.13), the general
solution to mso(u) simplifies to

1
1 — ¢s

m572(u) = 05,2(14) +

/Ou vs2(y)gs(u — y)dy, (2.3.17)

where g5(y) is given by (2.3.14).

Now, consider when wia(z,y) = we(y) = 1. Then my 12( ) = Ele _‘5TI(T < 00)|Uy = ul
and using (2.3.16), vs2(u) simplifies to ¢5Fs(u) where Fis(u) = [ fs(y)dy. Then it follows
from (1.3.20) of the Preliminaries section that mg9(u) is glven by the tail of a compound
geometric distribution

oo

Gs(u) =D (1= ¢5)(¢s)"Fy (u),

n=1

24



where Fy (u) = [ f5(y)dy. And thus (2.3.15) simplifies to

Ga(w) = 5 / Gislu — o) fsly)dy + 6Fs(w). (2:3.18)

Then since Gs(u) = EleTI(T < 00)|Uy = ul, for 6 = 0, Go(u) = ¥(u). Also, using
(2.3.8), note that ¢; = E[e T I(T < o0)|Uy = 0] = G5(0).

We wish to obtain a relationship between the unknown quantities hs12(z, y|0), ¢s, and
fs(y) in the solution of mgs12(u) given by (2.3.13) with the interclaim time density k() and
the claim size density p(y) so that we can solve ms12(u) in full generality. However, the
analysis presented so far does not yield information on this relationship (except in (2.2.2),
of course). To obtain this information, we usually condition on the time and amount of the
first claim to obtain an integral equation satisfied by m;12(u) in terms of k(t) and p(y). We
discuss this method of conditioning in the next section. By conditioning on the time and
amount of the first claim, letting wy»(2,y) = 1 to obtain Gs(u), and using (2.3.18), we are
generally able to identify ¢s and fs(y) which solves ms2(u) given by (2.3.17). Therefore,
the analysis presented thus far gives us insight into the mathematical structure of m;19(u)
and provides guidance in our analysis but does not provide an explicit solution for mg12(u)
in terms of our known p.d.f.’s k(¢) and p(y). It is also important to note that even though
mesa2(u) and mso(u) are both functions of w, if we are able to identify hs12(z,y|0), then
using (2.3.6) and (2.3.9), we can determine ¢5 and fs5(y), respectively, and thus solve for
both ms12(u) and mso(u) in full generality. In principle, we can obtain hsia(x,y|0) from
ms12(0) which can be obtained by lim s — oo sm;s12(s) from the initial value theorem for
Laplace transforms.

2.4 Conditioning on the time and amount of the first
claim

We now determine an integral expression satisfied by ms12(«) by conditioning on the time
t and amount y of the first claim. To do this, we consider the values of ¢t and y that lead
to the following 2 cases:

Case 1: first claim causes ruin
Case 2: first claim does not cause ruin

Let’s now consider each of these 2 cases in detail and outline the contribution that each
case makes to mg12(u). Consider each of the corresponding figures which help to illustrate
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each scenario and note that the first claim of size y occurs at time t with density p(y)k(t).

Case 1: first claim causes ruin

For the case where the first claim causes ruin, consider an insurer with an initial surplus
of u that collects premiums at rate ¢ up to time ¢ when the first claim occurs such that the
surplus immediately prior to the first claim is u + ¢t. For ruin to occur on the first claim,
the size of the first claim y must exceed u+ ct for the surplus to fall below zero. This leads
to ruin occurring at time ¢, a surplus immediately prior to ruin of u + ct, and a deficit at
ruin of y — u — ct.

Uy
utctrt

U y

0 4

-(-u-ct)+

Figure 2.8: Conditioning on the time and amount of the first claim - Case 1

Thus, the contribution to ms2(u) for this case is denoted as f512(u) and is given by

Bsaz2(u) = / / g (u 4 ct,y —u — ct)p(y)k(t)dydt
u+-ct
= / e g (u + ct)k(t)dt, (2.4.1)
0
where

apz(z) = /OO wia(x,y — x)p(y)dy. (24.2)

Case 2: first claim does not cause ruin

For the case where the first claim does not cause ruin, recall from Case 1 that the
surplus immediately prior to the first claim is u + ¢t. Thus, for ruin not to occur on the
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first claim, the size of the first claim y must be less than u + ¢t for the surplus to remain
above 0. The process is then said to renew with an initial surplus of u + ¢t — y where an
amount of time ¢ has passed.

Us

utctt

Figure 2.9: Conditioning on the time and amount of the first claim - Case 2

Thus, the contribution to ms2(u) for this case is given by

) u—+tct
= / / e";tm(;,lg(u + ct — y)p(y)k(t)dydt
o Jo
= / e 0510w + ct)k(t)dt, (2.4.3)
0

where .
0512(7) = / ms12(z — y)p(y)dy. (2.4.4)
0

Note that since o412(x) is a convolution of ms12(z) and p(z), its Laplace transform is given
by

Gs12(s) = msa2(s)p(s). (2.4.5)

By summing the contributions (2.4.1) and (2.4.3) to ms12(u) from each of the 2 cases,
we obtain the following expression

mea2(u) = /OO e_éta(g,lg(u + ct)k(t)dt + Bsa12(u). (2.4.6)
0

We note that the first term on the right hand side of (2.4.6) is of the form (1.3.9) from
the Preliminaries section with w;(x) replaced by o512(2) and thus, since o512(2) is not a
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function of ¢, using (1.3.12) and (2.4.5), its Laplace transform is given by

/ / s 19(1t + ct) () dtdu (2.4.7)

= G512(8)k(0 — ¢s) — T519(0 — cs) (2.4.8)
— g a()A()(6 — e5) — Fp(5 — ),

where
G5 12( / / ¢~ e lduts(e— Vs 1o(x)k(t)dadt. (2.4.9)
Therefore, the Laplace transform of (2.4.6) is given by
M 12(s) = M5 12(s)p(s)k(8 — c5) = 6515(5 — c5) + Bs1a(s),

and solving for ms12(s) we obtain

(1 — (s)E(6 — cs))mm(s) = B1a(s) — 75 12(6 — cs). (2.4.10)

Note that the coefficient of m;12(s) equals 0 when s = ps, where ps is a root of Lundberg’s
fundamental equation given by (1.3.8) in the Preliminaries section. Furthermore, if R(ps) >
0, the left hand side of (2.4.10) is zero and we are left with

55,12(5 —cps) = 56,12(,05)7 (2.4.11)

and since S5 12(ps) is a known quantity in terms of p(y) and k(t), the above equality allows
us to identify unknown quantities in 75 ,(6 —cs) which is generally needed to invert 1m5,12(s)

using (2.4.10) (numerically or analytically) under additional assumptions for p(y) and/or
k(t).

2.5 Example 1: classical Poisson model

The classical Poisson model is characterized by an ordinary Sparre Andersen model where
the claim size density p(y) is assumed to be arbitrary and the interclaim time density
k(t) is assumed to be exponential [Willmot, G.E. (2011)]. Thus, we now consider when
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k(t) = e~ which has Laplace transform k(s) = /\j\r and using (2.4.9) we obtain

5-3:12(8) / / {éz+s (ct— z)}0'5’12($))\6_>\td$dt (251)

— / e 005 15 (x) ( / Aems)tdz) dx
0 z

o A
B / 67%(5’8)3605,12@) e ey
0

o8

Ats
- /00 e (%) (x)dx
A +s g o1
AL A+
Then (2.4.10) becomes
. A N = A . A+
(1 —P(S)m) ms12(s) = Bs2(s) — m%,m <T) . (2.5.3)

Theorem 1. For 6 > 0, there exists one real and positive root s = ps to Lundberg’s
fundamental equation given by

A

and if d = 0, then s = py = 0 is the only real and non-negative root.
Proof. Lundberg’s fundamental equation given by (2.5.4) can be rewritten as
A+ —cs = Ap(s). (2.5.5)
Now let
Yi(s)=A+6—cs = Y1(0) = A+,
Y/(0) = —c < 0.

That is, Yi(s) is a decreasing linear function in s with a vertical intercept of A + 4. Also,
let

Yo(s) = Ap(s) = AE[e™] = Y5(0) = Ap(0) = A,
Yy(s) = —\ E[Ye‘sy] <0 = Y;(0) = —\E[Y],
Yy (s) = AE[Y?2e™*Y] > 0.
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That is, Y5(s) is a decreasing and concave-up function with a vertical intercept of A. Then
(2.5.5) is equivalent to

Yi(s) = Ya(s).

For 6 > 0, consider the following graphical representation of Y7 (s) and Ys(s).

240
A
Y,(s)
0 * >
Ps
Y, (s)

Figure 2.10: Example 1 - Y;(s) = Ya(s) for 6 > 0

It is clear from the graph that for 0 > 0, there is one real and positive root s = ps to
Lundberg’s fundamental equation. Now we consider the case when § = 0. Note that since
cs > E[Y] = ¢ > AE[Y] by the positive security loading condition (1.2.2), Y{(0) = —c¢
is more negative than Y;(0) = —AE[Y]. Thus, Yi(s) has a steeper negative slope than
Ys5(s) at s = 0. And when 6 = 0, we can graph Yj(s) and Y3(s) as follows

Y5(s)

Y, (s)

Figure 2.11: Example 1 - Yj(s) = Ya(s) for 6 =0

Then from the graph, it is clear that for 6 = 0, s = py = 0 is the only real and
non-negative root to Lundberg’s fundamental equation.

]
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Then from (2.4.11) and using (2.5.2), it follows that

A ~ A+0 ~
m%,lz (T) = 55,12(,05)7

where p; is the one real and non-negative root to Lundberg’s fundamental equation and
after re-arranging, we obtain

. ()\—1—5) A+ —cps ~

06,12
A

@S 12(;05)

and substitution into (2.5.3) leads to

A ~ A+o6—
<1 — ﬁ(@m) Mmsa2(s) = Bsa2(s) — Hﬁé 12(ps),

and by multiplying both sides by — (&C’CS), we obtain

(5= 2524 259 ) unsto) = (040 = o)) — (040 - cs)ina(s))- (250)

C

Using (2.4.1), the Laplace transform of [3512(u) is given by

Bg 12 / / 0412 U+ Ct))\ )‘tdtdu,

and we recognize this form as being the same as (2.4.7) with o5 12(x) replaced by aqa(x)
and k(t) replaced by Ae™*'. Then using (2.4.8) and (2.4.9), it follows that

A

Bs12(s) = &12(5)m — @ 15(0 — cs), (2.5.7)

where

05612 / / 7l{6x+5 ct— :1:)}04 2( ))\ef)\tdxdt’

which we note has the same form as (2.5.1) with o512(x) replaced by aq2(z) and thus, it

follows that
s AL A+06
0‘6,12(3> = )\—I—sam c .
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And thus, using (2.5.7), we obtain

55,12(8) = ﬁ (5412(3) — Q2 (A 1_ 5)) ;

(M40 — ) Ba(s) = A (&12(5) ~ (A * 5)) |

Cc

or equivalently,

and thus, the right-hand side of (2.5.6) is given by

%(0\ +0 — cps) Bsaz(ps) — (A + 0 — cs) 65’12(5))

= % (5‘12%) — e (ATﬂs) ~ el (ATM»

= Xaualos) — anls)). (2.5.8)

Now recall Lundberg’s fundamental equation given by (2.5.4) with s = ps which we can
rearrange to obtain % = ps + %ﬁ(p(;) such that the coefficent of 7ms12(s) in (2.5.6) can be
rewritten as

=204 250 = s o= 2ilon) + 2006)
AB(ps) — B(s)
= (s g0 (1- PSP
¢ s—ps
_ (s A1 —p(ps) ps  Dps) —p(s)
= (e=a) (1 {C Ps }{S—ﬂa 1—p(ps) }> (2:5.9)
Now, let
A1 —p(ps)
s = PR (2.5.10)
A [ —
= ;/0 e "V P(y)dy,

and since [;° P(y)dy = E[Y], we know that [~ e Y P(y)dy < E[Y] and thus, ¢5 < 2E[Y]
which is a quantity less than 1 by the positive security loading condition (1.2.2). We also
let

2 ~_ps Plps) —p(s)
) = o T o)

32



which using (1.3.6) of the Preliminaries section, is the Laplace transform of the generalized
equilibrium density of p(y). And thus, using (1.3.5), we obtain

ersy fy‘x’ e P5%p(z)dx
IS ePs Px)da

foly) = (2.5.11)

Note that if § = 0, then as shown earlier, py = 0 and fo(y) = P(y)/E[Y] which is the
equilibrium density of p(y). Using (2.5.9), we obtain

A0 A5 = (s - )1 0fs(s)). (2.5.12)

such that together with (2.5.8), (2.5.6) becomes

(5 = 03)(1 = 6 i5)) M5 10(5) = (@al3) — nals).

which we rearrange to obtain

Min2(s) = dsmsaa(s) fo(s) + %6‘12(?__[)?12(8).

Using (1.3.3), inversion leads to
A
me12(u ¢6/ me12(u —y) fs(y)dy + T »Q12(u),

which is a defective renewal equation satisfied by mj2(u) and thus, using (2.3.13), its
general solution is given by

masa(1) = 2Typ0n) + 7= [ STt~ vy
where
ay) = S (1= 63)(90)" 13" (0) (25.13)

with ¢s and fs(y) given by (2.5.10) and (2.5.11), respectively. Thus, note that when
interclaim times are assumed to be exponential, we only needed results from conditioning
on the time and amount of the first claim in order to solve for ms2(u) in full generality.
We will revisit the classical Poisson model again in Section 4.5 where we will consider a
generalized Gerber-Shiu function.
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2.6 Example 2: exponential claim sizes

We now consider when claim sizes are exponentially distributed and the interclaim time
distribution k(t) is assumed to be arbitrary [Willmot, G.E. (2011)]. That is, let p(y) =

Be P where p(s) = ﬁﬁs and its excess loss density is given by

p(z +7) B 56—5(x+y)
P(x) e

Using (2.3.10) and (2.3.7), the ladder height is given by

fily) = / Be By{h61x|0)}d:v
ol

= Be P, (2.6.2)

= Be . (2.6.1)

pa(y) =

and is thus, also exponentially distributed.

Recall that when wia(z,y) = 1, mgsi2(u) is given by Gs(u), the tail of a compound
geometric distribution which using (2.3.18) and (2.6.2), satisfies

Gs(u) = ¢5/ Gs(u —y)Be Pdy + pse . (2.6.3)
0
Taking its Laplace transform, it follows that
= .= B ®s
Gs(s) = ¢5G6(3)B+ s T Er s
and solving for 55(3) yields
= Ps
Gs(s) = ——"+—,
5< ) ﬁ(l — qb(;) + s
which we invert to obtain B
Gs(u) = gge PP, (2.6.4)

To determine ¢, we first consider the expression for ms2(u) given by (2.4.6) that was
obtained by conditioning on the time and amount of the first claim . If we let wig(z,y) =1
such that mg12(u) is given by Gs(u), then (2.4.4) becomes

os12(x) = /”‘ Gs(x — y)ﬂe_ﬂydy,

0
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and (2.4.2) becomes

aia(z) = / Be Hdy = e P

Therefore, using (2.4.6) and (2.4.1), it follows that

00 u-+ct
Gs(u) = / e % {/ Gs(u+ct —y)Be ™ Pdy + e_’B(“JrCt)} k(t)dt. (2.6.5)
0 0

And from (2.6.3), by replacing v with u + ¢t and dividing both sides by ¢s, we obtain

Gs(u + ct)
b5

We recognize this as the bracketed term in (2.6.5) and substitution into (2.6.5) results in

u+-ct
/ Gs(u+ ct —y)Be ™ dy 4 e Pluted) —
0

$sGs(u) = /000 e Gs(u + ct)k(t)dt, (2.6.6)

and using (2.6.4), Gs(u + ct) = ¢se PU79)ute) — Gs(u)e P1=¢5)e which we substitute
into (2.6.6) to obtain

¢5@5(u) :/ e";t@(g(u)e’ﬁ(l’%)“k(t)dt,
0

and by cancelling G;(u) on both sides, it follows that ¢s satisfies

b5 = k(0 + cB(1 — ¢5)). (2.6.7)
and recall from (2.3.8) that 0 < ¢5 < 1.

Theorem 2. There exists one real root © = ¢5 € (0,1) to the equation
r=k(6+cB(1—2)), (2.6.8)

and in fact, 0 < ¢s5 < 15(5)

Proof. To begin, it is convenient to make a change of variable, t = 5(1 — z). Then (2.6.8)
becomes

1— % = k(6 + ct), (2.6.9)
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Since x = 1 — %, then for x € (0,1), we require ¢ € (0, 3). Thus, we are only concerned
with values of t € (0, 8) satisfying (2.6.9).

Now let Yi(t) = 1 —t/f and Ys(t) = k(0 + ct) = E[e=+V] and thus, (2.6.9) is
equivalent to Y;(t) = Y5(t). Note that Yi(t) is a decreasing linear function with a vertical
intercept of 1 and horizontal intercept . Now consider

Ya(t) > 0,
Y)(t) = —cE[Ve V] <,
Yy (t) = FEE[VZe 0rV] S,

and thus Y5() is a positive, decreasing and concave-up function with a vertical intercept

of k(6). Additionally, consider when t = 3(1 — k(8)) then

(s - ko) -1 - L

For 6 > 0, consider the following graphical representation of Y;(¢) and Y5(t) where t = ks
is the root of Y (t) = Ya(?).

(9)-

Y,(1)

14

ﬂ(l-];(d)) K;g B YI(Z)

Figure 2.12: Example 2 - Y;(t) = Ya(¢) for 6 > 0

Now consider when 6 = 0, then

Yi(0) = Ya(0) = 1.
Yy(t) = k(et) = Be] = ¥}(0) = ~B[V]
() =1-5 = ¥i(0) =3 = —ElY]

and since cE[V] > E[Y] by the positive security loading condition, Y5 (0) < Y{(0) which
implies Y5(¢) has a steeper negative slope than Yi(t) at t = 0. Consider the following
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graphical representation of Y;(t) and Y5(¢) where t = kg is the root of Y;(t) = Y5(t). Note
that 0 < kg < .

Y5(1)

,
0 f t
Ko ﬂ\YI(l)

Figure 2.13: Example 2 - Y;(t) = Ya(¢) for 6 =0

And thus, it is obvious from Figure 2.12 and 2.13 that for § > 0, there exists one real
and positive root t = ks to (2.6.9) and (1 — k(9)) < ks < . Thus, from (2.6.9)

1-— % = ]23((5—1-6!15),

or equivalently
s
B — ks

Now recall Lundberg’s fundamental equation given by (1.3.8) when p(y) = Be™?¥ which
we can rearrange to obtain

k(6 + crs) = 1. (2.6.10)

b -
k(6 —cs) =1, 2.6.11
ShE ) (2:6.11)
and comparing (2.6.10) and (2.6.11), we note that s = —k; is the unique and positive root

to Lundberg’s fundamental equation.

Now recall the change of variables we made earlier. To reverse our change of variables,
let ks = 5(1 — ¢s). Thus, it follows that there exists one real root x = ¢5 € (0,1) to (2.6.8)

and since (1 — k(0)) < ks < 3, then 0 < @5 < k(6). O

And using (2.3.11), the defective renewal equation for my;o(u) when claim sizes are
exponential is given by

ms12(u) = gb5/ mesa2(u — y)ﬁe‘ﬁydy + vs12(u), (2.6.12)
0
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where, from (2.3.12) and (2.2.8),

vs12(u) = / Beﬂy/ wia(u + x,y — u)hs1(x]0)dxdy,
u 0

and thus, the general solution to mg;i2(u) is given by

1
1—gs

where from (2.6.4), gs(u) = —a;(u) = Bos(1 — ¢5)e P1=#s)u_ In Section 4.6, we will again
consider the exponential claim size assumption but for a generalized Gerber-Shiu function.
We will also discuss a method to identify hs;(z|0) and an explicit solution for mso(u)
when wya(x,y) = e *1*7%2Y will be derived.

mesa2(u) = vs12(u) +

/ vs,12(y) 95 (u — y)dy,
0
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Chapter 3

The delayed renewal model

3.1 Introduction

In the ordinary Sparre Andersen model which we will refer to as simply, the ordinary
model, there is an implicit assumption that a claim occurs at time 0. This may not be
true in settings we wish to consider i.e. when time 0, the time we begin observing the
insurer’s surplus process, is the time between the occurrence of 2 claims. To avoid making
this assumption, the delayed renewal model allows V] to follow a (possibly) different p.d.f.
kq(t) than the common density k(t) followed by {Va, V3, ...}. That is, the time until the
first claim may be distributed differently than subsequent interclaim times. Otherwise,
in all other respects, the delayed renewal model is identical to the ordinary model. i.e.
{Va, V3, ...} is still an i.i.d. sequence of positive r.v.’s with common p.d.f. k(t) and V; is still
assumed to be independent of {V3, V5, ...} only now it has p.d.f. k4(?).

We denote Ty to be the time of ruin and we consider the same surplus process defined
by (1.2.1) in the delayed renewal model. Let the corresponding Gerber-Shiu function be
defined as

m§ 1o(w) = Ele” Tt wia(Ur,—, [Ur, ) 1(Ty < 00)|Up = u],

where Ur,— and |Ur,| is the surplus immediately prior to ruin and the deficit at ruin in
the delayed renewal model, respectively. Otherwise, all assumptions for the Gerber-Shiu
function under the ordinary risk model still apply i.e. § > 0, u > 0 and wis(z,y) is an
integrable function for x > 0 and y > 0.

Since the delayed renewal model and ordinary model differ only by how the time until
the first claim V] is distributed, it is easy to see that after the first claim occurs, the delayed
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renewal risk process reverts back to an ordinary Sparre Andersen process. And thus, the
close relationship between these two models often allow for results in the delayed renewal
model to be expressed in terms of results in the ordinary model. And when doing analysis
in the delayed model, we are mostly interested in determining this relationship for various
distributional assumptions for the time until the first claim k4(t) such that we can extend
results found in the ordinary model to the delayed model. To determine the relationship
between my§,,(u) and ms12(u), we begin by conditioning on the time and amount of the
first claim. Recall from (2.4.6) and (2.4.1) that under the ordinary risk model,

m5,12(u) = /OO 6_&0'5712(16 + Ct)k}(t)dt + 55712('&)
0
— / e " os12(u+ ct) + ara(u + ct) be(t)dt
0
= /OO e ys(u + ct)k(t)dt, (3.1.1)
0

where
v5(x) = o512(x) + ara(x). (3.1.2)

Since the delayed renewal process reverts back to an ordinary model after the first claim,
we only need to replace k(t) with ky(t) in (3.1.1) to obtain an expression for mg ,(u) which
is given by

mgﬂ(u) = /0 e s (u + ct)kq(t)dt,

and with a change of variable, it follows that

me (1) = 1/:0 e () s () kg (t - “) dt, (3.1.3)

c

and differentiation yields

o) = S = ) 5 [ hom, (S

Recall that time 0 is now assumed to be a time between the occurrence of 2 claims. In
renewal theory, the time to the next claim as measured from an arbitrary time x is called
a “forward recurrence time”. Thus, it would be ideal for k4(t) to equal the distribution
of the forward recurrence time from time 0 which often depends on the time of the last
claim before time 0. But since we only begin observing the process at time 0, the time of
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the last claim before time 0 is unknown. Thus, as a solution to this dilemma, we consider
the limiting distribution of the forward recurrence time as measured from time x where
x — oo which from [Willmot, G.E. (2004a)] equals k.(t) = K(t)/E[V], the equilibrium
density of the interclaim time density k(¢) and does not depend on the time of the last
claim. Thus, we are often interested in choosing k4(t) equal to k.(t). Interestingly, if we
let kq(t) = ke(t), the forward recurrence time of the delayed surplus process turns out to
equal to k.(t) [Willmot, G.E. (2004a)] and thus, we are not required to know the time of
the last claim occurring before time 0, as desired. This special case of the delayed model
is referred to as the stationary model.

If the time between the claim occurring before time 0 and the claim occurring after
time 0 is exponentially distributed, then by the memoryless property, the conditional dis-
tribution at time 0 of the time to the next claim is the same exponential distribution and
is thus independent of the last claim before time 0. Therefore, another choice of k4(t) that
we are often interested in is the exponential distribution.

Refer to [Kim, S.Y. (2007)] where mg ,(u) is studied for k4(t) belonging to either the
exponential, combination of exponentials, or Coxian class. In the next example, we will
consider my ,,(u) for a special class of kq(t) [Willmot, G.E. (2004b)].

3.2 Example 3: mg‘l,u(u) for a special class of k;(t)

We now consider mg ;,(u) when the density of the first interclaim time kq(t) is a weighted
average of a generalized equilibrium density of k(t) similar to (1.3.5), and an exponential
distribution [Willmot, G.E. (2004b)]. That is, let

e [ ek(y)dy

2t + (1 —q)re™™, t>0, 3.2.1

kd<t) =q

where 7 satisfies k(1) < oo and if 0 < ¢ < 1, then > 0, and if ¢ = 1, then —oo < r < 0.

Note that when ¢ = 1 and r = 0, k4(t) = k(t) and the delayed renewal process becomes
the stationary process. Also, when ¢ = 0, k4(t) is an exponential density. Added flexibility
is obtained when 0 < ¢ < 1. For example, if k() is a mixture of n exponentials, then k4(t)
is a mixture of n + 1 exponentials [Willmot, G.E. (2004b)]. Or if k(¢) is a mixed Erlang
density, then the generalized equilibrium density is a different mixture of the same Erlang
densities such that k4(t) is the density of a mixed Erlang and an exponential as is shown
in [Willmot and Lin (2011)]. Also, k4(t) may be evaluated analytically if k(¢) belongs to
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the class of power functions (i.e. k(t) ox t© where ¢ is a non-negative integer) or, if k(t)
is of phase-type, then there exists a closed form expression for kq(t) (see [Willmot, G.E.

(2004b)] and references therein).
Using integration by parts, it follows that

S 1
/ VK (y)dy = —— +
0

r

then using (3.2.1), we can express kq(0) as

ka(0) =

Lt fo R (y)dy

r

+

4q

f()oo eTyF(y) dy

such that k4(t) can be rewritten as

JevK (y)dy’

1 [e.e]
L[ v
0

(1—=q)r

kalt) = (ka(0) — 1) / T Uk(y)dy + (1 — e,

t

and after differentiation, we obtain

ka(t) = (r — ka(0)) k(t) — rka(t),
which is a result that will be useful in the following.
Now consider the integral term on the right side of (3.1.4) and using (3.2.3), (3.1.1),

and (3.1.3), it follows that

1 [~ t—u —
st (2

Ja

_ ciz ume‘s(tﬁ‘)%(t) {(r—kd(o))kc_cu)—rk:d(
= O ()~ Eon )
Then using (3.1.2), (3%1.4) becomes o
o) = o) — 1Oy - OO,
= ()~ Ema(e) — )
+ O 15000 — 50000

(3.2.2)

(3.2.3)

(3.2.4)



We wish to determine the Laplace transform of (3.2.4). But first, let’s just consider the
Laplace transform of its last term and using (2.4.5), this is given by

ky(0) 5 ks(0) _ -
1O (25 10(5) ~ 812(5)) = E8 D g ()1 (5). (325)
Now consider a function defined as
Tia(w) = [ masalu — y)p.lo)ds 320
0

where p.(y) = P(y)/E[Y] is the equilibrium density of p(y). Taking its Laplace transform
yields

~e ~ 1 - ]5(8)
512(8) = Mg 12(s) SEY] (3.2.7)
Therefore, using (3.2.5) and (3.2.7), the Laplace transform of (3.2.4) is given by
~ 7’-'-(5~ r . k’d0~ kdOEY ~c
s o) = ma0) = T2t o) — Do) — 10 ) 4 FOEYD )
and after rearranging, we obtain
r+0\ . r o kq(0) . ka(O)EY| _,
(5= ZE0) italo) = na(0) — Zinssa(s) - 2ty + MO 55,0, 29

And when s = #, the left side becomes 0 and it follows that

it (0) = fmm (r + 6) N kd(o)&m (r + 5) _ ka(0)E[Y] (r + 6) 5 (r + 5> |

C C C c

and substitution into (3.2.8) yields

(2ot = £ (129) ] 40 o (29) ]

Y] (8 [ e
e E>[>( ) -]

- - ‘75,12(3)-
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Dividing both sides by (s — %) and rearranging, we obtain

ka(0)E[Y] r [mm () - ma,m(s)] | ka(0) [du (") - c”m<s>]

~d ~
Mg a(s) = fU(ilQ(s) + - BT c P
C C

S —

ka(0)E[Y] <"” + 5> (3.2.9)

C

~ 5 ~

0512 (chr ) - 05,12(5)

s rid :
C

Recalling the form of the Laplace transform of Dickson-Hipp operators (1.3.3) together
with (3.2.6), we can invert (3.2.9) to obtain

mg 1o(u) = w /O ' mea2(u — y)pe(y)dy + vg5(w), (3.2.10)

where p.(y) = P(y)/E[Y] and using (1.3.2), we obtain

Vh1a(u) = Tess (gmé,w(u) + kd§0>a12(u) - kd(O)CE[Y] (T Jcr 5) 0§,12(u)) . (3.2.11)

Note that (3.2.10) shows the integral relationship between my ,,(u) and ms 15(u), as desired.
As previously mentioned, we are often interested in the stationary model where ky(t) =
k.(t), the equilibrium density of k(¢). Using (3.2.2), we note that if k4(0) = 1/E[V] and
r =0, then k4(t) = k.(t) and (3.2.10) simplifies to

1

mg,u(“) = 1—+9

/ m5,12(u — y)pe(y)dy + U§,12(u)7
0

where using (3.2.11), we obtain

V310(u) = Ts (fmau(u) - ?19 (Z) 0§,12(u)> :

and using the security loading condition cE[V] = (1 4 0)E[Y] from (1.2.2).

44



Chapter 4

A generalized Gerber-Shiu function

4.1 Introduction

In this section, we consider a generalized Gerber-Shiu function [Cheung et al. (2010a)]
and we begin by introducing 2 random variables of interest. First, let X; be the minimum
surplus level before time ¢ and is thus defined as X; =infy<;<; Us. Therefore, Xr is the
minimum surplus level before ruin occurs. By incorporating X, into our analysis, we are
able to study the last ladder height which is given by Xr + |Ur|. Note that if ruin occurs
on the first claim, then X7 = u. Second, let R, = u+ > 1 (cV; = Y;) forn =1,2,... and
Ry = u. Then for n > 1, it is easy to see that R, is the surplus level immediately after the
nth claim. Note that the (N — 1)th claim is the claim before the claim causing ruin which
will be referred to as the second last claim before ruin. Therefore, Ry,_; is the surplus
immediately after this claim and incorporating this quantity into our analysis allows for
the study of the last interclaim time given by (Ur_ — Ry,.—1)/c. Therefore, a “generalized”
Gerber-Shiu function including the two r.v.’s X7 and Ry, will allow greater insight into
the surplus process and thus, a better understanding of the event of ruin. And thus, we
generalize the Gerber-Shiu function as follows

ms(u) = Ele™*Tw(Ur_, |Ur|, X7, Rnp—1) (T < 00)|Uy = ], (4.1.1)

which is identical to (2.1.1) in all respects except that we incorporate Xr and Ry,
into our analysis by extending the 2-variable penalty function wis(z,y) to a 4-variable
function w(z,y, z,v) where w(z,y, z,v) is assumed to be an integrable function for = >
0,y >0,z > 0,and v > 0. Like mg12(u), this generalized Gerber-Shiu function can
also be written as a defective renewal equation as the following sections will show. But
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before that, we introduce the joint defective density of (T, Ur_, |Ur|, Rn,—1) at (¢,z,y,v)
and other useful densities. The following 2 sections will examine each of the conditioning
arguments previously discussed in detail (i.e. conditioning on the first drop in surplus and
conditioning on the time and amount of the first claim) to obtain expressions satisfied by
ms(u). Most of the techniques used to analyze ms(u) are identical to those used previously
to analyze the classical Gerber-Shiu function mj;ja(u). Note that a subscript “3” will
indicate a quantity involving Xp and a subscript “4” will indicate a quantity involving
Rn,—1.

Now let’s assume that Y is not independent of V i.e. the size of a claim now depends
on the interclaim time before the claim occurred. Thus, let P(y|t) = Pr(Y < y|V =1t) be
the conditional distribution of the claim size given the interclaim time preceding the claim
is of length t. We specify the joint density function of (V;,Y;) for i = 1,2, ... by p(y|t)k(t)
where p(y|t) = P'(y|t) and we assume the pairs {(V;,Y;);7 = 1,2,...} are i.i.d. such that
the Sparre Andersen random walk structure of the surplus process is conserved.

First, when ruin occurs on the first claim. Then Ny =1 and Ry,—1 = Ry = u. Using
the same arguments used to derive (2.2.2) when ruin occurs on the first claim, we know
that ¢ = ==, Therefore, the joint defective density of (T, Ur_, |Ur|, Rn,—1) at (t,2,y,v)
when ruin occurs on the first claim is equal to (2.2.2) with p(y) replaced by p(y|t) and is
thus, given by

N 1 (z—u
hio(w,ylu) = Zk( p )p(m—l—y

where t = =, > u, y > 0, and v = w.

x;“) (4.1.2)

Otherwise, if ruin occurs occurs on claims subsequent to the first, there is still no direct
relationship between ¢, x, y and v. We only know that x < u + ¢t and that v < x since
the surplus increases from v to x by a rate ¢ during the last interclaim time. Let’s denote
the joint defective density of (7', Ur_, |Ur|, Rn,—1) at (t,x,y,v) given that ruin occurs on
claims subsequent to the first as h{3, (¢, z,y,v|u). Therefore, hyos(t,x,y,v|u), the joint
defective density of (T, Ur_, |Ur|, Rn,—1) at (t,z,y,v) can be summarized as

hiy(x, ylu), t="1r>u, y>0,v=u
hioa(t, z,y,v|u) = (4.1.3)

sty vu), t>0, v<x<u+ct, y>0, v>0,

and again, note that there is a different density for whether ruin occurs on the first claim
(t=%2% 2>u,y>0,v=u)orsubsequent claims (t >0, v <z <u+ct,y >0, v>0).

[
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Also, recall from (2.2.4) with p(y) replaced by p(y|t) that

hsao(z,ylu) = e hiy(w, ylu) (4.1.4)

_se=ul (x—u) < x—u)
= e - plz+y ,
c c c

h§f124(x,y,v|u) = / 6_6th34(t,$ay,”|u)dt' (4~1-5)
0

and similarly to (2.2.5), let

Then the discounted joint density of (Ur-, |Ur|) is given by

oo o) = BiuCeglo) + [ bis(o,g. o) (416
0

And as was done in the classical case, we let

¢5=/ / hsa2(z, y|0)dzdy, (4.1.7)
o Jo

and

1

fs(y) = %/0 hs2(z, y|0)dx. (4.1.8)

Note that in the independent case i.e. if we assume the claim sizes are independent of
the interclaim time preceding it, then p(y|t) = p(y) and from (2.2.1), the density of |Ur|
at y given Ur_ = z is p,(y). Then it follows from (4.1.4) that

h§,12(1'7 ylu) = h§,1 (z|u)p2(y),

where
he () = e 1 (22 Pa
6,1 c N )
is the marginal defective discounted density of Ur_ = x for ruin occurring on the first

claim. And from (4.1.5)
h§hoa(z, g, vlu) = h5i(z, vlu)pa(y), (4.1.9)
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where b3, (2, vlu) = [ e hi;(t, 2, v]u)dt and hij(t,z, v|u) is the joint defective density
of
(T, Ur—, Ry, —1) at (t, x,v) for ruin occurring on subsequent claims. And thus, from (4.1.6),

hsa2 (2, ylu) = s (2|w)pa(y), (4.1.10)

where hgq(x|u) = b} (z|u) + [ hy%4(x, v|u)dv is the marginal defective discounted density
of UT_.

Using the densities and related quantities introduced in this section and letting u = 0,
we are able to condition on the first drop in surplus to obtain a defective renewal equation
satisfied by mgs(u) as was done in the classical case for msi2(u) and will be discussed in
the next section.

4.2 Conditioning on the first drop in surplus revisited

Recall from Section 2.3 when we discussed the classical Gerber-Shiu function, that we can
determine the density of a drop in surplus below its initial level by using his(t, z,y|u)
and simply letting v = 0. Now consider a surplus that starts with an initial value of
u and falls to level u + v immediately after the claim before the claim causing the first
drop in surplus. If the surplus then rises to an amount z above u at time ¢ when a claim
of size x + y occurs and causes the first drop in surplus, then using similar arguments
to those used in Section 2.3, this scenario occurs with density hja4(t, x,y,v[0) given by
(4.1.3). Furthermore, if ¢ = 2, then v = u, the first drop occurs on the first claim, and
hioa(t, z, y,v]0) = hiy(z,y[0) = Lk (£) p (v + y|%). Otherwise, if ¢ > Z, then v < =, the
first drop occurs on a claim subsequent to the first, and hia4 (¢, z,y,v|0) = ki3, (¢, z,y,v|0).

As will be shown, despite the fact that mgs(u) contains a penalty function involving
Xr, we only require the joint defective discounted density of (Ur-, |Ur|, Ry,—1), which is
independent of X7, to obtain a defective renewal equation for mgs(u). To express ms(u)
as a defective renewal equation, we condition on the first drop in surplus below the initial
value of u. The method of conditioning is identical to that in outlined Section 2.3 for the
classical definition of the Gerber-Shiu function ms12(u) since we will condition on the same
4 cases:

Case 1: first drop occurs on the first claim and causes ruin

Case 2: first drop occurs on the first claim and does not cause ruin
Case 3: first drop occurs on a subsequent claim and causes ruin

Case 4: first drop occurs on a subsequent claim and does not cause ruin
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However, we make a few adjustments to the contributions (2.3.1), (2.3.2), (2.3.3), and
(2.3.4) that each case makes to ms12(u) to account for the additional variables Xr and
R, -1 that are now included in mgs(u). Let’s now consider these adjustments in detail
and outline the contribution that each case makes to ms(u). Make note of each of the
corresponding figures which help to illustrate each scenario.

Case 1: first drop occurs on the first claim and causes ruin

When the first drop occurs on the first claim and causes ruin, Ny = 1 and Ry,—1 =
Ry = u. Also, the minimum surplus level before ruin Xr is u.

U,
utxTt
x
s
0 x/e by
_O/_u) -

Figure 4.1: Conditioning on the first drop in surplus - Case 1 revisited

Thus, by making adjustments to (2.3.1), the contribution to ms(u) for this case is

= / / e w(u+z,y — u,u,u)hiy(z, y|0)drdy
u 0
= / / w(u+ 1,y — u,u, u)hs (7, y|0)dzdy. (4.2.1)
U 0
Case 2: first drop occurs on the first claim and does not cause ruin

When the first drop of size y occurs on the first claim and doesn’t cause ruin, then
y < u and the surplus process is said to restart with an initial surplus of u — y.
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U
utxT
Ty
u-y T . } N
0 x/c

Figure 4.2: Conditioning on the first drop in surplus - Case 2 revisited

Thus, the contribution to ms(u) for this case is essentially identical to (2.3.2) and is
given by

= [ [ ettt (o sl0pdudy
0 0

_ /0 me(u — y) (/OOO e y[O)dx) dy. (4.2.2)

Case 3: first drop occurs on a subsequent claim and causes ruin

When the first drop occurs on a subsequent claim and causes ruin, the minimum surplus
level before ruin is u and the surplus immediately after the second last claim before ruin
must be above u by some amount, say v, where v < z.

Us

utxr /
RN-I =utvr P i
T

0 1 jy
-u) +

Figure 4.3: Conditioning on the first drop in surplus - Case 3 revisited
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Thus, by making adjustments to (2.3.3), the contribution to ms(u) for this case is

L

w(u+ z,y — u,u,u+ v)his(t, z,y,v|0)dtdvdzdy

= / / / w(u+,y — u, u, u + v) bl (7, y, v|0)dvdrdy. (4.2.3)
u 0 0

Case 4: first drop occurs on a subsequent claim and does not cause ruin

When the first drop of size y occurs on a subsequent claim and does not cause ruin,
then y < u and the surplus process is said to restart with an initial surplus of u — .
The surplus immediately after the second last claim before ruin must be above u by some

amount, say v, where v < x.

utx T

utvr

Us

Figure 4.4: Conditioning on the first drop in surplus - Case 4 revisited

Thus, by making adjustments to (2.3.4), the contribution to mgs(u) for this case is

N / / / / — y)hisa(t, z, y,v|0)dtdvdady

= /m5(u—y)/ /h§f124(:v,y,v|0)dvd$dy. (4.2.4)
0 o Jo

By summing the contributions to mgs(u) from all 4 cases (4.2.1), (4.2.2), (4.2.3), and
(4.2.4), we obtain the following expression

/ mé(u—y){ [ etz [ h§f124<x,y,vro>dvdx}dy+va<u>,
0 0 0 0

(4.2.5)
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where

vs(u) = /OO /Ooow(u + 2,y — u, u, u)hj (7, y|0)dzdy
+ /00 /000/0 w(u+ 2,y — u,u,u + v)hiley (2, y,v|0)dvdedy  (4.2.6)
= /00 (/oow u+ct,y,u,u)p(u+ct+y|t)dy) k(t)dt
0 0
+ /000 /000 /xw (u+ 2, y,u,u+v)hiloy (2, u +y,v[0)dvdrdy,  (4.2.7)

by using (4.1.4) and change of variables. Then using (4.1.6), (4.2.5) can be expressed as

= ["mstu= { I h5,12<x,y|o>dx} dy + valu),

and thus, using (4.1.7) and (4.1.8), we can write ms(u) as the following defective renewal
equation

= ¢ /Ou ms(u —y) f5(y)dy + vs(u). (4.2.8)

And thus, it follows from (1.3.18) from the Preliminaries section that the general solution
to mgs(u) is given by

1 _1% /Ou vs(y)gs(u — y)dy, (4.2.9)

where using (1.3.15), gs(u) = >0 (1 — ¢5)(¢s)" f™(u) with ¢5 and f5(y) given by (4.1.7)
and (4.1.8), respectively. We note that despite the fact that ms(u) is a function of u and
contains a 4-variable penalty function involving X, its general solution only depends on
the joint defective discounted density of the 3 variables Ur_, |Ur|, and Ry,.—1 given u = 0.

m(g(u) = U(;(u) +

Now let’s consider special cases of mgs(u) for various penalty functions. If w(z,y, z,v) =
w24 (x, y,v), then (4.2.8) simplifies to

msa24(1) = Ps /“ ms124(u — Y) f5(y)dy + vs124(u),

where using (4.2.6)

Us,124( wiga(u 4+ 2,y — )hE,u(:L‘, y|0)dzdy

/ / / Wigq (U + T,y — u,u + V) Iy (7, y,v|0)dvdrdy. (4.2.10)
u 0 0
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And if w(z,y, z,v) = ws(2z)wi24(x, y,v), then (4.2.8) simplifies to

M 3124(u) = ¢6/ msa 124 — y) f5(y)dy + vsz124(u), (4.2.11)
0
where using (4.2.6) and (4.2.10),

Vs,3,124(1) = w3 (u)vs 124(u). (4.2.12)

And if w(z,y, z,v) = wis(z,y, 2), then (4.2.8) simplifies to

m5,123(u) = ¢5/ m5,123(u - y)f§<y)dy + Ué,ms(“), (4-2'13)
0
where, using (4.2.6) and (4.1.6)

viaz(u) = / / wnas(u+ 2,y — u>{h§,12<x,y|o>+ / h§f124<w,y,v|o>dv}dxdy
u 0 0
o0 o0
= / / w123(u + z,Yy —u, u)h(5712 ('Ia y‘O)d(L'dy, (4214)
u 0

which is a considerable simplification considering that it no longer depends on hy7,,(z,y, v|0)
which is often very difficult to identify in terms of k(¢) and p(y). Instead, vsi23(u) only
depends on hsia(x, y|0), the joint defective discounted density of the surplus immediately
prior to ruin and the deficit at ruin given an initial surplus of 0 which under certain assump-
tions for k(¢) and/or p(y) can be obtained using the classical Gerber-Shiu function ms12(0)
when wya(x,y) = e %Y. And once hsia(x,y|0) has been identified, using (4.1.7) and
(4.1.8), ms123(u) can be solved in full generality.

Now, consider when w(z,y,z,v) = wa3(y, z) which allows for the analysis of the last
ladder height X7 + |Ur|. Then (4.2.13) simplifies to

msa3(u) = ¢s /“ ms23(u —y) f5(y)dy + vs23(u), (4.2.15)
0

where using (4.1.7) and (4.1.8), (4.2.14) simplifies to

vsas(u) = / was(y — u, w) (/ h(;,lg(x,y]())dx) dy
u 0

= ¢s /00 was(y — u, u) f5(y)dy, (4.2.16)
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which only depends on ¢s and fs(y) and thus, we note that the distribution of the last
ladder height may be determined from the generic ladder height, fs(y). In particular,
consider when wo3(y, 2) = w;(y + 2) i.e. a function of the last ladder height, then (4.2.15)
becomes

mess(u) = s /Ou mss(w—y) fs(y)dy + vs5(u), (4.2.17)

where using (4.2.16)

vss(u) = ¢s / Oows)(y)fa(y)dy. (4.2.18)

Note that when w(z,y, z,v) = ws(y), then we obtain (2.3.15) and if w(z,y,z,v) =1
then we obtain (2.3.18) from Section 2.3.

Also, since the special cases of mgs(u) given by (4.2.8), (4.2.11), (4.2.13), (4.2.15)
and (4.2.17) satisfy defective renewal equations, we are again able to use (1.3.18) of
the Preliminaries section to determine general solutions to these special cases. And in
principle, we may be able to obtain h}’,,(z,y,v|0) from the solution of m;124(0) when
wioa(T,y,v) = e *1*7%2Y7Y which can be used together with (4.1.2), (4.1.6), (4.1.7), and
(4.1.8) to obtain hs1a(x,y|0), fs(y), and ¢s. This would allow the special cases of ms(u)
presented in this section to be solved in full generality.

Again, the analysis presented thus far provides insight into the mathematical struc-
ture of mgs(u) but does not yield information on its relationship with the interclaim time
density k(t) and the claim size density p(y). And as described previously, to obtain this
information, we usually also need to condition on the time and amount of the first claim.
However, because ms(u) now contains a penalty function involving Xr, it is not easy to
use this conditioning argument to obtain an expression satisfied by ms(u). But recall the
defective renewal equation for ms(u) given by (4.2.8) can be expressed in terms of the
joint discounted density of (Ur—, |Ur|, Ry;-1) given u = 0 which does not involve Xrp.
Thus, it suffices to consider conditioning on the time and amount of the first claim when
w(z,y, z,v) = wiea(x,y,v) which will be examined in Section 4.4. We can sometimes iden-
tify ¢s5 and fs(y) using this approach when wja4(x,y,v) = 1 for certain k(¢) and/or p(y)
and thus, would allow for m;e3(u) in (4.2.15) to be solved.

In the next section, we consider the mathematical structure of the joint defective dis-
counted density of (Ur_,|Ur|, X1, Rn;—1)-
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4.3 Associated defective densities

To determine the joint defective discounted density of (Ur—, |Ur|, X1, Ryn,y—1) from ms(u),
we choose the penalty function w(z,y, z,v) = e~ %1*752¥7%32754V which can be rewritten as
w(z,y, z,v) = ws(z)wias(x,y,v) where ws(z) = e % and wiy(x,y,v) = e "1*7%2Y75Y,
Thus, mgs(u) follows a defective renewal equation given by (4.2.11) and from (4.2.12),
Vs 3124(uw) = €7 %3%5194(u), where using (4.2.10)

Vs 124(u / / e st mszlym) T hs10(@, y[0)dady

/ / / —s1(uta)—sa(y—u)—sa(utv) hs; “os (T, y,v|0)dvdzdy,

and with a change of variables, it follows that
Vs,124( / / e  METRYTRURL o (2 — u, u + y|0)dwdy

/ / / —81T—S82Y— S4vh6124( u7u+y’v—u|0)dvdxdy. (431)

And thus, using (4.2.9), the general solution of ms(u) when w(x,y, z,v) = e~ 517752V~ 5327s4v
is given by

1
1 — o5

and substitution of (4.3.1) and rearranging results in

mesioa(u) = e *%5104(u) +

/ €% 05.104(2) g5 (u — 2)dz,
0

ms3124(u) = / / e IIBTRYTSSUTSAURL o (¢ — u, u 4 y|0)dady
0

oo o0
+ / / 6781"”7523/733“734”h§f124(x —u,u+y,v — u|0)dvdzdy
0 u u

u OO LOO .
- / / e <h3‘,12(x iz +y0) P02 Z)> dadydz
o Jo J: 1—¢s

u %s) 00 T
+ / / / e S1T—82Y =532 =54V
0 0

x <h3§,*124( — 2,2+ Y,v— Z|0)(u¢)> dvdzdydz.

1—
(4.3.2)
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Note that if w(z,y, z,v) = e~ "%~ 52¥7%327%4% then recall from (4.1.1) that ms(u) is given
by

m573’124(u) = E[e*(STfSlUT—*52|UT|*83XT*S4RNT—1[(T < OO)’UO _ U],

which is equal to the Laplace transform of the joint defective discounted density of
(Ur—, |Ur|, X1, Rnyp—1) ie. if hs(z,y, z,v|u) is the joint defective discounted density of
(UT—a |UT|a XT: RNT—I) at (ZL’, Y, <, U)) then

m5’3’124(u):/ / / / e ST s (1, y, 2, 0|u)dvodzdyd,
0 0 0 0

and thus, using the uniqueness of Laplace transforms, we can determine hs(x,y, z, v|u)
from (4.3.2). Note that hs(x,y, 2, v|u) consists of different densities on different subspaces
of (z,y,z,v) where the subspace reveals information on how ruin occurs. We summarize
the different densities that make up hs(z,y, z,v) on the following page.
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(
h§712(x—u,u+y|0), r>u,y>0,z2=u,v=1u
(corresponding to ruin occurring

on the first claim)

5h04(T — u,u+y, v — ul0), r>u,y>0,z=u,u<v<zx
(corresponding to ruin occurring
on the first drop in surplus

caused by a claim subsequent to

the first)
h§712($—2,2+y]0)951(f—;;), r>z2,y>0,0<z<u,v=2z
hs(x,y, z,v|u) = (corresponding to a drop in

surplus to its lowest level z
without ruin first occurring,

followed by a claim causing ruin)

3‘:“124(:10—z,z—i—y,v—z|0)g‘51(f;;), z<v<z,y>0,0<z2<u

(corresponding to a drop in
surplus to its lowest level z
without ruin first occurring,
followed by ruin occurring but

not on the next claim).

\

Note that when 6 = 0, we can interpret 901(1‘—;:) as the density of the surplus process

dropping to its lowest level z without ruin first occurring.
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Now consider when the penalty function is given by w(z,y, z,v) = wig(z,y,2) =
e~ S17=92Y=53% then mg(u) satisfies a defective renewal equation given by (4.2.13) and from
(4.2.14)

U5,123(U) = / / 6_81(u+x)_s2(y_u)_s3“h5712(:L‘,y|0)da:dy
u 0

N / / e TS b gp (2 — u, u + y|0)dady,
0 u

and using (4.2.9), substitution into the general solution for myg 193(u) yields

Mms23(u) = vs103(u) +

1 u
T ¢6/0 vs123(2)gs(u — 2)dz

= / / e 1ETERYTSUh s 1o(x — u, u + y|0)dxdy
0 u

+ / / / g ST RRYTEsE <h5,12($ — 2,2+ y|0)—g(5(u — Z)) drdydz,
0 0 z 1— ¢5

and again, using the uniqueness of Laplace transforms, we can determine hs23(z, v, z|u),
the joint defective discounted density of (Ur—, |Ur|, X7) at (z,y, z) which is summarized
below

(h6,12($—u,u+y|0), r>u,y>0 z=u
(corresponding to ruin occurring on the
first drop below w)

h6,123<x7 Y, Z|U) =

hsio(x — 2z, 2 —i—le)g‘Sl(f;;), r>2,y>0,0<z<u

(corresponding to ruin occurring but not

\ on the first drop in surplus).

We are able to use the same method to identify the density of the last ladder height

X7+ |Ur| by choosing the penalty function w(z,y, z,v) = ws(y + z) = e~*®+2) and using
(4.2.17). Then since (4.2.18) is differentiable, it is convenient to use the form of the general
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solution given by (1.3.19) from the Preliminaries section which becomes

mes() = 1 %{% [ eetstin = (o [~ sstay) Gotw
+ /Ou Gs(u— y)cbae‘swfa(y)dy}
:=1?@{/w5mh—GmMﬁ@@+[ffmﬁmu—w—@wmmw@}

then by the uniqueness of Laplace transforms, the last ladder height has a defective dis-
counted density given by

2 [Gs(u—y) — Gs(u)] fs(y), y<u
w,y) =<4 159 _
fslen) {f%ﬁ—exwhxw, y>u

It can be shown from [Cheung et al. (2010a)] that the last ladder height before ruin is
stochastically larger than the generic ladder heights with density fs(y), as we would expect.

4.4 Conditioning on the time and amount of the first
claim revisited

To determine an equation satisfied by mg124(u) by conditioning on the time ¢ and amount
y of the first claim, we use a method very similar to that of Section 2.4 for ms2(u). That
is, we consider the same 2 cases:

Case 1: first claim causes ruin
Case 2: first claim does not cause ruin

And thus, we generalize (2.4.6) by making adjustments to the contributions (2.4.1) and
(2.4.3) that each case makes to ms12(u) to account for the dependency between V' and
Y and for the additional variable Ry, _; now included in the penalty function. Let’s now
consider these adjustments in detail and outline the contribution that each case makes to
msi124(u). Make note of each of the corresponding figures which help to illustrate each
scenario.
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Case 1: first claim causes ruin

If ruin occurs on the first claim, then Ny = 1 and Ry,—1 = Ry = u and as was
described in Section 2.4, the size of the first claim y is greater than u + ¢t with the surplus
immediately prior to ruin equal to u + ¢t and the deficit at ruin equal to u + ¢t — y.

U,
utctt

XT:ROZH' y

0 7

-(y-u-ct) +

Figure 4.5: Conditioning on the time and amount of the first claim - Case 1

Thus, the contribution for this case can obtained by generalizing (2.4.1) as follows

Bsi2a(u) = /000 e~y 104(u + ct, u)k(t)dt (4.4.1)
- %/OO e (%) 10 (2, ) (x . “) da, (4.4.2)

where
a2, 1) = / " wisa(@,y — 2, W)p(yl)dy. (4.4.3)

Case 2: first claim does not cause ruin

If ruin does not occur on the first claim, then the size of the first claim y is less than
u+ ct and the process is said to renew with an initial surplus of u+ ¢t —y given an amount
of time t as passed.
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utctt

Figure 4.6: Conditioning on the time and amount of the first claim - Case 2

Thus, the contribution for this case can be obtained by generalizing (2.4.3) as follows
:/ e %0y s10a(u + ct)k(t)dt, (4.4.4)
0
where

o15124(T) = / ms124(x — y)p(ylt)dy. (4.4.5)
0

And therefore, summing the contributions (4.4.2) and (4.4.4) that each case makes to
mes124(u), we obtain

s 2a(tt) = / ey 1o+ (Rt + By 124 (w), (4.4.6)
0

which we note has the same form as (2.4.6) with o512(2) replaced by oy 5124(x) and a;a()

replaced by a;124(z, w). To take the Laplace transform of the first term of (4.4.6), we use
(1.3.10) of the Preliminaries section to obtain

/ / e, 5 141+ bk (t)dtdu — / NG, o (5L — 5 14(5 — 5),
0

where using (1.3.11), we obtain

0 ct
05,124(5) :/0 /0 eiE{MH(Ct*x)}Jt,g,lM(a:)k(t)d:cdt. (4.4.7)
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Since Gy5124(s) = Ms124(5)p(s]t), the Laplace transform of (4.4.6) is given by
ﬁl5’124<8) = m§’124(8) / 67(5ics)tﬁ(8‘t>k(t)dt — 6;7124((5 — CS) -+ 55,124<S), (448)
0
and because [ e~ j(s|t) k(t)dt = E[e™Y~(=*)Y] we can rearrange to obtain

(]_ — E[G_SY_((S_CS)Y} )ﬁ157124(3) = 5(57124(8) - 53124(5 - CS)7 (449)

and again, since the left hand side of (4.4.9) is 0 when s = ps where ps is any root with
positive real part to Lundberg’s fundamental equation (1.3.7), then we are able to identify
unknown constants in 7 1,,(d — cs) using

5§,124(5 - CP&) = 36,124(05),

and as mentioned in Section 2.4 for the classical case, this is usually needed to invert the
Laplace transform of m;124(s) under additional assumptions for k(t) and/or p(y).

Different dependency models have been considered for (V,Y). i.e. [Willmot and Woo
(2011)], [Woo, J.K. (2011)], etc. However, for the following examples, we will assume
that the claim sizes Y and interclaim times V' are independent. And thus, we replace the
conditional density p(y|t) with p(y) such that (4.4.6) becomes

ms124(w) = / 6_6t05,124(u + ct)k(t)dt + Bsa24(u),
0

where 05124(2) is equal to oy 5124(x) with p(y|t) replaced by p(y).

4.5 Example 4: classical Poisson model revisited

We now revisit the classical Poisson model considered in Example 1 which assumes the
interclaim time is exponentially distributed i.e. k(t) = Xe™* [Cheung et al. (2010b)].
In Section 4.2, we found out that despite containing a 4-variable penalty function in-
volving X7, ms(u) can be expressed in terms of the joint defective discounted density
of (Ur—,|Ur|, Rny—1) which does not involve X7. And thus, it suffices to consider when
w(z,y, z,v) = wi(z,y,v).

First, we note that 75 1,,(s) given by (4.4.7) is equal to 75 15(s) given by (2.5.1) with
0s512(x) replaced by oy5124(2) which in this example where Y and V are assmed to be
independent, is equal to 05 124(2). And thus, using (2.5.2), it follows that

ey A A+0
06,124(3) = )\+805,124 — )
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and substituting this into (4.4.9), we obtain

_ A - = AL A+6
{1 - P(S)m} M 124(8) = Bs124(5) — N o g0 (T) ) (4.5.1)
where using (4.4.2),
Bs124(u) = %/ e (2@ gy (2, w)dz, (4.5.2)

where ayo4(z,u) and 04124(8) is given by (4.4.3) and (4.4.5), respectively, with p(y|t) re-
placed by p(y). And since, (4.5.1) is equal to (2.5.3) with (512(s) replaced by Bs124($),
mes12(s) replaced by 1s124(s) and G512(s) replaced by G5 124(s), it follows from (2.5.6) that

{S - )\TM + 215(8)} ms124(s) = % {()\ + 6 — cps) Bs124(ps) — (N +6 — 08)56,124(5)}

= ()\0—1-5 - P5> Bs,124(ps) — <>\C—|—5 - S) Bs.124(s)

= (s — ps)Bsaa(s) + (A—(‘:(S - P5> (55,124(/)5) — 55,124(8)) ,

where in Theorem 1 of Example 1, we showed that ps is the one real and positive root to
Lundberg’s fundamental equation. Using (2.5.12) we can express the above equation as
follows

: - ~ A+0 > ~
(s = ps)(1 — @5 f5(5))ms124(s) = (5 — ps)Bs124(s) + ) (55,124(05) — [35,124(8)) ,

where ¢5 and fs(y) are given by (2.5.10) and (2.5.11), respectively. And rearranging, we
obtain

9

1g124(5) = Gorig12a(s) fo(s) + Boana(s) + (L” - pé) e

which we invert to obtain the following defective renewal equation

m57124(u) = ¢5/ m5,124(u - y)fa(y)d?/ + U6,124(U),
0

where using (1.3.3) and (1.3.1)
A + 0 > —ps(v—u
vs124(w) = Bsa24(u) + <T — ,05) / el )65,124(v)dv. (4.5.3)

63



Then the general solution for mg124(u) is given by

1 u
mea2a(u) = Vs124(u) + / V5,124(v) g5 (u — v)dv,
1- ¢6 0

where g5(y) is given by (2.5.13) and substitution of (4.5.3) results in

)\+(5 OO —ps(v—u
msa2a(w) = Psaoa(u) + (——,05)/ e~Ps! )55,124(71)650

c
+1 — s /0 Bs.124(v)gs(u — v)dv

+]' _1¢5 ()\ j 5 N p6> /Ou (/voo e—Pa ﬁé 124( )dt) g5(u — U)dl}7

(4.5.4)

where after a change of variables, the integral in the last term becomes

/ (/ e P By 0a(t )dt) gs(u — v)dv
0 v
u t [e'e] u
:/ 657124(15)/ e‘p5(t_”)95(u — v)dvdt —|—/ 55,124@)/ e_pé(t_”)g(;(u — v)dvdt.
0 0 u 0

It is convenient in the following analysis to replace v by ¢, and replace ¢ by v in the above
equation to obtain

/ ( | e s >dv) gs(u — t)dt

0 t

—/ 55,124(11)/ ep5(“t)gg(u—t)dtdv+/ 55,124(1))/ e*p‘*(“’t)g(g(u—t)dtdv,
0 0 u 0

and therefore, substitution into (4.5.4) and rearranging yields

m6,124(u) = 56124

A+ v
T / Bs124(v {95 u—v)+ <C - p5> / e Pt gy — t)dt} dv
o 0
+ <+ - Pé) / Bs,124( {e_p“(”_“) + T—os / e_pé(”_t)g(g(u — t)dt} dv
- 0

= Bsoa(u /@5124 )75 (u, v)dv (4.5.5)
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where

s 19s(u—v) + (A2 = ps) fg e gs(u—t)dt}, v <u
75(u, v) = (4.5.6)
(22— ps) {6‘”5(“_“) + = [ e gs(u — t)dt} .U > .

c 1—¢s

Note that if 0 = 0, then it was shown L in Example 1 that po = 0, and recall that
go(u) = —Gg(u) = —9'(u), and ¢y = G(0) = 1»(0). Then for § =0, (4.5.6) becomes

o =) =] —¢'(u—v)}, v<u
To(u,v) = {iﬁﬁzu)c - (4.5.7)
c1-¢(0)’ v > u.
We now consider when wioy(z,y,v) = e~ *1#752¥7%4% guch that
M 194(u) = Ble 0T —s1Ur——s2lUrl=saByr—1 [(T < 00)|Uy = u)], (4.5.8)

is the Laplace transform of hsi04(, y, v|u), the joint discounted density of
(Ur—, |Ur|, Rny—1). Then using (4.4.3) with p(y|t) replaced with p(y), a194(x, u) becomes

(1124(%', u) _ / 6—511—82(y—r)—84up(y)dy

_ 6—5150—84“/ 6_82yp(33 +y)dy (459)
0

And thus, using (4.1.2) with p(y|t) replaced with p(y), (4.5.2) becomes

55,124(U) = %/ e(h:‘s)(mu)e—sw—uu/ e_sgyp(l’—l-y)dydl'
U 0
o0 o P )\ o
= / / e~0(25)—sro—say—sau <—6_A< c )p(x+y)> dydz
u 0

c
= / / 6_5(m;u)_slx_”y_s““h}}(a:, ylu)dydzx. (4.5.10)
u 0

It follows from (4.5.8) that ms124(u) is essentially an expectation of the function
e 0T =s1Ur—=s2lUrl=saRnr—1 [(T < o0). Then we can write ms 124(1) as a sum of contributions
from ruin on the first claim (where t = *~*, x > u, y > 0 and Ry,_1 = Ry = u) and ruin
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on subsequent claims (t >0, v <z <u+ct, y >0 and v > 0). And using the density of
(T, Ur—, |Ur|, Rn,—1) summarized in (4.1.3), ms124(w) can be written as follows

ms04(u) = / /
+ / / / / —0t—s1x—Ss2y— s4vh1‘;4(t,x,y,v|u)dtdydvdx
0

= Bs2a(u / / / e” TRy (2, y, vlu)dyduda, (4.5.11)

using (4.5.10) and (4.1.5). We rearrange to solve for the second term on the right side and
using (4.5.5), we obtain

/ / / e S1T—82Y— s4vh§*124(x7y’ U|u)dyd’l)dl‘

= mg, 124 55 124( )

= / ﬁ57124(v)7'5(u, v)dv
0

:/ 7s(u, v / / e TR 1o (@, ylv)dydado
/ / / —81T—S2y— s4v< (u U)hélz(x y| ))dvdydl’ (4.5.12)

using (4.5.10) and (4.1.4) with p(y|t) replaced by p(y).
And thus, substituting (4.5.10) and (4.5.12) into (4.5.11) yields

m5124 / / e HrTERYT s4uh5 12(7, y|u)dydw

[ A e G ) e
0 0 0

then using the uniqueness of Laplace transforms, the joint defective discounted density of
(UT—a |UT|a RNT—l) at (‘(L” y7,U) 18 given by

—S81T—S2Y— S4Uh>k (

x, y|u)dydx

hso(x, ylu), r>v,y>0,v=u
h(S 124(ZE y,v|u) — 5,12( yl ) Yy
7—5(uvv)h6,12(‘r7y|v)7 r>v,y > 07 v 7é U,

where hj 1, (2, ylu) = 2 7<%6>(x7“)p(x+y) and 75(u, v) is given by (4.5.6). We are also able

to determine various marglnal discounted densities of Ur_, |Ur|, and Ry,_; by integrating
over certain variables as is done in [Cheung et al. (2010b)].
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Now, we wish to identify the joint density of the last interclaim before ruin Vy, and
the claim causing ruin Yy,.. Since Vi, = (Ur_ — Ry,—1)/c and Yy, = Ur_ + |Ur|,

e*ZVNTfsyNT _ e—(s-ﬁ-%)UT,—S‘UTH-%RNT,l ]

And thus, ms04(u) is equal to E [e’ZVNT’SYNT[(T < 00)|Uy = u], if 1 = (S + f), S9 = 8,
sy = —2,and § = 0. Then ai4(x, u) from (4.5.9) becomes

apog(z,u) = e_($+i)$+i“/ e p(x +y)dy
0

= e [T ey,

And thus, for 6 =0, (4.5.2) becomes
A > — Z)(z—u x —s
Booa(u) = _/ e (55°)! )/ e *p(y)dydz

= / e (’\“)/ Yp(y)dydt
u-+ct
- / / e (e Mp(y)) dydt,
u+-ct

using a change of variables. Then substitution into (4.5.5) yields

Ele "W =" [(T' < 00)|Uy = u] = / / e (A p(y)) dydt
u+-ct

+ / (/ / eZtSy)\e’\tp(y)dydt) To(u, v)dv
0 0 v+ct
= / / e Y ()\e”\tp(y)) dydt
0 u4-ct
00 o] y—ct
+ / / e HTY ()\e’\tp(y)/ 70(u, v)dv) dydt,
0 ct 0

and thus, by the uniqueness of Laplace transforms, it follows that the joint density of the
last interclaim time and the claim causing ruin (Viv,, Yy,) is given by

e p(y) (1 + fo To(u v)dv) y > u+ct
he(t, ylu) = § Ne p(y fo (u,v)dv, ct<y<u+ct
0, y < ct,

where 7o(u.v) is given by (4.5.7).
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4.6 Example 5: exponential claim sizes revisited

We will continue to assume that V and Y are independent i.e. p(y|t) = p(y) and consider
when claims are exponentially distributed i.e. p(y) = Se~?¥ which were assumptions made
in Example 2 when analyzing ms2(u) containing a 2-variable penalty function [Cheung
et al. (2010a)]. But now, we consider a generalized penalty function w(z,y, z,v) and in
particular, we let w(z,y, z,v) = e~ 17752V 7582754V gych that mgs(u) becomes

ms(u) = Ble 0 ems1Ur-—s2Url=ssXr=safar1 [(T < o0)|Uy = ), (4.6.1)

which as was previously mentioned, is the Laplace transform of the joint defective dis-
counted density of (Ur_,|Ur|, X7, Rn;—1)-

Recall from (4.1.9) and (2.6.1) that

h5124(13 u+y,v0) = px(u—i—y)h&M( v[0)
Be Pt pz, (x,0]0),

and thus, using (4.2.7), we obtain

U(s(U) — / —ot (/ e~ 51 (u+ct)—say—ssu— 34u66 u+ct+y)dy) k‘(t)dt

[T [ et gt o f0)dudndy

_ (,B+sl+53+34 (/ 66—(54—32 ydy)
X (/ —(5+cs1+c,6’ tk dt +/ / —s1T— s4vh6 14($,U|O)dvd$)
0

56* (B+s1+s3+sa)u , -
e (0 + cs1 -+ eB) + Ryia(s1,410) )

where iLEh(sl, 54]0) is the bivariate Laplace transform of h3?,(z,y[0). Now let 5(s1,s4) =
k(6 + csy +cB) + ﬁ§f14(sl, 54]0) such that

565(817 84) —(,3+51+53+54)’U" (462)

U&(U) ﬁ + So

Since the ladder height fs5(y) is derived independently from the choice of penalty func-
tion, using (2.6.2), f5s(y) = Be . And because ms(u) is known to satisfy a defective
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renewal equation, then using (4.2.8) we have

ms(u) = ¢s /Ou mg(u — y)ﬁeﬁydy + vs(u),

where vs(u) is given by (4.6.2) and from Theorem 2, ¢; is the one real root € (0, 1) satisfying
(2.6.7). Taking the Laplace transform of this defective renewal equation yields

& 1 /355(31784)
B+ z B+ s9

and solving for ms(z), we obtain

s(z) = BEs(s1,84) (B4 51+ s3+ 84 + Z)’l

B+ s 1—¢sB(B+2)"t
After some algebra, we have
m(s(Z) _ ﬁf(;(sh S4> { S1 + 53 + Sq ¢56 }
(B+52)(sB+s1+s3+84) | B+s1+s3+sa+z B(l—dos)+2]°
which using (2.6.4) we invert to obtain

BEs(s1,84)
(ﬁ + 82>(¢56 -+ S1 —+ S3 + 84)

ms(z) = psrs(2) (B4 51 +83+84+2)7",

ms(u) = {(s1+s5+ s4)e” (Brsitsastsau 4 BGs(u)} . (4.6.3)

To express &5(s1,54) in terms of k(s), we consider the expression for ms(u) given by
(4.4.6) which was derived by conditioning on the time and amount of the first claim. But
first, since &5(s1, s4) is not a function of s9 or s3, we let so = s3 = 0 and thus ms(z) from
(4.6.3) simplifies to

65(517 54)

— _ —(B+s1+sa)u G, . 4.6.4
mana() = S (4 ai)e + ()} (4.6.4)
Then (4.4.6) simplifies to
m5,14(u) = / 6_5t0'5714(u + Ct)k(t)dt + 65714(10, (465)
0

where from (4.4.1) and (4.4.3)
56,14(7//) — / 6761‘, (/ 681(u+ct)34u56ﬁydy> k(t)dt
0 u

+ct

— /OO 676t7(5+51)(u+ct)754uk<t)dt
0

— e*(ﬂ+$1+54)ulé<5 + Cﬁ 4+ CSl), (466)
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and using (4.4.5) and (4.6.4)
o514(z) = / mg14(z — y)ﬁe*ﬂydy.
0

ols1, 54) { /x ~(Bts1sa)(@—y) g /“"3 _
= T + s1+sa)(z—y) BYdy + G _ BY gy L.
$58 + 51+ 84 (514 54) ) C pe "y + 5 ; s(x —y)Be”"Vdy

Recall from (2.6.3) that

/”*‘ Gs(x — y)BeMdy = Colz) _ e 7,
0 oh

and thus, we have

os1a(x) = _Plolors) {eﬁf’*‘ (1 —e-(rrsay 4 (M _ eﬁm) }

@5+ 51+ s4 on
_B8(s1,54) {66(55) _ —(ﬁ+s1+34)x}
G5B+ s1+54 | Ps ‘ ' (46.7)

Therefore, using (4.6.6), (4.6.7), and (2.6.6), (4.6.5) becomes

555(31784) { 1 /OO —St A /oo —5t—
= ] — G t)k(t)dt — (Btsitsa)(utet) o 4) ¢
ma1a(u) 058+ 51+ 54 05 Jo ‘ olu+ ct)k(t) 0 ‘ (2

+e” 6+31+s4)“k(5 + ¢+ ¢s1)
 BEs(s1,84) ~(Btsitsa)uf,
— e TRTSINE(§ + e + cs1 +cs }
0B+ 51+ 54 Gilu (O e csy + csa)
e Braitsul(§ 4 B 4 csy). (4.6.8)

And thus, when equating (4.6.4) and (4.6.8), the terms involving G'5(u) cancel out and
dividing both sides by e~ (F+s1+50% regults in

&s(s1, 54)
58 4 51+ 54

BEs5(51, 54)

OB T (8 4 B+ esy + csg),
¢5ﬁ+51+84< cf + cs1 + csy)

(s14 84) = l;:(é + B+ csy) —

and solving for £s(s1, 4), we obtain

(958 + 51+ s2)k (3 + cB + cs1)
51+ 544 Bk(6 + cB + sy + csy)

56(31, 84) =
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which is a function in terms of k(s). Therefore, using (4.6.3)
ms(u) = Cs(s1, S2, 53, 84) { (81 + 53 + s4)e” FHorsstsle 1 gG(y) ), (4.6.9)

where

B(psB + s1+ 54)/:;(5 + ¢ + cs1)
(B + 52)(psf + 51 + 534 54) (51 + 54+ 5/%(5 +cB+cesi+ 084))’

C(S<817 S92, 53, 34) ==

and Gs(u) is given by (2.6.4).

Now recall that if we want to study the density of the last interclaim time before ruin
given by V.. = (Up— — Rn,—1) /¢, then we choose w(x,y, z,v) = S S Thus,
if we denote the density of the last interclaim time before ruin as kp(tju) = — Ky (t|u),
then the Laplace transform of kp(t|u) is given by Ele™*»r (T < o0)|Uy = u] which can
be obtained from (4.6.9) with 6 = 0, s; = s/c¢, s = s3 = 0, and s4 = —s/c. And thus,
recalling that Go(u) = v (u), we obtain

k(cB + s)

Ele*"Wr [(T < 00)|Upy = u] = ——21(u),
k(ch)
which we invert to obtain the density of the last interclaim time
e~ PL(t)
kr(tlu) = ————=1(u).
k(ch)

The proper distribution of Vy..|T' < oo is given by

kr(tlu) e P'k(t)
Ylu) l%(cﬁ)

which we note does not depend on the initial surplus « and is easily evaluated for many
forms of k(t). It is shown in [Cheung et al. (2010a)] that this last interclaim time Vi,
is stochastically dominated by the generic interclaim time V ie. Kp(t|u) < K(t), as is
consistent with our intuition. This is because a shorter interclaim time means less time
for premium to be collected which increases the chances of a claim occuring that is large
enough to cause ruin.

Now consider when s3 = s, = 0, such that ms(u) simplifies to ms12(u) and using (4.6.9)

6/%((5 + B+ csq)

—(B+s1)u Yol
(B + 52)(s1 + BE(8 + ¢ + ¢s1)) toe + BGs(u)},  (4.6.10)

m5,12(u) =
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which is an explicit solution to (2.6.12) in terms of k(s) when wyy(z,y) = e~ 517752V,

We are now interested in determining hs 12(, y|u), the joint defective discounted density
of the surplus immediately prior to ruin and the deficit at ruin [Willmot, G.E. (2011)]. And
since hs1a(z, ylu) = hs1(z|u)Be? from (4.1.10) where hsi(z|u) is the defective discounted
density of the surplus immediately prior to ruin, we only need to focus our attention to
identifying hs1(z|u) to determine hsy2(x, y|u). Thus, we let sy = s3 = s4 = 0 such that
(4.6.1) becomes

ms(u) = E[e 0T 5V~ [(T < 00)|Uy = u]
== h5,1<81|u)a

where 5571(51@) is the Laplace transform of hs;(z|u). Then letting s = 0 and using
(4.6.10), we obtain

k(6 + cB+ csy) (s
1

h = —(B+s1)u
han (1) 1+ Bk(6 + B+ cs1) ‘ "+ AGs W),
and since
hs1(s1]0) = FO +cf + ca) (s1+ Bs), (4.6.11)

1+ k(6 + B+ cs1)
then we can write

h
ha(al0)
51+ Bos
And by adding and subtracting S¢se~PT50%  we obtain

hs1(51]0) ((

hsa(s1fu) = e TE g 5Gs(u)

haa(salu) = S22 (514 Bs)e” 00" 4 BC(u) — Bge™*r )
_ 7 ~(B+s)u Bh61(31|0) —(B+s1)u
= hsi(s1]0)e”PF —81+B¢5 (Gs(u) — gse” P00 (4.6.12)

For an arbitrary function h(z) and constant a, consider the Laplace transform e=%*h(s)
which is given by

o) = e /°° —ooh()ds

x—l—a)sh d

oo
e *h(x — a)dz,

/0
/



and thus e~**h(s) is the Laplace transform of h(z — a)I(z > a).
Thus, we invert (4.6.12) to obtain

hsi(zlu) = e P hsi(z —u|0)I(z > u) + BGs(u) / e P s (y]0)dy
0
+e P Bes / e Pos@u=v s (y|0)dy I(z > ), (4.6.13)
0

which is an equation for hsq(z|u) in terms of hs(x]|0). And thus, we can further refine our
focus to identifying hs1(2|0). Recall from (4.6.11) with s; replaced by s that

- k(6 +cB+es)
hsa(s0) = s+ﬁl§:(5+cﬁ+cs)(s+ﬁ¢5)

B k(8 4 ¢f + cs) . B B
- s+ﬁ—ﬁ<1—%(5+cﬁ+cs))( TE B de)),

and recall from Example 2 that we let k5 = 5(1—¢s) and showed that —ks is the unique and
positive root to Lundberg’s fundamental equation and thus, satisfies ks = 5(1—k(0+cks)).
Then by adding and subtracting x4, it follows that

~ k(6 + cs
hsa(s — Bl0) = ( = ) (s — Ks)
s —B(1 —k(6+cs))
k(6 + cs)
— _ - (s — Ks)
s— ks — Bl —k(d+cs)) 4+ B(1 — k(0 + cks))
- k(O + cs) . (4.6.14)
1— ﬁ {k(6+cn5)7k(6+cs) }
S—K§
Now define the proper density
_s5t t
ck(9)
which has the Laplace transform
ig(s) = FOF )
k(9)
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Then (4.6.14) can be written as

Since k5 = B(1—k(0+cks)) = B = substituting this result into hs (s—5]0)

yields

__Rs
1—k(d+cks)’

hsals — B0) — Y
aals = P10) 1 hs k(5>{w}
ki (

() (1- ﬁ(s(/%)){ Ko ﬁé("f&)*ﬁé(s)}

s—ks 1—ngs(ks)

= (4.6.16)

where

. k(9) (s
K Tk
k(6) - k(5 + crs)

1— k(é + C/i(;)

where it is easy to see that ¢ € (0,1) for 6 > 0 and ¢§ = 1, and

~ R§ ﬁg(/i(s) — ﬁg(s)

fils) == 1= () (4.6.17)

And from (1.3.6), (4.6.17) is the Laplace transform of the generalized equilibrium density
of ns(y) and thus, using (1.3.5), it follows that

efiey fyoo e " ng(x)dx

Jo~ e Ns(y)dy

fiy) =
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where from (1.3.1)

o B oo B 006_6%]{/’(%)
Ns(y) = /y ng(a:)dx—/y —0%(5) dx

T (2)
ZON

And thus, by rearranging (4.6.16), we obtain

hsa(s = BI0) = @3hsa(s — B10)f5 (s) +v3(s),

which we invert to obtain
Hhaa(el0) = 65 [ ¢ Dhss(x = 10)f; (5)dy + F(Ens(z).
0

which is a defective (proper) renewal equation for ¢*®h;(x|0) for § > 0 (6 = 0). And thus,
using (1.3.18) of the Preliminaries section, the general solution to this defective renewal
equation for § > 0 is given by

b (al0) = R@)mse) + =z [ K@i (e~ ) (46.18)

1
1—¢j
where if (f5(y))*" is the n-fold convolution of f5(y) with itself, then

o0

5 (y) =Y (1= 5)(5)"(f3 (W)™

n=1

Therefore, multiplying both sides of (4.6.18) by e #* and using (4.6.15), we obtain the
following equation for hs;(x|0)

hsa(z]0) = eﬁx{;;(5>n5(x)+ k<5>* /Oxna(y)g;;(x—y)dy}

= P {6_5265 (%) + o i pey /OI e (H)k (%) g5 (x — y)dy} .

And thus, using (4.6.13), (4.1.10), and (2.6.1), we can determine hs12(x, y|u), the joint
defective discounted density of Ur_ and |Ur| when claim sizes are exponentially distributed.
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Chapter 5

Summary and Highlights

The summary and highlights for each chapter are given in the following subsections.

Chapter 2 The classical Gerber-Shiu Function

e In Section 2.1, the Gerber-Shiu function’s value as a unified means of identifying
ruin-related quantities was examined by considering special cases of the function for

various penalty functions and values of §.

e In Section 2.2, the form of the joint defective density of (T, Ur_, |Ur|) was introduced
and was determined to be defined differently depending on whether ruin occurs on
the first claim or subsequent claims. In addition, discounted densities which do not
have any meaningful probabilistic interpretations but are useful in our analysis were

introduced.

e In Section 2.3, by conditioning on the first drop in surplus below its initial level,
mes12(u) was shown to satisfy a defective renewal equation; this result gives insight
into the mathematical structure of the Gerber-Shiu function but does not yield in-
formation on the relationship between hs12(z, y|0), ¢s, and f5(y) with the interclaim
time denstiy k(t) or claim size density p(y). A general solution to mg12(u) was ob-
tained which was shown to be closely related to an “associated” compound geometric
r.v. Furthermore, we showed that the tail of this “associated” compound geometric
r.v. (which is equal to the Laplace transform of the density of the time of ruin with
wie(z,y) = 1), also satisfies a defective renewal equation. When wis(x,y) = wo(y),
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mes12(u) simplifies considerably to mgsa(u) since unlike mg12(u), it only depends on
¢s and the ladder height fs(y) and does not depend on hs1a(x,y|0), which is often
more difficult to obtain. It was also shown that even though ms2(u) and mso(u) are
both functions of u, if we are able to identify hsio(z,y|0) (i.e. from myg12(0)), then
we can solve for both ms12(u) and mgo(u) in full generality.

e In Section 2.4, to determine a relationship between mg12(u) with k(y) and p(y), we
conditioned on the time and amount of the first claim to derive an integral equation
satisfied by msi12(u). It was shown that Lundberg’s fundamental equation, and in
particular its roots with positive real parts allows for the identification of unknown
quantities which is generally needed to invert ms12(u) (either numerically or analyt-
ically) under additional assumptions for k(¢) and p(y).

e In Section 2.5, the classical Poisson model was then considered and by conditioning
on the time and amount of the first claim, m;2(u) was solved in full generality. We
note that in this case, conditioning on the first drop in surplus was not needed.

e In Section 2.6, we considered an exponential claim size density and an arbitrary
interclaim time to determine the form of the solution of ms2(u) up to an unknown
density which was derived in Chapter 4.

Chapter 3 The delayed renewal model

e In Section 3.1, the delayed renewal model was introduced which allows the time until
the first claim to follow a (possibly) different p.d.f. k4(¢) than the common density
k(t) followed by subsequent interclaim times. It solves the implicit assumption in
the ordinary Sparre Andersen model that a claim occurs at time 0 which may not
be true in settings we wish to consider. A brief discussion was provided on a special
case of the delayed renewal model called the stationary renewal model where k4 (%) is
equal to the limiting distribution of the forward recurrence time which turns out to
equal the equilibrium density of k(t).

e In Section 3.2, since Gerber-Shiu analysis in the delayed renewal model aims to
determine the relationship between mg1a(u) and m§,,(u), a functional relationship
between ms12(u) and mg ,(u) was determined for a class of first interclaim time
densities which includes the equilibrium density and the exponential distribution.
This is done using differential equations and Laplace transforms.
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Chapter 4 A generalized Gerber-Shiu function

e In Section 4.1, we introduced a generalized Gerber-Shiu function where the penalty
function includes 2 additional r.v.’s: the minimum surplus level before ruin Xy,
and the surplus immediately after the second last claim before ruin Ry,_; in the
dependant Sparre Andersen model. This generalized Gerber-Shiu function allows for
the study of r.v.’s such as the last interclaim time and the last ladder height which
otherwise could not be studied using the classical definition of the function.

e In Section 4.2, similar to what was done Chapter 2, the form of the joint defective
density of (T, Ur_, |Ur|, Ry,) was introduced and was determined to be defined dif-
ferently depending on whether ruin occurs on the first claim or subsequent claims.
And again, corresponding discounted densities were introduced. Interestingly, de-
spite containing a 4-variable penalty function, by conditioning on the first drop in
surplus, ms(u) is shown to satisfy a defective renewal equation that is only depen-
dent on the density of the 3 variables Ur_, |Ur| and Ry, (which does not involve
Xr). We also considered the simplification of defective renewal equations satisfied
by special cases of mgs(u) for various choices of the penalty function. For example,
if w(x,y, z,v) = wa3(y, ), then the general solution to msa3(u) only depends on ¢s
and fs(y) and thus the last ladder height may be determined from the generic ladder

height f5(y).

e In Section 4.3, using the uniqueness property of Laplace transforms and the general
solution for mgs(u), the form of the joint defective discounted densities of
(T, Ur—,|Ur|, X7, Rnp—1), (T, Ur—, |Ur|, X7), as well as the last ladder height were
determined.

e In Section 4.4, the method of conditioning on the time and amount of the first claim
was considered. Since the analysis presented from conditioning on the first drop in
surplus provides insight into the mathematical structure of mgs(u) but does not yield
information on its relationship with k(¢) and p(y), we usually condition on the time
and amount of the first claim to obtain this information. However, because ms(u)
now contains a penalty function involving X, it is not easy to use this conditioning
argument. But since Section 4.2 demonstrated that mgs(u) can be expressed in terms
of the joint defective discounted density of (T',Ur—_, |Ur|, Ry,—1) given u = 0 which
does not involve Xy, it suffices to consider conditioning on the time and amount
of the first claim when w(z,y, z,v) = wi(z,y,v). And again, it was shown that
Lundberg’s fundamental equation, and in particular its roots with positive real parts
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allows for the identification of unknown quantities which is generally needed to invert
mes(u) under additional assumptions for k(t) and p(y).

In Section 4.5, the classical Poisson model was revisited and mgs(u) was solved in
full generality when the penalty function does not involve X7. Using the uniqueness
property of Laplace transforms, this was used to derive the joint defective discounted
density of (T, Ur—, |Ur|, Rn,—1) and the joint defective density of the last interclaim
time before ruin and the claim causing ruin.

In Section 4.6, the exponential claim size assumption was revisited and ms(u) was
solved in full generality when a penalty function is assumed such that mgs(u) becomes
the Laplace transform of the joint defective discounted density of (7', Ur_, |Ur|, X7,
Rpn,—1). This was used to solve for the density of the last interclaim time as well as
the joint defective discounted density of (Ur_, |Ur|).
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