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Abstract

The demand for wireless data services has been dramatically growing over the last
decade. This growth has been accompanied by a significant increase in the number of
users sharing the same wireless medium, and as a result, interference management has
become a hot topic of research in recent years. In this dissertation, we investigate feedback
and transmitter cooperation as two closely related tools to manage the interference and
achieve high data rates in several wireless networks, focusing on additive white Gaussian

noise (AWGN) interference, X, and broadcast channels.

We start by a one-to-many network, namely, the three-user multiple-input multiple-
output (MIMO) Gaussian broadcast channel, where we assume that the transmitter obtains
the channel state information (CSI) through feedback links after a finite delay. We also
assume that the feedback delay is greater than the channel coherence time, and thus,
the CSI expires prior to being exploited by the transmitter for its current transmission.
Nevertheless, we show that this delayed CSI at the transmitter (delayed CSIT) can help
the transmitter to achieve significantly higher data rates compared to having no CSI. We
indeed show that delayed CSIT increases the channel degrees of freedom (DoF), which
is translated to an unbounded increase in capacity with increasing signal-to-noise-ratio
(SNR). For the symmetric case, i.e., with the same number of antennas at each receiver,
we propose different transmission schemes whose achievable DoF's meet the upper bound
for a wide range of transmit-receive antenna ratios. Also, for the general non-symmetric
case, we propose transmission schemes that characterize the DoF region for certain classes

of antenna configurations.

Subsequently, we investigate channels with distributed transmitters, namely, Gaussian
single-input single-output (SISO) K-user interference channel and 2 x K X channel under
the delayed CSIT assumption. In these channels, in major contrast to the broadcast
channel, each transmitter has access only to its own messages. We propose novel multiphase
transmission schemes wherein the transmitters collaboratively align the past interference
at appropriate receivers using the knowledge of past CSI. Our achievable DoF's are greater
than one (which is the channel DoF without CSIT), and strictly increasing in K. Our
results are yet the best available reported DoFs for these channels with delayed CSIT.
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Furthermore, we consider the K-user r-cyclic interference channel, where each transmitter
causes interference on only 7 receivers in a cyclic manner. By developing a new upper
bound, we show that this channel has K/r DoF with no CSIT. Moreover, by generalizing
our multiphase transmission ideas, we show that, for » = 3, this channel can achieve strictly
greater than K /3 DoF with delayed CSIT.

Next, we add the capability of simultaneous transmission and reception, i.e., full-duplex
operation, to the transmitters, and investigate its impact on the DoF of the SISO Gaus-
sian K-user interference and M x K X channel under the delayed CSIT assumption. By
proposing new cooperation/alignment techniques, we show that the full-duplex transmit-
ter cooperation can potentially yield DoF gains in both channels with delayed CSIT. This
is in sharp contrast to the previous results on these channels indicating the inability of
full-duplex transmitter cooperation to increase the channel DoF with either perfect in-
stantaneous CSIT or no CSIT. With the recent technological advances in implementation
of full-duplex communication, it is expected to play a crucial role in the future wireless

systems.

Finally, we consider the Gaussian K-user interference and K x K X channel with output
feedback, wherein each transmitter causally accesses the output of its paired receiver. First,
using the output feedback and under no CSIT assumption, we show that both channels can
achieve DoF values greater than one, strictly increasing in K, and approaching the limiting
value of 2 as K — o0o. Then, we develop transmission schemes for the same channels with
both output feedback and delayed CSIT, known as Shannon feedback. Our achievable
DoFs with Shannon feedback are greater than those with the output feedback for almost

all values of K.
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Chapter 1
Introduction

Since the pioneering work of Shannon in 1948 [46], the reliable communication between two
or more nodes has been an active topic of research. While communication over point-to-
point channels has been thoroughly studied from different prospectives such as capacity,
reliability, delay, and complexity, complete characterization of the communication per-
formance remains far from accomplished when it comes to multi-user networks. Indeed,
except for some multi-user networks, such as multiple access channel (MAC) and special
classes of broadcast channel (BC), the capacity of the majority of multi-user networks is
still unknown. The main bottleneck which limits the performance of multi-user networks
is the inherent interference between the users. In such networks, the interaction between
users for utilization of a shared medium calls for efficient interference management tech-
niques. The first study of these interactions is by Shannon [45] in the context of two-way

channels.

The simplest case of a channel with multiple unicast information flows is the two-user
interference channel (IC) introduced by Ahlswede [6], which consists of two transmitter-
receiver pairs having interference on each other. Exact capacity characterizations under
certain assumptions such as weak, strong, and very strong interference have been obtained
for the two-user Gaussian IC [7,14,36,40,43]. The best inner bound for the capacity region
of this channel is due to Han and Kobayashi (HK) rate-splitting scheme [24], which turned

out to achieve the capacity of the two-user Gaussian IC to within one bit [18].
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In networks with more than two information flows, such as K-user IC, K > 3, (which is a
network with K unicast flows) and M x K X channel (which is a network with M broadcast
flows), traditional schemes such as HK scheme fail to manage multiple interference terms
observed at each receiver. The new concept of Interference Alignment, introduced in [32]
for a class of two-user multiple-input multiple-output (MIMO) X channel, has proved to
efficiently manage the aggregated interference simultaneously at all receivers. The idea
behind the interference alignment is to design the transmitted signals such that the total
interference observed by each receiver occupies only a predetermined fraction of the whole
degrees of freedom (DoF) available at that receiver. Using this technique, the DoF's of the
fading K-user single-input single-output (SISO) IC and M x K SISO X channel were shown
to be K/2 and M K/(M + K — 1), respectively [10,12], and the DoF region of the two-user
MIMO X channel was characterized in [29] . As a first order approximation of the channel
capacity, the DoF of a channel characterizes its sum-capacity in high signal-to-noise-ratio
(SNR) regime, i.e.,

C(SNR) = DoF x log,(SNR) + o(log,(SNR)), (1.1)

where C'(SNR) is the sum-capacity for a given SNR and DoF is the channel sum-DoF, or
simply, DoF. The interference alignment technique has been also extended to obtain the
DoF of some classes of the constant (time-invariant) fading SISO K-user IC in [17] using

number theoretical arguments.

1.1 Feedback in Communication Channels

The crucial role of feedback in reliability, throughput, and complexity of transmission over
communication networks has made it an indispensable ingredient of all modern commu-
nication systems. In spite of the first result by Shannon that shows the capacity of a
memoryless point-to-point channel is not increased with feedback [44], there are various
results affirming the significant effect of feedback on other performance criteria such as
complexity and error probability of this channel [9,19,41,42] (see also [20] and references
therein). On the other hand, feedback has proved to enlarge the capacity region of sev-

eral multi-user channels. The capacity regions of (non-fading) Gaussian MAC and BC

2
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are enlarged with noiseless output feedback as shown in [37,38] using generalizations of
Schalkwijk and Kailath (SK) scheme [41,42]. It was shown in [8], using SK scheme and
dirty-paper coding, that even a single output feedback link from one of receivers enlarges
the capacity region of the two-user Gaussian BC. The capacity region enlargements for dis-
crete memoryless multiple access and broadcast channels with access to noiseless output
feedback are reported in [15,47, 58].

In non-fading Gaussian channels, each receiver observes only its output of channel, and
thus, any type of feedback is a function of the output(s) of channel. In fading Gaussian
channels, however, since it is commonly assumed that each receiver obtains the chan-
nel state information (CSI) instantaneously and perfectly through the channel estimation
phase, the channel output(s) and/or the CSI can be fed back to the transmitter(s). With-
out any feedback, and hence, without CSI at any transmitter (no CSIT), the capacity
regions of SISO fading two-user broadcast and two-user Z-interference channels have been
characterized to within constant gaps [53,65]. The K-user multiple-input single-output
(MISO) broadcast channel with no CSIT was studied in [28]. Other works include [27,66]
which investigate the DoF region of two-user MIMO broadcast and interference channels
without CSIT. It was shown in [56] that a large class of MISO multi-user channels includ-
ing broadcast, interference, X, and cognitive radio channels can achieve no more that one
degree of freedom (DoF') with no CSIT.

1.1.1 CSI Feedback

When there is CSI feedback to transmitter(s) and the channel variations are not too fast
compared to the feedback delay, it is commonly assumed that the CSI obtained through
feedback links is valid at least over the current channel use, and hence, the transmitter(s)
have access to perfect and instantaneous CSI (full CSIT). Under constant CSI and full
CSIT assumption, the capacity region (and hence, the DoF region) of the MIMO BC was
characterized in [59], where the author showed the capacity region can be achieved by
dirty-paper coding. The DoF characterization of the SISO IC and X channel [10,12] is
based on time-varying CSI and full CSIT assumption. It is important to note that in all the

conventional interference alignment techniques, the full CSIT assumption is central, since

3
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the transmitters require the current CSI to design their transmitted signals. However, if
the feedback delay is greater that the channel coherence time, the CSI obtained through
feedback links is often outdated. This makes the “full CSIT assumption” practically im-

plausible, since the CSIT expires prior to the beginning of each channel use.

A model which makes a bridge between the two extremes of full and no CSIT was
proposed in [33] in the context of MISO BC. In this model, being referred to as delayed
CSIT, the transmitter knows the CSI perfectly but with a finite delay. It was established
that even the outdated CSIT yields DoF gains in the MISO BC. In particular, the MISO
BC with K receivers and M > K antennas at transmitter was shown to have K/(1+1/2+
-+ 1/K) DoF with delayed CSIT, which is greater than one and scales with K. The
DoF of two-user and three-user MIMO BC with delayed CSIT was then studied in [3,55],
where achievable and tight results were obtained. Initial achievable DoF results for the
three-user SISO IC and two-user SISO X channel with delayed CSIT were reported in [35].
Their result was then improved for the two-user X channel in [23]. Achievable DoF's for the
K-user SISO IC and X channel has been reported in [1,2], which are still the best known
DoF lower bounds for these channels with delayed CSIT. The DoF region of the two-user
MIMO IC and sum-DoF of the two-user symmetric MIMO X channel were studied under
delayed CSIT assumption in [21,22,57].

1.1.2 Output Feedback

It should be noted that the works of [8,37,38], as mentioned at the beginning of this section,
assume that the CSI is fixed and known to all nodes (fixed and full CSIT assumption).
Under the same assumption, the capacity region of the two-user SISO Gaussian IC with
output feedback was characterized to within 2 bits in [48]. Generalizing SK and Ozarow’s
feedback coding schemes, Kramer proposed transmission strategies for the K-user SISO
Gaussian IC with output feedback in [30,31], and the capacity of K-user symmetric cyclic
Z-1C with output feedback was obtained in [49].

When there is no instantaneous CSIT, feedback still can help to attain DoF gains. In
[35], the authors showed that the three-user SISO IC and two-user SISO X channel with no
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CSIT can achieve respectively 6/5 and 4/3 DoF with output feedback. The two-user MIMO
IC with delayed CSIT and output feedback, known as Shannon feedback, was studied in
[50,54], where its DoF region was characterized. In [4,5], achievable DoFs were obtained
for the K-user SISO IC and K x K X channels with output feedback (without CSIT) and

also with Shannon feedback.

1.2 Transmitter Cooperation

Output feedback in multi-user channels with distributed transmitters, such as IC and X
channel, naturally provides some level of transmitter cooperation. As such, there are con-
nections between communication over these channels with feedback and that with trans-
mitter cooperation. A common cooperation setup is to enable transmitters to operate
in full-duplex mode, i.e., transmit and receive simultaneously, which is gaining increasing
attention in communication industry due to recent advances in technology. The two-
user IC with full-duplex transmitters (under full CSIT assumption) was investigated in
[13,25,39,52,63]. In [13,39,63] achievable schemes are proposed based on further splitting
the common and/or private information of the HK scheme into two parts, namely, non-
cooperative and cooperative part. The cooperative part is decoded at the other transmitter
as well to be able to cooperate in delivering the information to the desired receiver. By
developing an upper bound the sum-capacity of the two-user Gaussian IC with full-duplex

transmitters was obtained to within a constant number of bits in [39)].

Moreover, it was shown in [11,26] that under the full CSIT assumption, the full-duplex
cooperation and/or output feedback cannot increase DoF of the Gaussian SISO K-user
IC and M x K X channel. In other words, the full-duplex cooperation as well as output
feedback can only yield “additive” capacity increase in the aforementioned channels when
the full CSI is available at the channel nodes. With no CSIT also the full-duplex transmitter
cooperation cannot help these channels to achieve more than one DoF, since the MISO
broadcast channel DoF is equal to one with no CSIT[56]. However, the situation is different
when the CSIT is delayed as reported in [4,5], where it was shown that these channels can

potentially achieve higher DoF's with full-duplex transmitter cooperation.
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1.3 Dissertation Outline and Main Contributions

In this dissertation, we address communication over Gaussian multi-user networks with
feedback and/or transmitter cooperation and with no instantaneous knowledge of CSI at

the transmitter(s). The following summarizes the main contributions in this dissertation:

1.3.1 Chapter 2

Chapter 2 is dedicated to investigation of communication over the three-user MIMO broad-

cast channel with delayed CSIT. The main contributions of this chapter are as follows:

e Symmetric Three-user MIMO BC with Delayed CSIT

Different transmission schemes are proposed for the symmetric case, i.e., with M
antennas at transmitter and N antennas at each receiver. The schemes are proved
to be DoF optimal for M < 2N and M > 3N by showing that their achievable
DoF meets the existing upper bound. For 2N < M < 3N, our achievable DoF is
very close to the upper bound, and is yet the best reported achievable DoF for this

channel.

e General Three-user MIMO BC with Delayed CSIT

The general (not necessarily symmetric) case is also investigated for a class of three-
user MIMO BCs with

M S maX{Nl, NQ, Ng,l’ﬂiﬂ(Nl + NQ, NQ + Ng, N3 + Nl)}, (12)

where NN; is the number of antennas at receiver i, 1 < i < 3. Two different transmis-
sion schemes are proposed, each of which is shown to be DoF region optimal for a

range of antenna configurations.

1.3.2 Chapter 3

In this chapter, communication over the SISO interference and X channels are addressed

under delayed CSIT assumption. The main contributions of this chapter are as follows:

6
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e Fully-connected K-user SISO IC with Delayed CSIT

A multiphase transmission scheme is proposed for the SISO fully connected K-user IC
with delayed CSIT that achieves DoF values greater than one and strictly increasing
in K. For K = 3, 36/31 DoF is achieved, which is strictly greater than the previously
reported 9/8 DoF in [35].

e Cyclic K-user SISO IC with Delayed CSIT

The K-user cyclic SISO IC is investigated. Inspired by a channel model introduced
by Wyner [60], the K-user r-cyclic IC represents a set of K base stations located
along a circle together with K mobile stations distributed around the base stations.
Each transmitter causes interference on only r — 1 closest receivers in the array. We
first show that K-user r-cyclic IC has K/r DoF with no CSIT. Then, we focus on
r = 3 and show that this channel can achieve strictly more than K/3 DoF with
delayed CSIT.

e Fully-connected 2 x K SISO X Channel with Delayed CSIT

A multiphase transmission scheme is proposed for the 2 x K SISO X channel with
delayed CSIT. The achievable DoF's for this channel are greater than one and strictly

increasing in K.

All achievable DoF's in this chapter are strictly greater than the previously reported DoF's
for K > 3, and to date, are the best known achievable DoF results for the channels under
consideration with delayed CSIT.

1.3.3 Chapter 4
In Chapter 4, we address the following problems:

e Full-duplex Transmitter Cooperation and Delayed CSIT

— K-user SISO IC: A transmission scheme is proposed whose achievable DoF's
are strictly increasing in K and greater than our achievable DoF's for the same

channel with delayed CSIT but without transmitter cooperation (cf. Chapter 3).

7
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— M x K SISO X Channel: A transmission scheme is proposed that achieves
DoFs strictly increasing in K and greater than our achievable DoF's of Chapter 3
for the 2x K X channel with delayed CSIT but without transmitter cooperation.

The results of this part are the first to show that full-duplex transmitter cooperation
can potentially yield DoF gains in multi-user channels (in contrast to the full or
no CSIT cases where it is known that full-duplex cooperation cannot increase the
channel DoF).

e Output Feedback

By proposing different transmission schemes, achievable DoF's are obtained for the
K-user SISO IC and K x K SISO X channel with output feedback (with no CSIT).
The output feedback considered in this dissertation is indeed a “limited” output
feedback in the sense that each transmitter is assumed to have output feedback from
its own paired receiver (not all receivers). The achievable DoFs for both channels

strictly increase with K and approach the limiting value of 2 as K — oo.

e Shannon Feedback

The Shannon feedback, which is a combination of output feedback and delayed CSIT,
is also studied for both the K-user SISO IC and K x K SISO X channel. We achieve
DoF's with Shannon feedback that are strictly increasing in K and greater than our
achievable DoF's with output feedback for K =5 and K > 7 in IC and K > 3 in X

channel.

Our achievable DoFs under output or Shannon feedback are the first and yet the best

known achievable results for both channels.



Chapter 2

Three-User MIMO Broadcast
Channel with Delayed CSIT

In this chapter!, we investigate a three-user MIMO Gaussian broadcast channel with i.i.d.
fading. It is assumed that the channel state information (CSI) is fed back to the transmitter
with a finite delay, a model which is referred to as delayed CSIT model throughout this
dissertation. Hence, due to the feedback delay and i.i.d. fading, the CSI is completely
outdated when obtained by the transmitter. We first study the three-user MIMO broadcast
channel with the same number of antennas at each receiver in Section 2.2. We obtain
achievable results on the degrees of freedom (DoF) of this channel and also show that
our achievable DoF is tight for some ranges of transmit-receive antenna ratio. We then
consider this channel in the general case of having an arbitrary (not necessarily equal)
number of antennas at each receiver in Section 2.3. In this case, we propose transmission
schemes and obtain their achievable DoF regions. We also identify transmit-receive antenna
configurations for which our achievable DoF regions meet the outer bound, and thus,

characterize the channel DoF region with delayed CSIT.

'Part of the work in this chapter has been reported in [3]
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2.1 System Model

We consider a three-user Gaussian MIMO broadcast channel (BC) with M antennas at
the transmitter and /N, antennas at receiver j, 1 < j < 3 (denoted by RX;). We denote
this channel as (M, N1, Na, N3) BC. The input and output of this channel at time slot ¢,
t=1,2,---, are related to each other by

yV(t) = BV (1)x(t) + 2V)(t), 1<j<3, (2.1)
where x(t) = [21(t), 72(¢), - , 22 (#)]T € CM is the transmitted vector with average power
constraint

Eix(t)/x(t)] < P, 22)

yil () = W @), ), - ,y%]j (t)]T € CNi is the received vector at RX;, HUJ(¢) is the N, x
M channel matrix from the transmitter to RX;, and z6l(¢) = [2V(¢), 2/ (¢), - -- ,z%}j ()T is
the vector of zero-mean unit-variance complex Gaussian noise elements 25 (¢) ~ CA(0,1),
n=1,2,---,N;, at RX;. The noise elements are i.i.d. across all receive antennas as well
as time. Also, the channel coefficients are assumed to be i.i.d. across all nodes, antennas,
and time. We define the CSI matrix H(¢) = [(HI ()7, (H2 ()T, (HF())T]7. We make

the following assumptions on the knowledge of CSI at different nodes:

Definition 1 (Delayed CSIT for BC). RX;, 1 < j < 3, instantaneously knows the elements
of HUl(t), while having access to the channel matriz of the other receivers with a finite delay.
The transmitter has access to H(t) with a finite delay through noiseless feedback links from
all recewvers. Without loss of generality, one time slot delay is assumed throughout this

dissertation.

The transmitter wishes to communicate a message WUl e WUl = {1,2,--- ,QTRM} of
rate RU! to RX; over a block of 7 time slots or channel uses. To do so, a block code of

length 7 is used by the transmitter, which is defined as follows:

Definition 2 (Block Code with Delayed CSIT). A (27™®,7) code of block length T and
rate R £ [Rm, RP RB]} with delayed CSIT in the 3-user MIMO BC'is a set of encoding

10
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functions {¢i+}7_y, such that
x(t) = gptﬁT(W[”, w2 wBl H(t) ), 1<t<, (2.3)
together with three decoding functions zpﬁ}, 1 <@ <3, such that

WI = ({0} L, BN HY)), (2.4

Defining the probability of error of a code as the probability that any of the receivers
decodes its message incorrectly, we have the following definitions for an achievable rate

and the capacity region:

Definition 3 (Achievable Rate, and Capacity Region). For a given power constraint P,
a rate tuple R(P) is said to be achievable if there exists a sequence {(27R(") 1)} of
codes such that their probability of error goes to zero as T — oo. The closure of the set
of all achievable rate tuples R(P) is called the capacity region of the channel with power
constraint P and is denoted by CE€(P).

Definition 4 (DoF for Three-user BC with Delayed CSIT). If R(P) € CB¢(P) is an
achievable rate tuple for the (M, N1, Ny, N3) BC with delayed CSIT, thend = [dY dP), dPl] &
limp_yeo % 1s called an achievable DoF tuple and MBC(M, N1, Ny, N3) £ gt 4 gl 4 g3
is called an achievable sum-DoF or simply achievable DoF. The closure of the set of all
achievable DoF tuples is called the channel DoF region and denoted by D2 (M, Ny, Na, N3),
and the channel sum-DoF or simply DoF is defined as

DoFEC (M, Ny, Ny, Ns) £ max dV 4 d? + qB. (2.5)

deDBC(M,Ny,N2,N3)

Using the fact that feedback does not enlarge the capacity region of a physically de-
graded broadcast channel, Maddah-Ali et al. in [34] developed an outer bound on the DoF
region of a K-user MISO broadcast channels with delayed CSIT. By generalizing this idea
to the MIMO case, Vaze et al. in [55] obtained an outer bound on the DoF region of a

K-user MIMO broadcast channel with delayed CSIT. The following proposition presents
this outer bound for K = 3:

11
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Proposition 1 ([55]). An outer bound to the DoF region of (M, Ny, No, N3) BC with
delayed CSIT is

outer

fDBC—dCSIT(M, Ny, Ns, N3) A {(dm,dm’d[s]) ’ dvl > 0, Vj,

3
<1, Vm,,
;min (M, > w(j)) }
(2.6)

where m is a permutation of the set {1,2,3}.

Using this outer bound, and after some manipulations, we get the following upper
bound on the DoF of (M, N, N, N) BC with delayed CSIT:

Proposition 2. The DoF of (M, N, N, N) BC with delayed CSIT is upper bounded by

3
DoFl,..(M,N,N,N) & — : . (2.7)
min(M,N) + min(M,2N) + min(M,3N)
The above upper bound can be explicitly expressed as follows:
M M <N
3MN
N < M<2N
DoFEC (M, N, N,N) = { "™ . (2.8)
6MN
18 N M > 3N

—_
—_

2.2 (M, N, N, N) BC with Delayed CSIT

In this section, we consider the (M, Ny, Ny, N3) BC with N; = Ny = N3 = N and with
delayed CSIT. We will show how the delayed CSIT can be utilized to achieve DoF' gains
over the no CSIT case for some ratios M/N. The main idea lies behind the following
observations: Since the transmitter has access to both past CSI and past transmitted

information symbols, it perfectly knows the whole past interference at each receiver. Also,

12
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an interference term at a receiver can be a useful piece of information for some other
receivers about their information symbols. Therefore, retransmission of such interference
terms not only aligns the interference at some receivers, but also provides other receivers

with a desired piece of information about their information symbols.

Although the DoF region of a two-user MIMO BC with delayed CSIT with arbitrary
number of antennas at each node has been fully characterized in [55], its DoF region or
even its sum-DoF is not known when there is more than two receivers in the system. In this
section, we will show that the upper bound of (2.8) is tight for M < 2N and M > 3N. We
also propose two achievable schemes for 2NV < M < 3N that achieve DoF values very close

to the upper bound. The following theorem summarizes our main results in this section:

Theorem 1. For (M, N, N, N) BC with delayed CSIT,

(a) if M < 2N, then the upper bound of (2.8) is achievable. In other words, the channel
DoF is equal to

3M min(M, N)
DoFBC(M, N, N, N) = ’ : 2.
O ( ) 7 9 ) Qmin(M, N) + M’ ( 9)
(b) if 2N < M < 3N, then we have
12M N 24MN
DoFBC(M. N, N, N) > . 2.1
oF (M, N, N, )_max{5M+7N’l5M+2N} (2.10)

Remark 1. The cases M =2N and M = 3N are the scaled versions of the three-user
MISO broadcast channel with two and three transmit antennas, respectively. These MISO
channels have been studied in [33, 34/, where their DoF has been shown to be %N and %N,
respectively. The DoF of the case M > 3N 1is trivially equal to that of the case M = 3N,

which is %N .

Proof. For M < N, DoF®“(M, N, N, N) = M is achievable using a time-division scheme.
Indeed, for M < N, the outer bound region of Proposition 2 is achieved even without CSIT
since min(M, N) = M (cf. [56]). Also, even with full CSIT, more than M DoF cannot be
achieved in this range of M since min(M,3N) = M (cf. [59]).

For N < M < 3N, we propose transmission schemes which compose of three distinct

phases outlined as follows:

13
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e Phase 1 takes K, symbols from i.i.d. Gaussian codewords (K /3 symbols per receiver)
and generates Ko “order-2 symbols” in T} time slots. An order-2 symbol is defined as
a symbol which is intended to be delivered to a pair of receivers. An order-2 symbol
which is intended for RX; and RX; is denoted by ul»! and called an “(i, j)-symbol”.

e Phase 2 takes the Ky order-2 symbols generated by the end of phase 1 (K5/3 order-2
symbols for each pair of receivers) and generates K3 “order-3 symbols” in Ty time
slots. An order-3 symbol is defined as a symbol which is intended to be delivered to

all three receivers.

e Phase 3 takes the K3 order-3 symbols generated by the end of phase 2 and delivers

them to all three receivers in 73 time slots.

Since the proposed schemes differ only in their phase 1, we first describe phase 1 of each
proposed scheme. The phases 2 and 3 will be described subsequently, once for all the
schemes. We consider two disjoint regions N < M < 2N and 2N < M < 3N separately:

Phase 1 (N < M <2N):
e Scheme 1:

The transmitter transmits K; = 6M symbols in T} = 3 time slots as follows: Let
ull 2 05 ,uE{}]T and ul £ [ug\/}ﬂ, ug@]w, e u[QM] denote two vectors containing
2M symbols from an ii.d. Gaussian codeword intended for RX;, 1 < j < 3. We call
these symbols “information symbols” of RX;. Each time slot is dedicated to two receivers
where the transmitter transmits M linear combinations of the 2M information symbols
of the corresponding receivers over its M antennas: In the first time slot, the transmitter

transmits the vector
x(1) = ull ol = [l ol T (2.11)
The second and third time slots are dedicated to transmission of
x(2) = uy +ul = Wl Wl )l T (2.12)

14
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3 3 1 3 1 1
x(3) = uy) +uy = [ul +ul) o, b, uby +ubh )T (2.13)

After the first time slot, each receiver obtains N noisy linear equations in terms of u[ll]
[2]

and u;" over its N antennas. Consider all N equations available at RX; together with

M — N of the equations available at RX, (note that M — N < N):

RX, : y(1) = P )T + P el +20(1),  1<n<

N,
RX, : y2(1) = M2 (1)l + P )Tl 2B ), 1 M —N, (2.15)

I/\
I/\

where hY ]( t) denotes the n’th column of (HUI(¢))”. If we somehow deliver {( ( ))Tu[12] [N
to both RX; and RXy, then RX; can obtain (hi(1))7ul" + 21" (1) = o1 (1) — ! (1)) Tu?,
1 <n < N, which are N noisy linearly independent equations in terms of its own informa-
tion symbols. Also, RX; can use {(h!(1))7ul?}_ as N linearly independent equations in
terms its own information symbols (the elements of u[ ]) The linear independence follows
from the fact that the elements of HUl(#) are i.i.d., and hence, it is full rank almost surely.

Since N < M, the rows of HV!(#) are linearly independent almost surely.

Remark 2. Since the noise variance in each linear equation is bounded (it does not scale
with P), as far as DoF is concerned, the noise terms can be neglected. Therefore, in our

DoF analysis, we ignore the whole (bounded) noise at receivers.

Similarly, if we deliver {(h[ (1)) [1]} ¥ to both RX; and RX,, each of them can
obtain M — N linearly independent equations in terms of its own information symbols.

Thus, we consider the set

{2 2 (P ()T, U {02 (1) Tl AN (2.16)

as a set of M (1,2)-symbols. Note that each of RX; and RX, after delivering these
M order-2 symbols will obtain M linearly independent equations in terms of its own
information symbols. Similar order-2 symbols are defined for the receiver pairs (RXz, RX3)
and (RX;, RX3) after the second and third time slots, respectively. Therefore, Ky = 3M
order-2 symbols are generated after this phase. We note that according to delayed CSIT

assumption, the transmitter has access to all the generated order-2 symbols by the end of
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this phase. It only remains to deliver these order-2 symbols to their respective pairs of

receivers. This will be accomplished during phases 2 and 3.

Phase 1 (2N < M < 3N): In this case, consider two different transmission schemes

as follows:
e Scheme 2-1:

Similar to Scheme 1, 3M linear combinations of 6 information symbols are transmit-
ted in 3 time slots. Now, after the first time slot, all the N equations available at RX; and

all the N equations available at RX, are considered. Ignoring the noise, we have

RX; o gl = M) + @), 1<n<w, (2.17)
RX,:  yf(1) = (hfI(1)” uE] +mZa)ud,  1<n<N (2.18)

Using the same arguments as in Scheme 1, the set

{232V, 2 ()Tl U {2 ) u Y, (2.19)

is considered as a set of 2N (1, 2)-symbols. However, since 2N < M, each of RX; and RX,
after delivering {un ]}2N , still needs M — 2N extra (linearly independent) equations in
terms of its own information symbols in order to be able to resolve all its M information

symbols.

Note that after the first time slot, RXj3 also obtains N linear equations in terms of
information symbols of both RX; and RX, almost surely. Consider M — 2N of these
equations ignoring the noise (note that M — 2N < N):

RX;:  yP(1) = 0P ) ul! + mP(1)Tul?, 1<n<M-—2N. (2.20)

If we somehow deliver {(hi¥(1))7ul"}M2V and {(b¥(1))7ul?}M2V {0 RX; and RXs,
respectively, then each of them is provided with M — 2N extra equations in terms of its
information symbols. It is easy to see that the M desired equations which will then be

available at each of RX; and RXy are linearly independent, and hence, can be solved

for their M information symbols. To this end, we will deliver {(hg’}(l))T ] JME2N o
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both RX; and RX5. Then, RX5 can obtain {(hi(1))7ul®}M 2N using (h2(1))Tul =
y1) — (0¥(1))Tul. Hence, (h(1))7ul”, 1 < n < M — 2N, will indeed be new symbols
which are available at RX3 and are intended to be delivered to RX5. Now, we use the

following notation:

Notation 1. A symbol (piece of information) which is available at RX; and the transmitter,
and is desired by RX;, i # j, is denoted by ul#.

Therefore, {(hg’](l)) ]}M ?Nis aset of M —2N (1, 3)-symbols while {(hg}(l))Tu[f} Mo2N
is a set of M — 2N side information symbols denoted by {uL2 3] MMZ2N - Note that all
these symbols are available at the transmitter using delayed CSIT. Proceeding in the
same manner, we obtain 2N (2,3)-symbols, M — 2N (1,2)-symbols, and M — 2N sym-
bols {u,f 1]}M 2N (resp. 2N (1,3)-symbols, M — 2N (2,3)-symbols, and M — 2N sym-
bols {ul? M-2NY after the second (resp. third) time slot. To summarize, a total of

(M —2N)+ 2N = M order-2 symbols for each pair of receivers are generated together

with {u[2 3]}% 12N { 13; 1]}M 2N and {u ,Af 12N.

The order-2 symbols are ready to be fed to phase 2. For the side information symbols,
we note that for any {7, j} C {1,2,3}, if we have side information symbols of both types

ul®l and uV#, then the following equation is an order-2 (i, j)-symbol:
wlbdl 2 g il g sl (2.21)

Indeed, if we deliver u/*/ to both RX; and RX;, then RX; can obtain ul#7! by removing

ul from wl7), RX,; can similarly obtain ulid

Since we only have side information symbols of types u/%%, ul¥! and ul%?, we simply

repeat phase 1 with another 6 fresh information symbols (vectors u’lm and u/Q[j], 1<35<

3). However, we now interchange the roles of receivers in constructing the side information

symbols. Specifically, after the first time slot, {(h,[f](l)) u'm M2V serve as M — 2N

n=1

(2, 3)-symbols and {(h [3]( 1)) ) M=2N serve as the side information available at RXg

about RXj, denoted by {ul’ 3]}M 2N The side information symbols {uls!}M- 2N
{u[3 2]}M 2N are similarly generated after the second and third time slots, respectlvely.

Therefore, using (2.21), the following 3 x (M — 2N) order-2 symbols can be defined:

a2 A 2 4 20 <y < M — 2N, (2.22)

n
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w3 & 28 32 < < M — 2N, (2.23)
ul & B 418 <p < M- 2N, (2.24)

In summary, we transmit K; = 2 x 6M = 12M fresh information symbols in 77 =
2 x 3 = 6 time slots during two rounds of phase 1, and generate a total of Ky = 2 X
3M + 3 x (M —2N) = 3(3M — 2N) order-2 symbols. We also note that all the order-2
symbols generated by the end of this phase are available at the transmitter by delayed
CSIT assumption.

e Scheme 2-2:

It takes T} = 6 time slots to transmit K7 = 6M fresh information symbols, 2M informa-
tion symbols per receiver. In each time slot, the transmitter transmits M fresh information
symbols of one of the receivers over its M antennas. The first two time slots are dedicated
to RX;. After the first time slot, RX;, obtaining N linearly independent equations over its
N antennas, needs M — N extra equations to resolve all its M information symbols. At the
same time, each of RX,; and RX3 has obtained N linearly independent equations in terms
of information symbols of RX;. Hence, all N equations available at RXy and M — 2N
of equations available at RX3 are considered as {u[l 2]}N 155 M- 2N
(M —2N < N). If we deliver all these M — N side information symbols to RXy, then it

will be able to decode all its M information symbols.

, and {up , respectively

In the second time slot, the transmitter transmits another M information symbols of
RX; over its M antennas. In the same way, but interchanging the roles of RXy and RX3,
we consider M — 2N side information symbols of type ul'? at RX, together with N side
information symbols of type ul'¥ at RX3. Therefore, after the ﬁrst two time slots, two
sets of M — 2N + N = M — N side information symbols {u[l M-N and {u[1 3]} M- are
generated at RXy and RX3, respectively.

Analogously, the next two time slots are dedicated to transmission of 2M information

symbols for RXy and generation of {u M-N"and {u[2 3]}n ., and the last two time

slots are dedlcated to transmission of 2M information symbols for RX3 and generation
of {u -V and {u[3 2]}%:_11\[. Then, using (2.22) to (2.24), Ky = 3(M — N) order-2

n= 1
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symbols {un 2]}24 s {u[2 3]}n ., and {u M=N are generated, which will all be available

at the transmitter by the end of this phase using delayed CSIT.

Phase 2: In each time slot, the transmitter transmits M’ order-2 symbols intended for

a specific pair of receivers over M’ of its antennas, where
M' £ min(M, 2N). (2.25)

Therefore, this phase takes T, time slots to transmit all K5 order-2 symbols, where

T, = % (2.26)

Assume that the first 75/3 time slots are dedicated to transmission of (1, 2)-symbols.
After each of these time slots, each of RX; and RX; obtains NN linearly independent
equations in terms of the transmitted (1, 2)-symbols, and so, needs M’ — N extra equations
to resolve all order-2 symbols transmitted in this time slot. Concurrently, RX3 also obtains
N equations in terms of these order-2 symbols. Since M’ — N < N, M’ — N of equations
available at RX3 can serve as the M’ — N extra equations required by both RX; and RXs.

Now, we use the following notation:

Notation 2. A symbol (piece of information) which is available at RX}. and the transmitter,
and is desired by both RX; and RX;, i # j # k, is denoted by ul®7*.

Hence, {u 2’3]}(M/ MT2/3 qenotes the set of (M’ — N)T3/3 equations available at RX3

and required by both RX; and RXj; after the first T5/3 time slots. Similarly, assuming that
the second (resp. last) T5/3 time slots are dedicated to transmission of (2, 3)-symbols (resp.
(1,3)-s ymbols) after these time slots, RX; (resp. RXj) will obtain the set{un % 1]}n, /3
(resp. {u[3’1’2 } Tz/?’) of (M'— N)T,/3 equations required by both RX5 and RXj (resp.
RX, and RX3).

n=1

[2,3;1] 3,1;2] [1,2;3]
b b N

Now, consider three symbols u ul and u Note that each receiver has
exactly one of these three symbols and needs the other two. Hence, if we deliver two
random linear combinations of these three symbols to all receivers, then RX; can remove

ul®31 from these two equations, and thereby, solve the two equations in terms of two
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unknowns ul'23 and ul®152l. RX, (resp. RX3) can also perform a similar operation to
obtain u!"%3 and w31 (resp. uPH? and ul>%1). Therefore, defining K3 as
(M'—= N)T, 2(M'— N)K,

K322 x 3 = Wi : (2.27)

K3 random linear combinations are constructed as mentioned above and can be interpreted

as order-3 symbols for phase 3.

Phase 3: The transmitter takes K3 order-3 symbols and transmits N symbols in each

time slot using N of its antennas (note N < M). Thus, this phase takes T3 time slots,

where " (- MK
2 — 2
T, =3 2" "2 2.2
TN 3M'N (2:28)
Using (2.26) and (2.28), we have
(2M'" 4+ N)K,
THh+1T3= ———-— 2.2
2+ 13 SN (2.29)

Since each receiver is equipped with N antennas, it obtains N linearly independent equa-
tions in terms of N order-3 symbols almost surely, and hence, can resolve all order-3

symbols.

Finally, the achievable DoF of each proposed scheme can be found using

K
DoF®¢(M,N,N,N) = — 1 2.30

Using (2.29) and (2.30), the achievable DoF of the proposed schemes are found and
summarized in Table 2.1. We note that for N < M < 2N, the achievable DoF is equal to
the upper bound of (2.8), and thus, characterizes the channel DoF for this range of M
and N. Also, the overall achievable DoF for 2N < M < 3N is equal to the maximum of
those of the schemes 2-1 and 2-2:

(2.31)

DOF*C(M, N, N, N} — max { 12MN  24MN }

5M + 7N’ 15M + 2N

This last observation completes the proof. O
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Table 2.1: Different parameters together with the achievable DoF of the proposed schemes
for (M, N, N, N) BC with delayed CSIT

Range of M Scheme K; Ty+Ty,+T5; DoFP°(M,N,N,N)

2M N 3MN

21 12M 6+ 22N 20N
2N<M§3N + 15M+2N
(M N) 12MN

22 6M 6+ LM

To get more insight into the behavior of the DoF in (M, N, N, N) BC with delayed CSIT,

we define normalized DoF as DoFfOCrm(%) = 3LND0FBC(M, N,N,N). Also, defining the
transmit-receive antenna ratio as m 2 M /N, we can express the achievable DoFES-dST (i)
as follows:
( m _
S l<m<2
C-dCS 7 _
DoFpgm (M) = { 1225 2 <m <24 (2.32)
am _
T 24<m<3
6 —
(11 3<m

Figure 2.1 compares our achievable DoFES-45!T (1) with the upper bound of (2.8). It

——norm

also plots DoF of (M, N, N, N) BC with no CSIT and also with full CSIT for comparison
[56,59]:

DOFBC nCSIT (m) — ) 7

norm

1
\ (2.33)

DOFBC fCSIT (m) —

norm
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Figure 2.1: The normalized achievable DoF for (M, N, N, N) BC with delayed CSIT for

m = % < 3.5, and its comparison with the upper bound and also normalized channel DoF's
with full CSIT and without CSIT.

The point m = 2.4 (indicated as point B in the figure) is the breaking point below

which Scheme 2-1 outperforms Scheme 2-2. Note also that the upper bound of (2.8) is

BC-dCSIT
Mnorm

2m
3m+2

of m. The upper bound and DoF

for 2 < m < 3, which is strictly greater than
BC-dCSIT

norm

equal to (m) in this range

(m) merge together as m approaches the borders

of this interval.

2.3 (M, Ny, Ny, N3) BC with Delayed CSIT

In this section, we consider the general (non-symmetric) case of (M, Ny, Ny, N3) BC with

delayed CSIT and arbitrary numbers of antennas at the receivers. We focus on the case
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where
M S maX{Nl, NQ, Ng,miH(Nl + Ng, N2 + Ng, N3 + Nl)} (234)

By developing interference alignment ideas to capture unequal numbers of receive antennas,
we obtain achievable DoF regions for the non-symmetric BC. We obtain conditions on
the number of antennas at different nodes under which our achievable DoF' regions meet
the outer bound of Proposition 1. As we will see, there will still remain some antenna

configurations for which there exists a gap between the achievable and outer bound regions.

In the following, we assume without loss of generality that N; < Ny < Nj, and thus,

the antenna range of (2.34) is now equivalent to
M S maX(N3, N1 + Ng) (235)

We first scrutinize the outer bound of Proposition 1 for this antenna range and determine
its corner points. We then present our achievable schemes and obtain their tightness

conditions.

Before proceeding with the details of the DoF region with delayed CSIT, we note that
the DoF regions of the (M, Ny, Ny, N3) BC without CSIT and also with full CSIT are
known [56,59] and given by

3
DBOCSIT (11 N N, N,) 2 4 (dlt g2, gi8l ‘d[ﬂ > 0.V R T
SRR IRR (TN EREITTE R Ry

DBCICSIT (A1 NNy, Ny) 2 {(d[ﬂ,d[?],d[‘g])‘ 0 < dV' < min(M, N;), Vj,

d" + v < min(M, N; + N;), Vi, j,i# 7,
3

> " di < min(M, iNj)}. (2.37)

J=1 J=1

We further partition the range M < max(N3, N7+ N3) into 4 mutually exclusive ranges.
In all ranges, we note that the corner points of the outer bound on the DoF axes are
achievable even without CSIT. Hence, we call these points the “trivial” corner points and

will not discuss their achievability in the following.
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piEl

M

Figure 2.2: Shape of the DoF region for M < N;

1. M < Nj: In this range, the outer bound is characterized by the subregion of the first
octant which is confined by the plane dl /M + di /M + dP® /M = 1, as depicted in
Fig. 2.2. Tt is easy to see that in this case,

PBC-CSIT _ pBC-ACSIT _ BC-dCSIT _ BC-CSIT (2.38)

outer

2. Ny < M < Ny In this range, the outer bound is characterized by the subregion
of the first octant which is confined by the plane d!!!/N; + d® /M + dBl /M = 1, as
depicted in Fig. 2.3. Also, in this case we have

DBC-nCSIT — DBC-dCSIT — DBC-dCSIT C DBC-fCSIT. (239)

outer
3. Ny < M < N3: We define

M' = min(M, Ny + Ns). (2.40)

The outer bound is determined by the subregion of the first octant which is confined
by the planes d" /Ny + d? /M + dPl /M =1 and dM /M’ + d? /Ny + dPl /M = 1, as
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piEl

M

Figure 2.3: Shape of the DoF region for Ny < M < N,

depicted in Fig. 2.4. In this case, the achievability of the non-trivial corner point

Py — (M Ni(M' — Ny) M’'Ny(M —N1)70) (2.41)

M? — NNy = M?— NiN,

has been shown in [55] for a two-user MIMO BC with delayed CSIT and M antennas
at the transmitter and N; and N, antennas at the receivers. One can also verify that

in this range of antennas,

DBC—nCSIT C DBC—dCSIT — DBC—dCSIT C DBC—fCSIT‘ (242)

outer

4. N3 < M < N+ Ns: In this range, the outer bound is characterized by the subregion
of the first octant which is confined by the planes

A g2l g6l
P - E+M+M_17 (2.43)
AV grl 4Bl
: — +—+—=1 2.44
Py v tar = (2.44)
b7 ALY () B 51
: — +—+—=1 2.4
Ps vttt =L (2.45)
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Figure 2.4: Shape of the DoF region for Ny < M < Nj

as depicted in Fig. 2.5. The corner points

MN (M — Ny) MN2 (M — Ny)

Py = 0 2.46
o= (e e (2.46)

MNy(M — N3) MN3 M — Ny)
Pys = (0 247
= (0 e T (2.47)

MN (M — N3) MN3 M — Ny)
Pay = 2.48
31 ( M2 — N1N3 y Yy N1N3 ( )
are achievable in two-user (M, Ny, No) BC, (M.Ny, N3) BC, and (M, N3, N;) BC with

delayed CSIT [55]. The corner point P is given by

P—< M(my —1)(mgz — 1)
MyMaiMg — My — Mo — Mg + 27
M(ms —1)(mq — 1)
MyMaiMs — My — Mo — Mg + 2
M(mi — 1)(me — 1) )

ThqMe Mg — My — My — M3 + 2

(2.49)

where m; = M/N;, 1 < i < 3. We note here that for the symmetric case N; =

Ny = N3 = N, after trivial simplifications, we have P = (g—_@, g—g, fﬁv—g) Also, this
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Figure 2.5: Shape of the DoF region outer bound for N3 < M < N; + N,

range of M will be equivalent to N < M < 2N. Recall that Scheme 1 proposed in
Section 2.2 achieves the channel sum-DoF for N < M < 2N, which is 3Nm/(m + 2)
(cf. (2.32)). Therefore, point P for the symmetric case can be achieved by Scheme 1,
and hence the outer bound is tight. In the rest of this section, we propose two different
transmission schemes, namely Scheme 3 and Scheme 4 for N3 < M < N; + Ny and
obtain the conditions on the number of antennas at different nodes under which the

achievability of point P by our schemes is guaranteed.

e Scheme 3:

This scheme has 3 distinct phases as follows:

Phase 1 (Scheme 3): In this phase, 2M fresh information symbols per time slot
are transmitted for a pair of receivers as in phase 1 of Scheme 1. In particular, T;; time
slots are spent for RX; and RX;, and order-2 symbols {uyﬂ ]}24:71”

{(1,2),(2,3),(3,1)}. The parameters T;; will be determined later.

are generated, (i,7) €
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Phase 2 (Scheme 3): The order-2 symbols generated in phase 1 are transmitted
over the channel in this phase as follows: T;; time slots are dedicated to transmission of
{u%]]}ﬁg] for RX; and RX;, (4,75) € {(1,2),(2,3),(3,1)}. In each time slot, M order-2
symbols of type ul"7! for a specific pair (i, 7) are transmitted using the M transmit antennas.
In the time slot dedicated to pair (7, j), RX; and RX; respectively receive N; and N; linear
combinations in terms of the transmitted order-2 symbols, and hence, require extra M — N;
and M — N; linearly independent combinations to resolve all the M transmitted symbols.
According to (2.34), we have M — N; < Nj, and M — N; < Ny, where k = {1,2,3}\ {3, j}.
Now, if we deliver M — N; (resp. M — N;) out of N, equations available at RX}, to RX;
(resp. RX;), it will be able to decode all the M transmitted order-2 symbols. Alternatively,
it suffices to deliver M — N; (resp. M — N;) random linear combinations of the Nj equations

available at RXj, to RX; (resp. RX;). In summary, we have the following observations:

(a) RX; needs (T12 + T31)(M — N;) random linear combinations of the T2 N3 equations
available at RX3 and the T3, Ny equations available at RXs.

(b) RXy needs (T12 + To3)(M — Ny) random linear combinations of the T15N3 equations
available at RX3 and the T53N; equations available at RXj.

(¢) RX3 needs (T3 + T31)(M — N3) random linear combinations of the Ty3N; equations
available at RX; and the T3; Ny equations available at RXs.

The aforementioned linearly independent combinations will be delivered to each receiver

in phase 3.

Phase 3 (Scheme 3): This phase takes 7" time slots. In each time slot, M random
linear combinations of the Ty3 Ny, T3; N2, and Ti12N3 equations (quantities or symbols)
respectively available at RX;, RXy, and RXj3 are transmitted over the M transmit antennas.
Hence, in each time slot, RX;, 1 < i < 3, obtains NV; linear combinations of its desired
symbols out of the whole Ts3N; + T35 Ny + T15N3 symbols. Note that since N; < M,
1 <@ < 3, these N; linear combinations are independent almost surely. According to

observations (a) to (c¢), T should satisfy the following inequalities simultaneously:

TN1 > <T12 + T31)(M — Nl), (250)
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TNy > (Tig + Tos) (M — Ny), (2.51)
TN > (Tos + Ty ) (M — Ny). (2.52)

We indeed choose T to be

{ (Tia + T)O = ) (T + T O = ) (T + T M = ) } (253)

T £ max
or equivalently,
T = max {(Tlg + T31>(77_”Ll - 1), (T12 + T23)<7’Tl2 - 1), (T23 + Tgl)(mg - 1)} (254)

If Tyo, T3, and T3 are scaled by the same factor, the achievable DoF will not change.
Hence, by an appropriate scaling of 119, T53, and 731, we can always ensure that 7" is an

integer.

Since 2(T19+T53+T51)+T time slots have been spent to deliver M (T15+1T3;) information
symbols to RXy, M(T13+ Ts3) information symbols to RXs, and M (T3 + T31) information
symbols to RXj3, this transmission scheme achieves the following DoF tuple:

Pl A M(Tm + Tgl) M(T12 + TQg) M(T23 + T31) (2 55)
2T+ Tos +T51) + T 2(Tho +Tos+Ts1) + T 2(Tho+Tos +T51)+ T )

Any choice of (Tyz, Ths, T31) € (R=Y)? yields an achievable DoF tuple P’ given by (2.55)
with T given by (2.54). Now, we examine the achievable DoF tuple P’ and derive the

necessary and sufficient conditions to have P’ = P. Let us define

Ty £ Ty + Tho, (2.56)
Ty = Tiy + Tis, (2.57)
Ty £ Tys + Ts1. (2.58)

Then, we can rewrite (2.54) and (2.55) as

T = max {Tl(ml — 1), Ty(ims — 1), Ty (s — 1)}, (2.59)
, MT, MT, MT; (2.60)
N\ N+ T+ T+ T T+ T+ T +T T+ T+ T3 +T ) '
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Inserting the coordinates of P’ into the planes Py, Ps, and Ps, i.e., (2.43) to (2.45), we get

miTy+ T+ Ty T+ T+ T+ Ti(my — 1)

P - <1, 2.61

' T+To+T5+T T+ Ty +T5+T = ( )
T +moTy + T T+ T+ T35+ To(mg — 1

p,. Dtmb+Ty, Tt Dh+Tithim—1) (2.62)
T+ Ty +T15+T T+ T+ T5+T
T, + Ty + msT: T+ T+ T+ Ty(mg — 1

P, 1+l t+mgls L+l + 15+ 3(ms )Sl, (2.63)
T+ T +T5+T T+ T +T5+T

where the inequalities follow from (2.59). Also, by (2.59), at least one of inequalities
(2.61) to (2.63) holds with equality, and thus, point P’ always lies on the outer bound.

Therefore, we have P’ = P if and only if the following set of equations has a solution in
(R=9)3:

(Tho + Ty1) (g — 1) = (Thg + Tos) (g — 1) = (Tas + Ty (i3 — 1). (2.64)

The above set of equations determines a line in R?® which passes through the origin and

can also be expressed as:

T2 - Ths - 15 (2 65)
~ ~ ~ ~ ~ ~ -~ ~ ~ ~ ~ ~ -~ ~ ~ ~ ~ ~ ) .
MoMmsg + M3gMy — M1Mo msgmy + mimeo — MoMmsg mimse + Moms — M3y

where m; £ m; — 1, 1 < i < 3. Hence, (2.64) has a solution (infinitely many solutions)
in (R=%)3 if and only if the above line passes through the first octant in R3, i.e., if all the

denominators in (2.65) have the same sign. Equivalently, the inequalities

(Mmams + m3my — myme)(Mmsmy + mymmg — mamg) > 0, (2.66)
(Mmamy + myma — Mamg) (MM + Moty — mamy) > 0, (2.67)
(Mams + M3my — myme) (MM + Matmg — mgmy) > 0 (2.68)

must hold, which can be simplified to the following inequalities by some manipulations:

|ty — Mgt < g, (2.69)
gty — Mgy < My, (2.70)
|ty — Marig| < Motig. (2.71)
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Since N1 S N2 S N3 S M, we have 0 S mg S ﬁlg S Thl, and thllS, mgmg S mlmg,
moms < mamy, and msm, < mymse. Therefore, the above inequalities reduce to the pair

of inequalities

Fiuy iy < Mo + Mgiig, (2.72)

gy < fyms 4+ moims. (2.73)

Since m3 < Mg, it is easy to see that inequality (2.73) holds for the whole range of

N3 < M < Ny + N,. Hence, one must only satisfy inequality (2.72), or equivalently,

GGG e

It is observed that the inequality (2.74) does not necessarily hold for the whole range
of N3 < M < N; + N,. We also note that for the symmetric case Ny = Ny = N3 = N,
(2.74) holds for the entire range of N < M < 2N.

Finally, let us characterize the achievable DoF region when (2.74) is not satisfied. In
fact, we need to obtain Ta, To3, and T3; such that their corresponding point P’ yields the
largest achievable region. We can easily verify from (2.55) that P’ satisfies the following

inequalities
dl < q? 4 gBl, (2.75)
d? < dB¥ g, (2.76)
dB¥ < dl + g, (2.77)

One can also show using (2.49) that the point P satisfies the first two inequalities for the
whole range of N3 < M < N; + Ns, and the third inequality if and only if the inequality
(2.74) holds. Therefore, if (2.74) does not hold, the plane d¥ = dl!l + d® intersects the
segment Po P in Fig. 2.5 at a point which is strictly between P;5 and P. Let us denote
this point by P,.

The point P, is indeed the intersection of the planes dM /Ny + d? /M + dB¥l/M = 1,
dM /M +d? /Ny +dPl /M =1, and d¥ = d 4 d?| which can be shown to be

P Mg M, M (1 + o)
v g + 2(My + ) g + 2(M + g) iy + 2(My +g) )

(2.78)
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This point can be achieved by our scheme using T35 = 0 and Ty = %Tgl in (2.55).
Therefore, the polyhedron characterized by the corner points P,, P2, Pa3, P31, (N1,0,0),
(0, N2, 0), and (0, 0, N3) is achievable. The typical shape of this achievable region is depicted
in Fig. 2.6. To show that this is the largest DoF region among all the DoF regions with
corner point P’ (if (2.74) does not hold), consider the difference between this region and
the outer bound, i.e., the pyramid PPy Py3P,. It suffices to show that P’ cannot lie inside
this pyramid. To this end, we indeed show that the inequality (2.77), which is a necessary
condition for the coordinates of the point P’, cannot be satisfied by any point inside the

pyramid. Now, we have the following observations about the corner points of the pyramid:

e P: For this point, as already mentioned, we have d¥ > dl*! + 2.

e Py and Py3: Since m3 < my < myq, one can easily verify using (2.47) and (2.48) that
for these two points we have di¥ > qlll + q@.

e P,: For this point, by definition, we have dP®l = dl* + dl.

Since any point inside the pyramid is a weighted summation of the corner points P, Py,

Ps3, and P, with positive weights, the above observations imply the desired conclusion.

In the following, we propose another transmission scheme and obtain the conditions

under which it achieves the corner point P on the outer bound.
e Scheme 4:

This scheme has 2 distinct phases.

Phase 1 (Scheme 4): The first 7} time slots are dedicated to transmission of infor-
mation symbols for RX;, M fresh information symbols per time slot over the M transmit
antennas. After each time slot, RX; receives Ny linearly independent combinations of the
M symbols, and thus, needs M — N; extra equations to resolve all the M symbols. On the
other hand, RX5, and RXj3 respectively receive Ny and N3 linear combinations in terms of

the M information symbols of RX;. Consider the matrix H of size N; x M of the channel
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Figure 2.6: Shape of the achievable DoF region for N3 < M < N; 4+ Ny using Scheme 3

when the condition (2.74) does not hold. The region with corner point P, is achievable.

coefficients of RX;, 1 <17 < 3, in a specific time slot. The time index has been omitted for

ease of notations.

Denote the row spaces of HIY, HP and HP by HU, HP and HPB!, repectively. Also,
denote by HENHE! (resp. HUNHZNHED) the intersection of H and HP! (resp. HIM, H,
and HPl). Since HY, HP and HB! are generated i.i.d. and max{N;, Ny, N3} < M, their
row spaces are respectively Nj-dimensional, No-dimensional, and Ns-dimensional almost
surely. Thus, since HY, HP, and HP are generated independent of each other, from

standard linear algebra we have

dim(HA N HE) = (N, + Ny — M)*, (2.79)
dim(HY N HE A HE) = (V) + dim(HE A HE) — M)T = ((Na + N3 — M)™ + Ny, — M)™,
(2.80)

where (7)* £ max(x,0). We further assume that

1
M < SN+ No o+ Vo). (2.81)
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Then, since M < N, + N3, one can show in view of (2.81) that

dim(H?P N HE)) = Ny + N3 — M, almost surely, (2.82)
dim(HY N HE A HE)Y = Ny + N, + N3 — 20, almost surely. (2.83)

Denote by HI'?3) the matrix of size (Na + N3 — M) x M containing the basis vectors of
HE N HEB as its rows, whose first Ny + Ny + N3 — 2M rows also constitute a basis for
HIU N HZ A HEBL Therefore, the last (Ny + N3 — M) — (Ny + Ny + Ny — 2M) = M — N,
rows of H'?3 are linearly independent of the rows of H!Y. Also, since all these M — N,
row vectors lie in both H? and P, if any of them is used as the coefficient vector to
linearly combine the M transmitted information symbols, the result is available at both
RX5 and RXj3. Hence, M — N; linearly independent combinations can be formed which
are all available at both RXy and RX3. These equations are linearly independent of the
equations available at RXy, and thus, constitute the M — N; extra equations required by

1;2,3]

RX;. We denote each of them as a symbol of type ul . Therefore, after T7 time slots,

T1(M — N) symbols of type ul's?3 are generated.

Similarly, the next T, and T3 time slots are dedicated to transmission of information
symbols of RXy and RXj3 and generation of To(M — Ny) and T3(M — N3) symbols of type
ul?31 and ul¥12 respectively. We emphasize that the same condition of (2.81) is also
required in these T5 and T3 time slots. The generated symbols will be delivered to their

corresponding receiver in phase 2.

Phase 2 (Scheme 4): This phase takes T' time slots. In each time slot, M random
linear combinations of all the 77 (M — Ny) + To(M — Ns) + T5(M — N3) symbols generated
in phase 1 are transmitted over the M transmit antennas. We note that RX;, 1 <17 < 3,
needs T;(M — N;) out of these symbols, while having the rest of symbols. Hence, in each
time slot, RX; receives N; linearly independent equations solely in terms of its desired
symbols. Therefore, the following condition guarantees that each receiver obtains enough

number of equations to resolve all its desired symbols:

(2.84)

T maX{Tl(M — Ny) To(M — Ny) T3(M — Nj) }’

N, ’ N, ’ Ns
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or equivalently,
T = max {Tl(ml — 1), Ty(ima — 1), Ty (g — 1)}. (2.85)

The achieved DoF tuple is then given by

,_( MT; MT, MT, )
N\ N+ D+ +T T+ T+ Ts+T T+ To+T5+T )

(2.86)

Since the expressions for 7" and P’ are the same as (2.59) and (2.60), in order for
Scheme 4 to achieve the corner point P on the outer bound, the following set of equations

should have a solution in (R=%)3:
Ti(my — 1) = Ty(ma — 1) = Ty(ms — 1). (2.87)

The above equation is a line which passes through the origin in R?. Since m; > 1,1 < i < 3,
it passes through the first octant, and thus, there are infinitely many solutions in (R=°)3
for (2.87). Therefore, Scheme 4 achieves the corner point P if and only if the inequality
(2.81) is satisfied.

In summary, let us define the following regions:

D, 2 (d[ll 4 d[3]> dVl > 0. Vj L ﬁ ﬁ <1

! { o ‘ =0V Smor Ny T T S }
il gl g8l
Fl + i + i <
Al gl Bl

M+E+M§1}’ (2.89)
il gl g3l

(2.88)

dvl >0, vj, 1

’

D, & {(d[ll, d?, dB])

Ds AL {(d[1]7 d[2}7 dB])‘ Ul >0, V, <1,

E + i + M <
al o g2 Bl
— +
(2.90)
Define the condition €* as

1 M M M M M
%*éMSE(Nl‘f’NQ—f‘Ny,) or (——1) (——1) < (——1) <—-|———2)7
(2.91)
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and also, define D, as the region in the first octant which is confined by the plane passing
through the points P,, P»3, and P3;. Then, the results of this section are summarized in

the following theorem:

Theorem 2. In (M, Ny, No, N3) BC with delayed CSIT and N1 < Ny < N3 and M <
max (N3, N1 + Ns), we have the following:

(i) If M < Ny, DBCACSIT _
(”) [f N2 <M < N37 DBC—dCSIT — 'Dg,
(iii) If N3 < M < Ny + Ny and condition €* is satisfied, DB = Dy,

(iv) If N3 < M < Ny + Ny and condition €* is not satisfied, Dy N D, C DBICSIT C Dy,

2.4 Conclusion

We studied the impact of delayed CSIT on the DoF of the 3-user Gaussian MIMO broadcast
channel. We first considered the symmetric case with M antennas at the transmitter and
N antennas at each receiver. By developing new multiphase transmission schemes, we
obtained achievable sum-DoF for any pair of positive integers M, N € Z*. Moreover, we
showed that our achievable sum-DoF meets the upper bound for M < 2N and M > 3N,
and hence, characterizes the channel sum-DoF with delayed CSIT. For 2N < M < 3N, we

achieved DoF values close to the best known upper bound on the sum-DoF of this channel.

We then investigated the general MIMO case with arbitrary number of antennas at
each node. We obtained achievable DoF regions for specific antenna configurations and
obtained the subclass of antenna configuration sfor which our achievable DoF region is
tight and characterizes the channel DoF region with delayed CSIT. Our results show that
for a large subset of antenna configurations, the sum-DoF and DoF region of the three-user
MIMO broadcast channel with delayed CSIT strictly lie between those with no CSIT and
full CSIT.
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Chapter 3

SISO Interference and X Channels
with Delayed CSIT

In this chapter!, we study SISO Gaussian interference and X channels with delayed CSIT. It
is known that both channels have no more than one degree of freedom (DoF') without CSI at
transmitters. We propose multi-phase transmission schemes that exploit the delayed CSIT
to achieve DoF values greater than one, except for the two-user interference channel whose
DoF is equal to one even with full CSIT. In contrast to the broadcast channel, in networks
with distributed transmitters such as interference and X channels, there is a fundamental
constraint in using the knowledge of past CSI at transmitters: Each transmitter has only
access to its own information symbols. Indeed, a transmitter cannot obtain the whole past
interference at a receiver when the interference is due to more than one interferer. This
restriction turns out to be a performance limiting factor in terms of DoF of the system for

networks with more than two users.

After presenting the system model in Section 3.1, we present and briefly discuss our
main results of this chapter in Section 3.2. Then, we prove our results for interference and X
channels in Sections 3.3 and 3.4. In specific, we first investigate the 3-user SISO interference
channel with delayed CSIT and show that 36/31 DoF is achievable in this channel. This is
greater than the previously reported 9/8 DoF in [35]. Then, we consider the K-user SISO

'Part of the work in this chapter has been reported in [1, 2]
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interference channel for K > 3 with delayed CSIT, and propose a transmission scheme
that achieves DoF values which are strictly increasing in K and approach the limiting
value of 4/(61ln2 — 1) ~ 1.2663 as K — oo. Thereafter, we investigate the X channel with
delayed CSIT in Section 3.4. We first consider the 2 x 3 SISO X channel as an example
and show that this channel can achieve 9/7 DoF under delayed CSIT assumption. By
generalizing our transmission scheme to the 2 x K SISO X channel with delayed CSIT, we
achieve DoF values which are strictly increasing in K and approach the limiting value of
1/In2 ~ 1.4427 as K — oo. For K > 3, our achievable DoFs for the 2 x K X channel are
strictly greater that the achievable DoF's reported in [23] for the K x K X channel with
delayed CSIT. Finally, in Section 3.5, we consider the effect of limited network connectivity
in the form of so-called “K-user r-cyclic interference channel” wherein each transmitter
causes interference on a subset of r — 1 receivers which are neighbouring its paired receiver
in a cyclic manner. We first show that DoF of this channel without any CSI at the
transmitters is equal to K/r. We then focus on r = 3 and study the impact of delayed
CSIT on DoF of this channel. We propose a transmission scheme that achieves DoF values

greater than K /r for every K > 3. We conclude this chapter in Section 3.6.

3.1 System Model

A K-user interference channel (IC) with private messages is a set of K transmitters and
K receivers, depicted in Fig. 3.1, where transmitter i (TX;), 1 <14 < K, wishes to commu-
nicate a message W € {1,2,3,---, 278"} of rate Rl to receiver i (RX;) over a block of
channel uses (or time slots). In time slot ¢, t = 1,2, --- , 7, signal 2l (t) € C is transmitted
by TX;, 1 <i < K, and signal () € C is received by RX;, 1 < j < K, where

K

() = hb )l (t) + 2P(t), (3.1)

i=1
and hVi(t) € C is the channel coefficient from TX; to RX;, and 2V (¢) ~ CA(0,1) is the
complex additive white Gaussian noise (AWGN) at RX;. The transmitted signal zll(#),
1 < i < K, is subject to power constraint P, i.e., E[|zl!(#)]?] < P. The K x K channel
matrix H(¢) in time slot ¢ is defined as H(t) £ (hl7 (t))1g7;,ng' The channel coefficients
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pE (t)

(1] (11] /L (1]
() hEH() R y(t) > Decoder 1 —» 1i/(1l

wtl— Encoder 1

w2l—{ Encoder 2 Decoder 2 —» 1}/ (2]

wEl— Encoder K ' Decoder K |—» WIK]

Figure 3.1: K-user SISO interference channel

are 1.i.d. across all nodes as well as time. The channel coefficients are assumed to be drawn

according to a finite-variance continuous distribution.

An M x K X channel with private messages is a set of M transmitters and K receivers
as depicted in Fig. 3.2, where TX;, 1 < i < M, has a message Wl € {1,2,3, ... 27R""}
of rate R for each receiver RX;, 1 < j < K. The input-output relationship of this

channel is given by

Yty = W @)al(e) + 2Pe), (3.2)

with the same channel parameters as the IC and power constraint P at each transmitter.
The channel matrix H(t) here is a K x M matrix defined as H(t) £ (R (t>)1§i§M,1§j§K'
The X channel investigated in this chapter has M = 2 transmitters, although our achievable

results are also valid for M > 2.

We make the following assumption about the knowledge of CSI at the transmitters and

receivers:
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Decoder 1 —» {WEIM,

{W[l‘j]}f:l_’ Encoder 1

Decoder 2 f—» {WRIMM,

{W[Q\j] }f:1_> Encoder 2

{W[MU]}JK:l—> Encoder M

Decoder K |—» {WEIKIIM

Figure 3.2: M x K SISO X channel

Definition 5 (Delayed CSIT for IC and X Channel). Each RX;, 1 < j < K, knows all
its incoming channel coefficients in time slot t, i.e., {hVI(t)}, in the K-user IC and
(R YM, in the M x K X channel, perfectly and instantaneously, while having access to
the channel coefficients of the other receivers with one time slot delay. The channel matriz
H(t) becomes available at all transmitters with one time slot delay via noiseless feedback

links.

We denote the side information available at TX; before time slot ¢ by ZU(¢). Hence,
under the delayed CSIT assumption, we have ZUl(¢) £ {H(#)},_,. A block code with

H=1"
feedback is defined as follows:

Definition 6 (Block Code with Feedback for IC and X Channel). A (2™, 7) code of block
length 7 and rate R = (R[i])f; with feedback in the K-user IC is defined as K sets of

encoding functions {@LZ]T -1, 1 <1 < K, such that
2l (t) = SOM (W[i],l'[i](t)), 1<t<r (3.3)

t,T

together with K decoding functions ¢[Tj], 1 <j <K, such that
WH = U (U0}, HOY (A}, (3.4)
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Similarly, A (28, 7) code of block length T and rate R = (R[”J])KKM 1< i with feedback
in the M x K X channel is defined as M sets of encoding functions {(ptT}t L, 1< <M,
such that

(1) = o (WIS T0@), 1<t<m, (3.5)
together with K decoding functions w[Tj], 1 <j <K, such that

(WY, =9l ({0}, (HOYZ AR (1)) (3.6)

All encoding and decoding functions are revealed to all transmitters and receivers before
the transmission begins. The probability of error, achievable rate, and capacity region are
defined exactly as in Section 2.1. We study these channels in the limit of P — oo and
define their DoF as follows:

Definition 7 (DoF for IC and X Channel). If R(P) = (Ry(P), Ro(P),--- , Rx(P)) € C(P)

R(P)
log, P

di +dy+ -+ -+ dy is called an achievable sum-DoF or simply achievable DoF. The closure
of the set of all achievable DoF tuples is called the DoF region and denoted by D, and the
channel sum-DoF, or simply DoF, is defined as maxqepdi +do + -+ + dy.

1s called an achievable DoF tuple and

is an achievable rate tuple, then d £ limp_,o

In this dissertation, DoF'°(K) and DoF} (M, K) represent achievable DoFs for the K-
user SISO IC and M x K SISO X channel with delayed CSIT, respectively. We indeed
consider a more general transmission setup in this chapter: For the K-user SISO IC, fix an
integer m, 1 < m < K. Denote by S, a subset of cardinality m of {1,2,--- | K'}. Obviously,
Sk =1{1,2,--- ,K}. For every subset S,, C {1,2,--- K}, and every i € S,,, TX; wishes
to communicate a common message WISm! of rate RUISm to all receivers RX;, 7 € Sp.
We call WISmI an order-m message. The case m = 1 represents the interference channel
with private messages as described earlier. The codes, probabilities of error, achievable
rates, capacity region, and degrees of freedom are similarly defined as before, now for a
K (mfi 1)—tuple of rates. For any 1 < m < K, an achievable DoF of transmission of order-m
messages over the K-user SISO IC with delayed CSIT is denoted by DoF'¥(K).

Similarly, for the M x K X channel, fix an integer m, 1 < m < K. For every subset
Sn C{1,2,--- K}, and every i € {1,2,--- , M}, TX; wishes to communicate a common
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message WISn! of rate RIIS»] to all receivers RX;, 7 € 5. The case m = 1 corresponds
to the X channel with private messages. The achievable rates, capacity region, and degrees
of freedom are similarly defined, now for an M (i )—tuple of rates. An achievable DoF of

this channel under delayed CSIT assumption is denoted by DoFX (M, K) for 1 <m < K.

Before proceeding with our results, let us introduce some notations which are widely

used throughout this chapter.

Notation 3. We use ul!l55] to denote a symbol which is available at TX; and also at
every RX;, 7 € &, and is intended to be decoded at every RXy, k € S,,. We refer to
ullSmiSnl a5 an (Sp; Sp)-symbol available at TX;. The order of symbol ull5m:Snl is defined
as the ordered pair (m,n) containing the cardinalities of S,, and S,, respectively. For
instance, w3 s a (1,5;3)-symbol of order (2,1) which is available at TX, and RXs,
and is intended to be decoded at both RX, and RXs5, where the set braces “{” and “}” have
been omitted to avoid cumbersome notations. For ease of notation, a symbol w1l with

S, = {} is denoted by ul'S=) and is called an S,,-symbol of order m.

3.2 Main Results and Discussion

3.2.1 Main Results

The main results of this chapter are summarized in the following two theorems:

Theorem 3. The K-user (K > 3) SISO interference channel with delayed CSIT can
achieve DoFI°(K) degrees of freedom almost surely, where DoF'°(K) is obtained by

K -2 K -2 -
DOFI* () = |1 = s ~ e Al 37)
and Ay(K) is given by
K-3 K-2
K —2)( (K =0, —1)(363 + ¢, — 1) ly
Ap(K) & ! . .

2(K) = =1 2 1 ZO 2K - A —1) 111 1 B8

1 2=—X1
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Moreover, for 2 < m < K, DOFLCLJ(K) degrees of freedom is achievable in transmission

of order-m messages, where DoF'C(K) is given by

| B —m)(E —m 1) _Kz’":l (K—m—0 41362+ —1) KH”“ 0
2mA(K —m)>—1] 4~ 2(K — £,)(42 = 1) L2l
(3.9)
Proof. See Section 3.3. O

Theorem 4. The 2 x K SISO X channel with delayed CSIT can achieve DoFY (2, K)
degrees of freedom almost surely, where

K—2 K—1 -1

K—1—-10)(+1) by
Do} (2, K) = 1= 3 ¢ :
L1(7 ) [ elz::() (K—€1)(2€1+1) e::l;[JAQEQ-Fl

(3.10)

More generally, for 2 < m < K, DoFX (2, K) degrees of freedom is achievable in trans-
mission of order-m messages, where

K—m—1 K-m -1

. (K—m—10)(l;+ 1)
MW(ZK)le— &Z::O (K —£1)(26, +1) H

(s
205 + 1

(3.11)

lo=01+1

Proof. See Section 3.4. O]

3.2.2 Discussion

Our achievable DoFs for the K-user SISO IC and 2 x K SISO X channel with private
messages and delayed CSIT are plotted in Figs. 3.3 and 3.4 for 2 < K < 75, respectively.
For the sake of comparison, the achievable DoF reported in [23] for the K x K SISO X
channel with delayed CSIT is also plotted in Fig. 3.4. As it is seen in the figure, for K > 3,
our achievable DoF for the 2 x K X channel, i.e., DoF*(2, K) presented in Theorem 4, is
strictly greater than % — m which is achieved in [23] for the K x K X channel. It
can be also easily shown that our achievable DoF's are strictly increasing in K, and it is
proved in Appendix C that, as K — oo, the achievable DoFs approach limiting values

of mﬁ ~ 1.2663 and ﬁ ~ 1.4427 for the IC and X channel, respectively. Tables 3.1
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~ 1.2663
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1.24

1.16 | : : b

Figure 3.3: Our achievable DoF for the K-user SISO interference channel with delayed
CSIT and 3 < K < 75.

and 3.2 list our achievable DoFs for the K-user IC and 2 x K X channel with delayed
CSIT and 2 < K < 5. For K = 3, we achieve % DoF which is greater than the previously
reported value of § DoF in [35].

Remark 3. Using scaled versions of the schemes proposed in Sections 3.3 and 3.4, NDoFllc(K)
and NDoF (2, K) are achievable in the K -user MIMO IC and 2 x K MIMO X channel,
respectively, with N antennas available at each node and with delayed CSIT.

The schemes proposed in the next two sections for the K-user interference and 2 x K
X channels operate in K main phases: In phase 1, the transmitters send fresh information
symbols together with some redundancy over time. The redundancy is such that “part”
of the interference can be removed at each receiver by the end of this phase. Then, each
transmitter exploits its knowledge of past CSI and its own transmitted information symbols

to obtain the interference terms it caused at the non-intended receivers (if not already
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Figure 3.4: Our achievable DoF for the SISO X channel with delayed CSIT and 2 < K <
75.

removed). Fach of these interference terms, if being retransmitted, can align the past
interference at a receiver while providing a useful linear combination for another receiver.
Hence, they can be considered as common messages of order 2, which are desired by pairs
of receivers, and are fed to the system in phase 2 together with some redundancy over time.
The transmitted redundancy again helps some receivers to remove part of the interference.
The transmitters again using the past CSI and their own transmitted order-2 messages,

will obtain their non-removed interference terms at non-intended receivers. This yields

Table 3.1: Achievable DoFs for the K-user SISO interference channel with delayed CSIT

K 2 3 4 5

. 36 45 1400
Our achievable DoF for the K-user IC 1 3 171
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Table 3.2: Achievable DoFs for the M x K SISO X channel with delayed CSIT

K 2 3 4 5
Our achievable DoF for the 2 x K X channel § 5 1k 17
Achievable DoF in [23] for the K x K X channel ¢ 2 12 2

generation of common messages for subsets of cardinality 3 of receivers. These order-3
messages, in turn, will be transmitted in phase 3, towards generation of order-4 messages.
This procedure goes on phase by phase up to phase K where order-K messages will be

delivered to all receivers without generating higher order messages.

Remark 4. As mentioned in Chapter 2, the term “information symbol” in this dissertation
refers to a symbol from an i.i.d. Gaussian codeword. Also, since the noise components which
are observed by receivers in our transmission schemes have finite variances, they do not
affect the DoF. Therefore, throughout this dissertation the noise is ignored in analysis of

the transmission schemes.

3.3 Proof of Theorem 3

In this section, we prove that DoFiS(K ), 1 <m < K, stated in Theorem 3 can be achieved
in the K-user SISO IC with delayed CSIT. To this end, we first elaborate on our achievable
scheme for the case of K = 3. We then propose our transmission scheme for the general

K-user setting.

3.3.1 The 3-user SISO Interference Channel with Delayed CSIT

In order to achieve DoFl“(3) = 36/31, suggested by (3.7), transmission is accomplished
in three distinct phases. The fresh information symbols are fed to the channel in the

first phase. In the remaining phases, extra linear equations are delivered to the receivers
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in such a way that the interference is properly aligned at each receiver. At the end of
transmission scheme, the receivers are left with the desired number of equations in terms

of their respective information symbols.

It is important to point out that we will use several random coefficients during our
transmission scheme to construct and transmit different channel input symbols. These
coefficients are randomly generated and revealed to all transmitters and receivers before

the beginning of communication. The transmission phases are described in detail as follows:

Phase 1 (3-user IC with Delayed CSIT): This phase takes 5 time slots, dur-

ing which each transmitter feeds 4 fresh information symbols to the channel. Let ul! £

[u[f], u[;], ug], ugf}]T denote the vector containing the information symbols of TX;, 1 <17 < 3.
In each time slot, every transmitter transmits a random linear combination of its 4 infor-
mation symbols. Let cll(¢) £ [c[f] (1), cg] (1), cg] (1), cg] (1) ' denote the vector containing the
random coefficients of the linear combination transmitted by TX;, 1 < i < 3, over time slot
t, 1<t <5, ie, zll(t) = (! (t))T ull. Tgnoring the noise terms at receivers, the received
signal at RX;, 1 < j <3, in time slot ¢, 1 <t <5, is equal to

yV! (t) = plill (t)x[” (t) + pli2l (t)xm (t) + hla3l (t)gc[i%] (t)
— B (1)) ul + BB (P (1)) ul® 4 BB () (F(1) B (3.12)

Therefore, by the end of phase 1, RX; obtains the following system of linear equations in

terms of all transmitted information symbols:
yU =D, cllulY + D;,CPu? + DCBW?, 1< <3, (3.13)

where yUl is the 5 x 1 vector of received symbols at RX; during 5 time slots, Dj; is the
5 x 5 diagonal matrix containing hU7(¢), 1 <t < 5, on its main diagonal, and C is the

5 x 4 matrix containing the random coefficients employed by TX; during these 5 time slots,

Cll 2 [l @)@l (5)] ", 1<i<s (314)

Since the elements of Cll are i.i.d., it is full rank almost surely, i.e., rank(Cl) = 4.

Furthermore, Dj; is a diagonal matrix with ii.d. elements on its main diagonal, and
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thereby, it is also full rank almost surely, i.e., rank(D;) = 5. Since Cll and Dy; are
independent of each other, their multiplication is also full rank almost surely. This means
rank(Qj;) = 4, where Q;; = D;;Cl 1 <, j < 3. Since Q; is a full rank 5 x 4 matrix, its
left null space is one dimensional almost surely. As a result, for each (i,j), 1 <i,j <3,

there exists a nonzero 5 x 1 vector Wi, = [Wjﬂ, Wji2, wjig,wji4,wjl-5]T such that

Twji = 041, 1<,7<3. (3.15)

Note that by the end of phase 1, all transmitters and receivers have access to Qj,
1 <14,5 <3, and thus, can calculate wj;, 1 <4,j <3. Using (3.13) and (3.15), RX; can

obtain
(0]
——
(Y w3 = ("7Q wis + (U Qlwis + (uP)” Qlywis
= (" Ql w1z + (U Qfywis, (3.16)
0
——
(Y wio = ("7 Q w1z + (uP)T Qlhwis +(u*) " Qlywis
= (u""Qf w1 + (uP)TQlywo. (3.17)
Similarly, RX5 can obtain
(v way = (0" QLwar + (U Qliwa, (3.18)
(Y was = ()" QLwas + (U QF was, (3.19)
and RX3 can obtain
(v ws; = (0¥ Qhwsr + (W) Qlhwsr, (3.20)
(v ws = (0¥ Qfwse + (UM QF wss. (3.21)

If we deliver (u)7QF w3, (W)TQLwis, (u)TQL w3y, and (u¥)TQEwis to RX;,
then it can obtain enough equations to resolve its four desired information symbols as

follows:

o (U)TQL wys and (u)T QL ws, are two desired equations in terms of 4 x 1 informa-

tion vector ulll.
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o (uHTQL w3 can be subtracted from (y)Twi3 to yield (u)TQT w3, which is a

desired equation in terms of ul!

o (uUP)TQTwis can be subtracted from (yM)7wyy to yield (u)”QF,wis, which is a

desired equation in terms of ul!

Therefore, RX; will have a system of four linear equations in terms of 4 x 1 information
vector ulll, namely, (u')TQL wos, (UM)TQF w3y, (M)TQF w13, and (u)TQF wyy. As
we prove in Appendix B.1, these equations are linearly independent almost surely, and
therefore, RX; can solve them to obtain ul!. By a similar argument, having (um)TQQlegg,
(uPhTQLwy3, (u)TQLws;, and (uPFTQLws, RX, can obtain four linearly independent
equations in terms of u?, and so, it can solve them to obtain ul?. Also, after providing
RX3 with (u)TQlL wsy, (uB)TQLwyy, (uP)TQLws:, and (uPTQLw,,, it can obtain
enough equations to solve for ul?.

Therefore, our goal in phase 2 boils down to delivering (u")” Q% w3 and (u?)7 Q1w 3
to both RX; and RXjy, delivering (u")” Q¥ ws, and (uP)TQTw, to both RX; and RXs,
and delivering (u)7QLws; and (uP)TQLwy; to both RX, and RX3. Therefore, the

following order-2 symbols can be defined:

W12 & ()T Qo w5 £ () Q (322)
W12 & (T Qs ) & () Ql (3.23)
1) & ()T QT ry, w2 & () Q. (3.24)

Phase 2 (3-user IC with Delayed CSIT): This phase takes 12 time slots to transmit
18 order-2 symbols generated in phase 1. Since we have generated only 6 order-2 symbols
in phase 1, we simply repeat phase 1 three times to obtain 18 order-2 symbols required in
phase 2. This takes 3 x 5 = 15 time slots and hence, phase 2 begins at time slot ¢ = 16.
Consequently, at the beginning of phase 2, for every (i,7), 1 < 4,5 < 3, i < j, there are

three order-2 symbols u!™ | ul™ and w7 at TX; and three order-2 symbols u!/™ |

u[J| 1,71 [74,4]

,and ug ' at TX;. The transmission in phase 2 is then carried out as follows:

In the first time slot of phase 2, TX; transmits a random linear combination of u; [1]1.2]

(1]1,2] (2[1,2]

and us, while TX, transmits u;' . In the second time slot, TX; transmits another
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random linear combination of u[11|1,2] and u[21|1’2] while TX, repeats u[12\1,2}‘ TXj3 is silent
during these two time slots. After these two time slots, every receiver obtains two linearly
independent equations in terms of three (1,2)-symbols u[11\1,2]7 u[21|1’2], and u[12|1’2] almost
surely. Thus, each of RX; and RX5 in order to resolve these three order-2 symbols, needs

an extra equation. Consider the equations received at RX3 during these two time slots:

yB(t) = BB ()2 () +hBA (1) 2P () = BB (1) (12 (t))T w2 p B2 P2 = 16,17,

(3.25)
T T
where ultl21£ [u[11|1,2]’ u[;‘l’m] , and c'M2(¢)2 [0[11|1,2] (1), 0[21‘1’2}(75)} is the 2 x 1 vector of
random coefficients employed by TX; in time slot . Now, RX3 can form
1 1 hBU(16) v hBU(17) T

- . — |\ (N2 B S A PN ) [1]1,2]

(3.26)

11.2] " This is the side information

which is an equation solely in terms of the elements of ul
that RX3 has about the order-2 symbols of RX; and RXjy, and can provide the extra
equation required by both RX; and RX, to resolve their order-2 symbols. Based on our
terminology, this quantity is denoted by /%3], The next two time slots are dedicated
to the transmission of another three order-2 (1,2)-symbols. However, this time, the roles
of TX; and TX, are exchanged. Specifically, during time slots ¢ = 18,19, TX, transmits

two random linear combinations of u[f‘l’m and u?'l’Q] while TX; repeats the same symbol

ugl“’”. The side information w223 is similarly formed at RX3 by the end of these two

time slots.

Up to this point, we have sent 6 order-2 (1,2)-symbols in 4 time slots, and generated
two pieces of side information at RX3. Analogously, for each of receiver pairs {1,3} and
{2, 3}, the above procedure can be repeated using their respective transmitters. Therefore,
by spending another 2 x 4 = 8 time slots, we will transmit 2 X 6 = 12 order-2 symbols and
generate the side information ul??%1 and uB>31 at RXy, and w32 and ulP132 at RXo.

Therefore, our goal is reduced to
(a) delivering ul'%3 and ul?%%3 to both RX; and RXj,
(b) delivering u!'"%2 and uB"32 to both RX; and RXj,
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(c) delivering u?2%1 and uB231 to both RX; and RX.

To this end, consider a random linear combination aqu!*"%3 + apul'3:21 If we deliver this

quantity to all three receivers, then

e RX, obtains a linear equation in terms of its own desired symbols,

e since RX, has ul!l»32 it can cancel ul''32 to obtain ul*"%3,

e since RX; has ul!»23 it can cancel ul'%3 to obtain wl'%2

Therefore, o ul'!?3] + a,ul32 is desired by all three receivers. By similar arguments, one
can conclude that Sul253] 4+ Boul231 and ~uBIb32 4 ~,uB231] are desired by all three
receivers, where 31, B2, 71, and 5 are random coefficients. According to our terminology,

we define the following order-3 symbols:

u[1|1,2,3] e alu[1\1,2;3] +a2u[1|1,3;2]7 (327)
u[2|1,2,3] éﬁlu[2|1,2;3} +52u[2l2’3;1], (328)
u[3|1,2,3] A ,ylu[3|1,3;2] _|_,Y2u[3|2,3;1]' (329)

Although delivering ul'h23] 211231 “and 4BI123] to all three receivers will provide each
of them with useful information about its desired symbols as discussed above, it is not still
sufficient to achieve the goals (a), (b), and (c¢). To be more specific, recall that RX; needs

23] has been delivered

to obtain both symbols ul!l»23 and w132 Thus, assuming u!!*
to all three receivers, RX; still needs an extra equation in terms of ul'23 and 1132,
To obtain this extra equation, we notice that by delivering ul'"*3] to all three receivers,
both RX, and RX3 will have both symbols w3 and '3 Therefore, any random

23] 1 b ult132] can be considered as the extra equation required

linear combination o/ju
at RX; which is also available at RXy and RXj3. Therefore, we can define the following
(1;2,3)-symbol at TX;:

128 & o 28]y 1 111,52), (3.30)

By repeating the same argument for RXs and RXj, the following (2;1,3)-symbol and
(3;1,2)-symbol can be defined:

WP 2 g P28 gt 123 (3.31)
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w3312 & %u[3|173;2} + VQUB'Q’S;I], (3.32)

where 1, 5, 71, and 4 are random coefficients. To summarize, one can achieve the goals
(a), (b), and (c) if:

I wlth23] 4 R23] and uBh23) are delivered to all three receivers.
1. wlt23] 2208 and w12 are respectively delivered to RX;, RX,, and RXj.

The goals I and IT will be accomplished in the next phase.

Phase 3-I (3-user IC with Delayed CSIT): In this subphase, which takes three
time slots, we fulfill the goal I as follows: Using time division in three consecutive time

slots, the three symbols ul!23] 421231 “and w122 will be delivered to all three receivers.

Phase 3-I1 (3-user IC with Delayed CSIT): In this subphase, the goal II is ac-

[111:2.3] g, [212:1,3

complished in one time slot by simultaneous transmission of symbols u I, and

ul312l by TX,, TX,, and TX3, respectively.

Finally, in order to compute the achieved DoF, we note that a total of 3 x 12 = 36
fresh information symbols were fed to the system in phase 1. To deliver these information
symbols to their intended receivers, we spent 3 x 5 = 15 time slots in phase 1, 3 x 4 = 12
time slots in phase 2, three time slots in subphase 3-I, and one time slot in subphase 3-II.

Therefore, our achieved DoF is equal to
36 ~ 36

DoF!¢(3) = =,
Dok (3) = s 371~ 31

(3.33)

One finally notes that the proposed transmission scheme starting from the phase 2 was
dedicated to transmission of order-2 messages to the receivers. Therefore, we have proved
that DoF}°(3) = T35 = § is achievable in the 3-user IC with delayed CSIT as suggested
by (3.9). Also, DoFi’(3) = 1 was trivially achieved using time division in the phase 3-I.

3.3.2 The K-user SISO Interference Channel with Delayed CSIT

In this section, we generalize our multiphase transmission scheme to the K-user SISO IC

with delayed CSIT and K > 3. The transmission scheme is a multiphase scheme wherein
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Fresh data order-2 order-3 order-4 order-K
symbols symbols symbols symbols symbols
>

Phase 1 »| Phase 2-1 »| Phase 3-1 B --- »{ Phase K-1

order-(1,2) order-(1,3) order-(1, K — 1)

symbols symbols symbols

»| Phase 3-II | —m 2 --- »| Phase K-II

Figure 3.5: Block diagram of the proposed multiphase transmission scheme for the K-user
IC, K > 3.

the fresh information symbols are fed to the system in phase 1 towards generating order-2
symbols. The remaining phases are responsible for generating higher order symbols and
finally providing each receiver with appropriate equations to resolve its own information

symbols. Fig. 3.5 depicts a high-level block diagram for the proposed multiphase scheme.

Phase 1 (K-user IC with Delayed CSIT): In this phase, each transmitter transmits
(K —1)*+ 1 random linear combinations of (K — 1)? information symbols in (K —1)*+ 1
time slots. Let ul! & [u[f], u[;}, e ,UZ];(_I)Q] ! be the information vector of TX;, 1 <i < K.
Define

cll 2 [cl(n)|cf2)]- (K —1)?+1)], 1<i<K, (3.34)
where cli(t) is the (K —1)2 x 1 vector of the random coefficients employed by TX; in time
slot ¢, 1 <t < (K —1)?+ 1. Then, ignoring the noise, after these (K — 1)? 4 1 time slots,
RX; receives the following vector of (K — 1) + 1 channel output symbols:

yU =D,V + D, Pl - 4 D CEE 1< <K, (3.35)

where Dj; is the diagonal matrix of size [(K — 1)? 4+ 1] x [(K — 1)? + 1] which contains the
channel coefficients hl!(t), 1 <t < (K — 1)? + 1, on its main diagonal.

Define Qj; = DﬂCM7 1<4,7 < K. Since Dj; and Cll are full rank almost surely and
independent of each other, their multiplication is also full rank almost surely. Hence, Q;; is
a full rank matrix of size [(K —1)?+1] x (K —1)? almost surely, and so, its left null space is
one dimensional. Therefore, there exist nonzero vectors wj; = [wji1, wjia, - - - s Wii(( K_1)2+1)]T
such that

Twji = Ok _1y2x1, 1<i,j<K. (3.36)
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Thus, for any 1 < j < K and any ¢ € Sk\{j}, RX; can construct

Y wii= > @N'Qw; = @'QLuw;i+ > @)QLw;.  (3.37)
i'eSk\{i} €Sk \{1,5}

We note that (u[i/})TQJTi,wﬁ, i' € Sg\{i,j}, is an equation solely in terms of ul’l, and thus,

it is desired by RX;.. It is easy to see that if we deliver all K — 2 quantities (u[i/})TQ]Ti,wji,

i" € Sk\{i,j}, to RX;, then RX; can cancel their summation from (3.37) to obtain

(um)TQJTjwji, which is a desired equation for RX;. Therefore, one can define K —2 order-2

(7', 7)-symbols available at TX; by

a2 N QY w, i e S\, 5} (3.38)

Since for a fixed j there are K — 1 choices of i, i € Sk\{j}, a total of (K — 1)(K — 2)
order-2 symbols of the form "] i € Sk\{j}, will be constructed for a fixed j. These
symbols, if delivered, will provide RX; with K — 1 equations solely in terms of ub! while

providing every RX;, i € Sx\{j}, with K — 2 equations in terms of ull.

Since there are K choices for RX;, 1 < j < K, a total of K(K — 1)(K — 2) order-2
symbols ull™l, i € Sg\{j}, are generated by the end of phase 1. After delivering all
these symbols to their intended pairs of receivers, every receiver will be provided with
K—-1+ (K —-1)(K —2) = (K — 1)? linear equations in terms of its own information

symbols. Namely, RX; will obtain the following (K — 1)? linear equations in terms of ubl:

(ulhT ;.rjwﬁl’ i1 € S\ {4}, (3.39)
(u[]])TQZ;]wzglga iQa 7;3 S SK\{j}’ i2 ;A ig‘ (340)

It is proved in Appendix B.1 that these (K —1)? equations are linearly independent almost
surely, and thus, each receiver can resolve all its (K — 1)? information symbols.

Finally, it takes K(é:;—gé;‘”

phase 1 to their intended pairs of receivers. Hence, one can write

time slots to deliver all the order-2 symbols generated in

12
Dofy"(H) = & 12(K1 1)K§<1><K2>' (3.41)
(K =1+ 1+ =5
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Phase m-I, 2 <m < K —1 (K-user IC with Delayed CSIT): This subphase takes
a total of N'“! order-m symbols of the form ullS=l S, c Sk, i € S,,, and transmits them
to the receivers in ThC time slots. Then, a total of N} order-(m + 1) symbols of the
form ulilSm+1l| S, 1 C Sk, i € Sppa, together with NI symbols of the form lfliSme1\iH]
Smi1 € Sk, i € S;hi1, are generated such that if the generated symbols are delivered to
their intended receiver(s), then every subset S, of cardinality m of receivers will be able
to decode all the S,,-symbols transmitted in this subphase. The parameters N1 T

NG and NI are given by

Vet =i = m) 11 ). (3.42)

TIC — (K —m + 1) (i > | (3.43)
ved == 1) (344
vt = () (3.45)

The following is a detailed description of this subphase:

Fix §,, C Sk and sort the elements of §,, in ascending cyclic order. Fix iy € S,

and let iy € &, be the element immediately after ¢; in that ordering. Consider vector

i1Sm] A [, [11Sm]  [i1]Sm] lialsm] 17 :

ulitlsm] 2 [ul U e ,qumH] of K —m+1 §,,-symbols available at TX;, and
fi2lSm] & [, [i2Sm] | [i2]Sm] lialSm]] T :

vector ut2lom = [ul , Uy R V) i ] of K —m §,,-symbols available at TX,,.

In the first K —m + 1 time slots of this subphase, TX;, and TX;, transmit K —m + 1
random linear combinations of elements of ul®*= and ul2l5=!  respectively, while the rest
of transmitters are silent. Let cl#!SI(¢) (resp. cl2151(¢)) be the (K —m + 1) x 1 vector
(resp. (K —m) x 1 vector) of the random coefficients employed by TX;, (resp. TX,,) in
time slot £, 1 <t < K —m + 1. Then, ignoring the noise, by the end of these time slots,
RX;, 1 <j < K, will have the following vector of K —m + 1 channel output symbols:

— Q]Zlu[ll‘s'm] _I_ jSzu[iQ‘SnL]’ (347)
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where Cli1lSm] and Cli2lSm] are defined as

ClirlSm] & [C[il\Sm](l)‘c[hISm](2)| o |eBiSml (K —m 1)}T , (3.48)
Cli2lSm] & [C[i2‘5m1<1)‘c[i2|sm](2)’ o |cl2lSml (K —m 1)}T , (3.49)

D;;, and Dj;, are the diagonal matrices of size (K —m + 1) X (K —m+ 1) containing
the channel coefficients hVl(¢) and hl%2l(t), 1 <t < K —m + 1, on their main diagonal,
respectively, and Qj;, and Qj;, are defined as Qj;, = Dj;, ClilSnl and Qj;, & Dj;, Cli2lSml,

Therefore, in specific, each receiver RX;, j € S,,, obtains K —m + 1 desired linearly
independent equations in terms of the 2(K — m) + 1 transmitted S,,-symbols, and thus,
needs K —m extra equations to resolve all the transmitted S,,,-symbols. It is easily verified
that Q,i,, 1 < j < K, is a full rank matrix of size (K —m + 1) x (K — m) almost surely,
and so, its left null space is one dimensional. Specifically, there exist nonzero vectors wj;,
such that
L wijii, =0, j € Sk\Sm. (3.50)

j'i2
Hence, each receiver RX/, j' € Sk \Sy,, can construct yfwj/,é = (u[“"gm})TQ%le/iQ which
is a linear combination in terms of ull~ and thus, if delivered to all receivers RX;, 7 € Spm,
can provide each of them with an extra equation in terms of their desired S,,-symbols. On
the other hand, the above linear combination is solely in terms of ul"*l=! (available at TX;,)
and the channel coefficients (available at TX;,, due to the delayed CSIT assumption, by

the end of these K —m+1 time slots). Therefore, based on our terminology, one can define

yli1Smid’l & ( [z‘llsm})T T Wit 7€ Sk\Sm. (3.51)

J'i1
After delivering all these side information symbols to all receivers RX;, j € &, each
of them will obtain K — m + 1 linear equations in terms of the K — m + 1 transmitted
Sp-symbols. Namely, RX;, j € S,,, will obtain the following equations:
Qi ul o)+ Qi ul215] (3.52)
(u[i1‘87n])TQ§:i1wj’i27 j/ S SK\Sm (353)

It is shown in Appendix B.2 that the above equations are linearly independent almost

surely, which enables RX; to solve them for ultl5~] and ul®!Sm],
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We repeat the same procedure for every choice of i; € S,,, i.e., for each choice, we
spend K — m + 1 time slots to transmit 2(K — m) + 1 S,,-symbols and generate K — m
side information symbols. This implies the transmission of a total of m[2(K — m) + 1]
Sp-symbols in m(K — m + 1) time slots and generation of m(K — m) side information
symbols. Since §,, C Sk could be any subset with cardinality m, we transmit a total
of NI order-m symbols in TIC time slots and generate m(K — m)(g) side information
symbols, where NI and T are given by (3.42) and (3.43).

In order to deliver the generated side information symbols to their respective intended
receivers, fix a subset S,,11 C Sk and an index iy € S,,11. For every j' € S,,.1\{i1},
we have generated exactly one side information symbol uli1lSm+1\i"}7'1 - Since there are m
different choices for 5/, 5" € S41\ {41}, we can identify m symbols of the form 1[i11Sm+1\{7"}:7']
for fixed S;41 € Sk and iy € S;41. Moreover, every receiver RX;, j' € S,,41\{i1}, has
exactly one of these m symbols and wishes to obtain the rest, while RX;, wishes to obtain
all the m symbols. Therefore, if we deliver m — 1 random linear combinations of these
m symbols to all receivers in S,,11, then each of them (except for RX;,) will remove its
known side information and obtain m — 1 linearly independent equations in terms of the
m — 1 desired symbols almost surely and hence, decode all desired symbols. Thus, we

define m — 1 &, 11-symbols as follows

ugh\smﬂ} A Z aLil|Sm+1\{j/}%j/}u[z’1|8m+1\{j'};j’}’ 1<(<m-— 1, (3‘54)

7'€8m+1\{i1}

where ozgﬂ&”“\{j/};jl], J € Smii\{i1}, 1 < <m—1, is a random coefficient.

Since RX;, wishes to obtain all the m symbols ul1S=+\MIHT 50 ¢ S\ {i;}, after

delivering the above m — 1 linear equations to RX;,, it still requires one extra linearly

i
independent equation to resolve all its desired symbols. However, recall that after delivering
all the S, +1-symbols defined in (3.54) to all receivers RX;/, j' € S,,41, every receiver RX;/,
§" € Smy1\{i1}, will be able to obtain all the m symbols wf11Sm+ M50 e S\ {4}
Thereafter, any linear combination of the symbols wltSm+ M1 50 e S\ {01}, will be

available at every receiver RX;/, j' € S;41\{i1}. In specific, we can define a new random

57



CHAPTER 3: SISO IC AND X CHANNEL WITH DELAYED CSIT

linear combination
wlitliSmia\{in}] & Z alitSm M h Dy [ Smaa \ 5 h5], (3.55)
J'€Smi1\{ir}
as a symbol which is available at TX;, and at every receiver RX;/, ' € S;,41\{¢1}, and is
desired by RX;,.

K
m+1

Sm1, a total of NI, order-(m+1) Spi1-symbols and N order-(1,m) (i1; S \{i1})-
symbols will be generated where N} and N} are given by (3.44) and (3.45). If we
deliver all the S, +1-symbols and (i1; Spr1\{#1})-symbols, S,,+1 C Sk, i1 € Spy1, defined
in (3.54) and (3.55) to their intended receiver(s), then each receiver will be able to decode

Since there are ( ) choices of S,,,11 C Sk, and m + 1 choices of 7; € S,,,1 for each

all its desired order-m symbols transmitted in this subphase. This will be accomplished

during the next phases.

Phase K-I (K-user IC with Delayed CSIT): In this subphase, in each time slot,
an order-K symbol of the form ullSxl, i € Sk, is transmitted by TX; while the other
transmitters are silent. After each time slot, ignoring the noise, each receiver receives the

transmitted symbol without any interference. This implies that

DoF¥(K) = 1. (3.56)

Phase m-II, 3 <m < K (K-user IC with Delayed CSIT): In this subphase, each
time slot is dedicated to transmission of the order-(1,m — 1) symbols wfl5Sm\ i 1§ ¢ S
for a fixed S,,, S,, C Sk. In specific, in the time slot dedicated to S,,, every transmitter
TX;, i € S, transmits w5\t simultaneously. Since each receiver RX;, j € Sy, has
all symbols ul/5S=\H 5 e S \{j}, it will decode its desired symbol (i.e., uldliiSm\})
after this time slot. If we denote by DoF'“"™(K) the achievable DoF of transmitting all
(7; S \{7})-symbols over the K-user SISO IC with delayed CSIT, then one can write

DoFl™(K)=m, 3<m<K. (3.57)

Combining (3.42) to (3.45) and (3.57), we conclude that

DoF!°(K) = Ny~
vor,, ( - NIC-IT NIC-T
TIC + m+1 _'_ m+1
m 1 DoF, N (K) 1 DoFL (K)
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m[2(K —m) + 1] (%)
m(K —m + 1)@) +

(m+1) (1)
m+1
_ m2(K —m) + 1] 2<m<K-1  (3.58)

K—m (m—1)(K—m)’
m(K —m+1) + =5 + DoFC, | (K)

(m2-1)(,31)
DoF 7,1 (K)

+

In Appendix A.1, it is shown that (3.9) is a closed form solution to the recursive
equation (3.58) with the initial condition (3.56) and 2 < m < K. As a result, for m = 2,

it is shown that
1

T 1 AyK)
where A5(K) is given in (3.8). Equation (3.7) immediately follows from (3.8), (3.41)
and (3.59).

DoFIC(K) (3.59)

3.4 Proof of Theorem 4

For K = 2, our transmission scheme achieves the same DoF of 6/5 as the scheme proposed
in [23]. Hence, we would rather start with X" = 3 and elaborate on our transmission scheme
for the 2 x 3 X channel with delayed CSIT. We show that it achieves DoFY(2,3) = % and
DoFX(2,3) = 2, as suggested by (3.10) and (3.11). Then, we will proceed with the general

2 x K case.

3.4.1 The 2 x 3 SISO X Channel

In this section, we prove that DoF}(2,3) = 2 and DoF}(2,3) = 2 are achievable in the
2 x 3 SISO X channel with delayed CSIT. To this end, we propose a transmission scheme
which has three distinct phases:

Phase 1 (2 x 3 X Channel with Delayed CSIT): This phase takes 9 time slots

to transmit 15 information symbols as follows: Fix ¢; = 1 and 79 = 2. During the first 3

time slots, 5 information symbols ul*lt) £ [u[flll],uglm,uglll]}T and ul2lll £ [u[liQ‘l],ugz‘l]]T

(all intended for RX;) are transmitted by TX;, and TX,,, respectively. In specific, in
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each of these 3 time slots, TX;, transmits a random linear combination of u[flm, u[; 1|1}’
and ugl‘l] while TX;, transmits a random linear combination of u[féll] and u[;ém. Let
() 2 [ @), W), )T and el () £ [N e, 2 (1))T denote the vectors
containing the random coefficients of the linear combinations transmitted by TX; and

TX,,, respectively, over time slot ¢, 1 <¢ < 3.

After these 3 time slots, every receiver obtains 3 linearly independent equations in terms
of the 5 transmitted information symbols almost surely. Thus, RX; in order to resolve
these 5 desired information symbols, needs two more linearly independent equations. Now,

consider the equations received at each of RXy and RX3 in time slot ¢, 1 <t < 3:
2
ylil(t) = Z AU (1) 2l (1)
k=1

2
= 5" b)) ule ), G =23, (3.60)
k=1

The system of linear equations received at RX;, j = 2,3, by the end of these 3 time slots
can be written as

2
YUl = SO Dy, Gl =23, (3.61)
k=1

where yUI! is the 3 x 1 vector of received symbols at RX; during these 3 time slots, Dy;, ;1
is the 3 x 3 diagonal matrix containing AV*!(¢), 1 < ¢ < 3, on its main diagonal, and Cl:/
(resp. Cl21) is the 3 x 3 (resp. 3 x 2) matrix containing the random coefficients employed

by TX;, (resp. TX;,) during these 3 time slots, i.e.,

C[iklﬂé[c[z‘ku](1)|C[z‘k|ﬂ(2)|C[ikll}(3)f7 k=1,2. (3.62)

Since the elements of Cl1ll and CI2IY are i.i.d., they are full rank almost surely, i.e.,
rank(Cl11) = 3 and rank(ClE2) = 2. One can verify that Dy;,|; is also full rank almost
surely and is independent of CEU. Therefore, Qi,n £ Dji,n Cl*M is full rank almost
surely. Specifically, Q;i,;1 is a full rank 3 x 2 matrix, and thus, its left null space is one

dimensional almost surely. Let the 3 X 1 vector wj;,; be in the left null space of Q;j,1, i.e.,
QJTizuwjz‘zu = 0241, J7=2,3. (3.63)
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After these 3 time slots, every receiver can calculate w1, j = 2,3. Then, using (3.61)
and (3.63), RX;, j = 2,3, can obtain

0
[IINT [1INT T li2AINT ‘T N
(Y7) wjiyp = (uH) jS1|1wjiz\1 + (ut?!) sz'2|1wji2|1

— (u[ilm)TQjT‘;luwjiz\la (3.64)

TOYT

ulll Therefore, if we deliver (ull!)) HRTCZAE

which is an equation solely in terms of ul
j = 2,3, to RXy, then it will have enough equations to resolve its 5 desired information
symbols (it can be easily shown that these equations are linearly independent almost

surely). Hence, two symbols !l and ul"%3 can be defined as

CTE) (u[ilm)TQJThuwjizlla j=2,3. (3.65)

In the same way, the following 5 fresh information symbols (now, all intended for RXj)

are transmitted during the next 3 time slots:

alinl? & [u[1i1|2]’u[2i1|2]7uz[))i1|2}]T7 (3.66)
uli2l?l 2 [ 2P [T (3.67)
and the following two side information symbols are generated:
Wt & (WP QY wjip, G =1,3, (3.68)
where QJTil|2 and w;,2 are similarly defined.
The same procedure is followed during the last 3 time slots to transmit another 5 fresh

information symbols

a3 & [u[11'1|3]7 u[2i1|3]7 u:[gi1|3}]T’ (3.69)

wle ¥ & fuy ) (3.70)

which are all intended for RX3, and generate the two side information symbols

W13 & WBBYTQE e j=1,2, (3.71)
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. . . o, . T .
with similar definitions of Q i3 and w ;3.

After these 9 time slots, if we deliver the side information symbols defined in (3.65),
(3.68) and (3.71) to their respective receivers, then each receiver will be able to decode all
its own 5 information symbols. To this end, consider the linear combination 212 4-qi112:1],
If we deliver this linear combination to both RX; and RX,, then RX; can cancel ulit%1]
to obtain w2l Similarly, RX, can cancel ul'1%? to obtain ul"/%!. Note also that both
ult2l and wl11%1 are available at TX;,, and so is their summation. Therefore, one can

define the following order-2 symbol available at TX,, :
plinlh2) & 152 o fia]251] (3.72)
The following order-2 symbols can be similarly defined:

wlin L8] &g filnss] 4 G (3.73)

wlin 23] & 23] o []352] (3.74)

Our goal in phase 2 is to deliver the above three order-2 symbols to their respective pairs

of receivers.

Phase 2 (2 x 3 X Channel with Delayed CSIT): This phase takes 12 time slots to
transmit 18 order-2 symbols generated in phase 1. Recall that in phase 1 we generated only

i1]1,3

three order-2 symbols ul1M2 41131 and 41123 which are all available at TX;,, where

11 = 1. As we will see later, the following 18 order-2 symbols are required for phase 2:
b2 P03 23y — 190 1<k <3 (3.75)

Therefore, we repeat phase 1 three times with (i1,45) = (1, 2) and three times with (iy,is) =
(2,1) to generate the above 18 order-2 symbols required for phase 2. The transmission in

phase 2 is then accomplished as follows:

The first 4 time slots of phase 2 are dedicated to transmission of 6 (1,2)-symbols
{ugu’m}izl and {uf'l’m}i:l. This is accomplished in exactly the same way as the first 4

(1]1,2;3] 2/1,2;3]

time slots of phase 2 in Section 3.3.1, and the side information symbols u and u

will be generated at RX3. Similar to phase 2 of Section 3.3.1, the next 8 time slots are
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dedicated to transmission of 6 (1, 3)-symbols and 6 (2, 3)-symbols. However, in contrast to
Section 3.3.1, the (1, 3)-symbols and (2, 3)-symbols are here transmitted by TX; and TXj.
Hence, after these 8 time slots, the side information '3 and w2231 will be generated

at RX; and the side information u""%% and uP%32 will be generated at RX,.

Therefore, after these 12 time slots, our goal is reduced to

(a) delivering ul'?3 and ul?1%3 to both RX; and RXj,
(b) delivering u!'"%2 and w32 to both RX; and RXs,
(¢) delivering ul'?%1 and uP?31 to both RX; and RX.

11,2;3] p, [111,3;2 1/2,3;1]
)

Now, consider u! I, and ul . Note that these three symbols are available
at TXy, and so is any linear combination of them. Another observation is that each receiver
has exactly one symbol out of these three symbols and requires the other two. Hence, if
we deliver two random linear combinations of these three symbols to all receivers, then

[1]2,3;1

RX; can remove u I from the two linear combinations to obtain two random linear

combinations solely in terms of ul'%3 and ul'%2 and so, solve them for ul!?3 and

ul'l32) (vesp. ul'l%3) from the two random

ultt32 Likewise, RXy (resp. RX3) can remove
linear combinations and obtain two random linear equations solely in terms of its own pair
of desired symbols, and resolve its desired symbols. Thus, the following two random linear
combinations can be considered as order-3 symbols to be delivered to all three receivers in

the next phase:

u[11|1,2,3] 2 ul123) L 111332 +043u[1|2’3;1], (3.76)
u[21|1,2,3] A aflu[m,z;s] _I_O/Qu[l\l,s;z] +a/3u[1|2,3;1]_ (3.77)

u[2|1:3§2

Using the same arguments for w2123 I, and uP?31 one can define the following

order-3 symbols:

u[12|1,2,3} éﬁlu[2|1,2;3} +ﬂ2u[2|1’3;2] +,83U[2‘2’3;1], (378)
u[22|1,2,3} 2 g 21123y gy sl | g i) (3.79)

where 3; and g], 1 < i < 3, are random coefficients.
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Phase 3 (2 x 3 X Channel with Delayed CSIT): Using time division in 4 time

slots, the 4 order-3 symbols u[11|1’2’3], uglll’m], u[12|1’2’3], and u[22|1’2’3} will be delivered to all

three receivers.

At the end, in view of the fact that we have fed a total of 6 x 15 = 90 fresh information
symbols to the system in 6 x 9 = 54 time slots in phase 1, and spent 12 time slots in phase

2 and 4 time slots in phase 3, the achieved DoF is equal to

90 9
DoF(2,3) = ———— = . 3.80
Doby(2:3) = 5 974 = 7 (3:80)
Also, regarding the phases 2 and 3, we have DoF3 (2,3) = % = %, and DoF3(2,3) = 1.

3.4.2 The 2 x K SISO X Channel

Our transmission scheme for the 2 x K SISO X channel with delayed CSIT is a multiphase
scheme as depicted in Fig. 3.6. In particular, for every m, 1 < m < K — 1, phase m
takes NX order-m symbols of the form ullSnl S, Sk, i € {1,2}, and transmits them
to the receivers in TX time slots. Then, a total of N3, order-(m + 1) symbols of the
form wlSm+1l S, | C Sk, i € {1,2} are generated such that if the generated symbols are
delivered to their intended receivers, then every subset S, of cardinality m of receivers will
be able to decode all the S,,-symbols transmitted in phase m. The parameters NX TX

and N, are given by

N* =2[2(K —m) + 1] <§) (3.81)
T =2(K —m+1) (i) (3.82)
NX. ., =2m (m[i 1>. (3.83)

The following is a detailed description of phase m:

Phase m, 1 <m < K —1 (2 x K X Channel with Delayed CSIT): Fix i; = 1

and iy = 2. For every §,, C Sk, consider the following two vectors of §,,-symbols:
T

wlinknd & el ol gt (3.84)
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Fresh data order-2 order-3 order-4 order-K
symbols symbols symbols symbols symbols

Phase 1 »| Phase 2 » Phase 3 b——» --- — Phase K

Figure 3.6: Block diagram of the proposed multiphase transmission scheme for the 2 x K
X channel, K > 2.

‘ A A ) T
alilSn] & [yliskSn]  lilSn] 7u[;gl_§;&] , (3.85)

and transmit them exactly as the phase m-I of Section 3.3.2. More specifically, in K —m+1
time slots, TX;, and TX,;, transmit X — m + 1 random linear combinations of elements
of ultlS~l and ul2lSm! respectively. Using the same arguments as in the phase m-I of
Section 3.3.2, K — m side information symbols of the form ulinSmid’] j € Sk\Sn, are
generated after these K —m + 1 time slots (see (3.51)). If we deliver all symbols ul"115m'],
Jj € Sk\Sm, to every receiver RX;, j € S, then every receiver RX;, j € S,,, will be

obtain enough linearly independent equations to decode all the S,,-symbols in ul®$7) and
[i2]Sm]
u .

Therefore, for every S, C Sk, a total of 2(K —m) + 1 S,,-symbols are transmitted in
K —m+1 time slots, and K —m side information symbols are generated. Since there are
(5 ) choices of S, C Sk, this implies the transmission of [2(K —m)+1] (i ) order-m symbols
in (K —m+1)(") time slots and generation of (K —m)(") side information symbols.
Now, in order to deliver the generated side information symbols to their respective intended
receivers, fix a subset S,,.1 C Sk. For every 7' € S,,.1, we have generated exactly one side
information symbol wli11Sm+1\M3"}'] - Since there are m+ 1 different choices for j/, j' € Spi1,
we can identify m + 1 symbols of the form u[1Sm+1\M7'b'] for a fixed Spy1 € Si. Moreover,
every receiver RX;/, j' € S,,41, has exactly one of these m+1 symbols and wishes to obtain
the rest. Therefore, if we deliver m random linear combinations of these m + 1 symbols
to all receivers in S,,,1, then each of them will remove its known side information and
obtain m linearly independent equations in terms of the m desired symbols almost surely

and hence, decode all desired symbols. Thus, we define m &,,,1-symbols as follows:

ug1|3m+1] A Z 6£i1|8m+1\{j'};j']u[i1\Sm+1\{j'};j'], 1<0<m, (3.86)

j/ESm+1
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where Bgl‘s’”“\{jl};ﬂ, j € Sni1, 1 <€ <m,is arandom coefficient. Since there are (mlil)
K

choices of S,,11, Smy1 € Sk, a total of m(m +1) order-(m + 1) symbols will be generated

as above.

Finally we note that, so far, we have only generated order-(m + 1) symbols of the form
ullSm+1lwith 44 = 1, which are all available at TX;. However, in order for phase m +1 to

21Sm+1l This can be seen

work, we need order-(m + 1) symbols of both forms ul!lSm+1) and ul
from (3.84) and (3.85). To resolve this issue, we simply repeat phase m with (i1, i2) = (2, 1).
This together with the previous round of phase m implies the transmission of a total of NX
order-m symbols in T3 time slots, and generation of N5, order-(m + 1) symbols, where
NX, T%, and N2, are given by (3.81) to (3.83). If we deliver all these S,,41-symbols to
their intended subsets of receivers, then each receiver will be able to decode all its desired
order-m symbols transmitted in this phase. This will be accomplished during the next

phases.

Phase K (2 x K X Channel with Delayed CSIT): In this phase, in each time slot,
an order-K symbol of the form 5%, i € {1,2}, is transmitted by TX; while the other
transmitter is silent. Therefore,

DoF% (2, K) = 1. (3.87)

Finally, using (3.81) to (3.83), we can express DoFX (2, K), the achieved DoF of trans-

mission of order-m symbols in the 2 x K SISO X channel with delayed CSIT, as
NX
DoF}\ (2, K) = X
g p—

m+1
DoF7. 1 (2.K)

2[2(K —m) + 1](%)

2 —m+ 1)(K) 4 - 2mlaa)
m m/) T DoFX ., (2,K)
D[2(K — 1
_ (A DRK-—m)+1] g (3.88)

m(K—m)
(m+MK—m+U+E§Hﬁ3

It is proved in Appendix A.2 that (3.10) and (3.11) are indeed closed form expressions
for DoF* (2, K), 1 < m < K, satisfying the recursive equation (3.88) together with the
initial condition (3.87).
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wll—= Encoder 1

w2l—= Encoder 2

wBl—= Encoder 3

w4l —= Encoder 4

WK1 —{ Encoder K — 1

wlEl—= Encoder K

L1l
(1 (1
L "L Y Decoder 1 [ 1j/[1]
212l
(2 (2]
L = Y+l Decoder2 | Wizl
Decoder 3 = 173l
Decoder 4 = 1714l
Decoder K — 11— 1j/[K-1]
Decoder K |— 1j/[X]

Figure 3.7: K-user 3-cyclic SISO IC.

3.5 Cyclic SISO Interference Channel

In this section, we study the K-user r-cyclic SISO interference channel, 1 < r < K. In this

model, TX;, 1 <17 < K, causes interference to r — 1 receivers RX;,1, RX;10, - -

)

RXi+T—1

in a cyclic manner. Figure 3.7 depicts the block diagram of this channel. The case r = K
corresponds to the fully connected 1C which was studied in Section 3.1. With full CSIT,
it is known that this channel has K/2 DoF if r > 2 [10] and K DoF if r = 1. In the
following, we first show that this channel has K/r DoF with no CSIT. Then, we focus on
r = 3, and by generalizing our multiphase transmission ideas presented in Section 3.3.1,

show that this channel can achieve more than K /3 DoF with delayed CSIT.
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3.5.1 K-user r-cyclic Interference Channel with no CSIT

We prove that this channel has K/r DoF when there is no CSI available at the transmit-
ters. To do so, we first show that K/r is an upper bound to the DoF of this channel.
Consider the sub-channel which is composed of only the first r transmitter-receiver pairs
{(TX;,RX;)}i_,. Since adding interference does not increase the DoF, the sum-DoF of
this sub-channel is an upper bound to the total DoF of these users in the original channel.

Next, we show that the sum-DoF of this channel is upper bounded by 1.

Denote by xt1 2 [z(1), 2(2), - ,2l(7)]T and ybl & [yil(1), y5(2), -+ yll(r)]T =
S hloxll 4 7l the vectors transmitted by TX; and received by RX; over a block of 7
time slots, where hVi £ [pld (1) AUI(2), ... BUI(7)]7 and V! & [2V)(1), 200(2), - | 2U)(7)]T
and “o” denotes the element-wise product. Also, denote by HU £ [hlil],_,; the matrix
of channel coefficients of RX; over the block of 7 time slots. By Fano’s inequality [16], we

have

TRU < T (x[j]; yl, H[j]) +Ter (3.89)

@ 1 (xU; y B HO) 4 re,, G=1,2, (3.90)

where ¢, — 0 as 7 — oo, and (a) follows from the fact that there is no CSI at the
transmitters, and thus, x! and HV! are independent of each other. Summing up the above

inequalities for 1 < j < r and taking the limit as 7 — oo, we get

~ -\ 1
[j] im — b1 Ul bl
ZR < ZTII—{EOTI(X sy HY) (3.91)
J=1 j=1
r 1 i . ' ' -1 | . |
B ]217;[1—{& T [h (12 hU7 o x4 707 Hm> —h (;1 hbil o xlil 4 U] H[J])] :
(3.92)
@ Jim Lp, (v Hb)) o
T—00 T ’

where (a) uses the fact that the channel coefficients are i.i.d. across all nodes as well as

time and the noise terms are also i.i.d. across receivers and time, and thus

j—1 j—1
L (Z WlG-Di o x4 gli-1] ‘Hu—l]> — (Z il o x4 5l Hm) . (3.94)

=1 =1
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Now, we can write

1 1 .
§ 7] im — [r] | g ]
dv < Ph_rgo ng iz (Tlll)glo Th (y |H )) <1, (395)

where the last inequahty follows the fact that a SISO point-to-point channel has at most
1 DoF.

Using the same arguments for similar sub-channels (which are selected in a cyclic man-
ner), we get ZHT_l dVl < 1 for every £, 1 < ¢ < K. Summing up both sides of these
inequalities for every ¢, 1 < ¢ < K, we get r Z I < K, which yields the desired upper
bound.

Finally, it is easy to see that Z]K:1 d9l = K /r is achievable with no CSIT as follows: In 7
time slots, each transmitter repeats only one information symbol. After r time slots, each
receiver obtains r linearly independent combinations of r symbols (one desired symbols
and r — 1 interference symbol), and hence, can resolve its desired symbol. The following

theorem summarizes the above results:

Theorem 5. The K-user r-cyclic SISO IC has K/r DoF with no CSIT.

3.5.2 K-user 3-cyclic Interference Channel with Delayed CSIT

We note that when r = 1 the r-cyclic channel turns to a K-user interference-free channel
which has K DoF with or without CSIT. Also, for » = 2, this channel is called cyclic Z-
interference channel which has K /2 DoF with or without CSIT. Therefore, these channels
have the same DoF's also with delayed CSIT. For r > 2, there is a strict gap between DoF's
with full and no CSIT. In this case, focusing on r = 3, we show that more than K/3 DoF
can be achieved in the 3-cyclic IC with delayed CSIT. In specific, we prove the following

theorem:

Theorem 6. The K -user 3-cyclic IC (K > 3) with delayed CSIT can achieve DoF'° (K, 3)
DoF' almost surely, where
_AKE K £ 5

DoFl(k,3) = { M2 ) - (3.96)

15 —
15 K=5
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Proof. Consider the following transmission scheme which has three phases: In phase 1,
4K fresh information symbols are transmitted over 5 time slots, exactly as in the scheme
proposed for the 3-user IC with delayed CSIT in Section 3.3.1. In particular, each trans-
mitter transmits 5 random linear combinations of 4 information symbols in 5 time slots.
Then, 2K order-2 symbols ul =113 4li=2li=23] 1 < j < K will be generated accordingly.
Therefore, the achievable DoF is obtained by

4K

2K )
5+ DoF1°(K,3)

DoF (K. 3) = (3.97)
where DoFi’ (K, 3) denotes our achievable DoF for transmission of the order-2 symbols. In
phase 2, the generated order-2 symbols are transmitted over the channel. Three different
cases of K = 3L, K = 3L + 1, and K = 3L + 2 are treated separately. We define an
“order-2 transmission graph” as a bipartite graph with 2K vertices corresponding to the
2K nodes of the channel under consideration. In this graph, TX; is connected to RX; and
RX; if and only if ul7] is transmitted by TX;,.

Phase 2 (K-user 3-cyclic IC with K = 3L):

Spend 2 time slots. In each time slot, for every 1 <m < L,

o TXs,, o transmits a random linear combination of u;
e TXs,,_1 repeats ul3m—1B3m-13m+1]

o TXj;,, is silent.

After these 2 time slots, for every 1 < m < L, RX3,,_2 obtains 2 equations in terms of 3

. 3m—23m—23m—1] _ [3m—2|3m—2,3m—1 —A(3m—d.3m—
desired symbols o213 28m=1l -y Bm=2Bm=23m=l] oy g gy Bm—aBm=43m=2 © Also RX3,_;

. o . 3m—23m—2,3m—1] _ [3m—23m—2,3m—1
obtains 2 equations in terms of 3 desired symbols ¢~ 2¥m=23m=l -y Bm=2fIm=28m=1] g

ulB3m=13m=13m+1] Hence, each of them requires one extra linearly independent combination

to resolve its own symbols. Now, using the same arguments as in Section 3.3.1, for every

1 < m < L, RXs, can remove yl3m—13m-13m+1]

terms of w7 HmT2IML g g B 2BmT23mAl  Thig equation is desired by both RXsm_o

and RX3,,_1, and is denoted as ul*™3m=23m=13m] " Thege symbols will be delivered to their

to obtain a linear equation solely in
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i

/
I

Figure 3.8: Order-2 transmission graph for K-user 3-cyclic SISO IC with K = 3L.

respective pairs of receivers in phase 3. Figure 3.8a depicts the transmission graph of phase
2. The number of fresh order-2 symbols transmitted by each transmitter is indicated in the
figure next to its corresponding node. Also, the curved arrows show the pairs of receivers

which require the side information available at each RX3,,, 1 <m < L.

In order to transmit the same number of each order-2 symbol, we repeat this phase.
However, we now follow the transmission strategy of Fig. 3.8b. Also, we make 4 new
strategies by making one and two cyclic shifts to each graph in Fig. 3.8. Therefore, 3
order-2 symbols of each type are transmitted in this phase. That is, transmission of a total
of 3 x 2K = 6K order-2 symbols in 3 x 2 x 2 = 12 time slots and generation of 2K side
information symbols ulil#i+1i+2 q iliat2i41] 1 < j < K The achieved DoF is then given
by
6K

2K
12+ DoF5 (K,3)

DoFY’ (K, 3) = (3.98)
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K
- = K =3I, (3.99)

2 + Mé,cl (K73)
where DoFIQi(K ,3) denotes the achievable DoF for transmission of the side information

symbols of type wlilii+Lit2 op ylilisi+2i+1],

Phase 2 (K-user 3-cyclic IC with K = 3L + 1):

In this case, the transmission graphs of Figs. 3.9a and 3.9b are used to transmit order-2
symbols. However, it can be seen that in each of these graphs RXs receives an interference

term from TX, i.e., the symbol ulf!1,

Hence, after delivering the side information
symbols generated in this phase (generated exactly as in the case of K = 3L), RXj still
needs to decode this symbol to be able to decode all its desired symbols. But, we notice
that this symbol will be available at RX; and RX after delivering the side information

symbols. Therefore, one can denote this symbol as w51,

It can be verified that by L — 1 times repeating the K cyclically shifted versions of
graph of Fig. 3.9a together with L + 1 times repeating the K cyclically shifted versions
of graph of Fig. 3.9b, we can transmit LK order-2 symbols of each type, i.e., a total of
2L K? order-2 symbols. To do so, we spend a total of 4LK time slots, and will generate
(L — 1)LK symbols of type ulll:i+5+2 ([ + 1) LK symbols of type ullt+%+1 and 2LK

symbols of type w2471 Therefore, we get
2LK?
T Do (53 T Dol (K9)
K
= . K=3L+1, (3.101)
DoFy (K,3) ' DoFify(K.3)

where DoFll%(K ,3) denotes the achievable DoF for transmission of the side information

symbols of type ul*2%+1 and we have used the fact that the total number of generated

symbols of type ulili+1i+2] or lilti+2+1] §5 equal to (L — 1)LK + (L + 1)LK = 2L*K.
Phase 2 (K-user 3-cyclic IC with K = 3L + 2):

In this case, if L > 2, the transmission graphs of Figs. 3.9¢ and 3.9d are used to transmit

order-2 symbols. It can be verified that by L + 2 times repeating the K cyclically shifted
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(a) K =3L+1 (b) K =3L+1 (¢) K =3L+2 (d) K =3L+2

Figure 3.9: Order-2 transmission graph for K-user 3-cyclic SISO IC with K = 3L + 1 and
K =3L+2.

versions of graph of Fig. 3.9¢ together with L — 2 times repeating the K cyclically shifted
versions of graph of Fig. 3.9d, we can transmit LK order-2 symbols of each type, i.e., a total
of 2LK? order-2 symbols. To do so, we spend a total of 4LK time slots, and will generate
(L +2)LK symbols of type ull#" 1+ and (L —2)(L+ 1)K + (L +2)K = L?>K symbols of
type ull® %71 e a total of 2L(L + 1)K symbols of type ullti 142 o ¢ [ilti42i41] The
achieved DoF will be

2LK? B K

2L(L+1)K L+l
ALK + DoF I, (K.3) 2+ DoFy; (K,3)

DoF° (K, 3) = : K =3L+2. (3.102)

For L = 1, i.e., K = 5, only the 5 cyclically shifted versions of graph of Fig. 3.9¢c
are used. Hence, 5 x 5 order-2 symbols are transmitted in 2 X 5 time slots and 10 side

information symbols w142 and lile+241 1 < § < 5 are generated. In this way, one
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can verify that 3 order-2 symbols of type ull%*2 and 2 order-2 symbols of type wull#i+1]
are transmitted for every 1 < ¢ < 5. To maintain the balance between the transmitted
order-2 symbols, we need to transmit another symbol of type ul/***1 for each 1 < i < 5.
These 5 symbols are transmitted in 3 time slots as follows: In each time slot, TX; repeats
ull* 1 Thus, after the 3 time slots, each receiver is provided with 3 linearly independent
combinations of 3 symbols (two desired and one interference) and can decode all of them.
Therefore, the achieved DoF for K = 5 will be

25+ 5 30
il = . (3.103)

= 10 10
10+3+ sy B+ b

DoF}(5,3)

Phase 3 (K-user 3-cyclic IC): Each set of K symbols ull# 142 (o o241y
1 <1 < K, are delivered in 2 time slots using repetition of each symbol by its corresponding

transmitter. Therefore,

K
DoF3; (K, 3) = - (3.104)

Also, each set of K symbols ullit%4+1 1 < § < K. are delivered in 1 time slot by

transmission of each symbol by its corresponding transmitter. Therefore,

DoF (K, 3) = K. (3.105)
The proof is then complete in view of (3.97), (3.99) and (3.101) to (3.105). O

Figure 3.10 plots our achievable DoF for the K-user 3-cyclic IC with delayed IC, given
by Theorem 6, for 3 < K < 30, and compares it with the channel DoFs with no CSIT
(Theorem 5) and full CSIT.

3.6 Conclusion

We proposed new multiphase interference alignment schemes and obtained new achievable
results on the DoF of the Gaussian K-user SISO interference channel and 2 x K SISO X
channel under delayed CSIT assumption. Our results show that the DoF of these channels
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—— No CSIT e
—— Delayed CSIT
+—  Full CSIT a

IC(K)

1

DoF

5 10 15 20 25 30

Figure 3.10: The achievable DoF for K-user 3-cyclic IC with delayed CSIT and the channel
DoF's with no CSIT and full CSIT.

with the outdated CSI at transmitters is strictly greater than that with no CSIT. The
achieved DoF's are strictly increasing in K and approach limiting values of 4/(61In2 — 1)
and 1/1n 2, respectively, for the interference and X channels as K — oo. This is in contrast
to the no CSIT assumption wherein it is known that both channels have only one DoF
for all values of K. For the interference channel, we improved the best previously known
result on the DoF of the 3-user case with delayed CSIT, and to the best of our knowledge,
this chapter presents the first and yet the best DoF results for the K-user case with K > 3.
For the 2 x K X channel, our achievable DoF is strictly greater than the best previously
reported result on that of the K x K X channel. We also generalized our multiphase
transmission ideas to the cyclic interference channel. In particular, we showed that the 3-
cyclic interference channel with delayed CSIT can achieve a DoF greater than K/3, which
is its DoF with no CSIT, for all values of K > 3.
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Chapter 4

SISO Interference and X Channels
with Full-Duplex Transmitter

Cooperation and Feedback

In this chapter!, we address the K-user SISO IC and M x K SISO X channel with no
instantaneous CSIT, and study the impact of full-duplex transmitter cooperation and/or
different types of feedback on DoF of these channels. We present the system model in
Section 4.1. Then, we give some illustrative examples of transmission over the interference
channel in Section 4.2 and X channel in Section 4.3. These examples exploit the feed-
back/transmitter cooperation models defined in Section 4.1 and highlight our transmission
ideas for these channels with a few number of users. Then, we present our main results
in Section 4.4, and provide the proofs in subsequent sections. In particular, we consider
these channels with delayed CSIT and full-duplex transmitter cooperation in Section 4.5.
Regarding the full-duplex CSI, we assume that the source nodes (transmitters) have only
access to their incoming full-duplex CSI. We propose transmission schemes that achieve
DoF values greater than the best available achievable DoF's for these channels with delayed

CSIT but without transmitter cooperation (cf. Chapter 3).

In Section 4.6, we consider the same channels with output feedback, wherein we assume

!The work in this chapter has been reported in [4, 5]
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that each transmitter has a causal access to the output of its paired receiver through a
feedback link. This is indeed a limited output feedback (in contrast to providing each
transmitter with the outputs of more than one receiver), however, the term “limited” will
be henceforth dropped for brevity. Therefore, in the X channel, we hereafter consider
only M = K with a one-to-one mapping between transmitters and receivers for feedback
assignment. The 3-user IC and 2 x 2 X channel with output feedback were previously
investigated in [35], wherein 6/5 and 4/3 DoF were respectively achieved. While achieving
the same DoFs for the 3-user IC and 2 x 2 X channel, our main contribution here is
proposing multi-phase transmission schemes for the general K-user cases that achieve DoF

values strictly increasing in K.

Next, we study the K-user SISO IC and K x K SISO X channel with delayed CSIT and
output feedback in Section 4.7. Under this assumption, which is referred to as Shannon
feedback, we propose multi-phase transmission schemes capturing both the delayed CSI
and output feedback to cooperatively transmit over the channel. The achieved DoF's are
strictly increasing in K and greater than those we achieved with output feedback for K =5
and K > 6 in the K-user IC and for K > 2 in the K x K X channel. The achievable
results will be compared and discussed in Section 4.8, and finally, the chapter is concluded

in Section 4.9.

4.1 System Model

Consider the K-user SISO Gaussian IC and M x K X channel as defined in Section 3.1.
The delayed CSIT model was defined in Section 3.1 for these channel. In this chapter, we
first assume that the transmitters, in addition to having delayed CSI, are able to operate

in full-duplex mode, which is defined as follows:

Definition 8 (Full-duplux Transmitter Cooperation). The transmitters are said to operate
in full-duplex mode if they can transmit and receive simultaneously. In full-duplex mode,

the received signal of TX; in time slot t is given by

K
K-user IC : gy => " a2l + (), 1<i<K. (4.1)

i'=1
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M x K X channel : it §:m“ +20@), 1<i< M. (4.2)

=1
The noise terms and channel coefficients are assumed to be drawn according to CN(0,1) and
i.i.d. across all nodes as well as time. No feedback link is available between the transmitters,

and hence, TX; is assumed to have only its incoming full-duplex channel coefficients, i.e.,
{RENE) Y, in the IC and {RFV(t)YIL, in the X channel, perfectly and instantaneously.

Moreover, we consider two different feedback models as follows:

Definition 9 (Feedback Models). We assume that each receiver knows channel coefficients

of the other receivers with one time slot delay. Also,

e Output Feedback: Each channel output y! (t), 1 < i < K, will become available
at TX; with one time slot delay via a noiseless feedback link. Therefore, for the X

channel, we only consider M = K under the output feedback assumption.

e Shannon Feedback: The transmitters have access to both delayed CSIT and output
feedback as defined above. Therefore, for the X channel, we only consider M = K

under the Shannon feedback assumption.

Definition 10 (Transmitter Side Information). Using Definitions 8 and 9, the following
feedback and/or transmitter cooperation models will be investigated in this chapter, each of

which is equivalent to a certain transmitter side information:

(a) The K-user IC and M x K X channel with delayed CSIT and full-duplex transmitter

cooperation:
K-user IC:

Tt & {gf¢), H(t) }i, 11U{h[”l] 1< <K}t/ p 1<i<K. (4.3)
M x K X channel:

i) & (), Ht) ), R @) 1< <MY, 1<i<M.  (44)
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(b) The K-user IC and K x K X channel with output feedback:
i N i t—1 .
W) & {yf(th},,, 1<i<K. (4.5)
(¢) The K-user IC and K x K X channel with Shannon feedback:
t—1

() & {yf (), H(t)},_,, 1<i<K. (4.6)

For the definitions of block codes and DoF, the reader is referred to Definitions 6 and 7.

In the following two sections, we elaborate on our transmission schemes for examples
of the IC with a few number of users. Each channel will be investigated under each of the

following assumptions defined in Definition 10:

(a) Full-duplex transmitter cooperation and delayed CSIT (which is also called full-duplex
delayed CSIT in this chapter);

(b) Output feedback;

(c¢) Shannon feedback.

4.2 Illustrative Examples: Interference Channel

Note that for the two-user IC, none of the assumptions (a)-(c) can help to achieve more
than one DoF. This follows from the fact that DoF of this channel with full CSIT is equal
to 1, and full-duplex cooperation and/or output feedback cannot increase the channel
DoF with full CSIT|[11]. Hence, we start by the 3-user IC and present our transmission
scheme under each of the assumptions (a)-(c). Subsequently, we consider the 4-user IC to
illustrate how our transmission techniques are generalized to the IC with more users. Let

us introduce some notations which will be used only in this section and Section 4.3:

Notation 4. In the IC, we denote fresh information symbols of TXy, TXs, TX3, and
TX, (intended for their paired receivers) by u, v, w, and s variables, respectively. Each of
these symbols is selected from a Gaussian codeword which is intended to be decoded at its

corresponding receiver.
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Notation 5. The transmission schemes are multiphase. A linear combination of transmit-
ted symbols which is received by RX; is denoted by L,(-) if we are in phase 1 of the scheme,
and by Li,(-) or L ,(-) if we are in phase 2, where t is the time index. Similarly, Ly(-),
L.(+), and Lq(+) and their primed versions denote the linear combinations available at RX5,
RXs5, and RXy, respectively. A linear combination which is available at a receiver but is
not desired by that receiver is coloured by a colour specified to that receiver. In particular,

“blue”, “red”, “green”, and “yellow” are assigned to RX, to RXy, respectively.

4.2.1 3-user Interference Channel

The schemes we propose for the 3-user IC under the assumptions (a)-(c) are motivated
by the scheme proposed in [35] for the 3-user IC with output feedback, i.e., assumption
(b). Indeed, the scheme proposed here for the 3-user IC with output feedback is a modified
version of the scheme proposed in [35] and achieves the same DoF of 6/5. The modification
is such that our scheme can be systematically generalized to larger networks. For the full-
duplex delayed CSIT and Shannon feedback, our transmission schemes also achieve 6/5
DoF. Each scheme operates in 2 distinct phases. Since phase 1 is the same for all three
schemes, we present phase 1 only once, and then present phase 2 under each assumption

separately.

Phase 1 (3-user IC):

This phase takes 3 time slots, during which 6 information symbols {uy, us}, {v1,v2},

and {wy,wy} are fed to the system respectively by TX;, TXs, and TX3 as follows:

> First time slot: TX; and TX, transmit u; and vy, respectively, while TX3 is silent.
Hence, ignoring the noise, RX; and RX, each receive one linear equation in terms of wu,

and v; by the end of the first time slot as follows:

RX; : Lo(uy, v1) = W™ (1)uy + RM2 (1Dwy, (4.7)
RX, : Ly(uy,v1) = W2 (1D)uy 4+ A (1)w,. (4.8)

Therefore, if we deliver another linearly independent combination of u; and v; to RXy, it

will be able to decode both transmitted symbols (the desired symbol u; and the interference
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symbol v7). Similarly, if we deliver a linearly independent combination of u; and v; to RXs,

it can decode both u; which is interference and v; which is a desired symbol.

Now, we observe that RX3 has also received a linear combination of u; and vy, i.e.,

ignoring the noise,
RXj : Le(uy,v1) = b (1D)uy 4+ ABI(1)w,. (4.9)

Note first that this quantity does not contain any information about the information sym-
bols of RX3 (w symbols). Therefore, it is not desired by RX3. However, since the channel
coefficients are i.i.d. across the nodes, L.(uy,v;) is linearly independent of each of L, (uy, vy)
and Ly(u1,v1) almost surely. Therefore, if we somehow deliver L.(uy,v;) to both RX; and
RXs, each of them will be able to decode its own desired symbol (together with the inter-
ference symbol). Hence, L.(ui,v;) is a new “symbol” which is simultaneously desired by
both RX; and RX5 and is available at RX3.

Transmission in the second and third time slots is done similar to the first time slot,

except that roles of the nodes are exchanged:

> Second time slot: TX, and TX3 transmit v, and wy, respectively, while TX; is silent.
After this time slot, the linear combination L, (vq,w;) will be desired by both RX; and
RXs;.

> Third time slot: TX3 and TX; transmit wy and us, respectively, while TX, is silent.
After this time slot, L;(uz,ws) will be desired by both RX3 and RX;.

The transmission in phase 1 is visually illustrated in Fig. 4.1. Note in the figure
that in each time slot, the coloured quantity denotes the quantity which is available and
undesired at the corresponding receiver by the end of that time slot. It only remains to
deliver these coloured symbols, i.e., L.(u1,v1), Lo(ve,w), and Ly(ug, we) to the pairs of
receivers where they are desired as discussed above. This will be accomplished in phase 2
through cooperation between the transmitters. The type of cooperation is determined by
the channel feedback/cooperation assumption, that is, the assumptions (a)-(c). However,
under each assumption, phase 2 takes 2 time slots, and thus, the overall achieved DoF will

be 6/5. In the following, we present the phase 2 under each assumption separately:
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Phase 2 (Full-duplex 3-user IC with Delayed CSIT):

Recall that in the first time slot, TX; and TX, respectively transmitted u; and vy,
and TXj3 was silent. According to full-duplex operation of the transmitters, TX; receives
a noisy version of v; and TX, receives a noisy version of u; by the end of this time slot.
This along with the delayed CSIT assumption enables both TX; and TX, to reconstruct a
noisy version of L.(uq,v1), whose noise can be ignored as mentioned in previous chapters.
Similarly, both TXy and TX3 will reconstruct L,(vy, w;) after the second time slot, and
both TX3 and TX; will reconstruct Ly(ug, ws) after the third time slot. Therefore, this

phase takes 2 time slots as follows:

> Fourth time slot: The symbols L.(u1,v1), La(ve, wy), and Ly(ug,wy) are transmitted

by TX;, TXs, and TX3, respectively. Then, RX; receives the following linear combination

LZL74 (LG(U27 wl)a Lb(u27 w2)> Lc(uly Ul)) =
R (4) Le(u, v1) + B(4) Lo (g, wy) + WP (4) Ly (ug, wy),

and since it already has the undesired quantity L,(ve,w), it can cancel it to obtain an
equation solely in terms of L.(uj,v1) and Ly(ug, ws). Remember that both L.(u1,v1) and

Ly(us,ws) are going to be delivered to RXj.

Also, RX; receives

L?)A (LUL<U27 wl)? Lb(u2> w2>7 Lc(”l; Ul)) =
WP (4) Lo(uy, v1) + hP2(4) Lo (va, wy) + W2 (4) Ly (ug, ws),

and RXj3 receives

L/c,4 (Lll(v% w1)7 Lb<u27 w2)7 LC(U/17 Ul)) —
hBY(4) Le(uy, v1) + AP (4) Lo (v, w1) + hP3(4) Ly (ug, wo)

by the end of the fourth time slot. Similarly, RXs, having the undesired quantity L (us, ws),
will obtain an equation in terms of two desired quantities L, (vq,w;) and L.(uq,v1). Also,

RXj3 will similarly obtain an equation solely in terms of L, (vs, wy) and Ly(us, ws).
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t=1,t=2 ,t=3 t=1 , t=2 , t=3
______ [ [ e I
up v U2 La(ui,v1) ' O ' Lo (us2,ws)
1 1 1 1
| | | |
: : : :
v, vz .0 O Ly(uy, v1) 1 Ly(ve,w:) + E0EN0E)
1 1 1 1
| | | |
| | | |
0 1 wi | w Le(@oq) « Le(v2,w1) 1 Le(ug, wy)

Figure 4.1: Phase 1 of the transmission scheme for 3-user IC. Each coloured linear combi-
nation is the one which is (i) available at a receiver, (ii) not desired by that receiver, and

(iii) desired by the other receivers.

> Fifth time slot: This time slot is an exact repetition of the fourth time slot. Hence,
since the channel coefficients are i.i.d. in time, by the end of this time slot, each receiver
obtains a linearly independent equation in terms of its own two desired quantities, and

thus, can decode both desired quantities.

The above transmission scheme in phase 2 is illustrated in Fig. 4.2a. This completes
the delivery of the 6 information symbols {uy, us, v1, vo, w1, wy} to their intended receivers
in 5 time slots, and thus, proves achievability of 6/5 DoF with full-duplex delayed CSIT.

Phase 2 (3-user IC with Output Feedback):

With access to output feedback, the quantity L.(u1,v;) is available at TX3 after the first
time slot. Similarly, L,(ve, wq) and Ly(ug, wy) are available at TX; and TXg, respectively,
after the second and third time slots. Hence, transmission of these symbols in phase 2
can be done in two time slots using the same scheme explained above. The only difference
is that here Ly (v, wq), Ly(us, ws), and L.(uj,v;) are transmitted by TX;, TX,, and TX3

respectively, as shown in Fig. 4.2b.

Phase 2 (3-user IC with Shannon Feedback):

Under the Shannon feedback assumption, we argue that L.(u;,v;) is available at all
three transmitters after the first time slot as follows: TXj3 obtains L.(u1,v;) through the

output feedback. On the other hand, TX;, having access to output feedback, obtains
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(=45 e E=AD L.
Le(ur,v1) R () Le(u, v1) + B (E) Ly (uz, wo)
Lq(va,wy) O APY#) Le(uy, v1) + WP () Lo (va, w1)
Lb(UQ, ’UJQ) ,1[32] (t)La (UQ, U)l) + h[33] (t)Lb(’U,Q7 U)g)

(a) Full-duplex delayed CSIT.

=45 e tE=SS L
L (v2,w1) R (8) Ly (ug, wa) + h3N () Le(uy, v1)
Ly(ug,ws) O WY () Lo (ve, w1) + W2 () Le(uy, v1)
Le(ug,v1) hBU(8) Lo (v2, w1) + B2 (£) Ly (ug, wo)

(b) Output feedback.

t=4,5 t=4,5
CatLa(va,wy) + ey Ly (ug, wa) + ce s Le(ur,v1) cy Ly (uz, w2) + cepLe(uy, v1)
0 [ catLa(ve, w1) + cepLe(ur,v1)
0 Ca,tLa(v2,wr) + cp Ly (uz, ws)

(c) Shannon feedback.

Figure 4.2: Phase 2 of the transmission scheme for 3-user IC.
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Lo(uq,v1) after this time slot. Then, since it also has access to delayed CSI and its own
transmitted symbol u;, it can cancel the effect of uy from L, (u1,v1) to obtain v;. Therefore,
it can reconstruct L.(ui,v;) using uy, vy, and the delayed CSI. Similarly, TX, can recon-
struct L.(uq,v1). Using a similar argument, L,(vy, w;) and Ly(ug, wy) will be available at

all three transmitters after the second and third time slots, respectively.

Recall that under each of the assumptions of full-duplex delayed CSIT and output
feedback, to deliver L,(vy, w1), Ly(usz, ws), and L.(ui,v1) to their intended pairs of receiver
in phase 2, we delivered two random linear combinations of them to each receiver. In
those cases, each of these symbols was repeated by one of the transmitted in two time
slots simultaneously. Here, we again deliver two random linear combinations of these
three symbols to each receiver using another approach: two random linear combinations of
Lo(ve,wy), Ly(ug,wy), and L.(u1,vq) are transmitted by one of the transmitters, say TX,
in two time slots ¢t = 4,5, while the rest of transmitters are silent. The coefficients of these
combinations are generated offline and revealed to all receivers before the transmission
begins. Hence, after two time slots, each receiver obtains two random linear combinations
in terms of L,(ve,wy), Ly(uz, ws), and L.(uj,v;), and will be able to remove its known
undesired quantity and decode the other two desired quantities. Therefore, 6/5 DoF is also
achieved with Shannon feedback. The phase 2 of the transmission scheme with Shannon

feedback is depicted in Fig. 4.2c, where {cq+, oy, Cct|t = 1,2} are the random coefficient.

4.2.2 4-user Interference Channel

Before proceeding with the 4-user IC, let us summarize the common ingredients of the

transmission schemes proposed for the 3-user IC as follows:

(i) The transmission is accomplished in consecutive phases (two phases in case of the
3-user 1C).

(ii) In each time slot of phase 1, fresh information symbols are transmitted by a subset
S of transmitters (with |S| = 2 in case of the 3-user IC). The set of all receivers is

then partitioned into two subsets S and its complement S°¢ (with |S¢| = 1 in case
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(i)

of the 3-user IC). Each receiver in & has a desired information symbol among the
transmitted symbols, whereas the receivers in §¢ are not interested in decoding any

transmitted symbol in this time slot.

Each receiver in S receives a piece of information (linear equation) in terms of its
own desired symbol and |S| —1 interference symbol(s). Since there are more than one
unknowns in the received equation, the receiver cannot resolve the equation for its
desired symbol. It requires another |S| — 1 linearly independent equations to resolve

its own desired symbol (and the interference symbols).

Each receiver in 8¢ receives a piece of information (linear equation) in terms of |S|
undesired (interference) symbols. The linear equations received by any arbitrary
|S| — 1 receivers out of these |S°| receivers are, however, desired by all receivers in
S, in view of observation (iii) and the fact of the channel coeflicients are i.i.d. across

the channel nodes.

Let RX;« be one of these |S|—1 receivers. The linear combination received by RX, if
retransmitted, provides each receiver in S with a desired equation without causing any
further interference at RX;-. In this sense, this linear combination can be considered
as an “aligned interference” at RX;- because it only occupies one dimension in the

received equation space of RXj-.

These |S| — 1 pieces of information are also available at a “subset of transmitters”,
depending on the channel feedback/cooperation assumption. These transmitters can
cooperate to retransmit these |S| — 1 pieces of information in the subsequent phases

of the transmission scheme (phase 2 in case of the 3-user IC).

Along the direction highlighted by the above observations, we propose a 3-phase trans-

mission scheme for the 4-user IC under each of the assumptions (a)-(c). As in the 3-user

case,

the proposed schemes for the 4-user IC have the same performance in terms of achiev-

able DoF and achieve 24/19 DoF under each assumption. We note that this is strictly
greater than 45/38 DoF which is the best known achievable DoF for the 4-user IC with

delayed CSIT [1]. Since the three schemes are common in their phase 1, we present phase

1 only once and then present the remaining phases separately under each assumption:
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t=1,2,3,4,5.,6 t=1 , t=2 , t=3 , t=4 , t=5 | t=6
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U Q ruztuzt () tug La(u1,v1) ! OGN ' Lo(u2,w2) ! Lo(uz,vs) ' SN La(us, s2)
(%1 Ev2 E 0 EUS EU4E 0 D Lb(uhvl)i Lb(UQ,’u)l) E Lb(U,g,'lU2)i Lb(u;g,’l};g) E Lb(’U4,81) E Lb(U4,32)
0 :’LU1:U]2: 0 : 0 : 0 Lc(ul,'vl): Lc(vg,wl) : Lc(uQ7w2): : :
0101010155 ! !  La(us,vs) 1 La(vs 51) 1 La(us, s2)

t=7,819110,11,12 t=7 1 t=8 . t=9 ., t=10 , t=11 . t=12
- --r-—S—-~"Aa--re- . TTT=T====" mT T T T T T T 1TTTTT T B T-=-=7=777 i
U5, 0,%6, 0,00 Y Lo(us,ws) |, EOSE) | L.(us,s4) | | |
02010151030 : E Ly (vs,ws) + IG(0EN8E) Lo (v, 56)
w lwy! (0 'ws'we! Le(us,ws) i Le(wa, s3) + [DBEGWSH)  Le(vs,ws) Le(we, s5) [EGENEE)
0 1831840 0185 86 R La(us, ws) 1 La(ws, s3) 1 La(ue, s4) 1 La(vs,ws) 1 La(we, s5)1 La(ve, s6)

Figure 4.3: Phase 1 of the transmission scheme for 4-user IC. Each coloured linear combi-
nation is the one which is (i) available at a receiver, (ii) not desired by that receiver, and

(iii) desired by two of the other receivers.
Phase 1 (4-user IC):
This phase takes 12 time slots, during which 24 information symbols
{uiavhwivsi'i: 17 76} (410)

are fed to the system by the transmitters in parallel with phase 1 of the scheme for the
3-user IC (see Section 4.2.1). Figure 4.3 illustrates the transmission in phase 1 for the
4-user 1C.
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> Time slots t = 1,---,3: TX;, TXy, and TX3 transmit 6 information symbols
{uy, ug, v1,v9, w1, wy} exactly as in the 3-user case. TX, is silent during the first 3 time
slots. Consequently, the linear combinations L, (ve, w1 ), Lp(ug, ws), and L.(uy,v;) which
are respectively received by RX;, RXs, and RX3 need to be delivered to their respective
pairs of receivers during the remaining phases. The availability of these quantities at TXj,
TXy and TX, after the first 3 time slots depends on the channel feedback/cooperation as-
sumption and can be summarized as follows (see the corresponding phase 2 in Section 4.2.1

for a detailed discussion):

o Full-duplex delayed CSIT: L,(vy,wy) is available at TX, and TX3; Ly(us, wo) is avail-
able at TX; and TX3; and L.(u1,v;) is available at TX; and TX,.

o Qutput feedback: L,(ve,w1), Ly(us,wsy), and L.(uj,v;) are available at TX;, TXa,
and TXs, respectively.

e Shannon feedback: Lg(va,wy), Ly(usz, ws), and L.(uy,v1) are available at all three

transmitters TX;, TXy, and TX3.

The transmission in the remaining time slots of this phase is similarly proceeded by

different subsets of 3 out of the 4 transmitters:

> Time slotst = 4,---,6: TX;, TX,, and TX, transmit fresh information symbols
{us, ug,v3,v4, $1, S2}, while TXj3 is silent. Similarly, L,(v4,s1), Lp(ug, s2), and Lg(ug, v3)
which are respectively received by RX;, RXy, and RX4 need to be delivered to their respec-
tive pairs of receivers during the remaining phases. These quantities are similarly available

at subsets of {TX;, TXy, TX,} based on the channel feedback/cooperation assumption.

> Time slotst = 7,---,9: TX;, TX3, and TX, transmit fresh information symbols
{us, ug, ws, wy, sz, s4}, while TXy is silent. Similarly, L,(wy, $3), Lc(ug, 1), and Lg(us, w3)
which are respectively received by RX;, RX3, and RX4 need to be delivered to their respec-
tive pairs of receivers during the remaining phases. These quantities are similarly available

at subsets of {TX;, TX3, TX,} based on the channel feedback/cooperation assumption.

> Time slots t = 10,--- ,12: TXy, TX3, and TX, transmit fresh information symbols

{vs, ve, w5, we, S5, S¢ }, while TX; is silent. Similarly, Ly(ws, s5), L.(vs, S¢), and Lg(vs, ws)
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which are respectively received by RXy, RX3, and RX4 need to be delivered to their respec-
tive pairs of receivers during the remaining phases. These quantities are similarly available

at subsets of {TX,, TX3, TX,} based on the channel feedback/cooperation assumption.

Now, let us proceed with the remaining phases under each of the channel feedback/

cooperation assumptions (a)-(c):
Full-duplex 4-user IC with Delayed CSIT

Phase 2 (Full-duplex 4-user IC with Delayed CSIT):

This phase takes 4 time slots. In each time slot, 3 transmitters simultaneously transmit

three symbols generated during phase 1 as follows:

> Time slot t = 13: TX;, TX,, and TXj3 respectively transmit L.(uy, v1), Lq(va, wy),
and Ly(ug, ws), while TX, is silent. RX; has L,(ve,w;) and wishes to decode Lj(us, ws)
and L.(uy,vy). Hence, RX; can obtain a linear combination solely in terms of Ly(usg, wo)
and L.(u1,vq) by cancelling L, (vy, w;) from its received equation. Similarly, RXy and RXj3
each obtain a linear combination in terms of their desired pair of quantities. Thus, each
of RX;, RXjy, and RX3 requires another linearly independent equation to resolve its both

desired quantities.

Now, consider the following linear combination received by RX,4 over this time slot:

L/d (Lq(ve,wy), Ly(ug, we), Le(ur, v1)) =
W (13) Le(u, v1) + AP (13) Lo (va, wi) + A (13) Ly (ua, ws).

If we somehow deliver the above linear combination to RX;, it can obtain A*4(13) L. (uy, v1 )+
RI431(13) Ly (ug, wy) by cancelling Ly (ve,w;). Since the channel coefficients are i.i.d. across

the channel nodes, this linear combination is linearly independent of the equation RX; has

received during this time slot, and hence, it will enable RX; to resolve its both desired

quantities. Likewise, if we deliver L (Lq(ve, w1 ), Ly(ug, wa), L.(u1,v1)) to RXy and RXj,

each of them will be able to decode its both desired quantities. Thus, it is desired by RXjy,

RX5, and RX3, and will be delivered to them in phase 3.
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h[ll] (14)Ld(U3, U3)+
A (14) Ly (ug, 52

h[21](14)Ld(U3,U3)+
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Ly (uz, ws) 0 h (13).L“(U2’w1)+ \L(Lq(va, 51); Ly (us, 52), La(us, vs))
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St=15_ 4 t=16 U e & S .. t=16 __________.
La(us.ws) 0 AI(15) La(us, wa)+ Ll (Ly(ws, 55), Le(vs, 56), La(vs, ws))
! R (15) Lo (ug, s4) !
L RI22(16) Ly (g, ws) +
0 :Ld(’vs,ws) Li(La(wah83),Lc(u6,84)7Ld(us,ws)): B2 (16) Lo (v, 56)
La,(w4a'53)i Lo, 55) h[31](15)€d(u5,w3)+ E h[32}(16)fl/d(v47w5)+
! RB3(15) Ly (wy, s3) ! hB31(16) Ly (ws, s5)
| R (15) Ly (wy, s3)+ | R (16) L, (ws, 55)+
Lc(u6754): Le(ve, 56) N (15)La(ws, s3) : (16) Lo (ws, s5)

h[44](15)Lc(u6.,84) h[44](16)LC(116756)

Figure 4.4: Phase 2 of the transmission scheme for full-duplex 4-user IC with delayed
CSIT. Each coloured linear combination is the one which is (i) available at a receiver, (ii)

not desired by that receiver, and (iii) desired by the other receivers.

We now argue that this linear combination will be available at TX;, TX, and TXj3 after
this time slot. We indeed show that L.(u1,v1), Ls(ve, w), and Ly(us, we) will be available
at these three transmitters, which together with the delayed CSIT assumption yields the
desired result. But this immediately follows from the fact that each of TX;, TXs, and TX3
has two out of these three quantities, and thus, by the full-duplex operation, receives the

third one during this time slot.

The transmission in the remaining 3 time slots of phase 2 is similarly done by other

subsets of 3 out of the 4 transmitters:
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> Time slot t = 14: TXy, TXs, and TX, respectively transmit Ly(us,vs3), Lq(v4, $1),
and Ly (uy, s2) and the following linear combination which is received by RX3 will be desired
by RX;, RX,, and RX4 and available at TX;, TX,, and TX}:

L (L (va, s1), Ly(ug, 82), La(us, v3)) =
RBY(14) Ly(ug, vs) + hBPH(14) Ly (vy, s1) + hB9(14) Ly (g, 52).

> Time slot t = 15: TX;, TX3, and TXy respectively transmit Lg(us, ws), Lq(wy, s3),
and L. (ug, s4) and the following linear combination which is received by RXs will be desired
by RX;, RX3, and RX, and available at TX;, TX3, and TXjy:

L;) (La(w47 53)7 Lc(u67 84)7 Ld(u57 U)g)) =
RPY(15) Ly(us, ws) + hI2(15) Ly (wy, s3) + A2Y(15) Le(ug, 54).-

> Time slot t = 16: TX,, TX3, and TX, respectively transmit Ly(vs, ws), Ly(ws, S5),
and L.(vg, s¢) and the following linear combination which is received by RX; will be desired
by RXs, RX3, and RX, and available at TX,, TX3, and TXjy:

L, (Ly(wg, 85), Le(vs, 56), La(vs, ws)) =
hm](m)Ld(Um ws) + h[lg](m)Lb(w& 85) + h[14](16)Lc<U67 36)‘

Figure 4.4 illustrates the transmission in phase 2 for the 4-user 1C with full-duplex
delayed CSIT. The symbols L/, L;, L, and L/, will be delivered to their respective triples

of receivers in phase 3.

Phase 3 (Full-duplex 4-user IC with Delayed CSIT):

This phase takes 3 time slots. In each time slot, L/, L., L;, and L] are transmitted
by TX;, TX,, TXj3, and TXy, respectively. Each receiver has one of these quantities
and requires the other three. By the end of this phase, each receiver will obtain three
random linear combinations of its three desired quantities, and thus, will decode its desired

quantities.
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4-user IC with Output Feedback

Phase 2 (4-user IC with Output Feedback):

The above scheme for the phase 2 under full-duplex delayed CSIT assumption can be
used under output feedback assumption as well. The only difference is that in each of the 4
time slots, the three corresponding symbols are transmitted using a different permutation

of the same transmitters as follows:

> Time slot t = 13: TX;, TX,, and TXj respectively transmit L, (ve, w), Ly(usz, ws),
and L.(uq, v1), while TX, is silent. The linear combination L/,(L,(ve, wy), Lp(ug, wa), Le(uy,
v1)) will then be desired by RX;, RXs,, and RX3 and will be available at TX, after this

time slot via output feedback.

> Time slot t = 14: TX;, TXs, and TX, respectively transmit L, (vy, s1), Lp(ug, $2), and
L4(us, v3), while TX3 is silent. The linear combination L.(Lg(v4, $1), Ly(t4, S2), La(us, v3))
will be desired by RX;, RXy, and RX, and available at TXs3.

> Time slot t = 15: TXy, TX3, and TXy respectively transmit L,(wy, s3), L.(ug, S4),
and Lg(us, ws), while TXj is silent. The linear combination Lj(L,(wa, $3), L.(ue, S4), La(us,
ws)) will be desired by RX;, RX3, and RX, and available at TX,.

> Time slott = 16: TXy, TX3, and TX, respectively transmit Ly(wg, s5), L(ve, Sg), and
L4(vs, ws), while TXj is silent. The linear combination L (Ly(ws, S5), Le(ve, S6), La(vs, ws))
will be desired by RX,, RX3, and RX4 and available at TX;.

The symbols L/, Ly, L, and L, will be delivered to their respective triples of receivers

in phase 3.

Phase 3 (4-user IC with output feedback):

This phase takes 3 time slots. In each time slot, the symbols (linear combinations) L,
L;, L', and L}, are transmitted by TX;, TX,, TXj3, and TXy, respectively. Similar to the
full-duplex delayed CSIT, by the end of this phase, each receiver will decode its desired

symbols.
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4-user IC with Shannon Feedback

Phase 2 (4-user IC with Shannon Feedback):
This phase takes 4 time slots as follows:

> Time slot t = 13: Recall from phase 1 that L,(vq, w1), Ly(ug, ws), and L.(uy, vi) are
all available at each of TX;, TX,, and TX3. We also note that if we deliver two random
linear combinations of these three quantities to RX;, RX5, and RX3, then each of them
will be able to decode its two desired quantities out of these three quantities. Hence, two
random linear combinations of them with offline generated coefficients are simultaneously
transmitted by two transmitters out of TX;, TX,, and TXj3 (say, TX; and TX,). Then,
each of RX;, RXs, and RXj3 receives one linear equation in terms of L, (va, wy), Ly(us, ws),
and L.(u1,v;) and requires another random linear combination to resolve both desired
quantities. Thus, the linear combination L} (L, (va, w1 ), Ly(ug, ws), Le(u1,v1)) which is re-
ceived by RXy is desired by each of the other three receivers. Also, this linear combination
is available at TX, through the output feedback and is available at the other transmitters,

since they all have L, (vq,w1), Ly(ug, ws), and L.(uq,vy).

The remaining 3 time slots are similarly dedicated to transmission of other linear com-

binations as follows:

> Time slot t = 14: Two random linear combinations of L,(vy, $1), Lp(ug, s2), and
L4(uz,v3) are transmitted by TX, and TX;. The linear combination L. (L, (v4, $1), Lp(uy,
S2), La(us, v3)) which is received by RXj is desired by each of the other three receivers, and

is available at all 4 transmitters.

> Time slot t = 15: Two random linear combinations of L, (w4, s3), L.(ug, s4), and
L(us, ws) are transmitted by TX;3 and TX,. The linear combination Lj (L, (wq, s3), Lc(us,
s4), La(us, ws)) which is received by RXy is desired by each of the other three receivers,

and is available at all 4 transmitters.

> Time slot t = 16: Two random linear combinations of L;(ws, ss5), L.(vs, Se), and
L4(vs, ws) are transmitted by TXy and TX3. The linear combination L/ (Ly(ws, s5), Le(vs,
s6), La(vs,ws)) which is received by RX; is desired by each of the other three receivers,

and is available at all 4 transmitters.
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The transmission in phase 2 for the 4-user IC with Shannon feedback is illustrated in
Fig. 4.5.

Phase 3 (4-user IC with Shannon feedback):

Over 3 time slots, one of the transmitters, say TX;, transmits 3 random linear combi-
nations of L/, Ly, L' and L/, and thus, each receiver will decode its desired symbols by

the end of this phase.

Our achievable DoF for the 4-user IC under each of the feedback/cooperation assump-
tions will then be 24/(12 4 4 + 3) = 24/19.

Remark 5. Although the proposed transmission schemes for the 3-user and 4-user IC
achieve the same DoF under each of the channel feedback/cooperation assumptions, this is
not generally the case as it will be seen later. Indeed, for K > 6, the proposed transmission

schemes achieve strictly different DoFs under different feedback/cooperation assumptions.

4.3 Illustrative Examples: X Channel

In this section, we illustrate our transmission schemes for the 2 x 2 and 3 x 3 X channel
under each of the channel feedback/cooperation assumptions (a)-(c). Before proceeding
with the details of the transmission schemes, let us introduce a notation which is exclusively
used in this section:

Notation 6. The symbols u®, u®, and u¢ denote information symbols of TX,, TX,, and

b

TX3, respectively, all intended for RXi;. Similarly, v*, v°, and v° denote information

symbols intended for RXs, and w®, w®, and w® are all intended for RX.

We also use the same notations for the linear combinations and their colouring as
defined in Notation 5.

4.3.1 2 x 2 X Channel

It is already known that 2 x 2 X channel can achieve 4/3 DoF with output feedback [35].
This is indeed the DoF of 2-user MISO broadcast channel with Shannon feedback [34],

94



CHAPTER 4: FuLL-DUPLEX TX COOPERATION AND FEEDBACK

t=13 t=13
a1 La(v2, wi) + cp,1 Ly (uz, w2) + o1 Le(ur, 01) WM (13)[ey, 1 Lo (un, w2) + ce1 Le(u, v1)]+
R2 13 )ew2Lip(u2, we) + ceaLe(ur, v1)]
}L[Zl](l?))[ca 1Lq(v2,w1) + ce1Le(ur, v1)]+
ca,2La(va, w1) + cp2Lp(ug, we) + ceaLe(ur, v) ’
’ BP2(13) a0 La(ve, 1) + eole(ur, v1)]
o 21 (13)[ca,1 La(v2,w1) + c5,1 Ly (uz, ws)]+
nl22 (13)[cqa,2Lq (v, w1) + cp2Lp(ug, we)]
0 Liy(La(v2,w1), Ly (ug, wa), Le(ur, v1))
_______________ =14 L. I 2t
Ca2La(va, 51) + ev2 Lo (us, 2) + ca2La(us, v3) RO (14) ey 2 Ly (ua, 52) + ca,2La(uz, vs)]+
A (14) [ep 1 Lo (ua, 52) + a1 La(us, v3)]
0 ,[21] (14 [Ca,2Lq(va, 1) + ca2La(us, vs)|+
R (14)[ca1 La(va, 1) + a1 La(us, vs)]
0 L(La(va, 51), L (us, s2), La(us, vs))
h[41] (14) [Ca12La(’l)4, 51) + Cb12Lb(U47 52)]+
Ca1La(va,81) + co1Lb(ua, 52) + cg,1La(us, v3) A (14)[ca1 L (va, 51) + cb,1 L (ua, 52)]
3 12 PO t=1 .
0 A 113 (15) con Lo(ug, 54) + a1 La(us, w3)] +
R4 (15)[ce,2Le(ug, sa) + caoLa(us, ws))
0 O Ly(La(ws, 53), Le(ug, 4), La(us, ws))
RI33(15)[cq 1 La(wa, s3) + a1 La(us, ws)]+
Ca,1La(wa, 83) + ccaLe(us, 1) + ca La(us, ws) U 2], 1
o o R34 (15)[ca 2 La(ws, 53) + ca.2La(us, ws)]
RE31(15)[ca1 La(wa, s3) + e Le(us, 54)]+
Ca2La(wa, 53) + ceaLle(us, 1) + caaLa(us, ws) R (15)[ca.0La(wa, 53) + ceoLe(ug, 54)]
t=16 t =16

0 Tl o), Ll s0)s Lalvs, )
[22] .

cb,1 L (we, 85) + ce,1Le(ve, 56) + ca,1 La(vs, ws) O h (16)5?071[‘0(”61 s6) 4 ca,1La(vs, ws)]+
h[ 3] (16)[CC‘QLC(’U6, 56) -+ Cd’QLd('UE” w5)]

h[32] (16)[617 1Lb(w6, 55) + Cd.lLd(’U5, w5)]+

cv2Lp(we, 55) + ceaLe(vs, 86) + ca,2La(vs, ws) U 33)

R(16) [ch,2 Lo (wes 85) + ca,2La(vs, ws)]

}[ ](16)[Lb 1Lb(w6 ér)-i-cplL (06756)]""
0 RI31(16)[cp.2 Lo (we, 5) + CeoLe(ve, 56)]

Figure 4.5: Phase 2 of the transmission scheme for 4-user IC with Shannon feedback. Each

coloured linear combination is the one which is (i) available at a receiver, (ii) not desired

by that receiver, and (iii) desired by the other receivers.
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which is also an upper bound to the DoF of 2 x 2 X channel under each of the assumptions
(a)-(c). Hence, the DoF of 2 x 2 X channel with output feedback or with Shannon feedback
is equal to 4/3. In this section, we show that 2 x 2 X channel has the same DoF under the
full-duplex delayed CSIT assumption as well. The transmission scheme operates in parallel
with scheme proposed in [34] for the 2-user MISO broadcast channel and employed in [35]
for the 2x2 X channel with output feedback. It is a two-phase transmission scheme depicted
in Fig. 4.6, wherein the fresh information symbols are transmitted over the channel in the
first phase and delivery of the symbols to their intended receivers is completed in the second

phase. In particular, 4 information symbols are delivered in 3 time slots as follows:

Phase 1 (Full-duplex 2 x 2 X Channel with Delayed CSIT):
This phase takes 2 time slots to transmit 4 information symbols as follows:

> First time slot: The symbols u® and u® are transmitted by TX; and TXj, respectively.

Ignoring the noise, RX; will receive a linear equation
Lo(u®,u?) = b (1)u® + R (1)ud, (4.11)

in terms of 2 desired information symbols, and hence, requires another linearly independent

equation to resolve them. Simultaneously, RX, receives another linear equation, namely,
Ly(u®, u®) = RPY(D)u? + hPA (1), (4.12)

in terms of u® and u®. Since the channel coefficients are i.i.d. across the channel nodes,
Ly(u®,u®) is linearly independent of L,(u® u’) almost surely. Therefore, if we deliver
Ly(u®,u’) to RX; it will be able to decode both u® and u’. On the other hand, according
to full-duplex operation of the transmitters, both TX; and TX, will have both u® and ®,
and by the delayed CSIT assumption, they can reconstruct Ly(u®,u®) after this time slot.

> Second time slot: Similarly, v* and v° are transmitted respectively by TX; and TXo.

Then, the linear combination
Lo (v, 1) = h(2)0® 4+ Al2(2)0?, (4.13)
which is received by RX; will be desired by RX, and available at both TX; and TX,.

96



CHAPTER 4: FuLL-DUPLEX TX COOPERATION AND FEEDBACK
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Figure 4.6: The transmission scheme for full-duplex 2 x 2 X channel with delayed CSIT.
Each coloured linear combination is the one which is (i) available at a receiver, (ii) not

desired by that receiver, and (iii) desired by the other receiver.

Therefore, it only remains to deliver Ly(u®, u®) and L,(v?, v°) to RX; and RX, respec-

tively. This is accomplished in one time slot in phase 2:

Phase 2 (Full-duplex 2 x 2 X Channel with Delayed CSIT):

> Third time slot: One of the transmitters, say TX;, transmits Ly(u®, u®) + Lo (v, v?),
while the other transmitter is silent. RX; receives this linear combination, and it can
cancel L,(v® v®) which it already has, to obtain the desired quantity Ly(u®,u®). Similarly,

RX, can cancel Ly(u®, u®) to obtain L,(v®,v?).

4.3.2 3 x 3 X Channel

For this channel, we achieve 24/17 DoF with full-duplex delayed CSIT. We also achieve
3/2 DoF and 27/17 DoF with output feedback and Shannon feedback, respectively. In the

following, we show the achievability of each of the above DoF's:

Full-duplex 3 x 3 X Channel with Delayed CSIT

We propose a 3-phase transmission scheme which delivers 72 information symbols in 51

time slots, and thus, achieves 24 /17 DoF as follows:

Phase 1 (Full-duplex 3 x 3 X Channel with Delayed CSIT):

This phase takes 12 times slots to transmit 24 information symbols.
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> Time slots t = 1,---,6: Only TX; and TX, transmit information symbols, and
TXj5 is silent. In particular, for each pair of receivers, TX; and TX5 use 2 time slots to

transmit 4 information symbols exactly as in phase 1 of the scheme proposed above for the
full-duplex 2 x 2 X channel with delayed CSIT.

> Time slotst = 7,--- ,12: Similarly, another 12 information symbols are now trans-
mitted by TX; and TX3, while TX, is silent.

The transmission in this phase is illustrated in Fig. 4.7. Each coloured linear combi-
nation in the figure is available at one receiver and desired by another receiver, and will
also be reconstructed by two of the transmitters after its corresponding time slot. For
example, Ly(ug,u}) is available at RX, and desired by RXy, and will be reconstructed by
TX; and TX, after the first time slot. Now, it only remains to deliver the following 6
linear combinations to their respective pairs of receivers (as discussed in phase 2 of the
full-duplex 2 x 2 X channel with delayed CSIT):

)
Ly(ué,ub) + Lo(v§, 1) — RX; & RX,

TX, & TX5 { Le(ug, ub) + Lo(w$, w?) — RX; & RXg (4.14)
kLc(vg, v5) + Ly(ws, wl) — RX, & RX;
(

Ly(u§, u$) + Lo (vg,vf)  — RX; & RX,

TX; & TX3 S Lo(u, us) + Lo(w?, ws) — RX; & RX; - (4.15)

[ Le(vg, v5) + Ly(wg, ws)  — RXy &RX;
This will be accomplished during the remaining phases of the transmission scheme.

Phase 2 (Full-duplex 3 x 3 X Channel with Delayed CSIT):

This phase takes 3 time slots to transmit the linear combinations indicated in (4.14)
and (4.15) by TX; and TXj; as follows. TXj is silent in this phase.

> Time slot t = 13: TX; and TX, transmit Ly(ug, u$) + Lo (v$, v¢) and Ly(u$, ub) +
La(v¢,1%), respectively, while TX3 is silent. By the end of this time slot, RX; obtains

a linear combination in terms of the (desired) L, quantities (after cancelling the known
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Figure 4.7: Phase 1 of the transmission scheme for full-duplex 3 x 3 X channel with delayed
CSIT. Each coloured linear combination is the one which is (i) available at a receiver, (ii)

not desired by that receiver, and (iii) desired by one of the other receivers.

L, quantities). Hence, it requires another linearly independent combination of the L,
quantities to decode both of them. Similarly, RXy obtains a linear combination of the
(desired) L, quantities and needs another linearly independent combination of them to

decode both. Now, one can easily verify that the linear combination
Ly, = hPY(3)[Ly(ug, uf) + La (v, v7)] + AP (A3)[Ly(uf, uf) + La(vf, v7)], (4.16)

received by RXj3 during this time slot, is linearly independent of the linear combination
received by each of RX; and RX,. Therefore, if we deliver this linear combination to both
RX; and RX,, each of them will be able to decode its both desired L, or L, quantities.
On the other hand, by the delayed CSIT assumption, L/ is available at TX; as well (note

that TX; has both transmitted linear combinations).

The next two time slots are similarly dedicated to the other pairs of receivers:
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> Time slot t = 14: TX; and TX, transmit L.(u$, us) + Lo (w$, w$) and Le(ug, ub) +

Lo (ws, wh), respectively. Now, each of RX; and RXj3 receives a desired linear combination

and the linear combination
Ly = P (14) [Le(uf, u5) + La(wg, wi)] + P (14) [Lo(us, ug) + La(wf, wl)],  (4.17)
received by RXy during this time slot, will be desired by both RX; and RXj3. This linear

combination is also available at TX; after this time slot.

> Time slot t = 15: TX; and TX, transmit L.(v§,vS5) + Ly(wd, ws) and L.(vs,v5) +
Ly(w, wh), respectively. Each of RXy and RXj3 receives a desired linear combination and

the linear combination
Ly, = WY(15)[Le(vf, v5) + Ly(w§, ws)] + hP(15)[Le(vs, vy) + Lo(ws, wy)],  (4.18)
received by RX; during this time slot, will be desired by both RX5; and RXj3. This linear

combination is also available at TX; after this time slot.

In summary, the linear combinations L/, L;, and L! each are available at one receiver
and desired by the other two receivers, and all of them are available at TX;. They will be

delivered to their respective pairs of receivers in phase 3.

Phase 3 (Full-duplex 3 x 3 X Channel with Delayed CSIT):

> Time slots t = 16,17: In each time slot, a random linear combination of L!, Lj,
and L/ is transmitted by TX;, while the rest of transmitters are silent. It can be easily
verified that after these two time slots, each receiver will be able to decode its both desired

quantities.

3 x 3 X Channel with Output Feedback

Our transmission scheme for this channel is a 2-phase scheme wherein 9 information sym-
bols are delivered to the receivers in 6 time slots, yielding 3/2 DoF, as illustrated in Fig. 4.8

and elaborated on in the following:

100



CHAPTER 4: FuLL-DUPLEX TX COOPERATION AND FEEDBACK

t=1,2,3 t=1 ' t=2 ' t=3
e e e | [ A
u ot O Lo(u?, u?, ue); ) | DS
b: b: b a @ : a ,b ¢ : a @
U v w Lb(u,u,u )l Lb(v ,v,v)|Lb(w,w,w)
u’ ) v we Detu™a5u), B 0%0%) 1 Le(w®, w’, we)
(a) Phase 1
t=4A L t=5 Lo t=6.. . t=4_ o __t=5 . t=6__
La(v", 0", 01 L (w0l we) 0 O Ly(u®,ub,u®)t Le(u®,u’, ) o
Lb(u“,ub,u”): 0 :Lb(w“,w}ﬂw“) ] La(v”’,vb,v”): i L, (v”’,vb,v‘)
0 V Lo(u®,ub,u®) 1 Lo(v®,v°,v°) Lo (w®, w’ we)) Ly(w®, w’, w°)
(b) Phase 2

Figure 4.8: Transmission scheme for 3 x 3 X channel with output feedback. Each coloured
linear combination is the one which is (i) available at a receiver, (ii) not desired by that

receiver, and (iii) desired by one of the other receivers.

Phase 1 (3 x 3 X Channel with Output Feedback): This phase has 3 time slots.
Each time slot is dedicated to transmission of information symbols intended for one of the

receivers:

> First time slot: The information symbols u?, u®, and u¢, all intended for RX;, are
transmitted by TX;, TX, and TX3, respectively. By the end of this time slot, RX; receives
linear combination L, (u®, u’, u¢) of the three desired symbols and requires two extra linearly
independent equations to resolve all three symbols. RX, receives the linear combination
Ly(u®, u®, u¢) which is linearly independent of L,(u®,u’, u¢), and thus, is desired by RXj.
Similarly, the linear combination L.(u®, u’,u¢) received by RXj is desired by RX;. On the
other hand, Ly(u®, u® u¢) (resp. L.(u®, u’,u¢)) will be also available at TX, (resp. TX3)
through the output feedback.
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The second and third time slots are similarly dedicated to RX,; and RXj3, respectively:

> Second time slot: The information symbols v®, v°, and v¢, all intended for RXs, are
transmitted by TX;, TXy and TX3, respectively. Similarly, L,(v?, v°,v¢) and L.(v®, v°, v°),
received by RX; and RXj3 and available at TX; and TX3 through the output feedback, will
be desired by RX; after this time slot.

> Third time slot: The information symbols w®, w®, and w, all intended for RX3, are
transmitted by TX;, TX, and TX3, respectively. Similarly, L, (w®, w®, w®) and Ly(w®, w®, w®),
received by RX; and RXy and available at TX; and TX, through the output feedback, will
be desired by RXj after this time slot.

Therefore, to deliver the transmitted information symbols to their intended receivers,

it suffices to

(i) deliver Ly(u®, u®,u¢) and L.(u®, ub,u®) to RXy;
(ii) deliver Lq(v®, v%,v¢) and L.(v%, 0%, v¢) to RXy;

(iii) deliver Lq(w®, w® w®) and Ly(w?, w®, w®) to RX3.
This will be done in phase 2.

Phase 2 (3 x 3 X Channel with Output Feedback):

This phase takes 3 time slots. Each time slot is dedicated to a pair of receivers as

follows:

> Fourth time slot: Over this time slot, which is dedicated to RX; and RXy, L, (v?, v°, v°)
and Ly(u®, u®, u®) are respectively transmitted by TX; and TX,, while TXj is silent. After
this time slot, RX; obtains the desired linear combination L; by cancelling the known un-
desired linear combination L,. Similarly, RXs obtains its own desired linear combination

L, by cancelling L.

> Fifth time slot: The quantities L,(w®, w® w®) and L.(u®, u® u¢) are transmitted by
TX; and TX3, while TX, is silent. Then, each of RX; and RX3 similarly obtains its desired
quantity.
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> Sizth time slot: The quantities Ly(w®, w® w®) and L.(v?, 0%, v¢) are transmitted by
TX, and TX3, while TX] is silent. Then, each of RX; and RXj3 similarly obtains its desired
quantity.

3 x 3 X Channel with Shannon Feedback

Our transmission scheme for this channel has two rounds of operation, during which 27

information symbols are delivered to the receivers in 17 time slots as follows:
» Round 1 (3 x 3 X Channel with Shannon Feedback):

The first round consists of two phases. Phase 1 takes 3 time slots to transmit 9 informa-
tion symbols {u, ul, u§, v§, v8, v§, w, wh, ws} exactly as in phase 1 of the scheme proposed
above for the same channel with output feedback. Before proceeding with phase 2, one

notes that TX; after the first time slot will obtain the linear combination
Lo(u?,ub,u$) = A (1w + A2 (1)ud + A (1)us, (4.19)

through the output feedback. Since TX; has access to delayed CSI as well (Shannon

feedback assumption), it can cancel its own transmitted symbols u$ to obtain
A2 ()b + A3 (1)us, (4.20)

which is a linear combination of u4 and u$. TX; knows the coefficients hl!%(1) and hl*3(1)
of this linear combination. Similarly, TX, will obtain hl?!)(2)v¢ + A3 (2)v¢ after the second
time slot using Shannon feedback.

In phase 2, over one time slot, TX; and TXy transmit L, (v, 03, v¢) and Ly(ug, u$, u),

while TX3 is silent. Hence, L, (v$,v%, v¢) and Ly(ué, ub, u$) are delivered to RX; and RXj,
respectively (as in the phase 2 of the scheme proposed with output feedback). Now, TX;

will obtain Ly(u$, u§, u$) since it has access to Shannon feedback and its own transmitted

quantity i.e., Lq(v%, 0%, v§). Therefore, by cancelling u¢ from Ly(ué, u8, u$), TX; will obtain

AP ()b + W23 (1)us, (4.21)

which is another linear combination of u} and u§. Hence, using (4.20) and (4.21), TX;,

will be able to decode both u? and u$. Thereby, having access to delayed CSI, TX; can
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reconstruct L.(ué, u?, u$). Likewise, TX; will be able to decode both v¢ and v$, and hence,

b
can reconstruct L.(v{, v}, v$).

In summary, after these 4 time slots, it only remains to

(i) deliver L.(u$,u}, u$) to RXy;

(ii) deliver L.(v{,v%,v§) to RXy;

(iii) deliver Ly(w?, w?, w$) and Ly(w, w?, ws) to RXj.

On the other hand, TX; has access to L.(uf,u},u$) by above argument and has access

to Lg(w? wh, w$) using output feedback. Similarly, TX, has access to L.(v§,v?, v¢) and

Ly(w§, wb, ws). Hence, it suffices to deliver the following two linear combinations to their

respective pairs of receivers:

TX, 1 Le(u$, ub,u§) + Lo (w§, wh, wf) — RX; & RX;, (4.22)
TXy 1 Le(v$, 02, v5) + Ly(ws, w?, wf) — RX, & RXs. (4.23)

Before proceeding with the second round, we repeat the above procedure two more times

and transmit another 2x9 = 18 fresh information symbols, namely {u?, u®, u¢, v¥, v, v¢, we

1) 71 T T
w?, w}i—a 3, in another 2 x 4 = 8 time slots. However, in the first repetition, L, (w, w3, w2)

and L.(u$,u}, uS) are transmitted by TX; and TX3 in phase 2, and it will suffice to deliver

the following two linear combinations to their respective pairs of receivers:
TX; : Ly(ug, ul,us) + La(vg, v5,05) — RX; & RX,, (4.24)
TXs : Ly(ws, wl, w§) + L(vs, 3, v5) — RX, & RXj. (4.25)
Similarly, in the second repetition, Ly(w$, w$, ws) and L.(v$, v5, v§) are transmitted by TX,
and TXj3 in phase 2, and it will suffice to deliver the following two linear combinations to
their respective pairs of receivers:
TXy 1 Lo(v§, 05, v5) 4+ Ly(ug, ul, us) — RX; & RXq, (4.26)
TX3 : Lo(wh, wh, ws) + Le(u, ul, us) — RX; & RXs. (4.27)
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Up to this point, we have spent 12 time slots, transmitted 27 information symbols.
Now, we need to to deliver the above 6 linear combinations to their respective pairs of

receivers. This will be done in the second round.
» Round 2 (3 x 3 X Channel with Shannon Feedback):

This round takes 5 time slots, i.e., t = 13,--- ,17. During the first 3 time slots the
above 6 linear combinations are transmitted over the channel. Each time slot is dedicated
to a pair of receivers as follows:

> Time slot t = 13: TX; and TX, respectively transmit Ly (ug, ub, u$) + Lo (v$, 05, v5)
and L, (v3, v5, v§) + Ly(ug, u§, u§) (both to be delivered to RX; and RX; according to (4.24)
and (4.26)), while TXj3 is silent. Then, using an argument similar to the phase 2 of the
transmission scheme proposed for the full-duplex 3 x 3 X channel with delayed CSIT, RX;
(resp. RX3) receives an equation in terms of the (desired) linear combinations Ly(ug, ub, ug)

and Ly(ug, ub, us) (resp. Lq(v§,v5,v5) and L, (v§, v8,v5)). Also, the equation

L/c = hl?! (13) [Lb(ugv ug’ ug) + La(v(217 'Ugv Ug)] + K (13) [La(vg’ U?IZ’ Ug) + Lb(“%? ug7 Ug)],
(4.28)
received by RXj3 in this time slot will be desired by both RX; and RX5. It can also be
easily verified that L can be reconstructed by TX; due to Shannon feedback.
> Time slot t = 14: TX; and TXj respectively transmit L.(u$, u%, u$) + Lq(w§, w?, w§)
and Ly (w§, wh, w§) + Le(ug, uf, u$), both desired by RX; and RX3, while TX, is silent.
Then, the linear combination
Ly = hPU(14)[Le(uf, uf, uf) + Lo (wi, w?, wf)] + h*(14) [ Lo (w5, w5, w§) + Le(u§, ug, us)),
(4.29)
received by RX, will be desired by both RX; and RX3 and can be reconstructed by TX;
using Shannon feedback.
> Time slot t = 15: TX, and TXj3 respectively transmit Ly(w$, ws, ws) + L.(v$, v5, v5)
and Ly(w§, wh, ws) + Le(v§,v5,v5), both desired by RX, and RX3, while TX; is silent.
Then, the linear combination
L; = h[m](15)[[’b(wgv wg’ wg) + LC(”S? 2)12)7 Ug)] + h[13](15)[Lb(wgv wg? wg) + LC(”%? Ug: ’Ug)],
(4.30)
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received by RX; will be desired by both RX,; and RXj3 and is received by TX; using
Shannon feedback (output feedback).

a’

During the last 2 time slots of this round, the linear combinations L/, and L;, and L/,

are delivered to their intended pairs of receivers:

> Time slots t = 16,17: Two random linear combinations of L/, and L;, and L are
transmitted by TX;, while the rest of transmitters are silent. Each receiver will then be

able to decode its two desired linear combinations.

The achieved DoF is therefore equal to 27/(12 + 3 4+ 2) = 27/17.

4.4 Main Results

The main results of this chapter are summarized in the following six theorems. The proof

of each theorem is provided in its respective section.

4.4.1 Full-duplex Transmitter Cooperation and Delayed CSIT

Theorem 7. The K-user (K > 3) SISO Gaussian interference channel with delayed CSIT
and full-duplex transmitters can achieve DoFIICFD(K) degrees of freedom almost surely,
where DoFI°"P (K) is given by

4

DoFI“™(K) = (4.31)

_ 2 4 K 1
3 515 1-1) + ENEIED) Zz:[gm ¢

Proof. See Section 4.5.1. O
Theorem 8. The M x K SISO Gaussian X channel with delayed CSIT and full-duplex

transmitters can achieve DoFT P (M, K) degrees of freedom almost surely, where DoFX*P (M, K)

15 given by

1 [51-1 4 1 K N\ K
(A~ 150 & + e S &) M=TET )
. ) .
M-2 K —1\min — —
(Ml—l _ 1"‘251:1 é""#Z@:MAé(MMl) (62, K—M+1) M) M < [%1
Proof. See Section 4.5.2. O
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4.4.2 Output Feedback

Theorem 9. The K-user (K > 3) SISO Gaussian interference channel with output feed-
back can achieve DoF\°°F (K) degrees of freedom almost surely, where DoF:“°F (K) is given
by

w

DoFICOF (i) = max , 4.33
DoF, ™ (K) we{|wi ) [wi 1} a( K)w(w —1)2 4+ (w4 1) /2 ( )

with wi, and a(K) defined as

sl 18 K) + 3/48a(K) + 81 + 27 1 K) — 3/48a(K) + 81 + 27
Wy = — — —
K73 6 a(K) 6 a(K)
(4.34)
K
1 1 1 1
a(K) = — + -1. (4.35)
o o T,
Proof. See Section 4.6.1. O

Theorem 10. The K x K SISO Gaussian X channel with output feedback can achieve
DoF°F (K, K) =

K+1 degrees of freedom almost surely'.

Proof. See Section 4.6.2. O

4.4.3 Shannon Feedback

Theorem 11. The K-user (K > 3) SISO Gaussian interference channel with Shannon

feedback can achieve DoF\™F (K) degrees of freedom almost surely, where DoFi%F (K) is

given by

w

MIFSF(K) B 2<Hi K/2] 1 4 —252 + = 7
Sws R/ T DoRtOr () T w i DDeFICT ()

(4.36)

fThe result of this theorem has been simultaneously and independently reported in [51]

107



CHAPTER 4: FuLL-DUPLEX TX COOPERATION AND FEEDBACK

with DoF!“OF (K) given by (4.58), and DoF:S" (K) given by

EY K -1 K
(4 mmn =0k - o - Sk prb Thgad]) © 2<me s

—1 .
(F2mTiat) K em<K
(4.37)

Proof. See Section 4.7.1. [

Theorem 12. The K x K SISO Gaussian X channel with Shannon feedback can achieve
DoF¥ (K, K) degrees of freedom almost surely, where DoFy>" (K, K) is given by
KQ

K247K-6 _ 2(K-1) 15 1 | 20k-1) K 1
2 K] —2(K — 1)Z£12:14_%+m2b:[§]+15

DoF™" (K, K) =

(4.38)

Proof. See Section 4.7.2. [

4.4.4 Some Comments

Before proceeding with the proof details, we highlight some key features of our proposed

transmission schemes through the following observations:

1. For each of IC and X channel and under each of the feedback/cooperation assump-

tions, a “multi-phase” transmission scheme is proposed.

2. During phase 1, in each time slot, fresh information symbols are transmitted by a

subset of transmitters such that:

(i) Each receiver receives a number of linear combinations of its own desired infor-
mation symbols (and possibly some interference symbols). The received linear
combinations are not enough to resolve all desired symbols (possibly including

some interference symbols).

(ii) Each receiver also receives some linear combinations solely in terms of undesired

information symbols. However, these linear combinations are desired by some
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other receivers in view of observation (2i). On the other hand, by the end of
phase 1, each of these linear combinations will be also available at a subset of

transmitters based on the feedback/cooperation assumption.

3. During the remaining transmission phases, the transmitters deliver the linear com-

binations mentioned in observation (2ii) to the receivers where they are desired:

(i)

(iii)

Phase m, m > 2, takes some linear combinations as its inputs. Each of these
linear combinations is available at a subset of transmitters and is desired by a
subset of cardinality m of receivers (and is at most available at one unintended

receiver as well).

During phase m, the input linear combinations are transmitted over the channel
such that each intended receiver obtains “part” of the information required to
decode the input linear combinations. The rest of information required by each
intended receiver (to decode all its desired linear combinations) is obtained by
a subset of unintended receivers. These pieces of information will be delivered

to the intended receivers during phases m + 1,m + 2, - -.

In specific, the mentioned pieces of information (or a mixture of them) is now
desired by a subset of cardinality m + 1 of receivers, and is available at a subset
of transmitters and at most one unintended receiver. These linear combinations

constitute the inputs of phase m + 1.

The transmission continues until the last phase. The input of the last phase is
the linear combinations which are desired by all receivers (except for at most one
unintended receiver where the linear combination is already available). These
linear combinations are delivered to their intended receivers by an appropriate

number of transmissions.

4. Under the full-duplex delayed CSIT assumption, for both IC and X channel, only

two transmitters are simultaneously active in each time slot of phase 1.

5. Under the output feedback and Shannon feedback assumptions, in each time slot of

phase 1,
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(i) for the X channel, all transmitters are simultaneously active.

(ii) for the IC, the number of active transmitters is a function of the number of

users.

6. Under the Shannon feedback assumption, the schemes proposed for both IC and X
channel operate in two rounds: The first round follows the scheme proposed for the
output feedback. However, as the scheme proceeds, each transmitter obtains more
information about the symbols of the other transmitters using Shannon feedback.
Eventually, each transmitter will be able to decode some information symbols of the
other transmitters. Then, the transmission scheme will move on to the second round,

where more transmitters can cooperate in the rest of transmissions.

Here, we introduce some notations which are widely used in the subsequent proof

sections, namely, Sections 4.5 to 4.7. These notations are consistent with Notation 3.

Notation 7. In the M x K X channel (with arbitrary M ), the subsets of cardinality my and
ms of transmitters and receivers are denoted by 8722 C S](\Z) and S,ng C Sg), respectively,
where S](\? ={1,2,--- M} and S}? ={1,2,--- | K} are respectively the index sets of all
transmitters and all receivers and my < M, moy < K. A symbol which is available at all
transmatters TX;, 1 € 87(2, and all receivers RXj, j' € Sf,ig, and 1s intended to be decoded

(t) | o(r) . o(r)
SISy SSy]

at all receivers RX;, j € S,g%, is denoted by ul The superscripts “(t)” and

“(r)” may be omitted whenever it is clear. If 87(71;; = {}, the mentioned symbol is denoted

by ulSWISwa) and is called an order-my symbol.

4.5 SISO Interference and X Channels with Full-duplex
Transmitter Cooperation and Delayed CSIT

In this section, we investigate the impact of full-duplex transmitter cooperation on the
DoF of the K-user IC and M x K X channel with delayed CSIT. We will demonstrate how
transmitters can exploit their knowledge about each other’s messages (attained through

the full-duplex cooperation) combined with the delayed CSIT to achieve a higher DoF
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compared to the non-cooperative delayed CSIT. In specific, we prove Theorems 7 and 8 as

follows:

4.5.1 Proof of Theorem 7

Our transmission scheme for the K-user IC consists of K — 1 phases as follows:

Phase 1 (Full-duplex K-user IC with Delayed CSIT): In this phase, fresh infor-
mation symbols are fed to the channel as follows: For every subset S3 = {iy, 9,13} C Sk,
spend 3 time slots to transmit 6 fresh information symbols {u[fl], u[;l], u[liQ], ugZ], u[f‘ﬂ, ugg]}
by {TX,;,, TX;,, TX,,} as follows:

In the first time slot, TX;, and TX;, transmit u[fl] and u[liﬂ, respectively, the rest of
transmitters are silent. Hence, ignoring the noise, RX;, and RXj, each receive one linear
equation in terms of u[f 1 and u[f d by the end of the first time slot. Therefore, if we deliver a
linearly independent equation in terms of u[f T and u[fQ] to both RX;, and RX;,, each of them
will be able to decode both transmitted symbols (desired and interference). This linearly
independent equation is indeed the linear combination Ali#it)(1)ul™ + plisial (1) received
by RX;, during this time slot. On the other hand, according to full-duplex operation of
the transmitters, both TX;, and TX;, will have both u[fl] and u[fg] by the end of the first
time slot. This along with the delayed CSIT assumption enables both TX;, and TX;, to

reconstruct A1 (1)ul™ 4 plisi2](1)4? Thus, according to Notation 7, one can define

ylivizliniziis] & h[iSil](l)u[lill + h[i3i2](1)u[1i2]' (439)
Similarly, the second and third time slots are described as follows:

e Second time slot: TX;, and TX,, transmit u[zm and u[li?’], respectively. The symbol
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Therefore, 6(13( ) information symbols are transmitted in 3(;{ ) time slots and 3(13{ ) sym-
bols of type uls2192l j € Sp\S,, are generated by the end of phase 1. We denote by
MSFD(K ), 2 < m < K — 1, our achievable DoF for transmission of symbols of type
ulSmlSmiil -5 e Sp\S,,, over the K-user IC with full-duplex delayed CSIT. The achieved

DoF is then calculated as

DoF“*P(K) = = : (4.40)

3 1+ 1
3(13() + % - DoFCFP(K)

Phase m, 2 < m < K — 2 (Full-duplex K-user IC with Delayed CSIT): For
m,n € 7, define

Ly(n) £ lem{n —m,m} (4.41)
Qm(n) = min{n —m,m}, (4.42)

where lem{z,y}, z,y € Z, is the least common multiplier of x and y. This phase takes

am(K)
Qm(K)

slots, and generates m(([)() am(K) symbols of type ulSm+ilSm+iidl 5 ¢ SEA\S,, 1, where
am(K) is defined as

il (K) symbols wlS1Smil| j € Si\S,,, transmits them over the channel in time

am(K) 2 (m[i 1) @m_([g - 11) Lon(K). (4.43)

Fix a subset Sy = {i1,42, -+ ,im+1} C Sk, and a subset Sp,,(k)-1 € Sk \Sm+1. Dur-
ing é:((g time slots, each TX; , 1 <n <m+ 1, transmits a random linear combination
of u[Sm“\{i”‘l}'Sm“\{i”‘l};i”‘l] 1 <k < L,(K)/m, (with i = 4,,,1) in each time slot.

Therefore, a total of (m + 1)Lm(K) symbols are transmitted in Qm(( )) time slots. We note

that the random coefficients of these linear combinations are generated offline and shared

with all nodes. Now, the following observations are important:

(i) RX;, j € Sy, wishes to decode the L, (K) symbols {u[s’”ﬂ\{j/}|5m+1\{j’};j’}}Lm(K)/m

k=1 >
J' € 8ni1\{j}. Since it has all the symbols {u[Sm“\{j}‘Sm“\{J} J}}k_l( " by cancel-
ing them, it will obtain gm(( )) equations out of its received equations, solely in terms

of its desired symbols.
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(i) TX;, 7 € Syy1, has all the transmitted symbols except for {ul[;s"‘“\{i} ‘Sm“\“}”']}ﬁgfm/ "

L (K)
Qm(K)

tions of these symbols after canceling its known symbols, and since

random linear combina-

L (K) L (K)
Qm(K) 2 m_ )

According to the full-duplex operation, it will obtain

it can decode all of them.

(iii) RXj, 5 € So,.(x)-1, receives Lm((K) linear equations in terms of all transmitted sym-

bols. If we deliver these linear combinations to RX}, j € S,,,41, it will be able to cancel

its undesired part as argued in observation (i) and obtain gm(([é)) equations solely in

terms of its desired symbols. On the other hand, in view of observation (ii) and

according to the delayed CSIT assumption, TX;, ¢ € S,,.1, can reconstruct all these

linear combinations by the end of the é:((?) time slots. Thus, the m (K ) linear combi-

[sm+1|sm+m} () Qun ()

nations received by RX;/, j' € Sg,,.(k)-1, are denoted by {u

After delivering these (@Q,,(K) — 1) x LZEK) symbols to RX;, j € &4, it will be

provided with a total of L,,(K) linear combinations in terms of its L,,(K) desired

symbols. Also, it is easy to show that these linear combinations are linearly indepen-

dent almost surely, and hence, can be solved for the desired symbols.

—m—1

Since there are ( K Qm(K)—

m+1)
the achieved DoF equals

choices of §,,+1 and ( ) choices of Sp,,(k)-1 for each S,,11,

(m + Dam (K)/m

ICFD _
DoF,, (K) = am(K) N (Qm(K)—1)am (K)/Qm(K)
Qm(K) DoF, i1 (K)
1 m
:m+ % Q( ) 7 2<m< K —2. (444)
m Q7n(K) 1
1 + Do FICFD(K)

Phase K — 1 (Full-duplex K-user IC with Delayed CSIT): During K — 1
consecutive time slots, TX;, i € Sk, repeats the symbol ulSx\E=1HSAMI=1hi=1] (with
ulSKMOHSKMOB0L & g[Sk MEHSKMERKD) - Tt is easily verified that, in each time slot, each
receiver obtains a linear combination of its K — 1 desired symbols. Hence, after K — 1
time slots, every receiver will be able to decode all its K — 1 desired symbols. One then

can write

DoF P (K) = K (4.45)
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At the end, following Appendix A.3, it can be shown that (4.31) is indeed the closed
form solution to the recursive equations (4.40) and (4.44) with initial condition (4.45).

4.5.2 Proof of Theorem 8

For the general M x K SISO X channel, a K-phase transmission scheme is proposed wherein
the information symbols are transmitted in the first phase towards generation of higher
order symbols during the subsequent phases. The order- K symbols will be finally delivered

to all receivers in phase K.

Phase 1 (Full-duplex M x K X Channel with Delayed CSIT): Fix iy,iy €
S](\ff). For any {ji,j2} € Sg), TX;, and TX,;, transmit four fresh information symbols
ulinlind g lizlind - ylinlizl - and w22l in two time slots as follows (we have ignored the indices
of symbols for ease of notations): over the first time slot, TX;, and TX;, respectively
transmit ul1l1) yl2l1] both intended for RX;,. After this time slot, the linear combination
Rlizitly il 4 plizizly 2] which has been received by RXj,, is available at TX;, and TX;,
due to full-duplex operation of the transmitters and delayed CSIT, and is desired by RXj,
to be able to decode ull71l and w21, Hence, it is denoted as w7212 Similarly, over the
second time slot, TX;, and TX,, respectively transmit ul172] 42172l both intended now for
RXj,, and the symbol uli2172:1] is generated. It is easily verified that wuli 2071521 4 lini2lizi]
is desired by both RX; and RXj;,. Hence, one can define the following order-2 symbol:

wlivizlingz] & o lisieliisge] 4 g linsdelizs] (4.46)

By the end of this phase, 4(]\2/[ ) (12< ) fresh information symbols are transmitted in 2 (]\24 ) (12< )

time slots and (1\24 ) ([2( ) order-2 symbols are generated, which will be delivered to their cor-

responding pairs of receivers during the rest of the transmission scheme. The achieved DoF

is then calculated as

4 M\ (K
—DOF{(FD(M7 K) = ( 2 ) (2()1\4) K = 9 - 1 ) (4.47)
2(4) () + gy 2 BRI
=2 )

where DoF3*P (M, K) denotes our achievable DoF for transmission of order-2 symbols of
type ul5" 15”1 over the full-duplex M x K SISO X channel with delayed CSIT.
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Phase m, 2 <m < K —1 (Full-duplex M x K X Channel with Delayed CSIT):

Consider the following distinct cases:

i) M>% 2<m<E:

SIS are transmitted over the channel. Fix

In this case, order-m symbols of type ul
a subset 82 - S(r), and a subset SmJrl {i1,d9,  ,ims1} C S(t) Note that since
m < K/2 < M, both subsets exist. All transmitters TX;, j € S \ +1, are silent,
while the transmitters TX; , 1 < n < m + 1, simultaneously transmit as follows:

S

For every subset S5 C S spend one time slot to transmit wlinimtisintm-il

by TX; , n = 1,---,m + 1, where iy, = ij_p,_, for m+1 < k < 2m. BEvery RX;,
Jj € ST(,?, receives one linear equation in terms of m + 1 desired symbols, and thus,
requires m extra independent equations to resolve all the m + 1 symbols. It is easy
to see that the equation received by RX;, j € 82 \Sm , is linearly independent of
the equation received by each RX;, j € Sm , and hence, is desired by all of them.
On the other hand, every TX; , 1 < n < m + 1, knows exactly m symbols out of
the m + 1 transmitted symbols, and thus, obtains the last one using the full-duplex
operation by the end of this time slot. Hence, TX; , 1 < n < m + 1, having access
to all the m + 1 transmitted symbols and the delayed CSI, can reconstruct the linear
combinations received by all receivers by the end of this time slot. In particular, one

. . . . . T T (r),
can denote the linear combination received by RX;, j € 82(7%\8,(,1), as u[‘sm+1|5 1,

Now, we have the following observation: For any subset s 1 C 82 consider the

m + 1 symbols ulSmet S \H] , J € SW a1, as defined above. Each receiver RXj,
e SW a1, has exactly one of these symbols and requires the other m. Therefore,

1f we deliver m random linear combinations of these m + 1 symbols to all receivers

RX;, j € S\ a1, each of them will be provided with m random linear combinations

of m desired unknowns, and thus, will resolve all of them. Hence, these m random

S® 150
linear combinations can be denoted as {uL me1lSm il } .. These order-(m+1) symbols

will be delivered to their corresponding receivers during the rest of the transmission
scheme. We denote by DoF>P (M, K), 2 < m < K/2 < M, our achievable DoF for
transmission of order-m symbols of type a5 18] gver the full- duplex M x K SISO

X channel with delayed CSIT. Since there are (2m) choices for SQm, ( ) choices for

m+1
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SY and (2;:) choices for ST(,?, the achieved DoF is calculated as

(1) (o) (o) (2 + 1)

My Y 2my o (o) (o) ()
(m+1) (Zm)(m) + S;FXFI(M}—;)

1)2 K K

(m+)2 7 M>—  2<m< —.

m—l—1+DoF+(MK) 2 2

DoF,""(M, K) =

(4.48)

(i) M>% L <m<K-1

s
In this case, order-m symbols of type ul® L2215 are transmitted over the channel.
Since K/2 < M and K/2 <m, we have K —m +1 < |K/2] +1 < M. Fix a subset

Sﬁg Jagt1 S S](\Z) of transmitters. For every subset SY S}? of receivers, spend one
®) )
time slot to simultaneously transmit K —m + 1 symbols {u/,[€ Ui/l Komt by

K —m + 1 arbitrary transmitters out of the | K/2] 4+ 1 transmitters. Then, each of
the m receivers in St will receive one linear combination in terms of the K —m + 1
desired transmitted symbols. Hence. each of them requires K — m more linearly
independent combinations to resolve all the transmitted symbols. Therefore, the
linear combinations received by the K — m receivers in S[(?\Sﬁ,i) will be desired by
every receiver in Sy, ™) On the other hand, these linear combinations will be available
at every transmitter in SLK o , by the delayed CSIT assumption (the transmitters

do not use their full-duplex capablhty in this case). Thus, one can denote them as
St SV e g0\ )

To deliver these generated side information symbols to their respective subsets of
receivers, one can make a similar observation as in case (i). In particular, for every
subset S 1l S % 5 of m+ 1 receivers, m random linear combinations of the symbols

® )
S S
wSiK/2) 41! +1\{J}’] e s a1, Will be desired by each receiver in Sm+17 and hence,

( s
can be denoted as {u L Lk /214115 H]}k 1~ These order-(m + 1) symbols are the inputs
of the next phase of transmission scheme. Finally, the achieved DoF of this phase

satisfies the following recursion:
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(rars1) Gu) (K = m +1)

DoF, " (M, K) =

( M )(K) + (LK/AQIJ+1)(mIi1)
LK/2]+1) \m DoFXEDR (M, K)
(K — 1 K K
:(m+ I m ), M>—  —<m<K-1
m+ 1+ _m(K-m) 2 2
DoFXEDR (M, K)
(4.49)
(i) 2< M <&, 2<m < M:
In this case, order-m symbols of type ulS155] are transmitted over the channel.

Since in this case we have m < M < K /2, the transmission scheme proposed for case

(1) works for this case as well and the achieved DoF is given by (4.48).

(iv) 2< M <& M<m<K-1

In this case, order-m symbols of type ulS3715%)) are transmitted over the channel without
operating in the full-duplex mode. The scheme is very similar to the scheme proposed
in case (ii), except that here we have S](\f[ instead of S& Jol41-
Sﬁ,? C S[(? of receivers, here we spend one time slot to simultaneously transmit min{M —

Also, for every subset

1, K —m} + 1 symbols of type ulSir 1) (as opposed to case (ii) where K —m + 1 symbols
were transmitted). It can be similarly shown that the following DoF is achievable in this
case

(m+1)(min{M — 1, K —m} +1)

mxmin{M—1,K—m} ’
m A1+ T

Dok, (M, K) =

M <

%’ M<m<K-1,

(4.50)

where DoF*™P (M, K) (resp DoF}0 (M, K)) denotes our achievable DoF for transmission
of symbols of type ulS7155] (resp. u[Sf(vtf”SmH]) over the full-duplex M x K SISO X channel
with delayed CSIT.

To summarize our achievable results for the above cases, for m, M, K € Z, we define
Qm(M,K) 2 min{M — 1, K — m,m}, (4.51)
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Om(M, K) = min{M, |K/2] +1,m}, (4.52)

and denote by DoFP(M, K) our achievable DoF for transmission of order-m symbols
of type u[ng,L(M,mISﬁé)} over the full-duplex M x K SISO X channel with delayed CSIT.
Then, it is easy to see from (4.47) to (4.50) that our achievable DoF satisfies the following
recursive equation:

(m+ 1)(Qm(M, K) + 1)

mXQm(M,K) )
m+ 1+ et 1

DoF,""(M, K) =

1<m<K-—1  (4.53)

Phase K (Full-duplex M x K X Channel with Delayed CSIT):

S(t) S(r) . .
Sox 0S5 are delivered to all K receivers by

In this phase, the symbols of type u
simple transmission of one symbol per time slot by one of the transmitters (which has

access to that symbol). Therefore,

DoF ™ (M, K) = 1. (4.54)

It is shown in Appendix A.4 that (4.32) is indeed the closed form solution to the
recursive equation (4.53) together with the initial condition (4.54).

4.6 SISO Interference and X Channels with Output
Feedback

In this section, we investigate the impact of output feedback on the DoF of the K-user IC
and K x K X channel. As defined in Section 4.1, we assume that output of each receiver is
fed back to its paired transmitter. This provides each transmitter with “some” information
about the other transmitters’ messages, which enables the transmitters to cooperate in
their subsequent transmissions. Recall that in our achievable schemes for the full-duplex
IC and X channel with delayed CSIT, described in Section 4.5, each transmitter acquired
pure symbols of the other transmitters via full-duplex cooperation in order to reconstruct

the linear combinations received by the receivers. The number of simultaneously active
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transmitters was restricted in each time slot such that each active transmitter can obtain a
pure symbol transmitted by one of the others. For instance, in phase 1 of the scheme, only
two transmitters per time slot were allowed to simultaneously transmit over the channel.
In contrast, when the output feedback is available, the linear combination received by each
receiver will become readily available at one of the transmitters, and thus, the restriction
on the number of simultaneously active transmitters is relaxed, providing for a higher level
of transmitter cooperation and interference alignment. The rest of this section presents

proofs of Theorems 9 and 10.

4.6.1 Proof of Theorem 9

Our transmission scheme for the K-user IC with output feedback consists of K — u(K)+1
phases as follows, where the integer u(K), 2 < pu(K) < [K/2]|, will be determined later:

Phase 1 (K-user IC with Output Feedback): For every subset S,x) C Sk, and
every subset S, x)-1 € Sk \S,(k), in one time slot, each TX;, i € S,(k), transmits a fresh
information symbol . Then, if we deliver u(K) — 1 linearly independent combinations
of the p(K) transmitted symbols to RX;, i € S,k), it will be able to decode all the
transmitted symbols. Thus, the equation received by RX;, j € S,k)—1, which will be
available at TX; via the output feedback, is desired by all the receivers RX;, i € S, k).

Hence, they can be denoted as ul/!Ss)il 5 e Su(K)-1-

Therefore, p1(K)( K )) (Kf“(K)) information symbols are transmitted in <u([1§<)) (Kf“(K))

w(K)/ \ p(K)—1 A A p(K)—1
time slots and (u(K) — 1)(Mg()) (I;(_;)(i)) symbols uV1¥u0] are generated by the end of

phase 1. Denoting by DoF.9“" (K') our achievable DoF for transmission of symbols ul15m3],

J € Sk \Sm, over the K-user IC with output feedback, the achieved DoF is equal to
1K)

DoF!“°F(K) = .

14 a1
DoF 7Ry (K)

(4.55)

Phase m, 2 < m < K — 2 (K-user IC with Output Feedback): This phase
am(K)
Qm(K)

feeds ™*q,, (K) symbols of type ullS»l j € Sg\S,, to the channel in time
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m( )=
m(K)

cific, for every subset Sm+1 C Sk, and every subset Sg,, (x)-1 € Sk\Smi1, during

Lm (K)
Qm(K)

bols {u%‘sm“\{i};i]}ﬁgl(m/m. Each RX;, j € 8,41, wishes to decode the L,,(K) symbols

{ug/|‘5'm+1\{jl};j']}ézl(K)/m7 i e Sm+1\{]} Also, RXJ,] € 8,11, after removing U[J\ m+1\{3}ﬂ7

k=1,---,L,(K)/m, from its received equations, obtains CLQZ
in terms of its desired symbols. If we deliver the L’"(( )) linear equatlons received by RXj/,
J € Sonk)-1, to RX;, j € Spq1, it will obtain another (@Q,,(K) — 1) x L’T’;EK)) linear

equations solely in terms of its desired symbols. Since these equations will be available at

TX;, 7" € So,.(x)-1, via the output feedback, they are denoted as {uws’"“;ﬂ}L’”(K)/QW(K).

Loy (K) symbols of type ulilSm+1dl j € §\Spmiq. In spe-

L (K)
Qm(K)

random linear combinations of sym-

slots, and generates

time slots, every TX;, i € §,,41, transmits

& linear equations solely

Therefore, RX;, j € Sy, will have L, (K) (linearly independent) equations in terms of

its L,,,(K) desired symbols, and can solve them for its desired symbols.

Finally, since the number of input symbols, spent time slots, and output symbols of
this phase are equal to those of phase m in the proposed transmission scheme for the full-
duplex K-user IC with delayed CSIT described in proof of Theorem 7, the achieved DoF

for phase m satisfies the same recursive equation, i.e., (4.44):

+1 Qm(K)
DoFIOF () = 12 < ., 2<m<K-2 (4.56)
" 1+ DoFIgé%(;()

Phase K — 1 (K-user IC with Output Feedback): During K — 1 consecutive time
slots, TX;, i € Sk, repeats the symbol wlIS<\{#5 - Therefore, each receiver receives K — 1
linear combination of its K — 1 desired symbols, and thus, will be able to decode all its
K — 1 desired symbols. Hence,

K
DoF i ®f = 1 (4.57)

It is shown in Appendix A.3 that the solution to recursive equation (4.56) with initial
condition (4.57) is given by

-1
1 m(m—1) m(m—1) 1 K
(3 - sttt + Siigmi) . 2Sm< 4]
DOF,ESOF(K) — 2 2[151;[?1_11) 1\_ |— 1-1) = [ I+ B 2 )
(K_Tm D it Z) ) [5l<m<K-1
(4.58)
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Substituting (4.58) for DOFLC(IO(F(K) in (4.55), we get
pE)
a(K)u(K) (n(K) = 1)° + (u(K) +1)/2

where a(K) is defined by (4.35). Now, we choose u(K) such that DoF}““" (K) given in

(4.59) is maximized. In other words,

DoF,“"(K) = , (4.59)

u(K) = argmax fir% (w), (4.60)
2<w<[K/2]
weZT
where fISOF (w) is defined as
100F (1) & w (4.61)

a(K)ww—1)2+ (w+1)/2

By taking the derivative of fi°F(w) with respect to w, it can be shown that the solution
wj to the maximization problem wj = argmax,<,<rf/o] fICOF () is given by (4.34).
Thus, since fE°F (w) is a continuous and concave function of w, the solution u(K) to the
maximization problem (4.60) is either |w} | or [w} |, depending on which yields a greater

K (w), ie.,

w(K) = argmax fi%%(w), (4.62)

we{{wy ], [wi 1}

which in view of (4.59) and (4.61) completes the proof. Figure 4.9 shows the achiev-
able DoF for different values of u(K) together with the optimized achievable DoF, i.e.,
DoF“°F (K), for 3 < K < 30.

4.6.2 Proof of Theorem 10

We propose a transmission scheme which consists of 2 main phases as follows:

Phase 1 (K x K X Channel with Output Feedback): For every j € Sk, spend one
time slot to transmit the fresh information symbols w'F!, 27! ... K] respectively by
TX;, TXy, -+, TXk, all intended for RX;. By the end of this time slot, RX; has received

one linear combination of all K desired symbols. Therefore, if the linear combinations
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Figure 4.9: Achievable DoFs for the K-user IC with output feedback.

received by RX;/, j" € Sk\{j}, are delivered to RX;, it can decode all the K symbols. On
the other hand, according to the output feedback, the linear combination received by RX;,
J' € Sk\{j}, will be available at TX;  after this time slot. Hence, they can be denoted as
w35 € Si\{j}. Therefore, after K time slots, K (K — 1) symbols ub'7'1 j € Sy,
j € Sk\{j}, will be generated. These symbols will be delivered to their respective receiver

during the next phase.

Phase 2 (K x K X Channel with Output Feedback): This phase takes K (K —1)/2
time slots to deliver the K (K — 1) symbols generated in phase 1 as follows: For any
subset {j,j'} C Sk, spend one time slot to transmit ©V17"%) and ul'7'1 by TX; and TX;,
respectively, while the other transmitters are silent. After this time slot, each of RX; and
RX;s can decode its desired symbol by canceling the interference symbol which it already
has. The achieved DoF is then equal to

K2 2K
DoF " (K, K) = = 4.
Doby (K ) = Rk =2~ K+1 (4.63)
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completing the proof.

4.7 SISO Interference and X Channels with Shannon
Feedback

With Shannon feedback, each transmitter has access to all observations made by its paired
receiver, i.e., the channel output and all the channel coefficients, with some delay. More-
over, it has access to its own transmitted symbols. If a receiver wants to decode, say, n
symbols (some of which might be interference), it requires n linearly independent equa-
tions in terms of the n symbols. However, the key observation is that after delivering n — 1
required equations to a receiver, its paired transmitter having access to Shannon feedback
and its own transmitted symbol (which is one of the n symbols), will be able to decode all
the remaining n — 1 symbols. Then, using the delayed CSIT, it will be able to reconstruct
the last (yet undelivered) linear combination, and hence, to cooperate for its delivery. This
allows for achieving higher DoF's compared to what we achieved in Sections 4.5 and 4.6.

The following two subsections offer proofs of Theorems 11 and 12.

4.7.1 Proof of Theorem 11

Our achievable scheme for the K-user IC with Shannon feedback has two rounds of oper-

ation:

» Round 1 (K-user IC with Shannon Feedback): In this round, the transmitters use
only the output feedback in parallel with the scheme proposed in proof of Theorem 9. In
specific, during phase 1, for every subset S,(x) C Sk, every subset S,(x)-1 € Sk \Su(K);
and every jo € S,(k)—1, in one time slot, each TX;, i € S,(k), transmits a fresh information
symbol ul!. The integer v(K), 2 < v(K) < [K/2], will be determined later. The linear
combination received by RXj, j € S,(k)—1, which will be available at TX; via the output
feedback, is desired by every RX;, i € Sy(k).

Now, TX;, i € S,(k), using Shannon feedback and having ul? obtains an equation in

terms of the symbols ul"l, ' € S,x)\{i}. We deliver the v(K) — 2 linear combinations
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available at the receivers RX;, j € S(x)-1\{Jo}, to every RX;, i € S, (k), using the scheme
proposed in proof of Theorem 9. Meanwhile, TX; using Shannon feedback and having u!",
will obtain another v(K) — 2 linearly independent combinations of ul'l, i' € S, x)\{i}, and
hence, can decode all of them. Thereby, it can reconstruct the linear combination available
at RX,,

will be denoted as Sy Ui0}Su(x)ii0l

which is still required by every RX;, i € S, (k). Hence, this linear combination

We note that, for every subset S,(x)+1 € Sk, and every subset S, (x)—2 € Sk \Sy(K)+1;
we have generated v(K)+ 1 symbols ulSvuoilSvaoi\iokiiol =5, ¢ Su(k)+1. Since every
RX;, i € Sy(k)+1, needs exactly v(K) out of these v(K) 4+ 1 symbols, v(K) random linear
combinations of these symbols are desired by each RX;, i € S,(k)41, and can be denoted as
{uLSV(K)HlSV(K)“]}Z(:I?. They will be delivered during round 2 of the transmission scheme.

The achieved DoF is therefore given by

DOFICSF(K)_ V(K)B(K)
Yok, = =
BK) + =200 4 Lt (7428 )09
DOF}/?}?)F (K) D°F£(€IS<I;‘+1 (K)
v(K)
- RS (K) ; (4.64)
DoF (R (K) ' (v(K)+1)DoF (3K, (K)

where

502 (300 ) (o ey ) )t = . (1.65

and DOFL?SF(K ) denotes our achievable DoF for transmission of the symbols of type u!SmS]

over the K-user IC with Shannon feedback.

» Round 2 (K-user IC with Shannon Feedback): This round consists of K — v(K)

phases described as follows:

Phase m, v(K)+1<m < K —1 (K-user IC with Shannon Feedback): In this

Sm |Sm}

phase, symbols of type ul are fed to the channel and symbols of type ulSm+1ISm+1] are

generated as follows: Fix a subset S, (k11)+m-1 € Sk, where @p,(n), n € Z, is defined in
(4.42). For any S,,, C Sg,,(k+1)+m—1, spend one time slot to transmit {uEf IS’”]}Q’” (K+1)

Qm(K + 1) arbitrary transmitters out of {TX; : j € S,,}. Then, RX;, j € S,,, requires
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Qm(K + 1) — 1 extra equations to resolve all the transmitted symbols. Thus, the linear
combination received by RXj/, j' € Sq,.(k+1)+m—1\Sm, which will be available at TX; via
the output feedback, is desired by every RX;, j € §,,,. On the other hand, every TX;,
j € Sy, having access to all the transmitted symbols and delayed CSI, can reconstruct this

linear combination. Therefore, it is denoted as uSmUHSm],

Now, for any subset S,,+1 € 8q,,(k+1)+m—1, consider m + 1 symbols ulSm+11Smia\ghi],
Jj € Syt It is easy to see that m random linear combinations of these symbols are desired
by each RX;, i € S,,,11, and can be denoted as {ugfm“l‘Sm“]}km:l. The achieved DoF equals

Qum(K +1) (Qm(KtiHmil) (Qm(K+[§)+m—1)

( K ) (Qm(K+1)+mfl) + m(Qm<K$i)1+m_l)(Qm<K+K1>+m—1)
Qm(K+1)+m—1 m DoF!C8F (k)

(m+1)Qm(K +1)

- X (Qum(K+1)—1) ’
m+ 1+ == Srosr )

DoF}{ (1) =

2<m<K-—1. (4.66)

Phase K (K-user IC with Shannon Feedback): In this phase, one symbol u/Sx/Sx]

per time slot is transmitted by an arbitrary transmitter. Hence,

DoFic™ (K) = 1. (4.67)

It is shown in Appendix A.5 that the solution DoF!“*"(K) to the recursive equation
(4.66) with initial condition (4.67) is given by (4.37). Therefore, the proof is complete in
view of (4.64) and the fact that v(K) is chosen to maximize DoF\”" (K'). The achievable
DoF for different values of v(K') and the optimized achieved DoF are plotted in Fig. 4.10
for 2 < K < 30.

4.7.2 Proof of Theorem 12

Our transmission scheme for the K x K X channel with output feedback operates in 2

rounds:

» Round 1 (K x K X Channel with Shannon Feedback): This round has 2 phases in

parallel with the scheme proposed in proof of Theorem 10 for the same channel with output
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Figure 4.10: Achievable DoF's for the K-user IC with Shannon feedback.

feedback. In particular, in phase 1, K? fresh information symbols ] 1 < i j < K, are
transmitted over the channel during K time slots in the same way as the phase 1 of the
scheme proposed in proof of Theorem 10, and K (K — 1) symbols ul'l77'1 {j, i} C Sk, are
generated correspondingly. After time slot j, TX;, having access to its own transmitted
symbol and Shannon feedback, will obtain a linear combination of the K — 1 symbols
ulll i € Sk\{j}. Therefore, if TX; is provided with extra K — 2 linearly independent
combinations of these K' — 1 symbols (with known coefficients), it will be able to decode

all of them.

In phase 2, the symbols ul'%'] are transmitted in the same way as in the phase 2 of
the scheme presented in proof of Theorem 10. However, here, according to the Shannon
feedback, each TX; obtains more linear combinations of the symbols uV!, j € Sk \{i}, as
we proceed with the transmissions. In specific, fix an index jg, jo € Sk. Then, for any
{4,7'} € Sk\{Jjo}, spend one time slot to transmit «V¥7) and ul'173) respectively by TX;

and TX s, while the other transmitters are silent. By the end of this time slot, /] and
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ul'l537'] are delivered to RX; and RX/, respectively. Also, TX; will obtain u¥1%) through
Shannon feedback, which is a linear combination of ulilVl i € Si\{;j}. Similarly, TX, will
obtain ©177] which is a linear combination of ulV'] i € Sg\{j’}. Therefore, one can verify

that, after the (Kz_l) time slots of this phase,

(i) each RXj, j € Sk\{Jjo}, will receive all the symbols ul’'l77'l j" € Sg\{jo, j};

(ii) each TX;, j € Sk\{jo}, will obtain ul'l'l j" € Sk \{jo, 7}, which are K — 2 linear
combinations of the symbols uf¥l i € Sk\{j}. These linear combinations together
with the linear combination obtained during phase 1, constitute K — 1 linearly inde-

pendent combinations of K — 1 unknowns, and thus, can be solved for the symbols

ull i e Sp\{j}.

By observation (i), it only remains to deliver the 2(K — 1) symbols wlilo-]l g bolsiol
Jj € Sk\{Jjo}, to their respective receivers. On the other hand, by observation (ii), the
symbol uloliiol " j € Si\ {4y}, can now be reconstructed by TX;, and thus, can be denoted
as ubPoliol - Consequently, one can define the following order-2 symbol which is available
at TX;:

ulilidol & o, llioid] g lidolsidol 5 € Sp\ [} (4.68)

Therefore, it only remains to deliver the above K — 1 order-2 symbols to their respective
pairs of receivers. Before proceeding with the next round, we point out here that by K
times repetition of phase 1, each time with K2 fresh information symbols and a new jj,
1 < jo < K, we will generate K(K — 1) order-2 symbols ull9l jo € Sk, j € S\ {sjo}, as
above. The achieved DoF will then be given by

K x K?
KxK+Kx (51 + Lof;j—ggf(;;q

K2

- (K—1)(K—2) K1

Mi(SF(K? K) =

(4.69)

where DoFX®" (K, K') represents our achievable DoF for transmission of symbols ul/*/ and
ubl {4, j} C Sk, over the K x K SISO X channel with Shannon feedback. These symbols

will be delivered to their respective pairs of receivers during the next round.
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» Round 2 (K x K X Channel with Shannon Feedback): This round has K — 1 phases
(i.e., phases 2 to K). If K = 2, then the symbols u'"? and wP"? are transmitted
respectively by TX; and TX, in 2 time slots, by the end of which both receivers will
obtain both symbols. If K > 2, then the K (K — 1) order-2 symbols of type ul and
ubl3l {3 5} C Sk, are transmitted over the channel in phase 2 as follows: For each S3 =
{i1,i2,13} C Sk, spend three time slots to transmit w7 and wleinied {E ¢} c {1,2,3}.
In specific, over the first time slot, ull"12] and wl2l72] are respectively transmitted by
TX;, and TX,;, while the other transmitters are silent. Then, RX;, and RX;, each require
an extra linear equation to decode both symbols. Hence, after this time slot, the linear
combination hlishilylilini] 1 plisialylizlinia] yeceived by RX,,, which is now available at TX;,
via the output feedback, is desired by both RX;, and RX,,, where the time indices have
been omitted for brevity. On the other hand, TX;, and TX;, having access to their own
transmitted symbol and Shannon feedback, can decode each other’s symbol. Therefore,
using delayed CSIT, they can reconstruct hlisily il 4 plisizlylizliviz] - Thys, we can define

wSslivsizgsis] & plisin]y[ir]ir,iz] + hliziz]y,[i2i1,02]

Similarly, the second and third time slots are dedicated respectively to transmission
of {ulilivisl ylislinisll and {ylizlizdsl ylislizisl} “and generation of ulSsliisiizl and ylSsliz.isiinl,
Now, if we deliver two random linear combinations of w[Sslivi2isl q[Sslivisiial  and ¢ [Sslizisin]
to RX;,, RX,,, and RX,,, each of them will be able to decode its desired symbols. Therefore,

we can define the following order-3 symbols:

u[153|33] A Oélu[33|2'27i3;i1] + a2u[33|i17i3§i2} 4 agu[SS‘ihi??i?’], (4.70)

S3183] A
u[2 3|Ss] & aflu[sslzwan] + O/Qu[Ssllwwz] + agu[85\21,12ﬂ3]7 (4.71)

where oy, o, k = 1,2, 3, are random coefficients. The achieved DoF is thus given by

6(3) 6

M?SF(Ka K) = X 2(1() = 3+ 2 ) (4'72)
3G) + oy T PR R

where DoF{®F (K, K) denotes our achievable DoF for transmission of symbols of type u!52/5]
over the K x K SISO X channel with Shannon feedback.

128



CHAPTER 4: FuLL-DUPLEX TX COOPERATION AND FEEDBACK

Since the K x K SISO X channel has the same input-output relationship as the K-user
SISO IC, the problem of transmission of order-3 symbols of type ul%%! over the K x K
X channel with Shannon feedback is equivalent to that of the IC with Shannon feedback.
Hence, phase m, 3 < m < K, of round 2 the scheme proposed in proof of Theorem 11 can
be used for transmission of the order-3 symbols and generation of higher order symbols
up to order-K symbols which will be delivered to all receivers in phase K. Therefore,
the same recursive equation, i.e., (4.66), holds for DoF*°F (K, K), 3 < m < K — 1, with
DoF¥F (K, K) = 1, and thus, DoF**" (K, K), 3 < m < K, is given by (4.37). Finally,
(4.38) results from (4.37), (4.69) and (4.72).

4.8 Comparison and Discussion

We compare the results of this chapter with achievable DoFs obtained in Chapter 3 for
both channels with delayed CSIT. Figure 4.11 plots our achievable DoF for the K-user
SISO IC with delayed CSIT and full-duplex transmitter cooperation, given by (4.31),
together with our achievable DoF's for the K-user IC with output and Shannon feedback,
respectively given by (4.33) and (4.36), and compares them with the achievable DoF for
the same channel with delayed CSIT for 2 < K < 30. It is seen from the figure that all
our achievable DoF's for the K-user IC are strictly increasing in K, and for K > 3, they
are greater than the achievable DoF for the same channel with delayed CSIT. Also, for
K > 6, we achieve greater DoF with output feedback than with full-duplex delayed CSIT.
Our achievable DoF with Shannon feedback is greater than that with output feedback for
K =5and K > 7. One can also verify from (4.31) that

. 4
Jim DoFY™P(K) = = (4.73)
Regarding (4.34) and (4.35) and the fact that p(K) is either |wj | or [w} |, one can
show u(K) = o(K), which in view of (4.58) yields limg MLC(%?(K) = 2. This together
with (4.55), and the fact that limg o p(K) = oo, implies that
lim DoFy““"(K) = 2. (4.74)

K—oo
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Figure 4.11: Achievable DoF's for the K-user IC with Shannon feedback, output feedback,
full-duplex delayed CSIT, and delayed CSIT.

We now show that limg_,. DoF{”*(K) = 2. To do so, it suffices to show that
DoF“**(K) < 2. An application of the Squeeze theorem regarding (4.74) and the fact
that DoF'“°F (K') < DoFi™*F(K) will then yield the desired result. Using (4.36), we have

—DOF11CSF(K) T < 12?1}2/21 1+ =% :‘U F
ezt DoFI"OF(K) ™ (uwt)DoFITFF (K)
w

< __max o —

zews /21 1+ popioor ()
I~ 1

2<ws[K/2] a(K)(w — 1) (w — 2) + 5

wezZt

0P (4.75)

where (a) follows from (4.35) and (4.58), and (b) uses the fact that the denominator is

strictly increasing in w for w > 2, and thus, is minimized at w = 2.

Figure 4.12 plots our achievable DoF's for the M x K SISO X channel with delayed
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CSIT and full-duplex transmitter cooperation, given by (4.32), for M = 2,3, and M > %,
and 2 < K < 30, and compares them with the achievable DoF reported in [1] for the 2 x K
X channel with delayed CSIT. For all values of M, our achievable DoF for the full-duplex
M x K X channel with delayed CSIT is strictly increasing in K and greater than that of
the 2 x K X channel with delayed CSIT. Also, it can be shown using (4.32) that for a
fixed M:

1
lim DoF¥*™ (M, K)= :
K—oo ’ M-2 M \M—2 M-2 ( M \M—2-¢2
- > 6=3 elf"" lel + (M£1)2 [(Mq) InM =3, (M71) é}
(4.76)
For instance, limg_,o DoF} P(2, K) = 5 and limg o DoF; (3, K) = TyTss as indi-

cated in Fig. 4.12. Moreover, it follows from (4.32) and > °7 | & = %2 that, ift M > K/2
for sufficiently large K, then

6
: XFD _
Jim DoF{™P (M, K) = .

(4.77)

Figure 4.13 compares our achievable DoF for the K x K X channel with Shannon
feedback (given by (4.38)), output feedback (which is 2K /(K + 1) by Theorem 10), full-
duplex delayed CSIT (given by (4.32)), and delayed CSIT [1] for 2 < K < 30. It is
observed that for K > 2,

DoF™P (K, K) < DoFf" (K, K) < DoF®F (K, K). (4.78)
Also, one can easily verify using (4.38) and DoF°" (K, K) = 2K /(K + 1) that
lim DoFF°F (K, K) = lim DoFY (K, K) = 2. (4.79)
—00

K—o0

4.9 Conclusion

We investigated the SISO Gaussian interference and X channels with arbitrary number of

users, where we assumed that the CSI is not instantaneously available at the transmitters.
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Figure 4.12: Achievable DoFs for the M x K X channel with delayed CSIT, with and

without full-duplex transmitter cooperation.

We obtained achievable results on the DoF of these channels under three different assump-
tions, namely, full-duplex delayed CSIT (where the transmitters access the delayed CSI and
can operate in full-duplex mode), output feedback (where each transmitter causally accesses
the output of its paired receiver), and Shannon feedback (where each transmitter accesses
both the output feedback and delayed CSI). Under each assumption, the transmitters, ob-
taining side information about each other’s messages through full-duplex or feedback links,

could cooperate to align the interference at the receivers in a multi-phase fashion.

For each channel, the transmitters enjoyed a different level of cooperation under each
assumption, and hence, we achieved different values of DoF. Our achievable DoFs are
greater than the best available achievable DoF's for both channels with delayed CSIT (cf.
Chapter 3), and are strictly increasing with the number of receivers, though approaching
limiting values not greater than 2 for asymptotically large networks. Our DoF results

under the full-duplex delayed CSIT assumption are the first to demonstrate the potential
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Figure 4.13: Achievable DoF's for the K x K X channel with Shannon feedback, output
feedback, full-duplex delayed CSIT, and delayed CSIT.

of full-duplex transmitter cooperation to yield DoF gains in multi-user networks.
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Chapter 5
Conclusion

In this dissertation, we studied the impact of feedback and transmitter cooperation on
communication performance over several wireless networks. All networks were assumed to
be subject to i.i.d. fading and additive white Gaussian noise, and moreover, no instanta-
neous knowledge of CSI were assumed at the transmitter(s). The following summarizes

our main contributions in this dissertation:

5.1 Summary of Main Contributions

In Chapter 2, we investigated the DoF of the 3-user MIMO broadcast channel assuming that
the CSI is fed back to the transmitter after a finite delay (delayed CSIT assumption). We
considered both the symmetric case with M antennas at the transmitter and N antennas
at each receiver and the general non-symmetric case. For the symmetric case, we achieved
DoF's that meet the upper bound for M < 2N and M > 3N, and hence, characterize the
channel sum-DoF with delayed CSIT. Our achievable DoF for 2N < M < 3N is close to
the known upper bound on the sum-DoF of this channel and approaches the upper bound
as M approaches either ends of this interval. For the non-symmetric case, we proposed
transmission schemes that meet the known outer bound, and thus, characterize the channel

DoF region with delayed CSIT for certain classes of antenna configurations.
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In Chapter 3, we studied the K-user SISO IC and 2 x K SISO X channel with delayed
CSIT. We proposed novel multiphase transmission schemes that achieve DoFs strictly
increasing in K and approaching limiting values of 4/(6In2 — 1) and 1/In2 as K —
00, respectively, for the interference and X channels. To the best of our knowledge, our
achievable DoF's for both channels are yet the best reported DoF results. Our transmission
schemes employ new sequential interference cancellation/retransmission approaches that
align the past interference at appropriate receivers. We also considered the K-user r-cyclic
IC and showed that this channel has K /r DoF with no CSIT. Then, focusing on r = 3, we
showed that the 3-cyclic 1C can achieve strictly more than K /3 DoF with delayed CSIT.

In Chapter 4, we considered the K-user SISO IC and M x K SISO X channel without
any instantaneous CSIT. We first enabled the the transmitters to operate in full-duplex
mode, i.e., transmit and receive simultaneously, and obtained achievable DoF's for both
channels under delayed CSIT assumption. We demonstrated how the transmitters can
exploit their partial knowledge of each others’ messages, obtained via the full-duplex oper-
ation, to efficiently align the past interference. Our achievable DoF's in this part are greater
than the best known achievable DoF's for the same channels with delayed CSIT (achieved
in Chapter 3). This corroborates the potential of full-duplex transmitter cooperation to
increase the channel DoF when the CSIT is delayed. We emphasize here that this type of
cooperation cannot yield any DoF gain in the channels under consideration when there is
either full CSI or no CSI at the transmitters (cf. [11,56]).

We then considered the K-user SISO IC and K x K SISO X channel with output
feedback, where each transmitter causally accesses the output of its paired receiver and
each receiver obtains the whole CSI with a finite delay. Having no CSIT, we proposed
transmission schemes wherein each transmitter using its partial knowledge of other trans-
mitters’ messages, obtained via the output feedback, cooperates with them in aligning the
interference in a multiphase fashion. The level of cooperation attained through the out-
put feedback turned out to be higher than that with full-duplex delayed CSIT, and thus,
yielded higher DoF's for both channels for almost all values of K.

Finally, we considered the K-user SISO IC and M x K SISO X channel with Shannon
feedback, where each transmitter accesses both the output feedback and delayed CSI. We
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showed that the transmitters can enjoy a higher level of cooperation compared to our

scheme with output feedback, and hence, greater DoFs were achieved for almost all values

of K.

5.2 Future Research Directions

The works in this dissertation can be followed in different directions, some of which are
highlighted as follows:

5.2.1 Upper Bounds

The main focus of the dissertation was on achievable DoF's for different multi-user channels
under different feedback/transmitter cooperation models. However, without tight upper
bounds, no optimality argument can be made for any of the considered channels, except for
the broadcast channel. Indeed, the only available upper bounds on the DoF of a multi-user
channel with delayed CSIT are for the K-user MISO broadcast channel in [34] (which was
immediately applied to the MIMO case in [55]) and for the two-user MIMO IC in [57].
There exists no non-trivial upper bound on the DoF of the K-user IC (K > 3) or M x K
X channel (M, K > 2) with delayed CSIT, full-duplex delayed CSIT, output feedback, or
Shannon feedback. For the three-user MIMO broadcast channel studied in Chapter 2, there
are still classes of antenna configurations for which there is a gap between our achievable
DoF and the upper bound. In these cases, it is an open problem whether our achievable

DoF or the upper bound or none of them is tight.

5.2.2 Finite SNR Regime: Capacity Characterization

Although the schemes proposed in this dissertation were designed to efficiently exploit
the available DoF in the channels under consideration (i.e., the infinite SNR regime),
they can be extended to finite SNR regime as well and their achievable rates can be

analyzed. However, capacity characterization of multi-user channels under the considered
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feedback /cooperation models requires specific treatment of noise as well as interference,
and opens an interesting research direction to follow. A very recent work on achievable
rates of the K-user MISO broadcast channel with delayed CSIT in finite SNR regime can
be found in [64].

5.2.3 Security Issues

Security is an important issue in all wireless systems. Characterization of secure DoF,
achievable rates and capacity for several wireless networks has become very popular re-
cently. There are few recent works on secure DoF under delayed CSIT assumption, cf.
two-user MIMO broadcast channel with confidential messages in [61] and MISO wiretap
channel in [62]. Investigation of information theoretical security aspects of the channels

considered in this dissertation is another direction of research.
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Appendix A

Closed Form Expressions

A.1 Closed Form Expression for the Recursive Equa-

tion (3.58)

In this appendix, we derive a closed form solution to the recursive equation

(K —1i)(20 + 1)

DoFj¢ ;(K) = — -
(K—d)(i+1)+ yreriiny

e 1<i<K -2, (A1)

Mg?_i_u (K)

DoFIS(K) = 1. (A2)

We start by rearranging (A.1) in the form of

1 K —1
K—-—1-1)(1- + ,
( ) ( _DOFIIS—iH(K)) K—i+l

for 1 <i < K — 2, and defining Ax_;(K) =1 — m. Then, we have
LoF ;

1 l

YT DR (K) (K= )i+ 1)

K —1
K—-i1+1

i

A=) = @

{(K—z’—l)AK_,-+1(K)+ } 1<i<K-2
(A.4)

Ak (K) =0. (A.5)
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Express Ax_;(K) as

I3 [K—1]
Ap_
=0
where a7 is found usin
K—¢ g
ai— = [(K = ) Ag_i(K)] \H, 0<e<i (A7)

Substituting the expansion of (A.6) for Ax_;+1(K) in (A.4), we get

: i—1 : (K —i+1] :
i (K —i—1)ay_, K —1
Ak i(K) = A8
=i K) (K —i)(2i+ 1) ; K—1( TR i (4.8)
Equations (A.7) and (A.8) lead to three recursive equations as follows:
[K—i] _ (i_g“‘l)i [K—it1] 0<l<i_2 A9
-t TG =t (4-9)
k—i] _ 1 [K—i+1]
TK-it1 = 5,11 (2 g ;1 + 1> ; (A.10)
Kei] . [K i+1]
i A @
Uk-i = 22+ 1 Z T —
=0
i i—2 a[K—i]
_ (K 'z+1] B K-t A1l
2i 41 Kt ;i—éﬂ’ (A1)
where (A.11) follows from (A.9). Applying (A.9) i — ¢ — 1 times, we will have
K- 1 [x—e,. d J :
QK¢ = 50K (z—€+1)H2_ , 0<i<i-2 (A12)
4 J+1
=042
Substituting (A.12) in (A.11), we get
; = i i
(K—i] _ G it] [K—t—1]
Og—i = — o5 1% —i+1 — _ZaKfé s L1 (A.13)
22—1—1 2130 ,_£+22]—|—1
: , (K —i+2] i—3 i—1 : i—2 i :
(a) i (i — 1)a1< 1—1—2 1 Z H J 1 (K —f—1] J
- . - . - = a . - = aK,g H .
21+ 1 2(i — 2 & iZive 27+ 1 2 — i 25 +1
i(i—1) (K —i+2] i (K —it+1]

T Qi+ D) 20— 1)+ 1)K T g2 4 1) K2
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(b) i(i—1) [K—i+2] [ t—1 < (K —i+2] )
(m+1ﬂ%w—n+1ﬁK*” 221 +1) " 2(i—1)+1 iy T
i(i — 1)
2(2i + 1) [2(i — 1) + 1]
i(i — 1) .
—— 0<i<K-2 A4
2042 — 1)’ ='= ’ (A.14)
where (a) results from reapplying (A.13) to a[f((:iirll], and (b) follows from applying (A.10)
K—it1
0 ax_ito-

Employing (A.14) for a[lf Zfll] in (A.10), one can obtain

JE=i P_(%—DQ—QW

G-t 7 9 4(i—1)2 =1
i 3i—1)2+(—-1)—1

= 0<:1<K-—2. A.15
2i+ 1 dli—12—-1 == (A.15)
It follows from substituting (A.15) in (A.12) that
ey =0+ D)BE+I-1) {1 0<r<i o AL6
e = 2402 — 1) H2j+1’ =T (A10)
=041
Finally, using (A.6) and (A.14) to (A.16), we have
As(K) @—1 +§i¢—£+ 3W+%—1)f1 j 0 << K2
K—ilf4) = — — 7 PYSHER, S1s K2
2(44? — i) — (42 — 1) i 27 +1
(A.17)
Since, by definition, DoF'¢ . (K) = m, we have the following closed form expression
for DoF'¢ (K),0<i< K —2:
, -1
@—1 “lz—€+ 3ﬁ+£—m L
Mg—i([() = |1+ Z 2 H ;
2(4i2 — — j(ae—1) L1 2541
(A.18)

141



APPENDIX A: CLOSED FORM EXPRESSIONS

A.2 Closed Form Expression for the Recursive Equa-

tion (3.88)

In this appendix, we derive the closed form solution to the recursive equation

(K—i+1)(2i+1)

- - (K—i)i !
(K —i+ D0+ D+ 5 5w

DoF% (2, K) = 1. (A.20)

DoFj (2, K) =

1<i<K-—1, (A.19)

Rearranging (A.19) in the form of

1 1 1
1— - , , K—d)[1- +1|, (A21
DoFX ,(2,K) (K —i+1)(2i+1) ( ) ( DoFj_;1(2, K)) (4-21)
for 1 <i < K — 1, and defining Bx_;(K) £ 1 — m, one can write
1
Bg i(K) = K —1)Bg_i1(K)+1 1<i<K-1 A.22
Bk (K) = 0. (A.23)
Express Bi_;(K) as
i—1 b[}f{(—;’]
By = — .
=0
[K—i] . :
where by, is found using
b — (K — 0)Bye_y(K)] ‘K Lo0si<i-L (A.25)
Substituting the expansion of (A.24) for B _;41(K) in (A.22), we get
. i—2 g [K—it1]
¢ (K — )b,
By i(K) = 1]. A26
=B = e ; K-t (4.26)
Equations (A.25) and (A.26) result in two recursive equations as follows:
b (=00 i) gopcyo (A.27)

(i—0—1)(20i+1) K¢
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- i=2 K —it]
bK i 1 — K-t
Kl 95 41 ZZZ—E—1
1—2 [K z]
A.28
T 2it1 Z i— 5’ ( )
=0
where (A.28) follows from (A.27). Applying (A.27) i — ¢ — 1 times, we will have
DT =l G~ J 0<0<i—2. A.29
= (-0 [ 555 o=e<i (A.29)
J=0+2
Substituting (A.29) in (A.28), it follows that
pE-1 _ [K—¢-1 J A.30
K—i+1 — 2—+1 ( : )
i=iy2
_ b i Pl —i+1] bK 0-1] J
2+ 1 2@+1KZ+2 Z 1122j+1
. . 1—3
_ ? 0 (K—it+1] _ b[ ——1] J
24+1 2041 K2 22+ Z - H23+1
=0 =042
. . i1 .
_ v [K i+1] b[K —0—1] J
204+1 2i+1 K”?JFZ Al 9541
j=0+2
@ i i i—1
241 2i+1 2(¢—1)+1
2
i
= —0 0<i1<K-1 A.31

where (a) simply follows from an application of (A.30) for b[ffjif;]. Substituting (A.31)

for b[ff_*f*l] in (A.29), we obtain

i

— E 1)
bl “: i H 0<l<i—2. (A.32)
=et
Combining (A.24), (A.31) and (A.32), we can write
i—1 i
(i — é (0+1) J .
Bre—i( — 0<i<K-1, A.33
o ; 2(6+1)— 1] 1112j+1 ' (4.33)
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which together with DoFyx_.(2, K) = ﬁ, yields

Br—i(
-1 . i . -1
DoF¥_,(2, K) + 1) I -2 0<i<K-—1 (A.34)
DoFj—il 2£+1) 2j4+1 7 T~ ' '
=0 j={+1

A.3 Closed Form Expression for the Recursive Equa-

tions (4.44) and (4.56)

Consider the following recursive equation:

m—i—l>< Qm(K)

Qm (K)—
m L+ DoF,, (K)

DoF,,(K) = 2<m<K -2, (A.35)

?

with @ (K) = min{K — m,m} and the initial condition DoF, ,(K) = K/(K —1). We
treat two different cases separately:
(i) [K/2] <m < K — 1: In this case, we have @,,(K) = K —m, and hence,

K—m 1 K—-—m-1
= : A.
mDoF, (K) m+1 N (m 4+ 1)DoF,, ., (K) (4.36)

Then, defining ~,,(K) = %, one can write Y, (K) = —= + Y11 (K), which implies

that 7, (K) = Zf:m 1 %, or equivalently,

DoF, (K) = (KL_m i %) , [K/2] <m< K —1. (A.37)

l=m-+1

(ii) 2 <m < [K/2]: In this case, we have

1 1 -1 1
_ A38
DoF,,(K) m+1+(m+1> DoF,, 1 (K)’ ( )

which can be rewritten as

2 —1 2
BoF, () | mil <Mmﬂ<f<> - 1) ‘ (4.39)
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It immediately follows that

L—l: m(m — 1) 2 _
DoF,, (K) '~ TET(I5T— 1) \ DoF, s (K)

where (a) uses (A.37) with m = [£], and the fact that K — [£] = |5 ].

It finally follows from (A.37) and (A.40) that

(l o m(m—1) + m(m—1) ZK l)l 2 < m < I—K-I
2 T (K- T ENED &=l ) o SSTMSh
1

(2 S }) Kl<m<K -1
(A.41)

DoF,,(K) =

A.4 Closed Form Expression for the Recursive Equa-

tion (4.53)

Consider the recursive equation

(m+ 1)(Qum(M,K)+ 1)

mXQm(M,K) ’
m+ 1+ 5 i)

DoF, (M, K) = l<m<K-—1, (A.42)

with @, (M, K) = min{M — 1, K — m,m} and initial condition DoF (M, K) = 1. The

following distinct cases can be differentiated:

(i) M —1 > [K/2]: In this case, Q(M, K) = Q. (K) = min{ K — m, m}, and hence,

() + 1 1 (K
Onif) 1 _ 1, Urn(K) . (A.43)
mDoF,,(M.K) _m ' (m+ 1DoF,,., (M. K)
Now, if [K/2] < m < K, then similar to Appendix A.3, one can show that
X -1
DoF, (K) = Lzl [K/2] <m < K. (A.44)
=t K-—m+14&1) = ==
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Otherwise, the recursive (A.43) can be rewritten as

1 1 1

m?DoF,, (M, K) _ m*(m+1) ' (m + 1)?DoF,,,, (M, K)

1 1
= Z £2(£+1) + [%PM(K}(MaK)

1 Ko
€—2+( 1(KJH ZKZ’ 1<m<[K/2],

3=

(A.45)

where (a) uses (A.44) with m = [£], and the fact that K — [£] = [£].

Equations (A.44) and (A.45) yield

2 2 ( 1-1 m2 K 1 -1 K
(m—m+mz fﬁmzfz(%w) , 1<m <[5
—1 X
m K
(K—m+1 2t %) ’ [1<m<K

(A.46)

DoF, (M, K) =

(ii) M —1 < [K/2]: In this case, if K — M +1 < m < K, then the same expression as
(A.44) holds for DoF,,(K). Otherwise, if M —1 < m < K—M+1, then Q,,(M, K) = M —1,
and we have

1 _L M—1 1
mDoF,, (M, K)  mM M ) (m+1)DoF,, (M, K)

M—l g_ml_'— <%)K—M—m+l
M

¢ (K —M+1)DoFy (M, K)
1

1 1 l1—m 1 1 M o K—-—M-m+1 K 1
: Led > L
M 6L, M M ly
fi=m =K —M+1
(A.A4T)
where (a) follows from (A.44) with m = K — M + 1. Therefore,
K 4 1\ min(eK—M+1)=m -1
DoF - M-1<m<K-M-+1.
DoF,, (M ;}; ; < ) , <m +
(A.48)
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Finally, if 1 <m < M — 1, then

1 1 1
m?DoF,,(M,K) _ m2(m+1) ' (m+ 1)?DoF,,,, (M, K)
1 1 2 1
- -+ 2t 2
M—1 m & (M—17DoF, (M K)
M—-2 K min (o, K—M+1)—M
a 1 1 1 1 1 /M-1
N |
M—1 m Ve G\ M
li=m lo=M-—1
(A.49)
where (a) uses (A.48) with m = M — 1. Thus, for 1 <m < M — 1,
1
_DOFm(Ma K) = min - -M"
b m2 MR o () R L (A KA
(A.50)

A.5 Closed Form Expression for the Recursive Equa-

tion (4.66)

Consider the recursive equation

(m+1)Qm(K +1)

o (Qu(K A1) 1)’
m+ 1+ =5 Tw)

DoF, (K) = 2<m< K~ 1, (A.51)

with initial condition DoF, (K) = 1. For [£| < m < K, it is easily shown that DoF,,(K)
is given by (A.44). For 2 <m < | ], we have

L1 (m—d 1
DoF,,(K) ~m ~ \m+1) DoF,,,(K)

1511

l=m 2
KJ K
() 1 m(m — 1) ~ 1 mm—1) !
B I P DI Ay 51 S VA
2 f=m+1 "1 2°02 0 =K1 2
(A.52)
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where (a) uses (A.44) with m = [£]| + 1, and the fact that K — |£] = [£]. Therefore,
for 2 <m < |K/2],

-1

L5 K
1 1 1 1 1 1
DoF, (K)=|—+m(m—-1) | — — — — St e Y
" mo 13 fr=m+1 a2l lo=| 5 +1 b
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Proofs of Linear Independence

B.1 Proof of Linear Independence in Phase 1 for the
K-user IC with Delayed CSIT

In this appendix, we show that after phase 1 of the proposed transmission scheme for the
K-user SISO IC with delayed CSIT, the (K —1)? linear equations obtained by each receiver
in terms of its data symbols are linearly independent almost surely (see Section 3.3.2, (3.39)
and (3.40)). To this end, consider the aforementioned equations at RX;, 1 < j < K:

W Qfwyis i1 € Sk\{j}, (B.1)

(uNTQL wiyi, ig,i5 € Sk\{4j}, i # is, (B.2)
which are equivalent to the system of linear equations (ull)"PUl where PVl is a (K —1)2 x
(K — 1) matrix defined as

bl & T ... T . .
P = [{ijwm }ilesK\{j} ’ {Qmww}z‘z,z‘sesx\{j},m#s} (B:3)
iNT
= (C[J]) [{Djjwjil }i1€$K\{j} ) {Dizjwi2i3 }ig,igesK\{j},h?ﬁiS] : (B4)

Let h;; denote the vector of length (K — 1)? 4 1 containing the main diagonal of D;; and

define vy £ [1,1,---,1]7. Then, one can write

14

pll — (CUlT (ﬁm o Qm> , (B.5)
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where
HUI £ |:l~1"VT_ ,{fli-VT_ } ] ) B.6
JiVEK -1 IVK=2, 6 \1i) (B.6)
1| A
Qv 2 [{wjil}i1€SK\{j} ’ {wi2i3}i27i3651{\{j}7i2¢i3] - [wjlil]ilesx\{j}dlesK\{il}’ (B.7)
and “o” denotes the element-wise product operator. Recall that
£i1wj1i1 = (C[il])TDjlilelil = O(K—1)2X1' (BS)

Hence, the vector Dj,;,w;;, lies in the left null space of Clitl. However, Clil is a random
[(K—1)*41] x (K —1)? matrix, and thus, it is full rank almost surely and its left null space

is one dimensional, denoted by the nonzero unit vector nl). It immediately follows that,

for every j; € Sk\{i1}, there exists a nonzero scalar aj,;, such that D; ;,wj,i, = a;,;,nl",

or equivalently, w;,;, = aj,;, D5} nll. Note that D, ;, is full rank, and so, invertible almost

Jit
surely. Therefore, QU] can be rewritten as follows

Qb = [a;,,, D>} ]

Jit1

eSi\hireS\{ir} " (B.9)

Since a;,;,’s are nonzero and each of them scales a whole column of HV! 0 QU they do not

affect the rank. Hence,

1] Uy — 7l o 1 jlil
rank(HY' o Q) = rank(H" o [D; | n'" ]z‘lesK\{j},jleSK\{il})‘ (B.10)
One also can write
7l o 1 fi] _ 1yl 7] “ri]yo(—1)
HY o [Djin™] o\ esigny = B o NV e (HY)
= &l o (A=), (B.11)
where
vl & [ ] (B.12)
€S \{j},71€Sk\{i1}
AN i1, T
NUl 2 [pllyT 1]ile$;<\{j} (B.13)
ol & HU o NUI, (B.14)
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and (HVU!)°1) denotes the element-wise inverse of HIJ. We note that HU and NUI are
independent of each other, since NV is a function of {C[il]}ilegK\{j} which are independent
of HUl. Also, HUl and HUY! are independent of each other, since the channel coefficients

are i.i.d. across the transmitters and receivers. Hence, ®U is independent of HU.

On the other hand, it can be easily verified that the elements of I:Im, and thereby
(HUND are 1.i.d.. Also, it is easy to show that all elements of ®U! are nonzero almost
surely. Therefore, for any given ®U, the elements of ® o (HU)°(-1 are also independent
of each other, since ®U! is independent of (IZIU})O(*U. This implies that, for any given ®U!,
®l7) o (HV)°D is full rank almost surely. This means that ® o (HU)°(-1 is full rank

almost surely.

Finally, we note that CU is independent of HUl, NU!, and HU!, and thereby, of HUlo QU
Therefore, regarding (B.5), (B.10) and (B.11) and applying Lemma 1, one can conclude
that PU! is full rank almost surely.

Lemma 1. Let A,,«,, and B, x,, be two independent (not necessarily i.i.d.) random ma-
trices with continuous probability distributions and let m < n. If A and B are full rank

almost surely, then AB 1is full rank almost surely.

Proof. If m = n, then the lemma is obviously true. Assume m < n. Let a;, 1 <17 < n, and
b;, 1 < j < m, be the ith and jth column of A and B, respectively. Then, the jth column
of AB can be written as Z?Zl bjia;. Now, assume a linear combination of the columns of

AB are equal to zero, namely
Z’szbjiai = Opx1- (B.15)
j=1  i=1

Therefore, exchanging the order of the summations, we have Z?Zl <Z;":1 yjbﬂ) a; = 0,,%1.

This can be written in matrix form as follows

A (Z /ijj> = Omxl' (B16)
j=1

Thus, the vector Z;.":lfyjbj either is equal to zero or lies in the null space of A. In

the former case, we get 7, = 0, 1 < j < m, since B is full rank almost surely. In the
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latter case, since A is full rank almost surely, its null space is n — m dimensional. Let

N (n—m) £ [ng,ny, -+ ,n, .| denote the basis of the null space of A. Then, there should

exist &, 1 < ¢ < n —m, such that

Z”)/jbj = Z &ng. <B17)
j=1 =1

Note that N is independent of B, since A and B are independent of each other. Consider
the square matrix [B|N],,x,. Since B and N are full rank almost surely (with continuous
distributions) and independent of each other, one can easily show that [B|N] is full rank
almost surely. This together with (B.17) yields 7, =0,1<j <m,and §& =0,1</¢ <

n—m. O

B.2 Proof of Linear Independence in Phase m-I for
the K-user IC and Phase m for the 2 x K X Chan-
nel with Delayed CSIT

Consider the following system of linear equations:

Q)+ Qa5 1y

(u[msm])T ;ile,z.w i€ Sk\Snm. (B.19)

which are equivalent to the system of linear equation (ul$~))"Gl! where GU! and uls!
are defined as

10T W
ai & | Q) ‘ Qi esis, : (B.20)
(Qjin)" ‘ O
ulSr) & [(ylilSe))T (u[z'usm])q? (B.21)

Note first that, by definition, Q;;, = D;; C1ISn] and Q;;, = D;;,Cl2l5»]. These matrix
multiplications are nothing but scaling the columns of CllSnl and Cl2l9=] by the diagonal

elements of Dj;, and Dy;,, respectively. Since the diagonal elements of Dj;, and Dj;, are
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nonzero almost surely and since scaling the columns of a matrix by nonzero factors does

not affect its rank, one can write

rank(Qyq, ) = rank(CHSn)y = K —m + 1, (B.22)
rank(Q;,) = rank(C2Sn)) = K —m. (B.23)

Also, if a linear combination of some columns is added to a (nonzero) scaled version of a
column in a matrix then its rank does not change. Therefore, if we replace the K —m-+1'th
column of GU! with a linear combination of its first & — m + 1 columns, its rank will not
change. If we choose the coefficients of such a linear combination to be the elements of w;,
(which are all nonzero almost surely), then since by definition, (Qji,)" wji, = O(kx—m)x1, We
get

rank(GU)) = rank(GU), (B.24)
where )
Glil & Q)" ‘ {Qiwiis } e se\smu)
(Qjix)” ‘ O

and jSl and jSz are respectively the submatrices of Q;;; and Qj;, including their first

(B.25)

K — m rows. Hence, it suffices to show GU is full rank. To do so, we note that Qm is
a (K —m) x (K —m) matrix with rank(Q;;,) = rank(Q;,) = K — m. If we show that

the matrix [Q, wj,]

iy is also a square full rank matrix of size (K —m + 1) X

7' €(Sr\Sm)U{j} -
(K —m + 1), then using Lemma 2, it immediately follows that GV! is full rank. Now, we

: T .
rewrite [Qj’ilwfz?]j'e(SK\sm)u{j} as:

- (C[Zl [Sm] )T [Dj’h wj’i2]

T
[ j'in*J’ ]j’e(SK\Sm)u{j}_ (B.26)

JE(SK\Sm)U{j}

Since the matrices are square, we have

T i1|Sm
det([Qj'n“’j’w}j/e(sk\sm)u{j}):detm[” ) - det((Dyiwyilpessog):  (B27)

and since Cl11Sn] is full rank almost surely, det (C[il‘Sm]) # 0. Thus, it remains to show

Dy, wiri,) is full rank. Using the same argument as in Appendix B.1, one

7'€(Sr\Sm)U{j}
can write
Wiy = aj'igD_l n[i2]7 <B28)

J'i2
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where a;/;, is a nonzero scalar. Therefore,
—1 i
rank([Dji,wjis] e 5,0\8,0(1) = Tank( a7, D i Dyl 2]Lfe<sK\sm>u{j})
(@)

o DLl
= rank( |:D]’7,1Dj’i2n ’ L/e(SK\Sm)U{J'})

pliil (¢
© rank( | —- (t)
hli lﬂ(t) 1<t<K—m+1
7' €Sk \Sm)U{j}

UK ma1, (B.29)

where (a) follows from the fact that scaling the columns of a matrix by nonzero factors

(a;r:,’s) will not change its rank; (b) follows from the fact that scaling the rows of a matrix
by nonzero factors (elements of nl2!) will not change its rank; and (c) is true since Z{j,jg;’

are i.i.d. for 1 <t < K —m+1and j' € (Sk\Sn) U {j}

Lemma 2. Let A = [a;j] and B = [b;]

almost surely and let C = [c;]

be two square matrices which are full rank

mxXm nxn

msen D€ anarbitrary matriz.  Then the following matriz is

full rank almost surely:

cla
D= . (B.30)
B|1O

Proof. Denote by a;, b;, and d; the j'th columns of A, B, and D, respectively. Assume
that

m-+n

> ajd; = Oy, (B.31)
j=1
for some oy, 9, -+, mqn € C. Then, since d;; =0form+1<i<m+nandn+1<

J < m + n, one can write Z?Zl a;b; = 0,1 and since B is full rank almost surely, we

have a; = 0, 1 < j < n. This together with (B.31) yields Z;@;ﬁl ajd; = O(nin)xi-
m-+n

Considering the first m elements of these columns, it follows that > i1 QG = 0,,x1

and since A is full rank almost surely, we have o; =0, n +1 < j < m 4+ n. O
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Achievable DoF Limits for K-user IC

and 2 x K X Channel with Delayed

CSIT

In this appendix, we show that

4

lim DoF|(K) =

Kl—r>noo of"(K) 6ln2 -1’
1

lim DoF¥(2, K

aim DoFy(2, K) = 15

Regarding (3.7), (3.8) and (3.10), it suffices to show that

lim V(K)=— — =In2.
K—ro0 16 2
lim &(K)=1-1In2.
K—o0
where
H(K) s (K =0 —1)BE+6 1) ]i:f 2
4 - —
= 2(K —0y)(407 — 1) it 2y +1
éK” K — 6 —1)(6 + 1) fi—f l,
= (K —6)@26+1) 2 - 20+ 1
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To do so, for any integers K,p > 0, define the functions I',(K') and A,(K) as

FP(K) = — (K o E)QK_57 (C?)
22 UK ——1)
Ay(K) 2 > R(K— T (C.8)

Using Y 02| = =1n2, Y>> o2& =2, and Y " 5+ = 1, it is easily verified that, for any
integer p > 0,

lim T,(K) = lim Ap(K) = —In2+2"7 + 2 % (C.9)

In specific,
lim Ty(K) = lim Ay(K) =1-1In2, (C.10)
lim Ty(K) = lim As(K) = g —In2. (C.11)

Now, using the following two lemmas together with the Squeeze Theorem, (C.3) and (C.4)

are immediate.

Lemma 3. The following inequalities hold for K > 3:

3K 3 K -2
2K—3A3(K) <VY(K) < §F3(K) +—5(K— 12K

(C.12)

Proof. (i) Upper bound:

lo=01+1

K-3 K-2
= (K =6 —1)(3G + 0, —1) 0
P(K) = Z H 205 + 1
fl 0
-3

K-2

2(K = 6)(463 — 1)
(

C~E -6 -1)BR+6 -1 +1) 1_—[ 0
= 2AK-0)UG-DE6+3) | AL 26+ ]
_K-137 b L K2 fi:f ‘,
6K 11 26+1 5(K—1) 14 20+1

K-3 K-2

(K — 0 — 1)(38 + 6, — 1)(6, + 1)
2 2K — 1) (a2 —1)(26, + 3) 11

ls
205 + 1

l1=2 lo=01+2
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@ K2 fi:f Lo 3(K_1)ﬁ2 0 +3(K—2)Ii—_f 0
5x 24K — 1) 1120, +1 20K L2t +1 7 2K —1) ;1L 26 + 1
KZ 3(K — 0, —1) ﬁ2 0
— 2K —0) L 26+
. K-2 Ii—f 0 +KZ“°’3(K—£1—1) fi-‘f l
S5 X 2H(K —1) 1126 +1 = MK -h) 2l 2+ ]
) K- +§KZ3 K-t —1
5(K—12K 2 £ (K — £y)2K0
-
K-2
= °Ty(K) + 1

where (a) follows from the fact that %%

inequality + < &, and (b) is valid since %22“ < 3 for fy > 2.

< % for /1 > 2 together with

(ii) Lower bound:

K-3 K-2
(K — 0 —1)(32 4+ 14, — 1) 0y
U(K) =
IZO 2(K — ) (447 = 1) EQI;IH 205 + 1
= (E -0 -D)EE+6 -1+ 1) fi—‘f 0
= QK =3)(K-6)a-1) | 2L 2061
@ 3K = (K =0 —1)
2K -3 K(K — £,)2K-4t
01=0
3K
= 35 — 38K (C.14)

where (a) follows from the fact that %W > 34, for ¢; > 0, and {1 > 1 for

ly > 2. [l

Lemma 4. The following inequalities hold for K > 2:

2K (K —1)2 K—1
oic =1 ) < ) < LK) + ook —3) T 152k

(C.15)
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Proof. (i) Upper bound:

K-2 K—-1
(K — 0 —1)(6 + 1) 0
O(K) =
(K) ;::0 (K-0)20+1) 1;[ 20y + 1
(K — 1) (K =0 — 1) (0 4+ 1)2(6, +2) fi-[
22K —1)(2K —3) /= (K —0)(20 + 1)(26 +3)(20,+5) , 2.1 2l +
(a) (K —1)?2 20K —1) % K- -1 %
20K —1)2K —3) | 15K EH 2£2+1 +Z (K1),
B (K —1)? Ii-[ ZK 0 —1 Ii—f 0
B 2(2K—1)(2K—3) 15 X 23K 2, +1 L B(K—t) L1 2+ 1
b Y K-3 B
®) (K —1) Z K-t —1
202K —1)2K —3) 15K2K (K — 01)2K-4
B (K —1)2 K - 1
= Ls(K) + 22K —1)2K —3) | 15K2K’ (C-16)
where (a) follows from the fact that (L +1 (0 +2)

1 .
TP EnTE < 8 for ¢ > 1, and (b) is true
Lo

: 1
since 3727 < 3 for /5 > 3.

(ii) Lower bound:

-2 K—
(K =0, — 1)ty +1)
O(K) = H
Zlo (K —0,)(26, + 1) i E
S (K- - D)+ 1) Ii—[
_ezo (2K —1)(K — 4) 2£1+1 o 0y —

@ 2K fi?él(f(—el—n

>
2K — 1 4= K(K — ()25
2K

TOK -1

Ay (K), (C.17)

where (a) follows from the fact that (?;j)l > 14, for ¢,

>%f0r€222. O
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