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Abstract

The goal of this thesis is to define and study the Fourier algebra A(G) of a locally
compact groupoid G. If G is a locally compact group, its Fourier-Stieltjes algebra B(G)
and its Fourier algebra A(G) were defined by Eymard in 1964. Since then, a rich theory has
been developed. For the groupoid case, the algebras B(G) and A(G) have been studied by
Ramsay and Walter (borelian case, 1997), Renault (measurable case, 1997) and Paterson
(locally compact case, 2004). In this work, we present a new definition of A(G) in the

locally compact case, specially well suited for studying locally trivial groupoids.

Let G be a locally compact proper groupoid. Following the group case, in order to
define A(G), we consider the closure under certain norm of the span of the left regular
G-Hilbert bundle coefficients. With the norm mentioned above, the space A(G) is a com-
mutative Banach algebra of continuous functions of G vanishing at infinity. Moreover,
A(G) separates points and it is also a B(G)-bimodule. If, in addition, G is compact, then
B(G) and A(G) coincide. For a locally trivial groupoid G we present an easier to handle
definition of A(G) that involves “trivializing” the left regular bundle.

The main result of our work is a decomposition of A(G), valid for transitive, locally
trivial groupoids with a “nice” Haar system. The condition we require the Haar system
to satisty is to be compatible with the Haar measure of the isotropy group G} at a fixed
unit u. If the groupoid is transitive, locally trivial and unimodular, such a Haar system
always can be constructed. For such groupoids, our theorem states that A(G) ~ Cy(G") <}%
A(GY) é Co(G"), where é denotes the Haagerup tensor product of operator spaces. This
decomposition provides an operator space structure for A(G) and makes this algebra a

completely contractive Banach algebra.

If the locally trivial groupoid GG has more than one transitive component, say G = U;G},
since these components are also topological components, there is a correspondence between
G-Hilbert bundles and families of GG;-Hilbert bundles. Thanks to this correspondence, the

Fourier-Stieltjes and Fourier algebra of G can be written as sums of the algebras of the G;
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components. Thus, the decomposition can be stated as A(G) ~ ¢ —@; Co(GY) ® A(GY) &
Co(GY), if u; € G; for all 4.

The theory of operator spaces is the main tool used in our work. In particular, the

h
many properties of the Haagerup tensor product ® are of vital importance.

Our decomposition can be applied to (trivially) locally trivial groupoids of the form
X x X and X x H x X, for a locally compact space X and a locally compact group H. It
can also be applied to transformation group groupoids X x H arising from the action of
a Lie group H on a locally compact space X and to the fundamental groupoid I1(X) of a
path-connected manifold X.
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Chapter 1
Introduction

“[...] The author hopes the approach adopted on the book will contribute to an appreci-
ation of the intrinsic beauty and importance of groupoids, and help in overcoming a not

uncommon psychological aversion to the concept that he himself initially experienced!”
Alan L. T. Paterson, [32].

Let me use this introduction to tell you a story E], the story of the genesis and the process
of writing this thesis: how the topic was selected, how the questions (and sometimes the

answers) arose, what were the tools used and the goals achieved.

For some obscure reason that I cannot explain, contradicting the quote from Paterson
above, I was already interested in groupoids when I started my PhD. at University of
Waterloo. Professors Nico Spronk and Brian Forrest agreed to supervise me ] and since
they study Fourier algebras of groups, the topic “Fourier algebras of groupoids” looked like
a good ideal’| At this point, a copy of Paterson’s paper “The Fourier algebra for locally

1 As a kid, the author of this thesis wanted to be writer, not a mathematician.
2However, they expressed on many occasions that I was free to switch to Number Theory if so I wished.
3There were other ideas, like “Fourier algebras of Fell bundles”... maybe I will have a grad student

looking at that some day.



compact groupoids” ([33]) magically appeared in my mailbox. I do not know the meaning
of such an apparition in other “mathematical families”, but in mine, that means you have
to read it. So I did. Or at least I tried. The “psychological aversion” mentioned above was
experienced as I pushed my way through the pages of the article. It was a bit overwhelming,
but it was definitely fun, despite my lack of intuition as far as groupoids were concerned.
At least my previous exposure to Fell bundles helped me understand the Hilbert bundles
involved. We had a seminar running back then, a weekly opportunity for me to try to
understand a bit more while presenting Paterson’s work to my supervisors and my fellow
grad students[] The topic of the thesis was still very vague. My supervisors suggested I
could concentrate on transformation group groupoids, but I could not make much progress.
A few weeks later they suggested I should concentrate on finite groupoids. Being completely
honest, I was not thrilled by the suggestion. I wanted to work on something more grandiose!
It is time to deeply thank Professor Ebrahim Samei, back then a postdoctoral fellow in our

department, who convinced me of doing what I had to do.

Before we keep going with our story, let me briefly and informally discuss the definitions
and properties of the Fourier algebras of locally compact groups, as well as the definition

of groupoids.

If H is a locally compact group, two commutative Banach algebras can be associated
to it: the Fourier-Stieltjes algebra B(H) and the Fourier algebra A(H). This rich theory
started with Eymard’s work “L’algebre de Fourier d’un groupe localement compact”, [18].
The definitions of B(H) and A(H) are included in the first section of Chapter 4. Suppose
m: H — U(H) is a continuous homomorphism, where H is a Hilbert space and U(H)
denotes the group of unitary operators on H. If £ and n are elements of H, let (£,7)x
denote the map from H to C, called a coefficient map, defined by (£,7).(h) = (w(h)&, n).
The Fourier-Stieltjes algebra of H is the space of coefficient functions of all equivalence
classes of unitary, continuous representations of H. It is a unital subspace of C,(H), the

space of continuous and bounded functions on H. It is a commutative algebra with point-

4Many thanks to Mahya, Mike, Cam and Elcim!



wise product. Moreover, it is a Banach algebra: if ¢ is an element of B(H), the norm of

¢ is defined by
lell = inf ]Il

o=(&m)x
where 7 is a continuous unitary representation of H and &, 7 are elements of H,. Alterna-
tively, the Fourier-Stieltjes algebra can be defined as the span of the continuous positive
definite functions of H, and also as the Banach space dual of C*(H), the C*-algebra of H.

Let m be the left Haar measure on H. The Fourier algebra of H is obtained by
considering only coefficients of the left regular representation \ : H — U(L*(H, m)),

A(R)(f)(W) = f(R7'R),
AH) ={(&n)x: &me L*(H,m)}.

This space is included in Cy(H), the space of continuous functions vanishing at inﬁnity.lﬂ
Moreover, with the norm of B(H), this space is a closed ideal. It also admits other
equivalent definitions: it is the predual of the von Neumann algebra of the group VN(H)

and can be obtained as a quotient of a projective tensor product of L? spaces.

Since they were defined by Eymard, these algebras had been well studied and many
properties had been proved (see for instance, the discussion about amenability at the end
of Section 4.1). Considering that groups are particular cases of groupoids, we may wonder

if it is possible to develop a theory of Fourier algebras of groupoids.

We refer to the beginning of Chapter 2 for the formal definition of groupoids. For now,
we just say that intuitively, groupoids are very much like groups, with the difference that
the product is not defined everywhere and that we have many identities instead of just
one. We can think about a graph and the operation of concatenation. We can concatenate
two edges of the graph only if the first of them has as range the source of the second one
(that is, the first one ends where the second one starts). Groupoids also have an inverse

operation that works like the inverse on a group. The identities or units of the graph

5A function f: X — Y, where X is a topological space and Y is a normed space, vanishes at infinity

if for all € > 0 there exists a compact subset K of X such that ||f(x)| < e if x € K°.



example are the vertices. If G is a groupoid, its space of units is denoted by G°. The loops

at a vertex u of the graph form a group, called isotropy group and denoted by G.

Groups are examples of groupoids, and so are union of groups, sets and equivalence
relations. An equivalence relation is a groupoid with the following structure: suppose u, v
and w are elements of a set X; if u is related to v and v is related to w, then we are allowed
to multiply (u,v) and (v, w) and the result is (u, w). The inverse of a pair (u,v) is the pair
(v,u).

There is one more example of a class of groupoids I wish to mention here, and it is
the fundamental groupoid of a topological space. The fundamental group of a space X is
defined by fixing a base point = of the space and considering the continuous loops at x
up to homotopical equivalence. The operation on this group is concatenation, the unit is
the constant loop and the inverse of a loop is the loop travelled in the opposite direction.
The elements of the fundamental groupoid are equivalence classes of continuous paths on
the space, with any starting and ending point. In this case, homotopical equivalence with
fixed end points is considered. Fundamental groupoids are useful to allow change of base

points for the fundamental group.

We are interested in topological locally compact groupoids, that is, groupoids with a
locally compact, Hausdorff, second countable topology that makes the operations continu-
ous. The family of groupoids is a very broad one. In most cases, when studying groupoids,
we restrict ourselves to certain families of them that verify some given properties (for in-
stance, principal, étale or proper groupoids). In our work we concentrate on locally trivial
groupoids. Fundamental groupoids of spaces with reasonable topological properties are

examples of locally trivial groupoids.

For a survey of the history of groupoids and their application to different areas of
mathematics, we refer to Brown’s article “From groups to groupoids: a brief survey”, []].
We just mention here that groupoids were introduced by Brandt in 1927, see [7]. During
the following decades they were used in Galois Theory. Ehresmann’s work from the 50’s

(see Charles Ehresmann’s “Oeuvres completes et commentées”) helped popularize them



and they started to be used in bundle theory, differential geometry, differential topology

and foliation theory.

Getting back to our story, the first step towards understanding the Fourier alge-
bra of a finite groupoid is analyzing the full equivalence groupoid on n elements, [, =
{1,2,--- ,n} x {1,2,--- ,n}. This example is included in Paterson’s paper. As a space,
A(G) = B(G) and consist of functions on n? elements, that can be represented as n x n
matrices. The point-wise product of the Fourier algebras is the Schur product of matri-
ces and the norm is the Schur multipliers norm. This space can also be represented as
€ - llso) é (C™, || - |loo), and here the Haagerup tensor product of operator spaces, one

of the main tools of this work, made its first appearanceﬁ

Let me say a few words about operator spaces and their Haagerup tensor product. The
third Chapter is dedicated to this topic. A concrete operator space V is a linear subspace of
B(H), the space of bounded operators on a Hilbert space H. On each space M, (V) a norm
can be considered, since there is a natural algebraic homomorphism M, (B(#H)) ~ B(H").
An (abstract) operator space is a vector space V together with a family of norms {|| - ||, }
satisfying some compatibility properties, see Section 3.1. Every operator space can be

represented as a concrete operator space.

If V and W are operator spaces, then, as in the theory of Banach spaces, various norms
can be considered on the algebraic tensor product V ® W. The Haagerup tensor norm
is one of them, and the completion of V ® W with respect of this norm is the Haagerup
tensor product denoted by V é W. This tensor product does not have an equivalent in the
theory of Banach spaces. This is not the only surprising fact about é): in fact, it has many
very interesting properties, such as being injective and projective simultaneously and its

remarkable behaviour when tensoring Hilbert spaces. [

6 At this point I felt Professor Nico Spronk was persuaded of the beauty of groupoids.
"You may have thought that I am brave because I wanted to study objects so unappealing at first sight

as groupoids... I have to confess I was terrified when I realized the Haagerup tensor product of operator
spaces was going to be a main ingredient of my thesis. I had a hard time understanding Professor Spronk’s

enthusiasm, but it did not take me long to agree that the Haagerup tensor product is a miracle.



The next family of groupoids to consider are the transitive ones. We say that a groupoid
is transitive if given two units of the groupoid there exists an element of the groupoid that
has one of them as source and the other as range. If a groupoid is finite and transitive,
then it is of the form X x H x X, where X is a finite set and H is a group. If the group

is trivial, we are in the full equivalence case discussed above, and as we mentioned,
h
AX x X) = (C*" || flos) ® (C" || - [lo0)-

If X has only one element, our groupoid is just a group H, and hence its Fourier algebra
is Eymard’s algebra A(H). One may ask (as Professor Nico Spronk did) if for a groupoid
X x H x X the Fourier algebra is

AX X H X X) 2 (€ ]|+ o) & ACH) & (C,]| - [|oo).

This is, in fact, true, and operator space properties of tensor products are the tools needed
to prove it. (See diagram for a “proof”.)

Since finite groupoids are unions of transitive groupoids, this gives a complete descrip-
tion of the Fourier algebra of a finite groupoid. This description has the advantage of
providing an operator space structure to A(G), since the space on the right hand side of
the equation is an operator space. Moreover, A(G) is a completely contractive Banach
algebra. In this case, C" is the space of continuous functions on G° and H is isomorphic to
the isotropy group at any unit. Now we wonder if a decomposition of the Fourier algebra
of a groupoid of the type

Ch(G°) & AGY) & Co(GY)

makes sense for non-finite groupoids.

There is one question we needed to address first, and this is what should be the definition
of the Fourier algebra of a locally compact groupoid. One possible definition is presented
in [33]. (See Section 6.2 for this definition as well as some comments on the existing
bibliography for Fourier algebras of groupoids.) Up to now, we considered Fourier algebras

of finite groupoids, and in this case there is agreement on how we should define it.



In order to propose a good definition of A(G) for G any locally compact groupoid,
we need to decide what are the properties we want this algebra to verify. First of all,
we want to obtain a commutative Banach algebra of continuous functions. Second, we
expect a relationship with B (G)ﬁ analogous to the group case. Finally, we would like to
make of A(G) a completely contractive Banach algebra. With these things in mind, the
first goal of our project was to propose a definition for A(G). This is done in Section
4.5. The algebra that we obtain is a commutative Banach algebra included in Cy(G). The
relationship between this algebra and the Fourier-Stieltjes algebra B(G) is analyzed in
that section. Once we decided on this definition, we came back to the question of whether
the decomposition of the Fourier algebra of a finite groupoid can be extended to other
groupoids. The answer to this question is included in Chapter 5. In order to obtain such a
decomposition, we need to restrict ourselves to transitive groupoids that are locally trivial
and whose Haar system (this is the equivalent to the Haar measure of a locally compact
group) is compatible with the Haar measure of its isotropy groups. As in the finite case,
this decomposition provides an operator space structure for A(G). Moreover, this algebra
is proven to be a completely contractive Banach algebra. When we started our work we
did not know to what kind of groupoids our decomposition would extend. The conditions
that we found are the result of trying to “push” the finite case proof as far as we could.
We do not know if the result holds for a wider family of groupoids. Other questions that
arose during the project and we have not answered yet are included in the last section of
the thesis.

I wish to mention here that many times I was surprised by the mathematical concepts
encountered. For instance, the extended Haagerup tensor product was a surprise, as well
as geometrical concepts like the one of covering spaces and the approximation property of

operator spaces.

The paragraphs above aimed to give an idea of the process towards the writing of this

thesis and what are the tools and ideas that you will find in this work. For the sake of

8A continuous Fourier-Stieltjes algebra for a locally compact groupoid G is defined in [33], and we adopt

that definition in our work.



order, we now explain more carefully the contents of each Chapter.

Chapter 2 is called “Basic definitions and examples of groupoids”. The first section is
devoted to definitions and notation and the second one to examples. The third one deals
with locally trivial groupoids, our favourite class of groupoids. In that section we present
a result from Seda ([47]). This result shows how a Haar system with some convenient
compatibility property with the Haar measure of the isotropy group can be constructed.

The main references for this Chapter are [43] and [29].

As the title “Operator spaces and the Haagerup tensor product” says, Chapter 3 is
about operator spaces, and in particular, their tensor products. The Haagerup tensor
product is defined and many of its properties stated, but also the projective, injective and
extended Haagerup tensor product are presented. The main references for this Chapter
are [14] and [49].

We begin Chapter 4, “The Fourier and Fourier-Stieltjes algebras of a locally compact
groupoid”, with a section devoted to the group case. On Section 2 we present the defini-
tion and properties of the continuous G-Hilbert bundles. These bundles are the “building
blocks” of the Fourier algebras, they correspond to the continuous and unitary represen-
tations of the group case. Section 3 deals with the Fourier-Stieltjes algebra of a locally
compact groupoid, following Paterson’s definition from [33]. A stabilization theorem for
proper groupoids from Paterson, see [35], is the topic of Section 4. This result is needed in
Section 5, where we present our definition of the Fourier algebra, as well as its relationship

with the Fourier-Stieltjes algebra and some of its properties.

The main result of our work is included in Chapter 5. The first section deals with
completely contractive products. We need this section because we aim to find a product
on Cy(GY) (%) A(GY) (%) Co(G®) that makes A(G) a completely contractive Banach algebra.
Section 2 is very short and refers to the Banach algebra A, = Cy(X) é A(H) é Co(X),
for X a topological space and H a group. We prove that the embedding of A, = Cy(X) Q%
A(H) (%) Co(X) in Ay is one-to-one. Later on this will help us to prove that Aj; is an

algebra. The decomposition of A(G) is proved in Section 3. The exact statement of our



theorem is the following:

Theorem 1.0.1. Let G be a locally trivial, transitive groupoid. Fiz u € G°. Suppose that
G has a Haar system {\"},cqo such that )\|“Gu 1s a left Haar measure on the isotropy group

at u.

h h
Then A(G) is isometrically isomorphic to Cy(G°) @ A(GY) @ Co(G°) as Banach al-
gebras. Moreover, since the later space is a completely contractive Banach algebra, so is

A(G).

The diagram [5.19] gives an outline of the steps of the proof. Section 4 looks upon the
non-transitive case. Assume that G is a locally trivial groupoid with transitive components
{G;}i;. From the local triviality of G it follows that the transitive components are also
connected components. Then A(G) and B(G) can be written as sums of the algebras

The last Chapter is devoted to the conclusions of our work. The first section reviews
all the examples considered and the new information obtained thanks to our results. The
second section analyzes other definitions of the Fourier algebras considered by Renault
([43]) and Paterson ([33]). On Section 3 we recapitulate the results of our thesis. The final
section, “Further questions”, presents question we were not able to answer and we hope

will be topic of future research.



Chapter 2

Basic definitions and examples of

groupoids

We begin the Chapter by introducing the basic definitions and notation related to groupoids.
We present different properties that define families of groupoids (transitive, proper,
r-discrete, principal, locally trivial). The second section is devoted to examples of groupoids.
Since locally trivial groupoids are the main examples we consider in our thesis, we focus on
them in the last Section. In particular, we present a result from Seda ([47]) that constructs

a left Haar system for locally trivial, unimodular groupoids.

2.1 Definitions and notation

We closely follow the definitions of [42], although the notation may differ.

Definitions 2.1.1. A groupoid is a set G together with a subset G> C G x G, an
associative product G* — G, (6,7) — 0y and an inverse G — G, v — 1, such that:

1. ifye @, (yH =~ and

10



2. (v71y) € GEVy e G, and if (6,7) € G?, then § 15y = ~, dyy~1 =6.

Equivalently, a groupoid is a small category with inverses. This means that the class

of morphisms is a set and the morphisms are isomorphisms.

We call the elements of the form v~ units, due to the property above, and use the
notation G° = {y~1y: v € G} for the set of units of G. The range map is r : G — G°,
r(y) = yy~!, and the source map is s : G — G°, s(v) =y 1.

If u,v € G° G* := r~'(u), G, = s7'(v) and G* := G* N G,. We say that G is
transitive if for any two u,v € GY there exists v € G such that s(y) = u and r(v) = v.
That is, for all u,v € G°, we require G¥ # ¢. Observe that in this case G¥ is isomorphic
as a group to G, for all u,v € G°, viay — 7'v(7')~!, where 7/ € G is such that r(y) = v,
s(v") = u.

If u € G, GU is a group, called the isotropy group at u. If A, B C G, G* :=r~1(A),
Gp:=s5"1(B) and G4 = GANGp.

We say that the elements of G? are the composable pairs. Explicitly, the associativity
mentioned before (and used at the definition of groupoid when writing triple products) says
that if (,4), (0,7) are composable pairs, then (£4,v) and (e,dv) are composable as well
and (£d)y = £(07) (and thus we drop the parenthesis).

If v is an element of (G, we imagine the following picture:

We identify the elements of G with arrows of a graph (and we called them ~, 0, ...) and

the units with its vertices (and we write them w,v,...).

If G and G’ are groupoids, they are isomorphic if there is a bijection ¢ : G — G’ that

respects the composable pairs and the product.

11



We are interested in groupoids that have a locally compact, Hausdorff, second count-
able topology that makes the operations continuous. We say that G is locally compact
for short, and the same convention applies to topological spaces and groups. On such
groupoids, the role of the Haar measure on a locally compact group is played by a family

of measures indexed on the unit space, called left Haar system.

Definition 2.1.2. A left Haar system for G is a family {\"},cqo, where A" is a positive

regular Borel measure on G* and:

1. supp(\*) = G™.
2. If f € C.(G), the map A(f) : G® — C, A\(f)(u) = [ fd\" is continuous.

3. Vy € G and f € C.(G),
/ F() A0 () = / () AN ().

Not all groupoids have a left Haar system (see [48]), and we will soon see that for the ones
that do have, it does not have to be unique. We assume that we are fixing one, unless

otherwise is specified.

In [32], Paterson includes a fixed left Haar system as part of the definition of locally

compact groupoid.

Groupoids are, as mentioned in the introduction, a very wide family of beasts, with
very different characteristics. This is why, most of the time, when studying them, we
do not study them in all their generality, but instead restrict ourselves to some family of
groupoids satisfying certain conditions. Here we define some of these conditions and refer

to works that consider them.

Definitions 2.1.3. We say that a groupoid G is principal if the map (r,s) : G — G° x G°
is one-to-one. In terms of this map, a groupoid is transitive if (r,s) is onto. Principal

groupoids are studied, for instance, in [9].

12



The groupoid G is proper if the map (r, s) is proper (that is, the inverse image of a
compact set is a compact set as well). Paterson, in his work [35], (we will need this work

later on) considers proper groupoids.

Definitions 2.1.4. If G is a locally compact groupoid, we say that G is r-discrete if its
unit space is an open subset. These groupoids generalize the discrete groups. They are

studied, for instance, in [30].

The étale groupoids are a very well studied family of r-discrete groupoids. A groupoid
G is called étale if r : G — G° is a local homeomorphism. See [I7], for example. These

groupoids always admit a Haar system of counting measures.

Definition 2.1.5. We say that a locally compact groupoid G is locally trivial if there
is a family {U;, u;, v; }ier, indexed on some set I, such that {U;} is an open cover of G°,
w; € U; and v; : U; — G is a continuous map such that v;(u) € G, for all i € I. If G is
transitive and uy € G°, this is equivalent to the existence of a family {U;, v; }se; such that
{U;}icr is an open cover of GY and v; : U; — G is a continuous map verifying v;(u) € G*,
for all © € I. Moreover, since our groupoids are locally compact and second countable,

they are Lindelof spaces, so we can assume that the family [ is countable.

This is the class of groupoid we concentrate on in our thesis. See [16] and [55]. More

references to works that consider this kind of groupoids will be mentioned later.

2.2 Examples

Example 2.2.1. Groups and union of groups.

If G is a (locally compact) group, it is a (locally compact) groupoid. In this case,
G? = G x @ since all the pairs are composable. The only unit is the unit of the group,
that is, G° = {e}. The left Haar system has only one measure, the (essentially unique) left
Haar measure. It is transitive, and the only case it is principal is when G is trivial. It is

proper if and only if it is compact, and it is r-discrete if and only if it is discrete.
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If G is a disjoint union of groups {G;}ics, it is a groupoid as well, called a group
bundle. Here, each group G; is a transitive component and the unit space G® is {e; : i €
I}, the set of the union of the units of each group. Suppose we consider on G = UG, a
locally compact topology that makes it a locally compact groupoid and induces the relative
topology on each G;. If a left Haar system exists, it is essentially unique in the sense that
each measure A% is the (essentially unique) left Haar measure on the group G;. If the
family I has more than one element, this groupoid is not transitive. It is principal if and
only if each Gj; is trivial. It is r-discrete when each G; is discrete. In order to be proper,

each G; needs to be compact.
Example 2.2.2. Topological spaces.

If X is a (locally compact) topological space, it is a (locally compact) groupoid with
no non-trivial multiplication. The unit space X° is the whole space X. For each z € X,
X* =X, = X? = {«x}, therefore, if {\"},cx is a Haar system on X, each measure A* has
to be J,, the Dirac measure at x, or a multiple of it. This is, in fact, a left Haar system.
Each A” has support X*. If f € C.(X), the map z — [ fd\* = f(z) is continuous and

there is no left invariance to check.

These groupoids are sometimes called base groupoids. They are transitive only if the
space is trivial, and they are always principal. They are also étale (since r : X — X is the

identity in X) and proper (the map r x s : X — X x X is r X s(z) = (z,x)).
Example 2.2.3. Equivalence relations.

If R is an equivalence relation on a (locally compact) space U, it is a groupoid with
the following structure: a pair ((w,v’), (v,u)) of elements of R is composable if and only
if v = ¢/, in this case the product is (w,v)(v,u) = (w,u). For the inverse map, we define
(v,u)™' = (u,v). Observe that the source function is s(v,u) = (u,u) ~ u, and the range
is r(v,u) = (v,v) ~ v, for all u,v € U. Hence, R® ~ U. Also, R, ~ {v : vRu} and
R’ ~{u: uRv}.

If U is a locally compact space, R is a locally compact groupoid with the relative

topology on U x U. It is transitive only when the equivalence is full. It is always principal
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and proper. It is r-discrete when U is discrete. If A is a positive, regular measure on U

that is densely supported, the family {d, x A}, is a left Haar system.

Note that we can use this example to conclude that Haar systems are not unique: it
is enough to pick different regular measures on U. For instance, for U = [0,1] and the
full equivalence relation, A we could consider different measures and obtain different Haar

systems.

Example 2.2.4. Trivial groupoids.

Let X be a locally compact space and H a locally compact group. Then X x H x X

is a groupoid with the following operations:

e two pairs (z,k,vy'), (y,h,x) are composable if and only if y = ¢/; in this case,
(2, k, y)(y, h, x) = (2, kh, x);

o (y.hx)t = (x,h7"y);

o s(y,h,x) ~x, r(y, h,z) >y,

for all h,k € H, x,y,z € X. Thus, we can see X x H x X as a product of a group H and
a full equivalence relation on X. Groupoids of this form are called trivial groupoids and
are transitive. Note that groups and full equivalence relations are particular cases of these.
If we consider the product topology on X x H x X, this groupoid is locally compact. It is
principal only when H is trivial (we obtain, in fact, a full equivalence groupoid). The map
(r,s) : X x Hx X — X x X has preimage (r,s) (K, Ky) = (K1, H, Ks), for K; C X.
Therefore, this groupoid is proper if and only if H is compact. It is r-discrete if and only
if X and H are discrete.

IfzxeX,
G, ={(y,h,x);ye X,he Ht ~X x H, GY={(y,h,z);x€e X,he H} ~ H x X.

If mpy is the left Haar measure in H and p is a Borel regular measure supported in X, let

N =6, x my x p. This is a measure supported in G¥ and {\},cx is a left Haar system.
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Example 2.2.5. Transformation group groupoid.

Let H be a locally compact group that acts continuously on a locally compact space
X (on the left). On G = H x X we define the following groupoid structure. Let z,y € X,
h,k € H. We say that ((k,y), (h,x)) is a composable pair if and only if y = hx; in this
case, (k,hz)(h,z) = (kh,z). The inverse map is given by (h,z)"! = (h™!, hz) and the
source and range maps are s(h,x) = (e,z) ~ x, r(h,z) = (e, hx) ~ hx.

These are the transformation group groupoids. They are very well studied exam-
ples of groupoids (see for instance [38] and the first Chapter of [31]). We will see soon that

an important part of the groupoid nomeclature comes from here.

Note that

{(h"' ha)(h,z): he Hx € X} ={(e,x): v € X} ~ X,
{(h,z) : he H} ~ H,

:{(h hx): he H} ~ H and
{(h, ) hz = x} is the isotropy group at x.

The groupoid G is transitive if and only if the action is transitive. It is principal if and
only if the action is free. It is proper if and only if the action is proper. The groupoid is

r-discrete if and only if H is discrete.

If X is a left Haar measure for H, the family {\*},cx, where \* = X X ¢, is a left Haar

system.

We can also define a groupoid associated to a partial action ({0;}em, {Xi}ien) of a

group H on a set X, see [I].

A partial action of a group H on a space X is a pair ({6;}ien, {Xi}ien), where
X; C X, 0, : X4-1 — X, is a bijection, X, = X and 0 extends 0,6;, for all s,t € H (this
means that if z € Xy—1 and 0,(z) € X1, then v € X ()1 and 0,0,(z) = 0y(v)). If the

group G is locally compact and X is a topological space, we also require that X, is open
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in X, 6; is a homeomorphism, the set D™! = {(t,z) € H x X : t € H,x € X;1} is open
in H x X and the map 6 : D™! — X, 0(t, z) = 0;(x) is continuous.

On Gy = {(y,t,z) : x € X;-1,0:(x) = y}, we consider the following groupoid structure:
((z,59), (y,r,2)) € Gy if and only if y = y = 0,(z), in this case, (2,5,9)(y,r,7) =
(z,sr,x) and the inverse is given by (y,t,z)" = (z,t71,y), for all z,y,2 € X, r,s,t € H.
It follows that s(y,t,z) = (z,e,x) ~ z, r(y,t,x) = (y,e,y) ~y. Thus, Gj ~ X.

We identify Gy and {(t,y) : y € X;}, via (y,t,2) < (t,y), if v € X4-1, y = bi(x).
Following this identification, if x,y € X,

(Go)e ={(t,0:(x)) : v € Xy, t e Hy ~{te H: x € X;-1} C H,
Gy ={(t,y):ye Xy,te H} ~{t€ H: ye€ X;} C H and
(Go)z ={(t,z): v € Xy=—1,0i(x) =2z} = {t € H: v € X;—1,0,(x) = z}.

If X\ is a left Haar measure on H and B is a Borel subset of Gy, let A*(B) = (A x 6%)(B).
Then, {\"},cx is a left Haar system on Gy.

Example 2.2.6. Discrete and transitive groupoids.

Let G be a discrete transitive groupoid. Remember that G, is isomorphic to G, for

all u,v € G°.

Fix u € G°. We want to establish an isomorphism of groupoids between G and G° x
G* x G°. Define a map  : G° — G“ such that s(d,) = v. Since we are assuming that G is
transitive and discrete, we can define such a map and it is continuous. For a non-discrete
transitive locally compact groupoid, the condition we seek is the possibility of defining
a continuous section § : G° — U,cqoGY. Later we will consider a similar but weaker
condition, called local triviality, that refers to the possibility of defining locally such a

continuous section.

Consider the map G — G° x G x G°, v — (r(7), 0r()7(0s)) 1o s(7)). It is easy
to check that the map is an isomorphism of groupoids. Therefore, a discrete, transitive

groupoid is determined by |G°| and GU.
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For this groupoid, G* ~ G* x G°. Counting measures on each of the spaces G¥ form a
left Haar system.
Example 2.2.7. Directed graph groupoid.

A directed graph G is a 4-uple (V, E, R, S) such that: V is a countable set of vertices,

E is the set of edges and S and R are the source and range maps.

We assume that S : E — V is onto and S~!(v) is finite Vo (we say that the graph is
row finite). Let F(G) be the set of finite paths and P(G) the set of infinite ones. If z is
a path, denote by x; its i-step.

We define an equivalence relation on P(G): = ~y y if and only if it exists n € N such

that x; = y;4, Vi > n and x ~ y if and only if it exists k € Z such that x ~ y.

Let
G ={(y,k,x) € P(G) x Z x P(G): © ~ y}

and
G2 = {((z,1,y), (y, k, 7)) € G X Gy =y},

Define the product by (z,1,v)(y, k,¥) = (2, 1k, z) and the inverse by (y, k,z)™' = (x, =k, y),
for (y,k,x),(z,1,y) € G. Tt follows that s(y, k,z) ~ z and r(y, k,z) ~ y. Also, G° ~ P(G)
and G* C Z x P(G).

We define a basis of compact open sets that makes P(G) into a locally compact space
(see [28]). For a € F(G), let

Z(a) ={r € P(G): x1 = 01,22 = 02, . .., Tfa| = AJa|}
For a, B € F(G), R(a) = R(pB), let
Z<a75) = {(l‘,k,y) SRS Z<a)7y € Z(ﬁ)ak = ‘5' - ‘alaxi = yi+k>i > ‘Oé‘}

These sets form a basis for a locally compact topology on G. With this topology, G is

r-discrete and has a Haar system of counting measures.
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Example 2.2.8. Locally trivial groupoids.

Locally trivial groupoids were defined in[2.1.5. Observe that they are locally isomorphic
to groupoids as in Example If ug € G° and the local triviality of G is given by a family
{Ui, vi}ier, for each i € I, the map U; x G x U — Ggﬁ, defined by (v, o, u) — v;(v) oy, (u)

is an isomorphism of groupoids.

Then, full equivalence relation groupoids X x X and trivial groupoids X x H x X,
for a locally compact space X and locally compact group H, are locally trivial transitive

groupoids.

A transitive transformation group groupoid H x X is locally trivial if and only if each
evaluation map ev, : H — X, ev,(h) = h-x is a submersion. This is the case of a groupoid
associated to a smooth transitive action of a Lie group. Recall that if XY are topological
spaces and f : X — Y is a continuous map, we say that f is a submersion if for all
xo € X there exists an open neighbourhood V of f(z¢) in Y and a right inverse o : V- — X
of f such that o(f(xg)) = x. If follows that f is an open map.

If K is a subgroup of a group H, H x H/K is locally trivial if and only if H — H/K

admits local sections.

The fundamental groupoid IT(X) of a space X is locally trivial if X is path connected, lo-
cally connected and semi-locally simply connected. Also locally trivial transitive groupoids
are in one-to-one correspondence with principal bundles. See [29] for these (and more) ge-

ometrical examples.

In [33], Section 6, Paterson considers groupoids that are called “locally a product”.

Locally trivial groupoids are examples of them.

Since locally trivial groupoids are the main example we consider in our work, in the

next section we will further develop the examples mentioned above.
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2.3 Locally trivial groupoids

As promised before, we now come back to the (non-trivial) examples of locally trivial
groupoids (see Definition [2.1.5)) mentioned above. We note that the transitive components
of locally trivial groupoids are both open and closed (that is, they are components also in
the topological sense), and that will allow us to write the Fourier algebra of the groupoid
as the sum of those of the transitive components (this will be done in Chapter 5). Also, we

show how to construct a Haar system for transitive, unimodular, locally trivial groupoids.

Example 2.3.1. Locally trivial transformation group groupoids.

Let X x H be a transformation group groupoid as in Example Moreover, assume
that the action is continuous and transitive, so that X x H is a locally compact transitive
groupoid. We verify that H x X is a locally trivial groupoid if each evaluation map
ev, : H— X, ev,(h) = h-x is a submersion. Suppose, therefore, that each evaluation map

is a submersion.

For a fixed u € G we want to find a family {U;,v;}ic; as in the definition of local
triviality. Since ev, : H — X is a submersion, for each h € H there exist 1}, open
neighbourhood of hu on X and a continuous right inverse o, : Vj, — H, o(hu) = h. We
consider the family {V},, 04 }ren. Note that {V,,} is an open covering of X, since given
any v € X, by transitivity, there exists (h,u) € H x X such that hu = v, thus v € V},.
Moreover, H ~ {(k™', ku) : k € H} ~ G*. Thus, each o, can be seen as a continuous map
on: Vi = G, op(ku) = (K71, ku) € GY,,. Therefore, H x X is locally trivial.

As mentioned before, groupoids associated to smooth transitive actions of Lie groups

are locally trivial.

Example 2.3.2. The fundamental groupoid of a locally compact space X.
References for this example are [29] and [44]
A path is a continuous map ¢ : [0,1] — X. If ¢ and d are two paths with the same

endpoints ¢(0) = d(0), ¢(1) = d(1), we say that ¢ and d are homotopically equivalent

20



if there exists a continuous map F : [0,1] x [0,1] — X such that F(-,0) = ¢(0) = d(0),
F(-,1) =¢(1) =d(1), F(0,-) = cand F(1,-) = d (note that we are fixing the end points).

This is an equivalence relation and we denote its classes by TI(X).

On II(X) we consider the following groupoid structure. Two classes of paths [c], [d]
are composable if and only if ¢(1) = d(0). On that case, [d][c] = [dc] where dc is the path

obtained by concatenating ¢ and d, at a different speed:

det) = c(2t) if t €10,1/2];
| dt—1) ifte1/2,1].

The inverse of [c] is [¢7!], where ¢ (t) = ¢(1 —t), for all ¢ € [0,1]. If z € X, the constant
path at z is x, : [0,1] = X, k() = 2. It follows that r([c]) = [keq)] and s([c]) = [Keo))-
Hence, the unit space can be identified with X. Also, if z,y € X, I[I(X)* = {[¢] : ¢(1) = «},
I(X), = {[c] : ¢(0) =y} and II(X)Z = {[c] : ¢(1) = ¢(0) = x} is the fundamental group
of X at x. With this structure, II(X) is the fundamental groupoid of the space X.

We say that a space X is locally path-connected if for all x € X and for all neigh-
bourhoods V' of = there exist a path-connected neighbourhood U of x such that U C V.

The space X is said to be semi-locally simply connected if each x € X has a
neighbourhood U with the property that each loop at U is homotopically equivalent to a
constant path within X (we say that U is nullhomotopic within X). Note that here we
do not ask the homotopy to be within U (that would be the stronger concept of U being

simply connected).

If X is locally path-connected and semi-locally simply connected space, then we can
define on II(X) a topology that makes the groupoid topological and locally trivial. If in
addition X is path-connected, then II(X) is transitive as well. Path connected manifolds

are examples of such spaces.

In order to define the topology on II(X), let z,y € X. Let W, and W, be path-

connected neighbourhoods of x and y respectively that are nullhomotopic within X. If [¢]
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is an equivalence class in II(X) with ¢(0) = z and ¢(1) = vy, let
Nig(Wa, Wy) = {[nyena] € T(X) = n = [0, 1] = Wa, 1y 2 0, 1] = Wy, 0o (1) = 2,1,(0) =y}

The sets Ny (W, W,,) form a basis of open neighbourhoods for I1(X') and with this topology
II(X) is a topological groupoid. The construction of this topology is closely related to
the topology of the universal covering space of a path-connected space. Equivalently, the
topology on II(X') can be obtained via a quotient: if we consider the compact-open topology
on C([0,1], X), the map

(0,1, X) = 1I(X), ¢— [,

is an open quotient map (see Proposition 6.2, [29]).
Our next goal is to prove that with this topology I1(X) is a locally compact groupoid.
We begin by proving that II(X) is a Hausdorff space. We split this proof in two cases.

First, suppose that ¢ and d are two paths that are not homotopically equivalent and such
that at least one of the end points does not coincide. Without lost of generality, suppose
z = ¢(0) # d(0) = 2’. Denote y = ¢(1) and ' = d(1), not necessarily different. We
want to prove that there exist neighbourhoods N. = Nig(W,, W) and Ng = Nig(Wo, Wy)
such that N. N Ny = ¢. Since X is a Hausdorff space, we can find neighbourhoods W,
and W, of x and z’ respectively that are path connected, null-homotopic within X and

have empty intersection. Suppose n, € W, n, € Wy, 7 € W, and ~,, C Wy, are paths

/

verifying n,(1) = z, 1,(0) = y, 7~ (1) = 2/ and v,(0) = ¥
and [y, dy,] are different, since they correspond to paths with different end points. Then
N[C}(va Wy) N N[d](Ww/a Wy/) = ¢.

Then the classes [nycnc]

For the second case, suppose that ¢ and d are paths that are not homotopically equiv-
alent but their end points coincide. Let z = ¢(0) = d(0) and y = ¢(1) = d(1). Suppose
W, and W, are path connected, null-homotopic within X neighbourhoods of x and y.
If Nig(Wy, Wy) N Nig(W,, W,) # ¢, we reach a contradiction. In effect, assume that
[6] € Nig(Wy, Wy) N Nig(W,, W,). This means that there exist paths 7,,7, € W, and

Ny, Yy € W, such that 7,(1) = 2 = v,(1), 7,(0) = y = 7,(0) and [0] = [pyen.] = [vyd7V2]-
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Since W, and W, are null-homotopic within X, [v;'n.] = [k,] and [y, 'n,] = [x,]. Then,
[ena] = [y nyens] = [y Nlvdalldye) and [d] = [ens][n; '] = [drz][n; "] = [d]- But this is a
contradiction.

Therefore, II(X) is a Hausdorff space.

Next, we prove that IT1(X) is a second countable space. If X is a second countable space
and p : X — Y is a surjective map which is continuous and open, then it follows that Y
is second countable. Recall that C([0,1], X) — II(X), ¢ — ¢, is continuous and open,
where on C([0, 1], X') the topology considered is the compact-open one. Thus it is enough
to prove that C([0, 1], X) is second countable.

This is a good place to include the definition of the compact-open topology. The
compact-open topology on C'(X,Y") is the topology that has as a sub-basis the sets

UK, V) ={feCX)Y): f(K)C U},

for K € X compact and U C Y open. In [2], Proposition 1.2, it is proven that C(X,Y") is
second countable if X is locally compact (this meaning, as always, that X is also second

countable and Hausdorff) and Y is second countable. Therefore, I1(X) is second countable.

We now prove that I1(X) is locally compact. We use the fact that (r,s) : II(X) — X x X
is a covering space (see [44], Proposition 5.23, p. 184, and Proposition 4.40, p.145). If X is
a topological space, we say that (C,p) is a covering space of X if C' is a topological space
and p : C' — X is a continuous and surjective map such that for all x € X there exists
an open neighbourhood U of x verifying that p~'(U) = U,V,, where each V,, is open in C

and py,, :V, — U is a homeomorphism.

Since X is locally compact, so is X x X. Given [¢] € II(X), we want to find a compact
neighbourhood K of [¢] (this is enough to prove the local compactness of II(X), we already
know that this space is Hausdorff). Suppose (7, s)[c] = (y,z). Then there exists an open
neighbourhood U = W, x W, C X x X such that

(Ta S)_l(Wya Wx) = l—lva'

23



Let V = V,, be such that [c] € V. Thus, (r,s)|, : V — W, x W, is a homeomorphism. By
the local compactness of X x X, we can find W/ x Wé C W, x W, such that W/ x W; is
compact. Thus, (r,s)"' (W, x W) is a compact neighbourhood of [¢] and it follows that
I1(X) is locally compact.

Therefore, I1(X) is a locally compact groupoid.

Let U; be a basis of the topology of X, where each set is path-connected and null-
homotopic. Let z; € U;. If y € U, there exists a path v;(y) such that v;(y)(0) = y and
vi(y)(1) = x;. Thus, the sets U; together with the maps U; — II(X)%, y — [v;(y)] form
a family as in the definition of local triviality. Therefore, the fundamental groupoid II(X)
with the above topology is locally trivial.

Remark 2.3.3. Let G be a locally trivial groupoid with transitive components {G;}ic;.
Suppose {Uj;,vj,z;}jes is a family as in the definition of local triviality. We observe that

each transitive component (; is open and closed on G.

Denote
J={jeJ:zeG}
For j € J;, U; C GY := G, N G° and therefore s~'(U;) C G;. Thus, Uje;,s H(U;) C G.
Reciprocally, if v € G, there exists j € J; such that s(y) € U;. Then, v € s7'(U;) and
G, = Ujey,s 1(U;) is open.

Since transitive components are disjoint, for all i € I, G; = G\ U;; G is a closed subset

of G.

Also, GY = G" N G, is open and closed for all i € I.
Definition 2.3.4. A groupoid is unimodular if all of its isotropy groups are unimodular.
Notation 2.3.5. Let X be a topological space. The family of Borel subset of X is denoted
by B(X).

Let G be a transitive, locally trivial and unimodular groupoid. Following Seda’s work
[47], we can define a Haar system on G that is compatible with the Haar measure on the

isotropy group.
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Proposition 2.3.6. Let G be a locally trivial and transitive groupoid. Let uy € G° and
suppose that G40 is unimodular. Then we can define a Haar system {\"},eqo on G such
that \°, s the left Haar measure on Gp.

Guo
Proof. For the reader’s convenience, we make explicit Seda’s construction ([47]) in our
context. Let ug € G and let m be the left Haar measure on G4. We fix a Borel measure

p on G finite on compact subsets, such that pu({ue}) = 1 and supp(u) = G° .

We begin by defining a regular, positive measure A\’ supported on G“ that is G-

mvariant.

Since G is locally trivial, there exists a collection of open sets and continuous maps
{Ui, Ai }ier as in Definition 2.2.8] Fix i € I and x € U;. We define a Borel measure on G2
by w; »(E) = m(Ev; ' (x)), for all E Borel subset of GU.

We verify that this is a regular measure. Since G is a locally compact space (meaning
also Hausdorff and second countable), so is the closed subspace G%. Thus it is enough to
verify that w;,(K) < oo, for all compact K. In fact, for any compact K, Kv; '(z) is a
compact subset of Gi® and by regularity of the Haar measure m, w;,(K) = m(Kv(z)) <

Q.

Observe that if 2 € U; N Uj, there exists a unique a € G such that v; ' (z) = v; ' (z)a.
Hence, if E € B(GY),

wia(E) = m(Ey; () = m(Ev; ' (v)a) = m(Ev; (z)) = w;.(E),

by the right invariance of m.

On s71(U;) N G, we define, for a Borel subset E,
N(E) = / wio(E NG d(z).
U.

This is a positive Borel measure, and by the second countability of G, to check that it is

regular it is again enough to verify that it is finite on compact subsets. If K C s~ (U;) NG
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is compact, s(K) C U; is compact as well and
M(K) = / w; (K NG,)du(x)
s(K)

is the integral of a finite function on a compact set, and hence it is finite.

Note that, if U; N U; # ¢, A =\

i|;n; v, -

If E is a Borel subset of G4, there exists an i such that uy € U;. Thus, E C s7'(U;NG™)

and
N(E) = /U Wi o(E N Gy) du(z) = wiw,(B)p({uo}) = m(Ev;*(z)) = m(E).

Hence, A}, ., =m.
Gud

Also, A is Gio-invariant. If £ € B(s™'(U;) N G*™) and «a € G2,

N(aB) = [ mla(BN G @) du(e) = [ (B0 G (@) duto) = N(B)

It is at this point that we need G7° to be unimodular.

Next, we define a Borel measure A\° on G* such that Nrg,y = N foralli € I, and \°
is G0-invariant. If £ is a Borel subset of G, let E; = Ens Y(U,;), then, E = U;E; and we
can make the union disjoint by considering E| = F,, Ey = E;\E| and E/, = E,\ U} E..
Hence, we can define \°(E) = Y \)(E!). We obtain a Borel measure \° on G such that
Ny = N, for all ¢ € I, and \° is Gi0-invariant.

Let K be a compact subset of G". Since {s~(U;) }ies is an open cover of G, K has a

finite subcovering {s~!(U;)}!_,. Therefore,
p
N(K) =N (U Kns™ (U3) <) MK Ns™ () < o0
i=1
and it follows that \° is a regular measure.
Observe that the support of \° is G. In fact, for v € G* and an open neighborhood V'

of v, we show that A°(V) > 0. Since v € G, there exists 7 € I such that v € s71(U;). Then,
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VNs~1(U;) is an open neighborhood of «y and it is enough to show that A\°(V Ns~1(TU;)) > 0.
But
NV s U)) =XV s ) = / w; (VN s HU) NG,) du(r) >0
U;Ns—1(V)
because it is the integral of a positive function on an open set with respect to a measure

supported on the whole space.

Finally, we show that by translating \° we obtain a left Haar system on G. If v € G°,
there exists ¢ € I such that v € U;. Then, v;(v) € G¥ and for E € B(G"), we let
N(E) = N(y(v)E). Tt follows that AV is a positive, regular, Borel measure supported
on GY. Since the left invariance of the family of measures {\"},cqo is obvious from the
definition, it only remains to check the continuity condition of the definition of a left Haar

system.

We want to verify that if f € C.(G), the map G° — C, v — [ fd\, is continuous.
For each v € G, there exists ¢ € I such that v € U;. Therefore it is enough to check the

continuity of the restrictions of the map to U;. But

/ £(7) dN(7) = / Fa(o 7)) dX()

by the definition of A\Y. Thus, we check the continuity of the map U, — C, u —
[ f(vi(v™1y) dX°(), that is, the composition of the continuous maps U; — C.(G?), u —
f(v Y (u)-) and C.(G°) — C, g — [ gd)\°.

1

]

We now come back to the examples of locally trivial groupoids that we have available.

Example 2.3.7. Trivial groupoids X x H x X.

Let X be a locally compact space, then X x X is (trivially!) locally trivial. For a fixed
xo € X, the “family” that gives the local triviality is just {X, v}, where v : X — {z} x X,
v(xz) = (zo, ). Note that the isotropy groups of this groupoid are trivial, G = {z} x {z},

and hence the Haar measure on G% is 0, X 9,.
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When we presented this groupoid (see [2.2.3), we considered the left Haar system {§" x
A}, for any positive, regular measure A on X. If we consider the restriction of §* x A to
G, we obtain a zero measure unless A({u}) > 0. For instance, if X = [0,1] and A is the
Lebesgue measure, even though it is very natural to consider the Haar system {0" x A},,
the restriction of its measures to the isotropy groups is not the Haar measure of the isotropy
group, and that is going to be an important property for us later on. However, we can
apply Seda’s construction above and obtain another Haar system. This is what we do
now, but for a locally trivial groupoid X x H x X (if H is trivial, we are back to the full

equivalence relation case).

Again, the groupoid X x H x X is trivially locally trivial, with the “family” witnessing
the local triviality having only one element: (X,v), forv: X — G* ~ Hx X, v(z) = (e, x),
for any fixed o € X. Denote by my the left Haar measure on H and let [ be a regular,
Borel measure supported on X. To apply Seda’s construction we need to make sure that
[({xo}) > 0. In many cases this is not true for the “natural” measure we would like to
consider, but we can solve this by taking p = [ + d,,. The first step of the construction is
defining a measure \° supported in G*°, that is Go-invariant and restricted to G50 is my.
For each z € X, G% ~ H and if E is a Borel subset of G, E = {xy} x Ey x {x}, we
define |, w,(E) = my(Eg). If E is a Borel subset of G™, E' = {x¢} X Eyg X Ex, let

\(E) = /X wo(E N Gy) dux) = mug (B ().

Now we use the measure \° to define the rest of the measures of the Haar system. If y € X
and F' is a Borel subset of GY, let

)\y(F) = )\O«ZL’(), e,y)F) = )\0({1'0} X FH X FX) = mH(FH)(l(Fx) + (SIU(F)())

We will come back to this example later.
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Chapter 3

Operator spaces and the Haagerup

tensor product

The theory of operator spaces is one of the main tools used in our work. In this Chapter we
present the background needed on this topic. The first section contains the basic definitions
of the theory. A few examples are presented (we will have opportunities to encounter others
in the next Chapters) and the main theorems are stated. Here, we do not include proofs
and we closely follow Effros and Ruan’s book [I4]. Other references for this work are
Pisier’s book [39] and Blecher and LeMerdy’s book [5].

The second section concerns tensor products of operator spaces. We begin by presenting
Banach space tensor products (the projective tensor product and the injective tensor prod-
uct) and then their operator space analogues. We also define the nuclear tensor product.

Again, our main reference here is [14].

The third section is dedicated to the Haagerup tensor product. This product does
not have a Banach space analogue, and, in the author’s opinion, it is best described as a
miracle! We will need in the following Chapters many of its properties. In addition to [14],
in this section we follow Smith’s article [49] and here we opt for presenting proofs of some

of the results stated.
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The last and very short section refers to the extended Haagerup tensor product of

operator spaces, and our reference here is [15].

3.1 Operator spaces

Definition 3.1.1. An operator space is a vector space V together with a family of norms
{I - lln : M, (V) — R2"} such that the following properties are satisfied:

OS1 If v = (v;) € M,(V) and w = (wyy) € M,,(V), for n,m € N, let

V11 - Uln 0 . 0
Un1 Unn 0 0
VO w =
0 0 W11 W1im
0 0 Wm1 Wmm

Then, [[v® wlln4m = max{[[v]ln, [[w[|m}-

OS2 If v = (v) € M,,(V), a = (evj) € M,(C) and 8 = (B;;) € M,(C), let

av = ((i Qpvg)s ) € Ma(V) and vB = ((i Brjvin)is) € Ma(V).

k=1

Then, [Javf]l, < llafllv]l.]A]-

Very often we will drop the subindex n from the norms. Also, we refer to M,(C) as
M,
Example 3.1.2. Subspaces of operators acting on Hilbert spaces.

Let ‘H be a Hilbert space. If V is a subspace of B(#), it is an operator space with

the following structure. To define the norm on M,(V), we consider the isomorphism
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(as algebras) between M, (B(H)) and B(#H™). This isomorphism associates to a matrix
(xi;) € M,(B(H)) the operator

&1 Ti1 - Tin &1 &1
— el : , for : e H".

Thus, we have a norm on M, (B(H)) and since M, (V) is a subspace of M,(B(H)), we give
M, (V) the subspace norm. These norms verify the properties OS1 and OS2 and hence V
is an operator space. Later we will see that all operator spaces are, in fact, of this form.

Example 3.1.3. C*-algebras.

Let A be a C*-algebra. By the Gelfand-Naimark-Segal construction, there exist a
Hilbert space H and a faithful representation 7 : A — B(H). We use this representation
to norm M, (A). With these norms, A is an operator space. Note that A is complete.

Remark 3.1.4. If U is an operator space and n # m, on M, () we can consider
unambiguously a norm. In order to do that, we add columns or rows of zeros to embed
Mmm(Z/I) into Mmax{n,m} (Z/{)

Remark 3.1.5. Let V be an operator space. Then each M, (V) is complete if and only if

V is complete.

We now define the morphisms of the category of operator spaces.

Definitions 3.1.6. Let U/ and V be operator spaces and 7' : U/ — V a linear map.

If n € N, the n'"-amplification of T is the map T" : M, (U) — M,(V) such that
T ((uig)) = (T (uis)).

We denote by Moo (U) the N x N matrices over U. If n = oo, T : Muo(U) — Muo(U)
is defined by Too((u;;)) = (T'(wiz)).

The map T is completely bounded if |||, := sup,cy ||| is finite.
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We denote by CB(U, V) the space of completely bounded maps from U to V. This space
is a vector space and || - || is @ norm on it. Moreover, CB(U, V) is an operator space via
the identification M,,(CB(U,V)) ~ CB(U, M,(V)).

We say that 7" is a complete contraction if ||T'||, < 1, a complete isometry if each

n-amplification T" is an isometry and a complete isomorphism if 7" is an isomorphism

and the inverse map 7! : V — U is completely bounded.

A bounded linear map ¢ : E — F between normed spaces is a quotient map if

E
Ker ¢

©(E)<1) = Fj<1- We say that T is a complete quotient map if each 7™ is a quotient

the induced map P :

— F is an isometry. Equivalently, ¢ is a quotient map if

map.

Example 3.1.7. Homomorphism of C*-algebras.

Let A and B be C*-algebras. If ¢ : A — B is a x-homomorphism, then it is a complete

n

contraction. If ¢ is injective, it follows that each " is injective, and thus an isometry.

Hence ¢ is a complete isometry.

Example 3.1.8. An isometry that is not completely bounded.

Let t : M, — M, be the transpose map. This map is an isometry but it is not
completely contractive. Let ¢;; be the matrix in M,, that has a 1 in the 4, j entry and 0
everywhere else. Let p be the matrix in M, (M,) that has ¢;; in the entry ¢, j. The norm
of p is 1, since it is a permutation matrix. However, by reordering t" (1) we get the matrix

1, ® Orﬂ—wﬂ that has norm greater than or equal to n.

Proposition 3.1.9. [[T])], Corollary 4.1.9] If V, W are complete operator spaces, then
VYV — W is a complete quotient map if and only if ©* : W* — V* is a complete

1sometry.

Theorem 3.1.10 ([14], Theorem 2.3.5). If V is an operator space, there exist a Hilbert
space H and a subspace W of B(H) such that V is completely isometric to W.

"'We denote by 1,, the n x n matrix that has all the entries 1.
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We now consider various constructions that give rise to new operator spaces.

1. If V is an operator space, then M, (V) is also an operator space, via the identification
Mm(Mn(V)) = an(v)

2. The dual V* of an operator space V is an operator space as well, since we can identify
M, (V*) and CB(V, M,,).

Y

v, 18 an operator

3. If V is an operator space and V, is a closed subspace of V', then

space thanks to the identification

1% ) o M, (V)

Mn <V_0 Mn(VO).

4. Let {V,}aeca be a family of operator spaces. The direct product I — @,epV, is an

operator space via

Mn(loo - @aEAVa) = loo - G9046A]\4n(voz)'

5. If F is a normed space, for x € M,,(E) we define
[l minn = sap{l[(f (ziy)[| = f € B [[f]] <1},
[l max.n = sup{[[(T'(ziy)|| = T"€ B(E, My), |T]| <1, p € N}.

Let min £ = (E,{]| - ||lminn}) and max £ = (E,{]| - |lmaxn})- Since we have complete

1sometries

min £ — 1 —{fe E*: ||f|| <1},
max F — I* — @pen @ {T € B(E, Mp) : ||T|| < 1},

min £ and max /' are operator spaces. We state two properties of these operator

spaces that will be needed later.

Proposition 3.1.11 ([14], (3.3.8) and (3.3.9)). Let V be an operator space and E, F

normed spaces. The following are isometrical identifications:

33



(a) B(V,E) ~CB(V,min E). Moreover, B(E, F) ~ CB(min F, min F').
(b) B(E,V)~CB(max E,V). Moreover, B(E, F) ~ CB(max £/, max F).
Proposition 3.1.12 ([I4], Proposition 3.3.1). Let V be an operator space. Then

YV ~ minV completely isometrically if and only if there exists a complete isometry

m:V —= Ainto a commutative C*-algebra A.

6. Let H be a Hilbert space. We define its column and row operator space structure.

Here we use the following identification: if K is another Hilbert space,

My (B(H,K)) >~ B(H™, H").

If £ € H, define the map £. : C — H by {.(a) = a&. Then, &, € B(C,H). We identify
H. = B(C,H), and this is the column operator space structure determined by H.

Theorem 3.1.13 ([14], Theorem 3.4.1). If H, K are Hilbert spaces,
B(H,K) ~CB(H., K.)
is a complete isometrical identification.

Definitions 3.1.14. If £ is a normed space, the space of conjugates E [is an

operator space with norm ||Z|| = ||z]|.

The conjugate H of a Hilbert space H is a Hilbert space as well, with sesquilinear
form (h,k) = (k,h).

If V is an operator space, its conjugate ) is an operator space with structure

@) | = [1(wis) I

If ¢ € H,let & : H — C, &() = (£,m). Thus, & € B(H,C). We identify
H,. = B(H,C), and this is the row operator space of H.

2The space E has the same additive structure as F, but the multiplication by a scalar is defined as

follows: if @ € C and € € E, then o - € = @e.
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Proposition 3.1.15 ([14], p. 59). We have complete isometric identifications
(He)* ~H, and (H,)* ~H..

Moreover,

He~ (H)e and H, ~ (H),.
Proposition 3.1.16 ([14], p. 59). If H and K are Hilbert spaces, the identification
B(K,H) ~CB(H,,K,)

1s a complete isometry.

3.2 Tensor products of operator spaces

We first briefly consider tensor products of Banach spaces. We follow sections 7.1 and 8.1
of [14].

If £ and F' are Banach spaces, we can consider different norms on the algebraic tensor
product F® F' in such a way that the completion with respect to the norm is a new Banach
space. If 41 is a norm on the space E ® F, we denote £ ®, F = (E® F.| - ||,), that is,
the algebraic tensor product with the norm || - ||, (before completing) and E & F is the

completion of that space.

Definitions 3.2.1. A norm || - ||, on E ® F is a subcross norm (cross norm) if

lz @yl < llzllllyll (=@ yll = lzlliyl)-

Remark 3.2.2. If || - ||, is a subcross-norm and > z; @ y; € E® F, it follows that

1Yz @yl < llaill il
1=1 i=1
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Definition 3.2.3. The projective tensor product norm on £ ® F' is defined by

lully = inf {3 flailllgill - w ="z @ v}
i=1 i=1

It is a cross norm, and the completion of £/ ®, F' is the Banach space projective tensor
g
product £ ® F.

Definitions 3.2.4. If F, F' and GG are Banach spaces and ¢ : £ x F' — G is a bilinear

map, the norm of ¢ is

lell = sup{ll(v, w)|| - [Jof], lwl} < 1},

and
B(Ex F,G)={p: ExF — G: ¢is bilinear and ||¢|| < co}.

Proposition 3.2.5. The following identifications are isometric isomorphisms
B(E ® F,G) ~ B(E x F,G) ~ B(E, B(F,G)).
Proposition 3.2.6. If (X, 1) is a measure space, for any Banach space E,
LMX, 1) ® E ~ LMX, E).

Definitions 3.2.7. Let E¥ and F' be Banach spaces. If u € E ® F, the Banach space

injective tensor product norm of u is

[ullx = sup{|(f @ g)(w)] : € E" g€ F" [ llgll <1}

A
The completion of £ ®, F'is F ® F, the Banach space injective tensor product.

This space can also be defined by considering the natural injection
E@F < B(E" F), (e® f)(p)=qyle)f,

forece E,f e F,p e E*.
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Proposition 3.2.8. Let E and F; be Banach spaces. If there is an isometry E — FEj,
A A
then for any Banach space F' the map E ® F — FE; ® F is an isometry.

Proposition 3.2.9. If X s a locally compact space and E is a Banach space,
A
Co(X)® E~Cy(X,E)
1sometrically.

A
Remark 3.2.10. Let £ and F' be Banach spaces. Note that the map F X F — E ® F,

(x,y) — = ®y, is norm decreasing (here we are considering on £ x F' the norm from

A
Definition [3.2.4). Then it extends to the canonical map E é F— FE ® F. Later we will

analyze the importance of the kernel of this map and its analogous in the operator space

context.

We now consider tensor products of operator spaces. As in the Banach space case, we
have a tensor product called “projective” (here, we follow Chapter 7 of [14]) and one called

“Injective” (see Chapter 8 of [14]).

Definition 3.2.11. If V and W are operator spaces and || - ||, is a norm on V ® W, we

say that p is a subcross matrix norm (cross matrix norm) if
lv @ wll < lollllw]l - (lv®w] = {vflflwl]),

for all v € M,(V), w € M,(W).

Remark 3.2.12. Let u € M,(V ® W), where V and W are operator spaces. Then, there

exist p,q € N and matrices «, 8, v, w such that:

o € My, BE Mygn,
e veE M),
e we M, (W) and
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o u=oalvew)p.

Definition 3.2.13. Let u € M, (V®W). The operator space projective tensor norm
is defined by

[ulln = mt{[[al[[[v][[wl[l[8]] : v=alv®w)p,
veM,DV),we MW),a € Mypxqg, B E Mpsgn,,q € N}.
Theorem 3.2.14. Let V and VW be operator spaces. The space V @ W together with the

family of norms {|| - ||xn} is an operator space. Moreover, || - ||,, is a subcross norm and it

is the largest we can consider on YV @ W.
In fact, || - |1 is a cross norm (we need the injective tensor product of operator spaces
- to be defined soon- to prove this fact).

A
We denote by V ® W the projective tensor product of the operator spaces V
and W.

Definition 3.2.15. Suppose that V, W and Z are operator spaces. If T : V x W — Z is

a bilinear map and n,m € N, we define
Trm) - M,(V) x M,(W)  — My (2)
T (v3), (i) = (T(vij, ww)).

We say that 7' is jointly completely bounded if ||T)|;o := sup{||T"™™| : n,m € N} is
finite.

With this norm, the space JCB(V, W; Z) of jointly completely bounded maps from V x

W to Z is a normed space. It is, in fact, an operator space via the isometric identification
M, (TJCB(V,W; Z)) ~ TJCB(V,W; M,(2)).

Proposition 3.2.16. For operator spaces V, W and Z, there are natural completely iso-

metric identifications

CBY & W, Z) = JCB(V,W; Z) ~ CB(V,CBW, Z)).
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Corollary 3.2.17. If V and VW are operator spaces, there is a completely isometric iden-
tification (V QAZ) WH* ~ CB(V,W?*). The identification is given by T'(v @ w) = T'(v)(w), for
T eCBY W), veV andwe W.

Proposition 3.2.18. Let V, Vi, W and W, be operator spaces. If R 'V — V; and
A

S W — Wi are complete contractions, then R® S : VW — Vi ® W, extends to a

complete contraction

RRS:V&W -V ®W.

Moreover, if R and S are complete quotient maps, then the map R ® S is a complete

quotient map as well.

This property is called projectivity. Moreover,

Ker (R® S) =Ker (R) @ W+ V ® Ker (5).

Proposition 3.2.19. The projective tensor product of operator spaces is commutative and

associative.

Proposition 3.2.20. If E is a Banach space and W 1is an operator space, then there is
an isometry
A 0l
max FE @ W~ FE x W.

If I is also a Banach space, then there is a complete isometry

A o
max F ® max F' ~ max(E ® F).
We state a result about the projective tensor product of preduals of von Neumann
algebras. First, we need to define the normal tensor product of dual operator spaces.

Proposition 3.2.21 ([I4], Proposition 3.2.4). Let V be a complete operator space. Then
there exist a Hilbert space H and a map i : V — B(H) such that i is a weak® homeomorphic

completely isometric injection. We say that ¢ is a dual realization of V on H.
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Definition 3.2.22. Let V and W be complete operator spaces with dual realizations
iy : V*— B(Hy) and iy : W* < B(Hw ). The normal tensor product of V* and W* is

VEW =V aW C B(Hy @ Hw).
Here the weak*-topology is defined by B(Hy @ Hw )« = B(Hy )« é B(Hw )

Theorem 3.2.23 ([14], Theorem 7.2.4). Suppose R C B(Hg) and S C B(Hs) are von

Neumann algebras. Then we have a natural complete isometry

R. & 8. ~ (RES)..

We now introduce the injective tensor product of operator spaces.

Let V and W be operator spaces. If u € M,(V ® W), the injective matrix norm is

lully = sup{[|(f ® 9)™(w)l| = f € Mp(V*), 9 € MyWV"), I£Il, lgll <1.p,q € N}

Here,
(f © )™ (u) = [fra ® gop(usy)].

Proposition 3.2.24. If V and W are operator spaces, the injective matrix norm defined
above is determined by the natural embedding 6 : V @ W — CB(V*, W).

%
Hence, the injective matriz norms are operator space norms and V & W is an operator

space, called the injective tensor product.

Corollary 3.2.25. If V is an operator space and n € N, then the natural identification
\%
M, (V) ~ M, ®V is a complete isometry.

Proposition 3.2.26. Let V, Vi, W and W, be operator spaces. If R 'V — V; and

S W — W, are complete contractions, then the corresponding map

R®S:V®W—>V1éW1
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extends to a complete contraction
v v
RS VoW —V oW.

Moreover, if R and S are completely isometric injections, then R®.S is a complete isometry

as well. This property is called ingectivity.

Proposition 3.2.27. If V C B(H) and W C B(K) are operator subspaces, for Hilbert
spaces H and IC, then the map V (}\é W — B(H ® K) is completely isometric. This

\Y%
motivates calling ® the “spatial tensor product”.

Proposition 3.2.28. The injective tensor product of operator spaces is commutative and

associative. The injective norms are matrix cross norms.

Proposition 3.2.29. If F is a Banach space and W is an operator space, then there is

an isometry
Y A
mnE QW ~FEW.

If F is also a Banach space, then there is a complete isometry
. Voo . J
min £ @ min F' ~ min(F ® F).
We present some definitions and notations concerning infinite matrices. We will need
one result that involves these along with the injective tensor product.

Definitions 3.2.30. Let V be an operator space. We denote by MW(V) the N x N matrices
over V and by ]/\\/[/n(V) the subspace of infinite matrices on V that have non-zero entries

only in the first n rows and columns.

If v € Moo(V), let

Un1 **° Unn
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be the n-truncation of v, and

v, 0 - 0
o= 00 - 0 - | el

We define
Mo (V) :={v € My(V) : ||v]| := sup ||v,|| < oo}

and

Myin(V) = UpZ My (V).
Note that with these notations M., (C) = B(I?) = M.
Proposition 3.2.31 ([14], 10.1.1). If V is an operator space, so is My (V).
Definition 3.2.32. Let K (V) be the closure of My, (V) in M (V).
Proposition 3.2.33. If V is an operator space,
\Y
Ko(V)~ K@ V.

Moreover,

Ko(V)={ve MV): ILm |on, — v|| = 0}.

We now define the nuclear tensor product of Banach spaces.

Definition 3.2.34. Let V and W be operator spaces. As in the Banach space case (see
AN \%
Remark [3.2.10)), the canonical map ¢ : V ® W — V ® W is a contraction. It is, in fact, a

complete contraction.

The nuclear tensor product of V and W is

A
nuc Ve w
VEW= p
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Remark 3.2.35. Let V, Vi, W and W, be operator spaces. If R:V — Vyand S : W — W,

are complete contractions, then the corresponding map
RRS: VoW —V @ W,

extends to a complete contraction

nuc

RRS:V®&W—V, ® W.

3.3 The Haagerup tensor product

The Haagerup tensor product was first introduced by Haagerup in 1980 ([22]). In contrast
with the projective and injective tensor product of operator spaces, this product does not
have an analog in the Banach space world. This product, that we denote by é, is one of the
main tools of our work, and that is why we include in this section proofs of various of its
properties. The main references that we follow here are [14] and [49]. This last reference,
the article “Completely bounded module maps and the Haagerup tensor product”, has a
point of view somehow different from other works on this product. It also presents a result
that is very useful for our work (see [49], Theorem 4.5, here Theorem [3.3.27] used in
and [p.3.2)). We feel this work is not acknowledged often enough in the literature.

It may seem at first glance that the Haagerup tensor product is overly complicated and
non-intuitive. However, after gaining a fuller understanding of its properties, the author

believes that it is quite miraculous.

Definition 3.3.1. Let ¥V and W be operator spaces. Suppose that v € M, (V) and
w € M,,,(W). Let v ©w be the matrix in M, ,,(V ® W) that has entries (v ® w);; =

P
> ket Vik ® Wy

Lemma 3.3.2. If V and W are operator spaces and u € My, (V @ W), then there exist
reN, ve M, (V) and w € M,,,,(W) such that u=v ® w.
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Definition 3.3.3. If V and W are operator spaces and u € M,,,,(V ® W), we define the

Haagerup operator space norm
[ullnn = inf{[[v[[lw] : v =vOw, ve My(V), we Mu(W), reN}

Theorem 3.3.4. Let V and W be operator spaces. The family of norms {|| - ||lnn}tn form

an operator space matriz norm on the tensor product ¥V @ W.

Moreover, if u € M,,(V @ W), then ||ullv < ||u|ln < ||u]|a-

The completion V é W of V @, W is the Haagerup tensor product of V and W.
Definitions 3.3.5. Let V., W and Z be operator spaces. If B :V x W — Z is a bilinear

map and n,p € N, define

BT My (V) X Myn(W) = My (Z), B ((vy), (wi)) = (Y Blvi, wi)) .

k=1
If p = n, we write B,

Note that if we define B: V@ W — Z, B(e ® f) = Ble, f), and extend linearly, then
Bt ((v;7), (w)) = B™ (v © w),

The multiplicative norm of B is
|Blms = sup{|| B"»™[| : n,p € N} = sup{||B"]| : n € N}.

We say that B is multiplicatively bounded if || B||,.;, < 0o. The space of multiplicatively
bounded bilinear maps is MB(V,W; Z). This space together with the norm || - ||, is a

normed space, and moreover, an operator space via the identification
M,(MBV,W; Z)) = MB(V,W,; M,(2)).
Proposition 3.3.6. Suppose V, W and Z are operator spaces, and Z is complete. Then
CBV & W; Z) ~ MB(V, W: 2)
completely isometrically.
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The following two lemmas are needed to prove that the Haagerup tensor product is

projective and injective.

Lemma 3.3.7. Suppose V and W are operator spaces and u € V @, W, with ||u|, < 1.
Then there exist v = (v1,v9, -+ ,v,) € My, (V) and w = (w1, wa, -+ ,w,)" € My (W) such
that u = vOw, ||v||||lw] < 1, v1,ve, -, v, are linearly independent in V and wy,wsy, -+ ,w,

are linearly independent in V.

Lemma 3.3.8. Suppose that V and YV are operator spaces. Then there is a natural isom-
etry
h h

Proposition 3.3.9. Let V, Vi, W and W; be operator spaces. If R : V — Vi and

S W — W, are complete contractions, then the corresponding map
h
R®SV®W—>V1®W1
extends to a complete contraction

h h
RRS: VW —V & W.
If R and S are complete isometries, so is R® S. That is, the Haagerup tensor product
18 injective.

If R and S are complete quotient maps, the same is true for R ® S. That is, the

Haagerup tensor product is projective.

Proposition 3.3.10. The Haagerup tensor product of operator spaces is associative.

We present some computations that involve Haagerup tensor products of row and col-
umn Hilbert spaces and the injective and projective tensor products. These results are

greatly needed later in our work.
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Proposition 3.3.11. Let V be an operator space and H a Hilbert space. Then the following

identifications are complete isometries:

h \V h \V
HR3V2H. RV and VROIH, ~V X H,.

Moreover,
h A h A
VROH.~=2VOH. and H, 3V ~=H, V.

completely isometrically as well.

Proposition 3.3.12. Let H and K be Hilbert spaces. Then we have complete isometries
A h \Y%
H K ~*H QK. ~H. @ K.~ (H®K),

and

Ho &K, ~H &K~ Hy @K~ (HeK),.

Remark 3.3.13. These computations can be used to prove that the Haagerup tensor

product is not commutative (see [14], p. 163).
Theorem 3.3.14. Let V and W be operator spaces. The natural imbedding
h h
VW = (VW)
s a complete isometry.

Proposition 3.3.15. Let V and W be operator spaces. Let n € N. If u € M, (V @, W),
then there exist v € My, (V) and w € M,,(W) such that u=v @ w and ||ul|, = ||v||||w]].

The result we aim to present now, from Smith’s paper [49], is a generalization of the

h
last proposition. Namely, for any element v € M, (V ® W), we can find infinite matrices
V€ Mpoo(V) and w € My, (W) such that u = v ®@ w and ||ul|, = [|v||||w]|.

From now on, and until the end of the section, we follow [49]. Here we opt for including

proofs of the results presented, for completeness. We feel that the techniques of this work
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are interesting by themselves and they are not as well-known as they deserve to be. We
also state some results slightly differently than in Smith’s work (see the “complete” added
to the statement of Proposition and Theorem ; these changes do not make
the proofs any harder.

The main theorem of this section is|3.3.27. We need not only the result stated but also
a property that follows from the proof (see [3.3.28)).

Theorem 3.3.16. Let H be a separable Hilbert space. Let K(H) be the compact operators
onH. If ¢ : K(H) — B(H) is a completely bounded map, then there exist sequences {s;},
[t} in BOH) such that ¥, sis; and X, t5t: belong to BOH), ||, sis |, titall = 612,
and for k € K(H), ¢(k) = >, sikt;.

Proposition 3.3.17. Let H be a separable Hilbert space. The map

p p

¢ : B(H) @, B(H) = CBK(H)), 6> vi@w)(k) =Y vikw

i=1 i=1
h
extends to a complete contraction on B(H) @ B(H).

Proof. f u= 3" v; ®w; € B(H) @, B(H), we write ¢(u)(k) = ¢, (k) = vkPw € K(H),

for
w1

v= (v v,) € Mp(B(H)), w= : € My (B(H))

and
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Since ||ou (k)| < ||v]l||k]|||w]], it follows that ¢, € B(IC(H)) and ||¢y|| < ||ul[n. We verify
that ¢, is a completely bounded map. The n'*-amplification of ¢, is
O s My (K(H)) = Mu(K(H)), 0 (ki) = (dulkiy))is-

We check that i (k) = 0k, for some & € Mnp)(B(H)), 0 € Mppn(B(H)) and k €
M,,(K(H)). Let

vp-vy | 0400 | - 0---0
0---0 |vy---v, |0---0 0:0
0= — = 0DV B Y€ My (B(H)),
0.0 ~
0---0 0-- VU
w1 0 0
wy 0 0
0 wy 0 0
w = 0 | w, | 0 0 :wGBwG?,---@wEM(np)p(B(H))
0
0 0 | w
0 0 | w
and
K e
k= € M(np)(np)(IC(H>>.
k’fﬁ) R 1
Note that ||5]| = [|v]|, ||@] = |lw| and ||k|| = ||k|| (for this last equality, we need to

shuffle the entries of the matrix k). Therefore, ||¢5"” (k)| < |lo||||k|||lw|. It follows that
164 | < [[ulln and hence ¢, € CB(K(H)).
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So far we proved that the map
6: B(H) © B(H) — CBIK(H)), = b,
is a contraction. The n'’-amplification of ¢ is
¢ My(B(H) & B(H)) = M, (CB(K(H))), (uij) = (dus; )ij-
From and since  is separable,
M, (B(H) & B(H)) ~ My (B(H)) & Min(B(H)) ~ B(H, H") & B(H", H) ~ B(H) & B(H).
Also,
M, (CB(K(H))) ~ CB(K(H), K(H")) ~ CB(K(H), K(H))
Then, the amplifications of ¢ have the same properties of ¢ itself and therefore, ¢ is a

complete contraction. O

We want to prove that the map ¢ as above is in fact a complete isometry. To this end,

we need to introduce the notion of strong independence for sequences of operators.

Definitions 3.3.18. [49] Let H be a separable Hilbert space and W a norm closed subspace
of B(H).

Let {n;} be a set of operators in B(H), such that > nin; € B(H). We say that {n;} is
strongly independent over W if for all {¢;} € I?, 3" ¢;n; = 0 implies ¢; = 0 for all 4.

If W is the zero subspace, then we say that {r;} is strongly independent.

Notation 3.3.19. If V is a vector space and {¢;} C V, we denote by [e;] the subspace
generated by {e;}.

Lemma 3.3.20. Let H be a separable Hilbert space. Suppose t € B(H™,H) is a column
with entries t; € B(H) (then, > ,tit; € B(H)) and s € B(H,H™) is a row with entries
s; € B(H) (then, Y . s;s; € B(H)). Let W be a closed subspace of B(H).

Then there exist unitaries uy,us € B(I%) and disjoint decompositions Ny L Nyl N3 = N
and My U My U Ms = N such that the components t;, §; of t = uit and § = sus satisfy:
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1. t;=35;=0 fori € Ny and j € My;

2. for eachi € Ny, t; € WN [tileen, and {t;}ien, is strongly independent; also, for each
J € M, s; € WN [siliem, and {S;}ien, is strongly independent;

3. for each i € N3, t; € [ti]eens and {t;}icn, is strongly independent over W; also, for

each j € M3, $; € [siliems and {S;}jen, is strongly independent over W;
4 Nt = N1t and [I5]] = [Is|| and

5. if W is finite dimensional, then the sets No and My are finite.

Proof. We begin by decomposing the space [? in the following way. Let
le{/\EZQI )\tZO}

and
Ly={ €l*: \-teW}.

We let Ly be the orthogonal complement of L; in Lj and L3 the orthogonal complement
of L1 D L2 in 12. ThUS, l2 = L1 © L2 D L3.

We consider an orthonormal basis {a;}; for I? such that {a;}e n; is a basis for L;, for
j =1,2,3. Hence N is the disjoint union N; U Ny L N3. Each a; is a sequence {a’ },en.
Let u; be the infinite matrix with complex entries that has «; as the i* row. It is a
unitary matrix. Define ¢ = u;t. Hence the i*" entry of t is Zj oz;tj =q; -t and if 7 € Ny,

l?j € [tl]leNK .

Suppose i € Ny. Then «; € Ly, and hence a; -t = 0. Thus, t; = 0. If i € Ny, a; € Lo
and a; -t € W. By definition of Ly, {#;}icn, is strongly independent. In order to prove
the strong independence of {#;};cn, over W, let A € [% such that A - {#;};en, = 0. Then,
A {a;}iens € LN Ly and this can only be true if A = 0.

If dim W = j, suppose, to reach a contradiction, that N, has at least j 4+ 1 elements
i1,12," - ,%41. By definition of Lo, we know that o;, -t € Wforr =1,2,---, 5+ 1. Thus,
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by linear dependence, there exist A, A9, -+, Aj;1 € C, not all of them zero, such that
i:i Ay -t = 0. Then, \.oy, € L1 N Ly, and this is a contradiction. We conclude that

N5 has at most j elements.
In order to complete the proof, we repeat the same strategy, but this time multiplying

by the row s on the left. O

Corollary 3.3.21. Suppose H is a separable Hilbert space. Let s € B(H*®, H), t €
B(H,H*), ec B(H",H) and t € B(H, H") such that ||s||, ||t < 1 and

o0 n

D sikt;— Y eikfi =0, VkeK(H). (3.1)

=1 i=1

Then there exists 5 € B(H™, H) and t € B(H, H™) such that ||3]|, ||| < 1,

=1 i=1

and 3; € [e;] N [s;] and t; € [f;] N [t;].

Proof. We begin the proof by applying the lemma above to t, with W = [f;];=1,... - Then,
there exist a unitary u and a partition N = N; LU Ny LI N3 as in the lemma. Again, we let

t = ut.

Define s' = su*. Note that if k& € K(H), k®u* = u*k> (here we denote by k> the

oo-amplification of k) and thus
skt = sk®u*ut = s'k*>t'.

Hence, Y .2, sikt, — > 7" e;kf; = 0. Write

=11

n

1€ N2 1€EN3 i=1

From the definition of N; and equation (3.1} it follows that T} = 0.
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Pick vectors h; € H, i =1,2,3,4, and let k = hy ® hy, that is k(h) = (h, ho)h;. Then,

n

0= (Txhs, ha) = > (si(h1 @ ho)ti(hs), ha) = Y (ei(h1 @ ho) fi(hs), ha)

= D (Hilha), ha(sin), ha) = D filhs), ha) (ei(hn), h)
= ([ D2 (sl hadti =D Kei(h), ha) f] (hs). ). (3.2)

Since this is true for all hy, hy € H, we conclude that

n

Z(SQUM)’ ha)t; = Z@‘(hl)’ ha) fi — Z(SQ(hl)a ha)t;

iEN3 i=1 €Ny
and the right hand of the equation belongs to W. Since {t,};cn, is strongly independent
over W, we conclude that (sih, hy) = 0, for all i € N3. Since this is true for all hy, hy € H,
it follows that s, = 0 for all i € N3. Then,

n

D eikfi— > skt =0 VkeK(H).

=1 1€ N3

But since W is finite dimensional, N5 is a finite set. Renaming the terms of the sum, for

some m < n we have that

i=1 i=1
It is clear that ||5]| < ||su*|| = ||s]| < 1, §; € [s;], ||f|] < JJut|| = ||t]] < 1 and t; € (5105

It only remains to prove that §; € [e;]. The strong independence of {t;}i=1.... m means that
this set is linearly independent and then extends to a basis {#;},=1..., for W. Rewriting

each f; in terms of the elements of that basis, we obtain that
D ekt — Y skt =0 Vk € K(H),
i=1 i=1
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where each €] € [e;]. Then,

> (e =5kt + > €ki; =0 Vk € K(H),

=1 i=m-+1

The same method we used above in applies here to prove that §; — e, = 0 and hence
gi € [ej]. ]

Corollary 3.3.22. Suppose H is a separable Hilbert space. Let s,c € B(H™,H), t,d €
B(H,H>®), e € B(H",H) and f € B(H,H") be such that

skt 4+ ck™d —ek™f =0 Vke K(H). (3.3)

Moreover, assume that ||s||, ||t] < 1 and ||c|,||d]] < e < 1. Then, there exist 5,¢ €
B(H™ H) and t,d € B(H,H™) satisfying

1. gz S [Sj] and 1?1 S [tj],
2. |11 11 < 1 and &, |d]| < (3¢)',
3. §k™1 + ¢k>°d — ek>®f = 0, for all k € K(H).
Theorem 3.3.23. The map u — ¢, from Proposition 15 a complete isometry.

h
Proof. Recall that ¢ is a completely contractive map from B(H) ® B(H) to CB(K(H)).
Applying the identifications

M, (B(H) & B(H)) ~ B(H) & B(H) and M, (CB(KC(H))) ~ CBIKC(H))

as we did before, we see that it is enough to prove that ¢ is an isometry.

Therefore, we only need to prove that if u € B(H) ®, B(#H) is such that ||¢.| = 1,
then [|ul|, < 1. From the structure theorem [3.3.16| since ¢, € CB(IC(H)), there exist
s€B(H®H), t e B(H,H™), ||s||=|t|]| =1 and

du(k) = sk®t Yk € K(H). (3.4)
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Suppose u = Y, v; ® w;. Then, it follows from equation that

o0 n

D sikti— > ekfi=0 Vk € K(H).

i=1 i=1

Applying Corollary (3.3.21), there exist § € B(H™,H) and t € B(H,H™) of norm less than

or equal to one such that
i=1 i=1

From here it follows that v = 5§ ® . Therefore, ||ull, < ||5]|||f]] < 1. O

We now define the right and left slice maps and the Fubini tensor product.

Definitions 3.3.24. Suppose H is a separable Hilbert space and ¢ € B(H)*.

Let

n n

Ry B(H) @, B(H) = BH) Ry ei® f) =Y (e fi

=1

Since this map is a linear functional, it is completely bounded and it extends to
h
Ry: B(H)® B(H) — B(H),

the right slice map of .

Similarly we define the left slice map of 1,

Ly BOH) ® BH) —» BH) LY e f) = 3 b(fe.

i=1 i=1

Suppose that & C &, F; C F, are subspaces of B(H). The Fubini product of &
h
and F; relative to & ® Fy is

h h
F(gl,fl;gQ X .Fz) = {U €e&EH R Fy: R¢(U) € Fi, Lw(U) €&, Ve B(/H)*}

If & = F» = B(H), we denote the Fubini product F(&;, Fy).
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h h
Remark 3.3.25. Note that & ® F; C F(&, F1;E ® F»). We will prove that those sets

in fact coincide.

Remark 3.3.26. If H is a separable Hilbert space and hi, ho are elements of H, let
ng = L('hl,hz) and ng = R<~h1,h2)-

Hfu=>Y", 6® f € B(H)®,B(H), note that, for hs, hy € H,

(Lia(u)(h3), hy) = <Z Liz(e; @ fi)(hs), ha)

n

= <Z<fi(h1)7 h2>ei<h3>7 h4>

= <§; ¢i(hy ® h2) fy(h), ha)
= <;5;(h3 ® ha)(ha), ha).
By continuity, for any u € B(H) & B(H),
(L12(u)(h3), ha) = (Pu(hs @ ha)(h1), ha). (3.5)

Similarly, if u € B(H) é B(H),

(Riz(u)(h3), ha) = (Pu(h1 @ hy)(h3), ha). (3.6)

We can now present the main result of this section.

Theorem 3.3.27. Suppose H is a separable Hilbert space and V, W are closed subspaces
h
of B(H). If ue B(H) ® B(H), the following are equivalent:

h
1.ueVeWw;

2. Ry(u) € W and Ly(u) €V, for all ) € B(H)*;
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3. the map ¢, has a representation ¢,(k) = vk™w, for all k € K(H), where v €
B(H>*,H), with components in V, w € B(H,H™), with components in W, and

1/2
o] = JJwl]| = [|ull}/>.

Proof. That [I] implies [2] follows from the definition of the Fubini product.

To prove that [2] implies [3| we assume that |lu||, = 1. Then ||¢,]| = 1 as well, and
there exist e € B(H>®,H) and f € B(H,H™) such that ¢,(k) = ek>f, for all k € KC(H).
Applying Lemma to the column f and the space W, we obtain a decomposition
N = N; U Ny LU N3 and a unitary infinite matrix U. Let w’ = Uf and v = eU*. Then, for
all k € K(H),

by (k) = V'EXw = VEXU UWw = v'k®w'.
Also, w} = 0 for all i € Ny, w, € W for all © € Ny, {w]}ien, is strongly independent and

{w}}iens is strongly independent over W.

Let h; € H, for i = 1,2,3,4. As in equation (3.6)) before,

(Ri2(u)hs, hy) = (Pu(h1 @ hy)hs, ho)
= > ([l @ ha)*w']hs, o)

1€ NoUN3
= > (Wihs, ha) (Viha, ha) + D (wihs, ha) (Vihy, o)
1€N2 1€N3

Then,
R12(u) — Z <U;h1, hg)U); = Z <U;h1, hQ)’LU;

1€ N2 1€N3
Since both left-hand side terms belong to W, so does ;. (vih1, hao)w;. But {w;}ien, is
strongly independent over W, then (uv.hy, hy) = 0, for all hy,hy € H and i € N3. Thus,
vi =0 for all i € Nj.

Then, ¢, (k) = > iy, vikw;, for all k € K(H), and ||[o'[], [|w’|| < 1. Also, the components

of w belong to W. However, these are not the v, w we are looking for, since we do not
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know if the components of v belong to V. We repeat the procedure above to make sure

this is the case.

We apply Lemma (3.3.20] to the row v’ and the space V. Then, there exist an infinite,
unitary matrix U and a decomposition Ny = M; UMy UM;. We let v = o'U and w = U*w'.
Then, v; = 0 for all i € Ny, v; € W for all i € Ny, {v;}ien, is strongly independent and

{vi}iens is strongly independent over W.

Similarly as before, if hq, hs, hs, hy belong to H, we can apply equation (3.5)) to prove
that w; = 0 for all ¢« € Mj3. Thus,

do(k) = vikw; Vk e K(H),
i€ Mo
the components of v belong to V, the ones of w to W and ||v|], ||w]| < 1.
h

Finally we prove that [3| implies . Let u € B(H) ® B(H) such that [jul, = 1 and
du(k) = vk*>w, for all k € K(H), with v, w with components in V and W respectively.
Pick 0 < ¢ < 1 and choose ug = >, a; ® b; € B(H) @y, B(H) verifying |Ju — ug|| < &%. Let
up = up—u, then ||ui|| < ? and ||y, || < 2. Thus, there exist ¢, d such that ¢,, (k) = ck>d,
for all k € IC(H) and ||c||, ||d|| < e.

By definition of uy, u + u; — ug = 0, therefore

o0 n

i=1 i=1 i=1

We apply Corollary to find v € B(H™ H), w € B(H,H™), ¢ € B(H*,H) and
d € B(H,H>) verifying:

L 3], 1ol < 1, lél, ld]) < (32)"/*
2. 0k™f + ¢k>d — ak™ = 0 and

3. the components of ¢ and d are in V and W respectively.
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Define up = > " | 0; @ w; € V @ W. Thus, it follows that ¢y, (k) = —ék*>d. Then,
lus = tolln = | ¢us—uo |l < €[]l < 3. Therefore,

I = wa]| < [lu = uoll + luo — uaf| < &%+ 32 < 4e

h
and since € was arbitrary, v € V @ W. m

Remark 3.3.28. When proving that [2] implies [3| observe that the components of v and

w that “survive” the proof are strongly independent.

h
Definition 3.3.29. Let u € B(H) ® B(H). We define
R, :=span{Ry(u) : ¥ € B(H)"}
and similarly £,,.

Corollary 3.3.30. Let Vi C Vy and Wy C W, be closed subspaces of B(H). Then
h h
VI @ Wy = F(Vi, Wi Vy @ Wa}.

Proof. The inclusion that we were missing follows from the equivalence between (1| and

in the Theorem above. O

h h
Corollary 3.3.31. Ifu € B(H) ® B(H), thenu € L, @ R,.

Proof. The result follows from the fact that u € F(L,, R,) and the Corollary above. [

3.4 The extended Haagerup tensor product

h
We finish this Chapter by presenting the extended Haagerup tensor product EZ) This
tensor product of operator spaces was introduced by Effros and Ruan in an unpublished
manuscript ([I3]). In 2003, an article containing most of the material of the manuscript

was published ([15]). Here we follow that work.
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Definitions 3.4.1. Suppose Vi, Vo, W, and W, are operator spaces.
If Vi and W are dual spaces, we denote by CB?(V;, W) the subspace of CB(Vy, W)

consisting of weak™ continuous maps.

Suppose Vi,V and W, are dual spaces. If B : V; x Vo, — W, is a multiplicatively
bounded map, we say that B is normal if it weak® continuous on each variable. We

denote by MB?(V; x Vo; W) the space of normal, multiplicatively bounded maps.

eh
The extended Haagerup tensor product V; ® Vs is the space of all normal multi-

plicatively bounded maps B : V x V5 — C, that is,
Vi BV = MBT(V] X V55C) = (V] & W));.
It is an operator space with matrix norms
Moy(V1 & V) = My (MB7(VF x Vi:C)) = MB7(VF x Vi M,).
We now mention without proof some properties of the extended Haagerup tensor prod-

uct.

Proposition 3.4.2 ([15], p.143). Suppose Vi, Vo, Wy and Wy are operator spaces and S;
Vi — W; is a completely bounded map, fori=1,2. Let
_ h h
S=(ST®85) (Vi @V — Wy @ W))™.
h

— — h — eh
The map S satisfies S(Vi @ V3)i) € Wy @ Ws)%. Then, the restriction of S to Vi @ Vs,

that is, the map

*
o

eh eh
51®SQIV1®V2—>W1®W2>

is completely bounded. If S1 and Sy are completely contractive, S1 ® Sy is completely

contractive as well.

Theorem 3.4.3 ([15], Theorem 5.3). IfV, and Vs are operator spaces, we have a complete
1sometry

eh

h
(Vl X V2>* >~ Vik (9 V;
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Proposition 3.4.4 ([15], p. 145). The extended Haagerup tensor product of operator

spaces 18 injective but is not projective.

Proposition 3.4.5. Let V and VW be operator spaces. Then
h eh
VoaW={ueVaeaW:u=v0wve M V),we Mg (W),

p
w= - = lim Y v @)
j=1

Lastly, we present a result that will be needed in Chapter 5.
Proposition 3.4.6 ([15], p. 146). If Vi and Vs, are operator spaces, there is a complete

h eh
isometry Vi @ Vo — Vi @ Vs.

h h
Proof. The map V; ® Vo — V) i@ V, is completely contractive since the definition of the

norm || - ||en uses more decompositions. In the commutative diagram

h
Vi ® Vs
eh —_— * h * ) *
Vi ® Vy Vi ® V)
the bottom arrow is a complete isometry by definition of the extended Haagerup tensor
product and so is the diagonal arrow by the self-duality of the Haagerup tensor product

(see |3.3.14)). If follows that the map that we are considering is a complete isometry as
well. 0
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Chapter 4

The Fourier and Fourier-Stieltjes
algebras of a locally compact

groupoid

In this Chapter we introduce the Fourier-Stieltjes and Fourier algebras of a locally compact
groupoid. Before doing that, in Section 1, for a locally compact group H we present the
definition of these algebras, denoted by B(H) and A(H). These definitions are due to
Eymard [I§]. For the first of these algebras, we need to consider the coefficient functions
of all (equivalence classes of) unitary, continuous representations of H. For the second
one, we restrict ourselves to the coefficient functions of one representation, the left regular
one. We also state equivalent definitions and some of their properties that are going to
be relevant when studying the groupoid case. We also explain how B(H) and A(H) have
operator spaces structures and the importance of seeing A(H) as a completely contractive
Banach algebra. No proofs are presented in this Sections, and other important references,

in addition to Eymard’s work, are [4] and [45].

The second Section is devoted to the analog of the continuous, unitary representations

for the groupoid case: the continuous G-Hilbert bundles. These bundles, indexed over the
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unit space of a locally compact groupoid G, consist of separable Hilbert spaces (the fibers),
together with a notion of continuity of sections and an “action” of the groupoid on the
bundle, given by a family of isomorphisms between the Hilbert spaces. For each locally
compact groupoid G together with a left Haar system there is one favorite representation:
the left regular G-Hilbert bundle. Here, classical work of Dixmier and Douady ([12]) is

used, as well as many results for [6].

In the third Section we introduce the definition of the continuous Fourier-Stieltjes al-
gebra B(G), as presented by Paterson in [33]. This definition is the continuous analog
of the Borel case presented by Ramsay and Walter ([41]) and the measurable case pre-
sented by Renault ([43]). In all three cases, the Fourier-Stieltjes algebra B(G) is a unital,

commutative Banach algebra and we include the proof of this fact for the continuous case.

The fourth Section presents a result from Paterson’s article [35], namely a stabilization
theorem for proper groupoids. This result is going to be needed in the last Section. The
equivalence between the category of Cy(G®)-Hilbert modules and the category of Hilbert

bundles over G is explained here.

It is in the last Section that the new material of this Chapter appears. We define a
continuous Fourier algebra A(G); this definition is, a priori, different from the one presented
by Paterson in [33]. In a similar fashion as it was done for B(G), we show that A(G) is
a commutative Banach space of continuous functions, this time vanishing at infinity. If G
is a locally compact group, this algebra is the same we considered in Section 1. If G is a
topological space with base groupoid structure, A(G) = Cy(G). Some desirable properties
for a Fourier algebra are verified: A(G) separates points, and if the groupoid is proper,
A(G) is a B(G)-module (we cannot claim that it is an ideal since we do not know if the
norms that we are considering on both spaces coincide). Also, if the groupoid is transitive
and compact, A(G) = B(G). For locally trivial groupoids we obtain an easier to handle
description of A(G), that is going to be greatly needed in the next Chapter. Using this

description, we study the Fourier algebra of a full equivalence relation.
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4.1 The group case

In this section H is a locally compact group with left Haar measure m and modular function
A. For more details see [20].

The group algebra of H is L'(H,m) = L'(H). This space, with pointwise addition,
convolution and involution defined by f*(h) = A(h™1) f(h~1), is in fact a *-Banach algebra.

It is also a closed ideal in the space M (H) of complex-valued Radon measures on H.

The “building blocks” of the Fourier-Stieltjes algebra are the coefficients of the contin-
uous unitary representations of the group. If H is a Hilbert space, let U () be the group
of unitary operators on H. Suppose 7 : H — U(H) is a group homomorphism. We say
that m is WOT-continuous if for all £,n7 € H the map

(57 n)ﬂ = (5777) : H — C? (5777)(h) = <7T(h)€7 T7>

is continuous. The WOT- continuous group homomorphisms as above are the continuous
unitary representations of H and the maps (£, 7). are the coefficients associated to .
If 7 is a continuous unitary representation it extends to a non-degenerate norm-decreasing
representation of L'(H) on B(H). We still denote this representation by . It is given by
the following formula: if £, € H and f € L'(H), then

)& = [ SO ) dm(h).
For f € L'(H), define the norm

/]

o = sup{n(f) : 7 is a continuous, unitary representation of H}.

The C*-algebra of H, denoted by C*(H), is the completion of L'(H) with respect to the

norm || - ||¢x.

The Fourier-Stieltjes algebra of H is

B(H) :={(&,n)x : 7 is a continuous, unitary representation of H on H, &,n € H}.
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If H is abelian and H is its dual group, then B(H) can be identified with M(ﬁ]) For
an arbitrary locally compact group H, B(H) was defined and studied by Eymard in [I8].
Note that this space is included in Cy(H), the space of continuous and bounded functions

on H. It is, in fact, an algebra with point-wise product.

We define a norm on B(H): if ¢ € B(H),

= in ,
lellmen = _nt el

where 7 varies over the continuous unitary representations of H. With this norm, B(H) is
a unital, commutative, Banach algebra. Moreover, the infimum on the definition of ||- || 5(m)

is always attained.
Eymard proved that B(H) can also be obtained as the Banach space dual of C*(H).

There is one more description of B(H) that we wish to mention here. Let u: H — C
be a continuous function. We say that u is positive definite if there exist a continuous
unitary representation 7 of H on H, and a vector £ € H, such that u = (§,€),. Then,
the elements of B(H) are linear combinations with complex coefficients of positive definite

functions.

If 7 is a continuous, unitary representation of H on H,, let

A (H) :=spanllzan {(&,n). : €0 € Hal,

see [4], Definition 2.1. The spaces A,(H) are left and right invariant closed subspaces of
B(H). In particular, for the left regular representation \ of H on L?(H,m),

A H — ULAH)), MR)ER) = (R,

for h,h' € H and £ € L*(H), the space A\(H) is called the Fourier algebra of H. We
denote it by A(H) (without the subscript A). This algebra, for an arbitrary locally compact
group H, was introduced by Eymard in [I8], and he proved that

A(H) = {(&m)x: &n € L2(H)},
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without need of considering the span and the norm closure. Note that it is a subspace of
Co(H), the space of continuous functions vanishing at infinity. Moreover, it is an ideal of
B(H). If H is abelian, A(H) can be identified with L'(H).

Suppose 7 is a representation of H on H,. Then n(H) is included in B(H,). Let
VN(H) := W*, the weak-* closure of w(H) on B(H,). This is the von Neumann
algebra generated by 7(H) on B(H,). Recall that von Neumann algebras are C*-
algebras. For m = A, the left regular representation, VN, (H) is denoted by VN(H) and it
is called the group von Neumann algebra of H. Each von Neumann algebra V' has a
unique predual, that is, a Banach space V, whose dual (V)* is V. The predual is a closed

subspace of V*, but it is, in general, smaller. In particular,
VN(H). ~ A(H). (4.1)
In A(H) we consider the norm inherited as a subspace of B(H). There is another

norm we could define, and we mention it here since we will consider an analog to it in the

groupoid context. If p € A(H), let

= inf ,
lellagn = _ in el

where AP is the left regular representation with multiplicity p € N, that is, \? : H —
U(L*(H)?). From Remarque 2.6 of [18], it follows that

(ACH), |- lacn) = (ACH), - Nl an)- (4.2)

We consider one more characterization of A(H).

Theorem 4.1.1 (Théoreme 2.2, [4]). Suppose m: H — U(H,) is a representation. Let
7 _
qo :HTF ®H7r _>A7r(H% QO(§®77) = (Sun)ﬂ
and extend linearly to a bounded map. Then,

<’r‘1l_7r77‘1l7r

*f: N (H
Kerqo> VN (H)
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1sometrically isomorphic. Therefore,

L2(H) & L*(H)
Ker qq

~ A(H). (4.3)

We aim to derive an equation similar to 4.3/ for the left regular representation with
infinite multiplicity
Moo o H — U(L*(H; 1?)).
Let m: H — U(H,) and 0 : H — U(H,) be continuous representations of H. We say that

7 and o are unitarily equivalent if there is a unitary operator U : H, — H, such that
Un(h) = o(h)U for all h € H. We write m ~ 0.

We denote ¢° = ¢}~ .

If 7 and o are two continuous unitary representations of H, we have the following result
([11], Proposition 5.3.1):

VN,(H) ~ VN, (H) <= there exists o, # such that 7® ~ ¢”.
Therefore, VN(H) ~ V N,_(H) and hence

—

L*(H;1?) @ L*(H;1?)
Ker ¢g°

~ A(H). (4.4)

Thanks to the identification of B(H) as the dual of C*(H) and A(H) as the predual
of VN(H), we can consider on the Fourier-Stieltjes and the Fourier algebra an operator
space structure. Considering this structure, the result above [£.4] admits an operator space
version:

_ A
D(H:P), & L*(H; 1),
Ker ¢g°

~ A(H) (4.5)
completely isomorphically.

To end this section we wish to include a few words on the importance of the operator
space structure on A(H). We aim to explain why the operator space category is the right

context to study the amenability of H.
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It is outside the scope of this work to present an introduction to the multifaceted concept

of amenability. We refer the reader to [36] for the equivalent definitions of amenable group.

Let A be a Banach algebra and V' an A-bimodule. Note that if V' is an A-bimodule, so

is its dual V*, with actions

(¢ -a)(v) =pla-v) and (a-¢)(v) = p(v-a), (4.6)
foroeV*, aec Aandv e V.

A bounded derivation § : A — V is a bounded linear map verifying
d(ab) = 0(a)b+ ad(b) Va,be A.

If v € V, the map ¢, : A — V defined by 6,(a) = a-v —v-a is a bounded derivation. The

derivations d,, for v € V', are called inner.

We say that a Banach algebra A is amenable if for any A-bimodule V', every bounded
derivation from A into V* is inner. In [24], B.E. Johnson proved that a locally compact
group H is amenable if and only if the convolution algebra L'(H) is amenable as a Banach
algebra. For the Banach algebra A(H) (which we know to be a L' space when H is
commutative), the situation is more complicated. It was also Johnson that proved that
there are amenable groups whose Fourier algebras are not amenable as a Banach algebras
(see [23]). It turns out that the context of operator spaces is more appropriate to study
the relationship between the amenability of A(H) and H.

We know that for a locally compact group H, the Fourier algebra A(H) is a Banach
algebra and an operator space. Moreover, there is a nice compatibility between this two
structures: A(H) is a completely contractive Banach algebra. This means that the product

on A(H) extends to a complete contraction

m: A(H) & A(H) — A(H).

If A is a completely contractive Banach algebra and V' is an A-bimodule, we say that

V' is an operator A-bimodule if V is an operator space and the bimodule actions are
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completely bounded. If V is an operator A-bimodule, so is V*, with actions defined as
above in [4.0] For a completely contractive Banach algebra A and an operator A-bimodule

V', the inner derivations 9, : A — V are completely bounded.

In analogy with the Banach space case, we say that a completely contractive Banach
algebra A is operator amenable if for every operator A-bimodule V' every completely
bounded derivation 6 : A — V* is inner. With these definitions, the relationship between

the amenability of H and A(H) is explained by the following theorem proved by Ruan:

Theorem 4.1.2 ([45], Theorem 3.6). Let H be a locally compact group. Then H is

amenable if and only if the Fourier algebra A(H) is operator amenable.

4.2 Continuous Hilbert bundles

As we explained at the beginning of this Chapter, if H is a locally compact group, the
unitary, continuous representation of H are the building blocks of the Banach algebras
B(H) and A(H) . In this section, we present the “representations” we are going to use to

build the Fourier algebras in the groupoid case.

If G is a groupoid, we consider continuous fields of separable Hilbert spaces over the
unit space GY. This is, roughly speaking, a bundle of Hilbert spaces indexed by the units,
together with a notion of continuity of sections. If, in addition, there is an action of the
groupoid G over the bundle, that is, in some sense, unitary and continuous, we call these
bundles G-Hilbert bundles. These are the representation we will use to build B(G) and
A(G).

Also in this case, there is a “favourite” representation, the left regular G-Hilbert bundle.
We define it here and prove that is one of the continuous and unitary representations we

wish to consider.
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Definitions 4.2.1. Let X be a topological space. A continuous field of Banach spaces
over X (see [I1]) is a pair € = ({E,}zex, ') where each E, is a Banach space and I' is a
family of sections of {F, }.cx such that:

1. T is a C-subspace of sections;
2. for all x € X, {{(x) : € € '} is dense in E;
3. for all £ € T', the map = — ||{(z)]| is continuous; and

4. let n be a section; suppose that Vo € X and ¢ > 0, there exists £ € ' such that
In(y) — &(y)|| < € for all y in neighbourhood of z. Then, n € I'.

The elements of I' are the continuous sections of £.

Note that if X is discrete, I' consists of all the sections.

Remark 4.2.2. Some authors consider a different version of condition [2 above, namely:
2. Forallz € X, {{(x): £ €'} = E,.

This is the case in [35] and [6]. Since we opt for the density condition, when adapting some

proofs from the mentioned papers we will need to add an e-technicality.

Example 4.2.3. Constant field.

If E is Banach space and X a topological space, we consider the pair £ = ({E},ex, C(X, E)).

It is a continuous field of Banach spaces and it is called constant field.

Definitions 4.2.4. Suppose £ = ({E, }.ex, ) is a continuous field of Banach spaces and
y € X. We say that a section £ is continuous at y if for all € > 0 there exists n € I' such
that ||(z) — n(x)|| < &, for all z in a neighbourhood of y. If ¢ is continuous at y for all
y € X, by condition[d] ¢ € T.

If &€ = ({E.}zex, ) is a continuous field and A C I', we say that A is total if for all
r € X, span{&(z) : £ € A} is dense on E,.
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We have the following propositions:

Proposition 4.2.5 ([12], Proposition 1,). Let &€ = ({E,}.ex, ') be a continuous field of
Banach spaces and A a total subset of I'. Let A" be the subspace of I' generated by A. If &

is a section, the following statements are equivalent:

1. £ €Ty
2. ify € X and e > 0, there exists n € T such that || —n|| < € in a neighbourhood of y;

3. ify € X and e > 0, there exists n € A’ such that ||§ — n|| < e in a neighbourhood of
Y.

Proposition 4.2.6 ([12], Proposition 3). Let X be a topological space and {E,}.cx a
family of Banach spaces. Suppose that A is a family of sections of {E,} satisfying con-
ditions 1), 2) and 3) from definition [{.2.1. Then there exist a unique family of sections
[ that satisfies condition 4) as well, that is the family of sections satisfying @ from the

proposition above.

Lemma 4.2.7 ([12], Chapitre I, 2, p. 231). If ({E.}zex, ) is a continuous field of Banach
spaces, then there is a topology on the total space E := Uyex FE, such that I" is the set of

continuous functions.

If p: E — X is the projection (p(h) =z if h € E,), for eache >0,V C X and £ € T,
the sets
Ule,V.§) :=={he E: |h—&(p(h))|l <&, p(h) € V}

form a basis for the topology on E.

Proof. We include the proof of this lemma, hoping it would give the reader familiarity with
the topology we are working with. Also, we need here one of the “e-tricks” we mentioned

in Remark [£.2.2]
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Let U; = Uley, &, Vi) be sets as above, for i = 1,2. Suppose hg € Uy N Uy. We want to
find &g, &y, Vo such that hy € U(eg, &0, Vo) C Uler, &1, Vi)NU (9, &9, Va). Let 6 = min{ey, 2},
zo = p(ho) and o = max;—1 2{||ho — &(x0)]|}. Note that o < 9.

By the density of {n(z) : 7 € I'} on E,, we can find & € I' such that ||&(20)—ho| < 252
It follows that

—04+5<(5+04‘

1€0(20) — &i(@o) || < ll€0(w0) = holl + lho — &i(xo)l| < ° 5

Let g = (S_TO‘ and

%:{erlﬂVQ: 160 (2) — &(2)|| < 5;“,121,2}.

Then, xy € Vy and hg € Ul(go, &, Vo). If h € Ul(eo, &, Vo), then p(h) € Vo C V; and

d—a J+a«

1h = &(p(R))I] < [[h = &o(p(R))]] + (1€ (p(R) = &P < ——+ —

< &,
fori=1,2. O]

Definitions 4.2.8. Let ({El}.cx,T") and ({E?}.cx,?) be continuous fields of Banach

spaces.

A morphism between them is a family of linear bounded maps {¢, : E} — E?},cx
such that

1. {o&: e} CI?and

2. if we denote |0, || := SUD|jp |, <1 |2 (h)]], then sup, ||| < occ.

If Al is a family of continuous sections of { E1},cx as in then condition (1.) above
can be replaced by

. {ol: € A} CT?
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A morphism of continuous fields of Banach spaces {1, }.cx is an isometric isomor-

phism if each 1), is an isometric isomorphism and 1) o A! is dense in I'2.

If a continuous field of Banach spaces is isometrically isomorphic to a constant one, we

say that it is trivial.

Lemma 4.2.9. [17] Let ({E}}iex,T) and ({E?}.ex,[?) be continuous fields of Banach
spaces. A fiber preserving map v : Uzex E} — Uzex E2 is continuous if and only if 1 is a

morphism of continuous fields of Banach spaces.

Definitions 4.2.10. Let H = ({H"}uex, ') be a continuous field of Banach spaces over
X, where each H" is a Hilbert space. We say that H is a Hilbert bundle.

If H' = ({HY}uex, 1) and H? = ({HY}uex, ['2) are Hilbert bundles over X, a mor-
phism between them is a morphism of continuous fields of Banach spaces {t,} which also

is such that the family of adjoint maps {1} determines a morphism.

Definition 4.2.11. Let G be a groupoid. A continuous field of separable Hilbert spaces
({H"}uego, T') over G° is a G-Hilbert bundle if for each v € G there is a unitary isomor-
phism of Hilbert spaces L, : H*(") — H"™ such that

1. L,=1Id,Vu € G°,
2. if 4’y makes sense, then L., = L.,L, and

3. the map from G — C, v — (L,&(s(7)),n(r(y))) is continuous, for all £, n continuous
and bounded sections of H. Such maps are called coefficients and denoted by (£, 7).

We use the notation H = ({H"},T', L).

Remark 4.2.12. If the locally compact groupoid G is a group, then a G-Hilbert bundle

is a continuous, unitary representation of G.

Definitions 4.2.13. Note that we are considering G-Hilbert bundles that are unitary
and weakly continuous (see condition [3[ above). We say that the bundle is strongly

continuous if we substitute condition [3| by
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3. the map from G — H = UyeqoH", v = L,&(s(7y)) is continuous for every continuous,
bounded section £ of H.

For unitary G-Hilbert bundles, both notions are equivalent:

Proposition 4.2.14. ([6/, Lemma 5.1.6) A unitary G-Hilbert bundle H is weakly contin-

uwous if and only if it is strongly continuous.

Proof. Later on, we will need one of the directions of this Proposition, namely that strong
continuity implies weak continuity. For the reader’s convenience, we present here a proof

of this fact, based on the reference above, that fits our definitions (see Remark 4.2.2)).

Suppose that H = ({H"}, T, L) is strongly continuous, we now show that it is weakly
continuous as well. Let & n be continuous and bounded sections of H. Let v € G and
e > 0. We want to find a neighbourhood V' of v such that

[(L&(s(1)n(r(M)) — (Ly&(s(Y)),m(r(Y)) <& ify e V.

Since {¢(r(v)) : ¢ € '} is dense in H")| there exists ¢’ € " such that

< 3
3lnllee

148 (s(7)) = €' (r(M)l

The map G° — C, v — (n(v),&(v)), is continuous. Then, we can select an open
neighbourhood U C G of r(v) such that if v € U, then

£

(), €)= (n(r(3), € tr(y < 3.
Moreover, since H is strongly continuous, if U (&, U, u) is a neighbourhood of L&' (r(v)),
there exists V' neighbourhood of v such that L..&'(r(v')) € U(g,U, ) for all 4/ € V. In

particular, if € = A= U = U as above and p = ¢, then

g
3nllee

1Ly &' (r(7) = Er()I <
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Definition 4.2.15. Let F =

a continuous section of E, we say that ¢ vanishes at infinity if for all £ > 0 there exists

Then, if v/ € V,

[(Lr&(s(7)), n(r(7))) — (Ly&(s(¥))s n(r(¥))]
< [Ly€(s(¥))m(r(v))) — (€' (r(v)), n(r(v)))]
+ 1 (r(v),n(r(¥)) = (€ (r (), n(r(v)]
+ [ (r(),n(r(1)) = (L2&((7)), n(r(7)))]
< |[Ly&(s() = & r(NDNIn(r (Y]]
+ 1€ (r (7)) = Ly EsNHIn(r()]
< €.

Note that here we did not need to assume that H is unitary.

a compact subset K of X such that

I€(2)||g, <&, Vxe KC

Notation 4.2.16. Let £ = ({E”},ex,[) be a continuous field of Banach spaces.
denote by SCy(F) the continuous sections of E that vanish at infinity and by SC,(E) the

continuous and bounded ones.

If ¢ is a section, the norm of £ is

1€lloc = sup [|§(2)]| =
zeX

see more properties of this subspace on [4.4.3

Now suppose that H is a G-Hilbert bundle. Observe that if £,n € SCy(H),

1E Moo < €I
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Definition 4.2.17 ([6], 5.1.8). Let H' = ({H!}ueqo, i, L") be continuous and unitary
G-Hilbert bundles. Suppose that 1/ is a morphism of continuous fields of Hilbert spaces
between them. We say that v is a morphism of G-Hilbert bundles if it intertwines L,
that is, the diagram

1

L
Hi(v) ., H;(v)

d’s('y) l lwr(w)

H;(v) T%) H;(v)

commutes.

If ¢ is a morphism of G-Hilbert bundles as above and

(Yu(€(w), Yu(n(u))) = (€(u),n(w)),

for all £, continuous sections of H! and for all u € G°, we say that H! is isometrically

isomorphic to a sub-bundle of H?2.

If, in addition, 1) o A! is dense in I'?, for A! a subset of continuous sections as in [4.2.6]

we say that ¢ is an isometric isomorphism.

Remark 4.2.18. Let H! and H? be continuous G-Hilbert bundles as in the definition
above. Suppose that H! is isometrically isomorphic to a sub-bundle of H? via ¢. If

&,m € SCy(H'Y), then there exist &',y € SCy(H?) such that (&,n) = (£,1). In effect, if
v €eG,



We now present the most important G-Hilbert bundle for our work, the left regular
bundle. It is the analogue of the left regular representation of locally compact groups. As
in that case, the Hilbert spaces considered are L? spaces, so we need to fix a Haar system
(see[2.1.2)).

Given a Haar system {\,},cqo, we consider the left regular G-Hilbert bundle
12 = ({I(G* ")} o, Cu(G), L),
where
Ly LG, N00) 5 LHGO N0 LeW) = (7).

Note that we can see the elements of C.(G) as sections as follows: if f € C.(G) and u € G°,
let

f(u) = fiou € L*(G").
Here, C.(G) is a family of sections as in Proposition |4.2.6 thus determining a unique family

of continuous sections.

It £, n € SCo(L*(G)),

(&) (7) = {L,€(s(7) /5 DO () () O ).

If we denote () = £(y~1), then for f,g € C.(G),

(f.9)0) = / T (g (r() () A ()
= (7)-

The following lemma will be used on the next proposition.

Lemma 4.2.19 ([10], see also [6], 5.3.2 ). If f € C.(G?), the map

v = / FOr ) dx D (y)
18 continuous.
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Proposition 4.2.20. ([6], 5.3.1) The left reqular G-Hilbert bundle is unitary and contin-

uous.

Proof. Due to Remark [£.2.2] the proof that we present here slightly differs from the refer-

ence above.
To check that the left unitary bundle is unitary, let v € G and f,g € L?(G*")). Then,

by the left invariance of the Haar system,

< Lyf, Lyg > = /f(v‘15)9(7‘15) dX"(5)

— [ T@)9() X 5)
=< f,g>.

We now prove that it is strongly continuous. For all £ € SCy(L?*(G)), we want to check
that the map G — UL?(G"™™)), v — L,&(s(7)) is continuous. Fix v € G. Let U(g, V,n)
be a neighbourhood of L.&(s(7y)), where ¢ > 0, V' C G° is open and 7 is a continuous
section. Assume ||L,&(s(7)) — n(r(7))|| = o < e. Let o = ¢ — a. By [£.2.5] we can find
¢ n' € C.(G) such that || —¢'|| < % on a neighbourhood U; of s(7) and ||n —7'|| < %/ on
a neighbourhood U, of r(v). Let U = s~1(U,) N r=(U,), it is a neighbourhood of .

We apply now the lemma above, for f(v/,d") := [£'((7')716") — n/(0")]. Let
PO = ([ 1082032
By the lemma, this is a continuous function. We compute F'(7):
/ / / N2 g\T(Y) (8! 1/2
F(9) = [ [ 1€ (@) = 1/ (r(n) (@) ax (&)

= [1L,&(s()) =7 (r(M)l
<€ (5(7) = Ly& (s + 1246 (5(7)) = n(r()]
+ n(r(y)) = 7' (r(|

/

< R
a+3
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Since F is continuous, there exists a neighbourhood U of ~ such that F, <a+ %/
Hence, if § € UNU N7 Y(V), we want to verify that Ls&(s(8)) € Ule,V,n). Note that
L.&(s()) € LA(G™™)) and p(Ls&(s(8))) = r(8) € V. Moreover,

1L5€(5(0)) = n(r(O)] < 1Ls&(s(6)) — Ls&'(s(0))]| + £(6) + [[n'(r(8)) — n(r(9))]

/ /

< [|€(s(8)) = €' (sl + (a + %) n %

/

= — <&
a+6 €

Hence, the left regular bundle is strongly continuous. O

Remark 4.2.21. Many times it is convenient to consider the left regular bundle with
multiplicity. Again, we need to fix a Haar system {\"},cqo. The left regular bundle
with multiplicity p € N is

LA(G)P == ({LA(G", \*; C7) }yego, Co(G: CP), L),

where L’y(fla f27 ) fp) = (L'yfla L'ny: ) L’yfp)'
For p = oo,
LG %) == ({L*(G", X" 1) hueen, Ce(G3 1), L),

where

L*(G*1?) = {f : G* — [ measurable : ||f||2 < oo}.

If we identify f € L*(G“;I?) with a sequence {f,}, where each function f, is

fo G = C, fu(v) = (V)

the norm is

1fll2 == 1fall3)"2

and the inner product

(f,9) = Z<fnagn>

n
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The functions C.(G;?) uniquely determine the continuous sections as in 4.2.6, The defi-

nition of the action L is the same as before.

The proof that the left regular bundle is continuous works as well for the infinite mul-

tiplicity case, the only modifications that need to be done involve adding > everywhere.

4.3 The Fourier-Stieltjes algebra

Let G be a locally compact groupoid.
Following Paterson’s work ([33]), the Fourier-Stieltjes algebra of G is
B(G) ={(&,n) : &,n € SCy(H), for some G-Hilbert bundle H}
In this section we will prove that this set of continuous and bounded sections in G is, in
fact, an algebra. Morever, it is a unital, commutative, Banach algebra.

In [43], Renault considers measurable Hilbert bundles over measured groupoids and

essentially bounded sections. In [41], Ramsay and Walter take a Borel approach.
Remark 4.3.1. Let H = ({H"}ueqo, Ty, L) and K = ({K“}yeqo, I, L*) be G-Hilbert
bundles. We construct two new G-Hilbert bundles from them, namely H & C and ‘H ® K.

For the sum, the Hilbert spaces are {H" @& K"},cqo, the family of continuous sections
is defined from {€@®( : € € Iy, € Tk, E®C(u) = &(u) D¢ (u)}, applying Proposition [4.2.6)
and the action is LY(h @ k) = L @ LL, for all v € G. Observe that if £, € SCy(H) and
w,n € SCy(K), the sum of the coefficients (£, () + (u,n) is a new coefficient (£ ® p, ( ® n),
where £ ® p, (@& n e SC(HBK).

Similarly, for the product, the new G-Hilbert bundle is
H X }C = ({Hu ® ’Cu}ueGO7 F®7 L®)

and if &, ¢, p, n are sections as above, the point-wise product of the coefficients (&, ¢)(u,n)
is (E@pu,¢@n), with E@ pu, (@1 € SC,(HQK).
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We define the trivial bundle Id = ({C"},cqo, C.(G),1d), where C* = C for all u € G°,
this bundle is the identity for the product of bundles.

Definition 4.3.2. Let ¢ € C,(G). We say that ¢ is positive definite if for any p € N
and for any v € G°, for all 7;, € G* and for all oy, € C, k = 1,2,...,p,

Z aka_lgo(x,glxl) > 0.
k.l

We denote the set of continuous positive definite functions on G by P(G).

Proposition 4.3.3 ([33], Thm 1, Proposition 3, [43], Proposition 1.1, [41], Theorem 3.5).
Let ¢ € Cy(G). Then ¢ € P(G) if and only if there exists a G-Hilbert bundle H and
¢ € SCy(H) such that p = (£,€).

Remark 4.3.4. In a personal communication J. Renault showed us that this result is
deeper in the continuous case, since the G-Hilbert bundle associated to a positive definite

continuous function is, in some sense that we will not make explicit here, unique.

We denote by Iy the trivial groupoid on two elements {1,2} x {1,2}. In order to
prove that B(G) is a Banach algebra we are going to relate coefficients of G' to positive
definite functions of G x I5. This trick is known as the groupoid version of Paulsen’s off-
diagonalization technique. The groupoid G X I has composable pairs ((7/, k, j), (7, 7,17)),
for (v,7') € G? and i, 75,k € {1,2}. The product is given by (v, %, ), (7, 7,1) = (¥, k, )
and the inverse is (7, 7,4) ™' = (y7,4,j). The unit space (G x I5)° identifies to G° x {1, 2}.

If F'is a function, F': G x I, — C, we write it as a 2 X 2 matrix valued function

F:G— M, F(y)= ( F(v,1,1) F(7,1,2)>

Note that the left regular Io-Hilbert bundle is L*(I5) = ({C?}i=1 2, C?,1d), where C? =
C?, fori=1,2.

We include the proofs of the next propositions since they are going to be needed when

proving that the Fourier algebra of a groupoid is a Banach algebra.

80



Proposition 4.3.5 ([43], Proposition 1.3, [33], Proposition 5). If ¢ € Cy(G), the following

conditions are equivalent:

1. ¢ is a linear combination of elements of P(G).

2. There exist a G-Hilbert bundle H and sections £, € SCy(H) such that ¢ = (§,n).
3. There exist p,7 € P(G) such that ( Py ) € P(G x I).
proT
Proof. We first verify that |1| and [2| are equivalent. The first direction follows from the
characterization of positive definite functions in Proposition [4.3.3| and the direct sum of

Hilbert bundles defined on Remark The converse follows by applying the polarization
identity:

A& m) = (E+n&+n) — (€ —n&—n) =i +in,&+in) +i(§ —in, & —in).
We now prove that [2] implies | If ¢ = (£, n), for £, 1 continuous and bounded sections
of a G-Hilbert bundle H, let p = (n,n) and 7 = (£, £).
We consider the G x Iy-Hilbert bundle
H @ L*(Is) = ({H" ® C}luecoicqi oy T'n ® C?, Ly @ 1d).

We define the G x I, section ¢ by
_ n(u) @ 1z if i =1;
e(u,i) = !
Since 1,& € SCy(H) and I is discrete, € € SCp(H ® Id). Then, (¢,¢) € P(G x I).

Note that

(£:6)(7,1,2) = (L @ 1d)y12)8(s(7, 1,2)), £(r(7, 1, 2)))
(Ly @ 1d)(&(s(v)) @ 1), n(r(v)) @ 1)

&(s(7)),n(r(v))) -1

= (L,
©(7).
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p ¥
et T
Lastly, we prove that [3| implies 2| Suppose F' € P(G X Iy). Then, there exists H =

({H""},T, L), a G x Iy-bundle, and ¢ € SC,(H) such that F = (¢, ().

> € P(G x I).

Similarly, we can verify that (¢,¢) = <

We define two G-Hilbert bundles H; = ({ H“}, Ty, L?), for i = 1,2, where T'; = {£(-,4) :
£ €'} and Li(h) = Lyi(h). We take H' = Hy @ Hy = ({H"' @ H*?},T1 © Ty, L'), where

7 :1 Lyiw Lo
! 2 L'le L722

It is true that L., L., = L., if (7/,7) is a composable pair. But for a unit u € G° we have

that
Iy :1 L1 Ly :1 Id Ly
2\ Lt Lux 2\ Ly 1d )

and that may be different from the identity matrix. Thus this is not yet the Hilbert bundle
we are looking for. Following [33], we “cut it down” to obtain a G-Hilbert bundle. In order
to do this, the first step is to note that if u € G°, L', = L/, therefore L, is a projection. Let
P, =L, and K" = P,(H"™). We define K = ({K"}, PT", L' P), where PI' = {P¢: £ € T'},
P&(u) = P&(u), and L'P, = L! Py,. In order to verify that K is, in fact, a G-Hilbert

bundle, we observe that

Lo Py Lo Py = Ly Loy = Ly Ly = L

5(7)
and conclude that L' P+ L'P,(h) = h for h € K.

Finally, let ¢; = ((-,4), for i = 1,2, and we define £ = P(£;,0) and n = P(0,&). We

82



observe that £, € SC,(K). We want to verify that 2(n,&) = ((,{)(,1,2) = ¢. If v € G,

(n,€)(7) =(L'Pyn(s(7)), £(r(7)))

(L'Py Py)(0, G2(5(7))); Priyy (G1(r (7)), 0))
L, Py(3) Po) (0, G2(5(7))), Priyy (G (r(7)), 0))
L0, G(s(M)), (Gi(r (7)), 0))

(Ly1262(5(7)); Ly22€a(5(7))), (Cu(r(7)), 0))
Ly12Ga(5(7)), G(r (7))

(Ly12€(s(7),2), C(r(7), 1))

=500, 1,2).

/\/\

);
)

l\DI)—*MI}—l[\DIH -

In B(G) we define the (candidate) norm

lellBe = inf [[ll]nl]-
&m)=p

We will omit the sub-index B(G) whenever that will not cause confusion.

Proposition 4.3.6 ([33], Proposition 4). If ¢ € B(G), then ||¢|lw < ll¢l|. If ¢ € P(G),
then |l¢l] = (¢ lloo- Moreover, if o = (&,§), where £ is a continuous and bounded section
of some G-Hilbert bundle, then |o| = ||£]|*.

Proof. Suppose &, € SCy(H), for some G-Hilbert bundle H, and ¢ = (£,17). Then,
lelloo = 1€, M) |loo < [I€]llIm]]- Taking the infimum over all possible &, 1 as above, we obtain
the first inequality.

We now assume that ¢ € P(G). Then there exists € such that p = (,&). If u € G°,
0 < o(u) = (&8 (u) = ||&(u)||*. Tt follows that

€112 = le1golloo < llell < 11€11%-

Thus, (o]l = [1@)4 e = €] -
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Lemma 4.3.7 ([43], Lemma 1.1). If ¢ € B(G), the following are equivalent:

1. There exists a G-Hilbert bundle H and sections £, € SCy(H) of norm less than or
equal to 1 such that ¢ = (£, 7).

2. There ezist p,7 € P(G) of norm less than or equal to 1 such that

( pev > e P(G x ). (4.7)

*

o T
Proof. Suppose there exist £, 7 as above. Then, as in Proposition [4.3.5] there exist p,

satisfying [4.7 Moreover, p = (£,€) and by llpll = [I€I1* < 1. Similarly for 7 = (n, 7).
Let

Ep:( P S0>eP(G x I).

*

ot T
From Proposition [4.3.6]

Il = 1 Fo1 0 llo0 = max{[|plloc, [I7]loc}-

Thus, ||F,| <1.

Recall that there exists ( € SC,(K) for some G x I[r-Hilbert bundle K such that
(¢,¢) = F,. Note that ||(|l« < 1 as well. Since £ = P(¢(-,1),0) and n = P(0,((-,2)),
1€]] < 1 and [[n]| < 1. O

Corollary 4.3.8 ([43], Corollary 1.1). If ¢ € B(G), then ||p|| = inf||F|« for F €
P(G x I5) such that ¢ = F(-,1,2).

Theorem 4.3.9 ([43], Proposition 1.4, [33], Theorem 2). With || - || and pointwise

operations, B(G) is a unital, involutive, commutative, Banach algebra.

Proof. We first check that || - [|p(q) is, in fact, a norm. Since [|¢]|o < [l¢]|, if [|¢|| = 0, then
¢ =0. If o, € B(G) and ||p;]| < ay, there exists F; € P(G x I3) such that F;(-12) = ¢;
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and ||F;|| < ay, for i =1,2. Then Fy + F, € P(G x I) as well, F1(-12) + F5(-12) = ¢1 + @2
and |[Fy + Fof| < o + oz Thus, [l@1 + @l < [l@a]| + [l

Suppose ¢ = (£, 1), for sections &, n of some G-Hilbert bundle. Since ¢*(y) = ¢(y71),
it follows that ¢* = (n,€) and ||¢|| = ||¢*||. Thus B(G) is involutive.

It is clear that B(G) is unital and commutative.

If v; = (&,m;), for sections &;,n; of some G-Hilbert bundle, for ¢ = 1,2, then 19y =
(§1 @ &,m @ n2) and it follows that [|e1a|| < [leal[llal]-

Finally, we verify that B(G) with this norm is complete. Let {¢,} be a sequence in
B(G) such that ||¢,|| < a,, and >, < oo. Let {F,} be the corresponding sequence
on P(G x I3). Then, Y  F,, = F belongs to C,(G x I) and it is positive definite. Thus,
¢ = F(-12) exists in B(G). Since

le =Y @il <IF =D Fll =0,
=1 =1

we conclude that ¢, — ¢ in B(G). O

4.4 The stabilization theorem for proper groupoids

In this section, we present a result from Paterson [35] that is an equivariant stabilization
theorem for proper groupoids. We do not need the result itself, but one of the claims of its
proof. We will present proofs whenever we feel they help to understand the result we are
aiming for (with slight modifications, as suggested in Remark , when needed). In his
article, Paterson uses different but equivalent definitions of Hilbert bundles and G-Hilbert
bundles. We begin by presenting those definitions and showing the equivalence to the ones

we have considered earlier on in this Chapter.

From now on, we shall assume that G is a locally compact proper groupoid. As always,

we denote its unit space by G°. We also fix a left Haar system {\*},cqo.
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Definitions 4.4.1. Let F' be a complex vector space and A a C*-algebra. We say that
F is a pre-A- Hilbert module if we have a module action F' x A — F' and a pre-inner

product (-,-) : F' x F' — A satisfying the following properties:

1. (-,-) is linear in the second component;
2. if x,y € F and a € A, then (x,ya) = (x,y)a;
3. if x,y € F, then (x,y) = (y,x)*; and

4. for all x € F, (z,x) is a positive element of the C*-algebra A; moreover, (z,x) =0

if and only if z = 0.

On such a space I we can define a norm:

lzll7 = ll{z, 2)]I'2.

We say that F'is an A-Hilbert module if it is complete with respect to this norm.
Now suppose that Y is a locally compact Hausdorff space.

If P and @ are Cy(Y')-modules, amap T : P — @ is a morphism if it is an adjointable
map. That is, if there exists a map T : () — P such that if p € P and ¢ € (@, then
(T'(p),q) = (p, T*(q)). The Cy(Y)-modules with these morphisms form a category.

We say that two Cy(Y)-modules are equivalent, denoted by P ~ @), if there exists a

unitary morphism U : P — Q).

Definition 4.4.2. Suppose {H"},cy is a family of Hilbert spaces. On the disjoint union
E = U,eyH" we consider a topology that is second countable. Let m : EE — Y be the
projection map. We denote by SCy(E) the continuous sections that vanish at infinity. We
say that F is a Hilbert bundle over Y if the following conditions are satisfied:

1. the scalar multiplication and addition on each fiber are continuous;
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2. for each £ € SCy(F), the map u — £(u) is continuous;
3. foreach u € Y, {¢(u) : £ € SC(F)} is dense in H;

4. if V is an open subset of Y, ¢ > 0 and £ € SCy(F), then the sets U(e, V, ) (defined
in 4.2.7)) form a basis for the topology on E.

Proposition 4.4.3. [[35], Proposition 1] Let E be a Hilbert bundle over Y as in the
definition above. Then SCy(E) is a separable Cy(Y')-Hilbert module in the uniform topology.

Remark 4.4.4. If H = ({Hu}uey, ') is a continuous field of separable Hilbert spaces, let
E be the disjoint union of the H"’s. In order to prove that E is a Hilbert bundle over
Y with the new definition, we need to check that we can consider a countable family of
sets U(e, V,€). This follows from [27], p.57. The rest of the conditions follow from the

definition of continuous field of Banach spaces and Lemma [4.2.

On the other hand, suppose that E = Ll,cyH" is a Hilbert bundle over Y, then H :=
({Hu}uey, SCo(F)) uniquely defines a continuous field of separable Hilbert spaces as in

Proposition [4.2.6]

Definition 4.4.5. Let £ = LI, F* and F' = LI, F* be Hilbert bundles over a space Y. A

continuous map ¢ : £ — F is a morphism if

1. each ¢, : E* — F* is a bounded linear map;
2. the norm of ¢, ||¢|| = sup, ||¢ul|, is finite and

3. the adjoint map ¢* : F' — E, ©*(f.) = (¢vu)*(fu) is continuous.
With these morphisms, the class of Hilbert bundles is a category.

Proposition states that given a Hilbert bundle we can associate a Cy(Y')-Hilbert
module, namely SCy(E). We now show that given a Cy(Y)-Hilbert module P we can

associate a Hilbert bundle Ep.

We need to use the following result:
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Remark 4.4.6 (|26], from Theorem 1). If P is a Hilbert A-module and p € P, then

o= lim p PP

=0+  (p,p) +¢ (48)

If Pis a Cy(Y)- Hilbert module, it follows from Cohen’s factorization theorem and the

equation above that
P={pf: peP, feCoV)} (4.9)

Remark 4.4.7. Suppose P is a Cy(Y)-Hilbert module. If u € Y, define

L:=A{f € Co(Y): f(u) =0}

This is a closed ideal of Cy(Y). By Cohen’s factorization theorem, I, P is closed in P. Let

P

Pu = T
I,P

plu) =p+ I,P.

On P, we consider the inner-product (p + I,P,q + I,P) = (p,q)(u). It is non-degenerate:
if (p,p)(u) = 0, then (p,p) € I,. From (4.8), it follows that p € I,P = I,P. Let
Ep = Uyey Py.

If V' is an open subset of Y and ¢ > 0, we write U(e, V,p) = U(e, V, D).

Proposition 4.4.8. Let P be a Cy(Y)-Hilbert module. The space Ep defined above, with
the second countable topology that has basis {U(g,V,p)}, is a Hilbert bundle over Y.

The map P — SCy(Ep), p — p, is a Co(Y)-Hilbert module unitary. The section D is
defined by p(u) =p+ I, P.

Moreover, the map P — Ep is an equivalence between the category of Co(Y')-Hilbert
modules and the category of Hilbert bundles over'Y .

In this paper, Paterson uses the following definition of G-Hilbert bundle:
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Definition 4.4.9. Suppose G is a locally compact groupoid with unit space G°. Let E be
a Hilbert bundle over G°. Let

G+ E:={(y,h): s(y)=n(h)} CG x E,
with the relative product topology. We say that F is a G-Hilbert bundle if there is a
continuous map L : G E — E, L(v, h) = L,(h), satisfying:
L. if (v/,7) € G® and (v,h) € G x E, then L(v/, L(vy,h)) = L(y'v, h);
2. if u € G° and 7(h) = u, then L(u,h) = h, and
3. if we fix v € G, the map L, : H59) — K79 is unitary.

In other words, L is an algebraic left groupoid action by unitaries that we also require to

be continuous.

The following proposition together with Proposition [4.2.14] show that the new definition
of G-Hilbert bundle coincides with the one that we already had.

Proposition 4.4.10 ([35], Proposition 3). A left groupoid action of G on E is continuous
if and only if for all £ € SCy(E) the map G — E, v — L (&(s(7)) is continuous.

Definitions 4.4.11. A Cy(G°)-Hilbert module P is a G-Hilbert module if Ep is a G-
Hilbert bundle.

If P and Q are G-Hilbert modules, we say that a Cy(G®) morphism T : P — @ is G-
equivariant if the corresponding map ¢r : Ep — E is a morphism of G-Hilbert bundles,
see definition £.2.17

Moreover, if T : P — @ is unitary, then T™ is G-equivariant as well, and we say that P

and ) are equivalent. We write P ~ Q).

Definition 4.4.12. Suppose that Q is a pre-Hilbert Cy(G®)-module. We say that Q is
a pre-G-Hilbert module if Q is a G-Hilbert module and the Q“’s are invariant by the
action of G on Eg.
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Example 4.4.13. The pre-G-Hilbert module C.(G).
The space C.(G) is a pre-Cy(G?) Hilbert module with action

Co(G%) x C.(G) = C.(G), fF=(for)F
and inner product

Ce(G) X Co(G) = Co(G°),  (Fy, Fa)(u) = ((F1)|gu> (F2)jgu) 22(Guipe) -

Denote by Pg the Hilbert Cy(G®)-module completion of C.(G). The Hilbert bundle
determined by Pg is, in fact, our already well-known left regular bundle L?(G). The
Hilbert spaces obtained via this association are naturally identified with the completion
of C.(G*) with the L?*(G") inner product. So (Ep)* = L*(G"), for all u € G°. The
isomorphims from C..(G) to SC.(Ep) takes F to u — F(u). The left groupoid action that

makes it a pre-G-Hilbert module is
L:GxL*(G) = LXG) L&) =¢&(1), 7 e G,

Remark 4.4.14. Sums of bundles.

Let E; be a Hilbert bundle over Y, for i = 1,2,--- ,n. Each P, = SCy(E;) is a
Co(Y)-Hilbert module. The sum @&}, FP; is also a Cy(Y)-Hilbert module. We denote by
E the Hilbert bundle over Y associated to @&}, F;, with the relative topology it has as a
subspace of E; X Ey X --- E,. The elements of SCy(E) are of the form (Fy, Fy,---, F,),
for F; € SCy(Y'). This is the sum of bundles we considered before.

We now present an infinite version. If {E;};cy is an infinite family of Hilbert bundles
over Y and P, = SCy(E;), the sum of the Cy(Y)-Hilbert bundles is

@, P o= {{pi} : pi € P, Y (pi,pi) converges in Co(Y)}.

i=1
Then, F := Ege~ p, is a Hilbert bundle over Y, with Hilbert spaces E" = @2, (E;)". A
sequence {h,} in F, where each h, = {h?}, converges to h if and only if h?" —, h; in E;,
for all 4, and "2\ [|h2|> = O.
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It B, = E4, for all ¢, then P = P and E := E{°.

If each E; is a G-Hilbert bundle, then @&} ;P and &2, F; are G-Hilbert modules and
@ E; and &2, F; are G-Hilbert bundles.

Moreover, if P is a G-Hilbert module, then
(P>)>* ~ P> (4.10)
using a Cantor diagonal process.

Remark 4.4.15. Products of bundles.
Let P and @ be pre-Hilbert Cy(Y')-modules. We consider the algebraic, balanced tensor
product P ®c¢,(yy Q. This space is a pre-Hilbert Cy(Y)-module as well, with module action

(P®qF =p®qF =pF ®gq,

forpe P, g€ @ and F € Cy(Y). The pre-inner product is defined by

(P1 ® q1,p2 @ q2) = (P1, Q1) (P2, G2),

for p1,p2 € P, ¢1,92 € Q. We quotient out the null space {(p1 ® ¢1,p1 ® ¢1) = 0} and
complete with respect to the norm induced by the inner product, obtaining the Hilbert
Co(Y)-module P @0 Q.

Note that P @ Q = P @ Q.

We write

E — Ep® Eq.

P®C0(GO)Q
The Hilbert spaces of this Hilbert bundle are P* ® Q*, the Hilbert space tensor of the
Hilbert spaces P* and Q", for all u € Y.

Proposition 4.4.16 ([35], Proposition 5). Let P and Q be G-pre-Hilbert Co(Y')-modules.
Then P @%C" Q is a G-Hilbert module with diagonal G-action.
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Thus, the product presented above, at the G-Hilbert bundle level, coincides with the

product we considered before.

Example 4.4.17. Cy(G°) as a G-Hilbert module.

Since Cy(GY) is a C*-algebra, it is a Hilbert module over itself. It determines the trivial

bundle G° x C with trivially continuous action

G* (G xC) = (G"xC), 7(s(7),@) = (r(7), 0).

We now state Kasparov stabilization theorem. Note that this is a non-equivariant
result. We will use this theorem for the C*-algebra C(G°).

Theorem 4.4.18 ([26], Theorem 2). If A is a C*-algebra and P is a Hilbert A-module,
then
P& A>® ~ A®,

Remark 4.4.19. If P is a G-Hilbert module, then Co(G°®) @ P ~ P. The map
Co(GY @D P 5P fop— fp (4.11)

is an equivariant Hilbert module map.
Remark 4.4.20. If P and ) are G-Hilbert modules, then

(P G2 Q) o (P 2 Q) o (P @@ Q). (4.12)
We present a proof of the second equivalence, the first one is similar. Let

Qo={(q1,92,"*+ ,Gn,0,-++) € Q™ : n € N},

it is a dense subspace of Q*°. Let

a: P ®cyao Qo — (P ®@%0C Q)

Oé(p®((117927"' anO7"‘)):(p®Q1ap®Q27"‘ 7p®QTL707)
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The map « is a Cy(G®)-module map. It preserves the inner product, since for p,p’ € P,

q:(Q17q27"' 7QTL707"') and q,: (q/17QQ7 7q;wo>'“) in QO? we have

(alp®q),al ®q))
= <(p®q17p®Q27"' ,p®qn,0,"'),(p’@qi,p'@qé,“' 7p,®q’:z’70"”)>

max{n,n’'}

= > (poared)
=1

max{n,n’'}

= > ) aed)

i=1
= (p,p')(¢,9)
=(p®q,p ®@q).
Thus, a extends to an isometric map on P ®%©E Q. Also, since the range of « is a dense
subspace of (P @%@ Q). a is onto (P @%@ Q).

It only remains to check that the map a preserves the G-action, that is, to confirm the

commutativity of the following diagram:

)8(7) Ly )T(v)

(EP®CO(G0>QOO (EP®CO<G0)QOO

¢i(v) i id)g(v)

s(7) ()
(E(p®CO(G0)Q)0°) L, (E(p®co(G0)Q)°<>)

Let p€ P and ¢ = (q1,42,*** yqn,0- ) € Qo. The Hilbert bundle map associated to « is

(¢a)" 1 Ep ® (@zoilEg}) — @2, Ep ® Eq
(¢a)"“(B(u) @ (q1(u), -+ ,4(u),0,---)) = (P(u) @ 4(u), -, p(u) ® §(u),0,---),
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for all w € G°. Then, if v € G,

(6a)" Ly (B(s(7)) @ (d1(s(7)), -+ 1 dal5(7)),0-++))
= (¢a)" (LY (B(5()) @ (L 3( 1(3(7)), L (Ga(5(7)), 0,-+-))
= (L5 (B(s(7) ® LY (@1 (5(7)), -+, L (B(5(7)) ® LT (@1 (5(7)), 0, )

and

=L, (p(s(7) ® @u(s(7)), -+ . (s(7)) ® 4u(5(7)), 0, )
= (L5 (p(s(1) ® LY (@ (s(7))), -+ LT (B(s (7))) LY (Gu(s(1)), 0, ).

Thus, the diagram is commutative and (P @%@ Q) ~ (P @%@ Q).

Example 4.4.21. The G-Hilbert module Py @ P.

Suppose P is a G-Hilbert module, and denote its associated G-Hilbert bundle by FE.
Then, Pz ®%©" P is a G-Hilbert module with associated bundle

=L*G)®E.

PG®C0(GO)P

The Hilbert spaces of this bundle are {L*(G%, E,)}ueco. The G action is the diagonal

action,
L.&(6) = LY(E(v™10)),
for v € G, € € L*(G*™, E*M) and § € G"). The continuous sections are determined by

the span of functions of the form F' ® p, where

A

F®p(u) = Fa. @ plu),

for F € C.(G) and p € P.

Let
Ce(G,r*(E)) = {¢ € C(G,E) : ¢(7) € E'Y, ¥y € G}.
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If u € Cy(G°) and ¢ € C.(G,r*(E)), let (u) = @|,.. Then,
d(u) € C.(G*, E") C (L*(G) @ E)™

Thus, ¢ is a section of L2(G) ® E. In fact, we claim that C’C(CT,T\*(E)) is a dense subspace
of SCy(L*(G) ® E) that contains all of the functions of the form F' ® p as before. First, we
note that F@p € C.(G, r*(E)) and the span of those functions is dense in SCo(L*(G)Q E).
Moreover, we show that if ¢ € C(G,r*(E)), then ¢ is in the closure of this span.

Fix ¢ € C.(G,r*(F)). Let H = supp(¢) and u € G°. We consider a compact subset of
G such that H C W°, the interior of W. Fix € > 0. Let

€
(supyego A“(W))1/2+1°

If v € H, we pick p, € P such that ||¢(v) — py(r(7))|l < n/2. We can pick such a p,
because {p(r(7))} is dense in E"). For the same v, let h € C.(G) such that h,(y) = 1.
Then, by continuity, we can find a neighbourhood U, of v in G with the property that
U, CW and for all ' € U,,

16(Y) = ha (V) (r (YD < 1

We can use here a partition of unity argument, since H is compact: we find a finite
open subcover U,,,U,,,---,U,, of H and functions f; € C.(U,,),0< f<1,>" fi=1
Then

> fih, @,
=1

is one of the functions we want to use to approximate ¢ in SCo(L*(G) ® E). If v € W,
then

[o(+' Zfz V)P (r(Y)I < .
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If ue G°,

n

6= 3 (b © 8) I = [ 166) = 3 £ ()G DI AN ()

i=1
< p*AM(W)
< g2,

Remark 4.4.22. If P, () and R are G-Hilbert modules, then P ® @ is a G-Hilbert module

as well and
(P®Q) 2% R~ (PR R)® (Q @ R). (4.13)

The following proposition establishes that the G-Hilbert module tensor of Py has the

property of upgrading equivalence of Hilbert Cy(G®)-modules to equivariance.

Proposition 4.4.23. Suppose P and ) are G-Hilbert modules that are equivalent as Hilbert
Co(G®)-modules. Then P Q%G P~ Q @°0CN Py as G-Hilbert modules, that is, the last

equivalence 1s equivariant.

Proof. In order to simplify the notation, let £ = Ep and F' = Eg. Also, we will denote
the actions L¥ and L% just by a dot, hoping this will not create confusion. Remember
that we are assuming the existence of a Hilbert module unitary U : P — @), its associate

map on the Hilbert bundle category will be denoted by just {U"},cqo-
Given ¢ € C.(G,r*E), we define V; : G — r*(F) by
Vo(y) =7 - U0 (v (7).

Since the map U is continuous, and so are the actions of ' and F', it follows that Vj is
continuous. Also, V; is compactly supported if ¢ is, and respects the fibers. It is, in fact,

an isomorphism onto C.(G,r*F'), with inverse
Vo) = (U ) (7 x(),
for x € C.(G,r*F).
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We verify that V respects the inner product. Let ¢, € C.(G,r*E) and u € G°.

(Vows (Vo) = [ W) Vi) dX"(3)
= /(7 U (- 0(0)), 7 - U (77 (7)) dA ()
- [tom.veare)
= (Dlgu> Yigu)-

Since C.(G,r*(F)) is a dense subspaces of SCy(L? ® E) and C.(G,r*(FE)) is a dense
subspace of SCo(L*(G) ® F), V extends to a Hilbert module unitary

Vi SCH(LA(G) ® E) — SCo(LX(G) @ F).

Finally, we check that V' is G-equivariant. The Hilbert module map associated to V' is
VLG EY) — LG FY), Va(H)() = V()
for f € L*(G*, E*) and v € G*. Note that
VIO (y - ))(8) = Voeg(8) = 8- U (@70 (v F))(8) = 6 - U (G 9 f(671))
and
P VIA)G) = - (Vylr™8) =y U I8) 0y f70)) = 8- U0 (0N f 7)),

fory € G, f € L*(G*™, E*™) and h € G™), O

We now state Paterson’s groupoid stabilization theorem. As mentioned before, the

result that we need is a claim used to prove the theorem.

Theorem 4.4.24. Let P be a G-Hilbert module. Then,
P o P~ P
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The result we need is the following:

Proposition 4.4.25. If P is a G-Hilbert module, then
PY ~ (P @) PX) @ PE. (4.14)

In particular, if H is a G-Hilbert bundle, H ® L*(G;1?) is a sub-G-Hilbert bundle of
L*(G; 7).

Proof. The result is proved through the following chain of equivalences of G-Hilbert mod-

ules:
~ (Co(G ) @%@ Pg)> (4.15)
~ ((Co(G°) @ Pg)>)™ (4.16)
~ (Co(G ) @) Pg)™ (4.17)
~ Co(GP)>® @%@ px (4.18)
~ (P ® Cy(G0)>) @ px (4.19)
~ (P @90 PXY & (Co(G)>® @90 P) (4.20)
~ (P @7 PP) @ (Co(G%) @0 Pg)™ (4.21)
~ (P %) PX) @ PY. (4.22)

The equivalences [£.15] and [.22] are due to .11} [£.16] follows from and both and
apply [4.12] For 71. 19, Kasparov’s result [4.4.18)is used to establish that

Co(GO)® ~ P & Cy(G°)™

as Co(G)-Hilbert modules, and from [4.4.23] it follows that when tensoring with P2 the

equivalence obtained is equivariant. The equivalence follows from the distributive

property and reverses what was done in [4.17]
Now that we established we know that P @ P is a sub-G-Hilbert module

of P, that is, the inclusion map ¢ : P ®%©@ P® < P is G-equivariant. If P is
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the G-Hilbert module associated to a G-Hilbert bundle H, this means that the inclusion
H @ L*(G;1?) — L*(G;I?) is G-equivariant. This statement will be needed in the next

section. O

4.5 The Fourier algebra

We fix a left Haar system {\"},c¢ and we consider the left regular G-Hilbert bundle with
infinite multiplicity L?(G;1?). We define the set

AG) ={(&n) : &n e SCH(L*(G: 1))} C Co(G).
This is the Fourier algebra of G. Our next goals are to prove that it is a commutative
Banach algebra and study its relationship with B(G).

The set we just defined is a subset of B(G), but on it we wish to consider a (potentially)

different norm:
lella = inf [[£][]|n]],

where &, € SCy(L*(G;1?)) (instead of considering sections of any G-Hilbert bundle H,
see [£.2). We now want to prove that it is, in fact, a norm. To that end, we are going to
use Paulsen’s off-diagonal technique again. We prove that the new bundles built on [4.3.5]

are L? bundles if we start with L? sections.

Proposition 4.5.1. Let ¢ € Cy(G). The following statements are equivalent:

1. The function ¢ belongs to A(G).

*

2. There exist p,7 € P(G) and ¢ € SCo(L?*(G x Iy;1%)) such that (¢,() = ( P > ,
o T

Proof. We first prove that [I] implies 2 We follow the proof of [4.3.5] The G x I>-bundle

that we consider in this case is
L*(G; ) ® L*(I) = ({L*(G*; %) ® C}}uegoicq1 2y, Ce(G) ® C* L ® 14).
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Here, for i = 1,2, C? = C%. We want to show that this bundle is isometrically isomorphic
to

LA(G x In; %) = ({L2(G" x {(4,1), (4,2) }; 1) uecoieqray, Ce(G X ), L).
Ifue G%ie{1,2}, let
Uui LG 1) @ CF — LA(G" x {(4,1), (i,2) }; %)
f @ (a1, a2) = Yui(f @ (o, 2))(vig) = o, f (7).

The inverse of this map is given by

(%u) ' (F) = F(-i1) @ (1,0) + F(-12) ® (0, 1).

Let u € G° i € {1,2}. Suppose f ® (a1,a3),9 ® (81, B2) € L*(G*;1?) @ C?. Then,

(Vui(f ® (a1, 02)), Yui(g @ (B, B2)))
“Y X [ T et s @ (5, B)ulrid) 4N ()

n j=1,2

“3 5 [ ahGinG) )

n j=1,2

= (O (fus ga)){(e1, ), (B, B))

n

= ([ ® (a1,02),9 ® (B, B2))-

11 012

Qo1 Qg2

Suppose f® ( > € C.(G)®C*. As asection, this is, foru € G® and i € {1, 2},

f® < i ) (uit) = figu ® (i1, i2) € Lz(Gu§ 12) ® C?7
Q21

(85%)

and those sections form a family as in |4.2.6} _ We want verify that ¢ o (C.(G) ® C?) give us

“enough” continuous sections on L*(G x Iy;1?).
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Q11 Q19

First, we note that ¥ o f ®
Qa1 22

> € SC(G x I;1?). Ifu € G° and 7 = {1,2},

a1 2 .. . . . . .1
)(7ij) = @ fgu, and this is a continuous section since I, is discrete

Qg1 Qg

and f is continuous.

On the other hand, it is easy to see that if F' € C.(G x I, 1?),
w;il(ﬂcu X {(Z’ 1)7 (iv 2)}) = E”Gu ® (17 0) + EQlcu ® (0, 1)'
Here F}; is defined by Fj;(y) = F(vij) and it is a function on C.(G;[?). Thus,

is a function of C.(G;1?) @ C? viewed as a section.

It remains to prove that ¢ intertwines the bundle actions, that is, the following diagram

is commutative,

L7®Lji

LG ?) o CF LXGO: %) o C?
"st('y)ii lwr(ﬁ)j
LA(GE) x {(i,1), (4,2)}; 1?) —= L2(G™™ x {(j, 1), (4,2) }; I?)

Loji

for v € G and 7,5 € {1,2}. Observe that

Ur()j (Ly @ Lis(f @ (a1, 02))) (V' 5) = Yoy (Lo f @ (a1, 22))) (7' 5K)
= (L, [)(7)ew
= f(’y_l'yl)ak’

for 4/ € G*), k € {1,2}. On the other hand,

Leyji(Ws(i(f @ (01, 02))) (V' 5k) = (i (f @ (an, a2)) (v~ ik)
= f(y'Y ).
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Thus, we proved that
L} (G x I;1?) = L*(G;I*) ® L*(I).

Therefore, following the proof of |4.3.5] the section ¢ of G x I is in fact an L? section. By

definition, it vanishes at infinity, since £ and 7 vanish at infinity. Then,
p ¥
(<,<):< )EP(GX[Q)UA(GX]Q)
T
We now prove that [2 implies [l One more time, we will follow the proof of the corre-

sponding result for B(G) and show that the sections obtained are L? sections.

We are assuming that p,7 € P(G) and ¢ € SCy(L*(G x I;1?)) verifies

<<,c>=< g ¢>-
(%2 T

We define two G-Hilbert bundles,
L2(G X 12)1 = ({L2(Gu X {(Z7 1)7 (iv 2>}7 l2>}U€G7 CC(G X {(27 1)7 (i7 2)}7 12)7 Ll)?
where L! = L., for i =1,2.

We consider the sum of these continuous fields of Hilbert spaces but with a different

action:
L}(G x L), ® L*(G x L)y =
{L2(G" x {(1,1),(1,2) 1 1?) & L*(G" x {(2,1),(2,2)};*) }uec
Ce(G x {(5,1), (1,2) 1 I°) ® Co(G x {(i, 1), (1,2)}; 1%), L),

Lll L12

Loy Lo
Hilbert bundle. We consider the projections P, = L/,, for each v € G°, and define

K =({P (LG x {(1,1), (L2} ) & LG x {(2,1), 2. D1 )) e,
P(C(G x {(i,1),(1,2)}; 1*) ® Co(G x {(4, 1), (,2)}; %)), L'P).

where L' = % ( ) As before, we cut down the Hilbert spaces to obtain a G-
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Here, L'P, = L. Py).

Ifue@® fel*(G"x{(1,1),(1,2)};1?) and g € L*(G" x {(2,1),(2,2)};?), then
/ 1 .
Moreover, if v € G,

1
(L'P)y (L (f @ 9)) = (L/P)w(i(f + Ls()129 © Ly f + 9))
1
= L/v(§(f + Lyy)129 @ Lo f + 9))
1
- Z(2L711f + 2L'yl2g D 2L721f + Lyzgg)

=L (foyg)

We want to prove that IC is isometrically isomorphic to a sub-bundle of the left regular

bundle with multiplicity 4,
LX(G; 1) = ({LA(G* 1)}, Ce(G5 1), LY).
If h e L*(G" x {(i,1),(4,2)}; (%) and j € {1,2}, let h;; € L*(G*;1?) such that
hij(v) = h(vij).
Note that
Lyhij(v') = h(y™'ij) = hig(v™'Y') = Lyish(7'45) = Lyishig (7).

Also, if h is continuous and compactly supported, so is h;;.

We define v, : K* — (L*(G*;1?))* by

Uu(f+Lu129® Luor f+9) = (fi1+ Lui2921) B (fia+ Lui2g22) © (Luz1 f11+g21) B (L1 fr2+ g22)-
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If f,f € L*(G* x {(1,1),(1,2)};1?) and g,¢' € L*(G* x {(2,1),(2,2)};1?),

<¢u((f + Ly129g ® Lyan f + g )7 ( '+ Luzg ® Luai f + g )))
((fi1 + Lur2g21) © (fr2 + Luizge2) @ (Luz1fi1 + g21) @ (Luz1 fr2 + g22),
(fi1 + Lur2gar) ® (fiz + Lur2gao) © (Luz1 fi1 + 921) © (Lu21 fi2 + 922)) =
2(fi1s fi1) + 2(fr2s fi2) + 2(Luar fir, 9o1) + 2{Luz1 f12, G2)
+2(Lui2g21, fi1) + 2(Luizgas, fia) + 2(g21, 9o1) + 2(g22, g50) =
2(f, f') + 2(Luar f, 9') + 2(Luazg, f') +2(g,9') =
((f + Lur2g ® Lua1 f + 9), (f' + Lurzg’ ® Luai f' + ¢))

It remains to prove that v intertwines L' P and L*. Let v € G. Suppose
f+ Luiag ® Lo f + g € K*0.

On one hand,

Ur() (L' Py(f + Lu12g ® Luor [ + 9)) = Yoy (L1 f + Lyizg ® Loyor f + Ly2a2g)
= Ly fu1 + Lyi2go1 @ Lagifi2 + Ly12g22 + Loo1 fi1r + Ly2agor @ Loyor fr2 + Lyzagoo.

On the other hand,
(L7)4(¢s(7)(f + Lu12g @ Luo1 f + g)) =

(L7)4((f11 + Ly12921) @ (fi2 + Lui2ga2) B (Lu21fi1 + 921) € (L1 frz + g22)) =
Lo fir + Lyi2gor @ Loai fiz + Lyiagaa @ Laoi fi1 + Ly22g21 © Loyor fiz + La22goo,

using the fact that L. h;; = L.;;h;;.

Thus, we proved that K is isometrically isomorphic to a sub-bundle of L?(G;1?)*.

L*(G; )t ~ L*(G; (1*)*) ~ L*(G;1?). Therefore, the sections &, n constructed as in Propo-
sition are in fact continuous sections of L?(G;[?) and they vanish at infinity since ¢

does. Then, ¢ € A(G).
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Lemma 4.5.2. If ¢ € A(G), the following are equivalent:

1. There emist sections £,m € SCo(L*(G;1?)) of norm less or equal than 1 such that
v =(&mn).

2. There ezist p,7 € P(G) of norm less or equal than 1 such that

( Py ) € P(G x L) NAG x I). (4.23)
T
Proof. 1t follows from Proposition above and Lemma 4.3.7] O]

Corollary 4.5.3. If p € A, then
lella = inf || Flo
for F € P(G x I,) N A(G x Iy) such that ¢ = F(-,1,2).

Proposition 4.5.4. The function || - || is a norm on A(G).

Proof. Let ¢ € A(G) C B(G). Suppose that ||¢||4 = 0. Since ||¢lls < ||¢||a, it follows
that ¢ = 0.

If 1,02 € A(G), we apply the L? version of to show that
1 + wall < lleall + llpal-
O

Proposition 4.5.5. A(G) separates points, that is, given v,~" € G, there exists p € A(G)
such that o(7) # ¢(v').

Proof. Let v # +'. Denote y = r(7), and remember that i,7 = v and vy~ = i,. Since G
is a Hausdorff space, let U, V' be neighborhoods of v and 4’ respectly such that UNV = ¢.
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Let V! = G\ V. We can find O open neighborhood of i, such that OU C V'. In particular,
v ¢ OU.

Let f = xo and g = xy-1. Then f % g* € A(G); moreover,
fg*(8) = / Xu—1 (0718 dAO(8") = IO (O neU ).
o)

Therefore, f x g*(y) = NP (ONAU™1) > 0 (since O NyU~! is a non-empty open set) and
f*g*(v) =0 (since 7 ¢ OU). O

Note that if we write

Ay(G) = span{(&,n) : §,n € SCo(L*(G))},

A(G) is a subspace of B(G). We can consider the closure of A4(G) on the B(G)-norm,
and we call it A’(G). Moreover, in the following proposition we prove that A(G) coincides
with A'(G). Thus, A(G) = A'(G) as sets, but the norms we consider are, a priori, different.

Proposition 4.5.6. If £ € SCy(L*(G;1?)) and p = (£,€), then
€12 = @160l = llellee = llells = llolla-

Proof. See the proof of Proposition 4.3.6| n

Proposition 4.5.7 (See [43], Lemma 1.2). The spaces A(G) and A'(G) are equal.

Proof. We first prove that A(G) is closed in the || - ||4 norm. Let {¢,}nen be a sequence
in A(G) such that > ||¢nlla < co. We can assume that ¢, € P(G) for all n, otherwise,
we consider the sequence {F,, } € P(G x I,) N A(G x I), as in Proposition [£.5.1] Let
&, € SCo(L3(G;1%)) be such that (&,,&,) = @n. Since ||@n]] = ||€,4]|%, taking a sub-sequence
if needed, we can assume that > ||&,|| < co. Thus, the sequence i, =& B &G - B E,
is a Cauchy sequence in SCy(L?*(G;1?)). Hence, thereis £ =Y &, € SCo(L*((G;1?)) and
then ¢ = > ¢, € A(G). Therefore, A(G) is closed in the || - || 4 norm.
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Moreover, any element of A(G) can be approximated by an element of A,(G) in the
| - |4 norm. Thus, A(G) = mllm'

We can also prove that A(G) is closed in the || - || 5 norm. Assume {¢, },en is a sequence
in A(G) such that > |l¢nlls < 0o. As before, we can suppose that ¢, € P(G) for all n.
Then, from Proposition [£.5.6] ||¢a]la = [l¢nlls = [|&. ]| and following the proof as above we
conclude that A(G) is closed in the || - || norm.

So far we know that A'(G) C A(G), since A(Q) = A,(G)"* C A(G)""* = A(@). But
|-z < |l-]la, then A(G) C A'(G) as well. Therefore, A(G) and A’(G) coincide as spaces.

It follows from the Open Mapping Theorem that the norms || - |4 and || - || on A(G)

are equivalent. O

Example 4.5.8. If (G is a locally compact group, the Fourier and Fourier Stieltjes algebras

defined above coincide with the ones defined by Eymard. Moreover,

(A(G); |- 1a) = (A(G), [ - 1)),
see (4.2

Example 4.5.9. Let X be a locally compact space with trivial groupoid structure and
left Haar system {0”},cx, as in the example [2.2.2] In order to compute A(X), we look at
the left regular Hilbert bundle L?(X) = ({C},cx, C.(X),Id). Then, SCo(L*(X)) = Co(X)
and (f,g)(x) = mg(a:), for f,g € Co(X). It is easy to see that

Ce(X) S span{(f,g) : f.g € Co(X)} € Co(X).
If f € Ce(X), let g € Ce(X) such that g, =1and g(X) C[0,1]. Then, (g, f) = f and
[ lac)y < [ llsollglloe = NI flloo- Tt follows that A(X) = Co(X).

For the Fourier-Stieltjes algebra, note that SCy(L*(X)) = Cy(X) and if f € Cy(X),
(1x,f) = f, here 1x(z) = z for all x € X. Hence, B(X) = Cy(X).

The result from the previous Section, concerning the stability theorem for groupoids,
is used in the next proposition. Note that we need to add the hypothesis of the groupoid
being proper.
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Proposition 4.5.10. Let G be a locally compact proper groupoid. Then, A(G) is an
involutive, commutative, Banach algebra that is also a B(G)-bimodule and A'(G) is a

norm-closed, involutive ideal of B(G).

Proof. Let &, € SCo(LX(G)) and C, ji € SCy(H), then (€,1)(C, 1) = (E® C,n@ p) is
coefficient of L*(G) ® H, coming from continuous sections vanishing at infinity. It follows
from [4.4.25| that L?(G) @ H is isomorphic to a subbundle of L?(G;1?) and hence

(@ Cnep) e AG).
Therefore, A(G) is an involutive Banach algebra and A’(G) is an ideal of B(G). O

Proposition 4.5.11. If G is compact and transitive, the norms || - |4 and || - ||p coincide

in A(G) and A(G) = B(G).

Proof. Since A'(G) is an ideal of B(G), we want to show that 15 : G — C, 1¢(y) = 1 for
all v € G, belongs to A’(G). Since the functions of C.(G) = C(G) are continuous sections

of the G-bundle L*(G), the function 14 is a continuous section. Note that
(1a, 1g)(7) = A" O(GTY)) = o2,

a fix positive number «, for all v € G, due to the transitiveness of the groupoid and the
properties of the Haar system. Let £ : G — C, £ = 1g/a, then (£,£) = 1¢ € A(G).
Therefore, the equality of sets holds.

To prove the equality of the norms, given ¢ € B(G) and € > 0, we want to approximate
|| with L? sections. We can find ¢, € SC(H), for some G-Hilbert bundle H, such that
7|l < [l¢ll + €. Note that, if £ is a section as above,

£@ ¢, E@n e SCH®LYG)) C SC(L*(G: 1Y),

see Proposition [4.5.10] for the last inclusion. Since, [|[€ @ ¢|| = ||<||, € @ n|| = ||n||, and
(E®(E®n) =1gp = ¢, we proved that the norms coincide. ]
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Remark 4.5.12. For any groupoid G, the Fourier algebra A(G) and the algebra A’'(G)
are built using some sections of L?*(G). The Hilbert bundle L?*(G) depends on the Haar
system considered on GG, and hence, we could obtain potentially different Fourier algebras
by considering distinct Haar systems. As such, it would be more precise to write A(G, {\"})
and A'(G,{A"}). On the other hand, the Fourier-Stieltjes algebra does not depend on the
selection of the Haar system. Thus, if G is a groupoid such that A(G,{\*}) = B(G), for
all possible Haar systems, (for instance, as in Proposition , all the possible Fourier

algebras coincide and it may be convenient to fix a particular Haar system to work with.

Proposition 4.5.13. Suppose G is a locally trivial groupoid. If G is transitive and we fix
u € GO, then

A(G) =span{(&,n) : &n € Co(G”, L*(G"))}-

Proof. Fix u € G°. Recall from that there is a family {U,, v, }nen, where {U, },, is an
open cover of GY and v, : U, — G* is a continuous map such that v,(v) € G¥. For each
unit v we fix the smallest index n, such that v € U,,,. Then, there is a neighbourhood V'

of v such that for all w € V., n,, = n, (take VC U,, \ (Uj<n,U;)).

We consider the constant continuous field of Hilbert spaces
LA(G") == ({L*(G")}ueen, Ce(GP, GY)).
We want to show that it is a G-Hilbert bundle with action L*,

LY = Ly (r(3)) (s -1

for n.,) = j and ng,) = i. To ease the notation, we write 8(vy) = v;(r(v))yvi(s(y)) "
The only condition that is not immediate to check is the continuity. In order to check that
this bundle is strongly continuous, that is, that for a fixed £ € SCy(L?*(G")), the map

G — ULXGY), v — LYE(s(v))
is continuous, we proceed as in the proof of the continuity of the left regular bundle.
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Fix v € G. Suppose that L¢(s(y)) € Ule,V,n), for € > 0, V. C G° open and
n € Co(G° L*(G")). Let o = [|[L¥(s(7)) — n(r(7))|| and o/ = ¢ — . We can find
0, & € C.(GY, L*(G")) such that ||n — /|| < //6 and ||€ — &'|| < &//6. Let

(v, 8") = 1€ (s(¥D(BO) 1) — 0/ (r(8) (8.

Observe that h : G x G* — C is continuous and compactly supported. Then, it is easy to
verify (either applying lemma [4.2.19 or by hand) that

2
v o 1) = ([0l 8) )
1S continuous.

Note that

H(y) = L&' (s(7) =0/ (r(7)ll
< Lp)€'(5(7) = Lar&(s(0)l

+ Lo (s() = n(r (N + [In(r(v) = 7' (r())]
< [1€'(s(7) = s + o+

«
/

6
< —.
a+3

Then, there exist a neighbourhood W of v such that

/ / /
(07

a
H(~ Sl T
(7)<(a+3)+6 a+2

for all v € W.

Therefore, if § € W Nr~1(V), then

1L55)&(s(0)) = n(r(9))]]
< N La@€ (s(6)) = La@& ()| + H(9) + [In(r(6)) —n'(r(9))

/

5%
<&+7<5.
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Thus, § € U(e, V,n), and the bundle is strongly continuous.

Let £ € SCo(L*(G")). Define & : G° — UL*(GY) by €a(v) = L, 4(y)-1€(5(7)). Note
that &g is a section of L?(G) vanishing at infinity. The proof of the continuity of &g is very
similar, again, to the case of the left regular bundle. Note that if £, n € SCo(L*(GY)),

& () = < Lyeenmwise)-E6(),n(r(y)) >
= < Ly(L, 1 5(8(7))7 Ly tiyn(r(7)) >
= < Lal(s ( )),nc:(r(’y))
= (&ane)(7)-
Moreover, for { € SCy(L*(G)), we define £* € SCy(L*(G*)) by £“(v) = Ly,w&(v). The
continuity of these sections at a point v, with n, = i, follows from composing v; and the left
regular representation. Therefore, we have a one to one correspondence between sections

of the left regular bundle and the constant left regular bundle. Observe that the section

norm is preserved by this correspondence.

Then,

span{(&,7) : &1 € SCo(L*(G))} = span{(¢, p) = ¢, pu € SCo(L*(G"))}
= span{(C, 1) : ¢, € Co(G°, L*(G"))}
and A(G) =span{((,u) : ¢, p € Co(G®, L*(G"))}. O
Example 4.5.14. Full equivalence groupoid on a finite set.

Let I,, be the full equivalence groupoid on the set {1,2,--- ,n}. In this case,
AG) = A(G) = B(G) =M,

and the product is the Schur product of matrices. Let £ be a section, then £ : G° — H, for
some G-Hilbert bundle H. Hence it can be written as £ = (§1,&,...,&,) € H™. We apply
the alternative description of A(G) given on |4.5.13, The norm is given by

lell = mf{[[€]lscl[nlloo = € = (&)im1, 1 = (3)f=1> &y € H, 05 = (&i i)}
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where H is a Hilbert space, and this is the Schur multipliers norm. Therefore, the Fourier

algebra A(1,) is the algebra of matrices M,, with Schur product and Schur norm. Thus,
h
A(I,) =12 ® 1. See [37], Theorem 8.7 and [51], Section 3.1.

Example 4.5.15. Full equivalence groupoid on a locally compact space.

Let X be a locally compact space and fix u € G°. Let \ a positive regular Borel measure
supported on X such that A\({u}) = 1. Consider the full equivalence groupoid G = X x X,
with product topology and Haar system {A"},cx, where A\* = ¢, x \. Remember that this
is the Haar system obtained by applying Seda’s construction . Our main theorem
will allow us to prove that that A(G) = Cy(X) (% Co(X).

If X is compact, the Fourier-Stieltjes and the Fourier algebra (for any fixed Haar system)
h
coincide and are C'(X) ® C(X).
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Chapter 5

A decomposition of A(G)

This chapter contains the main result of this work. It is divided into four sections. The first
of these presents two ways of defining a completely contractive product on certain Banach
spaces. The first way concerns spaces of the form Cy(G?, L2(G*;12).) Q% Co(GO, LA (G*;1?).).
Here u is a fixed unit of a locally trivial and transitive groupoid G, with Haar system
{A\"}peqo verifying )\‘“G5 = m, the left Haar measure at GG};. The second involves images by
completely quotient maps of completely contractive Banach algebras. Recall that at the
beginning of Chapter 4 we discussed the importance of having a completely contractive

Banach algebra structure for the Fourier algebra of a locally compact group.

h h

The second section is very short and relates the Banach space Co(G°) @ A(G*) ®
Co(G®) (that is going to be of crucial importance in Section 3) to the Banach algebra
Co(GY) ® A(G") & Co(G®). The characterization of the Haagerup tensor product (3.3.27

from Smith is used here.

Our main theorem is included in Section 3 and is the following. Let G be a transitive,
locally trivial, locally compact groupoid. Let u € G° and suppose {\'},cqo is a left Haar
system for G such that )\‘“Gu is the left Haar measure on the isotropy group G¢. Then, we

prove that as Banach algebras,

A(G) = Co(G%) & A(GY) & Co(GY),
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where the product on the right hand side is given by
(a@b®c)(d @V @cd)=ad @b @ cc.

h - h
Thus, in A(G) we can consider the operator space structure of Co(G®) ® A(G) ® Co(G?).
Moreover, applying the results from the first Section, the last space is a completely con-

tractive Banach algebra, and therefore so is A(G).

The last section is devoted to the non-transitive case. Since we are considering locally
trivial groupoids, the transitive components are components also in the topological sense
(see2.3.3). If G = U;G;, where the G;’s are the transitive components, we show here that
both B(G) and A(G) can be expressed in terms of sums of the algebras B(G;) and A(G;).

5.1 Completely contractive products

This section has two goals. The first is to define a completely contractive product on
Banach spaces of the form Cy(G°, L2(G;12),) <}% Co(G°, L*(G*;1?)..). Here we assume that
G is a transitive, locally trivial groupoid, u is a fixed unit of G and the left Haar system
{A\"}yeqo on G is such that )\‘“Gﬁ is the left Haar measure m on the isotropy group G. The

main tools to prove this are Effros-Ruan’s shuffle map (see |5.1.2)) and the operator space
version of Grothendieck’s approximation property (see|5.1.13]).

The second goal is to show that if A admits a completely contractive product, B is an
operator space that admits a bilinear map and between them there is a complete quotient

map ¢ : A — B that intertwines the product and the bilinear map, then the bilinear map

A
in B can be extended to a completely contractive map on B ® B (see [5.1.29)).

Definitions 5.1.1. Let A be an algebra (not necessarily associative) that is also a com-
plete operator space. A completely contractive product on A is an extension of the
multiplication m : Ax A — A to a completely contractive linear mapping on the projective

A
tensor product A ® A.
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If A is, in addition, associative, we say that A together with a completely contractive

product is a completely contractive Banach algebra.

We need to introduce a shorter notation to fit equations. Let
Cor = Co(G, L*(G™;12),)
and
COc == CQ(GD, L2(Gu, lz)c).

Our first goal is to define a completely contractive map
h A h h
(COr ® C(]c) Y (COT X COC) — COT' ® COC'
To accomplish this, we use the following result from Effros and Ruan:

Theorem 5.1.2. [[1J], Theorem 6.1] If Vi,, Wy, k = 1,2 are operator spaces, then the
shuffle map
S:(VieW)e (Ve W) = (V1o V)@ (W, @ W)
defined on elementary tensors by S[(v1 @ wy) ® (ve @ wq)] = (v1 ® v2) ® (w1 ® we) extends
to a complete contraction that we still call S
nuc eh nuc

eh eh nuc
S:(VieoW) @ (Va@ W) = (Vi @ Vo) ® (W) @ Wa).

By the properties of the nuclear tensor product, there is always a complete contraction

A nuc
T: VoW =V ® W (see [3.2.35). Also, there is a completely isometric embedding

h eh
VoW —=V W (seel3.4.6). Then, we obtain a complete contraction that we still call
S

h A h nuc eh nuc
S:(VieW)e (Voae W) — (V1 @ Vo) (W, @ W).
Hence, for our spaces Cy, and Cp, = Co(G°, L*(G¥;1?)..), we have a completely contractive
map

nuc nuc

h A h eh
(COT & COC) ® (COT X C’Oc) — (OOT ® CO’I“) ® (O()c ® COC)
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We want to show that the nuclear tensor products on the range of the map are, in fact,

projective tensor products. Hence, we want to show that the canonical map
A \%
L Oor ® O()r — O()r & Cor (51)

is one-to-one, and similarly for the column case. This condition is the operator space version
of Grothendieck’s approximation property. We introduce some equivalent definitions of the
approximation property for a Banach space X. The first of these concerns the possibility

of approximating the identity operator by a finite rank operator on compact subsets of X.
Proposition 5.1.3 ([46], Proposition 4.1). If X is a Banach space, the following state-

ments are equivalent:

1. Let K be a compact subset of X and ¢ > 0. Then there exists a finite rank operator
S X — X such that ||x — Sz|| <€ forall x € K.

2. Let 'Y be a Banach space. If T : X — Y is an operator, K is a compact subset
of X and € > 0, there there exists a finite rank operator S : X — Y such that
| Tz — Sz|| < ¢ forallz € K.

3. Let Y be a Banach space. If T :'Y — X is an operator, K is a compact subset
of Y and € > 0, there there exists a finite rank operator S :' Y — X such that
[Ty — Sy|| < e forally € K.

Definition 5.1.4. We said that a Banach space X has the approximation property if

it satisfies any (and hence all) the properties above.

This property also has formulations in terms of properties of the Banach space injective

A v
tensor product ® and the Banach space projective tensor product &.

Proposition 5.1.5 ([46], Proposition 4.6). If X is a Banach space, the following state-

ments are equivalent:

1. X has the approzimation property.
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2. Let w = > 07 pn @ x, be an element of X* %) X, where {@n}nen s a bounded
sequence i X*, {x,}nen s a bounded sequence in X and Y " ||@nlll|lz.] < co. If

Yo on(x)x, =0 for every x € X, then u = 0.

3. Let Y be a Banach space. Suppose uw = Yy~ x, @y, is an element of X é Y,

where {x, }nen s a bounded sequence in X, {yn}nen is a bounded sequence in'Y and

S znllllynll < 0o IfF 200 @(xn)yn = 0 for every p € X*, then u = 0.

4. Let Y be a Banach space. Suppose u = > 7 x, @ y, is an element of X é Y,

where {x, }nen s a bounded sequence in X, {yn}nen is a bounded sequence in'Y and
2ot lzalllynll < 0o. If 3207, ¥(yn)an = 0 for every ¢ € Y™, then u = 0.

We also consider two stronger versions of the approximation property for Banach spaces.

Definitions 5.1.6 ([46], p. 80). We say that a Banach space X has the bounded (metric)
approximation property if there is a net {1, }ae of finite rank operators on X, with
|tall < M for some constant M (for M = 1), for all a, such that 1, — Idx uniformly on

compact subsets of X.

Proposition 5.1.7 ([46], Proposition 4.3 and p.80). Let X be a Banach space. Suppose
there is a net {Ty}aen of uniformly bounded finite rank operators on X wverifying Tox — x
for all x € X. Then X has the bounded approzimation property. If || To| < 1, then X has

the metric approrimation property.
Example 5.1.8. The spaces C'(K) and Cy(X) have the metric approximation property.

Let K be a compact space. Suppose J C C(K) is compact and € > 0. By Arzela-Ascoli
Theorem, we can find an open cover {Uy, Uy, -+ , U, } of K such that, foralli =1,2,--- n,
if s,t € Uy, then |f(s) — f(t)| < e, for all f € J. Let {g1,92,- - ,gn} be a partition of the
unity subordinated to the covering. For each ¢, we pick ¢; € Us.

Now we define S = S; : C(K) — C(K), S(f) = >_i_; f(t;)g;- Then S is a finite rank

operator. Also,

IS = sup [|Sf]] < sup supZIf )gi(x) < 1.

IflI<1 [flI<TzeX
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Moreover, if z € K and f € J,
Sf(@) = f@)] =Y f(t)gix) = f(@)gi(x)] < Y 1f(t:) = flw)lgi(x).
i=1 =1
There exists [ such that x € U;. Then |f(t;) — f(z)| < € and for i # [, g;(x) = 0. Thus

ISF = 7ll = sup S (z) —al <.

Consider the net {S;}, indexed on the compact subsets of C'(K') with reverse inclusion
as partial order. It verifies all the conditions of the definition of the metric approximation

property. Thus, C(K), for K compact, has this property.

If X is a locally compact space, we now prove that Cy(X) has the metric approximation
property.

Let K be a compact subset of Co(X) and € > 0. We denote by X, the one point
compactification of X. Then, Cy(X) is a closed ideal of C'(X) and C'(X ) has the metric
approximation property. Also, K is a compact subset of C(X,). Then, there exists a finite
rank operator Sy, : C(X) = C(X), with norm less than one, such that for all f € K|,
|Soo foo — fooll < €, where foo(x) = f(x) if z € X and fy(00) = 0. Let Sk = S it

is a finite rank operator of norm at most one and [|Sf — f|| < ¢, for all f € K.

|cg(x)?

As before, we can find a net {Sk} indexed on the compact subsets of Cyp(X) and hence

Co(X) has the metric approximation property.

Example 5.1.9. [[46], p.73] If H is a Hilbert space, the it has the metric approximation
property. Let {e;}ic; be an orthonormal basis for H. If FF C I is a finite subset, define
Pp:H — H by Pp(h) =) ,cp(h,e;)e;. Each Pp is a finite-rank operator on H of norm
less or equal than 1. Since Pr(h) — h for all h € H, H has the metric approximation

property.

Before considering the operator space versions of these properties, we present one more
equivalent formulation of the approximation property. It is based on the following charac-

terization of compactness for subsets of Banach spaces:
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Lemma 5.1.10 ([14], Lemma 11.1.1). Let X be a Banach space. A subset K of X s

compact if and only if K is contained in the closed convex hull of a sequence with limit 0.

Let ¢o(X) be the space of sequences on X with limit 0. On ¢o(X) we consider the norm
I{xn }|| = sup,, ||zn||. Then, if ¢ : X — X is a linear contraction, it determines a linear

map
e =1d®@ ¢ :c(X) = co(X), ©*({zn}) = {p(za)},
that is a contraction as well.
Corollary 5.1.11 ([14], Corollary 11.1.2). If X is a Banach space, it has the approzimation

property if and only if given € > 0 and v = {x,} € co(X) there exists p : X — X of finite
rank such that ||o>(z) — z|| < e.

In order to formulate the approximation property for an operator space V', the analog
v
to co(X) is Koo (V) = Koo @ V' (see|3.2.33)).

Definition 5.1.12. An operator space V has the approximation property if for each
v € Ko (V), there exists a completely bounded map ¢ : V' — V of finite-rank such that
|e>(v) — v||e < €, where > = 1d ® ¢.

Theorem 5.1.13 ([14], Theorem 11.2.5). Let V' be an operator space. The following are

equivalent:

1. 'V has the operator space approzimation property.
AN \%
2. For any operator space W, the canonical mapping V@ W — V @ W is one-to-one.

3. The map V <§> V=V é) V* 1s one-to-one.

Also in the operator space case there are stronger versions of the approximation prop-

erty.
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Definitions 5.1.14. We say that V has the completely bounded (completely con-
tractive) approximation property if there is a net {1, }aca of finite rank maps on V|
with ||Yq || < M for some constant M (for M = 1) such that for allv € V| ||t),(v)—v]|| — 0.

Note that the completely bounded approximation property asks for approximation of
elements of V', whereas the approximation property refers to approximation of elements
of K(V). We may wonder why it was claimed that the completely bounded version is
stronger. In fact, the completely bounded operator space approximation property implies
the operator space approximation property (see [14], Theorem 11.3.3). If {4 }aca is as
in the definition of the cb-approximation property, the uniform bound on the completely

bounded norm of the elements 1, permits one to prove that ||[¢3°(v) — v||s — 0.

Thus, it is enough for us to show that Cy(X,H,) and Co(X,H.) have the completely
bounded approximation property, for all Hilbert space H.

Proposition 5.1.15. The space Cy(X) has the completely contractive approximation prop-
erty.

Proof. Suppose the net {1, }aeca realizes the metric approximation property of Co(X).
Since B(Cy(X)) = CB(Cy(X)) and contractions correspond to complete contractions (see
13.1.11|and [3.1.12)), the maps 1, are complete contractions. Then Cy(X) has the completely

contractive approximation property. O

Proposition 5.1.16. If H is a Hilbert space, the row and column spaces H, and H, have

the completely bounded approximation property.

Proof. Asin}5.1.9) let { Py} ea be a net of projections witnessing the metric approximation
property of H. Since B(H) = CB(H..) (see[3.1.13), those projections are in fact completely
bounded. Moreover, the identification above takes contractions to complete contractions,

hence H,. has the completely contractive approximation property.

The same applies to H,., since B(H) = CB(H,.) (by [3.1.16). O
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Proposition 5.1.17. The spaces Cy, and Cy. have the operator space approximation prop-
erty. Then, the map v of[5.1] is one-to-one.

Proof. We now combine the nets {14 }aca and { Py}xea from|5.1.15/and [5.1.16|to construct
a net for Co(X, L?(Y;12),) and similarly for Co(X, L*(Y;1?).). Let {Es}areaxa, where

Eoy: Co(X, L2(Y;12),) = Co(X, L2(Y;12),), Eax = a®Py. Note that each of these maps
has finite rank and is completely contractive. If u € Co(G?) @y L2(Y;12),, u =i, i ®&,

1o () —ull < [ @ PY(D_ fiv&) —(MdeP) (Y o)l
+de PO fie) - fiokl
< D7 (£ = FIIPEN + I IANIEE) - &
— 0.

A\

Therefore, we have a completely contractive map

h A h A eh A
S : (C()r ® COC) & (COT & COC) — (COT & COT) & (COC & COC)‘

h h
Our next goal is to show that the image of (Cp. @ Cp.) (}% (Cor ® Coe) under S is

h
included in (Cy, <§> Cor) ® (Coe é) Coc). To this end, we recall that for operator spaces V'
and W,

h eh
VoaW={ueVeaW:u=v0wve M V),we Mec1(W),

p
w= - -tim Yoy @ wy)
j=1
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(from BL5) and, by B3
h h
eh
={u € Mp (V)@ Mipy(W): u=0v0w,v € Myo(V),w € Moo (W),

p
u=1|- H—li;nZvj ® w;}.
j=1

Thus, we want to prove that if u is an element of the algebraic tensor product
h h
(C()T &® COC) ® (O[)r X 000)7

then S(u) is the norm limit of truncated sums of tensors as above. It is enough to verify this

h
for an elementary tensor v ® w, v,w € Cp, ® Cy.. Let s,x € My o(Co,), t,y € My 1(Coc)
such that v =s®t and w = x ® y. Hence,

L q
v=|- ||‘1i£n23i®ti and w = || - ||-1i£n2xj R y;j.

i=1 j=1
Since S is a complete contraction,

p,q

Swew) =" len- 1}}?2(&‘ ® z;) ® (t ® ;)
i

k

by re-naming the indexes.

Then, so far we have defined a complete contractive map

h A h A h A
S . (Ogr X C()c) & (O()r &® O()c) — (Cor X COT) X (OOC X C’Oc>- (52)

The diagram below shows the process we went through to define the map S:
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nuc n nuc

eh eh uc eh
(Cor ® Coe) @ (Cor ® Coe) (Cor ® Cor) ® (Coe ® Coc)

eh A eh
(O()T X Coc> X (O[)r ® C()c)

v

h \7\ h L A h A
(OOT‘ ® COC) ® (CO’!’ ® COC) S (COT‘ ® OOT‘) X (COC ® COC)

At this point, we have just used Effros and Ruan’s shuffle map to reorder the spaces
Cor and Cy., but we have not defined the product we aim for yet. In order to gain some

intuition as far as this product is concerned, we restrict ourselves to the group case.

_ A
If H is a group, we are trying to define a product on L2(H;[2), ® L*(H;I?).. We denote
this space T'(H,[?). The reference for the definition of this product is Spector’s work [50],
but our context is a bit different: we consider an operator space tensor product version,

that is in addition amplified by 2.

We first consider the non-amplified version, thus we want to define a product on
T(H) = T2(H), & L*(H)..

Proposition 5.1.18. Let o : T(H) x T(H) — T(H) be defined as follows. If €, f € L2(H)
and n,g € L*(H), let

(§®77)<>(7®9)=/}1W®77x9d% (5.3)

where the integral is a Bochner integral ([19], Chapter II, Section 5) and xf is the right
translation, that is, xf(y) = f(yzx), for all y € H. Then ¢ has range T(H) and is a

complete contraction.
Proof. We first check that (¢ ® 1) o (f ® g) belongs to T(H). Note that
— — 9 2
s o FoolP < ([ el au)
H
< [ NersIPdutr) [ forglP dutv),
H H
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Holder’s inequality is applied above. Also, by Tonelli’s theorem and the left invariance of

[ s auty = [ [ 1€ @l dute) due)
= [ 16@P([ 1P dutr) dute)

= [IEI*IA17.

the Haar system,

Therefore,
IE@n o fogl? < PN N9l

We also need to prove that ¢ is a complete contraction. To this end, we are going to
verify that it is the pre-adjoint of a complete isometry (see [3.1.9). We begin by observing
that

T(H)" = (I3(H),  L*(H).)" ~ CB(L*(H),, L*(H);)

T
~ CB(L(H),, I*(H),) ~ B(L*(H)) (5.4)

via the identification T'(§ @ ) = (£,T(n)), for T € B(L*(H)), &,n € L*(H). See [3.2.17,
13.1.15 and 13.1.16l

Moreover,
(T(H) ® T(H))" = (B(L*(H)), & B(L*(H)).)" ~ B(L*(H))@B(L*(H)) ~ B(L*(H x H).
The identification here is
TEen®fog) = f,Theyg), (5.5)

for T € B(L*(H x H), &, f € L2(H), and n,g € L*(H),, see [3.2.23
As in the theory of quantum groups (see, for instance, [25] and [40]), we define a

fundamental unitary W and an associated normal isometric isomorphism I'y,. Let

W L*(Hx H) — L*(H x H)
Wh(r,s) = h(r,r"'s).
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This is, in fact, a unitary map with adjoint

W*: L2(H x H) — L*(H x H)
W*h(r,s) = h(r,rs).

Define

Tw « B(L*(H) — B(L*(H))®B(L*(H))
Fw(T)=W(T®Id)W*,
it is a normal isometric isomorphism and hence a complete isometry.
We want to prove that ¢ = (I'y )., that is,
I'w(M(wev)=T(wov)

for T € B(L*(H)), w®v € T(H) é\Q T(H). It is enough to consider w =£®@n, v = f®g
and a rank one operator T' = 6 ., O¢,.(f) = (1, f)C.

On the left-hand side,

w(T)(Eon) @ (fRg)= (e f,WTRI)W*(n®g))
= (W f(TeldW(neg))

// W€ ® ) s)(T ® )W ® g)(r, s) dr ds
//é )rf(s){m,nrg)¢(e) ds dr
Z/H<M,777’9><§rf£> dr

On the right-hand side,

T(E@n) o (Fog) =T /H & F @ yrgdr) = /H (&rf, T(rg)) dr = /H (s rg) (Erf, C) dr
by Proposition I1.5.7 from [19].

Then, since ¢ is the pre-adjoint of the complete isometry I'y/, it is a complete quotient

map, and in particular, a complete contraction. O
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Proposition 5.1.19. ([50/) If in T(H) we consider the product o, then the map

q:T(H)— A(H), q(E®n)=I(¢n)

from[4.3 is an homomorphism of algebras.

Proof. In effect, let £ ® 7 and f ® g be elementary tensors on T'(H) and x € H.

wE @) (@) ©g)(@) = €)@ 9)« >
= A@E ) @),
= [ & nty) duly / e
- [ @ / [iC=D) dyu(y)
= [ &y / T Tg2)a(y2) du(z) du(y)

E(x=ty) (o~ yz)n(y)g(yz) du(z) du(y)

M) (&2 1) (w)nzg(y) duly) dp(z)

T

(Mz)ezf,nzg) du(z)

I
m\::\m\m\m\m\m\»

(€2fimzg)(x) du(z)
— oo /H &F @29 du(2)) ()
=qp@no f®g)(n).

Here, the left invariance of the Haar measure p, Fubini’s Theorem and Proposition 11.5.7

from [19] of the Bochner integral are applied. O
The next step is to define an amplified version of ¢ on
- A
T(H;1?) = L2(H;12), ® L*(H;1?)..
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Observe that

The associativity and commutativity of the projective tensor product as well as|[3.3.12| are

applied here.
Definition 5.1.20. We define the amplified version of ¢, that we denote ¢, by
o T(H;I?) x T(H;1?) = T(H;I?), o® =oy®og.

Here we see [? as [2(Z). But the group Z does not play any special role, and could be
substituted by any countable group.

Remark 5.1.21. The map o> is a complete contraction, since both ¢g and ¢ are complete

contractions.

Proposition 5.1.22. If we consider the product o> on T(H;1?), then the amplified version
of qo as z'n q° : T(H;1?) — A(H), respects the product.

Proof. Recall that ¢f° is defined by ¢°(E @ 1) = (&,1) = (\°()E,n), for € € L2(H;?),
_ N —

and 7 € L2(H;1%). HE® (G} € T2(H), & I = LA(H ), and 1 ® {1} € L(H). & 12 =
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L*(H;1?),., then

(€2 {GH © @ {m}) = (€@ {6} ne{m})
= AOER G @ )

= AOEM D St
= (&M {AMO){G}, {vn})
= (€ ®@n) q({¢} ® {va})(0).

Note that here we are simultaneously working with the group H and its left regular repre-

sentation and the group Z and its left regular representation.
In order to verify that ¢5° is an homomorphism of algebras when on T'( H; [?) we consider

the product defined above, let

A —

E{G}, fo{e} € LA(H), ® 12 = L>(H; ?),

and
2 AR 2 2
n®{v}t,g@{d.} € L°(H). ® l; = L*(H;I")..

Then,
6 (€@ {G@ne {w}) o™ (fe e} ® g {d.})
(Y [ (€ @ TCIrad) @ (g © {)r{d,}) da)

= Z/HQO(W@)mg)({Cnrcn},{ynrdn}>dx

=q@lanef®yg) Z Z ConContr Vit
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Doing the change of variable n = m + r,

66 (€@ {G}H @ (@ {v}) o™ (fe (&} ® g® {da})
=q@€@n0f®9)>  Gnlalimdn

= €@ f@9)Y  CGuvm Y Cadn

Since gy respects the product,

6% (€@ {GH ® e {w}) o (fe{a} ® g {d.})
= 0E@Mw(f®9) Y Cutm Yty

= q0(€ ® n)ao(f ® 9)a0({Cm} ® {vin ) (0)q0({} ® {d }(0)

= q0(E @) q0({Cn} @ {vm})(0)q0(f @ 9)q0({Tn} ® {dn}(0)
= g€ {GH @ @ v (f @ {e} ® g © {dn}).

Therefore, gi° respects the product. [

Remark 5.1.23. Note that T(H;[?) = T(H x Z) (as mentioned before, instead of Z we

could consider any countable group). We can also see ¢i° as the composition of
g T(H x Z) — A(H x Z) = A(H) & A(Z)
and
@ evy: A(H) ® A(Z) — A(H) & C = A(H).

Remark 5.1.24. We are interested in a groupoid version of ¢*°. The new product we are
trying to define should coincide with this one if the groupoid is a group. Moreover, note
that
0737\ 2 0 NP R J 0
Co(G”,H,) @ Co(G°, He) >~ (Co(G”) @ Hy) @ (He ® Co(GY)),

as operator spaces, for any Hilbert space H (in particular, for H = L*(G%;[?)). This is
v
due to the facts that Cy(X,V) is completely isomorphic to Co(X) ® V (this follows from
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V
3.2.9| and |3.2.29)), for any locally compact space X and operator space V, and that ® is

commutative.

h h h
Also, by B3I VO H, = VO H, Ho 0V =H. ®V and H, & Ho — H, ® H,, for

any Hilbert space H and any operator space V. These complete identifications together

h
with the associativity of ® yield

(Co(G¥) & H,) & (He © Co(G2)) = Co(G) & (H, & He) & Co(GY).

Then,

Co(GO, TG 1)) ® Col GO, LG5 1)) = Go(G°) & (TG B, & LG 1)) & ColGY).

(5.6)
The product we aim to define on the left hand side of the equality above should translate
on the right hand side to what we expect for a space of the form A (%) B é) C: if a,d €
A bbb € B,e,d € C, then

(a®b®c)(d @b @) =ad @bb @ cc.
This means that we need to define a product on
N _ T e A 72 2
T(G*%17) = LA(G% 12), @ L*(G*; 1%)..
We now prove that defining that product is enough to accomplish our goal.

Up to now we have defined a completely contractive shuffle map
h A h A h A
S : (COT X COC) & (COT‘ & COC) — (OOr & COr) & (COC &® C’Oc)'
We will now define a completely contractive map
- A h A h
T (COT‘ ® COT) ® (OOC & COC) — COT‘ & C’Oc'
Our product will be the composition 70 S.
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We begin by observing that, due to the completely contractive approximation property
h
of Co(G°,H) and the injectivity of ®,

A h A \% h \%
(COT & COT‘) & (COC & C'Oc) — (COT‘ ® COT) ® (COC & COC)'

To simplify the notation, we write X = G® and H = L*(G%;1?). The purpose of the

following chain of complete isomorphisms is to “push the Cjy’s” to the sides:

(Cor & Cor) & (Coo ® Ci) (5.7)
~ ((Co(X) @ H,) & (Co(X) @ ) & ((Co(X) @ He) @ (Co(X) O H,))  (5.8)
~ ((Co(X) & ColX)) & (A, & ) & ((He © Ho) & (Co(X) & ColX))  (5.9)
~ ((Co(X) & Co(X)) & (HOH),) & (HOH). @ (Co(X) ® Co(X)))  (5.10)
~ ((Co(X) & Co(X)) & (HOH),) & (HOH). & (Co(X) ® Co(X)))  (5.11)
~ ((Co(X) & Co(X)) & (HOH), & (HoH).) & (Co(X) & Co(X)  (5.12)
~ ((Co(X) & Co(X)) & (H, & (H, © Ho) © H,) & (Co(X) & Co(X)))  (5.13)
~ ((Co(X) ® Co(X)) & (H, & (H, & H) & H) & (Co(X) & Co(X)))  (5.14)
~ ((Co(X) & Co(X)) & ((H, ®Ho) & (FH, & H)) & (Co(X) & Co(X)))  (5.15)

\
We explain the isomorphisms above. The step is due to Cy(X,V) ~ Cyp(X) ® V. Steps
\Y A
and |5.15| are due to the commutativity and associativity of ® and ® respectively. Both

in [5.10] and Proposition [3.3.12]is applied. Proposition [3.3.11] is used in and [5.14]
h
The associativity of ® is applied in|5.12/ and [5.13

Let D : Cy(X) Q\é Co(X) — Cp(X) be defined on elementary tensors by
D(f @ g)(x) = f(x)g(x).
This is a complete contraction. If we succeed at defining a complete contraction
— A A — A — A
OOO : (Hr ® Hc) ® (Hr ® Hc) % Hr ® Hc,
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then we can consider 7 = D ® (> ® D. Thus, it is enough to define ¢ extending ¢>.

In order to do so, we need to re-define the right action of 5.3

Definition 5.1.25. Let G be a locally trivial groupoid. Suppose that § and ¢ are elements
of G*. Thus, the pair (d, ) is not, in general, composable. However, by the local triviality
of G, there exists v4(s(9)) € G- Since 6(vy(s(d))) " is a loop on G, we can define the
right action as follows. For f € L*(G%;[?) and € € G", we define ¢ - f € L*(G%; %) by

e f(8) = f(3(ri(s(0))"e).

If the groupoid G is a group, the definition of the right action coincides with the one

we had before.

As in the group case, we first consider the non-amplified version, that we denote by .

Proposition 5.1.26. Let G be a locally trivial groupoid. If E@n and f ® g are elementary
SN
tensors of L*>(G*), ® L*(G")., we define

E@n)O(feg) = Guﬁ@ ne - gdX“(e).

Then { extends to a complete contraction
- A — A — = A
O L2(GY), @ L*(G"). x L2(Gv), @ L*(G"). — L2(Gv), @ L*(G")..

Proof. As in the group case, we use the properties of the Bochner integral to verify that
@10 f®ge T(GY). Note that

EenoToalt< ([l fline-glive)
< [ lee fFave [ e gl ave)
= [ e@r( [ le-s@paxe) i) [ k([ - a@Fave) e

< JIEIF A Iml g,
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as before.

We now prove that ¢ is a complete contraction. This is done in the same way as in
the group case, therefore we just list the step we need to take. We verify that ¢ is the

pre-adjoint of a complete isometry . We begin by observing that

- A [ [

T(G")" = (LA(G"), ® L*(G").)" = CB(L*(G"),, L*(G");) = CB(L*(G"),) = B(L*(G"))
(5.16)
via the identification T'(€ © ) = (£, T(n)), for T € B(L*(G")), &,n € L*(G*). See[3.2.17
B.115 and B 116l

Moreover,
(T(G*) & T(G"))* ~ B(LA(G)BB(LA(GY)) ~ B(LA(G" x G")).
The identification here is
TE@ne fog)=({E® [, Theqg), (5.17)

for T € B(L*(G* x G%), &, f € L2(G*), and 7, g € L*(GY),, see[3.2.23|
The definition of the fundamental unitary W and the associated normal isometric iso-

morphism ['y is very similar. Let
W L2 (G" x G") — L*(G* x G*), Wh(d,e) = h(5, vp(s(0))d ).
This is, in fact, a unitary map with adjoint
W*: L*(G" x G*) — L*(G* x G*),  W*h(6,¢) = h(3, ovp(s()) te).
Define
Ty : B(L*(G") — B(L*(G*))@B(L*(G")), T'w(T)=W(T @ Id)W*,

it is a normal isometric isomorphism and hence a complete isometry.
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We want to prove that ¢ = (I'y )., that is,
Fw(T)(w®v)=T(wov)

for T € B(L*(G%1?)), w@v € T(GY) (}% T(G*). Tt is enough to consider w = £ ® 7,
v = f® g and a rank one operator T = 0., 0¢.(f) = (i, f)¢. The computations are very
similar to the group case, the only difficulty added is the definition of the right action. On
the right-hand side,

T(EomoF @) =T([ TTens gdx®)
— [ (8- 5705 9) dX'0)
— [ (s g)le5- £.0) X (6)

On the left-hand side,

Tw(T)E@n) @ (feg)={EQ f,WT@I)W* (n®g)
=W f,(Teld)W(nwg))

- /u e e )T @I n e g)(e, 0) di(2) dA(9)

- / v Jau £(£)d - F(£){p,m6 - g)¢ () dA“(e) dX“(9)
Z/Gu<w75-g><€5-f,c> dA"(5).

Then, since ¢ is the pre-adjoint of the complete isometry 'y, it is a complete quotient

map, and in particular, a complete contraction. O

Remark 5.1.27. Later on we will define a groupoid version of the map ¢y and we will

verify that this map respects the product .

Definition 5.1.28. We now need to define an amplified version of ¢, that we denote (=°,
— A AN —— A — A
OOO . (Hr (02 HC) X (Hr & Hc) — HT‘ X HC)
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where H = L?(G*%;1%). We use the notation T'(G%;1?) = L2(G%;[2), & L*(G¥;1?).. Asin
the group case, T(G%;[?) = T(G") <§A§ T(Z). Then, the amplified version of ¢ is defined by

O T(G“ 1) x T(G% %) = T(G% %), 0®=0®o.
This map is a complete contraction.

Going back to[5.15] we can define 7 = D ® (> ® D and this is a completely contractive

map. Also, by pre-composing with ¢ we obtain a complete contraction
~ A h A h h h
TOL: (COT X COT’) X (COC X C()C) — Co(X) X T(Gu) X Co(X) = CQT X COC.

By pre-composing with the shuffle map S we obtain the desired completely contraction

T=To0L0S,

7 (Cor ® Co) & (Cor  Cou) — Co(X) & T(GY) & Co(X) = Cop & Cp,
(@)@ Ben)@(e® o (b®g)) =aa® (E@n0=(f®g))®pb. (5.18)

If we could prove that > is associative, it would follow that so is 7 and therefore with
SR

this product, Co(G°, L?(G%;1?),) ® Co(G°, L*(G";1*).) would be a completely contractive

Banach algebra. We do not attempt to prove this at this point, since the completely

contractive product that we have defined is enough for our purposes.

We now concentrate on our second goal for this section.

Proposition 5.1.29. Let A and B be operator spaces. Suppose that B admits a bilinear

map denoted by M. Let o : A — B be a complete quotient map. Assume that there exists
A —

a completely contractive map m : A ® A — A such that M o (¢ X ¢) = p om.

A
Then the bilinear map on B extends to a complete contraction M : B ® B — B such
that

Mo(p®¢p)=pom.

135



AN
Proof. Since ¢ : A — B is a complete quotient map and ® is projective, the map
A AN
YRp: AR A—B®B

is a complete quotient map as well. Hence, it induces a complete isomorphism

/ﬁw\
A ﬂ' A 92@%/0 A
A®A™ "Ralis  B®B
A ‘ B

A
and we want to define a completely contractive map from B ® B to B that extends the
product M.

/\ A —_ —
Let f € B ® B. Then, there exists a unique [a] € % such that ¢ ® ¢([a]) = S,
]l = 15]-
Suppose o’ € [a]. We verify that o(m(«)) = p(m(a’)), that is « — o/ € Ker (¢ om).

Since

a—do eKer (p®@¢p)=Ker (p) @ A+ A Ker (p),

(see |3.2.18) there exists a sequence {7V, }tnen € Ker (p) ® A+ A ® Ker () converging to
A
a—ad € A® A. Let

Pn dn
=Y K Og+> Al
i=1 j=1
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for k', 17" € Ker (@), ', d? € A. Then,

19°] » Y0 g
p(m Zk:”@c +Zd”®l”
Zk Zd”l”

:Zw(kg +ngdn [')=0 VneN.

Hence, p(m(a — o/)) = lim, ¢(m(3)) = 0 and g(m(a)) = p(m(a’).
Therefore, it makes sense to define M () := ¢(m(«)), for a such that gpfgg/o([a]) = 0.

Let 3 =" bi®b; € B® B. We wish to check that M(3) = Y_" , bb.. Since
b;,b; € B, there exist a;,a; € A such that p(a;) = b;, p(a}) = b, forall i = 1,2,...,n
Thus, ¢ @ (>, a; ® a}) = [ and it follows that QO/QBTD([Z?ZI a; ® al]) = B. By the
definition of M,

m(z a; ® a;)) = Z p(aa;) = Z plai)p(a;) = Z bib,

A
and therefore M extends the product on B to B ® B.

Let a,a’ € A. Then
p(m(a ®a')) = M(p(a), ¢(a')) = M(p(a) @ p(d) = M(p @ p(a @ d)).
It remains to prove that M is completely contractive, that is, for all n € N,
M My(B & B) = My(B),  M®([85)) = [p(m(as;))] = ¢® 0 o ([a])

is contractive, if m(n)([aij]) = [Bi;]-

Let [3;;] and [ay;] be as above. Since go/(é/gp(n) is isometric,
18500 = I [ I = inf{l[ess] = kIl = & € Ker (@ )}
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and then for each [ > 1 there exists k; € Ker (o ® )™ such that ||[c;;] — k|| < [|[8i5]]| + 3
Then,
. n n . 1
1M (B )| = Tim [l 0 m ) ([e;] = )l < [llows] = Rall < i ([ + 7

Thus, B is a completely contractive Banach algebra. O

This last result is going to be used in Section 3 to prove that the Fourier algebra
of a locally compact, locally trivial, transitive groupoid with a “nice” Haar system is a

completely contractive Banach algebra.

5.2 The Banach algebra Cj(X) <§\é> A(H) GY@ Co(X).

Suppose X is a locally compact space and H is a locally compact group. In this section
we consider some properties of the Banach algebra Cy(X) Q\é A(H) Q\é) Co(X) and we relate
it to the Banach space Cy(X) (% A(H) él{) Co(X) (later we will see more properties of this
spaces for X = G” and H = GY).

Definition 5.2.1. Let A be a commutative Banach algebra. The spectrum of A is

A:={h: A= C: hisahomomorphism of algebras and h # 0}.

Remark 5.2.2. Any h as above is bounded, and in particular, verifies ||h|| < 1. Hence,
A C A*. The spectrum A together with the w*-topology is a locally compact Hausdorff

space.

—

Examples 5.2.3. If X is a locally compact Hausdorff space, Cyp(X) = X. Eymard proved

—

in [I§] that if H is a locally compact group, then A(H) = H.

Remark 5.2.4. Let A be a commutative Banach algebra and a € A. The map
i: A= C a(h) = h(a)

is continuous and vanishes at infinity.
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Proposition 5.2.5. Let A be a commutative Banach algebra. Define the map
G:A— Co(A) Gla)=a.

Then G is an algebra homomorphism and ||G|| < 1. It is called the Gelfand transform
of A.

Definition 5.2.6. We say that a commutative Banach algebra is semisimple if its Gelfand

transform is injective.

Remark 5.2.7. We denote A, = Cy(X) é A(H) é Co(X) = Co(X x X, A(H)). Observe

that this is a semisimple Banach algebra. Its spectrum is

A, = Co(X) x A(H) x Co(X)
=XxHxX
= {evyp, : v,y € X,h € H}

where ev, , are the evaluation maps, see [52].

Proposition 5.2.8. The inclusion

Vv

L Co(X) & A(H) & Co(X) = Co(X) © A(H) ® Co(X)
18 one-to-one.

Proof. We first show that i : Cp(X) é A(H) — Co(X) (}é A(H) is one-to-one. Indeed, if
i(u) = 0, for some u € Cy(X) (%) A(H), we can suppose that u = (aq,--+) ® (ny,-- )", for
some (aq, ) € Mio(Co(X)), (1,...)" € Mu1(A(H)), {n;}; strongly independent (see
the proof of Theorem [3.3.27)). Then, for all z € X, 0 = i(u)(z) = > a;(x)n;, and then by

strong independence, «;(z) = 0. Therefore, u = 0.

Now, if u € Ay, is such that ((u) = 0, we can assume that u = (ug,--+) © (b1, ),
for some (p1,--+) € Mio(Co(X) &) A(H)) and (B1,...)" € Mw1(Co(X)). Note that
i((u1,--)) € Co(X) é A(H) is a non-zero element, so we can suppose that {u;}; is
strongly independent. The proof finishes as in the previous step. ]
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Thus, A, is a subspace of A, and the evaluation maps from Remark restricted to

A, are continuous maps.

5.3 A decomposition of A(G).

Suppose G is a transitive, locally trivial, groupoid and u is a unit in G. Assume that {\"}
is a left Haar system on G such that )\‘“Gu is a left Haar measure on the isotropy group Gj,.

On we saw that if G is unimodular, we can always construct such a Haar system.

For such a GG, we want to prove that
h h
A(G) ~ Cy(G°) @ A(G™) ® Co(G?)

as Banach spaces. Moreover, we are going to prove that the space on the right hand side is
a completely contractive Banach algebra and the isometry between the spaces respects the
product. Therefore, we can consider an operator space structure on the Fourier algebra

A(G) and make it a completely contractive Banach algebra.

For the fixed unit u of the groupoid, since G is locally trivial, we use the description of
A(G) from Proposition

The big picture of what we are going to do can be expressed with a commutative
diagram. In order to fit it on the page, we write

H=LXG" 1) and V= Co(GOT) ® Co(GO,H,).

We will show that the diagram below is commutative, all the spaces involved admit a
product, all the maps respect the product, the induced map v is an isometric isomorphism

and ¢ and the induced map @Q are complete isometric isomorphisms:

B _ h
Co(G°,H,) ® Co(GP, H,) === (Co(G)SH)B(H5C0(G") == Cy(GY) & é He) © Co(G?)
wl \ / lQ
A(G e W Ker (Q) """"""""" GO ® A(Gu) ® CO(GO)
(5.19)
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Remark 5.3.1. We already proved in that the first row of the diagram is a complete
isomorphism. Recall that the product is defined in terms of elementary tensors of the right
end of the equation by

A

 (Cor ® Cou) & (Con ® Co) = Co(X) & T(G™) & Co(X) = Cop & Co,
(@)@ Ben)@(ae f)R(beg))=0aa® (E2n)0(f©g)) b,

where

EonOfog= Gufef@ne-gd)\“(a).

We now consider the triangle-like diagram on the left side of the main diagram. The
following Proposition is a groupoid generalization of the results [5.1.19] and [5.1.22 see
Remark 5.1.27

Proposition 5.3.2. Let G be a transitive, locally trivial groupoid. Suppose u € G is fized.
Then the map

¥ Co(GY, LG 12),)@"Co(GY, LG 1)) — A(G), d(€@n) = (&)

1S a surjective quotient map that induces an isometry

_ Co(G, TG B), )@ Co(GO, (G 12),)
v Ker (9)

making commutative the left side of the diagram above. Moreover, if we consider v as

— A(G),

a map with range B(G), it respects the product. It follows that A(G) is an associative

algebra.

Proof. Recall from that for a groupoid G such as the one that we are considering
A(G) ={(&.m) : &n € Co(G*, LA(G"; 1))}
Then, it makes sense to consider
U1 Co(GY, L2(G*12), )®,Co (G, LA(G™; 12).) — span{(&,7) : &,n € SCo(L*(G))},
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defined on elementary tensors by /(£ ®n) = (£,1) and extended linearly. We want to show

that v is a contraction.
Let v € Co(GY, L2(G*; 12),)@1,Co (G, L*(G";1?).). Let T, w be such that:
® uc MLP(CO(GOa LZ(Gu, l2)r))7
o W EC Mp71(CO(GO, LQ(Gu; ZZ)C)),

CUV=TOW=" p_, U D W.

We need to find sections &,n of G such that (§,17) = (v) and ||€||||n]] < [|ull||lw],

therefore, we would prove that

[Pl < ot igflinll < nf ffull[lw]] = vl
&,m as above

and thus ¢ would be a contraction.

Observe that if we define @ : G® — M, (L*(G%;1?),),

ui(z) us() up()
0 0 0
u(r) = :
0 0 0

then

||ﬂ||M1’p(CO(GO),ﬂT) = ||ﬂ||co(G0,Mp(ﬁr)) = Seué% ||@(j)||Mp(L2(Gu;z2)T) = ||| co-
J

For the equality *, we are applying that
\% \Y% \%
My(Co(X,V)) = M, @ Co(X) @V = Co(X) @ My(V) = Co(X, Myp(V)),

for any locally compact space X and operator space V.
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wi(x) 0 0

- - 8 wa(x) 0 0
Similarly, [[wl|as, ,(coco3.) = [|0]|o, for w(z) = :

wy(z) 0 0

Consider the left regular bundle with multiplicity p, (L*)? = (L*(G“;1?)?, L,), where
(L,)s : L*(G%12)P — L*(G™;1?)P is such that (L), (&1, &2, -, &) = (e, Loa, -+, Li€y).
Both @ and @ are sections of (L?)P, since

My (I3(GP),) = B(LA(G* 1), ©) =~ TG ),

T

and

M, 1 (LP(G*;1%)e) ~ B(C, L*(G*; IP)P) ~ L*(G*; I*)2,
Moreover,

(@, @)(7) = ((Lp)ya(s(7)), w(r(7)))

= Y (Lyun(s(y), we(r()) = D (ur we)(7)
= Y w@ @ w) = (o).

Therefore the map 1 extends to the whole space and it is a contraction. We call the

extension v as well.

We now want to prove that v is still surjective. We wish to show that for all functions
¢, p € Co(GO L3(G*;1?)), we have that

Cou e GG, TG B),) & ColG°, L(G 1))

and ¢ (¢ ® p) = (¢, ).
Note that, from Theorem |3.3.27] it follows that

Co(GO ) & Co(GOH,) = {E @ s € € Myso(Co(GO, L)) € Mact (Co(G M)}
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where £ O =Y, & ® ;.. But
Ml,oo(CO(Goaﬂr» - CO<G07 M1700<ﬂ7’))

and

Moreover,

Since here H = L*(G%;1?),

Mo (LA™ 12),) = LA(G™ ). @ 2 = LA(G™ ),

and
M oo (L2(G%;12),) = LG 12),.
Hence
My oo(Co(G°, L2(G; 12),) = Co(GP, LA(G¥; 12),)
and

Moo 1 (Co(G°, L*(G* 1)) = Co(G°, L*(G*; 1?),.).
Thus, given ¢, u € Co(G°, L*(G%;1?)), we verified that
— — h
(@ p e Co(G L2(G% 12),) @ Co(G°, L*(G% 1?),)

and (¢ ® p) = (¢, ).
We now prove that v is a quotient map. In order to do that, we verify that
0 Torrm ey | & 0 12/, 2
W(Co(G7, LG 1)) ® Co(G, LG 1)) <1)

is a dense subspace of A;(G)|.j<1. This is true since given w € A,(G)||<1, there exist
sections ¢, pu € SCy((L*)?) such that w = (¢, p) and ||¢||||p]] < 1. Then, w = (¢, p) =

Y(C®p) and [|C@ gl < Il < 1.
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Therefore, we can consider the maps

Co(GO, TE(G™ 17),) & Co(GO, LA(G; 12),)

_ h
7w Co(GY, I2(G% 2),) @ Co(G°, LA(G*; 12),) —»

Ker
and
~ . GG PGP, & Co(GY, T2(G; 12),) e
' Ker ’
that make commutative the diagram
- h
Co(GP, L2(G¥;12),) @ Co(GO, LA(G™;1?),.)
wl K
E 0 T72(u-12) h 0752 w.]2
A(G) e e G (G, L2 (G12),)®@C0 (GY, L2 (GY51%) )
Ker ¢

Then, v is an isometric isomorphism.

It remains to consider the product on
N
Co(GY, L2(G; 2),)® Co(GY, LA(G*; 1))

(see [5.18) and B(G) (pointwise product) and verify that ¢ respects them.

We are trying to prove that if a ® £,a ® f € Co(G°, L2(G*;12),) and f®@n,b® g €
Co(G°, L*(G*; 17).),

V(@)@ BeoNOed o beg) =9 (Ben)d(eef)(beyg)).
Let v € G. Then,

V(@@ Ben)t(a® )@ 0o g)y) = (aa)(s(y)(Bb) (LS n (L, 9),

for L% = Ly,(s(7))~1yw;(r(~))» @8 in[4.5.13] To simplify the notation, we write

w(v) = vi(s(v)) yw(r(v)).
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On the other hand,

Y((eeeBen e f)ebeg))
o [ @OEPS -9 aE@)0)

- [ (@asge- £ ovane g0
= [ QGEaGEIELE: - £ - B (b)) X ()
— aGEAGEIA ) [ (56 L g) X (o).

u

Thus, we need to prove that

(L2 (L f. g) = / (L€ - f.me - g) dN“(2).

u

Starting by the left-hand side,
wsnLif.o) = | Taom@ i) [ Too et dv(e)
— [ Too@@n) | Lo fEsle) e dvo)
- | T / T TOm (@) g0 (s(0) ™) dX* (<) dX*(5)
= [ [ SO PG 2hm(0)g 5 (s() 1<) X (5) (e
= [ (Lupte fone - )Xo,

as we wished to show. The left invariance of the Haar system and Fubini’s theorem were

applied.

It is easy to check that the same holds for finite sums of elementary tensor, as well as for
limits of them. Next, we note that since 1 is surjective when considered with range A(G),
for v,w € A(G), there exist V,W in domain of ¢ such that ¢(V) = v, (W) = w. Then,
vw =Y(V)p(W) = (VW) € A(G). Therefore, A(G) is an algebra (it is also associative,
since so is B(G)).
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Therefore, the maps v, my and 1) respect the product and the quotient

0 Tacm 2 ) 0 72/ 2
CO(GaL<G7l)r)®CO(GaL<G7l)c>
Ker ¢

is isometrically isomorphic to A(G).
It follows that we can consider an operator space structure on A(G). n
Now, we concentrate on the right triangle-like diagram of [5.19]

Remark 5.3.3. Recall from that if H is a locally compact group,

L2(H), ® LX(H),
Ker ¢

~ A(H),
where qo(f ® g) = (f, g). Moreover, if we consider the amplified version of o, from

_ A
(H:P), & LX(H:1)
Ker qq

~ A(H)

as well.

Remember that we fixed u € G°. For H = G

u?

domain L?(G%;1?), & L*(G%;1?)., still with the same range. If G“ is open in G*, we can

we wish to extend ¢y to a map with

let p = )\T‘Gu be the restriction of the measure \* on G" to the isotropy group Gi. In this

case, i is the Haar measure on G and it makes sense to define

N
0 (G, & LG 1), — A(GY)
E® n— (§|G%7T/|G%)
In order to be able to define the map ¢ above, and hence relate L?(G%; %) and L*(GY),
from now on we restrict ourselves to Haar systems {A\"}, such that A{' = p is the Haar

measure at G for the fixed unit u. We saw on that for any transitive locally trivial

groupoid with G unimodular we can construct such a Haar system.
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Proposition 5.3.4. Let G be a locally trivial transitive groupoid. Fixz v € G°. Suppose

{A}oeqo is a left Haar system such that AL, is the Haar measure on Gy . Then, we can

u

define a map Q = Id ® q ® Id, with q extending qq, such that the following diagram is

commutative:
h —— A h
Co(GY) ® (LA(G™;12), @ L*(G*; 7)) @ Co(G) -
/ iQ
N Tarem ey Ar2icmgzy & 0 h h
Co(GO)®(LA (Gl ;{Tfflé (G419)e)®Co(GP) oo Q ————————————— > C()(GO) ® A(Gﬁ) ® C()(GO)

Also, Q is a complete quotient map and the induced map Q is a complete isometric iso-
h h
morphism. Moreover, Co(G®) @ A(G") @ Co(GY) is an associative algebra and the map Q

respects the product.

Proof. We begin by defining a completely contractive map

- A _— A
p: L2(Gw12), ® LH(G™% 12), — L2(GH: 1), ® LA(GY; 12)..

Let pg : L*(G"), = L2(GY),, pr(f) = figy, and po @ L(G*)e — L*(GY)e, polg) = Gley-
Both these maps are completely contractive. Since L*(Y) ® [? ~ L*(Y;?), from [3.3.12]

N —

I2(Y), ® B2, ~ (I2(Y) ® &), ~ L2(Y; %),

and
LAY), & 12~ (L2(Y) & 12), ~ LA(Y;12)..

Then, the maps p, = pp @ Id : L2(G%;12), — L*(G¥;1?), and p. = pc @ Id : L*(G*;1?). —
L*(G%;1?). are complete contractions as well. Thus, the map p = p, ® p. is completely

contractive and it follows that ¢ = ¢ o p is a complete contraction.

Recall that the product ¢ on T(G") = L*(Y;1?), & L*(Y;1?). was defined on [5.1.26]
We wish to verify that for ¢ ® 1, f ® g € T(GY),

((€@ndf®g)=q€@n)q(f®g).
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By the properties of Bochner’s integral, the left-hand side of the equality we are trying to

prove is

1E2n0f®g) =q( Guéé—-f®né-gdk“(6))

~ | & Py (- ) X0
= [ @@y (10910 AN ()
= 40(ey @ My © Figy @ ey )

and since g respects the product,

60(€ly @ Moy © Floy ® Glow) = @0(E1y @ May)e0([ |0y @ Gley) = a(€@M)a(f @ g).

Thus, q respects the product.

We wish to show that ¢ it is a complete quotient map. Note that both pgr and pc are
A
completely quotient maps. By the projectivity of ®, p is a quotient map as well. Recall

that qo is a quotient map. Then, so is ¢ = gy o p.

We define the map @ = Id ® ¢ ® Id,
o0 2 TarAey A r2 w2y 2 0 oy 2 uy B 0
Q: Co(G”) @ (L2(Gw12), @ L*(G";17).) ® Co(G”) = Co(G”) ® A(Gy) @ Co(GY).

h
Since ® is projective, it follows that @) is a complete quotient map and induces the com-

mutative diagram

h — —— A h
Co(G%) @ (L2(G%1%), @ LA(G*;1%).) ® Co(GP)

/ i@
h — A h
Co(GOR(L2(Gu312), ®L2(G:12))®Co(GO) o h N
e I)(TeéfQ( —— Co(G°) ® A(Gy) @ Co(G)

Q|

The map @ induced by @ is a complete isometric isomorphism and this finishes the

proof of commutativity of the right subdiagram.
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We can consider () as a map with codomain A,, since
o b h 0 oy v 0
Ran(Q) = Co(G”) ® A(Gy) ® Co(G) € Go(G7) @ A(Gy) @ Go(G7) = A,

see . Thus, it make sense to ask ourselves if @) respects the product (we do not know
yet if A, is an algebral). We can see that since @) = Id® g ® Id and both ¢ and the identity
map respect the product and are continuous, () respects the product as well. Now we can
use this to verify that A, is, in fact, an algebra. Suppose h, h’ € Ay, by the surjectivity of
Q, there exist a,a’ € Cy(GP) & (L2(G;12), & LA*(G*;1?).) & Co(G®) such that Q(a) = h,
Q(a’) = 1. The product Q(a)Q(a’) belongs to A, and verifies Q(a)Q(a’) = Q(aa’). Thus,
Q(a)Q(a") € Aj, and this space is an associative algebra. Note that the algebra structure
of A, is the one we will expect from a space of the form A (%) B (%) C. n

h h
Corollary 5.3.5. The algebra Co(G°) @ A(GY) ®@ Co(GY) is a completely contractive

Banach algebra.

Proof. If follows from and the properties of the map Q). O
Finally, we want to establish the commutativity of the middle triangle of the diagram.

Proposition 5.3.6. The map

h — A h — h
Co(G° H, @ He) @ Co(GY Co(GY, H,) ® Co(G°, H.
ps AN EH LI O], DTS GET  o(ug) = 1o

for H = L*(G*%;1?), is a complete isometric isomorphism that preserves the product. Thus,

the middle triangle of the main diagram is commutative.

Proof. Let ¢([v]g) = [v]y. We want to show that ¢ is well-defined. To this end, we prove
that Ker @) ~ Ker v via the identification

h — A h — h
Co(G%) @ (L2(G%;12), ® L*(G";1%).) ® Co(G°) ~ Co(G°, LA(G¥;12),) ® Co(G°, L*(G*; 1%)..).
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Fix v € G and define
h h
E,: Co(GY) ® A(GY) @ Cy(G°) — C

such that
Fi(a®q(A) ® B) = a(s(7)a(A) (w(7))B(r(7)).

Here we are using the local triviality of the groupoid: if v € G and {U;,v;} is the
family that expresses the local triviality, w(7y) is the element of G¢ defined by w(v) =
vi(r(y)yvi(s(v))~t. Recall that 4,7 are uniquely determined, and hence so is
w(y). We extend the map F, linearly. Since

By = €0 (r(3) w(m) (1)
it is a continuous map as was observed at the end of the section [5.2]

Observe that, using the identification V ® Cy(X) — Co(X, V), v @ a — a(-)v,

ba® fogep)(y)=v(af®Bg)(v)

= (af, Bg)(7)

= (Lyaf(s(7), Bg(r(7)))

= a(s(V){(Lun £, 9)B(r(7))
Ia—v))(g* ) w))B(r(y)
= afs )

(
)

)q (f®g)( (M)B(r (7))
)-

Hence, by continuity of F, and ¢, it follows that F.(Q(v)) = ¥(v)(7), for all v € G,
)
v e Co(GY L2 (G 12),) ® Co(G°, L*(G*; 1?)..).

If v € Ker @, then ¢(v)(y) =0, for all v € G, and since A(G) separates points (4.5.5)),
v € Ker .
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If v € Ker ¢, F\,(Q(v)) = 0, for all v € G. Equivalently, ev, 4,(Q(v)) = 0, for all
u,u' € G° g € G*. We denote the Gelfand transform of A, by G. Since the inclusion
t: Ay — Ay is one-to-one (by Proposition [5.2.8)), we have that

0= evy 4. (Q(V)) =G o t(Q(v))(evy gu), Yu,u' € G ge G

implies that Q(v) = 0. Therefore, the linear function ¢([v]g) = [v]y is well-defined and

bijective. In order to see that ¢ is in fact a complete isometry, note that

lvsslall = inf {lfvs + il s w,; € Ker Q)
= inf {H[UU + ww]||n W € Ker V,D}

= |[vi sl ln-

It only remains to prove that ¢ respects the product. It is easy to check that if

f A — B is a homomorphism of algebras, on the quotient space we have that

A
Ko ()
[)[a’] = [ad’], for all a,a’ € A. Let b,V € Co(G®) & (L2(G% B). & L2(G™ 12).) & Co(GP).
Then,

p(blelt) = ¢([bb]q) = [0y = [by[t]y = ¢([ble)e([V]q)-

We now state the main result of our work:

Theorem 5.3.7. Let G be a locally trivial, transitive groupoid. Fiz u € G°. Suppose that
G has a Haar system {\"},eqo such that A}’

at u.

, s a left Haar measure on the isotropy group
h h
Then A(G) is a Banach algebra isometrically isomorphic to Co(G°) @ A(GY) @ Co(G?).

Moreover, since the last space is a completely contractive Banach algebra, so is A(G).

Proof. Note that the only condition we are missing to conclude that A(G) is a Banach
algebra is the inequality of the norms of the product: if v,w € A(G), then [jvw]| < ||v]|||w]|-
This follows from the corresponding property for A; and the fact that those spaces are

isometrically isomorphic as algebras. O
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5.4 The non-transitive case

If G is a non-transitive groupoid such that each transitive component G; is open and closed
on G, then the transitive components are components also in a topological sense (recall
from that this is the case for locally trivial groupoids). We can establish a one-to-one
correspondence between G-Hilbert bundles and families of G;-Hilbert bundles. Moreover,
continuous and bounded sections of GG-Hilbert bundles correspond to bounded families of
continuous and bounded sections of G;-Hilbert bundles. If we change the boundedness
condition for vanishing at infinity, the correspondence is with ¢, families. In the follow-
ing proposition these correspondences allow us to relate B(G) and A(G) to ®@B(G;) and
DA(G;).

Proposition 5.4.1. Let G be a locally compact groupoid such that each transitive compo-

nent G; 1s open and closed on G. Then

1. There is a one-to-one correspondence between G-Hilbert bundles and families of G;-
Hilbert bundles.

2. The correspondence above links the left reqular G-Hilbert bundle with multiplicity
L?(G; 1) and the family of left reqular G;-Hilbert bundles with multiplicity { L*(G; 1)}

3. If H and {H;} are Hilbert bundles corresponding as above, there is a one-to-one corre-
spondence that respects the norm between bounded (vanishing at infinity) continuous
sections of H and bounded (c,) families of bounded (vanishing at infinity) continuous

sections of H,;.
4. As sets,

179- @ier B(Gi) ={{(&mi)}i : {€}i {mi}i € 17°- & SCy(Ha),
{H.;}: family of G;-Hilbert bundles}.

Here, by [*°- @,c; D; we mean the sequences {d;};cs, with d; € D;, such that
sup; [|d;|| < oo.
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5. The map B : 1°-@ie;r B(G;) — B(G), B{(&,m)}i) = (&,1n) is an isometric isomor-

phism that respects the pointwise product.

6. The map above restricts to an isometric isomorphism « : c,- Die; A(G;) — A(G).

Proof. Given a G-Hilbert bundle H = ({H"}ucco, ', L), for each i € I we consider
Hi = ({H} }ueco, T)is Ly,), where I', = {§) , : £ € T'} and (L)), = L, if v € G;. In order to
check that H; is in fact a G;-Hilbert bundle there is only one property that deserves some
explanation, namely condition [4] from definition Let n be a section of H;. Suppose
that for all u € GY and for all ¢ > 0 there exists ' € I', such that ||n(v) —7'(v)|| < €
for all v on a neighborhood V' of u. We wish to check that n € T'|, as well. Let § be a
section of H such that & _, =7, { = 0 otherwise. Fix u € G° and ¢ > 0. If u € G}, by the
property of 7, there exists ' € I'|, as above. Hence, there exists {’ € I' such that £|’i =1
and ||€(v) — &(v)| = |In(v) — n'(v)]| < & for v on some neighborhood of u. If u & G?, the

)

zero section 0 approches (in fact coincides with) £ on a neighborhood of u. Therefore, since

H is a G-Hilbert bundle, { € I' and thus §_, =7 € I',. Then H, is a G;-Hilbert bundle
for all i € I. Z

On the other hand, suppose that {#;}; is a family of G;-Hilbert bundles. Let H =
UiH; = ({H"}uego, T, L), where:

o H'=H!ifucGY.
o ['= {f section of H : Vi € I’g‘c‘? eri}

° If’7 S GZ', L7 = (Lz)v

It is easy to verify that H is a G-Hilbert bundle and the correspondence stablished is

one-to-one.

Note that each left Haar system {\“},cqo on G determines a family of left Haar

systems { {\"},cqo bier and vice-versa.
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If {\“}yeqo is a Haar system on G and L?*(G, ) is the left regular representation,
we claim that the family of G;-Hilbert bundles obtained by the correspondence above is

{L*(G;, \i)}i- We only need to verify that the continuous sections considered coincide.

On L*(G, \), the family of continuous sections I is obtained from C.(G). If f € C.(G),
fla, € Co(Gi) and {fj; @ f € C(G)} = Ce(Gy) is the family of sections that defines the
notion of continuity for L*(Gj, \;). Therefore, {L*(G, \);}ier = {L*(Gi, Mi) }ier-

Reciprocally, suppose that f; € C.(G;), for all i € I. Then, if f is defined by f| o = [is
f is a continuous function on G (note that here we are applying that each G; is open
and closed). Also, any compactly supported continuous function g is of this form . Thus,
CG) C {{fi} : fi € C.G;)}. Therefore the notion of continuity coincides and we

established the correspondence between the left regular bundles.
If we consider L? spaces with multiplicity {?, the same reasoning applies.
We now look at the correspondence between sections of H and sections of {H;};.

Suppose H is a G-Hilbert bundle corresponding to the family of G;-Hilbert bundles
{Hi}. Let & € SCy(H). Then, § = &, € SCy(H;i). Moreover, {§;} € I — &:SCy(H),
since ||&]| < ||€]l, Vi € I. Reciprocally, if {} € I — &;SC,(H), the section £ such that
{|.o = & belongs to SC(H) and

€]l = sup 1€(w)[| = sup sup [|&;(w)]| = [{&}:ll < oo
ue

iel yeGY

If £ € SCy(H), we want to prove that {&}ier € co — ®:SCo(H;). Clearly, each &;
belongs to SCy(H;). We wish to check that given ¢ > 0, there exists ' C I finite such
that ||&|| < e if i € F. Since £ vanishes at infinity, there exists a compact K C G° such
that |
K. Therefore, ||&]] < ||| <eif i & {1, -+ ,ip}.

< e. Since {G}}; is an open covering of K, there exists G7,--- , G} that cover

Conversely, if {&;}ier € co—@B:SCo(H,;), we want to verify that the continuous H-section
¢ vanishes at infinity. Let ¢ > 0. Let F' = {iy,--- ,i,} such that ||§| < e ifi & F. Let
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K;, C ng be a compact subset such that ||§,.. || < e. Hence, K = U;_, K, is a compact
1k

subset of G and [|¢,..|| < e.

If {pitier € 1°- @®; B(G;), then {F, }ic;r € oo- @; P(G; x 1), where I is the
trivial groupoid {1,2} x {1,2} and we are applying the groupoid version of Paulsen’s “off-
diagonalization technique” as in Chapter 4. More explicitly, we identify F, with a 2 x 2
Pi @i
@ T
norms {||@;||}i, |Fll = |lwil] < M for all i. Since F,, is positive definite, there exists
G € SCy(H; x C?) verifying ((;,¢;) = F,, and ||F,,|| = [|G]|. Therefore, sup; ||¢;]] < M. If
i = (&) for all i, then ||| < [|Gl| < M and [|n[| < [[G|| < M. Then, {@i}i = {(&.m:)}s
and {& }ier, {Mifier € 1%° — &:SCy(H,i).

matrix F,, = , where p,7 € P(G). Since there exists a bound M for the

The other inclusion is clear.

We define g : [*° — @;B(G;) — B(G) by B({(&,n:)}i) = (§,m). We first check that
B is well-defined. Suppose (&, ;) = (G, i15), Vi. If v € G, there exists i such that v € G;.
Then, (&,n)(v) = (&, m)(7) = (G ) (7) = (¢, ) (7). Similarly, 5 is one-to-one.

Suppose ¥ € B(G). Then there exists a G-Hilbert bundle H and &,n € SCy(H)
verifying ¢ = (§,m). Thus, {&};, {n:}i € 1™ — ®:SCy(H,) and B({(&,m:)}i) = (§,1) = ¥,

Let {@i}ier € 1°=®:B(Gi) and ¢ = B({p;}icr). Write N = [{pi}ier|| = sup; ||l 5,
We want to show that for all € > 0, there exists £, n € SC,(H) such that ||£]|||n]] < N + ¢,
(&,m) = ¢ and hence ||B({¢:}icr)|| < [[{wi}ierll- Fix e > 0. For all i, since ||¢|| < N + ¢,
there exist {&; }ier, {ni }icr € SCy(H,;) such that ||&||||n:]| < N +e. We can assume ||n;]| = 1,
16l < N +¢e. Thus, for &, obtained from {&}ier, {ni}ier, we have [|][|lnl] = €] =
sup, ||&i]] < N + € and then § is contractive.

Conversely, for ¢ € B(G), if ¢ > 0 and M = |[j¢| = inf =y [|€]|]|7]], there exists
&n € SGH), [IElllnll < M +e. Assume [|§]| < M + & [lnl] = 1. It {&}ier, {n:}ier are

families of sections corresponding to &, 7,

& m)}ill = sup 1€ m)ll <i lgillllmall = €Ml < M +e
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and therefore [[{(&, ;) yall < [IB({(&,m)}i)ll-

Moreover, [ also preserves the pointwise product. To prove this, we first need to look
at how the product of sections relates to the correspondence of them. Let {H;}; and
{K;}; be families of G;-Hilbert bundles. Suppose {;}; and {(;}; are families of sections in
SCy(H;) and SC,(K;) respectively. The section of H corresponding to {;} is £ and the
one corresponding to {(;}; is (. Each § ® ¢, is in SCy(H; ® K;) and via the correspondence
above, the family {& ® (;}; is associated to £ ® (.

If {n;}; is another family of sections of H and {u;}; is a family of sections of I, then

BE &G mi) b (G i) }) = BHE m), (G, i) })
= B({(& ® G, vi @ i) })
=(€®¢nep)
= (&m)(C p)
= BH{(&, i) 1) BH G 1) })-

Then, 8 respects the product.

@ Let o = By, ; 4, @ €0 @i A(Gi) — B(G). Note that since the correspondence of
sections preserves the vanishing at infinity property and the correspondence of bundles
matches the L? bundles, a(cy ®; A(G;)) € A(G). Also, it is clear that « is one-to-one and
respects the product. By , « is surjective as well. The fact that « is isometric follows
similarly to the 3 case. O]

Corollary 5.4.2. Let G be a locally trivial groupoid. Let {G;}; be the family of transitive
components of G. Suppose for a fived unit u; € GY, we can find a Haar system {)\f}vegg

such that /\T“u_ 15 the left Haar measure in Gui. Then
Gyl ¢

A(G) =y — @:(ColG) & A(GE) & Co(GY)).

as Banach algebras. Moreover, since the right hand side is an operator space, so is the

Fourier algebra of G.
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Proof. Thanks to Remark we can apply Proposition [5.4.1] above.
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Chapter 6
Conclusions

This chapter has four sections. In the first section we revisit the examples presented in our
work and we analyze the information we obtain thanks to our results. The second section
is called “Other Fourier algebras” and there we introduce the Fourier algebras that were
defined by Renault ([43]) and Paterson [33]. The third Section is devoted to the conclusions
of our work. In the last Section we present some open questions we hope will be matter of

study in the future.

6.1 Examples (revisited)

We gather here all the information that we have about the Fourier algebras of the examples

considered in our work.

Example 6.1.1. Groups and unions of groups.

If H is a locally compact group, the Fourier-Stieltjes and Fourier algebras that we

consider here coincide with the algebras defined by Eymard.

If H = U;H; is a group bundle, suppose there is a topology on H that makes it a locally

compact groupoid and such that each group H; is open and closed on H. If a Haar system
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exists, it is the union of the Haar mesures on each group. Then, we can apply and
conclude that

Note that these equations give us operator space structures on A(H) and B(H).

Example 6.1.2. Locally compact spaces.

Let X be a locally compact space. From the definitions of the Fourier-Stieltjes and
Fourier algebra, we observed that (see 4.5.9) B(X) = Cp(X) and A(X) = Cp(X). Again,

we have operator space structures on these algebras.

Example 6.1.3. Equivalence relations and trivial groupoids.

We cannot say much about these family of examples, unless we restrict ourselves to
full equivalence relations. In this case, we are talking about groupoids of the form X x X.
This is a particular case of trivial groupoids X x H x X. These are the trivial examples of
locally trivial groupoids. The intuitive left Haar systems that we can consider on groupoids
of this type do not allow us to apply the main result of our work. Instead, we can consider

another Haar system (that differs on a Dirac measure on a unit) and conclude that

h h
AX x Hx X)~Cy(X)® A(H) ® Cy(X)
as Banach algebras. We then can see A(X x H x X) as a completely contractive Banach

algebra.

If X x H x X is finite, then the Haar system is a system of counting measures and
also applies. More in general, any finite groupoid is an union of trivial groupoids and we
obtained a complete description of its Fourier algebra. Note that in this case, the Fourier

algebra and the Fourier-Stieltjes algebra coincide.

If H is trivial, we are back to the full equivalence relation case. Once again, we have
information about the Fourier algebra associated to X x X and the Haar system that is

not the most intuitive. We do not know if the Fourier algebra depends on the election of
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the Haar system. But if X is compact,
h
B(X x X)=AX x X)~C(X)® C(X)
independently of the Haar system chosen.

For the non-compact case, we do not have a description (other than the definition) of
B(X x Hx X)or B(X x X).

Example 6.1.4. Locally trivial transformation group groupoids.

Let X x H be a transformation group groupoid as in Example In we men-
tioned conditions to make sure that X x H is locally trivial: for instance, if H is a Lie
group and the action is transitive and smooth, or if K is a normal subgroup of H and the
projection H — H/K admits local sections. Suppose we know that X x H is locally trivial
and H is unimodular. Then, we can construct a Haar system as in [2.3.6l Our structure
theorem tells us in the transitive case that

h h
as Banach algebras and in the non-transitive case we obtain a ¢y sum of the Fourier algebras

of the transitive components.

Example 6.1.5. Directed Graphs.

Unfortunately, we cannot apply our structure theorem for this much liked family of
groupoids. The difficulty comes from the fact that we do not know conditions for these
groupoids to be locally trivial. The local triviality is needed to prove the alternative

description of A(G) from |4.5.13|that is a key point of our result.

Example 6.1.6. The fundamental groupoid.

Let X be a locally path-connected, semi-locally simply connected space. We know that
the fundamental groupoid I1(X) is a locally compact, locally trivial, groupoid.

First suppose that X is connected. Let z be a unit. Thanks to the semi-locally
simplicity, the isotropy group II(X,x) is discrete, and hence the left (and right) Haar
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measure is a counting measure. Let p be Radon measure on X, supported on X and such
that u({x}) = 1. Then, applying we can define a Haar system {\’},cx on II(X) such
that ¥

I(x.0) is the counting measure. Then,

A(TI(X)) = Co(X) & ATI(X, 2)) & Co(X).

If X is not connected, let {X;}ien be the connected components and let z; be a unit on
each X;. Again, the isotropy groups II(X, z;) are discrete, and have counting measures as
Haar measures. We want to consider a Radon measure o on X, supported on X and such
that p({z;}) = 1, for all i € N. Thus, we can apply again Seda’s construction to define a

Haar system {\*},ex on II(X) such that )\T”;['(X is the counting measure for each i. We

)
apply to obtain

A(TI(X)) = co — @:Co(X0) & A(TI(X, 1)) & Co(X,).

6.2 Other Fourier algebras

Fourier algebras have been studied in the context of groupoids by Ramsay and Walter
(see [41]), Renault (see [43]) and Paterson ([33]). They considered different conditions on
the groupoids. Here, we briefly present Renault’s and Paterson’s constructions, since they
both provide a definition of A(G), and their ideas were crucial inspiration for our work. In
addition to presenting their definitions, we want to also mention the examples that they

considered as well as the main properties that they proved.

In [43] Renault studies Fourier algebras for measurable groupoids. That is, G is a
locally compact groupoid with a fixed Haar system A = {A\“},cqo and a quasi-invariant

measure g on G°. Given p and A they induce a measure v = M on G defined by

[rav = [ [rmaveduw.

The measure y is quasi-invariant if the null sets of v and v~! coincide.
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The G-Hilbert bundles considered in this case are measurable (on definitions and
4.2.11| change “continuous” for “measurable”). If H is a measurable G-Hilbert bundle,
the relevant sections are the essentially bounded ones, that we denote SL>(H). We still

denote the coefficient associated to two sections &, 71 by (&, 7).

The Fourier-Stieltjes algebra of G is
B,(G)={(&n): &ne SL*(H), for any G-Hilbert bundle H}.

On this space we consider the norm

= inf )
liella = nf ezl

With this norm and point-wise product, B,,(G) is a unital, involutive, commutative Banach
algebra, included in L*(G,v).

Let P,(G) be the space of positive definite, essentially bounded functions on G. Then
B,,(G) is spanned by P,(G).

The left regular G-Hilbert bundle has Hilbert spaces L*(G*, \*) and the action is the
usual one. The Fourier algebra A,(G) of G is the closure of the linear span in B, (G) of
the coefficients of this representation. Our definition, other the being in the continuous,
vanishing at infinity context, differs to this one by the norm that we consider on A(G).
Also, every function on A,(G) is the coefficient of the left regular bundle with infinite
multiplicity. The Fourier algebra is a norm closed ideal of B, (G).

Renault includes the following examples. For a locally compact group H, A,(H) and
B,,(H) are the algebras defined by Eymard (here the measure y is just the Dirac measure
at the identity of the group). If G = X, then B(X) = L>*(X). If G = X x X, for a
measure space (X, u), B(X x X) are the Hilbertian functions defined by Grothendieck in
[21].

Very nice duality results are presented in this work. Let C}(G) be the C*-algebra

associated to G, obtained as the completion of the convolution space L!(G) (analogous
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to the L'(H) space of a group H) by the largest C*-norm. Let C*

red

(G) be the reduced
C*-algebra of G, defined as in the group case using the left regular representation of C.(G).
Also in the usual way the von Neumann algebra V N(G) is defined.

Both L?(G°). and C}j(G) are completely contractive left L>°(G?)-modules, and L2(GY),
is a completely contractive right L°°(G°)-module. In this situation, we can define the
module Haagerup tensor product. If A is an operator algebra, £ a right A-operator
module and F' a left one, the module Haagerup tensor product of £ and F' over A is the
quotient of E (%) F' by the closed subspace that the tensors ea ® f — e ® af span. It is
denoted by E <§h§ 4 F. In Renault’s case, the space considered is

- h h
X(G) = L*(GY), @pec(qoy Cp(G) @poo(ao) L*(GY)...

He proves that X'(G)* = B,(G), giving an operator space structure to B,(G) that is
inherited by A,(G). He also considers the space

h h
V(G) = L2(GY), @peo(c0y Au(G) @Loe(aoy LH(GO)e

and proves that this space is the predual of V. N(G). Note that if G is just a locally compact

group, then GY = {e} and the results above are Eymard’s dualities.

These dualities are used to study the multipliers of the Fourier algebra. As in the group
case, if G is amenable, the multipliers of A,(G) are B,(G). Also, the space of completely
bounded multipliers of A,(G) is studied if G is an r-discrete groupoid.

We now concentrate on Paterson’s work [33]. This is, as far as we know, the only article
devoted to continuous Fourier algebras of groupoids. For a locally compact groupoid G,
the definition of the Fourier-Stieltjes algebra B(G) is the one that we adopted in our work.
Also, a continuous Fourier algebra is presented. Let L?*(G) be the continuous left regular
G-Hilbert bundle that we considered in our work. The functions of C.(G) are continuous

and vanishing at infinity sections of L?(G&). Define

Acp ={(f,9): [,9 € C(G)}
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and let A(G) be the closure in B(G) of the algebra generated by A.;(G). Then, the defini-
tion itself assures that A(G) is a commutative Banach algebra. However, the relationship
to B(G) is not obvious. If G is r-discrete, then A(G) is a norm closed ideal of B(G).

A duality result is presented for groupoids that are locally a product (this family in-
cludes r-discrete as well as locally trivial groupoids). This duality is stated in terms of the
group of bisections of G' and multiplicative module maps from A(G) into Cy(G®). We do
not explain this result in detail, but instead we briefly consider a very recent work from
Paterson, [34]. In this work Paterson presents a duality result similar in spirit to Renault’s
result for the Fourier-Stieltjes algebrall| The perspective of this work is not the same as
[33]. The groupoids consider here are have a fixed quasi-invariant measure p and the defi-
nition of B(G) depends on it (thus we use the notation B(G, u)). Also, the sections that
build the coefficients are asked to be Borel bounded sections. The C*-algebra used is not
Renault’s C}(G), but a completion of the convolution algebra C.(G) denoted C*(G, p).
The statement of the duality result is the following. If

——— h h
XM(G> = LQ(GO’ :u)r ®Co(GO) C*<Ga :u) ®Co(GO) LQ(G[))ca

then &X,(G)* = B(G, p). Note that in this case the balanced Haagerup product is over
Co(G?) instead of L>®(GY). We mention this result here because in this work Paterson
adopts a “continuous-measurable-Borel” approach. We ask ourselves if there is a “way
around” measurability when studying locally compact groupoids. We will come back to

this issue at the end of the chapter.

6.3 Conclusions

The goal of this work is to present a new definition of a continuous Fourier algebra for

a locally compact groupoid GG and to study some properties of this algebra. We define

Tt was pointed to us that they may be a gap in the proof of Renault’s duality result and that this work

would provide complete proofs.

165



A(G) by considering the span of coefficients of the left regular representation with infinite
multiplicity. In order to be able to consider a left regular representation we need a left
Haar system on (G. Such a system does not even have to exist, but we do need one to
define A(G). It could also be the case that there is more than one Haar system available,
and hence we should ask ourselves how the selection of the Haar system affects A(G). We

will come back to this question soon.

Once the Haar system is fixed and the set A(G) is defined, we opt for considering on it
a candidate norm that is, a priori, different from the one on B(G) and that we call || - || .
This norm is defined using only L? coefficients. Recall that on the group case both norms
coincide, but to prove this a duality result is needed, and so far we do not have one in our
context. Once A(G) is defined and a choice for the norm is made, we prove that || - || 4 is

in fact a complete norm on A(G). This is done in a very similar fashion as the B(G) case.

We also wish to prove that A(G) is an algebra, of course! If G is proper, this is part
of the result [4.5.10] that also states that A(G) is a B(G)-module. This result is based
on Paterson’s stability theorem from [35]. Note that here we cannot say that A(G) is an
ideal of B(G), as in the group case, because we are considering a potentially different norm
in A(G). If G is compact and transitive, we prove that the Fourier algebras coincide as

normed algebras.

On we present an alternate description of the Fourier algebra for the locally
trivial case that basically trivializes the left regular bundle. This description is also needed
to define the map 1 from Proposition [5.3.2, Recall that this proposition extends the result
that says that if H is a locally compact group

- h
I2(H), & LX(H)
Ker ¢

~ A(H)

as Banach algebras and as operator spaces.

Another desirable property for a Fourier algebra that we prove in our context is that
A(G) separates points, see [4.5.5]
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Finally, the main result of the thesis provides a description of the Fourier algebra
for a locally trivial, locally compact groupoid G that has a “nice” Haar system. The
condition we ask the Haar system to verify is, for a fixed unit v of G, the compatibility
between the measure A* and the left Haar measure at G}: we want )\T‘G% to be the left
Haar measure of the isotropy group. Then, for a such a Haar system (that we know we
can construct if the groupoid is locally trivial and unimodular), we obtain a decomposition
of A(G) as Cy(GY) (% A(G) é Co(GP), if the groupoid is transitive. This decomposition,
in addition of providing a description of the Fourier algebra, provides an operator space
structure for A(G) and makes this algebra a completely contractive Banach algebra. If G
has more than one transitive component, say G = U;G;, since these components are also
topological components, there is a correspondence between G-Hilbert bundles and families
of G;-Hilbert bundles. Thanks to this correspondence, the Fourier-Stieltjes and Fourier
algebra of G can be written as sums of the algebras of the GG; components. Thus, we can

“put together” the decompositions of each component to conclude that
h h
A(G) = g — @; Co(GY) @ A(Gy) @ Co(GY),

if u; € G, for all i.

6.4 Further questions

A number of questions arose during the process of defining and understanding a continuous
Fourier algebra for a groupoid. We were not able to answer many of them, and we hope
they will be matter of study in the future. We already mentioned some of them, we state

them and some more in this last section.

First, suppose G is a locally compact groupoid with two different Haar systems A =
{AN"}ueqo and g = {p"}ueqo. A priori, we obtain two possible different Fourier algebras
A(G, ) and A(G, p). We would like to know if those algebras coincide. We consider the
examples we have available: if GG is a group, group bundle or a topological space, the Haar

system is (if it exists) essentially unique and this question does not apply.
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If G is a full equivalence relation on a space X, we do not know the answer, unless
the space X is compact. On that case, since all the possible Fourier algebras coincide
with the Fourier-Stieljtes algebra, that does not depend on any Haar system, we conclude
A(G, \) = A(G, i1). This same reasoning applies, of course, to any compact, transitive and

proper groupoid.

If G is a locally trivial, locally compact groupoid (for instance, the fundamental groupoid
of a “nice” space X), and A and u are Haar systems, both of them compatible (on the sense
of our structure theorem) with the Haar measure at the isotropy group of a fixed unit w,
then both A(G, \) and A(G, i) are isometrically isomorphic to Co(G°) é A(GY) é Co(GY)
and hence coincide. If we do not have the condition of compatibility between the Haar
system and the Haar measure of the isotropy group, we do not know the answer to our

question.

This first question is specially important for us. Our main result applies only to locally
trivial groupoids with certain type of Haar system. As we have seen through examples,
those Haar system do not have to be the “natural” ones we may wish to consider. To
answer this question, we believe we need to find an alternate description of A(G) that does

not depend on the Haar system, for instance extending that for a locally compact group
H, A(H)=C.H)N B(H).

Another question we already mentioned is the relationship between the norms || - |4
and || - ||[z. We could consider any of them on the span of coefficients of the left regular
bundle, yet we opted for the first one. Remember that they coincide in the group case,
and this is proved using the duality properties of the Fourier algebras. Duality results were
presented by Renault ([43]) and Paterson ([34]), but in a measurable context, hence we are
not able to apply them for the continuous case. Obtaining duality results in our context

should be the goal of some future research.

For the group case, Walter proved in [54] that the Fourier algebra is an invariant.
That is, two locally compact groups H and H' are isomorphic as groups if and only if

its corresponding Fourier algebras A(H) and A(H’) are isomorphic as algebras. We do
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not know if this result extends to locally compact groupoids. Our main result, the de-
composition of the Fourier algebra, hints that this may not be the case. If we could find
non-isomorphic groupoids satisfying the hypothesis of our theorem, with isomorphic unit
spaces and isotropy groups, their Fourier algebras would be isomorphic, and hence the

Fourier algebra will not be an invariant for groupoids.

The main result of our thesis applies only to a family of groupoids, the locally trivial
ones, provided that we can find a convenient Haar system. We already discussed if the
Fourier algebra depends on the selection of the Haar system or not, and we do not have
an answer for this question. The other natural question we ask ourselves is whether such
a decomposition could be true for a bigger family of groupoids. We mentioned before
that groupoids include such a wide variety of examples that when studying them is usually
necessary to restrict ourselves to families of them (proper, r-discrete, principal, etc.). When
we started studying the Fourier algebra of groupoids, the first example that we analyzed
was the finite and transitive case, and for them we proved the decomposition of A(G).
Then, we tried to push that result further and we found that the appropriate family of
groupoids for our goal was the locally trivial one. But, could it be that there is a wider
family of groupoids whose Fourier algebra admits such a decomposition? We do not have

an answer for this question but we have some intuitive idea we would like to share.

When we started our research we made the choice of concentrating on continuous
Fourier algebras. It seemed desirable, still in the groupoid case, to obtain continuous
functions as the elements of the Fourier algebras. The main reference for the study of
continuous Fourier algebras is Paterson’s article [33]. Over there, as we discussed before,
the definition of A(G) for a locally compact groupoid G “forces” this space to be an algebra.

Paterson’s definition seems to us less natural than the one presented by Renault ([43]).

We opted for a definition of A(G) that we see as the continuous version of Renault’s
and we proved that for proper groupoids this space is an algebra. For the family of locally
trivial groupoids, we have a nice description of A(G), in terms of coefficients of a bundle
that has constant Hilbert space L?(G") for a fixed unit u. The action on this bundle is
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almost the left regular one, but it has a twist. For each element of the groupoid ~, we
associate an element [(v) of G¥ and the new action on 7 is the left regular action on
B(7y). Note that we need to make sure that the association v — () is well-defined and
that it gives rise to a continuous bundle, and this can be done using a countable family
{U;, v; }ien that ensures the local triviality. This (together with all the failed attempts to
push further our decomposition!) suggest to us that the locally trivial condition provides
the “right context” to study a continuous Fourier algebra: maybe we do need a nice
continuity within our groupoid G to obtain a meaningful, continuous A(G). Note that, as
mentioned before, in [34] Paterson opted for a non-continuous context. It could be that the
continuous context, at least in all its generality, is not the best approach to study Fourier

algebras of groupoids.

We believe that the weakest point of our thesis is that our point of view does not include
étale groupoids. And this bothers us, not only because they are a very important source
of examples, but also because étale groupoids have an obvious choice for a Haar system (a
system of counting measures), and this system has the nice compatibility result with the

Haar measure that we so much need.

We end presenting a few questions that could be matter of future research. The phe-
nomenon of amenability has been studied also in the groupoid context. In their book
“Amenable groupoids” (see [3]), C. Anantharaman-Delaroche and J. Renault present defi-
nitions of amenability for both measurable and locally compact groupoids. For measurable
groupoids, the analogue of Leptin’s condition (amenability is equivalent to the existence
of an approximate unit on the Fourier algebra) was proved by J.M. Vallin on [53]. We
would like to obtain an analogue for locally compact groupoids, as well as to consider
other amenability related questions (for example, computing amenability constants for
finite groupoids and relating the amenability of the groupoid to the one of its isotropy
groups). For locally compact groups, the operator space structure of its Fourier algebra
plays an important role when studying amenability. We expect the operator space struc-
ture that we can consider on A(G) thanks to our decomposition could be useful in the

groupoid context.
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