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Abstract

In the development of digital communication and information theory, every channel
decoding rule has resulted in a revolution at the time when it was invented. In the area of
information theory, early channel coding theorems were established mainly by maximum
likelihood decoding, while the arrival of typical sequence decoding signaled the era of
multi-user information theory, in which achievability proof became simple and intuitive.
Practical channel code design, on the other hand, was based on minimum distance decoding
at the early stage. The invention of belief propagation decoding with soft input and soft
output, leading to the birth of turbo codes and low-density-parity check (LDPC) codes
which are indispensable coding techniques in current communication systems, changed the
whole research area so dramatically that people started to use the term “modern coding
theory” to refer to the research based on this decoding rule. In this thesis, we propose
a new decoding rule, dubbed jar decoding, which would be expected to bring some new
thoughts to both the code performance analysis and the code design.

Given any channel with input alphabet X and output alphabet ), jar decoding rule can
be simply expressed as follows: upon receiving the channel output y* € )", the decoder
first forms a set (called a jar) of sequences z" € X™ considered to be close to y™ and pick
any codeword (if any) inside this jar as the decoding output. The way how the decoder
forms the jar is defined independently with the actual channel code and even the channel
statistics in certain cases. Under this jar decoding, various coding theorems are proved in
this thesis. First of all, focusing on the word error probability, jar decoding is shown to
be near optimal by the achievabilities proved via jar decoding and the converses proved
via a proof technique, dubbed the outer mirror image of jar, which is also quite related
to jar decoding. Then a Taylor-type expansion of optimal channel coding rate with finite
block length is discovered by combining those achievability and converse theorems, and it
is demonstrated that jar decoding is optimal up to the second order in this Taylor-type
expansion. Flexibility of jar decoding is then illustrated by proving LDPC coding theorems
via jar decoding, where the bit error probability is concerned. And finally, we consider a
coding scenario, called interactive encoding and decoding, and show that jar decoding can
be also used to prove coding theorems and guide the code design in the scenario of two-way
communication.
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Chapter 1

Introduction

1.1 Channel Decoding Rules

In the literature of channel coding so far, channel decoding is predominantly associated with
maximum a posteriori (MAP) decoding, maximum likelihood (ML) decoding, minimum
distance (MD) decoding, typical sequence decoding, and, more recently, message-passing
decoding [1-5]. In MAP decoding and ML decoding, upon receiving a channel output
sequence y" = y1Ys - - - Yn, the MAP (ML, respectively) decoder examines each and every
codeword, and then selects the one maximizing the a posteriori probability (likelihood,
respectively) as the estimate of the transmitted codeword. Similarly, in MD decoding, the
MD decoder examines each and every codeword, and then chooses the one closest to the
received sequence y" as the estimate of the transmitted codeword. In typical sequence
decoding, the decoder examines each and every codeword, and chooses one jointly typical
with y™ as the estimate of the transmitted codeword. All these decoding rules are more
or less codebook centric. On the other hand, message passing decoding (including belief
propagation (BP) decoding for low density parity check (LDPC) codes) is received sequence
centric to some extent; upon receiving y", it updates and passes messages from one iteration
to another until it finds a codeword or fails to converge.

All decoding rules mentioned above have their own advantages and limitations. MAP
decoding is optimal in the sense of minimizing the word error probability; it is appli-
cable to any code and channel in theory, and it is also widely adopted in the theoretic
performance analysis of a coded communication system. However, MAP decoding has pro-
hibitive computation complexity when the number of codewords is large, thus making it
impractical. In addition, performance analysis under MAP decoding sometimes becomes



extremely difficult. For example, to the best of our knowledge, the performance analysis
of random linear codes based on Gallager’s parity check ensembles under MAP decoding
for asymmetric memoryless channels is still unknown because codewords are generally not
pairwisely independent. Since ML decoding and MD decoding are equivalent to MAP de-
coding under some conditions, they have the same advantages and limitations as does MAP
decoding. Typical sequence decoding is a convenient information theoretic tool for proving
asymptotic coding theorems in information theory. However, it is generally applicable only
to Shannon random codes and also has prohibitive computation complexity. In addition,
these decoding rules are generally concerned with the word error probability. In contrast,
message passing decoding has low decoding complexity and is generally concerned with
the bit error probability. However, message passing decoding is suboptimal in the sense of
either minimizing the bit error probability or word error probability and is applicable only
to certain types of codes such as LDPC codes and turbo codes; it is also difficult, if not
impossible, to have a rigorous analysis of message passing decoding [7].

It would be desirable to develop a new decoding rule which can have all advantages
of the above decoding rules. To this end, in this thesis, we propose a new decoding
rule dubbed jar decoding. Given a channel, code, and channel output sequence y", jar
decoding first forms a set of suitable size, called a jar, consisting of sequences from the
channel input alphabet considered to be closely related to ™, and then takes any codeword
from the jar as the estimate of the transmitted codeword. If only the first order coding
performance is concerned, given any transmission rate, discrete channel input alphabet,
and discrete channel output alphabet, the jar corresponding to 3™ can be even formed a
priori without knowing either the code or the channel. In this sense, unlike MAP, ML,
MD, and typical sequence decoding, but similar to message passing decoding, jar decoding
is channel output sequence centric. In addition, jar decoding is flexible in the sense that it
can handle both the word error probability and bit error probability and deal with coding
problem in interactive information theory where the jar can change dynamically; it is also
powerful in the sense that new coding theorems, which could not be or at least have not
been proved with MAP, ML, or typical sequence decoding, can be established.

As evidenced by the evolution of digital communication and information theory over the
past 60 years, different decoding rules bring in different perspectives not only on decoding
itself, but also on how to design codes particularly suitable for the respective decoding
rule. In the first 40 years or so after the birth of information theory, code design was
predominantly on how to construct codes which can maximize the distance of the codes
under some conditions due to the union bound analysis under ML decoding. With message
passing decoding, however, code design was changed dramatically in recent 20 years or
so. For example, with BP decoding for LDPC codes, code design was largely on how



to construct variable and check node degree distributions so that LDPC codes generated
from these degree distributions are efficient under BP decoding. With jar decoding, it is
expected that similar change would happen in code design, and we believe that there is
ample room to design effective codes and jar decoding algorithms.

1.2 Jar Decoding

Consider a memoryless channel {p(y|z) : * € X,y € YV}, where X is the channel input
alphabet, and ) is the channel output alphabet. In this thesis, we mainly consider the
case where X is finite, but Y is arbitrary and could be discrete or continuous. Such a
channel will be referred to as a discrete input memoryless channel (DIMC) . As such, for
any v € X, p(y|x) is a probability mass function (pmf) over ) if ) is discrete, and a
probability density function (pdf) over ) if Y is the real line.

Given a DIMC {p(y|z) : x € X,y € YV}, its capacity is given by
Comc = max (X;Y) (1.1)

where Y is the channel output in response to an input X, I(X;Y) is the mutual information
between X and Y, and the maximization is taken over all possible input random variables
X. Of particular interest is the case where the maximum in (1.1) is achieved at the
uniformly distributed random variable X. Such a DIMC is said to have the uniform
capacity achieving distribution; in this case,

where Y is the channel output in response to the uniform input random variable X, and
H(X]Y) is the conditional entropy of X given Y.

Two well known examples of a binary input memoryless channel with uniform capacity
achieving distribution (BIMC) are the binary symmetric channel (BSC) and the binary
input additive Gaussian channel (BIAGC) . For the BSC, its channel input and output
relationship is described by

Y=X&Z (1.3)

where & denotes the modulo-2 addition, and Z is a binary random variable independent
of the channel input X with Pr{Z = 1} = p, 0 < p < 0.5. The capacity of the BSC is
equal to

CBSC =In2— H(p) (14)

3



where H(p) = —plnp — (1 — p)In(1 — p) is the binary entropy function. For the BIAGC,
its channel input and output relationship is described by

Y=X+4+W (1.5)

where X € {1,—1}, and W is a Gaussian random variable with zero mean and variance
0% and independent of X. Its capacity is equal to

1 1 (=12 (y+1)2 (=12 (y+1)2
Ciagc =In2 — — — / <e o +e 57 ) In {e o +e e dy . (1.6)

2 2V 22

1.2.1 Concept and Illustration of Jar Decoding

. -

message —  Encoding —>@—> Channel :'—>?/n

......

Figure 1.1: Jar Decoding

Definition 1.1 (Jar Decoding). As illustrated in Figure 1.1, given any channel with input
alphabet X and output alphabet ), which may not be necessarily memoryless, any code
of block length n for the channel, and any channel output sequence y™ € ", jar decoding
first forms a set of suitable size (called a jar and denoted by J(y")) consisting of sequences
2" € X" believed to be closely related to y™ through the channel, and then picks any
codeword (if any) from the jar J(y") as the estimate of the transmitted codeword.

Discussion: For many channels including all binary input memoryless channels with
uniform capacity achieving distribution, the jar J(y") can be formed a priori without
knowing the actual code to be used over the channels. When ) is also finite, the jar J(y")
can be even formed a priori without knowing either the actual code to be used over the



channel or the channel itself. In this sense, jar decoding is channel output y™ centric,
in contrast with MAP, ML, MD, and typical sequence decoding, which are all codebook
centric. Of course, in the final decoding stage, the knowledge of the channel and code is
needed implicitly to pick a codeword from the jar J(y") as the estimate of the transmitted
codeword. This property is similar to the double universality of Yang-Kieffer lossy codes [0]
as commented by Berger and Gibson in [7]. Below we will further illustrate this through
examples.

Ezample 1 (Hamming Jar): Consider the BSC with cross-over probability 0 < p < 0.5.
No matter what the code of block length n used over the BSC is, the jar J(y") for each
y" € {0,1}" can be formed as

Jy") = {m” EX": %wt(y” —z") <p+ 5} (1.7)

where wt(z") denotes the Hamming weight of 2, i.e., the number of nonzero entries in 2",
and 0 is a real number. For the obvious reasons, the jar defined in (1.7) will be referred to

as a Hamming jar. The size of J(y") is
Z n
w

0<w<n(p+9)

and upper bounded by e+ whenever p 4+ § < 0.5.

Let us now look at why jar decoding works effectively in this case. Let ¢" be the
codeword transmitted over the BSC, and Y the corresponding channel output. From the
law of large numbers or the Chernoff bound, it is not hard to see that as long as 4 is not too
small, ¢" is in the jar J(Y™) with high probability. Therefore, jar decoding would succeed
if there is no other sequence in the jar J(Y™) which is also a codeword, which is generally
true if the code used over the BSC is well designed. For example, for random linear codes,
the probability that 2z € J(Y™), 2™ # ¢, is a codeword is upper bounded by e~"m2-%l
where R is the code rate in nats. This implies the probability that the jar J(Y™) contains
another codeword is upper bounded by e~ 2=E=He+0)]  Therefore, jar decoding succeeds
with high probability whenever R < In2 — H(p+ ). Note that In2 — H(p+ 0) is close to
the BSC capacity Cgsc = In2— H(p). The argument presented here will be made rigorous
in Section 2.1 to establish non-asymptotic linear coding theorems for the BSC.

Example 2 (BIAGC Jar): Consider now the BIAGC with X = {1,—1}. For any
" = x129 - -, € X" and any real-valued sequence y" = 11y - - - Yp, let

ly" — " Zlyz—fm!?



The jar J(y") can be formed as

n n n . 1
Jy) =" € X" —~In o SHEY) 46 (1.8)

n
Hi:l e 202 + e 202

where Y is the BIAGC output in response to the uniform input random variable X, and
0 is a real number. It is not hard to verify that

|J(y")| < 6n(H(X|Y)+6)

for any y".

Ezample 3 (BIMC Jar): Consider now an arbitrary BIMC with binary alphabet X =
{0,1}. As indicated in (1.2), its capacity is equal to

CBIMC =In2 - H(X|Y)
where Y is the BIMC output in response to the uniform input random variable X. For
any " € X" and y" € V", let

p(y"lz") = [ [ p(yila:) -
i=1
Then given y",
p(y"|z")
[T, [p(y:l0) + p(yil1)]

is a pmf over X™. In this case, the jar J(y") for y™ can be formed as

SN G p(y"|z")
ay )_{ cA ! [ L= [p(w:10) + p(wil1)] SH(X’YH(S} (19)

where 0 is a real number. Once again, one can verify that

for any y".

The reason why jar decoding works effectively in this case is similar to the BSC case.
Let us look at linear block codes of block length n again. For any linear block code of

6



block length n with any rate R > 0, suppose we randomly pick its coset code for use over
the BIMC. Then the transmitted codeword ¢” takes any sequence in X™ equally likely. Let
Y™ be the BIMC output in response to ¢". From the asymptotic equipartition property
(AEP) [1] or the non-asymptotic equipartition property established in Appendix A, it
follows that with high probability, ¢ is in the jar J(Y™) as long as ¢ is not too small.
Therefore, jar decoding would succeed if there is no other sequence in the jar J(Y™) which
is also a codeword, which is generally true if the linear block code is well designed.

Ezxample 4 (Empirical Conditional Entropy Jar): Suppose now that the channel output
alphabet ) is finite, and the channel is memoryless, but otherwise unknown. For any
" € X" and y" € Y, let h(z"|y") be the normalized empirical conditional entropy of z”

given ", i.e.,
CEOED Y w [— In M}

yeY zeX n(y)

where n(z,y) (n(y), respectively) is the number of times (z,y) (y, respectively) appears
in (2", y") = {(z;, y:) }uy (y", respectively). In this case, the jar J(y™) for each y" can be
formed as

J(y") ={z" € X" : h(a"|y") < T} (1.11)
where T' > 0 generally depends on the targeted transmission rate. Using the standard type
technique [1], one can verify that

(™) < [(” ,}"X_'[ 1)} Mo

Ezample 5 (Jar from Classical Prefiz Codes): Suppose now that the channel output
alphabet ) is finite, and the channel is unknown and not necessarily memoryless, but
ergodic. Let S, denote a (classical) prefix code with side information available to both the
encoder and decoder, where S, is a mapping from X" x V" to {0, 1}* satisfying that for
any y" € Y, the set {S, (™, y") : 2" € X"} is a prefix set. (See, for example, [3—13], and
the references therein for the existence of such universal prefix codes.) Let h,(:|-) denote
its normalized length function such that nh, (z"|y™) is the number of nats resulting from
applying S,, to encode x™ from X given the side information sequence y™ from ) available
to both the encoder and decoder. In this case, the jar J(y") for each y™ can be formed as

J") ={z" € X" : h,(2"y") < T} (1.12)

where T" > 0 generally depends on the targeted transmission rate. In view of the Kraft

inequality, one can verify that
|J(y™)| < e (1.13)



1.2.2 Connections with Old Decoding Rules

From the previous subsection, it is apparent that jar decoding is quite different from MAP,
ML, MD, typical sequence, and BP decoding. In this section, we further demonstrate,
by examples, that to a large extent, jar decoding indeed has advantages of all these old
decoding rules.

Connection with MD decoding: Let us first look at the BSC. As discussed in Example 1,
the jar J(y") for each y™ € {0,1}" in this case is the Hamming jar given in (1.7). Let C be
the actual code of block length n used over the BSC, and ¢" € C the codeword transmitted
over the BSC. Given a received sequence y", in minimum Hamming distance decoding, the
decoder selects

o 2 arg min wt(y" — b") (1.14)
brec
as the estimate of the transmitted codeword ¢". In view of (1.7), if the jar J(y") contains a
codeword, it must contain ¢” too. Therefore, if the jar J(y™) contains only one codeword,
which is true with high probability when the code C is well designed, then jar decoding
and minimum Hamming distance decoding agree! Furthermore, one of many ways to pick
a codeword from the jar J(y") is to select

2 argmin wt(y" —b") (1.15)

bmreCnJ(y™)
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as the estimate of the transmitted codeword ¢". Of course, behind this similarity and
agreement is a striking difference. In minimum Hamming distance decoding, one always
has to solve (1.14) and ends up with a codeword (right or wrong). On the other hand, in
jar decoding, if the jar J(y") does not contain a codeword, jar decoding may not produce
a codeword, even though such probability is very small; if the jar J(y") does contain
a codeword, one does not have to solve (1.15) and picking up any codeword from the
jar is just fine. This flexibility leaves ample room to reduce decoding complexity. The
correctness of jar decoding is guaranteed by the fact that with high probability, the jar
J(y") contains one and only one codeword—the transmitted codeword ¢"—in the case of
word error probability or codewords very close (in Hamming distance) to ¢ in the case of
bit error probability, as shown in the proofs of our coding theorems in subsequent chapters.

The above analysis and comparison can be applied equally well to jar decoding and
minimum Euclidean distance decoding in the case of BIAGC. As discussed in Example
2, the jar J(y™) for each real-valued sequence 3™ in this case is the BIAGC jar given in
(1.8). Let C C X™ be the actual code of block length n used over the BIAGC, and ¢" € C



the codeword transmitted over the BIAGC. Given a received real-valued sequence y", in
minimum Euclidean distance decoding, the decoder selects

" éaurgmin\y" — 0" (1.16)
bec

as the estimate of the transmitted codeword ¢”. In view of (1.8), if the jar J(y™) contains a
codeword, it must contain ¢ too. Therefore, if the jar J(y") contains only one codeword,
which is true with high probability when the code C is well designed, then jar decoding
and minimum Euclidean distance decoding agree! Furthermore, one of many ways to pick
a codeword from the jar J(y") is to select

~n

= argmin |y" — b"| (1.17)
BreCnJ(y™)

as the estimate of the transmitted codeword ¢”. The rest of comparison goes along the
same way as in the case of BSC. As a final note, in both cases of BSC and BIAGC, since
codewords are equally likely, minimum distance (Hamming or Euclidean as the case may
be) is equivalent to MAP and ML decoding.

Connection with ML decoding: Consider an arbitrary BIMC {p(y|z) : © € X,y € Y}
with X = {0,1}. In this case, as discussed in Example 3, the jar J(y") for each sequence
y" € V" is the BIMC jar given in (1.9). Let C C X™ be the actual code of block length
n used over the BIMC, and ¢" € C the codeword transmitted over the BIMC. Given a
received sequence y" € V", in ML decoding, the decoder selects

& 2arg max p(y"|b") (1.18)
breC

as the estimate of the transmitted codeword ¢”. In view of (1.9), it is not hard to see that
if the jar J(y") contains a codeword, it must contain ¢" too. Therefore, if the jar J(y")
contains only one codeword, which is true with high probability when the code C is well
designed, then jar decoding and ML decoding agree! Furthermore, one of many ways to
pick a codeword from the jar J(y") is to select

~n

& £ arg max p(y"[b") (1.19)
breCnJ(ym)

as the estimate of the transmitted codeword ¢”. The rest of comparison goes along the
same way as in the case of BSC. Note that in the case of BIMC, since codewords are equally
likely, MAP and ML decoding are identical.



Connection with typical sequence decoding: As mentioned early, typical sequence decod-
ing is an information theoretic tool for proving asymptotic coding theorems in information
theory; it is applicable only to Shannon random codes. By forming the jar J(y") as

J(y") ={a" € X" : 2™ is jointly typical with y"} (1.20)

it is easy to see that typical sequence decoding is actually a special case of jar decoding.
Of course, the jointly typical jar defined above is of limited practical use for several reasons
including (1) it is asymptotic and (2) it rejects non-typical received sequences 3" from the
outset. However, this connection does indicate the potential of applying jar decoding to
multi-user communication problems as well.

Connection with Feinstein’s threshold decoding: In [11], Feinstein proposed a decoding
rule, called threshold decoding, in which the decoder selects a codeword whose likelihood
passes certain threshold, declares an error if no such codeword exists and chooses the
codeword with the lowest index if more than one codeword passes the likelihood threshold.
As can be seen, threshold decoding is also a special case of jar decoding, where the jar
consists of all sequences x" passing the likelihood threshold given the channel output y".
Moreover, threshold decoding specifies the tie-breaking rule when more than one codeword
is inside the jar, in which case the one with the lowest index is selected.

Connection with BP decoding: For LDPC codes, BP decoding is one of many ways to
pick up a codeword from the jar J(y"). This will be further confirmed by our simulation
results in Section 5.5.

1.3 Organization and Main Contribution

The rest of this thesis is organized as follows.

In Chapter 2, non-asymptotic channel coding achievabilities proved via jar decoding
are presented. In particular, it is shown that with jar decoding,

1) random linear codes of block length n can reach within

2al 5)1 Inl
ou(X|Y) ===+ (O‘+0n5) Lo ( n;”)

of the capacity of any binary input memoryless channel with uniform capacity-
achieving input X and arbitrary (either discrete or continuous) channel output al-
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phabet (BIMC) while maintaining the word error probability

n-¢ _aln3/2n
——+0|(n :
2Vralnn Vn
and within
c . Inn 1 | (1—Cpr)My(X]Y)
—+——=In
vnoo2n n o (X]Y)

of the capacity while maintaining the word error probability

0 ( c ) My(X|Y) 1
on(X[Y)/)  oh(X[Y) v’
where 0% (X|Y) and My(X|Y) are the conditional information variance and absolute

third moment respectively of X given the channel output Y, Q(2) = —= foo e*tz/th,

Ver Jz
and Cgg < 1 is the universal constant in the Berry-Esseen central limit theorem;

the non-asymptotic achievable bound on random linear codes for BIMC (including
BSC and BEC as special examples) is essentially identical with Dependence Testing
Bound on Shannon random codes in [15], one of the tightest achievable bounds in
literature;

and Shannon random codes of block length n and fixed codeword type t can achieve a
similar tradeoff between the diminishing capacity gap and the word error probability
for any DIMC.

Furthermore, compared to existing achievabilities applicable to random linear code en-
sembles or Shannon random code ensemble with a fixed codeword type from the previous
literature, our achievabilities are shown to be new, very tight and easy to compute, which
suggests that jar decoding, as a suboptimal decoding rule, does not lose much optimality
to ML decoding, especially in the case of practical interest when the block length is not
large and the channel coding rate is close to the capacity.

To confirm the near optimality of jar decoding, a proof technique of non-asymptotic
channel coding converses, dubbed the outer mirror image of jar, is developed in Chapter
3. Using this proof technique, which is also quite related to the concept of jar as its name
suggests, non-asymptotic channel coding converse theorems are derived, which show that

1)

for BIMSC, a special class of BIMC, any channel code suffers at least

oy (X]Y) 2alnn _0 (hl_n)

n n

11



rate penalty from channel capacity by maintaining word error probability

n-“ 1
2vVraln2 <1 B 2041nn>
and (XY)
oH -
TQ )= —~

rate penalty from channel capacity by maintaining word error probability e;

O(n™)

2) and similar upper bounds on trade-off between channel coding rate and the word
error probability hold for DIMC in general.

Those converses are shown to be very tight compared to existing results from the previous
literature, especially the non-asymptotic converses proved in [15]. Furthermore, combining
those converses with the achievabilities in Chapter 2 implies that jar decoding achieves the
first and second order of optimal channel coding rate with respect to block length n when
the error probability € is a constant or sub-exponentially decreasing function of n.

In the non-asymptotic regime when both n and e are finite, however, treating € as a
constant or function of n is not convenient. Chapter 4 is then devoted to analyzing the
second order channel coding performance and confirming the second order optimality of jar
decoding in the non-asymptotic regime. Towards this, a quantity d;,(¢) is then defined to
measure the relative magnitude of the error probability € and block length n with respect to
a given channel and an input distribution . By combining the achievabilities of jar decoding
in Chapter 2 and the converses in Chapter 3, it is demonstrated that when ¢ < 1/2, the
best channel coding rate R, (¢) given n and € has a “Taylor-type expansion” with respect
to d¢n(€), where the first two terms of the expansion are max;[I(t; P) — &;,(€)], which is
equal to I(t*, P) — 04+ »(€) for some optimal distribution ¢*, and the third order term of the
expansion is O(07. ,,(€)) whenever § ,,(€) = Q(+/Inn/n), thus implying the optimality of jar
decoding up to the second order coding performance. Moreover, based on the Taylor-type
expansion and the converses in Chapter 3, two approximation formulas for R, (¢) (dubbed
“SO” and “NEP”) are provided; they are further evaluated and compared against some
of the best bounds known so far, as well as the normal approximation of R, (e) revisited
in the recent literature. It turns out that while the normal approximation is all over the
map, i.e. sometime below achievable bounds and sometime above converse bounds, the
SO approximation is much more reliable as it is always below converses; in the meantime,
the NEP approximation is the best among the three and always provides an accurate
estimation for R,(€). An important implication arising from the Taylor-type expansion

12



of R,(€) is that in the practical non-asymptotic regime, the optimal marginal codeword
symbol distribution is not necessarily a capacity achieving distribution. In addition, to
demonstrate the impact of this Taylor-type expansion on practical communication system
design, a practical issue in adaptive modulation and coding, i.e. how to select constellation
and coding rate according to channel condition, is considered. A selecting rule is then
derived based on the Taylor-type expansion, and when applied to adaptive modulation
and coding in the LTE system, reveals new combinations of constellation and coding rate
which can improve the system throughput.

Besides its near optimality demonstrated above, jar decoding also has the flexibility to
handle bit error probability and code ensembles much more complex than random linear
code ensemble or Shannon random code ensemble with a fixed codeword type. In Chapter
5, we show that under jar decoding, the analysis of LDPC codes is much easier compared
to that under MAP or ML and BP decoding, and new LDPC coding theorems, which have
not been proved under ML or BP decoding to our best knowledge, can be established.
Specifically, it is proved that LDPC codes with any variable node degree distribution L(z*)
and check node degree distribution R(z*) can approach the capacity, with diminishing bit
error probability, of any BIMC as k increases. As the assumption of uniform capacity-
achieving distribution on channels is not essential to the proof of this coding theorem,
it further demonstrates that LDPC codes can approach mutual information between a
uniform random variable and its channel response whenever the degrees of the ensemble
are large for general binary input memoryless channels. This achievability is very general as
no symmetric property is required for channels. Moreover, simulation shows an interesting
connection between jar decoding and BP decoding, i.e., BP decoding can be regarded as
one of many ways to pick up a codeword from the jar for LDPC codes when it succeeds in
outputting a codeword.

The demonstration of flexibility of jar decoding is further extended to interactive infor-
mation and coding theory in Chapter 6. Specifically, a coding scenario, called interactive
encoding and decoding for one way learning, is considered, in which the encoder transmits
the source X to the decoder with some side information Y (correlated to X') available to the
decoder but unknown to the encoder through a two-way noiseless channel. As can be seen,
interactive encoding and decoding distinguishes itself from Slepian-Wolf coding by allowing
two-way information flow. Under jar decoding with a dynamic jar, interactive encoding
and decoding based on binary LDPC codes with syndrome accumulation (SA-LDPC-IED)
is proposed and investigated. Assume that the source alphabet is GF(2), and the side in-
formation alphabet is finite. It is first demonstrated how to convert any classical universal
lossless code C,, (with block length n and side information available to both the encoder and
decoder) into a universal SA-LDPC-IED scheme. It is then shown that with the word error
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probability approaching 0 sub-exponentially with n, the compression rate (including both
the forward and backward rates) of the resulting SA-LDPC-IED scheme is upper bounded
by a functional of that of C,,, which in turn approaches the compression rate of C, for each
and every individual sequence pair (z",4") and the conditional entropy rate H(X|Y") for
any stationary, ergodic source and side information (X,Y) as the average variable node
degree [ of the underlying LDPC code increases without bound. When applied to the class
of binary source and side information (X,Y’) correlated through a BSC with the cross-
over probability unknown to either the encoder or decoder, the resulting SA-LDPC-IED
scheme can be further simplified, yielding even improved rate performance versus the bit
error probability when [ is not large. Then the interesting connection between jar decoding
and BP decoding discovered in Chapter 5 inspires us to implement SA-LDPC-IED schemes
by modified BP decoding. And simulation results on binary source-side information pairs
confirm the theoretic analysis, and further show that the SA-LDPC-IED scheme consis-
tently outperforms the Slepian-Wolf coding scheme based on the same underlying LDPC
code.

Finally, the conclusion of this thesis is drawn and future work is discussed in Chapter

7.

1.4 Definitions, Notations and Conventions

In this thesis, information quantities such as entropy, conditional entropy, mutual infor-
mation, and divergence (or relative entropy) are measured in nats*, and In stands for the
logarithm with base e. For any set S, we use S™ to denote the set of all sequences of
length n drawn from S. Let |S| denotes the cardinality of a finite set S. Let E[-], VAR[],
Mi/[-], and Mg[] be expectation, variance, third absolute central moment, and third central
moment operators on random variables respectively. For any two sequences {a;}"; and
{b;}},, we write a,, ~ b, if

Furthermore, for any positive integer x, define

(z) é{ 0 if z is even (1.21)

1 otherwise.

*Some exceptions, explicitly mentioned in their context, are seen in figures of simulation results with
unit in bits.
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As has been defined and used above, H(-), when taking a real number number as the only
argument, is the binary entropy function. And define H=*(-) : [0,In2] — [0,0.5] as the
inverse function of H(-) such that z = H! (h) if and only if h = H(z) for x € [0,0.5]
and h € [0,In2]. Moreover, for any set X, [, f(x)dz is understood to be summation and
integral over x € X for discrete and contmuous X respectively, and the subscript X is
dropped when it is clear from context.

The proof of coding theorems via jar decoding in this thesis, especially non-asymptotic
coding theorems, relies heavily on non-asymptotic equipartition property (NEP) in Ap-
pendix A. In particular, Theorems A.4 (Right NEP with respect to Conditional Entropy)
and A.8 (Left NEP with respect to Relative Entropy) are extensively used, and therefore
presented together with their related definitions in the next two subsections respectively
for easy reference.

1.4.1 Definitions Related to Conditional Entropy

Let {p(z)p(y|x) : = € X,y € Y} be a joint probability distribution where p(x) is a p.m.f
for discrete X and p(y|z) is a p.m.f and p.d.f for discrete and continuous ) respectively,
and (X,Y’) be a random variable pair following this distribution. Define

A (XY) 2 sup {/\ >0: /p(y) [Zp_’\+1(x|y)] dy < oo} . (1.22)

reX

Suppose that
A(X[Y)>0. (1.23)

Define for any 6 > 0

x|y (0) —sup[ (HX]Y)+9) — an/ A x|y)dy] : (1.24)

A>0 TEX

For any A € [0, \*(X]Y)), let X, and Y) be random variables under joint distribution
p(x,y) fr(x,y) where

f)\(l',y) é p_)\($|y> ) (1.25>

> wex J PP (ulv)dv

Further define
5(\) 2E[—Inp(X,|Y)] — H(X|Y) (1.26)
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R A
A(X|Y) £ T 5() (1.27)

0% (X|Y,\) BVAR[— In p(X,|V3)] = E[|— Inp(Xs|Y3) — E[-Inp(X, V)] (1.28)
Mp(X[Y, ) 2Ms[—In p(X,[Y3)] = E[|= Inp(X,[Y2) — E[~lp(XaW)IF] (1.29)

and
MH(X‘Y> A) éMa[— Inp(X,[Y))] = E[-Inp(X,[Y)) — E[- 1HP(X,\|Y,\)H3 (1.30)

and write My (X|Y,0) as My (X|Y), My (X|Y,0) as My (X|Y), and 0% (X|Y,0) as 02 (X|Y).
Clearly, 02 (X|Y), My (X|Y), and My (X|Y) are the variance, third absolute central mo-
ment, and third central moment of —Inp(X|Y). In particular, 0% (X|Y) is referred to as
the conditional information variance of X given Y in Appendix A. Assume that

o5 (X|Y) >0 and My (X|Y) = M3[—Inp(X]Y)] < oco. (1.31)

Then it follows from Appendix A that ryy(d) is strictly increasing, convex, and contin-
uously differentiable up to at least the third order inclusive over ¢ € [0, A*(X|Y)), and
furthermore has the following parametric expression

i (60) = NHXY) +500) =1 Y [ o)™ (el (1.82)
TEX
with 6(A) defined in (1.26) and A = r'y,-(9). In addition, let
20 My (XY, )
Vo (X[Y,A)
nA20% (X|Y,))
+e 7 [Q(Vrdon(X[YN) = Q (0" + Vadou(X[Y,N)]  (1.33)

A ni GH(X|Y)\)

(XY N n) Zem 7 Q(p. +VnAou(X[Y, V) (1.34)

En(X|Y, A\, n) 2

. CprpMp(X|Y,\) 20 Mpu (X|Y,A
with Q(p*) = % and Q(p.) = % - ffyg?)gwl,)\) 2

The significance of the above quantities can be seen from Theorem A.4 in A, summarized
as below:

Result 1.1. (a) There exists a 6* > 0 such that for any ¢ € (0,*],

rx|y(0) = 52 +0(6%). (1.35)

202 (X|Y)
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(b) For any d € (0, A*(X|Y)) and any positive integer n

. 1
En(X|Y, N, n)e Xy > Pr{—ﬁlnp(X”D/")>H(X]Y)—|—(5}

> £ (XY, A n)e @) (1.36)

where A =1’y (8) > 0. Moreover, when § = o(1) and § = Q(1/y/n),

Er(XIVan) = I (Viden(XIYN) (L4 o(1)  (L37)

nAZo? (X|Y, )

XV n) = e 7 Q(Vrra(X[Y) X)) (1—o(1)) (1.38)

and
nAZo?, (X|Y,2)

ez Q(Vniog(X[Y,)) =6 <ﬁ) (1.39)

with A = 1’y (0) = O(J).

Inn

(c) For any § < cy/ =2, where ¢ < og(X|Y') is a constant,

( dv/n )_CBEMH(X|Y)
ou(X[Y) Vo (X[Y)

Pr {—%lnp(X"D/”) > H(X|Y)+ 5}

5/ Cow My (X[Y)
(aH<X|Y>) T oy - (0

where 0 < Cgr < 0.4784 is the universal constant in the Berry-Esseen central limit
theorem [10].

1.4.2 Definitions Related to Relative Entropy

Let P(X) represent the set of all probability distributions on X. For any ¢t € P(X),
t(x) denotes the probability of x under ¢. The set of types P, (X) is the subset of P(X)
such that t € P,(X) if and only if ¢(z)n is an integer for any z € X. And for any
t € Po(X), let T,* C X™ be the set of sequences with empirical distribution ¢. Moreover,
let {p(y|x) : x € X,y € Y} be a conditional probability distribution (p.m.f and p.d.f for
discrete and continuous ) respectively).

For any t € P, define

H(t) £ ~t(z) Int(w) (1.41)

zeX
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(1.42)

A>0
and for any ¢t € P and any A € [0, \*(¢; P)), random variables X; and Y;, with joint

A o Pl)
D(t.a) 2 [ pole)n 20
py A . A Pl
1:7) 23 1o [ otk By (1.3
where N
a(y) =) tx)p(ylr) (1.44)
q:(y") éHQt(yi)v (1.45)
and o
A (t; P) 2 sup {)\ >0: C;(t(a) /p(y]a) [p;ig)} dy < oo} : (1.46)
It is easy to see that A\* (¢; P) is the same for all ¢ € P with the same support set {a € X :
t(a) > 0}. Suppose that
\* (t; P) > 0. (1.47)
Define for any ¢t € P and any 6 > 0
r_(t,9) 2 sup [)\(5 — I(t; P)) — Zt(m) 1n/p(y|x) [pq(z’;;)] d ] (1.48)

distribution t(z)p(y|x) f_x(y|x) where
(1.49)

Then define (Vs | X))

A PLYe | A
D(t,z,\) =E | In ———= 1.50
(0, 3) 28 | 2 (1.50)

5_(t,\) 2E [— In %} + I(t; P)

fn A
AZ() —M},E_I{};P) -0 A)

Xt:$:|

(1.51)

(1.52)
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[op(YialXo) | (] p(Yial X)
o2 (t: P\ EE{VAR o P X | }_ thAR{ln’—X—x
p-(H 5 B |y T 2 avin) |
(1.53)
[ Y, |X) ] p(Yt/\|Xt)
Mp_(t:P,A) 2RI M IHMX}: txM[ln’—X .
p-(t 5 { | gy | X T 2 M TR Xe
(1.54)
and
v 9 Y, |Xt) v p(Y;A|Xt)
Ny _(t: PA éE{M [mu X”: t(x)M [m*—X:x (155
po(t P ) SEAM | InZ ST X = D oMy | In = TR X = ) (1.55)

TeX

Note that a,%ﬁ(t; P, X\), Mp _(t; P,\), and MD,,(t; P, \) are respectively the conditional
variance, conditional third absolute central moment, and conditional third central moment

of ln’% given X;. Write o7, _(t; P,0) simply as o3,(t; P), Mp, _(t; P,0) as Mp(t; P),

and Mp _(t; P,0) as Mp(t; P). Assume that
o5 (t; P) > 0 and Mp(t; P) < oo. (1.56)

Furthermore r_(¢,0) has the following parametric expression

r_(t,0_(t,\)) = AM0_(t,\) — I(t; P)) — Zt(m) ln/p(y]x) }_ dy (1.57)

TeEX

{p(ym
a:(y)

with A\ = 87"‘8?’5) satisfying 0_(¢,\) = 0. In addition, let

A2CppMp _(t; P, A)
oy _(t; P, ))

S QA (5 P.N) — QU + Vs (PA)] (158)

A n)\Qo'%,_(t;P,/\)

50,7(1: PA,n)=e z  Qp.+Vnhop_(t; P,\)) (1.59)

ED,_(t; P, \,n)

. * CppMp,_ (P . 2CpEMp,_ (t;P,A
with Q(p) = “EEREES) and Q(p.) = § — XaEy o).

Similar to the previous subsection, the purpose of introducing above definitions is to
present the following result extensively used in this thesis, proved as Theorem A.8 in
Appendix A, and valid for any ¢t € P, satisfying (1.47) and (1.56).
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Result 1.2. (a) There exists a §* > 0 such that for any 6 € (0,0%]

r_(t,0) = 5% + O(6%). (1.60)

20%(t; P)

(b) For any § € (0,A*(t)), and any ™ € T,",

. 1. p(Y"|X™)
t; P\, n)e -0 > Pr{—ln— <I(t;P)— 6| X" ="
- ) N RATOREE
> &, (6P A n)e ) (1.61)

where A = 8%—?’6) > 0, and Y™ = Y1Y5---Y, is an independently distributed se-

quence with Y; following the distribution p(y;|x;). Moreover, when § = o(1) and

6 = Q(1/+/n),

_ n/\QU%,i(t;P,/\)
Ep—(t;PAn) = e 7 Q(Vnhop (1 PN)(1+0(1)  (1.62)
n/\QG%’i(t;P,A)

§D7_(t; P, A\n) = e p Q (\/ﬁ)\O’Dy_(t; P, /\)) (1 —o0(1)) (1.63)

and

n)\2o'2D,7(t;P,)\) ]_
e 2z Q(Vnhop_(t;P,\) =0 <m) (1.64)

with A =1’y (0) = O(J).

(c) For any § < ¢/, where ¢ < op(t; P) is a constant, and 2" € X",

( 5/n )_C’BEMD(t;P) < Pr{lln]mﬁf(tp)_‘g‘)(n:xn}

op(t; P) vnod(t; Py  — n q:(Y™)
0 CgeMp(t; P
vn + B2 3D( P (1.65)
op(t; P) Vnop(t; P)
where 0 < Cgp < 0.56 is the universal constant in the Berry-Esseen central limit

theorem [17].
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Chapter 2

Non-asymptotic Achievable Channel
Coding Theorems

2.1 Non-asymptotic Linear Coding Theorem: BSC

In this section, we demonstrate how to use jar decoding to establish non-asymptotic coding
results for random linear codes of block length n based on either Elias’ generator ensemble
or Gallager’s parity check ensemble for the BSC.

Let €, be a linear code with block length n and with generator matrix Gy, or par-
ity check matrix Hg,—_)xn. Assuming codewords are ordered in some manner, we shall
refer to the ¢-th codeword in &, as 2" (q). We say H,_x)xn (Grxn, respectively) is ran-
domly picked from Gallager’s parity check ensemble H,, ; (Elias’ generator ensemble G, ,
respectively) if entries of H,—p)xn (Grxn, respectively) are independently and uniformly
generated from X' = {0,1}. Denote the ensemble of linear codes with their generator ma-

trices from G, j by CSIL and the ensemble of linear codes with their parity check matrices
from H, ; by Cff,)c To facilitate our subsequent discussion, we also specify the encoding

procedure (i.e. the mapping from messages to codewords) of Cle,)C and Cff,l

C,(Ll,)c Given Ggyxn, "(q) = b(q)Grxn Where b(q) is the binary representation of ¢ using k
bits for 0 < ¢ < 2F — 1;

Cr(fl)c Given H,,—)xn, 2"(q) is the ¢g-th vector in the null space of Hy,,_)xn by lexicograph-
ical order for 0 < ¢ < 2" TFHm—k)xn) _ 1,
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By convention, we assume that all messages are equally likely. With slight abuse of nota-
tion, we shall use ¢ to represent both the uniformly distributed random message and its

specific realization; its exact meaning, however, will be clear from the context. Note that all

codes in C,(ll,)C and C,SQ,)C have the channel coding rate greater than or equal to R(C,, x) 2k1p9

n
(in nats).

Select ¢ in the Hamming jar (1.7) such that p + ¢ < 0.5. Then we have the following
non-asymptotic coding result with jar decoding.

Theorem 2.1. Let Pe(Cﬁ)k), i = 1,2, denote the average word error probability (under jar
decoding) of C,(:)k with respect to the random message q, the BSC, and the random linear
code Cff)k itself. Then for any block length n, i = 1,2 and any 0 > 0 with p+ 9 < 0.5,

; 1
Pe(C,(;)k) <Pr {—wt(W") >p+ 5} + g (n2-RC0)) Z < Z ) (2.1)
" 0<w<n(p+9)

where W™ is an i.i.d binary sequence with Pr{W, = 1} = p. Moreover, for any block length
nand 1 = 1,2, the following hold:

1) For any § > 0 with p+0 < 0.5

i 1 “n
P.CY)) < (1 " %) e Pl (2.2
whenever
Inn
R(Cuk) < Csc — (H(p +0) = H(p) + D(p+9llp)) — -~ (2.3)
where s . 5
Dp+dllp) = (p+6)m 22+ (1 —p—é)ln%
is the divergence between (p+ 0,1 —p—0) and (p,1 — p).
2) For any o > 0.5
M)y <, —a Lo I0¥%n
P(C,p) <n 40 (n NG (2.4)
whenever
1— 2p(1 — | |
R(Cos) < Crsc — [m P } \/ pll = padun (ﬂ) 29
p n n
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3) For any real number c

P C(i)k c (1 — p)Q +p2i |
o) LR
whenever

R(Cnk) < Cpsc — o lon + = In (1= Cp)((1 — p) —i—pQ). (2.7)

Vi Vri—1)

Proof. For any linear block code &, ;, we use 2" € €, to represent that 2" is a codeword
of &, . It is not hard to see that for any =" # 0,

and

Pr {w” € Cﬁi} = Pr{3¢# 0,b(¢)Grxn = 2"}

2k_1

< Z Pr{b(q)kan = xn}
q=1
< 2k2—n — 2—(n—k) — 6—(n—k) In2 _ 6—n(1n2—R(Cn7k)) (28)

Pr {x" € Cr(f,)g} =Pr {H(n,k)xnm" = Ok} =9~ (k) — g=(n=k)In2 _ o=n(ln2=R(Cnx)) (2.9)

Now let

Y= X"(q) + W"

where W™ is the noise vector in the BSC, and the addition above is the binary addition.
Note that Y™ is simply the output of the BSC in response to the transmitted codeword
X"(q). From the description of jar decoding, we have

PCY) < Pr{X"(g) & J(Y")}
4 Pr {Elx” £ X"(g), 2" € J(Y™), 2" € C), X" (g) € J(Y”)} (2.10)
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We next upper bound each term on the right side of (2.10). First we can verify that
Pr {ax" £ X"(q),a" € J(Y™), 2" € €\, X"(q) € J(Y”)}

1) .
< Pr{3a" £ X7(g),0" € J(X"(q) + W), 2" — X"(q) € C1}

n,

2 pr{3n £ X7(g).a" — X"(g) € JOW),2" — X"(q) € €}
_ pr {Elz" £0,2" € J(W™), 2" ¢ c,‘j}k}
Y P =wrype {3 £ 0,2 € Jwr), " e )}
wnreyn
2
< Y Pr{Wn = e RG] ()
wneyn
< efn(IHQf'R(Cn,k)) Z ( ZL} > (211)
0<w<n(p+d)

where the inequality 1) is due to the linearity of CT(LZ;),C, the equality 2) follows from the
Hamming jar definition in (1.7), the equality 3) is attributable to the fact that W" and
C,% are independent, the inequality 4) follows from (2.8) and (2.9), and finally, the last
inequality is due to the jar size discussed in Example 1. On the other hand, it follows from

(1.7) again that

1
Pr{X"(q) ¢ J(Y")} = Pr {ﬁwt(W") >p+ (5} (2.12)
which, coupled with (2.10) and (2.11), implies
; 1
(i) L n —n(In2—R(Cp 1)) n
P.(C,) < Pr {nwt(W )>p+ (5} +e F Z ( w ) : (2.13)
0<w<n(p+3)

and consequently, (2.1) is proved.

Now applying the upper bound

3 < Z ) < nHpto) (2.14)

0<w<n(p+9)
to (2.13) yields
; 1
PE(CS,)k) < Pr {Ewt(Wn) >p+ 5} + o~ (Crsc—(H(p+6)—H(p))~R(Cn,)) (2.15)
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where Cgsc = In2 — H(p). The inequalities (2.2) to (2.7) can now be established by
applying different bounds to (2.12) for different scales of §. Applying Chernoff-Hoeffding’s
inequality to (2.12) yields

1
Pr {—wt(W") >p+ (5} < e nP@+dlp)
n

which, combined with (2.15), implies (2.2) and (2.3).

Note that (2.2) and (2.3) are valid for any 6 > 0 with p + 9 < 0.5. By letting 6 =
VM in (2.2) and (2.3), it is not hard to see that (2.4) and (2.5) then follow from
the facts that

D(p +dllp) = 0"+ 0 (&%)

2p(1 - p)
and

H(p+6)—H(p) < <ln1;p) J.

C

Finally, letting 6 = ———%—=, and applying the central limit theorem of Berry and

Esseen to (2.12) yields

vnlogy

1 c
Pr ¢ —wt(W" _
r{nw(W)>p+\/ﬁln%}

1 < c
= Pr{ﬁ;(wt(Wi) —p) > lnﬂ}

p

¢ Cpp((L—p)*+p*) 1
: Q( p(l—p)ln%>jL p(1—p) n

Then (2.6) follows from the fact that

<<H<f>H”>R”> B )
(1-Cpp)1—p)°+p° 1

p(1—p) vn

whenever (2.7) holds. This completes the proof of Theorem 2.1. O
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Remark 2.1. The inequalities (2.4) to (2.7) show that linear block codes of block length n

can reach within
{ln 1 —p} \/2])(1 —p)alnn Lo (ln_n)
P n n

of the capacity of the BSC while maintaining the word error probability
1 3/2
n*+0 (n“ n\/ﬁn) )
¢ e 1, (1-Crp)(d—p)+p)

Vo2 p(1—=p)

of the capacity while maintaining the word error probability

c 1-p°+p° 1
Q( p(l—p)ln%>+ p(l—p) Vn

If the word error probability is kept slightly above 0.5, the code rate can be even slightly
above the capacity! Figure 2.1 shows the tradeoff between the word error probability and

and within

error probability vs. block length when rate is above capacity
p=0.12, Capacity=0.471, Rate=0.472

error probability
o
o]
w

200 400 600 800 1000
block length

Figure 2.1: Tradeoff between the word error probability and block length when the code
rate is above the capacity with p = 0.12.
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block length when the code rate is 0.21% above the capacity with p = 0.12, where in Fig-
ure 2.1, both the capacity and code rate are expressed in terms of bits. As can be seen from
Figure 2.1, at the block length 1000, the word error probability is around 0.65, and the code
rate is 0.21% above the capacity!

Remark 2.2. The bounds (2.2) and (2.3) are further improved in Theorem 2.2.

2.2 Non-asymptotic Linear Coding Theorem: BIMC

In this section, we extend Theorem 2.1 to the case of BIMC. Consider an arbitrary BIMC
{p(ylz) : x € X,y € Y} with X = {0,1}. As discussed in Section 1.2, its capacity is equal
to

OBIMC =In2— H(X’Y)
where X is the uniform input random variable, and Y is the corresponding output of the
BIMC. Let p(y) be the pmf or pdf (as the case may be) of Y, and p(x|y) the conditional
pmf of X given by Y. It is easy to see that

p(v) = 5lp(410) + p(y1)]

and
p(ylz)

p(y[0) + p(y[1)

Recall definitions in Section 1.4.1, and further define

p(zly) =

A 2My(X|Y,\)
Vo (X[Y)N)

nAZo?, (X|Y,\)

+e 7 [Q(Wndou(X|Y,N) = Q(p" + vndou(X|Y, )]
¥\ _ CpeMpy(X[Y,\)
where Q(p") = ~7Z 2y
Puncture 0 from the message space and ignore the insignificant effect on the rate. With
the BIMC jar specified in (1.9), we have the following non-asymptotic coding theorem with
jar decoding.

Theorem 2.2. Given a BIMC with Cgvc € (0, 1), let Pe(CT(z)k), i = 1,2, denote the average

word error probability (under jar decoding) of CY(LI),C with respect to the random message q,
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the BIMC, and the random linear code Cf;)k itself. Then for any block length n, i = 1,2

and any ¢ € (0, A*(X|Y)),

. . 1 <
Pc}) < COPr {—— N p(Xi|Z) > HX|Y) + 5} + e n(Crne—3-REu0)  (2.16)
’ n
=1

where X™ is an independently, identically and uniformly distributed binary sequence, Z™ is

the output of BIMC in response to X", and

» 1 ifi=1
Cm:{ . f

T5== Otherwise.

Moreover, for any block length n and v = 1,2, the following hold:
1) For any ¢ € (0, A*(X|Y))
Pe(Cff,)k) < CO¢y (XY, A\, n)erx ()

whenever
Iy 20=Cop)Mu (X|Y:)

R(Cox) < Cprvc — 6 — rxpy (6) + ﬁai(xwm
where X = r;qy((;)_
2) For any a > 0.5
. C(i)n—a 1n3/2 n
PCY) € ———+0[n"—=
(Coi) < 2vralnn ( Jn

whenever

R(Cnk) < Crive —UH(X|Y)W_ (Oz—l— 5) % _0 ( n;n> '

3) For any real number c

p.(c)) <c® (Q< ¢ > n My (X[|Y) 1 )

on(XY)) T T (XY) Vn

whenever

c nn 1. CO(1—Cr\Mu(X|Y
R(ka) < CBIMC — % — % + ﬁ In ( O-EI(B;)|Y>H( | )
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Proof. Recall the encoding procedure of an, = 1,2. Let X"(q) be the transmitted
codeword, where ¢ is distributed uniformly over the punctured message space with message
0 deleted. Let Y™ be the output of the BIMC in response to X™(¢). In parallel with (2.8)
and (2.9), it is not hard to verify that for any 2" # 2" € X™,

Pr {z" € C'S,)c

Xn(q> _ xn} < 2k2—n _ 6—(n—k)ln2 (224)

and

Pr {z" € Cff,l

Xn(q) — xn} — 27(717]6) — ef(nfk) In2 ) (225>
Similarly, in parallel with (2.10), we have
P(C)) < Pr{X"(g) ¢ J(Y")}
—i—Pr{EIz” £ X"(q), 2" € J(Y™), 2" € CU X" (g) € J(Y™) }
< Pr{X"(q) & J(Y™)} + Pr {Elz” £ X"(q), 2" € J(Y™), " € C© } (2.26)

where J(Y™) is the BIMC jar for Y”. For any 2" € X™ and y" € Y", one can verify that

Pr { 32" £ X" (q), 2" € J(Y™),

X"(q) =" Y" = y"}

| X7 (@) = am v =y}

k

= Pr{Elz” £ a2 e Jy), 2" e cY)

n

1) A
< Z Pr{z” ECT(Z),C X"(q) :x”}
ZnGJ(yn),Zn#In
2)
< |J( )|6 (n—k)In2
< HE YY)~ (n—k)In2 _ o —n(Coinie—3-R(Cor)) (2.27)

where the inequality 1) follows from the fact that given X™(¢q), Y™ and Cff)k are conditionally
independent, the inequality 2) is due to (2.24) and (2.25), and finally the last inequality
above is attributable to the upper bound on the size of the jar J(y") in (1.10). Since (2.27)
is valid for any x™ € X™ and y"™ € Y", it follows that

Pr {Elz" #X"(q), 2" € J(Y"), 2" € C,(f)k} < ¢ (Oomne—0-R(Cur) | (2.28)

To continue, let X" = X1 X5 --- X,, be a random variable taking values uniformly over
X" Let Z" = Z1Z5 - - - Z, be the output of the BIMC in response to X™. For the random
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code CS,)C, it is easy to see that X™(q) and X™ have the same distribution. So do (X"(q),Y™)
and (X", Z™). Therefore, for Csl)w we have

Pr{X"(q) ¢ J(Y")} = Pr{X" & J(Z")} . (2.29)
For ij,)c, one can verify that for any 2", 2 € X" /{0"},

2—(n—k)n

n _ on .
Pr {X (Q) =T } - 2 : 2(nfr0mk(H<n7k)Xn)) 1
H(n,k>Xn:H(n7k)ann:0n—k
Z 27(n7k)n
B 2(nfrcmk(H(n_k)Xn)) 1
H(n—k)Xn:H(n—k)XnKanm’":O"*k
2f(n7k)n
— E Q(n—rank(H(n_k)XnKan)) 1
H(n—k)Xn:H(n—k)ananif'":O"*k
2—(n—k)n
— E 2(n—rank(H’<nik)Xn)) 1

/ M —On—k
H(nfk)Xn'H(nfk)anlnion

= Pr{X"(g)=1")

where K, y,, is an invertible matrix such that =™ = K,,.,2"™. This implies that for C,(f,)g,
X"(q) takes all sequences z™ € X™/{0"} equally likely. Since the zero sequence is not
allowed by way of puncturing, it follows that the distribution of X" (q) is the same as the
conditional distribution of X" given X" # 0". Therefore, for C'T(fll, we have

Pr{X"(q) ¢ J(Y")} = Pr{X" ¢ J(Z")| X" # 0"}

< 5 Pr{X" g J(Z")}. (2.30)
Putting (2.26) and (2.28)-(2.30) together yields
P.CY) < COPH{X" ¢ J(Z")} + ¢ (Comic—0-R(Cnr) (2.31)

where O is defined in (2.17), and (2.16) is proved by observing from (1.9) that

Pr{X" & J(Z")} = Pr {_% Zn:lnp(Xi‘Zi) > H(X|Y) + 5} (2.32)

i=1
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where H(X1|Z,) = H(XY).

The inequalities (2.18) to (2.23) can now be established by applying different upper
bounds to (2.32). At this point, we apply the non-asymptotic equipartition property with
respect to H(X|Y) and invoke Result 1.1 in Section 1.4.1, part (b) of which says

1 & _
Pf{——ZIHMXiIZi)>H<X|Y)+6} < Eu(X[Y A n)e @) (2.33)
n
i=1

The inequalities (2.18) and (2.19) then follow from (2.31)-(2.33).

To show (2.20), let 6 = oy (X|Y)(/2422. Invoke Result 1.1 again, part (a) of which
says

Tx|y(5) =

B o oy 1 2alnn Inn
A=04) 5 I ¢ *O(n)'

On the other hand, it is easy to see from the definition of &5 (X|Y, A, n) that

(2 — CBE)MH(XD/, )\) nA%od (X|Y,A) QMH(X|Y, /\)
< — 2 <

and

(2.34)
while
1 < I O iAou (XIY. ) 1 <0. (235)
— e 2 nio L A)) — <0. (2
2mnA202, (XY, \) " V2o (X|Y, \)
This implies that
1
X[V, \n)=© 2.36
culxivam =6 () (2:36)
and )
o 32 n
XY, A n)emxv® — 0 Lo e ) 2.37
G (X ) 2vVralnn Vn (2:37)

Therefore, in this case, we have

n —a 3/2
Pr{—%zlnp(XdZi)>H(X\Y)+5} < ”—+O<n“1n ") (2:38)

P 2vralnn
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The inequalities (2.20) and (2.21) then follow from (2.31), (2.32), (2.36) and (2.38).
Finally, let § = \/Lﬁ Applying part (c) of Result 1.1, yields

R < e ) CeeMu(X]Y) 1
Pr{ w2 p<XZ’ZZ>>H(X|Y)+\/ﬁ} < Q<0H<X|Y>)+ XY i

Then (2.22) follows from the fact that

n(Cons— g -R@uw) o CV(L= Cop)Mu(X]Y) 1
= AXY)  Vm
whenever (2.23) holds. This completes the proof of Theorem 2.2. ]

Remark 2.3. The purpose of puncturing q = 0 from the message space is to make the
proof a little bit simpler. From the proof, it can be seen that if we add q = 0 back, it only
increases the error probability upper bound by 2-"RCnk) and all the remaining statements
in Theorem 2.2 still hold.

Remark 2.4. As can be seen, the fact that the uniform distribution is the capacity achiev-
ing distribution for BIMC' is not essential in the proof of Theorem 2.2. Therefore, for
general binary input memoryless channels, Theorem 2.2 still holds by replacing Cgvc
with the mutual information between a uniform random variable and its channel response.
Moreover, Theorem 2.2 can be easily extended to the general case when X is a finite field.

Remark 2.5. The inequalities (2.20) to (2.23) show that linear block codes of block length
n can reach within op(X|Y)y/2222 4 (a+ )22 4 O (RI22) of the capacity of any
BIMC while maintaining the word error probability 2\/% + 0 (n*O‘M), and within

v
\/Lﬁ + 1121—77 — %ln (1—053]5();\(4';,/5)(\3/) of the capacity while maintaining the word error probability
H

Q (UH(g(‘Y)) + ];/Q,H(())((lg)) \/%; If the word error probability is kept slightly above 0.5, the code
H

rate can be even slightly above the capacity of the BIMC!

2.3 Non-asymptotic Coding Theorem: DIMC

Consider now an arbitrary DIMC P = {p(y|z) : z € X,y € Y}. Let X be the capacity
achieving input random variable, i.e., X achieves the maximum in (1.1). Let Y be the
output of the DIMC P in response to X. Then the capacity of the DIMC P is

CDIMC = [<X7Y) .
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Without loss of generality, assume that the distribution px of X assigns a positive proba-
bility to each and every z € X.

Since X is not necessarily uniformly distributed, we now move away from linear codes
in this section, and use random codes drawn from a particular type ¢ instead. Recall
definitions I(t; P), of, _(t; P,\), Mp _(t; P,\), op(t; P) and Mp(t; P) in Section 1.4.2.
Due to the significance of px, write 0% (px; P) and Mp(px; P) as 05(X;Y) and Mp(X;Y)
respectively. In particular, it can be easily verified that

[(t; P) = CDIMC -+ O(nil) (239)

whenever

[t = pxll < — (2.40)

where || - ||1 is the [;-norm. Obviously, types ¢ satisfying (2.40) exist.

Now let C;, , denote the ensemble of channel codes from a type ¢ with code length
n and rate R(Cynx) = %ln 2, where a channel code from C;,,\ is generated in such way
that each codeword is uniformly picked from 7;”. At the decoder, the jar J(y") for each
sequence y" € Y" is formed as

Jy") = {x”Eﬁ”' Zl

where § is a real number. The jar defined in (2.41) will be referred to as the DIMC jar
based on type t. Moreover, for any 2" € 7,",

5_Pr{ Zl Y‘X <I(t;P)—¢
=1

> I(t; P) — 5} (2.41)

X" = xn} (2.42)

where Y is the output of DIMC P in response to ™. It is easy to verify that Py is well
defined as the probability at the right hand side of (2.42) is the same for any 2" € 7,", and

the upper bounds on
X" = x”}

{ il Y|X <I(t;P)—0

in Section 1.4.2 holds for Pf/_&
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Recall definitions in Section 1.4.2, and define

é 2MD,*(t; P7 )\)
Vo _(t PN

nA%QD’?(t;P,,\)

+e z [Q(WnAop_(t; P,N) — Q(p* + Vnrop_(t; P, N))]

(p—(t; P, A\, n)

With the DIMC jar based on type t specified in (2.41), we have the following non-
asymptotic coding theorem with jar decoding.

Theorem 2.3. Given a DIMC P with Cpiuc € (0,|X|), let P.(Cini) denote the average
word error probability (under jar decoding) of Cinx with respect to the DIMC and the
random code Cy 1, ttself. Then for any block length n,

e
Po(Cing) < Ps+e ) (2.43)
Moreover, for any block length n, the following hold:
1) For any § € (0,A* (1))

P.(Cini) < Cp—(t; Py, n)e ™= (10) (2.44)

whenever

X[ In(n + 1) — In 20=CeE)Mo_ 00
no ;P
R(Coms) < I(t: P) — 6 —1_(t,6) — voon, R (2.45)
n
where A\ = 8“8%75’6) satisfying 0_(t,\) = 0.
2) For any o > 0.5 and any t satisfying (2.40)
n-¢ n*2n

Pecn §—+O n-¢ 2.46
Cont) = 3 Fratan < ﬁ) 240

whenever

20 L+ a+ X)) In(n+1 Inl
R(Cons) < Comic — op(X; )y 200n _ Grot M) o, ( . “") .
n n n

(2.47)
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3) For any t satisfying (2.40)

P < (i) e v

XY oh(X;Y)
whenever
—_C :
R(Cos) < I(t:p)—22lEE) ¢ (3 +10) In(n + 1) + In E=Cpen
= T op(X;Y)/n n
1 (1-CBr)Mp(X;Y)
c (§+|X|)ln(n+1)+ln XY ~
= Cpbmc — —F= — p(XY) —0(n")

vn n
(2.49)

for any real number c.

Proof. The proof is along the same way as in the proof of Theorems 2.1 and 2.2. Let X"(q)
be the transmitted codeword, and Y the output of the DIMC P in response to X™(¢q). In
parallel with (2.26), we have

Po(Coni) < Pr{X"™(q) € J(Y™)} + Pr{3z" £ X"(q), 2" € J(Y"),2" € Conp}  (2.50)

where J(Y™) is the DIMC jar based on type t as defined in (2.41). Note that X"(q) is
distributed uniformly over 7,”. For any 2" € 7," and y" € V", one can verify that

Pr{3z" # X"(q),2" € J(Y"),2" € Copi| X"(q) = 2", Y" = y"}

(a)
< I 2

n n2-n —lnenH® | TN
< \J(y ),ekl 2—nH(t)—1 [T

lne_nH(t)|7—n|
(Sb) P H (D)~ I(5:P)+3] e“[% IHQ*H(U*%]
. ) B lnean(t) Erddl _

- . [P+ 2T Ry )] (251)

where (a) is due to the fact that all codewords in C;, ) are independent, and each is
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distributed uniformly over 7,", and (b) is verified by

(") e nHO-TEPID) < Z o rHOFTI In B
Zned(ym)
- ¥ e "MOTTL pyslz)
B e (™) [T (i)
D ened(ym) e "I, p(yilz)
[T > e t@)p(yil)
> anesmy € O T pyilz)
Y ancan | Limy H(@i)p(yil )
> e e MO T p(yilz0)
> nexn [Limy t@a)p(yile:)
> onere [z t(zi)p(yil2i)

= <1

Zx”exn H?:1 t(xi)p(yi |$z)

IN

since for any 2" € T,",
n

[Jt(z) = e

1=1

and 7;" is only a subset of X™. Since (2.51) is valid for any z™ € 7, and y" € Y™, it follows
that

1Py s 2O e,
Pr{3:" £ X"(q), 2" € J(Y"™), 2" € Copi} < © [resmr-se € (2.52)
On the other hand, in view of (2.41) and (2.42),
Pr{X"(q) & JOY")} = P (2.53)
Putting (2.53), (2.52), and (2.50) together yields
1Py = e O _pe,
Po(Cink) < Pste [ T (Gt (2.54)
and (2.43) is proved.
Applying the inequality
e MOIT = (n+1)71Y, (2.55)
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the inequalities (2.44)-(2.49) can now be established by applying different upper bounds
to P, ;. At this point, we apply the non-asymptotic equipartition property with respect to
relative entropy and invoke Result 1.2 in Section 1.4.2; part (b) of which says

Py <&p (P, A, n)e =) (2.56)
The inequalities (2.44) and (2.45) then follow from (2.54) and (2.56).

To show (2.46), let § = op(X;Y)/2222. Invoke Result 1.2 in Section 1.4.2 again, part
(a) of which says

_ 1 2 3
r-(t0) = G 00
and 5
_ 2
M gan T

which, together with (2.40), implies

2 3
_ op(X:Y)alnn In”n
r-(49) = o%4(t; P) n +0 n?
alnn In®n
= O
n ns
and 5
A= O(6?
00y) T

Moreover, under the condition (2.40)
I(t; P) = Cbmic — O(nfl) .

The inequality (2.46) under the condition (2.47) can then be established by following the
respective argument in the proof of Theorem 2.2.

Finally, let § = U"]f(()??) “=- Applying part (c) of Result 1.2, we have

_ C CBEMD(t;P) 1
o=@ <UD(X;Y)> ot P) V'
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The inequality (2.48) then follows from the fact that

Mp(t; P) _ Mp(X;Y) n-l
op(t; P)  oh(X;Y)

for ¢ satisfying (2.40), and

—n[I(t;P)—o— XD _R(c, , )] < (1—-Cpgr)Mp(t; P) 1

o (t; P) NG

whenever (2.49) holds. This completes the proof of Theorem 2.3. ]

e

Remark 2.6. It is not hard to show that in the case of BIMC
op(X:Y) < ou(X]Y) (2.57)

and the inequality (2.57) is strict in general unless the BIMC, such as the BSC and BIAGC,
happens to have some symmetric properties, in which case (2.57) is the equality. Therefore,
by comparing Theorem 2.3 with Theorem 2.2, we see that for a BIMC, Shannon random
codes based on types are generally slightly better than random linear codes in terms of
the tradeoff between the capacity gap and word error probability. In addition, since our
bounds in Theorem 2.3 are valid for any n, t, and px achieving the capacity Cpmc, in
the case of DIMC where there are multiple input distributions px achieving the capacity
Chivc, one can further optimize the bounds in Theorem 2.3 over all these capacity achieving
input distributions. In particular, in (2.48) and (2.49), one should choose the minimum
op(X;Y) over all capacity achieving inputs X when ¢ > 0 and the mazimum op(X;Y)
over all capacity achieving inputs X when ¢ < 0.

Remark 2.7. Related to (2.48) and (2.49) is the second order coding rate analysis in

[15, 18, 19] with a fixed word error probability 0 < € < 1. All identify correctly the coeffi-
cient before the second order \/Lﬁ The difference lies in that the works in [15, 18, 19] are

asymptotic. On the other hand, (2.48) and (2.49) are are non-asymptotic. In addition,
bounds in Theorem 2.3 also give a complete picture about the tradeoff between the capacity
gap and word error probability when the word error probability goes to O with block length
n at a sub-polynomial n=%, 0 < o < 1, polynomial n=%, a > 1, or sub-exponential e ™",

0 < a< 1, speed. In particular, comments similar to Remarks 2.1 and 2.5 apply here too.
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2.4 Comparison with Existing Non-Asymptotic Achiev-
ability

There are tremendous achievable bounds [20,21] (and references therein) on channel coding
rate in the prosperous literature of information theory, where various code ensembles and
bounding techniques are used. Comparing our achievabilities with all of those achievabil-
ities is analogous to brute-force implementation of ML decoding. At the same time, not
all achievabilities are comparable with ours since the underlying code ensembles could be
totally different. For example, some achievabilities are based on Shannon random code
ensemble, where each symbol of any codeword is independently and identically gener-
ated. However, the ensembles used in our achievable bounds via jar decoding have some
structures and/or constraints imposed, and consequently, achievabilities based on Shannon
random code ensemble may not be applicable. Therefore, our comparison strategy adopts
the idea of jar decoding, where we first form the jar of comparable achievabilities consisting
of those applicable to code ensembles used by us, and then focus on those achievabilities
inside the jar. Nevertheless, Gallager’s Error Exponent Bound in [22] and non-asymptotic
achievabilities in [15] are cited here as benchmarks for the comparison.

Result 2.1. Given any channel {pyn x»(y"|a"™) : 2™ € X", y" € Y"} and Shannon random
code ensemble C,, with M number of codewords and input distribution pxn(z™) for x™ € X™,

pic) < o1y ( [ e v <y"|x”>1lipdx”) T e

for 0 < p < 1. When the channel is memoryless (i.e. pynjxn(y"|z™) = [\, p(vi|z;)) and
each symbol of any codeword is independently and identically generated (i.e. pxn(x") =

[1i2, Q).

P.(C,) < e~ UE(p,Q)—pR(Cn)) (2.59)
for 0 < p <1, where R(C,) = 2 In M and

E(p,Q) = —ln/ (/Q p(y|2)] 1+pd:1:)1+pdy.

Result 2.2 (Random Coding Union [15, Theorem 16]). Given any channel {pyn xn»(y™|a") :
" € X"y € Y"} and Shannon random code ensemble C,, with M number of codewords

and input distribution pxn(z™) for " € X",
nxn (Y| X nxn (Y X™)
Pyn| (Y7 )>1npy \X( | X" Yn}H
2.60)

P.(C,) <E {min {1, (M —1)Pr {m

py-(Y™) T py=(Y™)
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where (X", Y™, X") follows the distribution pxn(x™)pyn xn (y"|2™)pxn(Z") for (z,y", T") €
X" x YT x X",

Result 2.3 (Dependence Testing [15, Theorem 17,18)). Given any channel {pyn x»(y"|z") :
" € X"y € Y"} and Shannon random code ensemble C,, with M number of codewords
and input distribution pxn(x") for " € X™,

Pe(Cn)gPr{lnp(Y [X*") M_l}—l—M_lPr{l p7XT) M=

<In n————=>1In 2.61
o) > [t o) 7 o
where (X", Y™, Y™) follows the distribution pxn»(z™)pyn x=(y"|z")py=(y") for (™, y™,§") €
X" x Y x V" and

pyn(y") = / pxn (™) pyn|xn (y"|2")da".

Towards presenting another achievability in [15], called £ Bound, following definitions
are needed. Let ¢i(w™) and go(w™) for w™ € W" be some distributions on a sample
space W", and pzjwn(z|w™) for z € {0,1} and w™ € W" be a conditional distribution on
{0,1} x W". Then define for « € [0, 1]

A

Ba(q1, ¢2) min /qz(w")plwn(l\w")dw". (2.62)

pziwn: [ a1 (w)pziwn (wn)dwn>a
In hypothesis testing, the minimizer P of the optimization above can be interpreted
as the optimal randomized test function between ¢; (null) and ¢ (alternative). Now let
gy~ (y") and pyn xn(y"|2z") for ™ € A" and y" € Y" be some distribution and conditional
distribution on A™ and A™ x V" respectively. Further define a € [0, 1]

n A
ﬁa(ﬂf 7QY”) :ﬁOz(pYﬂX":a:”, QY") (263)

where pyn|xn—gzn(y™) = pynxn(y"|z") for all y* € Y™ given 2. In addition, for F C &A™
and 7 € [0, 1], define

ke (F, qyn) = inf /qyn(yn)pZ|Yn(1|yn)dyn- (2.64)

PZ\YniﬂiLnefFfpymxn (Y™ z™)p(1|y™)dy™>T
Again the minimizer Popyn (if exists) above can be interpreted as the optimal composite

test function between {pyn|xn—zn}mmer (null) and gyn (alternative). Then the following
result is proved in [15].
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Result 2.4 (k3 [15, Theorem 25]). Given any channel {pyn x»(y"|z") : 2" € X",y € Y"}
and F C X", a channel code C,, with its codewords from F and M number of codewords
can be deterministically constructed, satisfying

kr(F, qyn
M > sup sup (7, av )n .
0<T<Pe(Cp) qyn Sul}ﬂl—PE(Cn)+T(I ,Gyn)
e

(2.65)

Moreover, considering that 5 and x defined above are in general extremely difficulty to

evaluate, upper and lower bounds on § and & are provided in [15, Equations (103), (104),
(106), (121) and (122)], and included here for easy reference.
1
ULE < 2.66
Balqr, ¢2) p S (2.66)
ST

where W™ follows the distribution ¢y,
W2, qyn) > sup— | a— Pr > 2.67

where Y™ follows the distribution pyn|xn_,» given z", and

7'/ pxn(2™)da" < K (F,qyn) < T (2.68)
z"eF
where pxn» satisfies

qyn(y") = /Pxn(xn)pYnX"(yn|$n)d$n-

2.4.1 Achievability on Random Linear Code Ensembles

In Sections 2.1 and 2.2, Gallager’s parity check ensemble and Elias’ generator ensemble are
used. Unlike Shannon random code ensemble, codewords generated in Gallager’s parity
check ensemble are not pairwisely independent. Consequently, achievabilities, including
Results 2.2 and 2.3, whose proof relies on pairwise independence of codewords, are ruled
out in this subsection. Result 2.4 is not applicable either, as the deterministic construction
used in its proof can not guarantee the linearity of the constructed code. Here we focus
on those achievabilities applicable to random linear code ensemble. Furthermore, as some
achievabilities are only applicable to special channels, we divide the discussion into four
parts: 1) achievabilities on BSC; 2) achievabilities on binary erasure channel (BEC) ;
3) achievabilities on BIAGC ;and 4) achievabilities on Memoryless Input Binary Output
Symmetric (MIBOS) channels.
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BSC

To make comparison transparent, we rewrite Theorem 2.1. Let M = 2¥ be the number of
codewords, and p be the crossover probability. By (2.1) in Theorem 2.1, it is not hard to
verify that

redy < X (L)raeere X ()2 o

n(p+0)<w<n 0<w<n(p+9)

J/

Pr{ %wt(;[/r")>p+5}

for i = 1,2, with 0 defined in (1.7). Further optimizing ¢ implies that
(%) < . n : w1 _ . \n—w o—n
P.(C)) < Z@ ( " )mln {p“(1—p)",27"M} (2.70)

and (2.70) is essentially the same (except for a minor difference®) as the Dependence Testing
Bound recently established in [15, Theorem 34] (specifying Result 2.3 on BSC) for Shannon
random code ensemble over the BSC.

As a candidate to be compared with Theorem 2.1 or (2.70), an achievable bound under
ML decoding was proved in [23] by Poltyrev.

Result 2.5. For BSC with cross-over probability p and a linear code €, j with hamming
weight profile {N (1)}, where N(l) is the number of codewords with hamming weight [ in
Q:n,k;

3

Bie) < fpw(l_p)n—wmm (1 ),jﬁ;w) e () (a2t

T3]

- zn: ( " )pw(l —p)n. (2.71)

w=|3)n

|

The result below immediately follows Result 2.5.

*Replacing M in (2.70) by (M — 1)/2 yields exactly the Dependence Testing Bound [15, Theorem 34].
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Result 2.6. For BSC with cross-over probability p, 1 = 1, 2,

1]
Pch) < Y pr-pn

2w min{w,l}
: n —(1-R(Cpp))nn2 n l n—1
o () (0) % () ()
SN

+ %H ( Z >pw(1 —p)n . (2.72)

— n
w=|2

It has been shown in [15] that Poltyrev’s Bound in (2.72) is equivalent to Random-
Coding Union Bound [15, Theorem 33] (by specifying Result 2.2 on BSC) proved on Shan-
non random code ensembles.

Another candidate for comparison is Error Exponent Bound. Although this bound was
originally proved by Gallager on Shannon random code ensemble, it was shown to hold for
Gallager’s parity check and Elias” generator ensembles on MIBOS channels (discussed in
the subsection of MIBOS channels in details), including BSC as a special case.

0.45 : : : : — 0.45
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o
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o
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o
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Figure 2.2: Comparison of Achievability for BSC with cross-over probability p = 0.11

Figure 2.2 shows the numerical comparison (with block length range [200,3000] and
fixed word error probability 107% and 107%) among Theorem 2.1, Poltyrev’s Bound (Ran-
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dom Coding Union Bound) and Error Exponent Bound on a BSC with cross-over proba-
bility p = 0.11, where Dependence Testing Bound [15, Theorem 34] is also included for a
benchmark. As can be seen, the numerical result confirms that Theorem 2.1 is essentially
the same as Dependence Testing Bound and further shows that Poltyrev’s Bound (Ran-
dom Coding Union Bound) is better than Dependence Testing Bound and Theorem 2.1
by a small margin, while Dependence Testing Bound and Theorem 2.1 outperforms Er-
ror Exponent Bound when word error probability is relatively large with respect to block
length, which is consistent with the observation in [15]. As Poltyrev’s Bound is proved
under ML decoding, this comparison demonstrates that the achievability via jar decoding
is very sharp and jar decoding does not lose much optimality compared to ML decoding
in the non-asymptotic regime.

BEC

Now let us focus on BEC, a special case of BIMC. It turns out that Theorem 2.2 on BEC
can be further improved as follows. Let M = 2* be the number of codewords and p be the
erasure probability. It is then easy to verify that

H(X|Y)=pln2
and in this case, the BIMC jar reduces to

gy = [ s =ity el i1 = e <n(p+ )
empty otherwise

Following the argument in the proof of Theorem 2.2, it is not hard to show that

P < Y ( } )pt(l —p)"!

n(p+15)<t<n

(.

'

PHX" (@ I}
+ P {3 £ X(g), 2" € (), 2" e )}

> ( ; )pt(l —p)"

n(p+pog)<t<n

+ ( : )pt(l —p)"2M (2.73)

1<t<n(p+25)

IN
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and optimizing 0 yields

P < > ( ? )pt(l — p)"*min {1,279}

t=1

- n n—to—|\n—t—lo +
— Z( ; )pt(l—p) tgIn—t-log, M (2.74)

t=1

which is again essentially the same (except for a minor difference’) as the Dependence
Testing Bound [15, Theorem 37] for Shannon random code ensemble and Elias’ generator
ensemble. Note that C* in Theorem 2.2 is dropped here because of the symmetry of BEC
where the technique used in the proof of Theorem 2.1 on BSC can be applied. Another
improvement of (2.74) over Theorem 2.2 is due to a better bound on |J(y")| given the
channel output y™. In particular, the size of jar |J(y")| only depends on the number of
erasures in y". In general, however, such the refinement is very difficult, as |J(y™)| may be
different for each possible channel output 3™, and one of the best ways to bound |J(y")| in
order to yield a computable achievability result is to use (1.10), as we did in the proof of
Theorem 2.2.

Because BEC is a special channel, exact calculation of word error probability under
ML decoding is possible for some linear code ensembles. In particular, Ashikmin proved
the following result, included in [15]. Note that the ensemble used by Ashikmin, in which
the generator matrix of the code is uniformly picked from the set of full rank matrices, is
neither Gallager’s parity check ensemble nor Elias’ generator ensemble. However, as the
matrices in Gallager’s parity check ensemble and Elias’ generator ensemble are of full rank
with high probability, Ashikmin’s result is still a legitimate candidate to be compared with
jar decoding achievability.

Result 2.7. For BEC with erasure probability p and random linear code ensemble Cfl{,?”)

in which the generator matrix is equiprobably selected among all full rank k X n matrices,
the word error probability under ML decoding is given by

ull
FC)")
min{k,i}

'“ (?)p“ﬂ—p)" > {” H:” H}l?r(mkwl_yk)

r=max{0,k—n+i}

(2.75)

fReplacing M by (M — 1)/2, and then starting the summation from ¢ = 0 instead of ¢ = 1 in (2.74)
yield exactly the Dependence Testing Bound [15, Theorem 37].
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where

r—1 9a_9j
{a} :{ Hj:OQT—Qj r>0 '
,

o
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Figure 2.3: Comparison of Achievability for BEC with erasure probability p = 0.5

As BEC is also MIBOS, Error Exponent Bound holds for Gallager’s parity check and
Elias’ generator ensembles. Figure 2.3 shows the numerical comparison between (2.74),
Ashikmin’s Bound in Result 2.7 and Error Exponent Bound, where Dependence Testing
Bound [15, Theorem 37] serves as a benchmark. Once again, our achievability via jar
decoding outperforms Error Exponent Bound, and is worse than Ashikmin’s Bound (the
best achievability under ML decoding known so far) by a small margin.

BIAGC

Applying Theorem 2.2 to BIAGC, C® in (2.16) can be dropped for the same reason as
that for BSC and BEC. Unfortunately, direct evaluation of (2.16) becomes infeasible, as
the probability

1 n
Prq—— Inp(X;|Z;) > HX|Y)+ 0
{ Stz > ) 4o
is an n-fold integral. Nevertheless, we can resort to (2.18) and (2.19) in part 1) of Theorem

2.2, which can be efficiently evaluated for any BIMC. Note that to yield the tightest bound,
0 in (2.18) and (2.19) can be further optimized.
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There is a rich literature about error probability bounds for linear codes on BIAGC,
considering the practical impact of this research topic. One of the tightest bounds in this
research area is the Tangential Sphere Bound (TSB), proved by Poltyrev in [23].

Result 2.8. For BIAGC with noise variance o and a linear code ¢ with hamming
weight profile {N (1)},

+o00o 22
, e 2% n—1 (y/n—x)r?
P < 1—
e (Cni) < min 5 < gl ( 5 572 dx
[ian] e e e

. N(l)/ / e 2* v(n—% !(\/ﬁ—w)QTQ—yQI)dy de

2mo? 2 202
=1

Bl VOV

(2.76)

where y(a, x) is the (normalized) incomplete gamma function defined as

xT

v(a,z) = ﬁ/t“_le_tdt

0

and
+o0o

[(a) = /ta_le_tdt
0

15 the gamma function.

For Elias’ generator ensemble Cfll,)f and Gallager’s parity check ensemble Cff,i, (2.76)
n

l
TSB is quite related to the idea of jar decoding. In fact, from jar decoding perspective,
TSB is yielded by treating a n-dimensional circular cone with half-angle 6 (r = tan#@ is
subject to optimization as shown in (2.76)) as the jar and applying the union bound to the
probability (conditioned on the radial component of the noise) that there exists a codeword
in the jar closer to the channel output than the transmitted one in Euclidean distance. As
the jar is a circular cone, the probability that the transmitted codeword is outside the
jar can be exactly calculated with the help of integration and incomplete gamma function,

holds by replacing N(I) with 9-n(1-%) ) It turns out that the proof technique of

47



shown as the first term in (2.76). TSB was then improved by Yousefi and Khandani in [24],
and Mehrabian and Yousefi in [25]. It is unclear, however, whether those two improved
bounds can be efficiently evaluated for Elias’ generator ensemble and Gallager’s parity
check ensemble.

g
‘

rate (bits per channel use)
° 2 o
T

—Jar Decoding
——Error Exponent
TSB

2500

1500
block length

Figure 2.4: Comparison of Achievability for BIAGC with snr 0dB and word error proba-
bility P, = 1072

As mentioned earlier, given any linear code, TSB is one of the tightest bounds on
BIACG in terms of the hamming weight profile. However, for Elias’ generator ensemble
and Gallager’s parity check ensemble, TSB fails to reproduce the Gallager’s error exponent
( [20] and references therein). On the other hand, Error Exponent Bound holds for Elias’
generator ensemble and Gallager’s parity check ensemble on BIAGC, due to that BIAGC is
MIBOS. Therefore, we would like to numerically compare Theorem 2.2 ((2.18) and (2.19))
with TSB and Error Exponent Bound, shown in Figure 2.4, where the signal-to-noise ratio
(snr) is 0dB and the word error probability is kept to be 1072. As can be seen, TSB
is worse than Error Exponent Bound, while our jar decoding achievability is better than
Error Exponent Bound in certain block length region.
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General MIBOS Channel

A channel {p(y|z) : v € X,y € Y} is MIBOS if p(y|z) satisfies

p(y[0) = p(=y[1).
It is not hard to verify that any MIBOS channel is also a BIMC. In fact, it can be easily
verified that
MIBOS Channels € BIMSC C BIMC .

To be more specific, the following venn diagram is provided, where weakly symmetric and
strongly symmetric channels follow the definitions in [1]. As can be seen, BIMSC includes

BIMC

BIMSC

MIBOS Channels

binary weakly symmetric channels
binary strongly symmetric channels

Tl = W N~

Figure 2.5: Venn Diagram of Symmetric Channels

both MIBOS channels and binary weakly symmetric channels, either of which can not
include the other. Consequently, Theorem 2.2 can be applied. Moreover, for any MIBOS
channel, by the same technique in the proof of Theorem 2.1, C® in Theorem 2.2 can be
eliminated. On the other hand, although Poltyrev’s Bound and Ashikhmin’s Bound are
very tight on BSC and BEC respectively, the extension of their proving technique on linear
codes to general MIBOS channels is difficulty. Turning our attention to achievability of
linear codes for general MIBOS channels, we see that Gallager [!] proved the following
achievability result.

Result 2.9. For any MIBOS channel, a linear code €, ) with hamming weight profile
{N()}iy and a function f(y) satisfying f(y) = f(=y) for anyy and f(y) > 0 if p(y|0) > 0,

Po(€pp) < gls)"e™ ey N@)[A(r)] [g(r)]" (2.77)
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foranyd >0, s> 0 andr <0, where

o(s) = / (1)1 (v)*dy (2.78)
Wr) = / p(y10)p(~ /0] T [ ()" dy. (2.79)

Applying Result 2.9 to Cff,)c, Gallager [!] further obtained Result 2.10.

Result 2.10. For any MIBOS channel,
11 (2)
PCZ) < (1+nCy)e " (Pl(33)-oRE) (2.80)

for 0 < p <1, where (%, %) 1$ the uniform distribution on binary alphabet and

C, = max e (%) ( " ) . (2.81)

1<i<n l

It can be easily verified that E(p, Q) — pR achieves its maximum with respect to @ at
the uniform distribution (%, %) when the channel is MIBOS. Result 2.10 was then improved
by Shulman and Feder [20], who proved the result below.

Result 2.11. For any MIBOS channel, a linear code €, with hamming weight profile
{N({)}qand 0 < p <1,

PA€) < | max — 2L (e re0) 2s)
Ba-n(7)

By observing z* for 0 < p < 1 is a concave function of 2 and therefore E[X?] < (E[X])”,
the following result can be easily yielded from Result 2.11.

Result 2.12. For any MIBOS channel, 1 = 1,2, and 0 < p < 1,

P9 < e n(Fln(3:3))-REl) (2.83)
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Remark 2.8. Strictly speaking, for 1 <1 <n,

E N(1)2 _q
(2F — 1) ( h )
for Cfll,)C and
N(l)2® 1

E

(2k—1)(7) e

for C’Y(LQ/I)C However, the difference between 1 and ﬁ 18 numerically negligible in common
settings of k, and therefore ignored here.

Consequently, Gallager’s Error Exponent Bound holds for Gallager’s parity check and
Elias’ generator ensembles on MIBOS channels. It is worth mentioning that the symmetric
property of MIBOS channel, i.e.

p(y|0) = p(—y1)

is essential to the bounding techniques used in Result 2.9-2.12. To the our best knowledge,
this is the best achievability in the literature for random linear code ensemble and general
MIBOS channels. Meanwhile, on BSC, BEC and BIAGC, we have already shown that the
achievability via jar decoding can be tighter than Error Exponent Bound.

Applicability (to ensembles and channels) and computational complexity of jar decoding
achievability and existing achievability bounds on random linear coding ensembles in the
literature are summerized in Table 2.1. Among all the listed results, Theorem 2.2 is the
only achievability that can be applied to general BIMC and efficiently evaluated. Focusing
on Gallager’s ensemble, existing achievabilities only deal with MIBOS channels, which is
a strict subset of BIMC. For some special MIBOS channels, e.g. BSC and BEC, there
are bounds proved under ML decoding, which are better than the achievability under jar
decoding in (2.70) and (2.74) by a small margin in the non-asymptotic regime. For general
MIBOS channels, however, to the our best knowledge, Error Exponent Bound is best
achievability result in the literature. And numerical calculation shows that the achievability
in Theorem 2.2 can be tighter than Error Exponent Bound in the non-asymptotic regime.
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. - Applicabilit Computational
Achievability Linear Erlljsimbles T BIMC Coriplexity
(2.70) BSC O(n)
Jar Decoding (2.74) v/ Elias y/ Gallager | BEC O(n)
Theorem 2.2 General O(1)
Poltyrev Result 2.5 V/ Elias y/ Gallager | BSC O(n)
Ashikmin Result 2.7 v Blias / Gallager BEC O(n?)
(full rank)
TSB Result 2.8 v/ Elias / Gallager | BIAGC O(1)
Error Exponent Result 2.11 v/ Elias / Gallager | MIBOS O(1)
, Theorem 33 : BSC O(n
RCU | Result 2.2 | v Blias x Gallager General UnkEIO)WH
[15, Theorem 34] BSC O(n)
DT [15, Theorem 37] | 4/ Elias x Gallager | BEC O(n)
Result 2.3 General Unknown

Table 2.1: Achievabilities on Random Linear Codes and BIMC

2.4.2 Achievability on Shannon Random Code Ensemble With a
Fixed Codeword Type

Technically speaking, when channel input is discrete, achievability on Shannon random
code ensemble can be also applied to that with a fixed codeword type ¢, by restricting the
input distribution in 7;'. In this case, however, neither input nor output distribution has
the product form. Consequently, the evaluation of those achievable bounds becomes much
more challenging. Taking Dependence Testing Bound in Result 2.3 as an example. When
Shannon random code ensemble (without type constraint) is considered, the channel is
memoryless (i.e. pynxn(y"z") = [T\, p(vi|z;) for some p(y|z)) and pxn(z™) = [, p(z;)
for some p(x), py=(y") = [/, p(y;) where p(y) = >,y P(z)p(y|z). As a consequence,
probabilities in (2.61) are probabilities of event of summation of an i.i.d sequences, which
can be exactly evaluated with linear computation complexity with respect to n in certain
special cases and estimated by certain bounds (e.g. NEP or Chernoff Bound) in gen-
eral. Now applying Dependence Testing Bound to random coding ensemble with a fixed
codeword type, let

p(a") = { 7(13’5

t(z™) =t
otherwise
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It is then clear that the evaluation of probabilities in (2.61) becomes prohibitive as the
computation complexity scales exponentially with respect to n. It is even hard to find a
bound for those probabilities which can be easily computed, as they are no longer proba-
bilities of event of summation of an i.i.d sequence. Similar discussion applies to Random
Coding Union Bound in Result 2.2. In contrast, our achievability in Theorem 2.3 can be
always easily computed. Therefore, in this subsection, we focus on those achievabilities on
random code ensemble with a fixed codeword type, which allow easy evaluation.

First of all, let us compare Theorem 2.3 and Result 2.4. Strictly speaking, Result 2.4
is not applicable to random code ensemble with a fixed codeword type, as its proof uses
deterministic construction of the channel code. Nevertheless, Result 2.4 can be used to show
the existence of a code in this ensemble achieving the rate and the word error probability
bound. Specifically, give a type ¢, let F = T, and qy=(y") = ¢:(y") = [[imy @:(v:)- It
is then easy to verify that 5,(z",¢) is a constant (denoted by S.(g;) ) for any 2™ € F.
Consequently, the bound (2.65) reduces to

M Z sup 57‘(7; 7%)

. (2.84)
0<r<Pa(Con i) B1oPu(Con i) ++(Gt)

As k- (T", q:) and P1_cy- (2™, q;) can not be efficiently evaluated in general, bounds on &
and [ in (2.68) and (2.66) respectively are applied, yielding

fe (T @) > e 0T (2.85)

and Vz" € T,",

1 p(Y"|z")
> sup{y:Pr{—Zv >1—=P.(Cing)+T
B by e (o @) (V) (Cons)

p(Y"[z") } }
= supe’:Pr<ln——= < < P.(Cipi) —
p{ { q:(Y™) 7)< Bellonr) =7

= sup el tP) =3 (2.86)
§:P 5 <Pe(Coon )T

where Y™ is the channel response to z". Now plug (2.85) and (2.86) into (2.84), take
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logarithm and divide n on both sides, and we yield

In7 +IneHO|T7|

R(Cons) = sup sup I(t; P) =6+
0<T<Pe(ct,n,k) (SIPZ(SSPe(Ct,n,k)_T "
In7 + Ine HO | TN
= sup sup I(t; P) =6+ 7l
5:Ptj6<Pg(Ct,n,k) 0<T§Pe(ct,n,k)_Pt76 "

In (P.(Crpi) — P5) + Ine "HO TR
L wn g (P ) 7

(2.87)

§:P; 5 <Pe(Ct.n k) n
which is equivalent to (2.43) in Theorem 2.3. Consequently, both Result 2.4 and Theorem
2.3 imply the existence of a channel code with a fixed codeword ¢ achieving the trade-off
between the rate and the word error probability in (2.43). And both of the results go
beyond this existence in their own ways. Result 2.4 holds for maximal error probability,
and the achievability (2.65) is tighter than (2.43) in general, although the evaluation of /3
and  is quite challenging. Theorem 2.3, on the other hand, shows that the average coding
performance (the rate and the word error probability) of random coding ensemble with a
fixed codeword type can achieve (2.43), which implies the existence result, but not vice
versa.

Next, we move on to the error exponent result, proved by Fano in [27].

Result 2.13. For any discrete (input and output) memoryless channel P = {p(y|z) : x €
X,y€ Y} and any t € P,

P )< [1+ enH O] 7] emnaltstRCwD)  R(E,0.5) < R(Cppp) < I(t; P)
6( t7n7k) = enH(t)|7;n|71efn(a(t,0.5)+R(t,0.5)fR(Ctyn,k)) 0< R(Ct,n,k) < R(t,05)

(2.88)
where
Qs(ylz)
a(t,s) = z)Qs(y|r) In or 0 <s<0. .
(t.5) me%eyt( )Qu(yle) I =50 for 0 < s <05 (2.89)
R(t,s) = > t(x)Qs(yps)lnM for0<s<0.5 (2.90)
ey Qs(y)

s(t, R) is the solution of s to R(t,s) = R given t, and Qs(y) and Qs(y|z) are unconditional
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and conditional probability distributions satisfying

[p(yl2)]' °[Qs(y)]®
> ey Pl) 2 [Qs(y)]®

Quly) = D tx)Qs(ylr). (2.92)

zeX

Qs(ylz)

(2.91)

In the orignal version of Result 2.13, the term e"#®|7"|~1 is further upper bounded
by (27n)l*1/2el*1/2 By defining

a(t, s(t. R(Coni))) R(t,0.5) < R(Cons) < I(t; P)

E(R) = { a(t,0.5) + R(t,0.5) — R(Cins) 0 < R(Cons) < R(t,05) +  (29)

it can be verified that

Ey(R) = max max —> #x)In {Z[p(ylx)]lip [Q(y)}“pﬂ} — pR

0<p=l Qylz): Q(y|xz)y:QO(:’ﬂEp)(y:\u'cl) =0 Y
(2.94)
where Q(y) = >, t(z)Q(y|z). Fano [27] then showed that
max Eiy(R) = Hax max E(p,Q) — pR (2.95)
for 0 < R < max; I(t; P) and
E(R) 2 max E(p,t) — pR (2.96)

for general type t.

Towards numerical comparison between Result 2.13 and Theorem 2.3, we consider a
special DIMC with discrete output, Z channel, shown in Figure 2.6. As can be seen, Z
channel and BEC share some common properties. Consequently, the achievability via jar
decoding in Theorem 2.3 can be further improved by providing a better bound on the
size of jar |J(y")| given a channel output y™. Given a type ¢, the improved jar decoding
achievability is shown below

n—m-41
)

(n)

P.(Cpny) < Zm: ( m ) (1—p)™ pmin{ 1, (M —1) ( (2.97)

1=0
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1 > 1
P
X Y
I—p
0 > 0

Figure 2.6: Z Channel

where M = 2"R(Cunk) and m = t(0)n. Then (2.97) (Jar Decoding) is numerically compared
with Result 2.13 (Fano) on Z channel with different channel parameters p and input types
t, where Result 2.1 (Gallager) on Shannon random code ensemble with input distributions
corresponding to t serves as a benchmark.
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block length block length
(a) t = (0.5,0.5) (b) ¢ = (0.1,0.9)

Figure 2.7: Comparison of Achievability for Z Channel with p = 0.5 and P, = 103

As shown in Figures 2.7 and 2.8, jar decoding achievability constantly outperforms
Fano’s error exponent result. In addition, Figure 2.7 shows that due to the non-exponential
term [1+ e"#O| 7|7 or e |71 Fano’s result could be worse than Gallager’s, de-
spite the relation of Fano’s and Gallager’s error exponent functions in (2.96). Meanwhile,
in Figure 2.8, px represents the capacity achieving type, while ¢* is some type calculated
in a way specified in Chapter 4. A close look at Figure 2.8 then reveals that curves in (b)
are above their counterparts in (a), which suggests that capacity achieving input type or
distribution is not necessarily optimal in the non-asymptotic regime. Detailed discussion
on this issue is delayed to Chapter 4.
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Figure 2.8: Comparison of Achievability for Z Channel with p = 0.9 and P, = 103

To summarize, we compare the achievability via jar decoding for general DIMC with s/
bound and Fano’s Error Exponent Bound. As discussed above, k3 bound, as an existence
result, implies Theorem 2.3. However, since £ bound uses some deterministic construction
of the channel codes in its proof, Theorem 2.3 is new on Shannon random code ensemble
with a fixed codeword type. On the other hand, numerical calculation on Z channel shows
that the achievability via jar decoding (an improved version of Theorem 2.3) is tighter
than Fano’s Error Exponent Bound in the non-asymptotic regime. Moreover, Fano’s Error
Exponent Bound is only applicable to the channel with discrete input and output, while
Theorem 2.3 can be applied to channels with arbitrary (discrete or continuous) output as
long as the input is discrete.

2.5 Summary

In this chapter, we establish several achievable channel coding theorems via jar decoding.
In comparison with old decoding rules, jar decoding really makes the proof of achievable
channel coding theorems simpler and easier. Given a channel and a code C,, of block length
n for the channel, let X™ be the transmitted random codeword, and Y the corresponding
channel output. Let J(Y™) be the jar formed for Y. The word error probability P,(C,) is
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conveniently upper bounded by

P(C) < Pr{x"¢.Jym™)}
FPr{3a" £ X", 2" € J(Y"),2" € Cp, X" € J(Y™)} . (2.98)

For most codes, the first probability on the right side of (2.98) is actually independent of
the codes themselves and can be nicely upper bounded for any n by using non-asymptotic
equipartition properties with respect to different information quantities from [28]. For
random linear codes based on either Elias’ generator ensembles or Gallager’s parity check
ensembles and for Shannon random codes, the second probability on the right side of
(2.98) is negligible in comparison with the first one when the code rate is very close to
the channel capacity. With this, we have established non-asymptotic coding theorems for
any block length n for random linear codes based on either Elias’ generator ensembles or
Gallager’s parity check ensembles and for Shannon random codes, which reveal a complete
picture about the tradeoff between the capacity gap and word error probability when the
word error probability is a constant, or goes to 0 with block length n at a sub-polynomial
n~=® 0 < a < 1, polynomial n=®, a > 1, or sub-exponential e ™™, 0 < a < 1, speed.
For example, this complete tradeoff picture tells us that random linear codes of block

length n can reach within oy (X|Y)y /2802 4 (o + 1) 224 O (II22) of the capacity of any

BIMC while maintaining the word error probability 2\/% +0 (n—a%» and within

\/Lﬁ + 13—7? — % In (17053’5()%’;;)( Y) of the capacity while maintaining the word error probability
H

Q (m&\y)) + %H((;g))%ﬁ, where 0% (X|Y) is the conditional information variance of X
H

given the channel output Y, My (X|Y) is another parameter related to the channel, Q(z) =
\/% [ e t/2dt, and Cpp < 1 is the universal constant in the Berry-Esseen central limit
theorem. If the word error probability is kept slightly above 0.5, the code rate can be even
slightly above the capacity! In the case of BSC with cross over probability p = 0.12, at the
block length 1000, the word error probability is around 0.65, and the code rate is 0.21%
above the capacity!

Those achievabilities in this chapter are shown to be surprisingly sharp in certain sce-
narios, considering the fact that jar decoding is not the optimal decoding rule. For example,
we compare our achievable bounds based on random linear code ensembles with Dependent
Testing bounds (one of the best achievable bounds in channel coding literature) based on
Shannon random code ensemble in [15] for BSC and BEC channels, and the difference is
quit insignificant. In addition, compared with asymptotic achievable and converse results
in [15, 18, 19] when the error probability is fixed to be a constant, our achievable results
based on random linear code ensemble for BIMC and Shannon random code ensemble with
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a fixed codeword type for DIMC coincide with the optimal channel coding rate up to the

second order (Ln) with respect to n asymptotically. Therefore, it would be interesting to
show how far the achievabilities proved via jar decoding is from the optimal channel coding
rate in general settings. In the next chapter, we will attempt this problem by providing

non-asymptotic converse coding theorems using the concept of jar.
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Chapter 3

Non-asymptotic Converse Channel
Coding Theorems

In this chapter, towards investigating the sharpness of achievabilities via jar decoding, we
prove non-asymptotic converse theorems using the concept of jar. Specifically, we present a
new converse proof technique dubbed the outer mirror image of jar and use the technique
to establish new non-asymptotic converse coding theorems for any binary input memoryless
symmetric channel (BIMSC) and any DIMC respectively.

3.1 Non-Asymptotic Converse Theorems: BIMSC

Consider a BIMC {p(ylz) : = € X,y € Y}, where X = {0,1} is the channel input
alphabet, and Y is the channel output alphabet, which is arbitrary and could be discrete
or continuous. Throughout this section, let X denote the uniform random variable on X
and Y the corresponding channel output of the BIMC in response to X. Then the capacity
(in nats) of the BIMC is calculated by

CBIMC =In2— H(X’Y) (31)

where H(XY) is the conditional entropy of X given Y. Further assume that the random
variable — Inp(0]Y’) given X = 0 and the random variable — In p(1]Y") given X = 1 have the
same distribution, where p(0|Y") (p(1]Y), respectively) denotes the conditional probability
of X =0 (X = 1, respectively) given Y. Such a BIMC is called a BIMSC. (It can be
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verified that BSC, BEC, BIAGC, and general MBIOS channels all belong to the class of
BIMSC.) Under this assumption, we have

Pr { —%mp(xwyn) > H(X|Y) + 5' X" = x"} = Pr {—%lnp(X”|Y") > H(X|Y) + 5}

(3.2)
for any 2" € X", where Y is the output of the BIMSC in response to X", the n indepen-
dent copies of X.

To present the converse theorems in this section, recall definitions in Section 1.4.1. In
addition, following definitions are needed. Define for any 2" € X",

B(a",5) & {y” 00 > —%lnp(x"\y") > H(X|Y) + 5} (3.3)

and

Bps 2 Ugncan B(a",6). (3.4)

Since for any y™ € V", the following set
1
{x" SIP - Inp(z"|y") < H(X|Y) + (5} (3.5)

is referred to as a BIMC jar for ™ in Chapters 1 and 2, we shall call B(x",¢) the outer
marror image of jar corresponding to x™. Moreover, define for any set B C )",

P(B) 2Pr{Y" € B} (3.6)

Pu(B) 2Pr{Y" € B|X" = 2"} . (3.7)

It is easy to see that
1
P (B(z",0)) = Pr{——lnp(X”|Y”) > H(X|Y) +5’Xn _ xn}
n
1
= pr{=Dhpely > 1Y) + o 59

where the last equality is due to (3.2).

We are now ready to state our non-asymptotic converse coding theorem for BIMSCs.
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Theorem 3.1. Given a BIMSC, for any channel code C, of block length n with average

word error probability P.(C,) = €, and any (3, >0,

Ine, +1InB, —In P(B,s)
n

R(Cn) < Cpusc — 0 —

where 0 is the largest number such that
1
(14 B,) €, < Pr {——lnp(X”|Y") > H(X|Y) + (5} :
n
Moreover, the following hold:

1)

—2Ine,
Ine, —In P(B,s) + ln T

R(C,) < Cprusc — 9 —

n
where § 1s the solution to

1 —2Ine
1 \/ e, =€ (XY, A n)e Xy ©)
<+O‘H(X|Y) n )en Eu(XIV A m)e
with 6(X) = 6.
2) When €, = = ma( — 5iz) for a € (0,1),

R(Cn) < Crivsc — \/_JH(X]Y) = O(n~ (1- a))

—a

3) When €, = 57— (1 - 5755) fora >0,

2alnn Inn
R(C.) < Crmusc — ou(X[|Y)y/ - +O(T>'

4) When €, = € satisfying € + \/Lﬁ (i%e + CBfgiV([f(\(i)f)IY)) <1

1 2lne
1116—’- IHW

R(C,) < Cpmusc —

_on(XIY) (L (V2e | CepMu(X]Y)
Y (+ﬁ<aH<XrY> Y ))
- CBIMSC—%Q <)+1§—n”+0( H.
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Proof. Assume that the message M is uniformly distributed in M = {1,2,...,e"R(C)},
z™(m) is the codeword corresponding to the message m, and €, , is the conditional error
probability given message m. Then

enR(Cn)

€n = Elepsn] = e "R Z €m.n- (3.17)

m=1
Denote the decision region for message m as D,,. Then
Pynimy(B(2™(m),0) N Dy,) = Pwn(m (B(z"(m),0)) — Pyngmy(B(2z"(m),d) N Dy,)

(
Pynmy (B(2"(m), 0)) = Panm) (D)
Py (B(2"(m),0)) = €mn
(X

Pr {——ln

v

"Y' > H(X]Y) +5} -

(3.18)
where the last equality is due to (3.8). At this point, we select ¢ such that
1
Pr{——lnp(X”|Y”) >H(X|Y)+5} > en(1+5). (3.19)
n
By the fact that D,, are disjoint for different m and
Umenm (B(z"(m),6) N D) € B, (3.20)
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we have

P(Bn,6>

v

Ve

(VA

I

AVA=

Bn 5
eR(Cn)
B(:Jc”( ),0)N D,
¢R(Cn) /
m=1 B(z™(m),0)NDm,
eR(Cn)
m=1 /
B(z™(m),0)NDm
¢R(Cn)
eM(=Crivsc+9)
m=1

eR(Cn)

=

p(y"[z" (m))ent= Crmisc o) gyr

/

B(z™(m),6)NDm,

p(y"|z" (m))dy"

"= Criusc+9) Z Px"(m)<B(xn(m)7 6) N Dm)

m=1
eR(Cn)

en(—CBllvlsc+5) E

m=1

[Pr {—%lnp(X”D/n) > H(X|Y)+

g

- em,n:|

1
en(—CBIMsc+6+R(Cn)) |:PI {__ lnp(anyn) > H(X|Y) + 5} — En:|
n

e

n(—

Cemusc+0+R(Cr))

Brén

(3.21)

where the inequality 1) is due to the definition of B(z",d) given in (3.3), the inequality 2)
follows from (3.18), the equality 3) comes from (3.17), and the inequality 4) is yielded by
substituting (3.19). From (3.21), it follows that

R(C,) < Cpmusc — 0 —

In 5, + Ine,

—InP(B,;

n

and therefore (3.9) and (3.10) are proved. Now let 3, = —~

64

—2lne,
o (X|Y) n :

(3.22)



1) By Result 1.1 in Section 1.4.1, part (b) of which says
1
Pr {—— Inp(Y"X™) > H(X|Y) + 5} > & (X]Y, A, n)e @), (3.23)
n S
selecting d to be the solution to (3.12) will make (3.19) satisfied, and therefore (3.11)

is proved.

2) Towards proving (3.13), we want to show that by making § = v20;(X|Y)n 2" —
nn*(lfa) for some constant 7,

Pr{—%p(Xn’Yn) > H(X|Y) +5} > <1+ UH()lqy) /—2216”) . (324)

with €, = ;\;Tn% (1 — 211%) Then the proof follows essentially the same approach as

that of (3.14), shown below in details.

3) Apply the trivial bound P(B,s) < 1. Then to show (3.14), we only have to show

that 0 = oy (X|Y)y/ 202 — "1% for some constant 1 can make

Pr {—%pmm) > H(X|Y)+ 5}

> £ (X[Y A m)e @

S m /Inn n-¢ - 1
- o n | 2vralnn 2aclnn
1 —2lne,
> 1 n 2
> ( +UH(X|Y)” . >€ (3.25)

satisfied, where A = r'y;.(6) and

1 —2lne lnn Inn
\/ g — | < I 2
o (X|Y,\) n © ( n ) ="V (3:26)

for some constant 7y. Towards this, by part (a) of Result 1.1

1

W(52 + 0(8%) (3.27)

rx|y(0) =
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and the fact that

€ (XY, \n) =0 (ﬁ) (3.28)

when § = o(1) and 6 = Q(1/y/n),
ey (0) gy (o (X]Y) /2 i)
- [w (X]Y) (aH(X|Y)\/@—“%)2+O( hff%n)]

= €
— e‘“m“*mW 0(@)
> et (Gt —m) Ve 3.29)

for some constant 7;, and

€. (X[Y, A\, n)

nAZo 2 (X|Y,N)
= e 2 Q (ps + Vnrou(X|Y,N))

(pact A 1 (X]Y0))°

nA20% (X|Y,)) e~ 2 1
V2 (p. + iAo (XY, V) [ (o + Vmron(X]Y, A))?]

2420 fAO'H(X\Y )

1
m(p*+\/—AgH X|Y/\) { (ps + VAo (XY, N))? }
1 lnn
2«/7ralnn 2alnn ( ( >>

1 ln Inn (3.30)
2V T lnn 201111” '

> e

for another constant 7,, where p, = Q! (% — %"M) =0 (\/Lﬁ), and we
H )
utilize the fact that
A= T/X|Y<5)
)

= ———— +0(8 3.31
Aw) ) 330
og(X|Y;N) = opg(X[Y) 0. (3.32)
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Then (3.25) is satisfied by choosing a constant 7 such that

() (1 - m,/ln_n>
n

V2am In®n Inn

1 _— — — | 1=/ —
* <0H(X|Y) n n "\
Inn
> L+mn/— (3.33)
n

for some constants 7y, 17; and 7s.

v

4) According to (3.19), we should select § such that

Pr {—%lnp(X"D/n) > H(X|Y) + 5} > <1 + aH()l(|Y)‘/ _271“) e.  (3.34)

Then by part (c) of Result 1.1,
_op(X|Y) 1 [(+V—2lne My (X|Y)
R G Ee S o))

will guarantee (3.34). Consequently, (3.15) is proved by substituting (3.35) and €,, = €
into (3.22) and applying the trivial bound P(B,s) < 1, and (3.16) follows the fact

(3.35)

that
(7 oy Sm )~ 00 (GR) o

]

Remark 3.1. It is clear that the above converse proof technique depends heavily on the
concept of the outer mirror image of jar corresponding to codewords. To facilitate its future
reference, it is beneficial to loosely call such a converse proof technique the outer mirror
image of jar.

Remark 3.2. In general, the evaluation of P(B,s) may not be feasible, in which case the
trivial bound P(B,5) < 1 can be applied without affecting the second order performance
in the non-exponential error probability regime, as shown above. However, there are cases
where P(By,5) can be tightly bounded (e.g. BEC, shown in section 4.3).
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Remark 3.3. For the bound (3.15), when € is small with respect to \/Lﬁ, % (the

estimation error that comes from Berry-Esseen central limit theorem) will be dominant; in
this case, (3.15) is loose.

Remark 3.4. The choice (3, = UH(}(|Y),/_22“” in the proof of Theorem 3.1 is not arbi-

trary. Actually, it is optimal when 0 is small in the sense of minimizing the upper bound
(3.9) in which & depends on B, through (3.10). To derive the expression for B, the fol-

lowing approzimations can be adopted when § is small:

ds _ 2B,0%(X]Y)

i~ o (3.37)
0.2
32~ QUH()Z [Y)Ine, (3.38)

where (3.37) and (3.38) can be developed from parts (a) and (b) of Result 1.1.

3.2 Non-Asymptotic Converse: DIMC

We now extend Theorems 3.1 to the case of DIMC P = {p(y|x),x € X,y € YV}, where X
is discrete, but ) is arbitrary (discrete or continuous).

Recall definitions in Section 1.4.2. In addition, for any ¢ € P, and any 2™ € 7,", define

Al oL np(?/"|$") Py
By(x ,5)_{y —oo < T S S I P) 5} (3.39)

and consequently

Po(By(a",6)) — Pr{llnfm < I(1:P) - 5‘ X — x"}

n q:(Y™)
- Pt7§ (340)
where P, 5 only depends on type ¢ and ¢. Since for any y" € V", the following set
1. p(y"|a") }
e —In—=>1I(t;P) -4 3.41
{orem 2nl ) > i p) (3.41)

is referred to as a DIMC jar for y™ based on type ¢ in Chapter 2, we shall call B,(z",J)
the outer mirror image of jar corresponding to z". Further define

By s 2 Ugnexp Bi(2",9) (3.42)
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A n n
P(Btn.s) =/ a:(y")dy". (3.43)
yneBt,n,é

For any channel code C,, of block length n with average word error probability P.(C,) =
€, assume that the message M is uniformly distributed in {1,2,..., ")} Let 2™(m) be
the codeword corresponding to the message m, and ¢,,,, the conditional error probability
given message m. Then

€n = Elern)- (3.44)
Let 3, = \/% and
M E{m : emn < en(l+B4)}. (3.45)
Consider a type t € P, such that
M|

[{m e M : t(a"(m)) = t}] > (3.46)

Since |P,| < (n + 1)I¥1 it follows from the pigeonhole principle that such a type t € P,
exists. In other words, if we classify codewords in {z"(m) : m € M} according to their
types, then there is at least one type t € P, such that the number of codewords in
{z"(m) : m € M} with that type is not less than the average.

We are now ready to state our converse theorem for DIMC.

Theorem 3.2. Given a DIMC, for any channel code C, of block length n with average
word error probability P.(C,) = €,,

R(C.) < I(t;P)—06— In(n +1)

In —*25“" —In <1 + 1/—”2””)

Ine, —In P(B;,
€ n(t,,5)+|X|

3.47
: (3.47)
for any t € P, satisfying (3.46), where § is the largest number satisfying
—2lne,
(1 +2 e ) en < Pys. (3.48)
n

Moreover, if a type t € P, satisfying (3.46) also satisfies (1.47) and (1.56), then the
following hold:
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1)

Ine, —In P(B 1 1
R(EC,) < ItP)—6— —n— 1 (Buns) | Eq n(n +1)
n
ln —2Inen, ln 1 4 —2lne,
R AT, 49
n
where § is the solution to
—2lne, Cnr_(£.9)
142 & =§, (t; P, A\,n)e "= (3.50)
n Sp.—
with 0_(t, \) = 0.
2) When €, = 2\/% (1—52=) for a €(0,1),
R(C,) < I(t; P) = V20p(t; P)n~ 2" + O(n=179). (3.51)
3) When €, = 2\/2;11” (1-5) fora>0,
2alnn Inn
R(C,) < I(t;P)—op(t;P) +0(—). (3.52)
n n

4) When €, = € satisfying € + \/Lﬁ (26\/ —2Ine+ %W) <1,
D\Y

R(C) < [(t;P)_UD(t;P)Q1< +L(2€m+CBEMD(t p))>

Vvn vn op(t; P)
+ (1) + 1) - 2 (3.53)
— I(P) - UD\(;%P)Q‘ (©+ (] + D2+ O, (3.54)

Proof. We again apply the outer mirror image of jar converse-proof technique. By Markov
inequality,
Bn

Pr{M € M} >

and M| > " R(C)Hn T (3.55)
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For any t € P, satisfying (3.46), let

My 2{m: emn < eu(1+ B), t(z"(m)) = t}. (3.56)
Then M|
nR(Cn)+ln 122 —|X|In(n+1)
M| > (n+ A > € +on : (3.57)

Denote the decision region for message m € M, as D,,,. Now for any m € M,

P () (Be(2"(m),0) N D) = Panny (Bi(2"(m),0)) = Pony (Bi(2" (m),0) N D)

> Pon(m)(Bi(2"(m),0)) — €mpn
> Ponu(Bila"(m), 8)) — en(1+ B,). (3.58)
At this point, we select ¢ such that for any 2" € A},
Pun(Bu(x",8)) = Pug > en(1+ 28,). (3.59)
Substituting (3.59) into (3.58), we have
Pon(my(Be(2"(m),0) N D) = Bren. (3.60)
By the fact that D,, are disjoint for different m and
Umem, (D N By(z™(m),8)) C By, (3.61)

we have

P(Bins) = / a(y")dy"

Bt,n,S

> [ an

MEMtB(4n(m),6)\Drn

Z / p(ynlxn (m))e—n(f(t;P)—(S) dyn

MEMiB (2 (1m),6)NDin

= Y e / ("™ (m))dy"
meM; B(a™(m),8)"Dy,

= > e EN P (B("(m),8) N Dyy)

meM;

Z e_n(l(t;P)_é)ﬁnEn = |Mt|6_n(l(tp)_§)ﬁ’n€n <362)

meMy

v

Vv

v
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which implies that
|Mt| < en([(t;P)f(S)flnanlnenJrlnP(Bt}ny(;). (363)

Then combining (3.57) and (3.63) yields
e, —InP(By,y)  Myts
n n

R(C,) < I(t;P)—6 —

(3.64)

In 3, In(n +1
_Inp +|X|¥.
n n

Since B, = /=22 by definition, (3.47) and (3.48) directly come from (3.64) and (3.59).

1) According to part (b) of Result 1.2, i.e.

1 pyx”
pr{_lnu

<ItP)—6| X" =2a"} > t: P\ n)e -9 (3,65
n @Y™ — ( ) ‘ }—ép,_( ) ( )

it can be seen that selecting ¢ to be the solution to (3.50) will suffice (3.59). Conse-
quently, (3.49) is proved.

2) The proof is essentially the same as that for part 2) of Theorem 3.1, where we can

show that
—2lne,
P> (1 +2 ne ) €n (3.66)

n

when €, = 267::(, (1 —5%) and 6 = V20p(t; P)n= 2% — nn~(1=9 for some constant
n.

3) Apply the trivial bound P(B;,s) < 1. Then similar to the proof for part 3) of

Theorem 3.1, one can verify that by making § = op _(¢; P) W — nlnT" for some

properly chosen constant 7,

_(t,9
Py > &, <t;P, or (o) 8(5’ ),n) et

21
> (1 +2 “€"> ¢ (3.67)

n

for €, =

2\/Z;O{nn <1 o Qa}nn)'
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4) According to (3.59), we should select § such that

21
P> <1 +2 ne) e. (3.68)

n

Now by the part (c) of Result 1.2,

O'D(t; P) 1 1 CBEMD(t, P)

_— — | 2ev—21 —_ .
NG Q e—l—\/ﬁ ev—2lne+ S P) (3.69)

will guarantee (3.68). Consequently, (3.53) is proved by substituting (3.69) and €,, = €

into (3.64) and applying the trivial bound P (B, s) < 1, and (3.54) is yielded by the

property of Q™! function shown in the proof of Theorem 3.1.

5:

]

Remark 3.5. Remarks similar to Remarks 3.2 and 3.3 can be drawn here too for Theorem
3.2.

Remark 3.6. When channel codes are forced to consist of codewords with the same type
t, converse bounds (3.47) and (3.48) can be improved. In particular, following the same

In 7_255” 7ln<1+\/ 7_21;6">

approach used in the proof of Theorem 3.1, the term |X|ln(7:l+1) + - in
(3.47) reduces to %, while the requirement of 6 in (3.48) is relazed to
(14 Bn) €n < Pis, (3.70)

where (3, can be further optimized.
For maximal error probability, we have the following corollary, the proof of which follows
the same approach as that in the proof of Theorem 3.2.

Corollary 3.1. Given a DIMC, for any channel code C, of block length n with maximum
error probability Py, (C,) = €n,

—2lne
Ine, —In P(B ] 1) Iy =
R(C,) < I(t;P) —§ — =< 1:1 Bins) | x| n(”n+ ) (3.71)

n

or any t € P, such that there are at least (n+ 1)~'“! portion of codewords in C,, with type
teP h that th t least 1)~ I* porti dewords in C, with t
t, where § is the largest number satisfying

21
(1 + ne") en < Dys. (3.72)

n

Moreover, if t € P,, satisfies (1.47) and (1.56), then the following hold:
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1)

Ine, — InP(B,, 1 1) I/
R(C,) < I(t;P) — 6 — —< nn (Bins) | |, n(”n+ ) _ - (3.73)
where § is the solution to
—2lne, —nr_(t,6)
1+ - &n =&, (L P An)e ™ (3.74)

with 0_(t,\) = 0.

2) When €, = € satisfying € + \/Lﬁ ( vV—2Ine+ CBEMD t)P)> <1,

R(C,) < I(t;P)— oot P) o1 ( b ( V—2ne + CBEMD(t P)))

Vi Vi 7h(t: P)
+ (1] +0.5) 20 - B (3.75)
op(t; P)

In(n+1)
n

= I(t;P) - TQ‘I (€) + (|X| +0.5) +0(mn™).  (3.76)

3.3 Comparison with Existing Non-Asymptotic Con-
verse Bounds

In this subsection, we would like to compare our converse with non-asymptotic converse
bounds in the literature. Specifically, we focus on the best non-asymptotic converse bound
so far, “meta-converse” proved in [15, Theorem 27]. Recall the definitions of £,(q1, ¢2) and
Bal(2™, qyn) in Section 2.4, and meta-converse is stated below as Result 3.1.

Result 3.1. Given any channel {pyn»x»(y"z™) : 2™ € X" y"* € Y"} and any channel
code of block length n and codewords from a set F C X", let M and € be the number of
codewords and error probability of this channel code. Then

1
M < supinf
pxn Y™ 61 e(pX”pY”\XnapX"qY">

(3.77)

where the supremum and the infimum are taken over all distributions px» on F and all
distributions gy~ on Y™ respectively.
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Result 3.1 is very general (applicable to any arbitrary input arbitrary output channel
and channel codes with any input contraint), tight (involving three fold optimization in
the n-dimensional space) and neat (in terms of quantities related to hypothesis testing).
However, the evaluation of Result 3.1 is not feasible without any simplification. Towards
this, the following result was proved [15, Theorem 28].

Result 3.2. Adopt the assumption in Result 3.1. Furthermore, fix a gy~ and suppose that
for any x™ € F, B1_(x", qyn) is a constant, denoted by B1_c(qyn). Then

1
M < L (3.78)

Compared to Result 3.1, the difficulty of evaluation is mitigated in Result 3.2 when
F and gy~ satisfy certain conditions. Nevertheless, the evaluation of f;_.(gyn) is still
challenging as the calculation of optimal randomized testing pzy» in the definition of
Bal(z™, qyn) is difficult in general. Fortunately, it was shown in [15, Equation (106)] that

pynxn (Y |2") > 7})

1
Bi-e(z",gyn) > sup— (1 —€— Pr{

>0 7Y qyn(Y™)
_ 1. pynx»(Y"|2")
= supe ™ (Pr{—ln <I'p —c¢ 3.79
Fp n QY”(Yn) ( )

where Y™ is the channel response to z™. Then for any channel code C, with P.(C,) < €
and codewords from F satisfying that 3y_c(py»|xn—sn, ¢y») remains a constant for ™ € F,
combining (3.78) and (3.79) yields

%1HM<F}_€>

REC) = iy <T - o (P

qyn(Y™)
- 3.80
- " (3.80)
for any 2™ € F and any I satisfying
1 n n Yn n
Pr{—lnpy pen (V) r} > e (3.81)
n qyn(Y™)

Now for BIMSC, to make (3.80) and (3.81) applicable to any channel code, we can
select gy« (y™) = [T, [3p(%i|0) + 2p(y;]1)] for any y™ € Y. It is then not hard to verify
that f_(z™, gyn) remains a constant for 2" € X™, i.e. F = X™. Under this circumstance,
(3.80) and (3.81) are almost the same as (3.9) and (3.10) in Theorem 3.1 except that the
term % is missing in (3.80). As P(B,s) < 1, it is shown that (3.80) and (3.81) under
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this selection of gy« (y") are looser than Theorem 3.1 in general. In particular, shown in
Section 4.3.2, P(B,s) can be bounded far away from 1 for BEC.

Similarly for DIMC, to make (3.80) and (3.81) applicable to any channel code with its
codewords sharing the same type ¢, we can select gy»(y") = [, ¢:(v;) for any y™ € Y.
Then S;_.(z", qyn) remains a constant for 2™ € 7. Compared to Theorem 3.2 (improved
according to Remark 3.6), it can be shown that Theorem 3.2 is tighter than (3.80) and

(3.81) by the term W‘ For Z channel, P(B;, ) is shown to be bounded far away from
1 in Section 4.3.3.

3.4 Summary

In this chapter, towards showing the sharpness of achievabilities established via jar decod-
ing, we have developed a new converse proof technique dubbed the outer mirror image of
jar and used it to establish new non-asymptotic converses for any discrete input memory-
less channel with discrete or continuous output. Putting the achievabilities in Chapter 2
and the converses in this chapter together, it is evident that they agree on certain terms.
For instance, part 2) of Theorem 2.2 for BIMC states that under the error probability
€= 2\/% (14 o(1)) requirement, the first two terms of achievable rate with respect to

n are Cgpvc and —oy(X|Y), /2422 On the other hand, from part 3) of Theorem 3.1,
it can be seen that the optimal channel coding rate under any decoding rule for BIMSC

2alnn

(BIMC with certain symmetric properties) is bounded by Cpnic — ou(X|Y)y/ =" plus

some higher order terms with respect to n whenever the probability is 5 \/% (1 — m)
The above discussion implies that jar decoding can achieve the optimal first and second
order performance when the error probability is not too small. To make this discussion
systematic and general, we consider second order analysis in non-asymptotic regime in
the next chapter, where a taylor expansion of the optimal achievable channel coding rate
is proposed. And combining achievabilities and converses via jar decoding, we determine
the optimal first and second order channel coding performance in terms of this taylor
expansion, and further show that jar decoding is indeed optimal up to the second order
performance. In addition, some applications of this taylor expansion are also included in

the next chapter.
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Chapter 4

Taylor Expansion of Optimal
Channel Coding Rate

Given a channel, let R, (e) denote the optimal achievable channel coding rate with the
block length n subject to the error probability e. Traditional asymptotic second order
analysis of R, (€) [15,18,19,29-31] is to investigate the first and second order of R, (e,)
with respect to n, where the error probability ¢, is considered to be either a constant or
a function of n. In the non-asymptotic regime, however, treating the error probability as
a constant or a function with respect to block length n is not convenient. For example,
suppose that n = 1000 and the error probability € is equal to 107 How would one
interpret the relationship between € and n in this case? Does it make sense to interpret
€ as a constant with respect to n? Or is it better to interpret € as a polynomial function
of n, namely, ¢ = n2? In general, when both the error probability ¢ and block length n
are finite, what really matters is their relative magnitude to each other, which should be
characterized quantitatively.

In this chapter, we introduce a quantity d;,(€¢) to measure the relative magnitude of
the error probability € and block length n with respect to a given channel and an input
distribution . By combining the achievability and converses via jar decoding and the
outer mirror image of jar respectively, we show that when e¢ < 1/2, the best channel
coding rate R, (¢) given n and € has a “Taylor-type expansion” with respect to d;,(¢) in a
neighbourhood of d; ,,(¢) = 0, where the first two terms of the expansion are max;[I(t; P) —
0t n(€)], which is equal to I(t*, P) — 0¢+ ,(€) for some optimal distribution ¢*, and the third
order term of the expansion is O(d7 ,(€)) whenever & n,(e) = Q(y/Inn/n). Since the
leading two terms in the achievability of jar decoding coincide with the first two terms of
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this Taylor-type expansion of R, (¢), jar decoding is indeed optimal up to the second order
coding performance in the non-asymptotical regime.

Furthermore, based on the Taylor-type expansion of R, (€¢) and our new non-asymptotic
converses, we also derive two approximation formulas (dubbed “SO” and “NEP”) for R,,(¢)
in the non-asymptotic regime. The SO approximation formula consists only of the first two
terms in the Taylor-type expansion of R,(¢). On the other hand, in addition to the first
two terms in the Taylor-type expansion of R, (¢), the NEP approximation formula includes
some higher order terms from our non-asymptotic converses as well. These formulas are
further evaluated and compared against some of the best bounds known so far, as well as the
normal approximation of R,(¢) in [15]. It turns out that while the normal approximation
is all over the map, i.e. sometime below achievability and sometime above converse, the
SO approximation is much more reliable as it is always below converses; in the meantime,
the NEP approximation is the best among the three and always provides an accurate
estimation for R,(€). An important implication arising from the Taylor-type expansion
of R,(€) is that in the practical non-asymptotic regime, the optimal marginal codeword
symbol distribution is not necessarily a capacity achieving distribution.

4.1 Taylor-type Expansion: BIMSC

4.1.1 Taylor-type Expansion

In this subsection, we combine the non-asymptotic achievability given in (2.16) to (2.19)
with the non-asymptotic converses given in (3.9) to (3.12) to derive a Taylor-type expansion
of R,(¢) in the non-asymptotic regime where both n and € are finite. As mentioned early,
when both n and € are finite, what really matters is the relative magnitude of € and n. As
such, we begin with introducing a quantity J,(¢) to measure the relative magnitude of e
and n with respect to the given BIMSC.

A close look at the non-asymptotic achievability given in (2.16) to (2.19) and the non-
asymptotic converses given in (3.9) to (3.12) reveals that

Pr {—%lnp(XﬂY") > H(X|Y)+ (5}
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is crucial in both cases. According to part (b) of Result 1.1 in Section 1.4.1,

nAZo? (X|Y,N)

Pr{—llnp(xnwn)>H(X|Y)+5} ~ e 2 Q(Vnio(X|Y,A)) e Xy @)
n

S gxwa(d) (4.1)

where A = r'y,-(0). Consequently, we would like to define d,(€) as the solution to

9x|vin(0) = € (4.2)

given n and € < 1/2, where the uniqueness of the solution in certain range is shown in
Lemma 4.1.

Lemma 4.1. There ezists 0* > 0 such that for anyn > 0, gx|yn(0) is a strictly decreasing
function of 6 over § € [0,67].

Proof. Since A = ry,(6), it follows that gx|v;n(0) = gx|v,(6()) is a function of A through
d = 6(A). (For details about the properties of 4(\) and rxy (), please see Appendix A.)
Moreover, by the fact that §(0) = 0 and §(\) is a strictly increasing function of A, the
proof of this lemma is yielded by analyzing the derivative of gxy,,(6()\)) with respect to A
around A = 0. Towards this,

dgx|yn(0(A))
d\

n 20,2 .
% (eAH;mQ (ﬁAUH(XD/, A))) o=y (5(V)

nAZo 2 (X|Y,N)

—e 2 Q (Vidau(X[Y, \)) e_"TXY(‘S(A))% (nrxy (6(N)))

_ 22 1 dx z2 drx y(é)
_ x5V - LI R ZXVAT)
e { {xe Q(x) \/ﬂ} ¢ Q(x)n 5

where z = /nAog(X|Y,A). On one hand,

as()
o D }(4.3)

dx

dop(X|Y, \)

dA
N doy(XY, A>>

20n(X[Y,)\)  dx (4.4)

- (oH(X|Y, A+
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On the other hand,

d J
rxy (9) Y (4.5)
4o 5500
do(A
P _ opxivo (46)
which further implies
22 d J do(A 22
% Quuyn 2| A g e (XY, )
dd J5sny A
22
= Vnou(X|Y,Nzez Q(x). (4.7)
Substituting (4.4) and (4.7) into (4.3), we have
dA
do? (X[Y\)
) [:Uez;Q(SC) - ] VINTEGEIN oy (X ]V )
V2T 204(X|Y, \) V2o
3\ 4o (XY
—nrx|y (6(A)) ﬁUH(X’K A) /2 22 -1 dA -1 4.8
‘ NeT [ mre s Q) ] 202, (X|Y, \) - (48)
Note that
22 22 1 22
2nre? Q(xr) < 2mze® e 2
v Q(x) \ 5
= 1 (4.9)
It @ > 0, then
, VAo B (XY
V2rzeT 1| | 52— ] <0 4.10
|Vamee' Q@) ]<2U§J(X|Y,A)> = (4.10)
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dgx|y,n(6(N))
dA

) )\d(f?{(xm,\)
Vi T - o dh ]
[ 2nxe z Q(x) 1} (20%1(X|Y, /\)> 1

2 T 2 )\da%{(X|Y,)\)
< |Vomze? ———e 7 — 1| [ L _— ] -1
[ V21(1 + 22) } 202.(X|Y,\)

do?, (X|Y,\)
1 e X
1422 \ 204 (X|Y,\)
)\daff(xm,\)

= — dA —1. 4.11
20%( XY, \) (1 +nA20%(X]Y,\)) (4.11)

do? (X|Y,\)

which further implies that < 0. In the meantime, if o <0,

do? (X|Y,\)

. From the definition of o7 (XY, A), it is not hard to

To continue, let us evaluate
verify that

X‘” => / O] 2 (el — 207 (X[, ) (H(X) + 6(3)) (412)

where
OBSED) _ [ tnpaly) — (HOXIY) + 5010 (4.13
Plugging (4.13) into (4.12) yields
do%, (XY, \)
A
= E(-In’p(Xy|Y))) = 303 (XY, \)(H(X]Y) + ) — (H(X[Y) +6)°
= My(X|Y,\). (4.14)

Combining (4.8), (4.10), (4.11), and (4.14) together, we have

dgxyn(6(A))
)
< oo Y1ourXY A (1 MM (X]Y, \) —1) (4.15)
< Vo 3B XV ) (1 -+ n2 X[V, ) ‘
_ X|Y,\) My (X|Y,\)
< @) VIorXY A) [ M) 4.16
= Var 203 (XY, \) 10
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In view of the continuity of 0% (X|Y, \) and My (X|Y,\) as functions of X, it is easy to see
that there is a AT > 0 such that for any A\ € [0, A*1],

MY
205 (XY, \)
and hence 4 (6(V)
9X|vY,n
—Y= <0
dA
for any n > 0. This completes the proof of Lemma 4.1 with 6+ = o(A™). O

Remark 4.1. From (4.15), it is clear that when n is large,

) AN (X]Y, ) |_1<0

202, (X[Y, \) (1 + n\20% (X|Y, \))

and hence
dgxjyn(0(A))
d\
even for X > \*. Nonetheless, as can be seen later, we are concerned only with the case
where 8,(€) is around 0. Consequently, the exact value of 61 is not important to us.

<0

Remark 4.2. In view of Lemma 4.1 and the definition of 6,(¢) in (4.1) and (4.2), it
follows that 6,(5) = 0 for any n and any BIMSC. However, when ¢ < 1/2, 6,(€) depends
not only on n and €, but also on the BIMSC itself through the function rxy(5). Given
n and € < 1/2, the value of 6,(€) fluctuates a lot from one BIMSC to another through
the behaviour of rxy(6) around 6 = 0, which depends on both the second and third order
derivatives of rxy (6).

With respect to 0,(¢), R,(¢) has a nice Taylor-type expansion, as shown in Theorem
4.1.

Theorem 4.1. Given a BIMSC, for any n and € satisfying gxjyn(07/2) <e <1,

[Rn(€) — (Crivsc — 0a(€))| < 0 (dn(e)) (4.17)
where

%lnn—i—dl

0(0n(€)) = rxpy(0u(e)) + “—

(4.18)
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if € < %, and

< %lnn—l—dQ

p (4.19)

‘Rn(e) — (CBIMSC - Lfﬁ’y)Q_l(ﬁ))

otherwise, where dy and dy are channel parameters independent of both n and e.

Proof. When € > %, (4.19) can be easily proved by combining (2.22), (2.23) and (3.15).
Therefore, it suffices for us to show (4.17) and (4.18) for e < ;. By (2.18), (2.19) and
definition of £ (XY, A, n), for any BIMSC there exists a channel code C,, such that

P.(C) < (EH(X|Y,A,n) L2 _\/%?(A)?fy()i |)K A)) J—

< W (0 —nrxy (9) 4.20
= sl o XY 20
and
1 |:2(1_CBE3)MH(X|Y1>\) e—nTx|y((s):|
nod (XY,
R(Cn) > Cpvsc — 0 + ron n) (4.21)
which implies that for any ¢ such that
2My(X|Y,A)
n (0 e () < 4.22
Ot g (XVN) = 22
the following inequality holds
In [2(1—CB€)MH(X|Y,)\)e_maX‘Y((s)
nod, (X|Y,\
Rn(E) > Cemvsc — 0 + Vg (XY (423)

n
where A = 7'y, (). Now let 0 = d0,(€) + L for some constant 7 > 0, which will be specified
later, and \ = 7"X|Y(5). By convexity of rxy(0),

rxiy (8) = rxiy (8u(€)) + Aule) (4.24)

SI3

83



where A, (€) = 'y (d,(€)). Then

2My (XY, \)

N 5 —m“X\Y(S)
9xwn(0)+ o8 XV
1) n3202 (X|Y,N) 2Mp (XY, A nlr . o1
< ( T Q(Vndou(X|YN) + ﬁi()('”) ) e (X B HAn(07)
o (X[, A)
= mz g (KIV5) > : - e 2 Q((Vndou(X[Y 1))
(\/ﬁ)\UH(XD/a N)
X e*m"X\Y((; )—nAn(€)
y (|, 2TV A) V2R (1+ s
- o7 (X[Y,A)

"’\n( )aH(X\Y An (e ))

Q (VAA()om (XY, Au(e))) e mmxiy (a0
22 My (XIY,2) (14 sz )

= gxn Gale) | 1+ o2 (K], %) )
/ 3 1
8 oo 2V2m M (X]Y, A) (Hnﬂ%if(xmb) 1
Sl RS S M)+ s
o7 (X]Y, ) o2 (X|Y,A)n
g 1 i) (0 gy )
< e Za X% W ASLEORYAY (4.25)

L+ nAn(e) + 377X (€)

In the derivation of (4.25), the inequality 1) is due to (4.24); the inequality 2) follows
12
from the fact that e Q(z) is a strictly decreasing function of z, Aoy (X|Y, ) is strictly

84



increasing with respect to A as shown below

d oy (X|Y, A dog(X|Y, A
PontEA) gy xpy a) 22708 CM’ )
dJH(X\Y)\)
MH(X\Y, A)
= XYV [T+ A 7
K ( XY
> 0
for A € [0, AT], and
22 T
e? Q(:L') > (L1 ?)
the equality 3) is attributable to
_ 1
A=n@tr B 1oL
45|,y n o (XY, )

for some A € [\, (€), A]; and finally, the inequality 4) follows from the inequality

2

xXr
€x>1—|—l’+?

for any x > 0. In order to satisfy (4.22), let us now choose 7 such that

and

1.e.

’]’]:

22 My (X|Y, V) (1 n

1
nxzag,(xmm)

nAn(€) >

1

op (XY, A)

22T My (XY, \) (1 v

1
n5\2cfl2q(X|Y,5\)>

An(€)

1 n

5772/\121(6) >

oN/2r My (X|Y, )) (1 +

op (XY A)

1
nA202,(X|Y,\) )

o7 (X[Y,A)
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2

X[y, A)n

max < 1,
{ nAz(€)

o4 (X|Y, \) }

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



To see 7 is bounded, note that %

hand, for € < g, v/nA,(€)ou(X]Y, Au(€)) > ¢ for some constant c, as

is always bounded for A € [0, AT].

On the other

1
VA (€)oo (X|Y, Au(€) = 0= € = gxpyn(0n(e) — Y
and the same argument can be applied to v/, (€)o% (XY, A). Therefore,
My(X|Y, ) »
< 2vV2 — 1,2 . 4.32
e e LR R G B
Then combining (4.22), (4.23), (4.24), (4.25), (4.29) and (4.30) yields
In [2(1 Crr)Mu(X|Y,)) oMY g}
- o3, (X|Vx
R.(e) > Cpmsc — 0+ Yrri ] n)
i i 1 [2(1ngE)MH(X|Y,/_\)} —llnn
= Opmasc — 0 — rxjy(6) + H(X|Y’;) -
2(1-Cpp)Mp (X[|Y.A) 1
Q _ In [ = 3 —n—zlon
> Consc = 0a(€) = rxy (9n(6)) = AL + e :
> Cpiasc — 0n(€) — rxjy (0n(€))
—\Tn+1n [2(1 — Cpg) miny (%ﬂ —n— %lnn
+
n
Ilnn+d
= Canisc = 0a(e) = rxjy (da(e) = 2, (4.33)

where d; is independent of both n and e. In the derivation of (4.33), the inequality 1)

follows from the convexity of rxy(d) and the fact that

rxiy (8) < rxpy (8,(€)) + xg.

We now proceed to establish an upper bound on R, (¢). Towards this end, recall (3.9)

and (3.10) where we choose 8, = A = ry,-(6). Then for any § such that
(14 A e <& (XY, A n)e v

we have
Ine—InP(B,s5)+1nA

R.(e) < Cgmsc—6— -
—Ine—1InA
< Cgmsc — 0 + ———
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where the trivial bound P(B,5) < 1 is applied. Now let § = d,,(¢) — %/ for some constant
n’ > 0, which will be specified later, and A = ?”/X|Y(é). Then

£, (X[Y, A n)e v @

1) nA20% (X|Y,))

e 7 Q(pe + Vndou(X]Y, N)) e7mxy el

nA20% (X))

* XY, B ,
= ef@ (\/EAO-H<X|K A)) Q (p + \/EAO_H< | A))G nrx |y (6n(€))+An

Q (VnAog (XY, A))
2) Q (p« + VnAog(X|Y, )
> QXIKn((Sn(E)) Q(\/ﬁAUH(X‘Y’A)) ’
Y (14 el + VnAon (XY, ) oy, (4.36)

Q (Vndop (XY, )

In the derivation of (4.36), the inequality 1) is due to the convexity of 7x|y () and the fact
that
/

Py (8) < rxy (8a(€) = A
12

the inequality 2) follows again from the fact that ez Q(x) is a strictly decreasing function

of x and Aoy (X|Y,)\) is increasing with respect to A; and finally the inequality 3) is

attributable to the inequality e* > 1 + x for any x > 0.
In order for (4.34) to be satisfied, we now choose 1’ such that

qo= 14 L @RAon(X]Y,A)

A Qpe + VnAou(X]Y, X))
. 1 6_(ﬁ+\/ﬁAoH(XIY,A))2
Var ’

= 14+ —-In|1+p. 4.37

I RISV Y] 30
where 0 < p < p,. One can verify that
1 ei(ﬁh/ﬁAUH(X\Y,A))Q
P« or
/ < 1 + 7
T X Q. Vmen(XY,))

A petVnAop(X[Y, )

where the last inequality is due to (4.27). From the definition of p,, it is not hard to see
that p, = \T}—ﬁ for some constant n” depending only on channel parameters. Meanwhile, we
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have v/nAog(X|Y,A) > ¢ as discussed above. Then

7 7 " (77”)2
<1 Ui -1 Ui A XY, \ n /\+max>\e[0,/\+] o (XY, \)+5—
0o e (e s Von(xiv )

< 14+ (C—Z +C_177H+ 1) 77” |: max O'H(XD/, )\)} en”)ﬁ‘ max, ¢ g 3+ o (X[Y,\)+(n")?

AE[0AH]
(4.39)
which is independent of both n and €. Now combining (4.36) and (4.37), we have
£, (XY, A, n)e 10 > (14 M)e (4.40)
and consequently,
—Ilne—In )\
Ru(e) < Cpmsc —0+ —
1)
< Ciivsc — 0n(€) + rx)v (dn(€))
In [\/QW\/ﬁAn(e)aH(X]Y, An(€)) (1 + oz (6)0%(1)(|YME)))}
* n
—InA+7
Loy
n
In (1 + =z L )
nAZ (€)' (X]Y,An(€))
= Cpivsc — On(€) + 7x1v (dn(€)) + nH
In/n+1In V2o (XY, An(€)) + In ’\"T(G) +1
* n
2) ilnn+d
< Chmsc — 5n(6> + TX|Y(6n(€)) + QT_I (441)

where d; is another constant depending only on the channel. In the derivation of (4.41),
the inequality 1) is due to (4.27) and the definition of d,(¢) in (4.2); and the inequality 2)
follows from the fact that

)\n(f) o 1 1 77/

+ —
A o, (X|Y, \) nA

for some A € [\, A, (€)] and
Vndog(X|Y,\) > c.

Then the theorem is proved by combining (4.33) and (4.41) and making d; = max{d;,d, }.
[l
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Remark 4.3. The condition € < % for (4.17) and (4.18) can be relaxed as we only require
that \/no,(€) or equivalently \/n\ be lower bounded by a constant, which is true when
¢ < d for any constant d < 1. In addition, when € < gxy,.(61/2), € is an exponential
function of n, in which case the marimum achievable rate is below the channel capacity
by a positive constant even when n goes to co. As such, from a practical point of view,
the case € < gx|y,n(07/2) is not interesting, especially when one can approach the channel

capacity very closely as shown in the achievability given in (2.16) and (2.17).

Remark 4.4. In the definition of R,(€), the average error probability is used. If the
maximal error probability is used instead, Theorem 4.1 remains valid (by replacing lg—n” with
n yn (4.18) and (4.19)), in which case the standard technique of removing bad codewords
from the code in the achievability given in (2.16) to (2.19) can be used to establish similar

achievability with maximal error probability.

Remark 4.5. In view of Theorem /.1, it is now clear that jar decoding is indeed opti-
mal up to the second order coding performance in the non-asymptotical regime. Since the
achievability given in (2.16) to (2.19) was established for linear block codes, it follows from
Theorem 4.1 that linear block coding is also optimal up to the second order coding per-
formance in the non-asymptotical regime for any BIMSC. In addition, in the Taylor-type
expansion of R,(€), the third order term is O(62(€)) or O (Inn/n) whichever is larger since
it follows from part (a) of Result 1.1 that rx|y(6,(€)) = O(02(e)).

4.1.2 Comparison with Asymptotic Analysis

It is instructive to compare Theorem 4.1 with the second order asymptotic performance
analysis as n goes to oo.

Asymptotic analysis with constant 0 < e < 1 and n — oo: Fix 0 < e < 1. It was shown
in [15,18,19] that for a BIMSC with a discrete output alphabet

for sufficiently large n. The expression Cppusc — L\ng)Q_l(e) was referred to as the

Rn(E) - CBIMSC -

normal approximation for R, (¢). Clearly, when € > 1/3, (4.42) is essentially the same as
(4.19). Let us now look at the case € < 1/3. In this case, by using the Taylor expansion of
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rx|y(0) around 6 = 0

do3 (XY
ray(®) = 205{(1ny)52 - 6a§j(AX|Y)A:O 5+ 00
= mﬁ - %63 +O(5%) (4.43)
it can be verified that n(X|Y) .
On(€) = TQ (e)+ O (5) : (4.44)

Thus the Taylor-type expansion of R, (¢) in Theorem 4.1 implies the second order asymp-
totic analysis with constant 0 < e < 1 and n — oo shown in (4.42).

Asymptotic analysis with n — oo and non-exponentially decaying €: Suppose now e is
a function of n and goes to 0 as n — oo, but at a non-exponential speed. In this case, as

n — 00, 0,(€) goes to 0 at the speed of © <\ / %), and /n\,(€) goes to co. By ignoring

the third and higher order terms in the Taylor expansion of rxy (), one has the following
approximations:

1 B A G

N BT A 445
V27y/mA (€)a (XY, An(€)) )

9x1v:n(0n(€))

and . ,
T) =~ e~z for large x.
Q(x) oz g

By these approximations, it is not hard to verify that in this case
On (€
lim n(€)

n—00 UHE;%‘Y) Q—l (E)

Therefore, from Theorem 4.1, it follows that when € goes to 0 at a non-exponential speed
asn — 0o, L);'Y)Q*l(os) is still the second order term of R, (¢) in the asymptotic analysis
with n — oco. Indeed, this can also be verified by looking at the specific case given by
(2.20), (2.21), and (3.14) when € goes to 0 at a polynomial speed as n — oco. This result
is consistent with that of moderate deviation analysis in [29-31].

Divergence of 6,,(€) from L\/);le@_l(e): The agreement between 4, (¢) and Lfﬁly)Q—l(e)
terminates when the third order term
—Mu(X]Y)

63
6o (X]Y)

90



in the Taylor expansion of rxy(d) shown in (4.43) can not be ignored. This happens when
0 is not small, which is typical in practice for finite block length n, or

a—My(X]Y)
= 4.46
S, (XTY) 10
is large. In this case, L\;%ly)Q_l(e) will be smaller than 6, (¢) by a relatively large margin
if (x)y < 0, and larger than d,(¢) by a relatively large margin if (x)y > 0. As such, the
normal approximation would fail to provide a reasonable estimate for R, (¢). This will be

further confirmed by numerical results shown in Section 4.3 for well known channels such
as the BEC, BSC, and BIAGC for finite n.

4.2 Taylor-type Expansion: DIMC

4.2.1 Taylor-Type Expansion
Fix a DIMC P = {p(y|x),z € X,y € Y} with its capacity Cppic > 0. In this subsection,

we extend Theorem 4.1 to establish a Taylor-type expansion of R, (¢€) in the case of DIMC.

By combining (2.43) to (2.45) with (3.47) to (3.50), it is expected that R, (¢) would be
expanded as
R,(e) =1(t; P) — 6 + o(9) (4.47)

for some t € P, where § is defined according to (2.44), (3.48), or (3.50). In the rest of this
subsection, we shall demonstrate with mathematic rigor that this is indeed the case. To
simplify our argument, we impose the following conditions* on the channel:

(C1) For any t € P, Mp(t; P) < oc.
(C2) o%(t; P) =0 implies I(t; P) = 0.
(C3) For any t € P, \*(t; P) = +o0.

(C4) There exists \* > 0 such that §_(¢, \), 0%7_(t; P\), Mp_(t; P, \), MD7_(t; P, )),
and r_(t,0_(t, \)) are continuous functions of ¢ and X over (t,\) € P x [0, \*].

*Some of these conditions, for example, Condition C3, can be relaxed. Here we choose not to do so in
order not to make our subsequent argument unnecessary complicated.
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(C5) There exists s* > 0 such that r='(¢,s) is a continuous function of ¢ and s over
(t,s) € P x [0, s*], where r_*(t,-) is an inverse function of r_(t,-).

Since r_(t,9) is a continuous and strictly increasing function of ¢ before it reaches +oo—
which may or may not happen—it can be easily verified that for any s > 0

r~'(t,s) = max{d:r_(t,9) < s}
= inf{0:r_(¢,0) > s}. (4.48)
In view of the definitions and properties of 0_ (¢, A), 0%7_ (t; P,N), Mp _(t; P, \), MD7_ (t; P, N,
and r_(¢,0) in Appendix A, Conditions (C1) to (C5) are generally met by most channels,

particularly by channels with discrete output alphabets, and discrete input additive white
Gaussian channels.

To characterize 0 in (4.47) analytically, we need a counterpart of Lemma 4.1. To this
end, define for any 0 < ¢ < Cpnuc

Plc) 2{t e P: I(t; P) > ¢} (4.49)

Po(c) 2{t € P, : I(t; P) > ¢} (4.50)
and for any type t € P satisfying 0% (¢; P) > 0

A n)\2a'2D,7(t;P,)\)

Gr.pn(0) =€ 3 Q(vnXap _(t; P,\))e ™~ (£.0) (4.51)

where \ = 67"?9—?’5). Note that P(c) is a closed set, and it follows from Condition (C2) that
o%(t; P) > 0 for any ¢t € P(c). Interpret g,.p,(0) as a function of A through § = §_(¢, ).
Then we have the following lemma.

Lemma 4.2. There exists AT > 0 such that for any n >0 and t € P(c), ge.pn(d_(t,N)) is
a strictly decreasing function of X over A € [0, \T].

Proof. The proof is in parallel with that of Lemma 4.1. As such, we point out only places
where differences occur. In the place of (4.14), we now have
daa_(t; P))

— _Mp_(t:P.)) . 4.52
N p,—(t; P, A) (4.52)
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In parallel with (4.15) and (4.16), we now have for any ¢ € P(c)

dgy,pn (0 (t,A))

d\
do?, _(t;P\)
< e (L3 (tN) Vnop (6PN [ A= B
N V21 203, _(t; P,A) (1+nX203, _(t; P, N))
e - (t,6—(t,\) \/EO-D7—(t; P, >‘) /\MD,—(t; P, /\) 1 (4 53)
o 2 . 252 . )
V2r 203, _(t; P,X) (1+nX203, _(t; P, N))
< e (t,6—(t,\)) \/EO-D,—(t; P, >‘) /\]\42[),— (t7 P, /\) 1. (454>
V2 200, _(t; P, A)

Since P(c) is closed, it then follows from Condition (C4) that there is a AT > 0 such that
for any A € [0, A"] and any ¢ € P(c)

AMp._(t; P, \)
: —-1<0
203 _(t; P, A)
and hence J (6_(t. )
gt;,Pn\0—-\1,
— <0
d\
for any n > 0. This completes the proof of Lemma 4.2. O

Remark 4.6. In view of (4.53), it is clear that when n is large, gr.p,(0—(t,\)) is a strictly
decreasing function of \ over an interval even larger than [0, \T] for each and every t €

P(c).

Now let
ef Smax{gupa(0_(t,X7/2)) : t € P(c)}

which, in view of Condition (C4) and the fact that P(c) is closed, is well defined and also
an exponential function of n. For any € < e <1/2 and t € P(c), let &;,(¢) be the unique
solution to

gt;P,n((s) = €. (455)
Further define

s(c) émax{s:0<s§s*,r:1(t,s) < % VteP} (4.56)
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and let €,(c) be the unique solution € to

—lne<1+2 —2lne

) = s(c). (4.57)

n

It is easy to see that in view of Condition (C5), s(c) > 0 is well defined and once again
en(c) is also an exponential function of n. Let € < 1 be the unique solution € to

¢ (1 +2 _21116) =1 (4.58)

n

Note that .
maX{I(t; P) it e Pn} = CDIMC -0 (ﬁ) .

Let N(c) be the smallest integer N > 0 such that

O _
maX{I(t; P) te Pn} Z CDIMC - %C (459)
for all n > N. Then we have the following Taylor-type expansion of R, (¢).
Theorem 4.2. For any n > N(c) and any max{e' e,(c)} < e <€, let
2 argmax [I(t; P) — Syn(e)] (4.60)
tePr(c)
t; P)
2 argmax | I(t; P) — op(t Qe . 4.61
e |11 P) = 2222070 (1.61)
Then
|R,(€) — (1(t*; P) — 0 n(€))| < 0 (91> n(€)) (4.62)
where
. X|+15)In(n+1)+d
0 (0 n(€)) = 1_(t", 00 n(€)) + (1] ) n< ) +d (4.63)
if € < %, and
t#: P) (X + 1) In(n + 1) + do
Ru(e)— (I(t*; P _ ol P) e < 4.64
i) (10%p) - PG00 | < ( (4.6

otherwise, where di and dy are constants depending on the channel, but independent of n
and e.
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Proof. For any t € P, and 0 < e < 1, let

—21
5fn(e):sup{5>0:]3t’52 <1+2 ne) 6}.
’ n

By Theorem 3.2 and the trivial bound P(B;,s) < 1, it is not hard to verify that

—2Ine
et I =2lne 1n(1+,/27)+\;c|1n(n+1)
Ru(e) <max[I(t; P) — 6P| — — "0 .

4.
t€Pn ’ n n (4.65)
Let us now examine
.py_ sP
max[[(t; P) — 3;,,).
In view of the Chernoff bound (see Result 1.2 in Section 1.4.2),
Pt,5 < e—nr_(t,é)
for any ¢t € P, and ¢ > 0, which, together with (4.48), implies
—In (1 + 2 %h“) €
A S (4.66)
’ n
< r7(t, s(c)) (4.67)
C _
< %C (4.68)

whenever max{e}, €,(c)} < e < €. In the above derivation, (4.66) is due to (4.48); and
(4.67) and (4.68) follow from (4.56), (4.57), and (4.58). Therefore,

C —c
PY_sP1 > .y Cpmac
maxl[(t P) = 0] = maxI(t; P) 2

> ¢ (4.69)

where the last inequality is due to (4.59). In view of (4.69), it is not hard to see that for
any t € P, achieving maxep, [I(t; P) — 6/,],

I(t; P) 20—1—6,5” >c
and hence

Py _ sP1_ .py _ §P
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which, together with (4.65), implies

—2lne
e In =2 ln<1+\/QT)+\X|ln(n+1)
Rp(e) < max [I(t; P) —0F ] — S e TR

. (4.70
T te€PL(c) ’ n n ( )
When € > 1, it follows from part (c) of Result 1.2 that for any ¢ € P,(c),
5P > oot P) — [ 92¢v/=21 ZBEZD\\ - )
e A Y A = Xy
op(t; P) 4 @@ op(t; P) CpeMp(t; P)
> —— - V2 —— | 2evV 21 —_— ] .
> i Q (e) —V2me 2 . ev—2lne+ 3t P)
(4.71)

Since P(c) is closed, it follows Condition (C4) that op(t; P) and %D(Sfflf)) are bounded over
D\b
P(c). Plugging (4.71) into (4.70) yields
op(t; P)

Bin(e) < max {I(t; P) - TQ‘l(e)} -

for some constant d, which, together with the achievability in (2.49) and (2.48), implies
(4.64).

(|X|+ Dn(n+1)+d

Now let us focus on the case when e <
solution to

. For any t € P(c), let ¢, ,(¢) be the unique

—21
(1 i n> € = Ep_(t: P, A m)e 0 (4.72)

where \ = BT‘@—E;"S). By following the argument in the proof of Theorem 4.1, it is not hard
to verify that for any ¢t € P,(c)

Wl

(5£’n(e) > 04 n(€) > 0rn(e) — g (4.73)

for some constant d independent of n, €, and ¢. Plugging (4.73) into (4.70) then yields

1n6+1n%1ne+ %hlg+|)(|ln(n+1)+d

n n

Ru(€) < I(t5 P) — 6y p(e) — (4.74)
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In the meantime,

€ = gt*;P,n((St*,n)

> 1 e = ("0 () (4.75)
\/ *. 1
2m <\/ﬁ>‘t*’”0D’*(t 1Py M) + \/ﬁxt*,naD,_(t*;P,At*,nJ
where A\, = ar‘ég?é)‘ . Consequently,
5=6,% n(€)
—Ine In [ Y 2 <\/ﬁ)\t*’"O’D’7 (t*; P’ )\t*,n) + VA 0D 1(t*;P,/\t* n)>]
< ro (%, 0 n(€)) + — ’
n n
Inn m
< r_ (7, 0p —+ = 4.76
St B n() 4t (1.76)

where 7 is a constant independent of n, €, and ¢*. Now substituting (4.76) and ¢ < % into
(4.74) yields

R,(e) < I(t*;P)— 0 nle) +r_(t", 0 n(e))
—In223 4 g 4 \/r_(t*,5t*7n(e))+i+%+%1nn+ |[X|In(n+1)+d

+
n

dy + (|X]+ 2) In(n+ 1)
n

< I(t5 P) — O p(€) +r—(t", 0pe m(€)) + (4.77)

for some constant d, independent of n, €, and t*, where the last inequality is due to
the fact that in view of Condition (4), r_(t*, d»(€)) is bounded over ¢ € P(c) and € >
max{e, e,(c)}.

To complete the proof, let us go back to the achievability given in (2.44) and (2.45).
Now choose t to be t*, and follow the argument in the proof of Theorem 4.1. Then it is
not hard to show that

(|X]+ D) In(n+ 1) + d,
n

Ry(e) = I(t"; P) = 0= n(€) — r—(t", 0n(€)) — (4.78)

where d; is a constant independent of n, €, and ¢*. Combining (4.78) with (4.77) completes
the proof of Theorem 4.2. O

Remarks similar to those immediately after Theorem 4.1 also apply here. In particular,
Theorem 4.2 and the achievability of jar decoding given in (2.43) to (2.49) once again
imply that jar decoding is indeed optimal up to the second order coding performance in
the non-asymptotical regime for any DIMC. In addition, the following remarks are helpful
to the computation of the Taylor-type expansion of R, (¢) as expressed in (4.60) to (4.64).
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Remark 4.7. When I(t; P), 0_(t,\), o, _(t; P,\), Mp _(t; P,\), and r_(t,0_(t,\)) are
all continuously differentiable with respect to t over t € P(c) and X\ € [0,\*], which is
true for most channels including particularly channels with discrete output alphabets, and
discrete input additive white Gaussian channels, P, (c) in the definitions of t* and t* can
be replaced by P(c). Thus, in this case,

2 arg max [I(t; P) — 0¢n(€)] (4.79)
teP(c)

t; P
v arg max I(t;P)—M

teP(c) Vn

Hereafter, we shall assume that the channel satisfies this continuously differentiable condi-

tion, and use (4.79) and (4.60), or (4.80) and (4.61) interchangeably.

Q)] (4.80)

Remark 4.8. [t is worth pointing out the impact of ¢ on the mazximization problems given
in (4.79), (4.60), (4.80), and (4.61). In view of the definitions of s(c) and €,(c) in (4.56)
and (4.57), it is not hard to see that when € is relatively large with respect to n (in the
sense that % is small), one can select ¢ to be close to Cpc. In this case, it suffices to
search a small range P(c) for optimal t*. On the other hand, when € is relatively small with
respect to n, e.g., a exponential function of n, ¢ should be selected to be far below Cpc

and hence one has to search a large range P(c) for optimal t*.

Remark 4.9. When the Taylor-type expansion of Ry(€) in Theorem 4.2 is applied to the
case of BIMSC, it yields essentially the same result as in Theorem 4.1, with explanation as

follows. For any BIMSC, t(0) fully characterizes the type t. Then by symmetry, 856;("0()6) =0

at t(0) = 0.5 for any n and €. Note that 0;,(¢) = d,(c) when t(0) = 0.5, the capacity
achieving input distribution. Therefore,

I(t; P) — 64, = I(t; P) — b,
B P) =0l = X ey () — 0]
= Chmsc — 5n(€) + O (53(6)) . (4.81)

Consequently, by observing that the high order term o(0,(€)) in Theorem 4.1 is also in the
order of 62(¢€), the Taylor-type expansion of R, (¢) for BIMSC in Theorem 4.2 is shown to
be the same as that in Theorem 4.1.

4.2.2 Comparison with Asymptotic Analysis and Implication

It is instructive to compare Theorem 4.2 with the second order asymptotic performance
analysis as n goes to oo.
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Asymptotic analysis with constant 0 < € < 1 and n — oo: Fix 0 < e < 1. It was shown

in [15,18,19] that for a DIMC with a discrete output alphabet and Cppc > 0,
op(P) . Inn
R,(e) =C - o— 4.82
(¢) = Cpic N Q () + - (4.82)

for sufficiently large n, where

op(P) = min{op(t; P) : t € P&I(t; P) = Cpuc}  ife< 3
P max{op(t; P) 1 t € P&I(t; P) = Comae} if e > L.

Once again, the expression Cppc — Jf\’/(; )Qfl(e) was referred to as the normal approxima-

tion for R, (€) in [15]. It is not hard to verify that for sufficiently large n,

ool(P) oy onlEP)
Chive — n Q () < tfengt(?g) |:I(taP) Jn Q ()}

B op(t; P)
vn

Q'(e)+ 0 (%) (4.83)

= max {[(t; P)
tﬂpx:\t*px|=0(%)

nl

Q)]

P
Cpivc — UD\/(E )

where the first equality is due to the fact that for any px satisfying I(px; P) = Cpmc and
t satisfying |t — px| = w(1/n'/?),

I(t:P) - %\/%p)@%) < Comic — %jgm@l(e)
Q;ﬁ(e’ 00(t: P) — op(px: P)| = O (‘t QQX’) — o(lt = px?) = oComge — I(t: P)).

Therefore, when € > 1/3, (4.82) and (4.64) are essentially the same for sufficiently large n.

Let us now look at the case ¢ < 1/3. Again, 0 < ¢ < 1/3 is fixed. In parallel with
(4.43) and (4.44), we have for each t € P(c)

r_(t,0) = 20_%2.]0) 6% + _62\4%1)(?;1? 5+ 0(8%) (4.84)
and
Ot.n(€) = JD\(;%P)Q‘I(E) +0 (%) : (4.85)
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Combining (4.85) with (4.83) yields

UD(P) -1 . — €
Comic = “22=Q 7€)+ O(1/n) < max [1(t5P) = Ben()]
0'D<P)

< Cpmc — NG Q‘l(e)+0(%>. (4.86)

Thus the Taylor-type expansion of R, (¢) in Theorem 4.2 implies the second order asymp-
totic analysis with constant 0 < € < 1 and n — oo shown in (4.82).

Asymptotic analysis with n — oo and non-exponentially decaying €: Suppose now e is
a function of n and goes to 0 as n — oo, but at a non-exponential speed. Using arguments
similar to those made above and in Subsection 4.1.2, one can show that the Taylor-type
expansion of R,(€) in Theorem 4.2 implies that in this case, Cpe and —UD—\/%D)QA(E)
are still respectively the first order and second order terms of of R,(€) in the asymptotic
analysis with n — oco. Once again, this result is consistent with that of moderate deviation

analysis in [29-31].

Divergence from the normal approrimation: In the non-asymptotic regime where n is
finite and € is generally relatively small with respect to n, the first two terms

max [I(t; P) — ;. (€
s [1(5 P) = 6 (e)
in the Taylor-type expansion of R,,(¢) in Theorem 4.2 differ from the normal approximation
in a strong way. In particular, the optimal distribution ¢* defined in (4.79) is not necessarily
a capacity achieving distribution. In this case, the normal approximation would fail to
provide a reasonable estimate for R, (e).

Example: Consider the Z channel shown in Figure 2.6. In this example, we show that
the optimal distribution ¢* defined in (4.79) is not a capacity achieving distribution. In the
numerical calculation shown in Figure 4.1, the transition probability p (i.e. Pr{Y = 1|X =
0}) ranges from 0.05 to 0.95 with block length n = 1000 and error probability e = 1075, As
can be seen from Figure 4.1(a), t*(0) is always different from the capacity achieving ¢(0).
Moreover, Figure 4.1(b) shows the percentage of I(t; P) — 6;,(€) over I(t*; P) — 6 ,(€)
when ¢ is capacity achieving, ¢*, and uniform respectively. It is clear that Cpive — dpy . (€)
is apart from I(t*; P) — 4 ,,(€) further and further when p gets larger and larger, where px
is the capacity achieving distribution, indicating that under the practical block length and
error probability requirement, Shannon random coding based on the capacity achieving
distribution is not optimal. It is also interesting to note that for uniform ¢, I(t; P) — 6, ,(e)
is quite close to I(t*; P) — 04+ ,(€) within the whole range, implying that linear block coding

100



t(0) vs. p Comparison of I(t;P)—é, ,(¢) for different input distributions

050L <o - 1.05f

€)

ul

—5,.

1.00f ==
2 0451 [ -7

0.95f

percentage over I(t*;

0.401

0.90F — CDL\[C"SP\ a(€)
- It 5P) =6 (e)
- I(t;P)—6, ,(e) for uniform ¢ (linear)

— Capacity Achieving
- optimal t*
- uniform (linear)

n n . . 0.85k% n n . ]
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
p P

(a) t(0) vs. p (b) %m for different ¢
Figure 4.1: Tlustration for the Z channel with n = 1000 and € = 107%: (a) comparison of
t* with the capacity achieving distribution; and (b) comparison of I(¢; P) — d;,(€) among
different distributions ¢.

is quit suitable for the Z channel even under the practical block length and error probability
requirement.

Implication on code design: An important implication arising from the Taylor-type
expansion of R, (€¢) in Theorem 4.2 in the non-asymptotic regime is that for values of n
and € with practical interest, the optimal marginal codeword symbol distribution is not
necessarily a capacity achieving distribution. This is illustrated above for the Z channel.
Indeed, other than for symmetric channels like BIMSC, it would expect that the optimal
distribution ¢* defined in (4.79) is in general not a capacity achieving distribution for values
of n and e for which s+ ,(€) is not relatively small. As such, to design efficient channel
codes under the practical block length and error probability requirement, one approach
is to solve the maximization problem in (4.79), get t*, and then design codes so that the
marginal codeword symbol distribution is approximately ¢*.

4.3 Approximation and Evaluation

Based on our converse theorems and Taylor-type expansion of R, (€), in this section, we
first derive two approximation formulas for R,(¢). We then compare them numerically
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with the normal approximation and some tight (achievable and converse) non-asymptotic
bounds, for the BSC, BEC, BIAGC, and Z Channel. In all Figures 4.3 to 4.10, rates are
expressed in bits.

4.3.1 Approximation Formulas

In view of the Taylor-type expansion of R,(¢) in Theorem 4.2, one reasonable approxima-
tion formula is to use the first two terms in Taylor-type expansion of R, (¢) as an estimate
for R, (). We refer to this formula as the second order (SO) formula:

R°(e) = max [I(t; P) — b1 ()]
= I(t';P) — 6pip(e) (4.1)

where c is selected according to Remark 4.8.

To derive the other approximation formula for R,(¢), let us put Theorem 3.2 and
Theorem 4.2 together. It would make sense for an optimal code of block length n to
draw all its codewords from the same type ¢ with [t — t*| = O(1/n). In this case, it
is not hard to see that the term |X|W in the bounds of Theorems 3.2 and 4.2 (i.e.
(3.47), (3.49), (4.63), and (4.64)) can be dropped. By ignoring the higher order term

tn =2en —tn (1+/Z20r)
(dubbed “NEP”) :

in (3.47) and (3.49), we get the following approximation formula

| 1
RTI\LIEP(e) = ](t*7 P) — (5,5*;13(6) — % + E In P(Bt*,n,t;t*;p(s)) (42)
Rewrite the normal approximation as
op(P)

Rgormal<e) — CDIMC o

Q' (e). (4.3)

vn

4.3.2 BIMSC

In the case of BIMSC, it follows from Theorem 4.1 and Remark 4.9 that R5°(e), RNEP (¢),
and RN°™2l(¢) become respectively

R3°(€) = Cpusc — 0n(€)
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Ine 1
RSEP(G) = OBIMSC — 571(6) — 7 + ﬁ ln P(Bm(;n(g)) (44)

and Yy
erjormal(e) _ CBIMSC _ L\/%)Ql(E) (45)

From Theorem 4.1 and its comparison with asymptotic analysis, we can expect that when
Sn(€) is extremely small, RSO (e) and RY°™l(¢) are close, and both can provide a good
approximation for R,(¢). However, as 6, (¢) increases, the relative position of R5°(¢) and
RNermal(e) depends on

My (X[|Y)

Cxiy = T 605, (X[Y)

Specifically, given a channel with large magnitude of x|y, RNermal(e) s not, reliable, as it
can be much below achievable bounds or above converse bounds. On the other hand, as
shown later on, R5©(€) is much more reliable. Moreover, RNEF (¢), which has some terms
beyond second order on top of R39(e), always provides a good approximation for R, (¢)
even if 9, (€) is relatively large.

BSC

For this channel, the trivial bound P(B,, () < 1 is applied in the evaluation of RY"F (e).
Before jumping into the comparison of those approximations, let us first get some insight
by investigating (x|y. It can be easily verified that for BSC with cross-over probability p,

1 1—2p
61n° £2 p*(1 —p)*

Cxly = (4.6)

As can be seen, (x|y is always negative for any p € (0,1) and (xjy — —oo as p — 0.
Therefore, in the case of a very small p, RN°"™2l(¢) will be larger than RS (e) by a relatively
large margin, and even larger than the converse bound.

Now in order to compare those approximations, we invoke Theorem 33 (dubbed “RCU”)
and Theorem 35 (dubbed “Converse”) in [15], which serve as an achievable bound and a
converse bound, respectively. In addition, another converse bound is provided by the exact
calculation of (3.9) and (3.10) in Theorem 3.1 (dubbed “Exact”) with optimized value of
Bn. Moreover, by Theorem 52 in [15], lg—n” is the third order in the asymptotic analysis
of R,(€) as n — oo for BSC, and therefore, another approximation is yielded by adding
1;1—: to the normal approximation (dubbed “Normal In”). Then these four approximation

formulas (NEP, Normal_In, Normal, SO), two converse bounds (Converse, Exact), and one
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achievable bound (RCU) are compared against each other with block length n ranging
from 200 to 2000; their respective performance is shown in Figures 4.3 and 4.4.

In Figure 4.3, the target channel is the BSC with cross-over probability 0.11, where
Cx|y is relatively small. In Figure 4.3(a), bounds are compared with fixed average error
probability P, = 1072, while §,(¢) changes with respect to block length n, shown in Fig-
ure 4.3(b). In the meantime, Figure 4.3(c) shows comparison of these bounds when 6,,(¢)
is fixed to be 0.06, while P. = gx|y,»(0.06) is shown in Figure 4.3(d). As can be seen, when
dn(€) gets smaller, the SO and Normal curves tend to coincide with each other. More-
over, since the SO and Normal approximation formulas are quite close in this case, both
the NEP and Normal In provide quite accurate approximations for R,(e) with the NEP
slightly better.

Figure 4.4 shows the same curves as those in Figure 4.3, but for the BSC with cross-over
probability 0.001. In this case, the magnitude of (x|y is large, and therefore, the SO and
Normal curves are well apart. In fact, the Normal curve is even above those two converse
bounds, and so does the Normal_In curve, thus confirming our analysis based on (xy made
at the beginning of this discussion for BSC. On the other hand, the SO curve stays at the
same relative position to achievable and converse bounds, and the NEP still provides an
accurate approximation for R, (e).

BEC

This special channel serves as another interesting example to illustrate the difference be-
tween the SO and Normal approximations. On one hand, it can be easily verified that

P(B,s) =Pr {—% Inp(X"Y") > HX|Y) + 6} ~ gx|v.n(6) (4.7)

and therefore, —2¢ and L In P(B,,, () are cancelled out in RYF (¢), which is then identical
to R39(€). On the other hand,

<0 ifp<05
1-2
gX,Y:—GQ(l 12’)132 =0 ifp=05 . (4.8)
p(1=pPI"2 | S 505

Therefore, the Normal curve can be all over the map, i.e. it can be above some converse
when p < 0.5, and below an achievable bound when p > 0.5. When p = 0.5, the Normal
curve happens to be close to the SO curve, hereby explaining why it provides an accurate
approximation for R, (€) in this particular case, as shown in [15].
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To provide benchmarks for the comparison of approximation formulas, Theorem 37 and
38 in [15] are used here, dubbed “DT” and “Converse” respectively. The exact calculation
of (3.9) and (3.10) in Theorem 3.1 (dubbed “Exact”) with optimized value of 3, again
serves as an additional converse bound. Then those bounds are drawn in Figures 4.5 and
4.6 in the same way as those in figure 4.3, where erasure probabilities are selected to be
0.05 and 0.9, respectively. Once again, numeric results confirm our analysis and discussion
above.

BIAGC

Here we assume that codewords are modulated to {+1, —1} before going through an AWGN
channel, and apply the trivial bound P(B,;,) < 1 in the NEP formula. Similarly to
BSC and BEC, we would like to get some insight by investigating (xy. Since in this case,
Cx|y does not seem to have a simple close form expression which can be easily computed,
numerical calculation of x|y is shown in Figure 4.2, where SNR ranges from 8dB to 10.5dB.
As can be seen, BIAGC is similar to BSC, i.e. (xy is always negative and its magnitude
increases with SNR. Therefore, RN"™2l(¢) is close to R5°(e) when SNR is low, but can be
above some converse bounds when SNR is high. This is confirmed in Figures 4.7 and 4.8,
where exact evaluation of (3.11) and (3.12) in Theorem 3.1 (dubbed “Exact”) serves as a
converse bound.

¢y Vs SNR

—200001

—400001

—600001

—80000F

- . . . 1 .
100009.5 8.0 8.5 9.0 9.5 10.0 105

SNR

Figure 4.2: (xy of BIAGC
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4.3.3 DIMC: Z Channel

To show an example of DIMC which is not a BIMSC, we consider again the Z channel
shown in Figure 2.6. The capacity of Z channel is well known and given by

Oy =In (1 + (1 p)pﬁ) (4.9)
with the capacity-achieving distribution

L forz=0

1-p+p TP
px(z) = (4.10)

p
T I-p_
2P fOI‘:EZI

l—pt+p TP

and the corresponding output distribution

% fory =0
l—ptp 7P
py(y) = L, (4.11)
PP for y=1.
I—p+p =P

To calculate RN¥P(¢), P(By,s) needs to be further investigated, where an interesting

observation is that given " with type ¢, - Ly 2 (‘x)) > —ocoif and only if y; = 1 when z; = 1,

and the value of < In qy(?lz)) only depends on the number of y; being 1 for i € {j : x; = 0}.

One can then Verlfy that

1 5

In —%)

When ¢,(0) # 0.5,

Pre—Ling, (V") < H(Y)) — — by I 572 ¢ if ¢(0) < 0.5

P(Byns) = 7o (4.13)

Prq =3 Ina(¥?") = H(Y) = ey I 155 (i (0) > 05
pt(0)

where Y; is a random variable with distribution ¢;. Consequently, we can apply the left
NEP [28], chernoff bound, right NEP [25] with respect to entropy to upper bound P (B, s)
when ¢,(0) <,=, > 0.5, respectively.
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To provide benchmarks for the comparison of approximation formulas, exact evaluation
of modified (3.47) (with |X |w dropped and ¢t = t*) and (3.48) according to Remark
3.6 is provided, which, dubbed “Exact”, serves as a converse bound, and the improved jar
decoding achievability in (2.97) provides an achievable bound, dubbed “Jar”. Figures 4.9
and 4.10 again show that the Normal curve is all over the map while the NEP curve
always lies in between the Jar achievable curve and the Exact converse curve. It is also
worth pointing out that if the capacity achieving distribution ¢ = px instead of ¢* was
chosen in the calculation of the Exact and Jar bounds, then both of them would be lower,
confirming our early discussion that in the practical, non-asymptotic regime, the optimal
marginal codeword symbol distribution is not necessarily a capacity achieving distribution.
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Figure 4.3: Comparison of different bounds for BSC with p = 0.11.
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4.4 Application of Taylor Expansion on Adaptive Mod-
ulation and Coding

As shown in Section 4.3, Taylor expansion of R, (¢) provides a very good approximation
of R,(e). This section is then devoted to illustrating one application of the Taylor ex-
pansion to practical systems due to this property. Towards this, we consider a coding
technique called adaptive modulation and coding (AMC) . Particularly, we propose to use
the Taylor expansion to guide the selection of constellations and coding rates in AMC, and
the simulation on a practical communication system adopting the AMC technique, Long
Term Evoluation (LTE), confirms that the guidance provided by the Taylor expansion can
improve the system performance.

4.4.1 Motivation and Problem Formulation

AMC [32] is widely adopted in wireless communication systems, where the physical channel
condition can fluctuate from time to time. In such systems, multiple constellations are
available, channel codes can operate at different coding rates, and the transmitter has the
flexibility to select a constellation and a channel coding rate to match the channel condition
or simply single-to-noise ratio (snr) when the channel model is AWGN. Consequently, an
important issue to be addressed in those systems is how to determine which constellation
and channel coding rate should be used given the channel snr.

Specifically, consider the AMC system depicted in Figure 4.11. We assume that i* and
c™ are binary vectors, 2" has unit power, i.e.

] — )
—§ 1P =1, 4.14

the system has a constant power E, the channel gain h fluctuates, but does not change
during the period of transmitting ™ (block fading), and z" is an independent and iden-
tically distributed (i.i.d) Gaussian noise (real or complex) vector with variance o2/2 per
dimension. The channel snr is then calculated as

h?E
when both 2" and z" are complex, and as
2h2E
1= (4.16)
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when both ™ and 2™ are real. Furthermore, the channel estimate is assumed to be perfect,
i.e. 4 =. To avoid possible confusion, let r = % In 2 denote the channel coding rate (also
called Effective Coding Rate (ECR)) and R = £In2 denote the spectral efficiency (also
called Modulation Order Product Coding Rate (MPR)). It is easy to see that

R =rlog, M (4.17)

where M is the size of the constellation. And the job of AMC control is to select the
constellation and r based on vy to maximize R under certain requirement of error probability
€ = Pr{i* # i*}, or simply the throughput

th=(1—-€)R. (4.18)

In this section, we mainly focus on how to design the selecting rules used by AMC control
on constellations and ECRs based on the channel snr to maximize the throughput of AMC
system, given available constellations and channel codes.

For any practical system, such selecting rules can be determined through simulation [33].
However, due to the continuous snr and enormous combinations of constellations and ECRs
available in practical systems, this design approach is very tedious. Moreover, the selecting
rule designed in this way is sensitive to the actual implementation of the system and
simulation setup. Therefore, some theoretical guidance is needed. Some light on this issue
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may be shed by analysis based on channel capacity. However, as channel capacity analysis
always assumes that the block length of modulation and coding scheme approaches infinite
and the block error probability approaches 0, it fails to consider various factors of practical
systems, such as the finite block length and the trade-off between the spectral efficiency
and the block error probability to achieve the optimal throughput. This motivates us to
use the taylor expansion of the optimal channel coding rate to design constellations and
rate selection in AMC systems.

4.4.2 Taylor Expansion of Optimal Spectral Efficiency of Modu-
lation and Coding over AWGN Channel

Consider any discrete input continuous output channel P = {p(y|z),z € X,y € Y} with
channel input alphabet X and channel output alphabet ). (In the setting of AMC, X
would be the selected constellation.) A channel code with alphabet X is said to have
a type t if all of its codewords share the same type t. Now let R;,(e) denote the best
coding rate that can be achieved by any channel code of finite block length n, block error
probability € and type ¢. Then it has been shown that!

Rin(e) = I(t; P) — dpa(e), (4.19)

The interpretations of I(t; P) and d;.p,(€) are provided as follows:

e [(t; P) is the mutual information between a random variable on X with the distribu-
tion ¢ and its corresponding channel output, and is the best coding rate that can be
possibly approached by any channel code of type ¢ when n — +o00 and € — 0; and

e 0:.pn(€) is the rate penalty resulting from using finite block length n while maintaining
the block error probability e.

Now we would like to apply (4.19) to the modulation and coding scheme in Figure 4.11.
As mentioned before, in this case, X is the constellation in use. Let t be the type shared
by all the possible constellation mapping output z™. According to (4.14), t and X satisfy

> )z’ =1. (4.20)

TeEX

Tét;p,n (e) was previously defined as d; ,,(€). Here we insert the subscript P in d; ,(€) to emphasize the
dependency of d;.p,(€) on P.
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Then the channel can be modelled as
Y =hWEX +Z (4.21)

where X is a random variable on X with the distribution ¢ and Z is the Gaussian noise
with variance ¢?/2 per dimension. It is not hard to verify that the transition probability
p(y|x) is determined by snr 7. As such, let Py, denote the channel with input alphabet
X, output alphabet C (which is the complex plane when X is two dimensional as in the
case of QPSK, 16QAM and 64QAM), and the transition probability determined by (4.21)
with snr 7. By applying (4.19), the best spectral efficiency that can be achieved by any
modulation and coding scheme of block length n, block error probability €, type ¢ and
constellation X (satisfying (4.20)) over AWGN channel with snr v, denoted by Rx 1, (7, €),
is approximated by

Rxin(v,€) = I (t; Pxy) — Py, n(€) (4.22)

and the best achievable throughput thy () is then approximated by

th/\/,tm(’y) R max(l - E)RX,t,n(€7 ’Y) (423)

€

Also denote the optimal € and the corresponding Ry ¢ (€, ) achieving the maximal through-
put in (4.23) by €, (v) and R, (7) respectively.

4.4.3 Constellation and Rate Selection based on Taylor Expan-
sion

Based on taylor expansion, particularly (4.23) in the previous subsection, we now discuss
how to design selecting rules on constellations and ECRs in an AMC system.

Suppose that X}, As, ..., &, are the available constellations, and for each &j;, the type
of output sequences of constellation mapping is fixed to be ¢;. (In a practical AMC system,
t; is often the uniform distribution over X;.) Whenever there is no ambiguity, the subscript
i in t; will be dropped in our subsequent discussion. Based on (4.23), a selecting rule can
be designed in theory as follows:

S1 For any snr v, calculate thy,;,(7) for 1 <i < m and determine

i = argmaxthy, 1 (7). (4.24)

1<i<m
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S2 Select &« as the desired constellation, and calculate the desired ECR according to

RB?- ()
= o 4.25
" 10g2 |XZ* ( )

When applied to a practical AMC system, however, the above selecting rule has to
be modified slightly. Since thy, () is the maximal achievable throughput with the con-
stellation X;, where optimal encoding and optimal demodulation/decoding are assumed, a
practical system normally needs to sacrifice a certain amount of snr in order to achieve the
throughput thu, +,(y) with the constellation &;. In other words, at the snr «y, the through-
put that a practical system can achieve with the constellation &; is likely thu, 1 (7 — A7),
where A~; is the corresponding snr penalty. In general, larger the constellation A& is,
more difficult it is to achieve thyx, ;,(7), and hence larger the snr penalty Av;. The exact
value of A~; of course depends on the implementation of channel encoding, demodulation,
and decoding in the practical AMC system, and can be easily determined by simulation.
Replacing thx, ;1 (7) by tha,+n(y — Av;) in (4.24) and (4.25), we then get the following
modified selecting rule:

S1 Determine, for each constellation X, the the snr penalty A-~;.
S2 Calculate thy, 1,(y — A7) for 1 <i <m and determine

i* = argmaxthy, 1,(7 — Av). (4.26)

1<i<m

S3 Select &« as the desired constellation, and calculate the desired ECR according to

_ BR (=A%)
10g2 | XZ*

(4.27)

4.4.4 Application to the LTE System

Towards confirming that the selecting rule designed in Section 4.4.3 works in practice,
let us consider the LTE system. More specifically, we consider Physical Downlink Shared
CHannel (PDSCH) with Single-Input and Single-Output (SISO) mode [31], in which the
AMC system [35] [36] can be represented by the diagram in Figure 4.12. As can be seen in
Figure 4.12, the channel coding output is scrambled by a pseudo-random sequence before
constellation mapping, and therefore the scrambled channel codeword will have the uniform
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Figure 4.12: Adaptive Modulation and Coding in the LTE system

type, as well as the output sequence of constellation mapping, which implies that uniform
t should be used in the taylor expansion. Another major change compared to Figure
4.11 is that AMC control is broken into two parts, i.e. Constellation and ECR Selection
and Channel Quality Evaluation, at the transmitter and receiver side respectively. In this
diagram, the receiver generates Channel Quality Index (CQI) based on the channel snr and
sends it to the transmitter, while the transmitter selects constellations and ECRs according
to CQI and Table 4.1, where the available constellations are QPSK, 16QQAM and 64QAM,
denoted by X, Xy and A3 respectively, and the channel code is a turbo code whose rate
can be adjusted by rate matching. Particularly, the receiver is required to generate the
highest CQI index that results in the block error probability < 10~!. This change is due to
the fact that there may be different implementation of receivers (User Equipment), and the
transmitter (Base Station) should be able to work with any implementation of receivers.
As the different implementation of receivers will influence the selection of constellations
and ECRs in the AMC system, more control on the selection is assigned to the receiver
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CQI Index | Modulation ECR MPR
1 QPSK 78/1024 | 0.1523
2 QPSK 120/1024 | 0.2344
3 QPSK 193/1024 | 0.3770
4 QPSK 308/1024 | 0.6016
5 QPSK 449/1024 | 0.8770
6 QPSK 602/1024 | 1.1758
7 16QAM 378/1024 | 1.4766
8 16QAM 490/1024 | 1.9141
9 16QAM 616/1024 | 2.4063
10 64QAM 466/1024 | 2.7305
11 64QAM 567/1024 | 3.3223
12 64QAM 666/1024 | 3.9023
13 64QAM 772/1024 | 4.5234
14 64QAM 873/1024 | 5.1152
15 64QAM 948/1024 | 5.5547
Table 4.1: CQI Table
Parameter Assumption
Channel Type PDSCH
Transmission Mode 1
Channel Model AWGN
Bandwidth 1.4MHz
Number of User Equipments (UE) 1
Number of receive antennas at UE 1
Cyclic Prefix (CP) Normal
Channel Estimation Perfect

Table 4.2: Specification of System Parameters
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side. The selecting rule proposed in the previous section also works in this modified AMC
system, where different receiver implementation will result in different set of snr shifting
{A~;}3_,. In this section, we focus on the implementation of LTE system in [37].

Specifications of system parameters are listed in Table 4.2 for easy references, which
apply to all simulations throughout this subsection. Moreover, by inspection on frequency-
time resources of the LTE system (for single antenna port), it is not hard to verify that




under the specification in Table 4.2 the block length (of modulation symbols) for data
transmission in each subframe is 960.

Now to apply the modified selecting rule in Section 4.4.3 to LTE system, we would
like to determine {A~;}?_, under this implementation of the system. Therefore, shown in
Figure 4.13, {thx, 1, (7)}7_; is compared with the throughput of the LTE system using the
modulation constellations and ECRs in Table 4.1. The simulation on the LTE system takes
5000 subframes, where snr ranges from -10dB to 22.5dB. From Figure 4.13, Av;, A~ and
A~s are estimated to be 1.3dB, 1.9dB and 2.4dB respectively. Strictly speaking, {Av;}3_,
also depends on snr . However, this dependency is not significant, and therefore ignored
here for simplicity of the selecting rule.

Then {thx,+,(y — Av;)}7_, and the throughput of LTE system using the modulation
constellations and ECRs in Table 4.1 are plotted in Figure 4.14, and careful inspection of
this figure suggests that the throughput of LTE system can be improved by using some
new combination of constellations and ECRs, which are not included in Table 4.1.

In particular, let us focus on the snr region [4,5]dB, where Figure 4.15 is yielded by
zooming in Figure 4.14. At snr 4.6dB, simulation shows that CQI 06 is the highest CQI
index such that the resulting block error probability < 107!, as the block error probability
of CQI 07 is 0.1224. Therefore, according to the CQI reporting policy, CQI 06 should be
selected even though the throughput of CQI 07 is higher. On the other hand, thx, (v —
A7) and thy, (7 — Avz) reveal that the throughput can be improved by using QPSK
and a proper ECR. Now applying the modified selecting rule in Section 4.4.3 for v = 4.6dB
yields QPSK and ECR 2% where rounding ensures ECRx1024 to be an integer. And

simulation of LTE system1 %\%th QPSK and ECR 170% shown in Figure 4.16 confirms that this
new combination of constellation and ECR provides 20% and 8% gain on the throughput
of LTE system at snr 4.6dB over CQI 06 and 07 respectively. It is also worth mentioning
here that the block error probability of this new combination at snr 4.6dB is 0.0018, which

satisfies the requirement of 0.1 in the LTE system.

Similarly, snr region [11,13]dB is considered in Figure 4.17, which shows that at snr
12dB CQI 10 should be selected according to the CQI reporting policy. On the other

hand, applying the modified selecting rule at snr 12dB yields 16QAM and ECR %, and

simulation of LTE system with this combination in Figure 4.18 shows that the throughput
is improved by 13% at snr 12dB.

fResource elements (RE) used by reference signals are excluded when calculating the block length.
However, for simplicity of the discussion, we do not take into account the synchronization which only
happens every 5 subframes.
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4.5 Summary

Combining non-asymptotic converses in Chapter 3 with the non-asymptotic achievability
proved in Chapter 2 via jar decoding and with the NEP technique developed in Appendix
A, we have characterized the best coding rate R,(¢) achievable with finite block length
n and error probability e through introducing a quantity d;,(e) to measure the relative
magnitude of the error probability € and block length n with respect to a given channel P
and an input distribution ¢t. We have showed that in the non-asymptotic regime where both
n and € are finite, R,(¢) has a Taylor-type expansion with respect to d; ,(¢), where the first
two terms of the expansion are max;[/(¢; P) — d;,,(€)], which is equal to I(t*, P) — i ,,(€)
for some optimal distribution ¢*, and the third order term of the expansion is O(d7. ,(€)) or
O (Inn/n) whichever is larger. As a consequence of those results in this chapter, we show
that jar decoding achieves the first and second order term in the taylor expansion of the
best coding rate.

Moreover, based on the new non-asymptotic converses and the Taylor-type expansion
of R,(¢€), we have also derived two approximation formulas (dubbed “SO” and “NEP”)
for R, (€). These formulas have been further evaluated and compared against some of
the best bounds known so far, as well as the normal approximation revisited recently in
the literature. It turns out that while the normal approximation is all over the map, i.e.
sometime below achievability and sometime above converse, the SO approximation is much
more reliable and stays at the same relative position to achievable and converse bounds;
in the meantime, the NEP approximation is the best among the three and always provides
an accurate estimation for R, (e).

It is expected that in the non-asymptotic regime where both n and e are finite, the
taylor expansion of R, (€¢) and the NEP approximation formula would play a role similar
to that of channel capacity [35] in the asymptotic regime as n — oo. As an example
of applications of the taylor expansion, we consider adaptive modulation and coding on
AWGN channel, and propose a new selection rule of constellation and coding rate based
on the taylor expansion. This new selection rule, when applied to LTE system, suggests
some new combination of constellation and coding rate, which can further improve the
throughput of the system.

Another possible application of the taylor expansion is to consider the optimal distri-
bution t*. For values of n and e with practical interest for which ;- ,,(€) is not relatively
small, the optimal distribution ¢* achieving max;[I(¢; P) — d;,(€)] is in general not a ca-
pacity achieving distribution except for symmetric channels such as BIMSC. As a result,
an important implication arising from the Taylor-type expansion of R, (e) is that in the
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practical non-asymptotic regime, the optimal marginal codeword symbol distribution is not
necessarily a capacity achieving distribution. Therefore, it will be interesting to examine
all practical channel codes proposed so far against the Taylor-type expansion of R, (¢) and
the NEP approximation formula and to see how far their performance is away from that
predicted by the Taylor-type expansion of R, (¢) and the NEP approximation formula. If
the performance gap is significant, one way to design a better channel code with practi-
cal block length and error probability requirement is to solve the maximization problem
max;[[(t; P) — 0, (€)], get t*, and then design a code so that its marginal codeword symbol
distribution is approximately ¢*.

To sum up Chapters 2, 3 and 4, we have demonstrated that the NEP, jar decoding,
and the outer mirror image of jar together form a set of essential techniques needed for
non-asymptotic information theory. And we believe that they can also be extended and
applied to help develop non-asymptotic multi-user information theory as well.
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Chapter 5

LDPC Coding Theorems

In this chapter, the performance of LDPC codes under jar decoding for BSC and BIMC
is analyzed, and certain interesting results are reported (including capacity-approaching
LDPC codes and optimality of check node concentration degree distribution). Moreover,
simulation results on LDPC codes under BP decoding is also included at the end of this
chapter, showing the connection between BP decoding and jar decoding, i.e. BP decoding
can be regarded as one of many ways to pick up a codeword from a jar.

5.1 Terminology, LDPC Ensemble and Key Lemma

To facilitate the following discussion, let us first introduce some terminology of LDPC

codes. The tanner graph [39] of a linear code is a bipartite graph consisting of two sets of
nodes {v;}7_; and {¢;}7L,, namely, variable and check nodes, where for any i and j such

that 1 <i <nand 1< j <m, v; and ¢j, representing the ¢-th column and j-th row of
H,, . respectively, are connected if and only if the element hj; of H,,«, located at i-th
column and j-th row is equal to 1. Recall that the degree of a node in a graph is the number
of edges connected to it. Now let {l; : 1 <i < L} ({r; : 1 < j < R}, respectively) be the
set of degrees of all variable nodes (check nodes, respectively) in the tanner graph of H,,, ..
Furthermore, let A; (P;, respectively) denote the number of variable nodes (check nodes,
respectively) with degree [; (r;, respectively) in the tanner graph of H,,y,. Then we call
({A:} {L}) ({ P}, {r;j}), respectively) the variable (check, respectively) degree distribution
from a node perspective of H,,x, (and its tanner graph) [5]. Define polynomials A(z) and
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L
A(z) = Z A2l
i=1
and n
P(z) =) Pz
j=1

The tanner graph is said to be sparse and accordingly its corresponding code is said to be
a low-density parity-check code if A’(1) is in the order of O(n), where A'(1) = 25 Ail; is
the total number of edges in the tanner graph. Normalizing {A;} and {P;} by the total
numbers of variable nodes and check nodes respectively, we get normalized variable and
check degree distributions L(z) and R(2):

and

u - P(z
R(z) = ;Rjz” = PEl;

where L; and R; represent the percentages of variable and check nodes with degrees [; and
r; respectively.

Given m, n, and (normalized) variable and check degree distributions L(z) and R(z)
satisfying nL'(1) = mR/(1), let

s (5.1)

and My n,1(2),r(-) denote the collection of all m X n parity check matrices with normalized
variable and check degree distributions L(z) and R(z). Without loss of generality, we only
consider those matrices such that the degrees of rows and columns do not decrease with
their indices. (In other words, ¢ > j implies the degree of the i-th row (or column) is
not less than that of the j-th row (or column).) Then an LDPC code of designed rate
(1 —m/n)In2 (in nats) is said to be randomly generated from the ensemble C,, . 1(2)r(2)
with degree distributions L(z) and R(z) if its parity check matrix H,,x, is uniformly
picked from Hp, n 1(2),rz)- Denote the designed rate (1 —m/n)In2 as R(Cin,L(2),R(2))-
The encoding procedure of C,, , 1(z),r(z) is assumed to be systematic so that the original
information bits are visible in each codeword.
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To establish our LDPC coding theorems, the following probability
Pr{H,,x,z" = 0"}

is investigated first, which depends on the support set of 2", i.e., the positions of non-zero
elements in z". Let s(z") represent the support set of ™, and we write s¢(z™) simply as
> whenever x™ is generic or can be determined from context. Let mew be the matrix
consisting of those columns of H,,, with indices in 7. The degree polynomial of s,
denoted by L*(z), is defined by

L
=1

where L”n is the number of columns with degree [; within H”

_zé - P
DI
=1

Then the following lemma is provided first and proved in Appendix B.2.

And define

mx|x|*

Lemma 5.1. Let L(z) and R(z) be normalized variable and check node degree distributions

from a node perspective with minimum variable node degree l; > 1. Let g(7, k) é(1 +7)F+
(1 — 1)k for any 7 and k. Suppose H,x, (m < n) is uniformly picked from ensemble
Hmm,L(z),R(z)- Then for any x™ # 0 with its support set s,

~ R —
_ B 1 > 1 _ >
Pr{H,, 2" = 0"} < exp {nP (L R(2),1%) + % Zn + Elnnl” (1 — %) + O(l)}

i=1

where

e _ min {l_”, [— l_”}
B 2 n
and for any [, € € (0,1] and R(z), P (I, R(2),§) is defined as

T, T%)

P(I,R(2),€) 2 —IH (¢/T) — €T + = ZRln(— (5.2)

i which T is the solution to

||
=~
|
I

(5.3)

R
g(r,r; —1
Z Trz))
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for & e [O, [ — ;Zil ij(rj)] , and

A

P (Z,R(z),ﬁ) — 00 (5.4)

for€ € ([— % Zle Rm(r;), l} with the convention that e~ = 0, and where for any integer

r
() = { 0 ufr is even

1 otherwise.

Remark 5.1. When ¢ =1 — %Zle R;m(r;), the solution T to (5.3) is T = +o00. In this
case, the expression in (5.2) should be understood as its limit as T — 400, i.e.,

P (I,R(2),¢)

A

2 7 : g(T7 Ti)
S e + i,

7 R
[
_51n7'—|—% izél Rzln B

= —IH (¢/1) + % Zij(n-) Inr; (5:5)

when & =1 — %Zle R (r;).

A number of Lemmas about the properties of P(I, R(z),&) are provided in Appendix
B.2.1. In particular, applying Lemmas B.8 and B.9 yields

Pr{H,,,2" = 0"}

- 1 nl u 1 nl 1
< - - . - - —
< exp {n <P (Z,R(z),lle)—I— <2nln 2) Elm—Finn 1 +O(n)>}

1=

_ e—nFii),nyL(z),R(z)—Q1nn+O(1) (56)
whenever
< —wt(z") <1 -—
€S —w (z") < €
where
A 1 nl\ <& 1 nl  2lnn
(e) A 7
me,L(z),R(z) =—-PF (la R(Z), l1€) - (% In ?) Z r, — % In Z - o (57)
i=1



5.2 LDPC Coding Theorem for BSC

We first establish our LDPC coding result for BSC. By assuming the encoding procedure
to be systematic, the original information bits are visible in the transmitted codeword X",
and we can measure the bit error probability by

1 ~
Py (Conn,(),r(») = E {Ewt(X =X ")] (5.8)
where the expectation is with respect to to the transmitted random codeword, the BSC,
and the random LDPC code C,, ,, 1(z),r(z) itself. Selecting § = lnT” in the Hamming jar
(1.7), i.e

1 Inn
ny _ n. n_an) <
J(y") {SE nwt(y T )_pﬂ/—n }

we then have the following theorem.

Theorem 5.1. For any variable and check node degree distributions L(z) and R(z), and
for any block length n,

Py (Connpo)r(») < €+ 0 (n7?) (5.9)
whenever
1
e+2<p+\/ﬂ><1 (5.10)
n
and
R(C <C Pmo—1© 1=y, /n 11
( m,n,L(z),R(z)) >~ UBSC — <g ns-— m,n,R(z),L(z)) — | n P T (5 )

Proof. Let B(x",€) be a subset of X", defined as

Bla",e) & {z” Ltz —am) > e}

n

for any 2" € X" and 0 < e < 1. Let X" be the transmitted codeword, and Y™ the output
of the BSC in response to X", i.e.,

Y"=X"4+W"
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where W™ is the noise vector. Then

Pb(cm,mL(z),R(Z))
1 ~
= E {—wt(X” - X")]

n

IA

€+ Pr {X” € B(X”,e)}
e+Pr{X"¢ JY")}
+ Pr{3z2" € JY")NB(X",¢), X" € J(Y"),Hpxnz" =0"}. (5.12)

IN

To continue, on one hand, we have

Pr{X"¢ J(Y")} < Pr{%wt(W”) >p+ “lnTn}

y
< n (5.13)
where 1) is due to Hoeffding’s inequality. On the other hand, we have
Pr{3z" € J(Y") N B(X",€), X" € J(Y"),H,,xn2" = 0"}
= Pr{d2" e JX"+W")NB(X",¢), X" € J(X"+W"),Hyun(a" — X") = 0"}
= Pr{3a" — X" € JW) N B(0",6),0" € JW"), Hye (2" — X7) = 0
= Pr{3z" € JW™")N B(0"€),0" € J(W"), Hxn2" = 0"}
= Z Pr{WW" =w"} Pr{3z" € J(w") N B(0",€), H,,xn2" =07}

wneJ(0m)

2§) Z Pr{W" =w"} |J(w”)|e_”F§Z),n,L(z),R(z>_2h”“ro(l)
wneJ(0m)

< enH(p-i— lnT”) eanEZ)’n’L(Z)’R(Z)fQlnn+O(1)

< o [H(p)—l—(ln r)y/ 17"] e_nrﬁzfn’w)’mz) —2Inn+0(1)

where the inequality 2) is due to (5.6), z* € B(0", ¢), and the fact that

1 1 1
w" e JO0") & 2" e J(w") = —wt(z") < Ewt(w”) + Ewt(z" —w")

n
Inn
< 2 p+y— | <l-e¢
n
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whenever (5.10) holds. Then (5.9) is proved by combining (5.12), (5.13) and (5.14). This
completes the proof of Theorem 5.1. n

A tighter bound can be obtained in the form of (2.70), i.e

n .
Py(Con,L(2),R() < Z < ; )pt(l —p)t

n(p+8)+1<t<n

wt(w _ \n—wt(w) wt(zn) n
+ > p ) > ——P(2")  (5.15)
wneJ(0n) zneJ(w™)

where

nl

P(z") 2exp {nP (I, R(2), ") +

(2™ (2™)
Zn —lnnl”(z ( ll )—i—O(l)}.

The evaluation of this bound is subject to further research.

5.3 LDPC Coding Theorem for BIMC

Now let us extend Theorem 5.1 to an arbitrary BIMC {p(y|z) : = € X,y € Y} with
X ={0,1}. Towards this, we modify C,, ,, 1(z),r(») in the following way: H,,x, and S™ are
uniformly picked from H,, » 1(z),r(z) and X™ respectively, and the codebook consists of

{z" € X" : H,, 52" = S™}.

In other words, we randomly choose a coset code of H,,,, for use over the BIMC. Let X"
be the transmitted random codeword, and Y the output of the BIMC in response to X".
Then it is easily verified that X" takes values over X" uniformly, and H,,,, is independent
of X™ and Y. Thus for any z" # 2" € X",

Pr{z" € Coon1(2),r(») | X" = 2"} = Pr{H, <, (2" — 2") = 0"} (5.17)

and
Pr{X"=2"} =2"". (5.18)

To present our LDPC coding theorem for BIMC, recall the definition og(X|Y") for the
uniformly distributed random input X and the corresponding channel output Y, specify
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J(Y™) as the BIMC jar with § = oy (X]Y)y/222 ie.

n

J(Y™) = {Zn / _%Zlnp(zm) < HXY) +on(X]Y) 41:”‘1”}

and further define v, (XY as

- {—/\ (H(X|Y) | aH<X|y>,/417j”> LERMXY)] - SE [pA<—X|Y>}}

where —z is the complement of z, i.e., the module-2 addition of z and 1. Then we have
the following theorem.

Theorem 5.2. For any variable and check node degree distributions L(z) and R(z), any
block length n, and any € € (0,0.5),

By(Comr(2).R(z) < €+ O0(n™?) (5.19)
whenever o1
H(e) < 7a(X|Y) = = (5.20)
n
and
m (6) 4lnn
R(Crnn,L(2).R(z)) < Cpivc — <E In2— Fm,n,L(z),R(z)) —op(X|Y) — (5.21)

Proof. Let B(x™,¢€) follow the same definition as that in the proof of Theorem 5.1, and
—x" be the binary vector resulted from applying bit-wise not operation on x™. Then from
the proof of Theorem 5.1,

Pb(cm,n,L(z),R(Z))
S €+ Pr {Xn ¢ J(Yn)} + PI‘{E'Z” € ‘](Yn) N B(Xn7 6)7 2" e Cm,n,L(z),R(Z)}

= e+ Pr{X"¢ JY™)}+Pr{3" € J(Y") N B(X",€), Hpxn(z" — X") = 0"}
(5.22)

Combining (5.18), the argument in the proof of Theorem 2.2, and Result 1.1, we have

Pr{X" ¢ J(Y")} = Pr{—%ilnp()(im)>H(X|Y)+0H(X|Y) 41“”}

n

= 0(n7?) . (5.23)

135



On the other hand,
Pr{3z" € J(Y") N B(X", €), Hypxn(z" — X") = 0™}
< Pr{32" € JY") N B(X", €) N B(=X", €), Hpun(z" — X") = 0"}
+ Pr{3:" € JY") N (X" /B(=X",€)) , Hpxn (2" — X") =07} . (5.24)

Now .
e Jy" )N Bt e)NB(—a"e) => e < —wt(z" —a") <1—¢
n
which implies that
©
Pr{H,,n(2" — 2") = 0"} < & " mni).ne "2 tOM) (5.25)

according to (5.6). Therefore,
Pr{3z" € J(Y™) N B(X™, €) N B(—X", ), Hypen(z" — X™) = 0™}
= ¥ [san)
nex™

Pr{3z" € J(y") N B(z",e) N B(—2",€), Hypn(2" — 2") = 0" X" = 2", Y" = y" }dy

2)

< Z / a?/ |J )‘ - an(Z) R(z )—21Hn+0(1)dy
Tnexn

3§) Z / 7y X|Y)+O'H(X‘Y)\/@> eanfﬂ)n L(2),R() 21nn+0(1)dy
TznEX™T

A / ") =007 (5.26)
neX™

whenever (5.21) holds, where the inequality 2) follows from the union bound, (5.25) and
the fact that H,,x, is independent of X™ and Y™, and the inequality 3) is due to (1.10).
At the same time,
Pr{3z" € JY")N(X"/B(—X",€)), Hpxn(z" — X") =0"}
Pr{3z" € J(Y")N (X"/B(—=X",¢))}
Z Pr{z"+ X" € J(Y")}

ZneX™/B(—0m,¢)

S emelm)

zneXn/B(—0m )
enH(e) —nyn (X]Y)

n=? (5.27)

VARVAN

INE

IA A
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whenever (5.20) holds, where 4) can be derived as below:

Pr{z"+ X" e J(Y")}

1 — 4Inn
= Pr{—— | s+ XY < HIXY XY
r{ 2 Do+ XY < HOXY) + on(XIY )y =5 }

A>0

5§) inf {en)\(H(le)—HTH(X'Y) v 41%)1@ [6)‘ Z?:11np(2¢+Xi|Yz‘)] }

A>0

— inf {en)\<H(X|Y)+UH(X|Y)\/W> [E [pA(X|Y)Hn—wt(Z") [E [p,\(_le)Hwt(Z")}

INS

ilef(; {G”A(H(XIY)-HIH(XIY)\/W) [E [pA(X|Y)H0.5n [E [pA(_X|Y)H0_5n}
— e m(X[Y)

where 5) is the standard Chernoff’s Bound, and 6) holds since Zwt(z") > 1 — ¢ > 0.5 and
we can verify

E [pMX|Y)] 2 E [P (~X]Y)]
in the following way,
E [pM(XIY)] - E [pM(-XY)]
::Eymx[gxw>zﬂ X[y)]]
— By [0 (70) — 2 0UY) +01) (11Y) =017

— By [((0Y) - p(1Y)) (5 OY) - p (1Y)
> 0
as A > 0. Then this theorem is proved by plugging (5.23)-(5.27) into (5.22). O

Remark 5.2. To show the existence of € satisfying (5.20), we need verify that v, (X|Y) > 0
which 1s indeed true, by observing that

4Ilnn

>_%mE@wan—§ME&N—XWﬂ

gn(A) = =X (H(X|Y) +ou(X]Y) -

is a concave function of \, g,(0) =0, and

dgn () 1 p(X|Y) 41nn
B SE [m m} — (XY=

- b
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whenever Cgivc > 0 and n is large.

Remark 5.3. Similar to Remark 2.4, it can be shown that Theorem 5.2 holds for general
binary input memoryless channel by replacing Cgnic with the mutual information between
a uniform random wvariable and its channel response. Moreover, similar achievability to
Theorem 5.2 can be deriwed along the same proof approach when X is a finite field in
general.

Similarly, for the BEC with erasure probability p, a tighter upper bound can be obtained
as follows:

n e
Py(Con,(2)R(2) < Z ( : )pt(l —p)"t

n(p—&-%)—l—lgtgn

v > gy Y M

w"G{O,e}":e(w")gn(p+$) zneV(wm)

where
e(w™)

V(w")

e e

and P(z) is defined in (5.16).

5.4 Analysis On Degree Distribution

From Theorems 5.1 and 5.2, it can be clearly seen that there is a constant gap between
the rate of LDPC and channel capacity, i.e.

m (e)
o1
o mn,R(=),L(2)
or _ _
z i In nl
S22+ P(I,R(2),lie) + O (ﬂ> . (5.29)
T n

Several interesting results arise from the study of this gap with respect to the degree
distributions L(z) and R(z). First of all, let us consider the optimal R(z) which can
minimize (5.29) given L(z).
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Theorem 5.3. Given the variable node degree distribution L(z) and the rate of code R =
— ™ the optimal R(z) is the check node concentrated distribution, i.e.

R(z) = (1 + |[F] = 7) 2 + (7 — |7]) 2] (5.30)

where _
n - [

r — —l = —

T 1-R
Proof. Since minimizing (5.29) is equivalent to minimizing P(l, R(z), [ €) with respect to
R(z), the theorem is the direct result of Lemma B.11 in Appendix B.2.1. O

The next result shows that LDPC codes can achieve asymptotically the channel capacity
of any BIMC with diminishing bit error probability when large degrees are used.

Theorem 5.4. Given any variable and check node degree distributions L(z) and R(z),

1

Py(Crp, L(24),R(H)) < NG +0(n™?) (5.31)

whenever X .

nn
Hl —— ) <~,(X|Y) — 5.32
(507 = mix) - 22 632
and
r Innk 1

R(Cr, (%), r(:%) < Cive — O (e_lll’l\/m;lnk + % + %) : (5.33)

Proof. Let ¢ = -4, By Lemma B.10 in Appendix B.2.1,

2Vk "
zl\/E)

2

_ o _
In2+ {—£1n2 + llx/Eexp {—llﬁw} + ieXp (—llrl\/E> }
7 T

] [
_ O tvisin

which, together with (5.29) and Theorem 5.2, implies (5.33). This completes the proof of
Theorem 5.4. O
Remark 5.4. In Theorem 5.4, k 1is not related to n, and can remain a constant as n

approaches infinity. Therefore, the parity check matrix of the code can be always sparse,
although large k is needed to allow the rate of the code to approach channel capacity.

In2+ P (l, R(2"),

3| e~

<

e
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5.5 Simulation Results

In this section, we demonstrate, by simulation, that for LDPC codes, BP decoding can
be regarded as one of many ways to pick up a codeword from a jar when it succeeds in
outputting a codeword.

In our simulation, we first selected a LDPC code with block length n = 8000, coding
rate 1 — ™ = 0.5 (in bits), variable node degree distribution

L(z) = 0.4578752% 4 0.323752% + 0.02152*
+0.059252° 4+ 0.03887527 + 0.0248752°
+0.008752% + 0.017752" + 0.0473752%°

and check node concentration degree distribution R(z), and then randomly chose its coset
code

{z" : Hyxna" = S™}
for use over our testing channel. Let X™ denote the transmitted codeword and Y™ denote
the channel output. As mentioned earlier, X" takes values uniformly over X™. Thus, in
our simulation, X" was first generated uniformly from X", and then fixed and passed into
the channel multiple times (each time noise is generated independently).

At the decoder, the standard BP decoding algorithm was used, which is described in
Algorithm 1, where {c¢;}/2; and {v;}}_; represent check and variable nodes in the tanner
graph of H,,x, respectively, N'(a) is the set of nodes connected to node a in the graph.
Simply speaking, messages (1., ., and m,, ) are passed and modified in certain manner
(according to steps 5 to 14) between check and variable nodes in the tanner graph, and
eventually the decoding output is the hard decision (steps 15 to 17) on each variable node
with channel statistics In % and messages passed to it. The algorithm kept running
until it either found a codeword z™ i.e. H,,x,2" = S™ or the upper bound on the number
iteration (V) was reached (in our simulation N = 100).

The first testing channel we selected is the BSC with crossover probability 0.09 and
capacity 0.564 (in bits). BP decoding was run for 1000 blocks. In our simulation, we
observed that BP decoding always failed whenever

1
—wt(Y" — X™) > 0.098 = p + 0.008
n

and sometimes succeeded and sometimes failed when

1
—wt(Y™ — X™) < 0.098 = p + 0.008 .
n
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Algorithm 1 Standard BP Decoding Algorithm

1: Let 2™ be a sequence such that z; = 0 ifln PY{X 1\Y} 0 ,
1 otherwise

2: Initialize iter = 1 and
e m,, ,, to be 0 for v € N(¢;) and 1 < i < m;
e and m,, . to be 0 for c € N(v;) and 1 < j < n.

3: while H,,», 2" # s™ and iter < N do
4 iter = iter + 1.

5. for j=1tondo

6: for all c € N(v;) do
7 Mo, e = In ig—;ﬂﬁ + DN () /e e
8 end for

9: end for

10 for:=1tom do

11: for all v € N(¢;) do

12: Me, 5y = 2tanh ™ [(1 —25) [ L, IeN(e)/{v) tanh ( vy )]
13: end for

14:  end for

15:  for j=1tondo

Pr{X,=0]Y;}
6. A 0 1flnP{X_1‘Y}+Zc€N My, = 0

Ly
1 otherwise

17:  end for
18: end while
19: Output 2" as the estimation of X".
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The second testing channel we selected is the BIAGC with variance of noise o = 0.875
and channel capacity 0.575 (in bits). The codeword was modulated to {—1,+1}. In our
simulation, we observed that BP decoding always failed whenever

1. p(X"[Y™)

——1In

> 0.322 = H(X|Y) + 0.028
) S

and sometimes succeeded and sometimes failed when

1. p(X"|y™
_1 (XY

<0.322.
n o p(Ym)

Both simulations confirm that BP decoding can be regarded as one of many ways to pick
up a codeword from a jar when it succeeds in outputting a codeword. Of course, if one
wants to include BP decoding as a part of jar decoding for LDPC codes, it is clear that
one has to deal with the situation in which BP decoding fails to output any codeword.
This problem, together with the design of effective jar decoding algorithms and codes, is
left open for future research.

5.6 Summary

In this chapter, coding theorems on LDPC ensemble are considered. As can be seen, the
proof of LDPC coding theorem via jar decoding is much simpler, in which the (bit) error
probability is again broken into two part, i.e. the probability that the true codeword is
outside the jar and that there exists other codewords inside the jar. However, in con-
trast to the pure random linear code (Gallager’s and Elias’) ensembles, for which the first
probability is the major contributor to the error probability, for LDPC codes the second
probability is actually dominant. In this case, jar decoding has allowed us to analyze the
tradeoff between the capacity gap and bit error probability of LDPC codes for any n. And
we have shown that LDPC codes can achieve, with diminishing bit error probability, the
capacity of any BIMC as their average node degrees increase. In addition, an interesting
connection between BP decoding and jar decoding is demonstrated through simulation, and
it is shown that BP decoding can be viewed as one of many ways to pick up a codeword
in the jar.
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Chapter 6

Interactive Encoding and Decoding
Theorems based on LDPC Codes
with Syndrome Accumulation

In Chapters 2, 3, 4 and 5, jar decoding is shown to be a fundamental tool to prove non-
asymptotic channel coding theorems, where the transmission is one way, the number of
symbols per transmission (block length) is fixed, and the jar size is pre-determined by the
decoder. In this chapter, it is demonstrated that jar decoding is a powerful tool to prove
coding theorems in the scenario of two-way communication, where both the number of
transmitted symbols and the jar size are dynamic and determined on the fly. Towards this,
a coding scenario, called interactive encoding and decoding, is considered.

6.1 Motivation, Problem Formulation and Literature
Review

The concept of interactive encoding and decoding (IED) was formalized in [10,411]. When
applied to (near) lossless one way learning (i.e. lossless source coding) with decoder only
side information, IED can be easily explained via Figure 6.1, where X denotes a finite
alphabet source to be learned at the decoder, Y denotes another finite alphabet source that
is correlated with X and only available to the decoder as side information, and R denotes
the average number of nats per symbol exchanged between the encoder and the decoder
measuring the rate performance of the IED scheme used. As evident from Figure 6.1,
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IED distinguishes itself from non-interactive Slepian-Wolf coding (SWC) in the fact that
two-way communication is allowed in IED.

source
input rate R output

X =——> FEncoder =———————> Decoder m—> X

A

E t

T LL L T E PP PR PP >Y

correlated

Figure 6.1: Interactive encoding and decoding for one way learning with side information
at the decoder

By allowing interactions between the encoder and the decoder, IED has several advan-
tages over SWC [10,11]. For example, in comparison with SWC, it was shown [10,11] that
IED not only delivers better first-order performance (i.e. asymptotic compression rate)
for general stationary, non-ergodic source-side information pairs, but also achieves better
second-order performance (i.e. trade-off between the speeds of convergence of compression
rate to optimum and convergence of error probability to zero) for memoryless pairs with
known statistics. Furthermore, although given the compression rate SWC schemes [12—11]
can be constructed which work for vast classes of source-side information pairs with condi-
tional entropy rate less than this rate, truly universal SWC does not exist as the conditional
entropy rate is part of the statistics of source and side information. On the other hand, it
was shown [11] that coupled with any classical universal lossless code C,, (with block length
n and with the side information available to both the encoder and decoder) such as the
one in [8], one can build an IED scheme which is asymptotically optimal with respect to
the class of all stationary, ergodic sources-side information pairs. Indeed, the correspond-
ing IED scheme achieves essentially the same rate performance as that of C,, for each and
every individual sequence pair (z™,y"), even though the side information is not available
to the encoder in the case of IED, while the word decoding error probability can be made
arbitrarily small.

The above advantages make IED much more appealing than SWC to applications where
the one-way learning model depicted in Figure 6.1 fits. However, the IED schemes con-
structed in [10,11] do not have an intrinsic structure that is amenable to implement in
practice. A big challenge is then how to design universal IED schemes with both low en-
coding and decoding complexity. To address this challenge partially, linear IED schemes,
which use linear codes for encoding, were later considered in [15]. The encoder of a linear
IED scheme can be conveniently described by a parity-check matrix. Based on different
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random matrix ensembles, two universal linear IED schemes were proposed therein. The
first universal linear IED scheme proposed in [15] (also called LIED) makes use of Gallager-
type of matrix ensembles, where each matrix element is generated independently, selects
randomly a matrix from such an ensemble, and then divides the selected matrix into several
sub-matrices, each of which is used to generate new syndromes in each round of interac-
tion. In the second universal linear IED scheme proposed in [15] (also called SA-IED),
Gallager-type ensembles are extended into vector-type ensembles, where each column of
matrices is generated independently, and a matrix is generated in such way that each of
its sub-matrices is randomly picked from such a vector-type ensemble; in each round of
interaction, new syndromes are then generated by applying syndrome accumulation (de-
scribed in [15]) once to each and every of those sub-matrices. Define the density of a linear
IED scheme as the percentage of non-zero entries in its parity-check matrix. It was then
shown [15] that there is no performance loss by restricting IED to linear IED and even to
linear IED with density Q(*2), where n is the block length. Thus the encoding complexity
of universal IED can be kept as low as O(nlnn).

Although linear TED considered in [15] tackles its encoding complexity very well, its
decoding complexity is largely untouched due to the adoption of maximum likelihood
(ML) decoding, which results in exponential decoding complexity with respect to block
length n. An attempt to apply belief propagation (BP) decoding algorithm on linear
codes generated by Gallager-type or vector-type ensemble in [15] fails miserably, due to the
property of those ensembles. Details of discussion of Gallager-type or vector-type ensemble
and the reason why BP decoding fails for those ensembles can be found in Remark 6.1 in
section 6.2.3, while the brief version is provided here. Specifically, in either of Gallager-
type or vector-type ensemble, several sub-matrices are generated independently and then
concatenated as one matrix used by decoder. Moreover, within each sub-matrix columns
are generated independently. The independence mentioned above mitigates the difficulty of
theoretical analysis of the performances of IED schemes to some extent, but makes degree
distribution of the matrix used for decoding totally uncontrolled. On the other hand, it
is well known that the convergence of BP decoding depends largely on those (especially
variable node) degree distribution [5,16]. Therefore, one of the main purposes of this
chapter is to address the issue of decoding complexity by building IED schemes from linear
codes with low decoding complexity. This leads us to consider LDPC codes, due to their
linear complexity decoding based on BP decoding and successful application to fix-rate
Slepian-Wolf coding [17-50)].

An LDPC code is a linear code with a sparse parity check matrix, each of whose rows
and columns has only a finite number of non-zero elements with respect to its block length.
Important parameters of an LDPC code include the ratio between the numbers of rows
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and columns (called Slepian-Wolf rate (syndrome encoding)), and the portions of rows and
columns with certain number of non-zero elements (called the check and variable degree
distributions of the LDPC code). Given a block length n and a Slepian-Wolf rate, one
way to generate an LDPC code with the given Slepian-Wolf rate, is to randomly select a
matrix as its parity check matrix from an ensemble in which all matrices share the same
Slepian-Wolf rate, and check and variable degree distributions.

Since rows and columns of parity check matrix of an LDPC code are not generated
independently, the approach of dividing the whole matrix into several sub-matrices adopted
in [15] can not deliver good results from both theoretical and practical perspectives. To
overcome this problem, we shall modify syndrome accumulation (SA) used in [15] to adapt
the encoding rates of the LDPC code for IED. The resulting scheme is called an interactive
encoding and decoding scheme based on a binary LDPC code with syndrome accumulation
(SA-LDPC-IED); its performance is then analyzed theoretically and evaluated practically
based on jar decoding and BP decoding, respectively. It is shown that coupled with any
classical lossless code C,, (with side information available to both the encoder and decoder),
one can always construct an SA-LDPC-IED scheme such that

e the word decoding error probability approaches 0 sub-exponentially with n; and

e the total rate (including both the forward and backward rates) of the resulting SA-
LDPC-IED scheme is upper bounded by a functional of that of C,, which in turn
approaches the compression rate of C,, for each and every individual sequence pair
(™, y™) and the conditional entropy rate H(X|Y") for any stationary, ergodic source
and side information (X,Y’) as the average variable node degree [ of the underlying
LDPC code increases without bound.

When applied to the class of binary source and side information (X, Y’) correlated through
a BSC with cross-over probability unknown to either the encoder or decoder, the resulting
SA-LDPC-IED scheme can be further simplified, yielding even improved rate performance
versus the bit error probability when [ is not large. It is worth mentioning here that due
to dramatic difference between LDPC ensemble and Gallager-type or vector-type ensemble
in [45], theoretical results above are by no means implied by those in [15], and as can be
seen later on, the proof technique used here is quite different, which is also believed to be
valuable for theoretical analysis of rateless or universal codes (in channel or Slepian-Wolf
coding) with LDPC property.

Comparison between our work and research done in area of SWC need to be addressed
here. First of all, the connection and difference between IED and variable-rate SWC with
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feedback ( [71], and references in [11,15]) have been extensively discussed in [11,15], where
the main difference has two folds. One is that the assumption on source statistics is general
and completely unknown to either the encoder or the decoder in IED while either IID is
assumed, or the statistics is known at the decoder in those work. The other is that in IED
the total exchange rate (forward and backward rate) is concerned while by feedback usually
only forward rate (from encoder to decoder) is considered. Also, it should be pointed out
that in the literature (see for example [72-51], and references therein), there have been
several attempts towards building rateless (or rate-adaptive) SWC schemes using LDPC
codes. Specifically, the technique of SA was used to construct the so-called LDPCA codes
in [54]. Our SA-LDPC-IED schemes differ from the rateless SWC schemes in the following
aspects:

e We are concerned with the total rate defined as the number of bits exchanged between
the encoder and the decoder per symbol, while only the forward rate (from the
encoder to the decoder) is considered in rateless SWC schemes.

e We assume that the joint statistics of source and side information are unknown to
both the encoder and decoder, while the joint statistics are available for decoding in
rateless SWC schemes.

e We provide theoretical analysis for our SA-LDPC-IED schemes, while the perfor-
mance of those rateless SWC schemes has been evaluated mainly through simulation.

6.2 Interactive Encoding and Decoding Scheme based
on LDPC Codes with Syndrome Accumulation

6.2.1 LDPC Ensemble with Check-Concentrated Degree Distri-
bution

Recall the definitions of LDPC ensembles in Section 5.1. Given m, n, and (normalized)
variable and check degree distributions L(z) and R(z) satisfying nL/(1) = mR'(1), let
Hmm,L(z),R(z) denote the collection of all m x n parity check matrices with normalized
variable and check degree distributions L(z) and R(z). Without loss of generality, we only
consider those matrices such that the degrees of rows and columns do not decrease with
their indices. (In other words, i > j implies the degree of the i-th row (or column) is not
less than that of the j-th row (or column).) Here we focus on a special case, i.e. m = n,
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and simply denote H,, n 1.(2),Rr(z) DY Hn,L(2),r(z)- Moreover, as shown in Chapter 5, check-
concentrated degree distributions achieve the best performance under jar decoding, where
given a variable node degree distribution, the check node degree distribution is made as
concentrated as possible. Therefore, we further narrow down our discussion on this type of
degree distributions. In this case of H, 1(:) r(z), given L(z), R(z) is determined as follows:

R(2) = Rz + Ry2™

where
o= UJ
e = [l—‘
Ry — T—1]
and

L
[=L'(1)=) Li.
i=1

Ho,1(2),R(z) With R(z) determined by L(z) as above is simply referred as to H,, r(z).-

6.2.2 Syndrome Accumulation

The concept of syndrome accumulation has been introduced in [15]. To clarify our following
discussion, we revise this concept here.

Suppose a syndrome vector s” = H, «,2x" is given, where s" consists of n syndromes
$182...8,, and H,,», is an n x n matrix. To facilitate the discussion below, we assume
that n is a power of 2, i.e. 27 for some positive integer T. Let N' = {1,2,...,n} and
P = {A1,As,..., Ajp} where P forms a partition on N with each A; as a subset of N/
and |P| as the number of elements in P. A; is also called a cell in P, and we use |A;| to
represent the cardinality of A;, i.e. the number of indices in A;. Now given s" and P, we
can form a new syndrome vector 37!, which is called an accumulated syndrome vector, in
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the following way:

S1
3Pl — §.2
SiP|

5 = Zsjf0r1§i§|73|

JEA;

The derivation below shows that 57! is indeed a syndrome vector:

3P =

D iens 2onet ik
n
D iy Dhet Mk

2 jenp 2ohet NikTi

Zgzl ZjeAl hjk:xk:
Zk:l ngA2 hjrwy

Zzzl ZjeAlfp‘ hjkili'k

Zy
Z T2
JEN 1<i<|P|,1<k<n]|

Ty

>

prn

where hj; is the element in the j-th row and k-th column of H,,, and zj is the k-th
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element in z”. Also, Hp defined above is the parity check matrix corresponding to the
partition P.

To proceed, we introduce a sequence of partitions PPy ---P,. (Later on, it can be
seen that this sequence effectively represents the procedure of encoding of SA-LDPC-IED
schemes.) The sequence PPy - - P, is generated in a recursive manner, depicted below:

L4 ’Pl:{./\/-}

e Suppose P; = {A;1,\i2,...,A;;} has been generated. Let j; = 2(i — lloga 7]y 41,
Split A, j, equally into two parts, A; ;,+ and A; ;,—, where A; ;. (A;;,—) consists of the
first (second) half of elements in A, j,, ordered by their values.

L] il = {Ai+1,17 Ai+172’ . >Ai+1,i+1} is generated as below:
— Ai—l—l,k = Ai,k for 1 <k< ]z
= Aiprg = Ay
= A = A
- Ai—i—l,kz = Ai,k—l for ]z +1<k<i+1.
Note that since we assume n = 27 for some integer T, |A;x| is also a power of 2 for
1<i<n,1<k<i Moreover, for 1 <i<mn, |Ajg|=2|Ais,| = 27221 always holds

for j; < ky <t and 1 < ky < j; — 1. Therefore, the splitting of A; ;, can always be applied.
In fact,

A = {(k — 1)27 Mol 1 o Tloeai1}
for 1 <k < j;, and
N ={(ji — 1)27-Mog2il 4 (f — jyoT—loszil 4 1
(g — 1)2T4log2ﬂ + (k—ji + 1)2T7Llog2ij}
for j; <k <.

Now given s = H,,x,x" and P1Py---P,, we can generate a sequence of accumulated
syndrome vectors 5155 ...5", where the upper scripts represent the dimension and lower
scripts indicate which partitions the syndromes are associated with. The upper scripts,

which always equal to the lower scripts, are dropped for simplicity. Now for any s;, we use
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5;; to represent its j-th element. In fact, this procedure can be done recursively as above,

where
51 = §171 = E Sj
JEN
and §;,1 is generated by replacing §; ;, with 8,1 j, and 8,41 j,+1. Moreover, since {A; 11 j;, Ait1ji+1}
is a partition on A, j,, we have

Sij; = Sit1,4; T Sit15i+1

and therefore, if 5; is known, only one of 5,1, j, and 3,44 ;41 is needed to calculate 5;1;. We
call 5,11, as the augmenting syndrome from §; to 5,1, denoted by a;;;. We also adopt the
convention that a; = 5 for convenience. In addition, according to the discussion above,
s; = Hp,2", where Hp, can be determined by H, «, and P;. For clarification, we refer to

Hp, as Hl(zx)n, where the lower script indicates its dimension.

{1}

\
/ \
- P Ag
.. Al,l
™~ —
E . ~ — oz
-1 e
{n—1} P
Anfl,nfl

-

{n}

Figure 6.2: Binary Tree Structure of Syndrome Accumulation

By Remark 7 in [15], a binary tree can be associated with P;Py---P, or 5155 3y,
shown in figure 6.2, where each node represents a subset of A/. Let v and A(v) be a node
and its associated set. {A(v;), A(v,)} forms a partition of A(v) when v; and v, are the left
and right child nodes of v. Moreover, let v(A) be the node associated with the set A, and
d, be the depth of a node v. Then |A| = 27~ %w),
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6.2.3 Interactive Encoding and Decoding Schemes

In light of LDPC codes, we consider only binary sources. That is, the source alphabet X is
binary. However, the side information alphabet ) could be arbitrary. For any 2™ € A", let
Z™ be the complement sequence of 2", i.e., the sequence having hamming distance n from

™. Let H,«, be the parity check matrix of a LDPC code randomly generated from the

x".
ensemble H,, 1.y for some L(z). Let H] and H” be matrices from Gallager

NnNXn (nH<€)+A)><n

parity check ensemble (the set of matrices with each ellgrznent generated independently and
uniformly from &X'), where 0 < 1, < 1, 0 < € < 0.5, and n% is assumed to be an
integer. Furthermore, let P1Ps - - - P, be the partition sequence described in the previous
subsection. Based on the concepts introduced above, we are now ready to describe our
SA-LDPC-IED scheme Z,,, which is presented in detail in Algorithm 2 below, where z™ is
the source sequence to be encoded, y™ € Y™ is the side information sequence available only
to the decoder, and A is an integer to be specified later such that % is also an integer.

Moreover, given side information 3", the jar J,(y") at b-th round interaction is defined as

2" E X"y, (2Myt) < Tt 1<b< 2
a4 | & - 6.1)

where the specification of I',, 7, and the function ~, : X" x Y* — (0,4+00) depends on
L(z), and will be discussed in the next section. Note that when b > %, Jy(y") consists of
all possible source sequence of length n, which guarantees the existence of 2" at steps 18
and 19 in the algorithm.

As in [10,41,45], given any (z",y") € X™ x Y™, the performance of Z,, is measured by
the number of nats per symbol from the encoder to the decoder r¢(z", y™|Z,), the number
of bits per symbol from the decoder to the encoder r,(z",y"|Z,), and the conditional error
probability P(Z,|z", y™) of Z, given 2" and y™. Let j(z™,y") be the number of interactions
at the time the decoder sends bit 1 to the encoder. It follows from the description of
Algorithm 2 that*

JWDB 12+ H(e)+ 212 if j(z",y") < n/A
n nz'n — n n ’ - 6.2
re(2" y" L) { <1+nn)1n2+H(€)+%ln2 otherwise (62
and
- g™, y")
Tb<x 'Y ‘In) = n In2. (63)

*By the convention of this thesis, information rates are in nats.
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Algorithm 2 SA-LDPC-IED scheme Z,

1:

*®

10:
11:

12:
13:
14:
15:
16:
17:
18:

19:

Based on PP, - -- P, and s = H,,«,,2", the encoder generates accumulated syndromes
5189 - - - §, and augmenting syndromes aias - - - .
Based on PP - - - P, and H,,,,, the decoder calculates matrices H(AAX)HHQQAAX)H - HY

nxn:

b+ 0.
while The encoder does not receive bit 1 from the decoder do
b« b+ 1.
if b < % then
The encoder sends augmenting syndromes ap—1)a4+1---apa to the decoder by A
bits.
else
The encoder sends syndromes sﬁhn =H', ,«nx" to the decoder by n,n bits.
end if
Upon receiving syndromes sent from the encoder, the decoder searches through
Jp(y™) for a sequence 2" satisfyin H) 3n = g0 if b< 2 and
b\Y q ymg A vn bA = A
EAES
MmN Xn X
otherwise.
if Such an 2" is found then
The decoder sends bit 1 to the encoder.
else
The decoder sends bit 0 to the encoder.
end if
end while
Upon receiving bit 1 from the decoder, the encoder sends sg ) | = H’(/n 1o +A)ann

to the decoder.

Upon receiving s:fb CIBWN the decoder searches through the set

1 1
D= {z" c—wt(2" —2") <eor —wt(z" —2") > 1-— e} :
n n

for a sequence " satisfying HY , ., " = 5"y, . If such an 2" is found, the
(n—ln2 +A)><n nIs +A

decoder outputs " as the estimate of x™. Otherwise, decoding failure is declared.
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Moreover, let (X,Y) = {(X;,Y;)}2, be a stationary source pair. We further define

r1(Zn) EE[rp (X", Y"[Z,)]

ry(Z,) 2E [rp( X", Y"|Z,,)]

and

P.(T,) 2Pr{X" # X"}.

Remark 6.1. As can be seen, SA-LDPC-IED distinguishes itself from LIED and SA-IED
proposed in [/5] by the ensembles of parity check matrices. Specifically, SA-LDPC-IED,
LIED, and SA-IED schemes all assume that Sya = HébAAX)nx” 18 available to the decoder at

b-th interaction, but the ways of generating Hgbfx)n are totally different. In an SA-LDPC-
IED scheme, given the variable and check node degree distribution of H, ., the variable
node degree distribution of HI()bAAX)n will be roughly the same as that of H,«,, considering
the fact that the matriz H,,,, is sparse. On the other hand, for an LIED scheme (using

Gallager-type ensembles),

HAXn<1)
Haxn(2)
bA Xn
HE)AQTL = .
HAXn(b)

where each Haxn (i) is generated in the way that elements equal to 1 with probability p},
and to 0 with probability 1 —pf. As can be seen, variable node degrees of each Hayw, (i) are
purely random, as well as that of Hl()bAAX)n. Now for an SA-IED scheme (using vector-type
ensembles),

b
Hglgn(l)
H" (2)
bA bxn
Hl()Agn = X:
b
H{) (A)

where each Hl()bx)n(z) 15 resulted by applying the syndrome accumulation described above to
H(ﬂﬂ)m(i), each column of which is generated independently and equals to a vector of
A

degree one with probability p; or to a zero vector with probability 1 — (% + 1) pk. (Note that

there are X +1 different vectors of degree one and dimension % +1.) In this case, although
the variable node degrees of Hébx)n(z) are either O and 1, the variable node degrees of HI(]bAAX)n

are still purely random, as each Hébx)n(z) 15 generated independently. The independence
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in Gallager-type and vector-type ensembles mitigates the difficulty of the proof of coding
theorems to some extent. However, as the variable node degrees of decoding matrices are
purely random, BP decoding does not behave well for those schemes, which is the motivation
to propose and investigate SA-LDPC-IED schemes.

6.3 Performance of SA-LDPC-IED: General Case

This section is devoted to the theoretical performance analysis of our proposed SA-LDPC-
IED scheme Z, for both individual sequences " and y™ and stationary, ergodic sources.
Throughout this section, we assume that A ~ /n.

6.3.1 Specification of v, (-, ), 7., and {I'y}, and Probability Bounds

In order for our proposed SA-LDPC-IED scheme Z,, to be truly universal, i.e., to achieve
good performance for each and every individual source and side information pair (z",y"),
we associate 7, (-, -) with a classical universal lossless code C,, (with block length n and the
side information available to both the encoder and decoder), where C, is a mapping from
A" x Y™ to {0,1}* satisfying that for any y™* € V", the set {C,(z",y") : 2" € A"} is a
prefix set. Specifically, we define

Y (2™, y") = hn (2" |y")

where nh,(z"|y") is the number of nats resulting from applying C, to encode z" from X
given the side information sequence y™ from ) available to both the encoder and decoder.
Consequently, each Jy(y") defined in (6.1) for 1 < b < % is a jar from classical prefix code
shown in Example 5 in Section 1.2.

Following the approach adopted in [11,45], it is essential to calculate the following prob-
H(e)

abilities Pr {H!  an = ("}, Pr {H o A= 0" +A} and Pr {Hgbﬁgnxn — obA}

Nnn XN (n s +A)><n

for 1 <b < %X, given 2" # 0". In addition, in our case, the specification of 7,, and {I';} is

also related to the probability Pr {Hébﬁx)n:n” = ObA}. Since H/ and H7 .

NnMXn (
n In 2

obtained from Gallager parity check ensemble, it can be easily shown that

are

+A)><n

Pr {H’ " = Onn”} — QMM _ p—Manin2

NN XN

H(e) H(e
Pr H// o " = 0" 32 +A _ 2—71%—A _ e—nH(e)—Aan
(n s +A) Xn
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for any z™ # 0". However, calculating Pr {Hl(ffx)nx" = ObA} is much harder.

It can be seen that
Pr{H{{), " = 02}

depends on the support set of 2™, i.e., the positions of non-zero elements in ™. Let »(x™)
represent the support set of ™, and we write s¢(z™) simply as s whenever z" is generic or
can be determined from context. Let H ., be the matrix consisting of those columns of

H,,.,, with indices in 5. The degree polynomial of 3¢, denoted by L*(z), is defined by

L
LA(2) 23 L7t
i=1
where Li'n is the number of columns with degree I; within HY . And define

7;«zé - P
2> L
=1

Now let

t) = min{2bA — 2[leE:PA1 R oflos; bATY

t,(i) = max {Rﬂ“og? bAT-1 _ (bA — ollogs bM_l) ,0} ,
tiy = max {Rp2M82bA1 2 (2fls20A1 _pA) 0}
tin = min {20908 _pA | RyolloebAT-1Y

N4
To understand the meaning of {tl(fA)} , let us focus on Pya = {AbA,i}bAl. By the binary
=1

1=
1=

tree representation in the previous section,

B8 = # of Apay st Apay C {1+ Rin} and dyy,, ) = 2105221

% = #of Apassit. Apa; € {1+ Rin} and dy(ny s ;) = 2M10B20A171

tl(i) = FHof Apagist. Apay S{Rin+1---n} and dya,,,) = 9flogz bA]
tl()z) = #of Mpnysit. Mpay C{Rin+1---n} and dya,,,) = 9flogs bA] -1
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Since the block length n is assumed to be a power of 2, it follows that

(1)

s _ mm{%_zﬂogwﬂ R, 2l 1}

n n

(2)

ta = max {R12D°g2 i (% — ofles2 52 _1> ,0}
n n

(3)

N = max {RzQDOg? 219 (2(10g2 =l %) ,O}
n n

(4)

tb_A _ min{Q[IOgQ bA" _ bA R 2[10g2 bA" }

n

(3)
and hence t"TA, i =1,2,3,4, all depend only on bA /n.
We have the following result, which is proved in Appendix B.1.

Lemma 6.1. Let L(z) be a normalized variable node degree distribution from a node per-
spective with minimum degree l; > 2. Let cyppn = 27 o2 22 gnd g(T,k) é(1 +7)f 4 (1—7)*
Jor any T and k. Suppose Hy,x, 1s uniformly picked from ensemble H, r). Then for any
x" # 0 with its support set s,

A - — P
Pr {H&Ax)nx” = ObA} < exp {nP <%, l,l”) 3:&” In(nl*) + ln nl”(1 — ZT) +0(1 )}

where .
I = —, min{l*, 1 — I
max {n min{ }}
and for any 22,1 and £ € (0,1], P (%2,1,€) is defined as

P( z‘,g)
S _TH(¢)) — ¢y

tl()A) In g(T,71C0)

3IE

T n 2
t,()i) In g(7,2r1¢p0)
n 2
3)
t
+ z;lAl g(T,7m2C0)
(4)
tbA g(7,2racp0)
In2>———="—~ 6.4
" 5 (6.4)

157



wn which T 1s the solution to

tz(ylA) g(ﬂ T1ChA — 1)
réan—
n g(r,r1cn)
tz(,QA) g(7,2r1cn — 1)

+2ricpa—=
! n  g(t,2ricen)
tg(,i) g(T,m2cn — 1)

+rocon—
n  g(T,macpA)

tl(fA) 9(7', 2racpa — 1)

+2r CoA——
2 n g(7,2ricen)

_T—¢

SN /@
for & € {O, | — 221 (cpary) — Lo (chrg)l, and

P(%7l_7§) é—OO
n

L (3) -
for & € (l — thAﬂ' (coar1) — thAﬂ' (cpars) ,l} with the convention that e~ = 0.

L (3)
Remark 6.2. When & =1— t”TAﬂ (conr1) — thAﬂ' (coaT2), the solution T to (6.5) is T = +00.
In this case, the expression in (6.4) should be understood as its limit as T — 400, i.e.,

AN
P(b 7175)
n
(1) 2)
A [ : tia . 9(T,riceA)  tya . 9(T,2r105)
= —IH (&1 1 —£1 Ay 2t ]
(5/3+nglw[§nf+nn A i 0

3 4

n ﬁ In 9(7,121) _'_ﬁ In g(T, 27”20bA)]
n 2 n 2

(1) (3)

_ t
= —IH ({/Z) + %Aﬂ(cmrl) In[cpari] + %AW(CMTQ) In[epars]

_ 7 4R tA
when § = — 227 (cpary) — 227 (coars).
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(3)
Remark 6.3. Replace % by any real number R € (0,1] in t”TA, i =1,2,3, and 4, cp,

_ (3) _
and P (%,l,f). It is not hard to verify that t‘;f, 1=1,2,3, and 4, cyan, and P (R,l,f) as
a respective function of R € (0,1] are all well defined. One can further verify that as a
function of R € (0,1], the following identities hold:

440
Z WA = (6.8)

and
(1) (2) (3) (4)
t§ £ £ i
F1CA 22 + 2r A 22 4 rocpa 2 4 2rgcpa 2B =1 . (6.9)
n n n n

As illustrated in Figure 6.3, the function P (R, [ f) has several interesting properties
including

PR1 given (R,l), P (R,[,§) is a strictly decreasing function of £ over £ € (0,1/2];

PR2 given 0 < £ <1/2, P (R, l,& ) as a function of R is continuous and strictly decreasing
over R € (0,1], and furthermore

P(0,,¢) —E%P(R,l,g) =0

PR3 and P (R,1,€) is close to —RIn2 when & < [/2 is not too far away from /2.

These and other properties of P (R, l, 5) are needed in the performance analysis of our
proposed SA-LDPC-IED Scheme Z,,. Their exact statements and respective proofs will be
relegated to Appendix B.1.2.

Based on the function P (%, l, f), we are now ready to specify n, and {I';} for any
1 <b < % in our proposed SA-LDPC-IED Scheme Z,,, which are defined respectively as

1 - 3[1] nl_ 1. nl] A
=1+—|P(1 —Ihnh—+—1In —
I +ln2{ (L1 he) + PR T T L

and

bA 3[1, nl 1, nl A
Fb——P(n,l,l1€)—Tln5—%an—gln2

where € > 0 is the same as in the description of the SA-LDPC-IED Scheme Z,,.
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Graph of P(*27¢), "2 =0.75, 1=5.00
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Figure 6.3: Graphical Illustration of P (%, l 5)

6.3.2 Performance for Individual Sequences

We now analyze the performance of the SA-LDPC-IED scheme Z,, in terms of the perfor-
mance of the classical universal code C,, for any individual sequences z™ and y". We have
the following theorem.

Theorem 6.1. Let L(z) represent a normalized variable node degree distribution from a
node perspective with minimum degree l; > 2. Then for any (x™,y") € X™ x Y,

2A
r(a™,y"L,) < R (6 ha(a™|y™) In2 + H(e) + = In2 (6.10)

n

ry(2™, y"[T,) = O (%) (6.11)

and
P(Z,Ja", y") < 27 AHom(&+1)+00) (6.12)

where P,(Z,|x™,y") denotes the conditional error probability of Z,, given x™ and y", and
R(LA(Z)) (€, hn(2™|y™)) is the positive solution R to
- S { A Y AR N 7Y AAN
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if ha(aly") < Tz, and
(A) ni,n 1 7 lyl-l nl—

otherwise.

Proof. Given z™ and y", let j = j(2™,y") be the number of interactions at the time the
decoder sends bit 1 to the encoder. From (6.2) and (6.3), it follows that

- B2+ H(e)+21n2 if j <A/n
re(a” YT = { (1+n,)In2+ H( )+ 21In2 otherwise (6.15)
and .
ro(2™, y"|ZL,) = %ln 2. (6.16)

Since A ~ y/n and j < X 4 1 according to Algorithm 2, (6.11) follows immediately.

In view of the description of Algorithm 2, it is not hard to see that at the (j — 1)th
interaction, one always has

We now distinguish between two cases: (1) h,(2"[y") < 'z, and (2) hy(2z"[y") > T'z. In
case (1), it follows from (6.17) that

n
K?

i< 3 (6.18)
and
G-DA - 317 il A
—P|— 1 he) —— ———1———12 P (2™ y"
( n 0 An2 o 4 n2 < ha(z"ly")
or equivalently
(j— DA - o 3m nl 1. nl A
P( " el < hp(2™y") + —— A ln2 2nln4+nln2
= P (R (e hala"ly™) L)
By Lemma B.5, P (R, l, lle) is strictly decreasing with respect to R. Therefore,
i — 1A
U=DAy oo R (e, ha(2"y™)) . (6.19)

n
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Combining (6.15), (6.18), and (6.19) together yields
ry(a™ Y"1 Zn) < Ry (€, ha(2™|y")) In2 4+ H(e) + 71112 :

This completes the proof of (6.10) in case (1).

In case (2), j could be strictly greater than %. Regardless of the value of j, in case (2),
one always has

A
n
2A
R(LA(Z)) (€, hp(z"]y")) In2 + H(e) + — In2.

This completes the proof of (6.10) in case (2).
Towards bounding the error probability, for any 2™ € X™ and 0 < € < 0.5, define

1 1
B(e, z") = {z” e X" —wt(z" —a") <eor —wt(z" —a") >1— e} :
n n

To proceed,

PATLm 3"t = Pr{i £a7)

= Pr{z" € B(e,2")} Pr{z" # 2" |2" € B(e,2")}
+ Pr{z" ¢ B(e,2")} Pr{a" # 2" |2" ¢ B(e,2")}
< Pr{z" #a"|2" € B(e,a")} + Pr{z" ¢ B(e,2")}.
We first consider Pr{2" ¢ B(e,2™)}. By the union bound,
Pr{z" ¢ B(e,2")}
< Pr {Elz” ¢ B(e,x") : HZ()bAAX)nz” Hébﬁx)nm 2" € Jy(y") for some b, 1 < b < %}
+ Pr {Elz” ¢ B(e,z") : Hyun2" = Hyxn2", H) " =H a:”}

MmN Xn InMXn
AN
> Pr{3: ¢ Blea) s HR, 2" = I, 0" 2" € Sy |

+ Pr {Elz” ¢ B(e,z") : Hyun2" = Hyxna", H " =H x"} )

NN XN M XN

IN
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Now by Lemma 6.1, for 1 <b < %,

b (B0, 20 = ), 7]

while

Pr{H, x,z" = Hyxn,2"}
= Pr{H,y,(z" —z") =0"}

< exp {nP (1,1,€) + 3[1] 1n(n£)+%1nng( —%) +0(1)}
< exp{n[P(l,l_,f)—i—ﬁln%l—l—%ln%q—1—0(1)},

where ¢ :7[”(Zn*xn) and f = max{%,min {{,Z— 5}} Simple calculation reveals that
lie <& <1 —lefor 2" ¢ B(e,z"), which, together with Lemmas B.2 and B.3, further
implies that

pe (S, = 1) )

bA - 3[1], nl 1 nl D —Aln 2
< P 1 1 1 nl' n2+0(1)
exp{n[ (n,l,lle)—i— n2+2nn4]+0( )}—e

and

Pr {annzn = annxn}

< exp {n [P (1,l_7 lle) +

3[1], nl 1 nl _—n(l—nn) In2—An240(1)

n
Now by the union bound again, for 1 <b < %,

Pr{3:2" ¢ B(e,2") : Hl()bAAX)nz” = Hl()bAAX)n;E”, 2" € Jb(y”)}

|Jb<yn)/B(€, l‘n)’ e—an—A1n2+O(1)
‘Jb<yn)‘€fn1‘bfAln2+O(l)_

—

<
<
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By the upper bound on the size of jar from classical prefix codes in (1.13), we have
Pr{32" ¢ Ble,o") : i), 2" = HIY ", 2" € Jy(y") | < 27400,
At the same time,

Pr {Elz" ¢ B(e,2") : Hyun2" = Hyun2", H " =H x”}

NnMXn MmN XN
< Y Pr{H,u(z"—2")=0"}Pr{H, (2" —2") = 0"}
2n¢ B(e,x™)
< Z efn(lfnn) In 27Aln2+0(1)6717nn1n2
z2n¢ B(e,x™)
< 2—A+O(1)'

To sum up, we have shown that
Pr {i’n ¢ B(G, l‘n)} < 27A+10g2(%+1)+0(1).

Before moving to the next target Pr{z" # z" |2" € B(e,z") }, it is not hard to verify the
following bound on |B(e, z™)|:

Blea)| = 2§ ()

< 2€nH( U;EJ ) < enH(6)+ln 2

Now suppose 2" € B(e, z"), then 2" € B(e, ™), which, according to Algorithm 2, implies
that

Pr{z" # 2" |2" € B(e,2")}
= Pr {Elz" € B(e, z")/{z"} : H'(n%JFA)an” = H’('nH(e)+A)an”}

In2
|B(€, :%n)|6—nH(e)+Aln2
27A+O(1).

IA A

In summary,
P.AZ,|z", y"} Pr{z" # 2" |2" € B(e,a") } + Pr{z" ¢ B(e,2")}

9—-A+0(1) | 2—A+10g2(%+1)+0(1)

VAN VAN VAN

27A+log2(%+l)+0(1) ’

The theorem is proved. O
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Remark 6.4. As can be seen, the achievable bounds of coding performance for SA-LDPC-
IED schemes in Theorem 6.1 depend only on I, and I, rather than the entire L(z). This
property of the results is due to both the bounding technique and the fact that jar decoding
15 assumed. However, when BP decoding is used as a practical implementation of the
decoding algorithm in section 6.5, coding performance will be determined by the entire
degree distribution L(z). Optimization of degree distribution for BP decoding is left for
future research.

Remark 6.5. Readers may be interested in comparing the result above and those of Theo-
rems 1, 3 and 5 in [}5] for linear IED schemes with Gallager-type and vector-type ensem-
bles, where the word error probability was considered. However, no fair comparison can be
made here. As can be seen, the average degree of ensembles used in Theorem 1, 3 and 5
of [15] is at least on the order of Inn, while the average degree of ensembles used here is
finite with respect to block length n.

In order to analyze the asymptotical performance of the SA-LDPC-IED scheme Z, first
as n — oo and then as the average degree [ of L(z) goes to oo, we define for any h € [0, In 2]

R (€, h) 2 lim R(LA) (€, h)

n—o00 (2)

and A
rrez) (6,h) =Rp (6,h)In2 + H(e) — h.

Clearly, r1.) (€, h) represents the redundancy of Z,, i.e., the gap between the asymptotical
total rate of Z,, and the desired rate h. We have the following two results.

Proposition 6.1. Let L(z) be a normalized degree distribution with [y > 2 and € be a real

number where ﬁl'] <e€<0.5. Then for any h >0,

roe (eh) < H(Q+ (1+1(h > —P(L1 L))
x{%ﬁmpP%%(m—lﬂ+ﬁm(—%§m)}

where 1(+) is the indicator function such that

1 if h > —P(1,1, 1)

I(h > —P(1,1, 116)) = { 0 otherwise
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Proof. In view of Lemma B.5, it follows from the definition of Ry (¢, h) that Ry (¢, h)
is the solution to B
-P (R, l,lle) =h

if h<—P (1,[,[16), and

1 _
RL(z) (6, h) =2 + EP (1, l, 116)

otherwise. On the other hand, in view of the fact that l;e > T% and of Lemma B.4, for
R € (0,1],

7 21 21
P (R7 l;llﬁ) S _R1n2 + 2l1€ exp |i—T1€ (CRT'l — 1):| + ReXp (_T16T10R>

< —RIn2+2ljeexp {—# (L1 - 1)] + exp <—%UJ)

where cg 29 logy R] >1. Nowif h > —P (1,[, lle), then

Ty (6, h) = Rpe(e,h)In 2+ H(e)—h
< 2In2+2P (1,1, Le) + H(e)

2 . 2 _
< 4lieexp [—% (L] - 1)] + 2exp (—%LH) + H(e).  (6.20)
Ifh<-P (1, l, lle), then
h = —-P (RL(Z) (e,h) 1, lle)
2l1€ — 2l1€ _
> Ry (€,h)In2 — 2l eexp [—T (L) — 1)] — exp (—TUJ)

which implies that

h 21 21 _ 1 2l1e -
Riy(e,h) < — + n—leexp {_Tﬁ (UJ — 1)1 + Eexp <——1€Llj) )

T In2 In2 l
Therefore,
rie (6 h) = Rpe(e,h)ln2+ H(e) —h
21 - 2l€ -
< 2eexp {—Tle (1) - 1)} + exp (—T_ﬂu) +H().  (6.21)
Combining (6.20) with (6.21) completes the proof of Proposition 6.1. O
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Proposition 6.2. Let L(z) be a normalized degree distribution with l; > 2. Then

In k In?k
e () =0 (%)

for anykZe% and h > 0.

Proof. Note that k > e%, which implies that

Ink Kkl

and therefore, we can apply Proposition 6.1 on 7.« (%, h), resulting in

Ink
TL(zk) (?, h)

20 (k] —1
< 4lyInkexp [—1“—“

ki

(5)-o(%)

2h|kl) 20 (k) —1) 4(lk)-1)
Kkl — kl o kl N

Ink| + 2exp (—Mlnk> + H (M>

kl k

It is easily verified that

On the other hand,

Therefore,

In k In k 1 In?k In? k
TL(zk)<T,h):o(7)+o<E)+o( ' ):0( . )

6.3.3 Performance for Stationary, Ergodic Sources

In this subsection, we analyze the performance of the SA-LDPC-IED scheme Z,, for any
stationary, ergodic source-side information pair (X,Y) = {(X;,Y;)}2, with alphabet X' x
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Y. To this end, we select {C,}>°; to be a sequence of universal (classical) prefix codes
with side information available to both the encoder and decoder such that

lim h,(X"|Y") = H(X|Y) with probability one (6.22)

n—oo

for any stationary, ergodic source-side information pair (X,Y). (Note that from the litera-
ture of classical universal lossless source coding (see, for example, [$—12], and the references
therein), such a sequence exists.) To bring out the dependence of Z,, on L(z) and ¢, we
shall write Z,, as Z,,(L(2),€). Then we have the following result.

Theorem 6.2. Let L(z) be a normalized variable node degree distribution. Then for any
stationary, ergodic source side information pair (X,Y),

Ink
Z, (L(zk), ;_k> ) = H(X|Y) with probability one  (6.23)

T, (L(zk), %)) =0 (%) (6.24)

P (In (L(Zk>’ M)) < 9—A+log, (£ +1)+0(1) (6.25)

lim lim 7y (X”,Y”

k—o00 n—00

Ty (Xn, YY"

and

2k

whenever k > 9.

Proof. In view of Theorem 6.1, (6.24) and (6.25) follow immediately. Thus it suffices to
prove (6.23). From Theorem 6.1 again, we have

Ink Ink Ink 2A
n \yn ky ™ (A) i n|,n i o=
Tf (X YT, (L(z ) o )> < Ry ( ok (2" y )> In2+H ( ok ) + - In2.
(6.26)
Let > 0 be a small number to be specified later. In view of the definition of R(LA(Z)) (€, hp (2™ |y™))
and Lemma B.5, it is not hard to verify that R(LA&) (€, hn(2™|y™)) is non-decreasing as

hn(x™|y™) increases. This, coupled with (6.26) and (6.22), implies that with probability
one

Ink Ink Ink 2A
n n k (A) _ _
Ty (X Y™, (L(z )’_Zk )) §RL(Zk) <_2k ,H(X]Y)+(5) ln2+H(2k > + - In2

(6.27)
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for sufficiently large n. Applying Propositions 6.1 and 6.2 to (6.27), we have

In k Ink
lim sup 7 <X”,Y”]In <L(zk) = )) < H(X|Y) 46+ rpe (;—k,H(X\Y)Jr(S)

nesoc "2k
In® k
= H(X|Y)+6+0 ( nk ) (6.28)
with probability one. Letting § — 0 and then k£ — oo in (6.28) yields

7, (L(z’“), %)) < H(X[Y)

with probability one. This, coupled with the converse [11, Theorem 3|, implies (6.23). This
competes the proof of Theorem 6.2. O

lim sup lim sup r¢ <X", y"

k—o0 n—00

Remark 6.6. It is easy to verify that for any stationary ergodic source-side information
pair (X,Y), H(X|Y) is the optimal compression rate for IED schemes, which has been
proved in [/1]. This is expected as even if the side information is fully available to the
encoder, the best compression rate is still H(X|Y).

Remark 6.7. As can be seen from Theorem 6.2, to approach the optimum H(X|Y'), L(z%)
for large k has to be used for the degree distribution of LDPC ensembles. In fact, by utiliz-
ing some converse theorems on the average degree of capacity-achieving LDPC ensembles
in channel coding, e.g. Theorem 3.94 in Section 8.16 of [5], it can be shown that the av-
erage degree of LDPC ensembles has to approach infinity in order to allow SA-LDPC-IED
schemes to achieve the optimal compression rate H(X|Y'). However, it is worthing pointing
out that the result of Theorem 6.2 is doubly asymptotic, in the sense the compression rate
take its limit with respect to block length n first, and then with respect to k which controls
the average degree of LDPC' ensembles. Therefore, k (and consequently, the average degree
of LDPC ensembles) is always assumed to be finite with respect to m, implying the low
density of ensembles. Readers are directed to [/5] for the case when the average degree of
ensembles grows with respect to n.

6.4 Performance of SA-LDPC-IED: Binary Case and
Bit Error Probability

Theorems 6.1 and 6.2 show the performance of our proposed SA-LDPC-IED scheme Z, in
terms of the forward and backward rates versus the word error probability for both individ-
ual sequences ™ and y" and stationary, ergodic sources. In this section, we consider instead
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the forward and backward rates versus the bit error probability by focusing on indepen-
dent and identically distributed (i.i.d) source-side information pairs (X,Y") = {(X;,Yi) }2,,
where the source X and side-information Y are correlated through a BSC with cross-over
probability py € (0,0.5), which is unknown to either the decoder or encoder. Limiting
ourselves to this smaller class of source-side information pairs allows us to illustrate the
SA-LDPC-IED scheme Z,, by using a specific and simple function 7(-,-), which in turn
leads to further simplification of the SA-LDPC-IED scheme Z,, itself and paves the way for
BP decoding to be used as a decoding method in IED in the next section.

Note that in this binary case
H(X|Y') = H(po) -
Now specify v(-,-) as

nooayfo 2 i (Lypt(am —ym))if Lwt(z" — ") < 0.5

Y@ y") = { L1In2+1In2 ( ) otherwise. (6.29)
It is easy to see that y(z",y") is actually the normalized code length function of the
classical prefix code C,, with side information available to both the encoder and decoder
as described in Algorithm 3. With the assumption on the correlation between the source
X and side information Y and with this specific function (-, -), we can further get rid of
the last round of transmission from the encoder to the decoder in Z,, yielding a simplified
version jn as described in Algorithm 4, where the specification of 1, and {I';} is the same
as that in Algorithm 2.

Algorithm 3 A classical prefix code C,, with side information available to both the encoder
and decoder

1: The encoder calculates w = wt(z" — y").

2: if w < 0.5n then

3:  The encoder sends bit 0 followed by a codeword of fixed-length log, n specifying w

H(%)

and then by a codeword of length n— -5+ specifying the index of 2" — y" in the set
{z™ : wt(z") = w} sorted by the lexicographical order.

else
The encoder sends bit 1 followed by z™ itself.

6: end if

Now let us analyze the performance of the SA-LDPC-IED scheme Z, in terms of the

forward and backward rates versus the bit error probability P,, where
1 N
P 22 [wt(X" - X))
n
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Algorithm 4 SA-LDPC-IED scheme Z, for i.i.d source-side information pairs

1:

*®

10:
11:

12:
13:
14:
15:
16:
17:

Based on P;Ps - - - P, and s™ = H,,«,x", the encoder generates accumulated syndromes
5189 - -+ §, and augmenting syndromes aias - - - .
(&) 128

Based on PP, - - - P, and H,,,, the decoder calculates matrices H,,, Hi o, - - H"

b+ 0.
while The encoder does not receive bit 1 from the decoder do
b+ b+ 1.
if b < % then
The encoder sends augmenting syndromes a@—1ya41 - - apa to the decoder by A
bits.
else
The encoder sends syndromes s%nn =H', ,«nx™ to the decoder by n,n bits.
end if
Upon receiving syndromes sent from the encoder, the decoder searches through

Jp(y™) for a sequence " satisfying HgbAAX)n:f:" = &pa if b < % and

EALIES
H,nnnxn B S;]»,;'I’L
otherwise.
if Such an 2" is found then
The decoder sends bit 1 to the encoder, and outputs 2" as the estimate of z".
else
The decoder sends bit 0 to the encoder and leaves the estimate of 2™ undecided.

end if
end while
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Then we have the following theorem.

Theorem 6.3. Let L(z) be a normalized variable node degree distribution from a node
perspective with minimum degree l; > 2 and average degree | being an odd integer. Select
€ > 0 such that ¢ < 0.5 — H1(0.75In2). Then for any i.i.d source-side information pair
(X,Y) correlated through a BSC with cross-over probability py € (0,0.5) and for sufficiently

large n,
. (A) Inn 4+ In2 1 —pg Inn
Tf(Zn) S RL(z) (6, H(pg) + T + hl o n 11’12
2 p(A) S
+ [n Ry (e,In2) + z} In2
(6.30)
ry(Zy) = O ! (6.31)
b\+n) — \/ﬁ .
and

Pb<:z-n> < e 4 ¢ 205-p0)” +2—A+log2(%+l)+0(l) ' (6.32)

Proof. In view of Theorem 6.1, it suffices to prove (6.30) and (6.32). Note that from the
proof of Theorem 6.1 and the description of Algorithm 4, it can be seen that for any
sequence of source-side information pairs (X", Y™),

~ A
re (X" Y"Z,) < —1In2
n
o R, (e H (2wt(X7 — ym) 4 o2y i pp(X™ — Y™) < 0.5n
n
R(LA(Z)) (€,In2) otherwise.

For convenience, let E,, (X,Y’) denote the event 2wt (X™ —Y™) < po+4/2" and ES (X,Y)
be the complement event of £, (X,Y). Therefore,

ri(Z,) < %1n2 +Pr{E, (X,Y)}

1
x E [R(LA(;) (e, H (—wt(X” —Y"™)

> Inn+1n2
+—
n

n

)| Bn(x.7)] 12

c A
+ Pr{E(X,Y)} R} (e, n2) In2
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where we assume that

p0<05—\/

which always holds for sufficiently large n as py < On one hand, given

1
—wt (X" — +\/ D05
n
1 lnn
H|l-wt(X"=Y")| < Hlpo+4/—
n n

1— 1
< sy (122 B2
Po n
which further implies that

1 " " Inn+1In2
E [R(LA(Q) (e, H <ﬁwt(X ~-Y )) + T) ' B, (X, Y)]

Inn+1n2 1-—- 1
< B <6,H<po>+%+m( pOPO),/I;”).

On the other hand, by Hoeffding’s inequality,

we have

1 I
Pr{E, (X,Y)} = Pr {—wt (X" —Y") > po + ﬂ} <n?
n n

from which (6.30) is proved.
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Towards showing (6.32), we have

~ 1 ~
pP(Z,) = E [—wt(X" — X”)}
n
1 N
= E [E [—wt(X" - X" X",Y"”
n
1 N
= Z Pr{X"=2a2"Y"=y"} E {—wt(X" —a") x”,y”]
n
(w",y"):%wt(a:"—y”)ﬁO.B
n n n__ .mn 1 on n non
+ Z Pr{X"=2"Y —y}E[Ewt(X —x)x,y]
(x",y"):%wt(x”—y”)>0.5
1 A
< n_ .n n__ ,n - n_ ,.n n ,n
< Z Pr{X" =2a2"Y y}E[nwt(X ") x,y]
(x”,y”):%wt(x"fy”)go.f)
1
+ Pr {—wt(X” -Y") > 0.5} . (6.33)
n
By Hoeffding’s inequality,
1
Pr {—wt(X” -Y") > 0.5} < e 2n05-m0)?, (6.34)
n
On the other hand,
1 N
E {—wt(X” —a") x”,y”]
n

A

1
= Pr { —wt(X" —a") <e
n

1 X
", y"} E [Ewt(X” —a")

1 .
—wt( X" —a") <€ ", y"]
n

1 n
+ Pr { —wt(X" —a") > €

n n n

1 A
", y"} E {—wt(X" —z")

1 A
—wt(X™ —2") > e,x",y”]

1 A
< 6+Pr{—wt(X”—x”)>e
n

", y} . (6.35)

xn’ yn}

Now we would like to bound

n

1 .
Pr { —wt(X" —a") > €
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when %wt(a:" —y") < 0.5. By the argument in the proof of Theorem 6.1,

xn’ yn}

1
< Pr {agenab, —wt(@" — ") > ¢, HI) (3" — 2™) = 0P2, 4" € Jb(y”)}
n

~

1
Pr { —wt(X" —2") > €
n

1
+ Pr {Hin, —wt(z" — a") > €, Hyyn (2" — 2™) = 0", H, (" —2") = O""”}
n

NN XN
1222
1
< Y P {355”, —wt(2" —2") > e, Hi) (3" — a™) = 0"2, 3" € Jb(y")}
n
b=1

5 1
+ Y Pr {3@", —wi(i" ") > e, H'S) (37— 2") = 0", 3" € Jb(y”)}
b= 2% |41
1
+ Pr {39%”, ﬁwt(in —a") > €, Hyyp (2" —2") = 0" H, (3" —2") = O"""} .
(6.36)
For1<b< [%J, % < 0.75 and therefore,
bA
y(@", y") <Tp < —1In2<0.75In2
n
which, together with (6.29), further implies that

1
Ewt(in —y") < H(0.75In2)

and
—wt(z" —a") < lwt(az" —y") + lwt(i"" —y")
n n n
< 0.5+ H 10.751n2)
< 1—c¢

since € < 0.5 — H71(0.751n2). Consequently, we have for any 1 < b < |20
1
P {a Swt(i" — ") > e HyLD, (3" — ") = 008,37 € Jb<yn>}
n
1
— Pr {3:2:", e < —wt(@" —a") <1— e, HIS) (3" — ") = 0", 3" € Jb(y”)}
n

< 274+ol) (6.37)
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where the inequality above has been proved in the proof of Theorem 6.1. For b > L%J +1,
by Lemmas B.2 and B.6, P (%,l,f) is a strictly decreasing function of £ in the range

_
(O, [ — %TA} . In view of this, it can be shown by the same technique as in proof of Theorem

6.1 that for any b > [20%] + 1
1
Pr {3@", —wt(2" — ") > e, Hiw) (2" — ™) = 0"2, 4" € Jb(y”)} < 27240 (6.38)
n

and

1
Pr {3:2«", —wt(Z" — 2") > €, Hppn (2" — 2") = 0", H, (" —2") = ow} < 27A+OM),
n

NnNXn
(6.39)
Plugging (6.37), (6.38), and (6.39) into (6.36) yields
1 . n
Pr { —wt(X" —2") > € x",y”} < g~ Atlogy(Z+1)+0(1) (6.40)
n

for any (2",y") with Lwt(z™ — y™) < 0.5. This, combined with (6.35), (6.34), and (6.33),
implies

Pb(in) < €+2—A+log2<%+1)+0(1) _{_67211(0.57;00)2
which completes the proof of (6.32) and hence of Theorem 6.3. O

Remark 6.8. From the proof of Theorem 6.3, it can be seen that the error event is broken
down to two cases, i.e.

o JX": wt(X” — X™) < en such that parity check and threshold on cost function -y are
satisfied;

o JX": wt(X” — X™) > en such that parity check and threshold on cost function -y are
satisfied.

Then the probability of the second type of error is tightly bounded by

o~ 2n(0.5-po)? + 2—A+log2(%+1)+0(1).

However, the probability of the first type of error is trivially bounded by 1. Therefore, further
refinement of Theorem 6.3 is possible. Specifically, to improve the result of Theorem 6.5,

176



manimum hamming distance analysis of the code with parity check matrix HIgbAAx)n can be
applied at the b-th round of interaction for 1 < b < X. Let dfsi)n denote the minimum

hamming distance at the b-th interaction. As long as we choose en < dr(ﬁi)n, the first type of
error will not happen at the b-th interaction. Consequently, a relatively large value of € can
be used to calculate the achievable compression rate in (6.30) while the error probability
can be still tightly bounded, especially for some large dfgi)n when b is large. However, dfﬁgn
does not have a simple analytic form in general, and applying minimum distance analysis
would result in a much more complicated expression which would not allow the following
discussion of redundancy, i.e. the gap between the achievable rate and H(X|Y'). Moreover,
as shown below, this refined analysis will not affect the coding performance too much for

ensembles of large average degrees.

Remark 6.9. [t would be interesting to compare the performance of SA-LDPC-IED schemes
gwen in Theorem 6.3 and those of LIED schemes with Gallager-type ensembles and SA-
IED schemes with vector-type ensembles in Theorems 4 and 6 in [/5] respectively, where
the symbol error probability is considered. To make a fair comparison, however, some de-
tails on these three kinds of IED schemes need to be addressed. In particular, as shown
in Remark 6.1, given a source x" and a side-information y"™, decoders in all three kinds

of schemes either directly receive or calculate Spa = HébAAX)nx", and try to estimate x"

based on s,a and y". The main difference is how Hl()bAAX)n is generated. Further inspec-
tion on ensembles reveal that: 1) for an SA-IED scheme using a vector-type ensemble,
the number of ones in Hg’AAX)n does not change with respect to b, whose expectation equals

to An (% + 1) pi = (n+ A)np’, where p is a parameter in the vector-type ensemble to

control its density; 2) for an SA-LDPC-IED scheme, _ngbAAx)n Jor any 1 < b < % will

have roughly the same number of ones as Hy,xy, i.e. nl; 3) for an LIED scheme using a

Gallager-type ensemble, HébAAX)n will have nbAp} expected number of ones, which changes
with respect to b and is bounded by n’p;, for 1 < b < ~, where py is a parameter in the
Gallager-type ensemble to control its density. For the sake of a fair comparison, we can set

[ = np! when comparing SA-LDPC-IED schemes with LIED schemes, and | = (n + A)p};
when comparing SA-LDPC-IED schemes with SA-IED schemes. (The comparison between
LIED schemes and SA-IED schemes is included in [/5].) Let v be the redundancy, i.e. the
gap between the achievable rate of (LIED, SA-IED and SA-LDPC-IED) schemes and the
conditional entropy rate. By the lower bounds on p in Theorem 4 and 6 in [/5], it is not
hard to see for LIED and SA-IED schemes,

o) voty
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where € is the symbol error probability, and 0,(1) — 0 as n — +00. In the meantime, by
Proposition 6.1, it can be shown that for SA-LDPC-IED schemes

r = O(liee 1) + 0, (1).

From the calculation, it can be seen that given any €, r — 0 as n — +oo, | — 400
and l; — +oo for LIED, SA-IED and SA-LDPC-IED schemes respectively. Moreover, r
of SA-LDPC-IED schemes approaches 0 faster than those of LIED and SA-IED schemes

assuming that I, and | approach infinity in the same speed.

By defining
. A
T'L(2) (67p0) :RL(z) <€7 H(po)) In2-— H(po)

we have the following proposition, the proof of which is omitted due to its similarity to
that of Proposition 6.2.

Proposition 6.3. Let L(z) be a normalized degree distribution with Iy > 2 and k > 2. For

Po € (0,05), .
FL(H) (—2\/E,po> =0 (e"m%“"“) :

We conclude this section by providing the following theorem, which analyzes the per-
formance of the modified SA-LDPC-IED scheme Z,, when [i(zk) is used. Once again, to
bring out the dependence of Z,, on (L(z2),¢€), we write Z,, as Z,(L(z), €).

Theorem 6.4. Let L(z) be a normalized variable node degree distribution with minimum
degree ly > 2. For any i.i.d source-side information pair (X,Y') correlated through a binary
symmetric channel with cross-over probability py € (0,0.5),

lim T 7, (in (L(f), ﬁ)) — H(po) (6.41)

rb (in (L(zk), ﬁ)) —0 <in> (6.42)
and

7 1 1 —Qn(O.B—L—L— )2 A4l n11)1o(1
P In L Zk 7_)> S _+e Wk 2v/n Po +2 +0g2(A+ )+ ( ) 643
' ( ( SV NG (6.43)

2
whenever k > (ﬁ) .

1—2pg—n—0-5
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Proof. Note that (6.30) applies to any value of [, since its proof does not rely on the
condition that [ be an odd integer. Then by using Proposition 6.3 and following the same
approach as that in the proof of Theorem 6.2, (6.41) is proved, while (6.42) is obvious.

0.5

What remains is to prove (6.43). To this end, let € = ﬁ Then py < &= as

2
k > (W) . By the same argument as in the proof of Theorem 6.3 |
~ 1 ~
P(Z,) = E {Ewt(X" — X”)}
1 «
< Z Pr{X"=2a2"Y"=y"}E {Ewt(X" —z") x”,y”}
0.5

(7 ") s wt(zn —yn) < A==

1 1—e—n"0°
4 Pr {—wt(X" Y > #}
n 2

and

1 A
E {—wt(X" —z")

n

xn’ yn}

given Twt(z" —y") < 1_6_2—"_05 At the same time, by the decoding procedure of Algorithm
4,

1 A
x”,y"] <e+Pr { —wt(X" —a") > €

n

,.Y(Xn7yn) S Fj*
= Fj*—l + (F]* — Fj*—l)

A
n

where j* is the round of interaction at which the decoder terminates, and the result of
Lemma B.5 is utilized to bound I'j« —I'j«_; by % In 2, and therefore

1 A 1 A1
—wt(X" —y") < —wt(z" —y") + — = —wt(z" —y") +n"°
n n n o on

which further implies that

1 1 - 1
—wt(X" —2") < —wt(X" —y") + —wt(z" —y") < 1 —e.
n n n

Consequently, for any (z",y") with %wt(a;” —y") < %,

1 A
Pr { —wt( X" —a") > €
n

1 A
x”,y”} = Pr{e< —wt(X" —a") <1—e¢

< 2—A+log2(%+1)+0(1)
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where the last inequality has been proved in the proof Theorem 6.1. The inequality (6.43)
now follows from the fact that

_¢_mn05 0.5 2 2
Pr {lwt(Xn vy s 16+} < o= em) (05 dr- gl om)
n

This completes the proof of Theorem 6.4. m

6.5 Implementation and Simulation Results

To verify our theoretical analysis in the last two sections, we have implemented our pro-
posed SA-LDPC-IED schemes with some modification, namely by adopting the BP decod-
ing in the place of the minimum coding length. In this section, we report their performance
for binary source-side information pairs (X,Y’), where X and Y are correlated through a
binary channel with probability transition matrix (from Y to X) given by

I—p P2
D1 1 —po

and where py,ps € (0,0.5] are assumed unknown to either the encoder or decoder. Our
strategy towards design of practical SA-LDPC-IED schemes is to start with the special
case p; = po, i.e. source and side information are correlated through a binary symmetric
channel. In this case, the assumption on source-side information pair is the same as that
in section 6.4, and therefore, we can modify Algorithm 4 into a practical version, coupled
with BP decoding. Later on, this practical algorithm will be generalized to deal with the
case p; # pa. Consequently, we adopt the same notations of v,, {I',} and 7, as in section
6.4. However, replacing jar decoding in Algorithm 4 with standard BP decoding does not
work well, since the standard BP decoding algorithm applies only to fix-rate LDPC codes
with known statistics of source-side information pairs. Therefore we first have to modify
the BP decoding algorithm so that it fits into our variable-rate and unknown statistics
situation as well while maintaining its low complexity.

6.5.1 Modified BP Decoding Algorithm and Practical Implemen-
tation of SA-LDPC-IED Schemes

The BP decoding algorithm can be considered as a sum-product algorithm [55] on a Tanner
graph, which represents the parity check matrix of the LDPC code, with variable nodes
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corresponding to bits of the source, and check nodes corresponding to syndromes. Generally
speaking, it tries to marginalize the distribution of each bit of the source based on local
calculations. Specifically, it iteratively calculates messages from variable nodes to their
connected check nodes, and vice versa, i.e.

Pr{X; =0lY;
f{ | } 1 Z
Pr{X; = 1Y}

My, e, = log My —v; (6.44)

cxtcsic, 18 connected to v

mv Cj
Me,o, = 2tanh™'(1 — 2s;) H tanh <kT—>> (6.45)

vp#viivg 18 connected to ¢;

where m,, ., and m,, ,, are messages passed from the variable node v; to the check node
c¢; and vice versa, respectively, and s; is the syndrome corresponding to c¢;. After certain
iterations, assuming the calculation converges to a stationary point, the marginal distri-
bution of each variable node is calculated based on the messages sent from its connected
check nodes, and the decision on each bit is made according to the distribution in the
following way

e Pr{X;=0]Y;}
O lf Pr{Xl':l‘Y;'} + Z mck—H)i Z 0

Ty = crex 18 connected to o (6.46)
1 otherwise.

To initialize the iterative procedure, for each variable node X;, the marginal distribution
is assumed to be (Pr{X; = 0|Y;}, Pr{X; = 1|Y;}). Therefore, the standard BP decoding
algorithm needs the statistics of source and side information as inputs.

However, in our case, the statistics of source-side information are unavailable, i.e., p;
and py are unknown. To deal with this problem, let us first consider the case p; = ps = po,
i.,e. X and Y are correlated through a BSC. Now let

py=H* <max {0, Iy — M}) (6.47)

n

where p, can be interpreted as the maximum cross-over probability of the BSC correlating
X and Y, such that the error probability of the SA-LDPC-IED scheme Z, can be main-
tained asymptotically zero at the b-th interaction. Therefore, we will use p, as the input
to the BP decoding at the b-th interaction. Moreover, at each interaction, decoding failure
is detected and the decoder will send bit 0 to the encoder for more syndromes if one of the
following two situations occurs:
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e the number of bits with significant log-likelihood (larger than certain value) is less
than a threshold within first several iterations of BP decoding;

e or the number of syndrome constraints satisfied by the codeword calculated using
(6.46) at the end of each iteration does not increase for several iterations.

On the other hand, successful decoding is identified when the modified BP decoding algo-
rithm converges to a codeword satisfying all syndrome constraints without encountering
those two situations listed above. Unlike ordinary BP decoding algorithm, no maximum
number of iterations is specified here. However, due to detection of decoding success and
failure, it is easy to see that modified BP decoding algorithm will terminate within finite
iterations. Coupled with modified BP decoding algorithm, this implementation of SA-
LDPC-IED scheme is summarized in Algorithm 5. Compared to Algorithm 2 and 4, it can
be seen that the search through the jar J,(y") in step 11 is implemented by modified BP
decoding algorithm. In addition, to further reduce the compression rate and the number
of round of interactions, we enlarge the jar J,(y™) such that the output of modified BP
decoding algorithm is inside the jar whenever successful decoding is identified. Simulation
shows that under this decoding rule, the bit error probability is still very small. Moreover,
since this decoding rule is more aggressive than jar decoding used in section 6.4, for some
(X,Y) the rate achieved by the SA-LDPC-IED scheme implemented in this way can be
smaller than that given in Theorem 6.3.

To further consider a general memoryless source-side information pair, i.e. p; # ps, at
the b-th interaction, we can quantize the interval (0,0.5) into several quantized values. For
each quantized value ¢;, calculate its corresponding ¢, according to

Pr{Y = 0}H(q)) + Pr{Y = 1}H(qx) = H () (6.48)

and finally apply the modified BP decoding algorithm for each such quantized pair (q1, g2)-
Successful decoding is claimed whenever there is one such quantized (qi, ) that makes
the BP decoding algorithm converge to a source sequence satisfying syndrome constraints.
When there is a tie, i.e. more than one pair (¢, ¢2) that make the BP decoding algorithm
succeed with different outputs, we will choose the one with the smaller value of ¢;. Here
we assume that the distribution of side information Y is known to the decoder. Otherwise,
the empirical distribution can be calculated, since the decoder has the full access to side
information. The implementation is summarized in Algorithm 6.

Remark 6.10. Simulation shows that the complexity of the decoding algorithm above for
general memoryless source-side information pairs is not high as it seems. First of all,
successful decoding is not very sensitive to the values of quantized ¢1 and qs, and therefore
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Algorithm 5 SA-LDPC-IED scheme with Modified BP Decoding for i.i.d source-side
information pairs correlated through binary symmetric channel

1:

*

10:
11:

12:
13:
14:
15:
16:
17:

Based on P;Ps - - - P, and s" = H,,«x,x", the encoder generates accumulated syndromes
5189 - -+ §, and augmenting syndromes aias - - - .
Based on PyP; - - - P, and H,,,,, the decoder calculates matrices H(AAX)anZAAX)n H

b+ 0.
while The encoder does not receive bit 1 from the decoder do
b+ b+ 1
if b < % then
The encoder sends augmenting syndromes a—1)a+1 - - apa to the decoder by A
bits.
else
The encoder sends syndromes s%nn =H', ,xnx" to the decoder by n,n bits.
end if
Upon receiving syndromes sent from the encoder, the decoder searches 2" by running
modified BP decoding algorithm described above with estimated crossover probabil-
ity pp in equation (6.47).
if successful decoding is identified then
The decoder sends bit 1 to the encoder, and outputs 2™ as the estimate of 2.
else
The decoder sends bit 0 to the encoder and leaves the estimate of 2™ undecided.
end if
end while
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Algorithm 6 SA-LDPC-IED scheme with Modified BP Decoding for i.i.d source-side
information pairs correlated through binary memoryless channel

1:

8:
9:
10:
11:
12:
13:

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

Based on P;Ps - - - P, and s™ = H,,«,2", the encoder generates accumulated syndromes
5189 - - - 8, and augmenting syndromes aias - - - a,.

Based on PP - - - P,, and H,,«,,, the decoder calculates matrices H(AAX)anAAX)n e Hfznx)n
b+ 0.
while The encoder does not receive bit 1 from the decoder do
b+ b+1.
if b < % then
The encoder sends augmenting syndromes a@—1ya41---apa to the decoder by A
bits.
else
The encoder sends syndromes sﬁmn =H’,, ,xn2" to the decoder by n,n bits.
end if
Upon receiving syndromes sent from the encoder,
for each quantized value of ¢; do
the decoder searches " by running modified BP decoding algorithm described
above with estimated crossover probability ¢; and ¢s in equation (6.48).
if successful decoding is identified then
break.
end if
end for
if successful decoding is ever identified then
The decoder sends bit 1 to the encoder, and outputs 2" as the estimate of z".
else
The decoder sends bit 0 to the encoder and leaves the estimate of 2™ undecided.
end if
end while
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we can use coarse quantization without much loss of coding performance. Moreover, as the
decoding failure can be detected at early stages as discussed above, the number of iterations
is very low (usually within 5 iterations) when ¢ and qo are far from the actual statistics.

Remark 6.11. There is a rich literature []3, 50-58] on the design of BP decoding algo-
rithms for SWC' schemes with unknown statistics. However, it is not possible to directly
apply those techniques to our IED schemes. As pointed out earlier, one of the funda-
mental differences between SWC and IED is that SWC is fixed rate while IED is variable
rate. Moreover, the decoding algorithm proposed here distinguishes itself with those tech-
niques (especially in [58]) by combining the process of estimating statistics of source-side
information and actual decoding together. Last but not least, we tackle the problem where
source and side information are correlated through a general memoryless channel without
assumption of symmetry, while BSC is commonly assumed for the statistics of source and
side information in the literatures.

6.5.2 Simulation Results

We first consider the case where the source and side information are correlated through a
binary symmetric channel with unknown cross-over probability, and the side information
is uniformly distributed. (In Figures 6.4 to 6.6, rates and conditional entropies are in unit

of bits.)

Figure 6.4 shows the performance of our implemented scheme (referred to as the sim-
ulation rate) along with the conditional entropy rate and the performance upper bound
established in Theorem 6.3, where the blue solid line represents the simulation rate with bit
error probabilities below or around 2 x 107°, and the green dashed line represents the upper
bound established in Theorem 6.3 with e = 0.1. The block length is 8000, A = |/n| = 89,
and the variable degree distribution (from an edge perspective) used is shown below:

Mz) = 0.178704x + 0.1762022° + 0.1028452°
+0.1147892°% + 0.01220232'2 + 0.04792252'3
+0.1159112 + 0.2514242%

which is designed for rate 0.5 (in bits), and obtained from [59]. It can be seen that our
implemented SA-LDPC-IED scheme can indeed adapt to the entropy rate H(X|Y) well
in a large rate region. The choice of A = [/n] is due to that A = O (y/n) is shown
to be optimal from Theorems 6.1 and 6.3. Certainly, it is possible to further optimize
A, e.g. to be ¢y/n for some tuned constant ¢; however, simulation shows that benefit of
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further optimization on A is marginal as the feedback rate is already small and increment
of forward rate for each interaction is refined enough to probe the actual compression rate
needed for successful decoding.

To interpret the upper bound Ry .)(€, H(po)) also shown in Figure 6.4 better, an expla-
nation on € is needed here. The reason that ¢ >> bit error probability in the simulation
is due to Remark 6.8. To rephrase here, let d® denote the minimum hamming distance

of the code generated by Hl()bAAX)n. From the proof of Theorem 6.3, it follows that with

high probability, %wt(f(” — X") < e. On the other hand, %wt(f(” — X") < e implies
that X" = X" if dfﬁgn > en when the coding procedure terminates at the b-th interaction.
Moreover, since the implemented decoding algorithm only checks syndrome constraints
to determine the decoding success, instead of using thresholds given in Theorem 6.3, the
bound on rate can be improved if the choice of € for the b-th interaction depends on dgii)n,
especially for the high rate case as dfﬁ}n increases with b. However, since dfﬁzn can not
be expressed in a simple way and does not affect redundancy analysis when degree dis-
tributions with large degrees are used, the corresponding result is not included here. In

the meantime, by using the same degree distribution L(z) in Figure 6.4, Figure 6.5 shows
how fast R .k (ﬁ, H (po)> converges to H(py), where the gap is always less than 0.02

when k£ = 5, which confirms Proposition 6.1 and 6.2. Note that the reason that the bound
R (e, H(po)) improves dramatically for & = 2 compared to k = 1 in Figure 6.4 lies in

that the choice of €. In particular, € = ﬁi for £ = 2 in Figure 6.5, while e = 0.1 in Figure
6.4.

As can be seen from Proposition 6.1, given a degree distribution L(z), using L(z*) for
large k is just one of many ways to approach optimum. The essential message conveyed
here is that by increasing degrees in degree distribution of SA-LDPC-IED scheme, better
performance can be yielded. To confirm this through simulation, another SA-LDPC-IED
scheme is constructed by using variable degree distribution (from an edge perspective)

Mz) = 0.238563x + 0.2104692° + 0.0349301z> + 0.120072z*
+ 0.01593692° + 0.00480289z"% + 0.376122z**
with average variable node degree [ = 4. Then its performance is compared with that of
SA-LDPC-IED scheme constructed above using A(z) with [ = 5, where statistics of source-
side information pair and other simulation parameters (e.g. n and A) are kept the same

as that used for simulation in Figure 6.4. As shown in Figure 6.6, SA-LDPC-IED scheme
with [ = 5 indeed outperforms that with [ = 4.

We next consider source and side-information pairs correlated through binary asym-
metric channels. Table 6.1 lists our simulation results, where the side information Y is still
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Pr{X =1]Y =0} | Pr{X =0]Y = 1} | Rate
0.05 0.1959 0.541
0.1 0.1206 0.544
0.15 0.0766 0.543
0.2 0.0481 0.540

Table 6.1: Performance of SA-LDPC-IED: Asymmetrical Channel

assumed to be uniformly distributed, and the transition probabilities are selected such that
H(X]Y) =0.5In2 for all cases. In our simulation, we did not see any error in 1000 blocks,
each block being 8000 bits. As can be seen, our implemented SA-LDPC-IED scheme also
works very well in this situation too.

To make a comparison with SWC, a SWC scheme using the same LDPC code (LDPC-
SWC) was also implemented for the source and side information correlated through a
binary symmetrical channel. The respective results are shown in Table 6.2, where bit error

H(X|Y
S | Ry LDPC-IED | Rsw
0.426 0.473 0.5

Table 6.2: SA-LDPC-IED vs. LDPC-SWC

probabilities are maintained below 10~° for both SA-LDPC-IED and LDPC-SWC schemes.
Note that Rqyy is deliberately chosen to be 0.5 (in bits), since the degree distribution of
the LDPC code used here is designed for rate 0.5 (in bits). Moreover, in the simulation
of the LDPC-SWC scheme, we assumed that the cross-over probability pg is known to
the decoder, while in our implemented SA-LDPC-IED scheme, py is unknown. Clearly,
simulation results show that SA-LDPC-IED outperforms LDPC-SWC.
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16 Simulation Rate vs. Ry ,(e,H(p,))
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Figure 6.4: Performance of SA-LDPC-IED: Symmetrical Channel
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AMz) vs. Alz)

AMz), I=5

0'9-___;\{:2:],I_=4 /

— H{X|V)

0.8+

0.7

0.6+

rate

0.5+

0.2 0.3 0.4 0.5 0.6 07 0.8
Conditional Entropy

Figure 6.6: \(z) vs. A(z)
6.6 Summary

In this chapter, under jar decoding with a dynamic jar, interactive encoding and decoding
based on LDPC codes with syndrome accumulation (SA-LDPC-IED) has been proposed
and investigated. Given any classical universal lossless code C,, (with block length n and
side information available to both the encoder and decoder) and an LDPC code, we have
demonstrated, with the help of syndrome accumulation, how to convert C, into a universal
SA-LDPC-IED scheme. With its word error probability approaching 0 sub-exponentially
with n, the resulting SA-LDPC-IED scheme has been shown to achieve roughly the same
rate performance as does C,, for each and every individual sequence pair (z",y") and the
conditional entropy rate H(X|Y') for any stationary, ergodic source and side information
(X,Y) as the average variable node degree [ of the underlying LDPC code increases without
bound. When applied to the class of binary source and side information (X,Y") correlated
through a BSC with cross-over probability unknown to either the encoder or decoder,
the SA-LDPC-IED scheme has been further simplified, resulting in even improved rate
performance versus the bit error probability when [ is not large. Coupled with linear
time BP decoding, the SA-LDPC-IED scheme has been implemented for binary source-
side information pairs, which confirms the theoretic analysis, and further shows that the
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SA-LDPC-IED scheme consistently outperforms the Slepian-Wolf coding scheme based on
the same underlying LDPC code. This work demonstrates that jar decoding is also a
powerful analytical tool to prove coding theorems in interactive information theory, and
its natural connection to BP decoding allows easy transform from theoretical results to
practical coding schemes.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this thesis, a new decoding rule called jar decoding is proposed. Unlike MAP, ML, and
MD decoding, which are all codebook centric, jar decoding is channel output sequence
centric. Given a channel, code, and channel output sequence 3", jar decoding first forms
a jar of suitable size consisting of sequences from the channel input alphabet considered
to be closely related to y”, and then takes any codeword from the jar as the estimate of
the transmitted codeword. For most channels, the jar can be formed a priori without the
knowledge of the code; when both the input and output alphabets of the channel are finite,
the jar can be even formed a priori without knowing either the code or the channel itself.
To illustrate jar decoding, we have defined the Hamming jar for the binary symmetric
channel (BSC), the BIAGC jar for the binary input additive Gaussian channel, the BIMC
jar for any binary input memoryless channels with uniform capacity achieving distribution
(BIMC), the DIMC jar for any discrete input arbitrary output channel (DIMC), the em-
pirical conditional entropy jar for discrete memoryless channels with finite channel output
alphabet and unknown statistics, and the jar derived from classical prefix codes for discrete
ergodic (not necessarily memoryless) channels. We have also discussed the connections of
jar decoding with old decoding rules including MAP, ML, MD, typical sequence,threshold
and BP decoding.

Based on jar decoding and jars mentioned above, various coding theorems are yielded.
In particular, non-asymptotic channel coding theorems are proved via jar decoding, based
on random linear code ensembles for BIMC and Shannon random code ensemble with
a fixed codeword type for DIMC. Compared to existing results in the literature, those
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achievabilities are shown to be new, tight and easy to compute. Moreover, by treating
word error probability € as a constant or a sub-exponentially decreasing function of block
length n, the achievabilities under jar decoding yield an achievable asymptotic trade-off
between € and channel coding rate R up to the second order with respect to n, which is
then shown to be tight by non-asymptotic converse channel coding theorems via a proof
technique called the outer mirror image of jar. Then towards investigating the second order
optimality of jar decoding in the non-asymptotic regime, Taylor-type expansion of optimal
channel coding rate with finite block length is discovered by combining the achievabilities
via jar decoding and converse theorems via the outer mirror image of jar, and jar decoding
is shown to be able to achieve optimal first and second orders in this Taylor-type expansion.
In addition, two approximations of optimal channel coding rate are derived from Taylor-
type expansion and are shown to be reliable and accurate by numerical evaluation. And
the impact of Taylor-type expansion on practical communication system design is further
demonstrated by its application to adaptive modulation and coding in LTE system. Beside
the near optimality, the flexibility of jar decoding is demonstrated by establishing LDPC
coding theorem regarding to bit error probability for general binary input memoryless
channels. And interactive encoding and decoding theorems based on LDPC codes with
syndrome accumulation under jar decoding with a dynamic jar serves as an example to
illustrate the applicability of jar decoding to interactive information and coding theory.

As evidenced by the evolution of digital communication and information theory over the
past 60 years, different decoding rules bring in different perspectives not only on decoding
itself, but also on how to design codes particularly suitable for the respective decoding
rule. With the simplicity brought by jar decoding into channel coding and interactive
encoding and decoding analysis, we would expect that similar change would happen. In
the jar decoding analysis of random codes, it is not necessary for codewords to be pairwise
independent, which implies that one can impose more structures on codes themselves to
lower the decoding complexity in jar decoding. With jar decoding, we believe that there
is ample room to design effective codes and jar decoding algorithms.

7.2 Future Work

Coding theorems via jar decoding derived in this thesis illustrate various directions to
improve the code design in practical communication systems.

1) Jar decoding, the outer image of jar, and non-asymptotic equipartition proper-
ties form a set of essential tools to prove non-asymptotic coding theorems in non-
asymptotic information theory where point-to-point communication is considered.
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Due to their similarity with typical sequence decoding and asymptotic equipartition
properties, it is highly believed that those proof techniques developed in this pa-
per can be extended to prove tight non-asymptotic coding theorems in multi-user
information theory.

Nowadays channel codes (e.g. LDPC and turbo code) in practical systems operate at
the rate near the capacity. From non-asymptotic achievability via jar decoding, it can
be seen that at this rate region, the dominating error event is that the true codeword
is not inside the jar, which suggests that error detection can be achieved by examining
whether the decoder output is inside the jar centered by the channel output. As the
probability of another codeword existing in the jar is only the minor contributor to
the decoding error probability, this error detection enjoys low undetected probability
and no extra rate penalty compared to other methods like using cyclic redundancy
check codes. The implementation of this error detection method on practical systems
such as LTE system is one of future work, which could deliver fruitful results.

From the discussion of Taylor-type expansion in Chapter 4, we know that channel
code design for DIMC may not follow the capacity-achieving distribution when the
block length is finite. Instead, the channel code should be designed according to t*
in Taylor-type expansion. As linear codes are widely used in practice due to its low
encoding and decoding complexity, directly applying ¢* in this way to linear code
design may be difficult, considering the limitation that codewords must form a linear
space. However, applying this idea to modulation and coding on AWGN channel, one
can change the mapping from the channel codeword to the constellation to shape the
empirical distribution of the sequence of modulation symbols according to t*. In this
direction, a mapping with memory should be designed to replace the memoryless
mapping (e.g. Gray mapping) widely used in practice. Certainly, when this new
mapping is used, decoding algorithm needs to be modified accordingly.

As one extension of LDPC coding theorem in Chapter 5, we have some preliminary
results on systematic LDPC code under jar decoding. Specifically, we show that
a linear code of parity check matrix [ H I } with H randomly picked from an
LDPC ensemble can approach the capacity of any BIMC with diminishing bit error
probability when the degrees of the ensemble are large. Directly applying traditional
BP decoding to systematic LDPC codes, however, does not work very well, which is
explained as follows. Let us fix the channel coding rate near the capacity. On one
hand, when the degrees of the ensemble are small, BP decoding can always find a
codeword, but the bit error probability decreases too slowly with respect to the block
length. On the other hand, when the degrees of the ensemble are large, BP decoding
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has the difficulty to find any codeword at all. Then future work in this direction is
to design new decoding algorithms for systematic LDPC codes.

Practical interactive encoding and decoding scheme design under jar decoding is also
quite exciting. As discussed in Chapter 6, the key advantage of interactive encoding
and decoding over Slepian-Wolf coding is the universality, which is the essential prop-
erty required in practical distributed compression systems. Interactive encoding and
decoding based on LDPC codes with syndrome accumulation proposed in Chapter
6, coupled with modified BP decoding, can deal with the source and side informa-
tion correlated through a memoryless channel. In practice, however, the statistics
of source and side information is much more complicated, and memoryless channel
model will result in great compression inefficiency. Therefore, another future work
is to design a truly universal and low-complexity interactive encoding and decoding
scheme, and we have already obtained some preliminary results in [60].
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Appendix A

Non-Asymptotic Equipartition
Property

Consider an independent and identically distributed (IID) source X = {X;}:°, with source
alphabet X and finite entropy H(X), where H(X) is the Shannon entropy of X; if X is
discrete, and the differential entropy of X; if X is the real line and each X is a continuous
random variable. Let p(z) be the probability mass function (pmf) or probability density
function (pdf) (as the case may be) of X;. The asymptotic equipartition property (AEP)
for X is the assertion that

_ %mp(Xng---Xn) — H(X) (A.1)

either in probability or with probability one as n goes to oco. It implies that for sufficiently
large n, with high probability, the outcomes of X; X5 - - - X, are approximately equiprobable
with their respective probability ranging from e ™HX)+e) to e=(HX)=¢) where € > 0 is a
small fixed number.

The AEP is fundamental to information theory. It is not only instrumental to lossless
source coding theorems, but also behind almost all asymptotic coding (including source,
channel, and multi-user coding) theorems through the concepts of typical sets and typical
sequences [1].

However, in the non-asymptotic regime where one wants to establish non-asymptotic
coding results for finite block length n, the AEP in its current form can not be applied
in general. In Appendix A, we aim to establish the non-asymptotic counterpart of the
AEP, which is broadly referred to as the non-asymptotic equipartition property (NEP), so
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that the NEP can be applied to finite block length n. Specifically, with respect to H(X),
we first characterize, for any finite block length n, how close —% Inp(X; X+ X,) is to
H(X) by determining the information spectrum of X;X,--- X, i.e., the distribution of
—%lnp(Xng .-+ X,,); such a property is referred to as the NEP with respect to H(X).
For any IID source pair (X,Y) = {(X;,Y;)}2, with finite conditional entropy H(X|Y)
and mutual information 7(X;Y’), where H(X|Y) is the Shannon conditional entropy of
X; given Y; if X is discrete, and the conditional differential entropy of X; given Y; if X
is continuous, we then examine, for any finite block length n, how close —% Inp(X"[Y™)

(—iIn %, respectively) is to H(X|Y) (I(X;Y), respectively) by determining the

distribution of —XInp(X"Y™) (—%ln %, respectively), where p(z"|y") (p(y"|z"),
respectively) is the conditional pmf or pdf (as the case may be) of 2™ = x129 -+ 2, (y" =
Y1Y2 - - - Yn, respectively) given y" (z", respectively); these properties are referred to as the

NEP with respect to H(X|Y') and I(X;Y), respectively.

In the same way as the AEP plays an important role in establishing the asymptotic
coding (including source, channel, and multi-user coding) results in information theory,
our established NEP is also instrumental to the development of non-asymptotic source and
channel coding results.

A.1 NEP With Respect to Entropy

Define
A" (X) ésup {/\ >0: /p‘”l(x)dx < oo} . (A.2)
Suppose that
A(X)>0. (A.3)
Let
() 2 [ plo)l-np(e)Pde - H(X) (A1)

which will be referred to as the information variance of X. It is not hard to see that under
the assumption (A.3),

p M(x) K
/ T 1(y)dy] |—Inp(z)|" dz < 0o (A.5)

and

/p’\+1(x)dx < o0
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for any A € (0, A*(X)) and any positive integer k. Further assume that
o2(X) > 0 and / p(@)| Inp(z)Pdz < oo . (A.6)

Then we have the following result, which will be referred to as the weak right NEP with
respect to H(X).
Theorem A.1 (Weak Right NEP). For any § > 0, let

rx(0) 2 sup {/\(H(X) +6) — ln/p_’\H(:L')dx} :

A>0

Then the following hold:

(a) For any positive integer n,
1
Pr {—— Inp(X™) > H(X) + 5} < e x(9) (A7)
n

where X™ = X1X2 - Xn
(b) Under the assumptions (A.3) and (A.6), there exists a 6* > 0 such that for any
5 € (0,0*] and any positive integer n,
1
202.(X)

rx(0) = 6% 4+ 0(6°) (A.8)

and hence ,
—n(——+0(8%))

1 p
Pr {—Elnp(X”) > H(X)+ 5} <e *uX . (A.9)

Proof of Theorem A.1. The inequality (A.7) follows from the Chernoff bound. To see this
is indeed the case, note that

Pr{—%lnp(XlXQ---Xn) > H(X) +(5} = Pr{—lnp(X1Xs---X,,) >n(H(X)+0)}

) E[B*MHP(XlXQ“-Xn)]
< }\g% oA H(X)10)
n[AH(X)+8)~In E[p~(X1)]]

= infe”
2>0

— inf e—n[A(H(X)—I—&)—lnfp’>‘+1(x)dw]
>0

= e rx0) (A.10)



To show (A.8) and (A.9), we first analyze the property of rx () as a function of §
over the region § > 0. It is easy to see that rx(J) is convex and non-decreasing. For any
A € [0, A*(X)), define

A1
p ()
E / [— Inp(z)] de — H(X) (A.11)
L[ p= 1 (y)dy]
which, in view of (A.5), is well defined. Using a similar argument as in [01, Properties

1 to 3], it is not hard to show that under the assumption (A.3), 6(\) as a function of A
is continuously differentiable up to any order over A € (0, \*(X)). Taking the first order
derivative of §(\) yields

! = P (@) —Inp(z)]*de — P (@) —Inp(x)] d
o = f T iy P [/ o] Pl

where the last inequality is due to (A.6). It is also easy to see that 6(0) = 0 and ¢'(0) =
0%(X). Therefore, §()) is strictly increasing over A € [0, A\*(X)). On the other hand,
it is not hard to verify that under the assumption (A.3), the function A(H(X) + J) —
In [ p~**!(z)dz as a function of X is continuously differentiable over A € [0, \*(X)) with
its derivative equal to

d—0o(N) . (A.13)
To continue, we distinguish between two cases: (1) A*(X) = oo, and (2) A*(X) < oo. In
case (1), since d(A) is strictly increasing over A\ € [0, 00), it follows that for any 6 = d(\)
for some A € [0, A*(X)), the supremum in the definition of rx(d) is actually achieved at
that particular A, i.e.,

rx(6(N) = AMH(X) +6(\)) —In / p " (z)d . (A.14)

In case (2), we have that for any 6 = d()) for some X € [0, \*(X)) ,
BH(X)+6(N\) —In / p P (@)de < A(H(X) 4+ 6())) — In / p MY z)de  (A.15)
for any 8 € [0, A*(X)) with 8 # A. In view of the definition of A*(X), (A.15) remains valid

for any 8 > A*(X) since then the left side of (A.15) is —oco. What remains to check is
when g = \(X). If

/p)\*(X)+l(x)dx = 00
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it is easy to see that (A.15) holds as well when 8 = A*(X). Suppose now
/p_’\*(X)H(x)dx <00

In this case, it follows from the dominated convergence theorem that

lim A2V dx :/ N+ () dw
Jim [r @ = [preon)
and hence by letting 8 go to A*(X) from the left, we see that (A.15) holds as well when

B = A(X). Putting all cases together, we always have that for any ¢ = §(\) for some
A € [0, \*(X)),

rx(0(N) = AMH(X) +6(N)) — ln/p_Hl(x)dx . (A.16)
Let A
A*(X) :ATI/\I*I?X)5<)\) :

Since both §(\) and In [ p~**!(z)dz are continuously differentiable with respect to A €
(0, A*(X)) up to any order, it follows from (A.16) that rx(J) is also continuously differen-
tiable with respect to 6 € (0, A*(X)) up to any order. (At é = 0, rx(d) is continuously
differentiable up to at least the third order inclusive.) Taking the first and second order
derivatives of rx(0) with respect to d, we have

o) = IO
Cdrx(5(N) dA
T AN db
ok (5(V) 1
T A o
1 iy P E)
- 509 H(X) 4 6(\) + A0 (\) / T iy) dy][ Inp(z)] d
= A (A.17)
and
e = 2
_ 5/(&) (A.18)



where § = 0(A). Therefore, rx () is convex, strictly increasing, and continuously differen-
tiable up to at least the third order (inclusive) over § € [0, A*(X)). Note that from (A.17)
and (A.18), we have 7 (0) = 0 and r%(0) = 1/0%(X). Expanding rx(d) at § = 0 by the
Taylor expansion, we then have that there exists a 6* > 0 such that

Tx(é)

573 (X)(52 +0(6°) (A.19)

for 6 € (0,0%]. The inequality (A.9) now follows immediately from (A.7) and (A.19). This
completes the proof of Theorem A.1. n

Having analyzed the function rx(4), we are now ready for a stronger version of the
right NEP. For any A € [0, \*(X)), define

N €5
@) =1 (y)dy (4.20)
2(X,\) /fA z) |=Inp(z) — (H(X) +6(\)| do (A.21)
2(X,0) / F(@)p(x) = Inp(x) — (H(X) + 50 da (A.22)
and .
(") éHf)\(xi) (A.23)

where §()\) is defined in (A.11). Write My (X,0) as My(X). It is easy to see that
03(X,0) = 04(X), 0% (X, \) = §(A), and

Mu(X) = [ pla) |- nple) - HCO) da (A.24)

Then we have the following stronger result.

Theorem A.2 (Strong Right NEP). Under the assumptions (A.3) and (A.6), the following
hold:

(a) For any o € (0, A*(X)) and any positive integer n

F 1
fH(X, )\, n)efnrx(fs) > Pr {_E lnp(Xn) > H(X) + 5} > §H(X’ )\, n)efnrx(é)
(A.25)
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where A = 1’y (§) > 0,

20 My (X, A)

Gl = o N
LI 1O (X,0) - Qo + Vioun(X,A)] (A.26)
€ (X, \n) = ¢ H7Q(p. + vVadou(X, V) (A.27)

with Q(p*) = ZHEAS and Q(p.) = § — TS, Q) = = J7" e/ 2du and

C < 1 is the universal constant in the central limit theorem of Berry and Esseen.

(b) For anyd <c 1“7", where ¢ < oy (X) is a constant,

< («i@)) - )

Pr{—%lnp(X”) > H(X) +5}

S\ CMu(X)
“ <aH<X>) o (X) (4.28)

Proof of Theorem A.2. From (A.16), it follows that with A\ = 7 (d)

rx(8) = N(H(X) + ) — In / p M (2)dz | (A.29)
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Then it is not hard to verify that

Pr{—%lnp(X”) > H(X) +5}

S e

—LInpan)>H(X)+6

- [ REAEE
—LImpan)>H(X)+6

_ / el BN I [N ] ) g
—LInp(a)>H(X)+6

_ / efn[f%)\lnp(x”)f)\(H(X)Jr(S)Jrr‘X(&)]f)\(xn)p(xn)dxn
—LInpan)>H(X)+6

— orx(9) / e—n)\[—%lnp(z”)—(H(X)-Hs)]f)\(ajn)p(xn)dl,n

—LInpan)>H(X)+6

_ _ by X,)\ —Inp(a™)—n(H(X)+6)
— ¢ nrx(9) / e ViAo g (X,\) o (X0 fA(LEn)p(l’n)d%n

—% Inp(zn)>H(X)+d

efan(5) / / e*\/ﬁ)\UH(X,)\)pf)\(xn)p(xn)dxndp

p>0 —Inp(a™)—n(H(X)4+9) =p
Vo (X0

“+o00
e~ nrx () / e*\/ﬁ)‘UH(X’)\)pd(l _ Fn(p))

0

“+00
= O | £, (0) / VA (X, Ne VTR, (p)dp (A.30)
0

where the last equality is due to integration by parts,

_ A —Inp(Z") — n(H(X) +9)
R 2 e T )

_ — —Inp(Z) — (H(X) +9)
= Pr {; \/ﬁaH(X, /\) > p}
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and {Z;}_, are IID random variables with pmf or pdf (as the case may be) fy(z)p(x). Let

& 2 F,(0)— / Vo (X, \e VAo XNep(0)dp (A.31)

/ ViAo (X, NeVPonXe(E (0) — F,(p)ldp (A.32)

At this point, we invoke the following central limit theorem of Berry and Esseen [
Theorem 1.2].

Y

Lemma A.1. Let Vi,V5,--- be independent real random variables with zero means and
finite third moments, and set
or=>» EV7.
i=1

Then there exists a universal constant C' < 1 such that for any n > 1,

Pr {ivz > ant} —Q(t)

< Co Y E[Vf.

=1

sup
—oo<t<+00

Towards evaluating &,, we can bound F,,(p) in terms of Q(p), by applying Lemma A.1
o{—Inp(Z;) — (H(X)+ )} ;. Then for p > 0, we have

F,(0) < Q(O)+%
B %Jr% (A.33)
bl = {Q Cf]\iim (A.34)
and
RO~ Rl 2 @0~ ZERS - (o0 Oﬁ%ﬁ)}
- -]



where [2]T = max{z,0}. Now plugging (A.33) and (A.34) into (A.31) yields

1 CMy(X,\) Aoz (X, \)p CMu(X,0) 17
SOS T e /“’HW) el - ]
_ 1, OMy(X - VAT (XN)p _ OMu(X,A)
_ \/_UH /\/—/\ (X, Ve {Q(P) ot (X, )\)} dp

— 1 + C]V[H—(X’)‘) _ / [Q(,O) _ CMp(X, )‘)] d (_e*\/ﬁ)\UH(X,A)p)

2" noh (XN Vol (X )
0
o
QC'MH(X,)\) / 1 2 Ao (X\)
= + e~z e VIMIHLLAP ]
(XN T Ver p
_ 2CM;{(X, )\) +7 1 6_(p+\/ﬁ>\02H(x,>\))2+n>\20%(x,>\)dp
\/EO-H(Xa )\) 0 V 2w
20Mp (X, A) 2o
= ——— Aog(X, ) — * Aog (X, A
HU%(X,A) te 2 [Q(\/ﬁ UH( ) )) Q(Io +\/ﬁ UH( ) ))}
= (X, \n) (A.36)
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where Q(p*) = %m, and meanwhile plugging (A.35) into (A.32) yields

+00
- 1 20 My (X, N)]"
_— Ao (X Ne—vranxae |1 oy 20Mu(X, M)
§n = /\/ﬁ o (X, Ne P Q(p) b (X0 | p
0
T 1 2C My (X, )]
= A X )\ —vniog(X,A\)p | = _ _ sUMEA,A) d
/\/ﬁ on(X, e 2 Q(p) o (X, ) P
Px
y 1 20My (X, \)
H _
— - _ A A —viden(X Ve
/{2 ) \/ﬁai’éz(X,A)} (- )
Px
+o00 ! ,
= — b e=VAou (X Np g
e Ze
/\/27r P
Px
naZod (XN
= e = Qo +VnAou(X, )
= éH(X,)\,n) (A.37)

where Q(p,) = 5 — % Combining (A.30) with (A.36) and (A.37) completes the

proof of part (a) of Theorem A.2.

Applying Lemma A.1 to the IID sequence {—Inp(X;) — H(X)}" ,, we get (A.28). This
completes the proof of Theorem A.2. n

Remark A.1. Note that A = 1’y (6) = ©(0). When A = Q(1) with respect to n, it can be
easily verified that Eg (X, \,n) and §H(X, A, n) are both on the order of \/iﬁ, by applying
well-known inequality

Meanwhile, on one hand, it is easy to see that

_ 2203 (X,2) 20My (X, \)
< 2 —_— .
fH(X, >\>n) =~ € Q(\/ﬁ)‘oH(X? )‘)) + \/ﬁail(Xv )\)
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On the other hand,

Pt /AT (XN)

(X \ ) n)\za%_I(X 2) (\/_)\ X /\)) n)\zg%I(X,A) 1 _ﬁd
y AT =€ g 2 e 2
ViAoE (X))
Px
n,\%%(x 2) n,\%%(x,,\) / 1 (p+v/AAo g (X,0))2
= e Aog (X, A 2 e 2 d
QN (X)) - = :
nx2o2 (X,) _p p o
— ETTQ(aon(X, ) Erp /e 1
0
S AZG%I(X A) (\/_)\ (X /\)) / 1 d
e g e 2
= H J o P
2oy % /\) 20My (X, \)
To further shed light on &g (X, A\, n) and &, (X, \,n), we observe that
1 72202 (X,2) 1
< ¢ EER O (Ve n(X ) <
vV QW\/E)\UH(X, )\) —‘—m \/QW\/_AJH(X )\)

And therefore, whenever A = o(1) and A = w(n™1),

nAZo2 (X))

HEER QAR (X, ) = © (_) . (_)

which further implies

En(X ) = B Q(maan(X,N) (11 o(1)

nA2 o'H(X A)

€. (X An) = ¢ 5 Q(hau(X,\) (1 - o(1)).

Remark A.2. Another interesting observation from the proof of Theorem A.2, especially
(A.30), is the recursive relation between

Pr{_%lnp(X”)>H(X)+5} = Pr{_lnp(X")—”mX) 5 )}

Vion(X)  Jaon(X

* o ()
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and

—Inp(Z") — n(H(X) +9) -
\/ﬁO’H(X, /\) .
As shown in the proof, a proper bound on Fzm(p) (using Berry-Esseen Central Limit The-

orem) results in a bound (A.25) on Fx.,, (W) To continue, we can apply this bound

Fan(p) 2F,(p) = Pr

(A.25) on Fy,.(p) to get another bound on Fx,n< Numerically, we can keep

6
Vnou(X) )
tightening the bound on F X (ﬁ#@()) in this recursive manner until no significant im-

provement can be made.

The probability that —= Inp(X™) is away from H(X) to the left can be bounded simi-
larly. Define

A (X) Esup {)\ >0: /p)‘H(x)dx < oo} . (A.38)

Suppose that
A (X)>0. (A.39)

Define for any 6 > 0

rx._(6) 2sup [A(a ~H(X) o | p”l(:v)d:c}

A>0

and for any A € [0, \* (X))

5_(\) 2 ) In p(z)] dz + H(X) .

L/ P (y)dy]

Then under the assumption (A.6), §_(\) is strictly increasing over A € [0, \* (X)) with
d_(0) = 0. Let
A" (X) = lim 0_(N).
") =l ()
Following the proof of Theorem A.1, we have that rx _(d) is strictly increasing, convex,
and continuously differentiable up to at least the third order inclusive over ¢ € [0, A* (X)),
and furthermore

rx_(0) =X — H(X)) — ln/p’\“(x)dx

with A =1’y _(9) satisfying
d_(A\)=9.



Define
2 A p>‘+1(l’) —Inp(z) — _ 2 e
TSRy o] ) — ) 8 )P

and

(5.2 [ - P ) — (H(X) — 6 () dr

S (y)dy]
In parallel with Theorems A.1 and A.2, we have the following result, which is referred to
as the left NEP with respect to H(X) and can be proved similarly.

Theorem A.3 (Left NEP). For any positive integer n,
1
Pr {—— Inp(X™) < H(X) — 5} < e7mrx=(0) (A.40)
n
Furthermore, under the assumptions (A.39) and (A.6), the following also hold:

(a) There ezists a 0* > 0 such that for any 6 € (0,0%| and any positive integer n,

1 2 3
(0) = ——= A4l
x-0) = g + O (A1)
and hence ,
1 —n ) 3
Pr {——lnp(X") < H(X) - 5} < ¢ MEAE TN (A.42)
n
(b) For any d € (0, A* (X)) and any positive integer n
- 1
En—(X, A, n)e %0 > Py {—5 Inp(X") < H(X) — 6} > &, (XA n)e @
(A.43)
where X =1’ _(0) >0, and
_ 20 My _ (X, \)
(X, \,n) = :
AN G Y

4 QA (X.0) — QU + Vi (X, A)] (A4

7L>\20%177 (X,\)

§H7_(X, An)=e 2 Qp« +Vndou_(X, ) (A.45)

_ 20Mp,— (X))

. . CMp._ (XA
with Q(p*) = N ind Qps) = % Vol (X

= Vo (XN
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(c) For any § < cy/™2, where ¢ < oy(X) is a constant,

(eni) = vt =

Pr{—llnp(X”) < H(X) - 5}

dv/n CMp(X)
Q( <>) Vioh(X) (4.46)

Remarks similar to those (Remark A.1 and A.2) following Theorem A.2 can be drawn
here concerning Theorem A.3.

A.2 NEP With Respect to Conditional Entropy

Consider now an IID source pair (X,Y) = {(X;,Y;)}2, with finite conditional entropy
H(XY), where H(X|Y) is the Shannon conditional entropy of X; given Y; if X is discrete,
and the conditional differential entropy of X; given Y; if X is continuous. Let p(x|y) be
the conditional pmf or conditional pdf (as the case may be) of X; given Y;, and p(y) the
pmf or pdf (as the case may be) of ¥;. By replacing —< Inp(X™) with — In p(X™|Y™), all
results and arguments in Section A.1 can be carried over to this conditional case, yielding
the NEP with respect to H(X|Y).

Specifically, define

(XY 2 sup {)\ >0: /p(y) [/p”l(x\y)dajl dy < oo} : (A.47)
Suppose that
N(X|Y)>0. (A.48)
Let
LX) 2 [ [ plwnely) - nplaly) Pdedy — H(X]Y) (A.49)

which will be referred to as the conditional information variance of X given Y. It is not
hard to see that under the assumption (A.48),

/ / T —A;ﬁ'y))dudv} = Inplaly)|" dudy < oo (A.50)

// M (p|y)drdy < oo
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for any A € (0, \*(X]Y')) and any positive integer k. Further assume that

o2 (X]Y) > 0 and // p(z|y)| Inp(z|y)Pdzdy < oo . (A.51)
Define for any ¢ > 0
x|y (0) —sup{ (H(X|Y)+9) — ln// M (z|y)dwdy (A.52)
A>0

and for any A € [0, \*(X]Y))

)
p(y)p~ " (xly)
—1 dedy — H(X|Y) . A.53
N2 [ | s Sy | ddy — HOY) - (A53)
(Throughout this section, §(A) should be understood with its above definition.) Then
under the assumptions (A.48) and (A.51), 6(\) is strictly increasing over A € [0, \*(X]Y))
with 6(0) = 0. Let

; A
A" (X]Y) _/\T/\I*I(IEIY)(S(/\) .

By an argument similar to that in the proof of Theorem A.1, it can be shown that 7xy ()
is strictly increasing, convex and continuously differentiable up to at least the third order
inclusive over § € [0, A*(X]Y)), and furthermore rxy(d) has the following parametric
expression

rxiy (5(N) = ACH(X|Y) +6(\)) — In / / (gl ) dady (A54)
with 0()) defined in (A.53) and A = r'y,-(6). For any A € [0, A*(X[Y")), define
A _A($|y)
He.) [ [ p)p= 1 (ulv)dudv (A.55)
BV 2 [ [ B )plaly) |- nplaly) — (HOXY) + 50D dady— (A56)
V(Y20 2 [ [ e poptady) - np(als) — (HOXTY) +500) P oy (457)

where 0(A) is defined in (A 53). Write My (X|Y,0) as My (X|Y). It is easy to see that
o2 (X|Y,0) = 0%(X|Y), 0%(X]|Y,\) = §()\), and

My (X]Y) = / / p(ely) |- np(aly) — HXY))| dedy (A58)

In parallel with Theorems A.1 and A.2, we have the following result, which is referred to
as the right NEP with respect to H(X|Y') and can be proved similarly.
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Theorem A.4 (Right NEP With Respect to H(X|Y)). For any positive integer n,
1
Pr {—— Inp(X"Y™) > H(X|Y) + 5} < e Xy (A.59)
n

where X" = X1 X5+ X,, and Y™ =Y Yy ---Y,. Moreover, under the assumptions (A.48)
and (A.51), the following also hold:

(a) There ezists a 6* > 0 such that for any 6 € (0,6%] and any positive integer n,

1 2 3
= A.
and hence
1 n 252 3
Pr {——1np(X"|Y”) > H(X|Y) + 5} < ¢ "G em O (A.61)
n

(b) For any d € (0, A*(X|Y)) and any positive integer n

£ (XY, A, n)e @ < Pr{—llnp(Y”]X")>H(X]Y)—|—§}
- n

< Eg(X|Y, N\, n)e X @) (A.62)

where A = 'y (6) > 0, and

_ 20My (XY, \)
Vo (X[Y)N)

1R (O en (XY, N) — Q"+ Viden(X[Y )] (A63)

nA2o% (X|Y,N)

(XY, n)=e 2 Qo + VnAou(X[Y, V) (A.64)

. X CMpy (X|Y,\ 20Mp (XY, A
with Q(p*) = W and Q(p.) = % - \/ﬁag((x\‘Y,A))’

Inn

(c) For any § < cy/ ™", where ¢ < oy (X|Y') is a constant,

(o) - Cam
ou(XV)) Vo (X]Y)

Pr {—%lnp(X”\Y”) > H(X|Y) + (5}

dy/n CMy(X|Y)
(aH<X\Y>) T e xy) &0
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The probability that —% Inp(X™Y™) is away from H(X]Y) to the left can be bounded
similarly. For completeness, we state the result without proof again. Define

A" (X]Y) 2sup {)\ >0: // P (z|y)dady < oo} : (A.66)
Suppose that
A (XY)>0. (A.67)
Define for any 6 > 0
rxpy,—(9) —sup{ (6 — H(XI|Y)) ln// P (zly) da:dy]
A>0

and for any A € [0, \* (X]Y))

e | / P ) dedy + H(XTY)
ffp M (ulv)dudv] PRy Y '
(Throughout this section, 6_(A) should be understood with its above definition.) Then
under the assumption (A.51), d_(\) is strictly increasing over A € [0, \* (X|Y)) with
d_(0) = 0. Let
A*(X]Y)= lim §6_(N).
AMAS (X]Y)

By using an argument similar to that in the proof of Theorem A.1, it can be shown that
rx|y,—(0) is strictly increasing, convex, and continuously differentiable up to at least the
third order inclusive over § € [0, A* (X|Y)), and furthermore rxy,_(6) has the following
parametric expression

rxpy,—(0-(A)) = A(0-(A) — H(X]Y)) ln// M (ly)dady

with A =1, () satisfying
5 (N) =6
Define
, PPy IR
0N 2 [ [ 7= plely) — (H(XY) =0 (0)dadly

p(v)pM(ulv)dudv

and

v 2 [ / 7 fp( W)y paly) — (HXIY) — 5 () dady

p(v)p* ! (ulv)dudv]
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In parallel with Theorem A.3, we have the following result, which is referred to as the
left NEP with respect to H(X|Y) and can be proved similarly.

Theorem A.5 (Left NEP With Respect to H(X|Y)). For any positive integer n,
1
Pr {—— Inp(X"|Y™) < H(X|Y) — 5} < Xy ) (A.68)
n
Furthermore, under the assumptions (A.67) and (A.51), the following also hold:

(a) There ezists a 0* > 0 such that for any 6 € (0,0%| and any positive integer n,

T’X|y7_ ((5) = 52 + 0(63> <A69)

20 (X]Y)
and hence
1 (g O(83
Pr {——lnp(X”|Y”) < H(X|Y) - 5} < ¢ "G em OO (A.70)
n
(b) For any § € (0, A* (X|Y)) and any positive integer n

1
£, (X[, A n)emmxv-0) < Pr{——lnp(Y”|X”>SH(X!Y)—é}
- n

SH,

< & (XY, \, n)e mrxiv- ) (A.71)

where A = 'y, (6) >0, and

2CMp,- (XY, )
vnog (XY, )
nxza%ﬁ(xmx)

Fe T [QWideu—(X]Y,N) — Qo + Vithow_(X]Y, V)] (A.72)
m%%ﬁ(x\y,)\)

§y (XY A n)=e™ 2 Qps + Vndop(X[Y, A)) (A.73)

gH,—<XD/7 >‘7 ’I’L) -

, X CMpy,_(X[Y,A _ 20 My, (X[Y,A
with Q(¢") = Zg=cxivay and Qo) = 3 = =iy

(c) For any § < cy/2, where ¢ < oy(X|Y) is a constant,

( 5\ )_CMH<X|Y> §
ou(XY)) " Vnoh(XY) =

Pr {—%lnp(X"‘Y") < H(X|Y) - 5}

5y/n CMy(X[|Y)
(o—H<X|Y>) T Yy &
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Remarks similar to those (Remark A.1 and A.2) following Theorem A.2 can be drawn
here concerning Theorem A.4 and A.5.

We conclude this section by illustrating rx|y(6) and o7 (X|Y) when X and Y are the
uniform input and the corresponding output of the binary symmetric channel (BSC) and
the binary input Gaussian channel.

Ezample 1 (BSC): Combining (A.53) and (A.54), it is not hard to verify that

x|y (0 // z,y) [z, y) In fa(z, y)dedy
// 2 ) ()] Py [, y)dxdy
p(zly)
D(p(x|y) fa(z, y)llp(z]y)) (A.75)
For BSC, simple calculation reveals that
J1=-p ifx=y
plaly) = { P otherwise (A.76)
and ()1
p T
plaly) fala,y) = Pop o B (A7)
p*’\+1p+(17p)*)‘+1 otherwise
By defining
1-—
D(ql|p 1—q)n —l— qln =
(llp) 20— ) ln ;= 4 g1n?
and (A.75), we have
pH
P00 = D (e )
_ pA—p)p - (1—p)?
=D (p + p L4+ (1 — p) >t pj- (A.78)
On the other hand, by substituting (A.76) and (A.77) into (A.53),
_pA-pr-(1-p)") 1-p
I(A) = P (1= p) In . (A.79)
and eventually, we have
o
rxjy(6) =D | p+ —=||p (A.80)
In Tp
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and plugging (A.76) into (A.56) with A = 0 yields
ou(X[Y) = (1=p)In*(1 —p)+pln’p—[-plnp— (1 —p)In(1 —p)]*
1—
= p(1—p)ln’ . P (A.81)

Moreover, as X and ) are both finite alphabets, it is easy to show that A*(X|Y) = oo,
where \*(X|Y') is defined in (A.47). Then

1 —
A*(X[Y) = lim 6(X) = (1~ p)In b (A.82)
and
Tmax 2 Jim rx|y(0) = —Inp (A.83)

StA*(X[Y)
Based on Theorem A.4, A*(X]Y') and 7. can be interpreted in the following way. As
1

max ——Inp(z"|y") = —Inp,
.y n
then
li P 11 (X"Y™) > HX|Y)+d6p, = ! (X"Y™) = -1
A P = P "

_ , NMTmax

In addition, for § > A*(X|Y),
1
Pr {——lnp(X”|Y") > H(X|Y)+ 5} =
n
By adopting the convention that 0In0 = 0 and e™*° = 0,

r(6) = D<p+#Hp) if § € [0,A%(X[Y)) (A84)
+00 if 6 > A*(X|Y)

A sample plot of x|y (§) is provided in Figure A.1 when p = 0.10.

Ezample 2 (Binary Input Gaussian Channel): Without loss of generality, we assume
that the input of channel is modulated to {+1, —1}, and therefore

1 _ly—xf?

e 202 (A.85)

i _—
p(ylx) T
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25 rxy(6) vs. § when p=0.10

2.0f

1.5

Tfos)

1.0r

05t
85 05 10 15 2.0
;
Figure A.1: rxy(§) for BSC
for © = {+1,—1}, where o* is the variance of the noise. Calculation of rx|y(d) and

0% (X|Y) is much more involved than that for BSC. Tedious evaluation is omitted here
with results presented as follows. Let U be a standard Gaussian random variable, i.e.

p(u) = \/1276_132
and define
g(z) 214 e
Then
S0 — E[géﬁzggg‘}’i#)} _E[lng (UUO;H)] (.36)
SR 1 N FYCES R
and




To get better understanding of those quantities, let us first determine \*(X]Y") and A*(X|Y).
In fact, we can show that \*(X|Y’) = oo by verifying that

/ p(y) [Z p‘”l(ﬂf\y)] dy < o0

reX

for any finite A > 0. Towards this, observe that

o [Zp“l(x\y)] dy

TeEX

is an increasing function with respect to A since p(z|y) < 1 for any x and y. Therefore,

/p(y) [Zp‘mmy)] dy = E {gA (UUU:_ 1)}

TeEX
v (oU +1
<o ()

E[eV] =e7 < o0
for any finite s. Now let us show the claim A*(X|Y) = oco. According to (A.86),

0 = Sy = ()]

%mﬂz {g/\ ("Uajl)} — H(X|Y)

As H(X|Y) is a constant and always less than In 2, the claim A*(X|Y) = oo is equivalent

to show J U1
el ()]

is unbounded when A — oo. By the fact that §(\) is an increasing function of A\, which
also implies that so is

d oU +1

—InE |g}

ae (0]
we only have to verify that

WE [¢"" (777)] B [¢" (*z7)] | E[d" (7))

- E [* (2Z0)]

o2

< 00

as
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or simply E [ k+1 ( U+1)]
g UT

E[¢" (“57)]

is unbounded when k — oo, which is indeed the case as

k+1 2:2-2;
ey T (1)

BT T T, (1)

1=0 7

2(k+1)2 —2(k+1)
S (e o2 )
2k2 2k
@(e o2 )
4k

= @(eﬁ>—>oo

as k — 0o. And consequently, it is not hard to see that
Tx|y(5) — OO
as 0 — 00. The interpretation based on Theorem A.4 is as follows:
1 n n
~Inp(aly") — HXIY)

can approach oo for proper choice of 2™ and ", but

1
lim Pr{——lnp(X"|Y”) > H(X|Y) +5} — e = ().
n

d—00

Figure A.2 shows a sample plot of rxy(§) for BIGC with o = 1.0.

A.3 NEP With Respect to Mutual Information and
Relative Entropy

Consider now an IID source pair (X,Y) = {(X;,Y;)}2, with finite mutual information
I(X;Y) > 0. Let p(y|x) be the conditional pmf or pdf (as the case may be) of Y; given X;.
In this section, we extend the NEP to I(X;Y') and relative entropy.
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rx{0) vs. § when 0=1.00

30

r,\'\y('s)

Figure A.2: rxy(9) for BIGC

A.3.1 NEP With Respect to I(X;Y)

We begin with the left NEP with respect to I(X;Y). Define

A (X;Y) Zsup {)\ >0 //p(x,y) V%] - dady < oo} . (A.89)

Suppose that
AT(X;Y)>0. (A.90)
Let

S2(X: V) A / / p(2,y) {m p]%”;)rdxdy _P(X:Y) (A.91)

which will be referred to as the mutual information variance of X and Y. It is not hard to
see that under the assumption (A.90),

p(ym - .
e O



and

A
} dxdy < oo

plylr) |
plx,y
/ / ) { p(y)
for any A € (0, \*(X;Y)) and any positive integer k. Further assume that

p(ylz)

I (y]
p(y)

3
07(X;Y) >0 and //p(a:,y) ’ drdr < oo. (A.93)

Define for any 6 > 0

rxy (8) 2 sup [)\(5 CI(X:Y)) — In / / p(z,y) [%] - dxdy] (A.94)

A>0

and for any A € [0, \* (X;Y))

foa(zy) = [p’%)r 5 (A.95)
I [ p(u,v) [p]()?q‘j;)]_ dudv
5_(\) 2 / / p(z,y) for(z,y) {— In %} dedy + I(X;Y) . (A.96)

(Throughout this section, d_(A) should be understood with its above definition.) Then
under the assumptions (A.90) and (A.93), 0_(\) is strictly increasing over A € [0, \* (X;Y))
with §_(0) = 0. Let

A

A*(X;Y) 2 lim 5_()).

ATAZ(X3Y)
By an argument similar to that in the proof of Theorem A.1, it can be shown that rx.y._(9)
is strictly increasing, convex and continuously differentiable up to at least the third order
inclusive over ¢ € [0, A* (X;Y)), and furthermore rx.y_(d) has the following parametric
expression

e (0-00) =26~ 1067 = [ [t [P dedy o)

with A =1’y (6) satisfying
d_(A\)=9.
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Further define for any A € [0, \* (X;Y))

o2 (XY, \) //f Nz, y)pla y)‘l (?ﬁ/)> (I(X;Y) = 0_(\)| dedy — (A.98)
p(ylz) vy ’ .
My (X:Y,\) //f_ roy)play) I BV — (1(0X0Y) — 8- ()| dedy (299

Write M;,_(X;Y,0) simply as M;(X;Y). It is easy to see that o7 _(X;Y,0) = 07(X;Y),
o2 (X:Y A) = o (), and

H(X;Y) //:cy

In parallel with Theorems A.3 and A.5, we have the following result, which is referred
to as the left NEP with respect to I(X;Y) and can be proved similarly.

3

ylo) dxdy . (A.100)

p(y)

—I(X;Y))

Theorem A.6 (Left NEP With Respect to I(X;Y)). For any positive integer n,

1 Y| X"
pr { Ly 27X <I(X;Y)—6p <emrxw-0) (A.101)
n p(Ym)

Furthermore, under the assumptions (A.90) and (A.93), the following also hold:

(a) There ezists a 6* > 0 such that for any § € (0,6%] and any positive integer n,

_ 2 3
rxy.-(0) = —2a§(x;y)6 +0(6%) (A.102)
and hence
1. p(Y"[X™) } N5t +0(5%))
Pr{-Intm— =2 < [(X;YV)=0s <e 21EY . A.103
{n p(Y") ~ (XY ( )

(b) For any d§ € (0,A* (X;Y)) and any positive integer n

B 1 p(yn|X'n)
X:YV.\ mrxy,-00) <« prd B (X Y) =6
51_( Y, A nje > r{nn p(Yn) ~ (X:;Y)
< & (XY, A n)e rxv-0) (A.104)
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where X =1’y (6) >0, and

_ 20M;_(X:Y, \)
(X:Y. \ = .
é1-(X;Y: ) Vnod _(X;Y,\)

n)\QO'%_ (X5Y,)
+e 2

[Q(vnAar (X;Y,))) —
TLAQO'%,7<X;Y,>\)
§, _(XsYoan)=e

2

Q" + Vs - (X: Y, X)) A.105)

Q(ps + vVnAor(X;Y, N))

(A.106)
, o _ CM_(X3Y,)) 20M;_ (X;Y\

with Q(p*) = ﬁ and Q(p.) = 5 — W
(c) For any § < cy/nn

1 where ¢ < 07(X;Y) is a constant

V4D CM;(X;Y) 1. p(Y"|X™) |
S R o IR T OREEReRT)

5/ CM;(X;Y)
Q(MX;Y)) il (XY) (A.107)

The probability that 1 In 272X 5

oy is away from I(X:;Y') to the right can be bounded in
a similar manner. For completeness, we state these bounds again without proof. Define

A(X3Y) ésup{)\ZO://p(x,y) {%]/\dxdy<oo} :

(A.108)
Suppose that
A(X;Y)>0. (A.109)
Define for any § > 0
7x;y (0) 2 sup [)\(I(X Y)+6)— ln// z,y) [ yla } dxdy] (A.110)
A>0
and for any A € [0, \*(X;Y))
[p(ym g
flz,y) £ p(y)( — (A.111)
p(v|u
[ [ p(u,v) [ (0] ] dudv



// (2. 9) (2 9) {m ((|))}d dy— 1(X:Y) . (A112)

(Throughout this section, §(A) should be understood with its above definition.) Then under
the assumptions (A.109) and (A.93), 6(A) is strictly increasing over A € [0, \*(X;Y')) with
5(0) = 0. Let

A

A" (X;Y) lim (N .

AMA*(X;Y)

By an argument similar to that in the proof of Theorem A.1, it can be shown that rx.y(9)
is strictly increasing, convex and continuously differentiable up to at least the third order
over 0 € [0, A*(X:;Y)), and furthermore rx.y () has the following parametric expression

rr (600) = MI(X:Y) 4 6(0) — In / / [ } ddy (A.113)
with A = r’yy-(9) satisfying
d(N\) =0
Further define for any A € [0, \*(X;Y))

a? (XY, \) //f)\xy p(z,y)

p(ylz) ,
(X570 //fka:y p(z,y) ‘ p(y) —(I(X;Y)+dN)

It is easy to see that 0?(X;Y,0) = 0?(X;Y) and o?(X;Y,\) = §'(N).

2

dxdy (A.114)

1 Ple) ,
o) — (I(X;Y) +6(N)

3

dxdy . (A.115)

In parallel with Theorems A.1, A.2, and A.4, we have the following result, which is
referred to as the right NEP with respect to I(X;Y) and can be proved similarly.

Theorem A.7 (Right NEP With Respect to I(X;Y)). For any positive integer n,
1 p(Y"|X") } - 5
Pri-In=—2 > [(X;YV)+5p <e™xv A.116
(g > 106) i

Furthermore, under the assumptions (A.109) and (A.93), the following also hold:

(a) There ezists a 6* > 0 such that for any § € (0,0%] and any positive integer n,

1

Pl = gy

62+ 0(8°) (A.117)
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and hence

n n —n 52 3
prd L PO rxyy ol < o OO (A.118)
n p(Y™) ’

(b) For any § € (0,A*(X;Y)) and any positive integer n

_ 1. p(Y"X")
X;Y, A (@) < Pri—Int——0—t > I(X;Y) 44
€ (XY A n)e < im0 o) +
< E(XY, A n)e Xy () (A.119)
where A = 1’y y(6) > 0, and
_ _ 20M(X;Y,0)

(X:Y, A n) = Vo3 (XY, \)
e i [Q(VrAar(X;Y,N) — Q(p* + Vrdor(X; Y, )] (A.120)

nA202(X;Y,))

YA =5 Qo+ ViAg(X: Y N) (A121)

. N OM;(X;Y,\ 20 M1 (X;Y )
with Q(p") = iy and Qlp-) = 5 — LSS

c) For any § < cy/B2, where ¢ < 0;(X;Y) is a constant,
Yy n

Sv/n CM;(X;Y)
(rvim)) * sy (122

Remarks similar to those (Remark A.1 and A.2) following Theorem A.2 can be drawn
here concerning Theorems A.6 and A.7.

A.3.2 NEP With Respect to Relative Entropy

The IID source pair (X,Y) = {(X;,Y;)}32, considered so far is arbitrary. Let us now focus
on the case in which the source X is discrete, but Y could be either discrete or continuous.
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Let P denote the set of all probability distributions over the source alphabet X. For any
te P, let

a(y) é;t<x>p<y|x> (A.123)

") élf[lqt<yi> (A121)

Dt z) 2 / pylz) In p;ig) dy (A.125)

" I(t; P) ém;t(x) / p(y)z) In p&'y? dy (A.126)

where y" = y1y2 - - - yn, and P = {p(y|x)} represents a channel with p(y|z) as its transitional
pmf or pdf (as the case may be). Clearly, D(t,x) is the divergence or relative entropy
between p(y|x) and ¢(y); and I(¢; P) is the mutual information between the input and
output of the channel P when the input is distributed according to t. To be specific, we
denote the pmf of each X; by py. Without loss of generality, we assume that px(z) > 0
for any z € X. Since

J e (2] = T [ (B

it is not hard to see that for any A > 0,

J o i) s

/p(yla) [M]Ady <0

p(yla)
for any a € X. Therefore, A* (X;Y') defined in (A.89) is also equal to

sup {)\ >0 /p(y|a) {pq(fg“))} 7Ady <o0,a€ x}

for any t € P with t(a) > 0 for any a € X (such ¢t € P will be said to have full support).

if and only if
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Define for any ¢t € P with full support and any § > 0

r_(t,8) 2 sup [A(é —I1(t:P)) =Y #(z)In / p(ylz) {p(yw)] i dy]

A>0 Qt(y)

zeX

and for any A € [0, \* (X;Y)) and any ¢t € P with full support

[p(y\x)} -

qt(y)

fploe) [222] ™ gy

A

fa(ylz)

D) 2 [ plla)f 2l [ln pﬁm dy

00 2 Y ta) [t stole) |-y 4 1),

()

zeX
It is not hard to verify that
d_(t,0) =0

and

R [ [ ol ol [~ 2T,

reX Qt(y)

_ ( [ plulo)fatule) {_ L Pq(y(]yx)] dy>]

()

reX
> 0

]
= Y i) [ [ sk -stole) [mp(y‘””)} dy—D2<t,x,A>]

(A.127)

(A.128)

(A.129)

(A.130)

where the last inequality is due to (A.93). Therefore, J_(¢, A) as a function of \ is strictly

increasing over A € [0, \* (X;Y)). Let

i A
AL() 2 lm 6-(1,0)

By an argument similar to that in the proof of Theorem A.1, it can be shown that r_(¢, )
is strictly increasing, convex and continuously differentiable up to at least the third or-
der inclusive over § € [0, A* (t)), and furthermore r_(t,J) has the following parametric
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expression

F(L S (6 A) = MO (EN) — I(P) = S ta)In / p(yl) {p@"’”)] dy  (A131)

reX Qt(y)
with or_(t.5)
/r_ b
A=
satisfying
S_(tA) =0 .
Further define for any A € [0, \* (X;Y))
2 A plylz) ’
7 (6PN 2Y 4w | [ ool awlo) ) < Dea )|y (A1
zeX Qt(y)
and
(y|z) ’
AM:WPAMQXEW)/@@Mﬁﬁww)mgg——DUwJ)dy- (A.133)
reX Qt(y)

Write o3, _(t; P,0) simply as 0%, (t; P), Mp _(t; P,0) as Mp(t; P), op(px; P) as 05(X;Y),
and Mp(px; P) as Mp(X;Y). It is not hard to see that
2 2
by ply\r
[ ool w22y — ([ oyt 22
q:(y)

o a:(y)

ob(t; P) = t(x)

TeX

s vy — S~ | oty [ PO i Pl
UD<X7Y)_$€ZXP< ) _/p(y\ )|! o) | Y (/p(y\ )1 () dy) ]
. p) 2 x - x np(y|x)_ V| np(v|m) v 3
MD@,P)—;tU_/p(m)l W) ([ oot 2% ) dy]
) 2 Xz Xz np—(y|x) — v|xr Ilp(v|x) (% :
MD<X,Y>—;p<>[/p<y|)l ) ([ ok m ™7 ) dy]
and
op_(t; P,X) = -1, )

oA
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For obvious reasons, we will refer to 0% (t; P) (0%(X;Y), respectively) as the conditional
divergence (or relative entropy) variance of P given ¢ (Y given X, respectively).

In parallel with Theorems A.3, A.5, and A.6, we have the following result, which is
referred to as the left NEP with respect to relative entropy.

Theorem A.8 (Left NEP With Respect to Relative Entropy). For any sequence z™ =
Ty Xy, from X, let t € P be the type of x™, i.e., nt(a), a € X, is the number of times the
symbol a appears in ™. Assume that t has full support. Then

Pr { L PO7IXY) < I(t; P) — 5‘ X" = :1;"} < emnr=(t9) (A.134)

Furthermore, under the assumptions (A.90) and (A.93), the following also hold:

(a) There exists a 6* > 0 such that for any § € (0, 5*]

r_(t,0) = 62+ 0(8°) (A.135)

20%(t; P)
and hence

n n —n 52 3
Pr { l111]% < I(t;P)— 5‘ X" = x”} < MEE O ) 36)
n @y

(b) For any é € (0,A* (X;Y))

) 1 p(yrIx)
t: P\, n)e V-0 < Pr{—ln—<lt;P -0 X" =a"
$p- ) - nooq(Y") — (t: )
< &p(t; PA n)e =00 (A.137)
where A = <9r_6—%t,6) >0, and
_ 2CMp _(t; P, A
ED,,(t;P,)\,n) _ D, ( 4y )

o, _(t; P, ))

nA202, _ (£P,N)
+em 7 [QWndop (8 P,X) = Qp" + Vndop (1 P A))] (A.138)
nx?od, (5PN

§p (P An)=e 7 Qp. +Vnrop_(t; P, \)) (A.139)

. N CMp _ (P B 2CMp._ (P
with Q) = Zg=irny omd Qo) = 3 = TP imn
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(c) For any § < cy/™2, where ¢ < op(t; P) is a constant,

Q20 - ety < e {Lw P < ey - o] k=)

7pt:P)) " VRohEP) = An a7
5v/n CMp(t; P)
(UD(t;P)) /o (6 P) (A.140)

Proof of Theorem A.8. The inequality (A.134) comes from the Chernoff bound. To see
this is indeed the case, note that

Pr{lln]m §I(t;P)—6’X":x”}

n q:(Y™)
—
p(Y"|X") n_ n

) E[( qt(Y")> X _$]

> gﬁ oA O—1(:P))
) 2 nt(a)
[Lcx {fp yla) <qiy)> dy}

= ;gg A1 (:P))
= infexp —n [A( —I(t; P)) — Zt(a) ln/p(y|a) <p(y|a)>)‘ dy

A>0 ’ = q:(y)
_ ) (A.141)

which completes the proof of (A.134).

The equation (A.135) follows from the Taylor expansion of r_(¢,0) at § = 0 and the

fact that
0?r_(t,0) 1

95> o3t P)’
What remains is to prove (A.137) and (A.140). To this end, let

y ‘Z’ Hf A yz|$z

With A = 2= (t5 , it follows from (A.131) that

-A
r_(t,0) = X0 —I(t; P)) — Z t(z) ln/p(y|x) [pq(ig)} dy .

zeX
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Then we have

Pr{llnjIM <I(t; P) —(5‘X" :x"}
n q:(Y™)

- / p(y" |z dy"
L PR <1(4;P) -5
= / Foa " |2™) foa(y™|2™)p(y" |2™)dy”

14, py™[z™) .pP)—
L PR <1(4:P) -5

n 2@ 4, a)ln vla) (2@l - v
_ 6)\1 pqi(yn) + Zae)(t( )1 fp( ‘ )(Zt(v)) d f_)\(yn|$n)p(yn|xn)dyn

17, pP"z™) .pP)—
Lin 2UElED <1(6,P) -0

n 2@E™) N (S— T (4 P))—nr nl.n n|,..n n
_ M Sty FrACTIEPN = (00) 4 (|2 dy

19, p(y™[z™) .P)—
L PR <1(4:P) -5

W™ 1) 1P
) AP PO £ amyp(yr am) dy”

In BUED) —n(1(t,P)-5)<0

— - (,0) / / €A\/EUD’7(t;P’)\)pf,)\(yn‘xn)p(’yn|Q?n)dyn
p<0 4, 71“%@;‘1?) —n(I(t;P)—8) .,
Vnop _(t;PX)
0
= -9 / Mo =(EENPGE L (p)
0
= e nr-(t9) Fpn(0) — /A\/EUD,—(tQ P, )‘>€)\\/ﬁoD’7(t;R}\)pr"(p)dp . (A.142)

where

\/ﬁO-D,*(t; PJ )‘)

and Z; takes values over the alphabet of Y according to the pmf or pdf (as the case may

In p—(ZTL'in) —n(I(t;P) -9
Fxn(p)ZPr{ wz D) )Sp}
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be) fox(z|zi)p(z|z;). It is easy to verify that

EPME@?}:D@mA)

and

iﬁﬂm%ﬁ%?}::}jpt@,

=1

which further implies that

i [In 558 - Dt N
\/_UD,—(t7 P7 )‘) =r

Applying Lemma A.1 to the independent sequence
Zi|z; "
{m“ M)—D@%Aﬁ ,
q9:(Z:) i=1
the argument similar to that in the proof of Theorem A.2 can then be used to establish

(A.137).

Finally, consider another sequence of independent random variables Wy, Wy, --- | W,
where W; takes values over the alphabet of Y according to the pmf or pdf (as the case may
be) p(w|z;). Applying Lemma A.1 directly to

(oS 2]

we then get (A.140). This completes the proof of Theorem A.8. O

The conditional probability that given X™ = 2", LIn® ;/(7;%)) is away from I(t; P) to

the right can be bounded similarly. For completeness We state these bounds below without
proof. Define for any ¢ € P with full support and any § > 0

Zt(a:) 1n/p(y|x) [%] dy] (A.143)

rzeX

r(t,9) 2 sup [)\(I(t; P)+9) —

A>0
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and for any A € [0, \*(X;Y)) and any ¢ € P with full support

[p@\x)} A
é q:(y)

I(ylz) : (A.144)
S plelz) |5t dv
Do) 2 [ byl [m pfg’y))] dy (A.145)
A . . A P92 G
5160 2 " 160) [ ol o >[1 ) ] dy—I(:P).  (A146)

reX
Then under the condition (A.93), §(t,\) as a function of A is strictly increasing over
A€ [0, \"(X;Y)) with 6(¢,0) = 0. Let

A
A*(t) = 1 o(t, A) .
(t) ol ()
By an argument similar to that in the proof of Theorem A.1, it can be shown that r(¢, )
is strictly increasing, convex and continuously differentiable up to at least the third order

over ¢ € [0, A*(¢)), and furthermore r(t,d) has the following parametric expression

r(t,0(t,A)) = A (t; P) +6(t, \)) — Z t(x) ln/p(y|x) [M} dy (A.147)

reX Qt(y)
with ot 5)
A=
satisfying
S(EN) =6 .
Further define for any A € [0, \*(X;Y))
b2 23 ) [ [ i) tolo) [ 2 e dy] (A.148)
and
VP 2510 | [ oot i) 0222 o ) | (s
T e %(y) o

Then the following result can be proved similarly, which is referred to as the right NEP
with respect to relative entropy.
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Theorem A.9 (Right NEP With Respect to Relative Entropy). For any sequence z" =
Ty Xy from X, let t € P be the type of x™, i.e., nt(a), a € X, is the number of times the
symbol a appears in ™. Assume that t has full support. Then

1 p(Y"[X") ‘ } —nr(t,0
Pr{—In=———>J(tP)+6| X" =2"}y < e WE) A.150
{n a7 (t; P) ( )

Furthermore, under the assumptions (A.109) and (A.93), the following also hold:
(a) There ezists a 6* > 0 such that for any § € (0,07]

r(t,0) = 6%+ 0(8%) (A.151)

20% (t; P)

and hence

1 yn|xn 52 O(83
Pr{—lnp(—H > I(t; P) +5’ X" = x"} <o "EEn O A s
n q:(Y™)

(b) For any d € (0,A*(X;Y))

_ 1, p(Y™X™)
t; P, n)e ) < Pr{—ln—>lt;P +ol X" =2a"
éD( ) N n a:(Y™) (t: )
< &p(t; P A n)e ™) (A.153)
where \ = ( ) > 0, and
2C' Mp(t; P, \)
t: P\
ot P ) = o PN
nAZo2 (t;P,X\)
te 7 [Q(WnAap(t; P,N) — Q(p* +Vndap(t; P,A)]  (A.154)
nA2o2 (t;P,X\)
P AN = 2 Qo+ vnAop(t; P, \)) (A.155)
with Q(p*) = %eiiiy and Q(p.) = 5 — 2L0P0ES

(c) For any § < cy/™2, where ¢ < op(t; P) is a constant,

SV N CMp(P) _ L f1 p(ixn) o
Q(aD<t;P>) vio@p = T {nl a7 >“t’P>”’X }
/n CMp(t; P)

=@ (oD<t; P>) Vot P)

Remarks similar to those (Remark A.1 and A.2) following Theorem A.2 can be drawn
here concerning Theorems A.8 and A.9.

(A.156)
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A.4 NEP Application to Fixed Rate Source Coding

Assume that the source alphabet X’ is finite. In this section, we make use of the NEP
with respect to H(X) to establish a non-asymptotic fixed rate source coding theorem,
which reveals, for any finite block length n, a complete picture about the tradeoff between
the minimum rate of fixed rate coding of X, ---X,, and error probability when the error
probability is a constant, or goes to 0 with block length n at a sub-polynomial n=%, 0 <
a < 1, polynomial n=%, a > 1, or sub-exponential e, 0 < o < 1, speed. We begin with
the definition of fixed rate source code.

Definition A.1. Given a source from alphabet X, a fixed rate source code with coding
length n is defined as a mapping i : S, — {1,2,...,|S,|}, where S, is a subset of X".
The performance of the code is measured by the rate R, = %1n|Sn| (in nats) and error

probability Pr{X™ ¢ S, }.

As can be seen from the definition, the design of a fixed rate source code is equivalent
to picking a subset of X™. Given the source statistics p(z), one can easily show that the
optimal way to pick S, is to order z" in the non-increasing order of p(z™), and include
those 2" with rank less than or equal to |S,|. Then we have the following non-asymptotic
fixed rate source coding theorem.

Theorem A.10. Let R,(e,) denote the minimum rate (in nats) of fixed rate coding of
X1 X5+ X, subject to the error probability not larger than €,. Under the assumptions
(A.3) and (A.6), for any n and €, > 0,

1 d 20 My (X\)
~d+1n |3 - Q (i) — ety
n

6> Ry(en) — H(X) >4 —rx(8) + ] (A.157)

> 0, where 0 is the solution

for any constant d satisfying % -Q ( d ) 20Mp (XA)

Vioa(XN) ) T Vo (XN
to the equation

en = En(X, 7 (6), n)e "X (A.158)

d 1s the solution to the equation
(1+e ™) e, = €, (X, (0), n)e "rx©) (A.159)

and A = 1’5 (8). In particular, the following hold, depending on whether €, is a constant,
or how fast €, goes to 0.
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(a) When €, decreases exponentially with respect to n,

T(z‘m;) (_lnﬁn . ln_n> +O(n*1) > Rn(€n> . H(X)

X n 2n
(i) (_lnen B lnn) N Ine, oY)

= X n 2n n

where ™) () is the inverse function of rx(-).

(b) When e, =n"2e™" for a € (0,1),

V2ou(X)n= 3"+ 0 (n75) = Rule) - H(X)
> V20u(X)n"7 -0 (n—%> (A.161)
fora € (0,3%), and
V2o (X)n~ 7 + 0 (n"07%) > R,(e,) — H(X)
> V20u(X)n 2 =0 (n ) (A.162)

for a € [%,1).

(c) When e, = \’}% for a >0,

o (X) 2alnn+0< 1 ) > Ru(en) — H(X)

n nlnn
2al 1
(X)) 22 0 (,/ )A.163)
n nlnn

o @+o(1)

v

(d) When €, = € remains a constant,

# ()

> Ru(en) — H(X)
T -1 () — 0 (B
> %Q (€) O( - ) . (A.164)

where Q71 (+) is the inverse function of Q ().
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Proof of Theorem A.10. Define

S, (6) & {x" ; —% Inp(z") < H(X) + 5}

and
en(0) =Pr{X" ¢ S,(9)}.
Clearly €,(d) is a non-increasing function of §. Now let § and § satisfy that

en(0) < €, < €,(0). (A.165)
According to the discussion on optimal fixed-rate source codes,
1 1 _
—InS,(9) < Ru(en) < —1n S, (9). (A.166)
n n

Observe that

[Sa(@)]e D <N p(a)
xn€Sn ()
< > pat)
reX™
< 1
which implies that
1 _ _
Ry(€n) < —In[,(9)] < H(X) + 4. (A.167)

Towards the lower bound on R, (e, ), further define

S,(8,d) 2 {x" CH(X) 46—

S

< _% Inp(z") < H(X) + é}
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for some constant d > 0. Then we have

[Su(@ d)le OO > N p(en)

" €Sn(4,d)
= Y K@hEeen
x”ESn(id)
= > e[ RAPE) I Tex W] £ (g2
m”GSn(é’d)
> efnr‘x(é) Z fA(:C")p(l'n)
x"ESn(évd)

= e @ Pr{z" € 5,(3,d)}

= ¢ x@pr {—% < %i —Inp(Z;) — (H(X) +9) < 0}
. 4 20Mu(X, )
- {2 <ﬁo—H<X, A)) iy (X, A)]

where A\ = ' (9), {Z;}}, are IID random variables with common pmf f,(z)p(z), and the
last inequality is due to the direct application of Lemma A.1 (Berry-Esseen Central Limit
Theorem) to {—Inp(Z;) — (H(X) +9)},. And therefore

Ralen) > —In|S,(0)

1
> —1
> I S,(8,d)

> H(X)+5- % r(0)

1 1 d 20My (X, \)
—In|=-— — . A.168

w50 (e~ TRy (4.168)
Note that 3 — Q (ﬁa;(x,,\)> - Zfﬁ]‘fgg:\\; =0 (\/iﬁ) for constant d > 0. Then (A.157)
is proved by showing d and § calculated according to (A.158) and (A.159) indeed satisfy
(A.165), where we invoke Theorem A.2, i.e.

€.(0) = Pr{X"¢S,(6)}
< (X, 7 (), n)e ™ (9)

= En
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while

a(8) = Pr{X" ¢ 5,(0)}
§H(X7 T/X (é), n)e_”TX(é)

€n.

VoIV

Let us now look at special cases.

(a) When ¢, decreases exponentially with respect to n, i.e. %ln €, — c as n — +oo for

some constant ¢ < 0, we have

1nnen _ lné“H(X,:X@), ) 6), (A.169)
Note that 20 M (X, A 1
Eu(X.Am) = LA g (ﬁ)

Taking n — +oo in (A

En(X, 5 (8),m) = 0 (&)

5 = rg?w) (—

.169), it can be seen that ry(8) — —c.
which further implies that

Vieh (X, )

And therefore,

Ine,

N In g (X, (6),

n n

n))

o (inv) _lIl €n B lIl_TL -1
= ry < - o +O(n )>
; Ine Inn
_ (inv) [ HiEnp — LT0 1 A1l
Ty < - 2n> O(n™) (A.170)
On the other hand,
1 In(1 —-n In X,r
ney  In(l+e)  WE,(Xrk@n) g (A.171)
n n n

and by the same argument, rx(0) — —casn — +oo. Consequently, éH(X, v (0),n) =

e (\%), which further implies

Ine,

n

= —rx(d) = 5~ +O0(n™)

1
nn (A.172)

2n
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and

§ = i) <_ln o 1“—”> — 0. (A.173)

n 2n

Combining (A.157) with (A.170), (A.172) and (A.173) yields,

rgznv) (

Ine,

n

|
_—n”)w(n-l) > Ry(e,) — H(X)
2n
Inn
> . _mn —1
> a-rx(d)— 5 -0
, Ine Inn Ine
o (inv) [ n no_ —1
- Tx ( n 2n)+ n O(n )

This completes the proof of (A.160).

(b) First of all, let us consider the case when a € (0, 5). Towards proving (A.161), let
us show that 0 = V20 (X )n’kTa + nn’HTa for some properly chosen constant 7 will

guarantee

[e3

€n(0) <n ze ™. (A.175)

By Theorem A.2 and Remark A.1,

while

en (8) < & (X, (8) ,m) o> ()
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for some constant n; > 0, and

eszp{_mx (Vaou(X)n~5* 5% }

oo [ (Va5 Y 0 (5]
- exp{—"a‘aﬁz) ~O(man >}

- w2

since o € (0, %) Now it is trivial to see that we can select a constant 7 such that

V2
me om0 W <

which will make (A.175) satisfied, and consequently

1+

0 = \/§0H(X)n_1_7a +nn” 2
= ﬁUH(X)n’FTa +0 (n’HTa)
> R,(e,) — H(X).

1—a / _1ta

In the similar manner, we can show that by making § = 2oy (X)n™ "2 —n'n~"
for another constant 1’ > 0,

€n(d) > €.
Consequently,
1
Ryfe)) = H(X) 2 §—-rx(8) = o~ O™

for a € (0, %) The proof of (A.162) for the case a € [l 1) is essentially the same,
and therefore omitted.
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(c) Following the same spirit of the proof for part (b), one can verify that constants n
and i’ can be chosen respectively such that

<2

BIO)y———

and

n
|:€n (é) ‘é:UH\/Zarlznn_n/\/nl;n} > lnn
which, together with (A.157), proves (A.163).

: s ou(X) - CMy(X) ) -
(d) Tt can be readily seen that by Theorem A.2 (b), 0 = =Q ! (e - \/EUQZI(XO is the

right choice to guarantee

en(0) < e
while § = U’\{/(EXQ*1 (E + 2\%\:5((;)) ) will make
€n(d) > €

satisfied. (A.164) then follows immediately from (A.157) and the choices of § and §.

This completes the proof of Theorem A.10. O]

Remark A.3. To show Theorem A.10 provides a non-trivial bound, we claim that
d > rx(0)
for0 <6 <In|X| — H(X). Indeed, recall the definition of §(\) and
0<rx(6(1)=H(X)+0(1) —In|X|

which implies that 6(1) > In|X| — H(X) or s (6) < 1 for 0 < § < In|X| — H(X). The
claim then follows immediately from the fact that rx(0) = 0.

Remark A.4. In Part (d) of Theorem A.10, we can see that if €, = € > 0.5 is selected,
then R, (€,) could be strictly less than H(X) for finite block length n! This means that if
the error probability is allowed to be slightly larger than 0.5, the rate of source code can be
even less than the entropy rate. For an IID binary source with p = Pr{X; = 1} = 0.12,
Figure A.3 shows the tradeoff between the error probability and block length when the code
rate is 0.21% below the entropy rate, where in Figure A.3, both the entropy rate and code
rate are expressed in terms of bits. As can be seen from Figure A.3, at the block length
1000, the error probability is around 0.65, and the code rate is 0.21% below the entropy
rate. Similar phenomenon can be seen for channel coding shown in [03].
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Remark A.5. Related to Part (d) of Theorem A.10 is the second order source coding
analysis in [19] with a fized error probability 0 < e < 1. Both results are concerned with
the scenario where the rate is around the entropy rate in the order of \/Lﬁ and the error
probability is a constant. However, the work in [19] is asymptotic. On the other hand,
Theorem A.10 ((A.157) and Part (d)) is non-asymptotic and valid for any block length n.
It reveals a complete picture about the tradeoff between the rate and error probability when
the error probability is constant, or approaches 0 with block length n at an exponential (Part
(a)), a sub-exponential (Part (b)), a polynomial (Part (¢) with o > 1), or a sub-polynomial
(Part (¢) with 0 < a < 1) speed.

error probability vs. block length when rate is below entropy
p=0.12, Entropy=0.529, Rate=0.528

error probability
e o o
~ o] [oc]
ul o ul
: :

e

~

o
T

0'650 200 400 600 800 1000

block length

Figure A.3: Tradeoff between the error probability and block length when the rate is below
the entropy rate with p = 0.12

243



Appendix B

Lemmas Related to LDPC Ensembles

B.1 LDPC ensemble with Syndrome Accumulation
and Check Node Concentrated Degree Distribu-
tions

B.1.1 Proof of Lemma 6.1

We consider only the case in which [ is not an integer. The case where [ is an integer is a
bit easier and can be dealt with in a similar manner.

Although there is thorough analysis of the probability Pr{H,,.,z" = 0™} for H,,«,

from H,n,L(2),r(z) in [04-07], the result therein in general is not applicable to Hl()bAAX)n, the

matrix obtained from syndrome accumulation on H,,,,,. Towards analyzing Pr {HéI’AAX)nx" = (bA },

we focus on {Pya}2, defined in section 6.2.2. Given Pya = {Aya,;}?2,, one can classify
Apa,; into three categories:

L4 AbA,i g {1727 s 7R1n};
o Npni C{Rin+1,Rin+2,...,n}, or

® AbA,i {@ {1,2, . ,Rln}, and AbA,i 7,@ {Rln + 1,R1n+ 2, . ,n}.

To avoid complicating the analysis unnecessarily, we assume that there does not exist Aya ;
falling into the third category. Further effort reveals that this assumption holds if and only
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if 27-es2 21| Rin, or in other words,

C

Ry = ollogy A

for some positive integer C', where the parameter A is a function of block length n. In
fact, we only consider the case where A ~ /n, which implies 2 Loga Al o\ /n, and therefore
the assumption above always holds for sufficiently large n if [ is a fractional number with
a power of 2 as its denominator. Consequently, each Aya; can be further categorized into
one of four cases:

[ ] AbA,i g {1, 2, e ,Rm}, and ‘AbA,i‘ = 2T—f10g2 bA1;

° AbA,z' - {1, 2,... ,Rln}, and |AbA,i| = 2T~ [log, bA]—H;

o Mppi C{RIn+1,Rin+2,...,n}, and [Aya | = 27~ Tloe2bA1: op

e Mppi C{RIn+1,Rin+2,...,n}, and [Aya | = 27 Tos2bA1+L,

N4
Now we use {tég} to represent the number of Aya ;’s falling into each category, which

are given by the foil_owing formulas:

tin = min{2bA — 2[0ebA1 R oflos bATY

tz(yi) — max {R12[10g2bA'|71 . (bA . Z[IOngA]fl) ’0} 7
tin = max {Rp2M82bA1 — 2 (2fle20A1 _pA) 0}
tin = min{2MePA1 _pA | R,olleebAILY

Note that we assume that block length n = 27 for some integer T'. It then follows that

(1)
ha min {% 9 [1ogs 52| , R12D°g2 ol }

(2)

ba max {R12 logy 2|1 _ (% — ooz 5] 1) ,0}
n n

3)

foa = max {R22 log 52| _ 9 (2 [lo2 52 ] _ %) ,0}

n n

¢4 log., b2 log., bA

i _ mm{g[og 221 12 pyafiee81- }

n
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Recall that
CoA = 2T7 [logy AT _ 2~ [bgz %—‘ )

bA

n -

Therefore cpa also depends only on

Now define H,, 1(.).pa as a subset of H,, 1(.) such that

Hn xn € Hn,L(z) ,7,bA

if and only if
H, ., € H, 1(-) and H,()bAAX)nﬂ” ="

where s is the support set of z". It is easy to see that given z™ (and therefore ), these
subsets H,, 1.(2),»pa are nested with each other

Hn,L(z),%,sA g %n,L(z),%,bA
if s > b. Furthermore, let X, 1(2) 0n = |Hn 1(2)5a|. Then we have

Nn Z),
Pr {Hgbfjnx" - obA} = G f;( i’( ’)”’A (B.1)

where H,, ., is uniformly picked from H,, 1(;). Therefore the main issue is to derive asymp-

totic formulas for |H,, ()| and R, 1(;)pa. At this point, we invoke the following result
from Mineev and Pavlov [68] (see also [69] for a stronger version).

Theorem B.1 (Mineev-Pavlov). Suppose H_; is the ensemble of m x n 0-1 matrices with
i-th row sum r; and j-th column sum l; satisfying max{r;,l; : 1 <i < mandl < j <
n} < log'/4=¢m, where € is an arbitrarily small positive constant. Then

B (D ra)!
Hed = (TTE, r) (T2, WY

X [exp {—m (f: ri(r; — 1) z”: Li(l; — 1)) } + o(m_0‘5+5)](B.2)

i=1 j=1

where 0 < 0 < 0.5 is an arbitrarily small constant.

First of all, applying Theorem B.1 to |H,, ()|, we have

In)!
( ) L. (OL(Z) + O(TL

(ry 1) Ram (rg) Rom T (1) B
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where

Ryri(ry — 1) + Rara(ra — 1)) Y0, Lili(l; — 1
CL(z) = exp _( L 1( 1 ) 2 2( % )) 27,—1 ( )
202
Towards calculating 8, 7(.) .., note that each H,,,, consists of two sub-matrices H;‘XM
and H”, (n_||)» Where > is the complement of 5. Suppose {r7}_, is the row-sum profile
of HY - Then the row-sum profile {r"}7_, of H* (n—|x|) 18 given by
r? = r—r7for1<i<Rn
Tf’c = ro—r for Rin+1<i<n

For each H,x,, € "y 1(»), its HZ, |, and H;‘X( , should have L*(z) and L7 (2) as their

nXx|x| n—|x|

column-sum profiles. Therefore
0<r<ryforl1<i<Rn (B.3)
0<r’<ryfor Rin+1<i<n (B.4)

irf =1"n (B.5)
i=1
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Note that

s Doien hit Dien, P2 > ien, Pin

b n . . . n

Hypynx : : : T
Zie/\m hi,l ZieAbA hi,2 ZieAbA hz‘,n

1
Ziem hidl Zz’eAl hi,jz ZieAl hi7j|,4 1
D iengn Pt Dieapn Mio > icngn M 1
4

D ien Diea, Mij
Zi€A1 Zj€% hij

Zi€A1 T;{

ZiEAbA T??{
Then Hy,xn, € Hp ()04 if and only if

CvA

u=1

PICYN

2 E 70 .
tbACbA+2CbA]+u

u=1

CvA

u=

2cpA

u=

D jen Dicayn Mg

ZieAm ZjG% hij

» . 1
2> "z, for 0< <t —1

: (2)
for 0 <j <tA—1
7,,%
Zl tglA)CbA+2tl()i)ch+CbAj+u

2 Zr” .

coAtt A Coat2eoajtu

(B.6)
(B.7)
for 0 < j <t8) —1

(B.8)

for 0 < j <t —1 (B.9)

Let Rya~ denote the set of all row-sum profiles {r7}i_; which satisfy the constraints

(B.3) to (B.9). Furthermore, let N}{‘M}n and N¥°

denote the number of H*

)
x| S and

c n
{r?‘ }
v i=1
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HZCX(WM)’S with the given row profile {r7*}" and {rfc}n, respectively. Then it is easy to
see that
N L(2), 008 = Z N}{fﬂ}n N’fﬂs n (B.10)
v Ji=1 ? i=1
{rilie 1 €ERpa 1

Applying Theorem B.1 to N}{‘T%}n and N’{{C%C}n , we have
i Ji=1 ri

P o > o]
UFL T () T ()

= (Z%”)! C 1+ o(n 05+ B.11
QT ) T e O ot ) (B.11)

T (Or” +0(n70.5+6))

where :
—1 L LEL(L -1
exp{_%} < eXp{—r2 Lizi 2;,4’(2 )} <Cw<1.
Similarly,
. [ —1")n)!
NG o (( )n) (CT%C +O(n—0.5+§))

s (TR0 = T (2 = 720! T ()
(B.12)

Combining (B.1) with (B.10) to (B.12) yields

A N
(b n bA n,L(z),,bA
Pr {Hbﬁ X)nx =0 } = ﬁ

D CI,: C, e (nP)!(n(I-17))!
2 AUTHL R [T () 7 TLL vl —r ) Ty (2 —r)!

< —
- O (nl)!
(r)Bin(ra)Ban [TH (1) Lin
2 nl_ -t Hun r n T
< = 1 2 ‘
= CL<z>(”l”) S OI() I (2 )mas
{r7}€ERpa, . =1 i=Rin+1
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where
(Crx + 0o(n79%%9)) (Cpe + 0(n=0519)) < 2C,%C e

Cr(z) +o(n=05+) ~ Cip

for sufficiently large n as > 0 can be arbitrarily small. To further evaluate Pr{H,()bAAX)nx” =

02}, we define the type (m®, m® m® m®) of {r7}7_, as follows:

t,()z)—l ChbA
n A P _
mg = ) Torsjtu — S| for 0 <s <cpam
j=0 u=1
2
A tl(;A)_l 2¢pA
mf) = E ) g e o —s | for 0 < s < 2¢a11
coatyxt2coni+u
(3)
A tbAil CbA
m® = 35 e =] for 0<s < cpar
s LA T2t A Contcoajtu
7=0 u=1
4
A tl()A)_l IGYN
4 2 5
m = E ) E r — 5| for 0 < s < 2¢ar
S tl(,lA)CbA+2t1(,i)CbA+t§73A)CbA+2chj+u - - bAT2
7=0 u=1

where

5(x)é{ 1 ifz=0

0 otherwise.

Now we can see that {r7*}"_, belongs to Rya . if and only if its type (m™®, m®, m® m¥)
satisfies

1 1
o om) = ) (B.14)
j=0
ChAT1 9 (2
d>omy) = 43 (B.15)
§=0
|24
3 3
Yo oml) = 43 (B.16)
§=0
ChAT2 4 (4
domy) = 42 (B.17)
§=0
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and

LCbATlJ L%AWJ
2 CbAT1 2 CbAT2
. 1 . 2 . 3 . 4 %4
g 2j -m;j) + E 2j -mgj) + E 2] -mgj) + g 235 -méj) =1"n (B.18)
Jj=0 j=0 j=0 j=0

Denote the set of types {m®), m® m® m®} satisfying the above constraints (B.14) to
(B.18) by Mpa ... If Mya,. # 0, then the constraints (B.14) to (B.18) implies

0<
(47 | an )
Z (coar1 — w(cpari) — 27) mé]) + Z 2cpAT1 — mé])
=0
(4] erams
N (3 4
+ Z (coars — m(Ccpara) — 2])méj) + Z (2cpn12 — 2J)még)
=0 =0

tég(chTl — 7T(CbA’I"1)) + 2t(A)CbAT1 + tl()A)(CbATQ — W(CbATQ)) + 2t£AXCbAT2 — Z”n

=nl — tlgA)W(chrl) - tl()A)ﬂ(chrg) —I"n (B.19)

and therefore
e /®

<]— A _ A .
< " m(cpari) . m(cpars)

On the other hand, M;y = ) implies Pr {HI()AAX)H = ()bA} = 0, and hence the lemma is

proved when
2 e 2
*>1— — 2= )
. L2 (cpart) . T(coar2)

Now suppose
B B 1) t(3)
" <1 —227(cpar) — 227 (cpara).
n n

For convenience, define

CyAT1 — W(CbAﬁ)

JAC
2

K2 = gan

L3 Coarz — m(cars)
2

KO = cpars
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To proceed, we can group {r7}! | with the same type together, and therefore have

= (OF XEE

LERbA

2.

m....
{m® m® m® m®}eMya . =1 a7 10
(1)
k;(l) CbA m2]
1
11 > I -
i c c — u
j=0 {rz}obs bA bA \ 1y =2 u=1
2
g
k(2) 2¢cpA

Now define for any 7 > 0

1>

1>

1=

1>

k(3)

J=0

k(4)

J=0

>l

{T,;{}CbA Z%A rE=j u=1

2.

{ru}z"bA Z2LbA rr=j u

{ x}CbA

2.

{ %}QCbA ZQCbA x—j - U

2.

1(:

2c 2c¢, Cu=1
{rad 20 020 r=25 ¢

)
s iz ))"“J

CbA ’/‘% 2Ju 1

> ()

{T,%}CbA

{r %}%bA Z%A rr=0j U= 1

()

2CbA

H ( - )
n

=1 Ty

CbA

CbA

> 1)

(‘bA ,,,/:7]

2¢cpA
II(.:
e )’

1
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Furthermore, we define
AT 9 (™
M ‘ a bA ) < zA) J
oy, 11 <mg>,mg>,...,m<z>. >.H &)

Therefore

S OM(2) T (2)- X wy.

)

G i=hin [mO} M.

In view of (B.14) to (B.18), we can get a trivial bound on |[Mpa .| as follows:

Z% k(1) Z% k(2) l—% k(3) l—% k(4)
n n n n
< —+1 —+1 —+1 — 41

< ( l%)k(l)+k(2)+k(3)+k(4) < (ni”)3[[]ch'

In a similar manner, in view of (B.14) to (B.17) and (B.19, we have

|MbA,%| < (n(i_ [%))3(1_1% .
Define 1
Z% = max {—, min{[ﬂ’ Z_ l%}} ‘
n
Z M{m(i)}‘_l_l
{m<i)}j:16MbA7% =

S nz\%)?)(ﬂch m
( {m(z)} EMbA % {m( )}zf

3nfll, | -,
< exp{ A In(nl )} {m(i)}m e {mm}l_

where the last inequality is due to the fact that c,a < 7%. This, coupled with (B.13),
implies

Pr{H{), 0" = 0}

< exp {37;51 In(ni®) + 0(1)} ( :z’i )1 o Moyt - (B20)

}j:1eMbA’”
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To continue, we now upper bound

ax 4
{m(z)} EMbA . {m(l)}izl

under the conditions (B.14) to (B.18). By the type bound [!2, Lemma 2.3],

4 (i) k@
tbA 2
maxlnM{m(i)}% = maxlnH — . oT H( 2]>
=1 i=1 H Mgoj - j=0
4 k@ 4 kO
< max Ztmlntm ZZ(mQJ lnm >+22m2])1n§
i=1 j=0 =1 j=0
< maxG({m(i)}j:1> (B.21)
where
A 4 kO 4 k@
6(nh) EL - () + - S
=1 7=0 =1 7=0

in which mgj) can take any non-negative real number with constraints (B.14) to (B.18).

Since the function
f(z) = —zlnz+ cx

is concave in the region x > 0, it follows that G <{m(i)}j:1> is a concave function, and
hence the maximum can be calculated by using K.K.T condition, which is shown as follows.

Define the function F' ({m( )}Z Lo {oatie 1,5) as

4 k@ 4 k@
F({mOh o 8) = 6 (Im) L)+ 203 omi) 5305 2jmy)
i=1 7=0 i=1 j=0

Now by taking the derivative of F’ ({m(l)} oot ﬁ) with respect to m®, we have

oF i
o In mgj)
Imy;

—1+In€l) +a; +2jB.
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According to K.K.T condition, let this derivative be zero, and we have

Since

it follows that

For convenience, define

Then

which implies

m%) — 6ai_1+2jﬁf£?.

E®

Zm _tbA

K (2)

al Z 52] - tbi

k@

Z 52]

" ()

(4)
(@ _ 2998 278 (1)
My, = ————e7E7.

EEICI N

Now by taking into account the condition

we have

It is easy to see that

where

4 kO

2223% -

i=1 j=0

4 (3) k()

Z bA 22]62]662] —

i=1 g

ke (4)

22.77-2352 /(Z (1)

(B.23)

(B.24)



Therefore e” is the solution to
4 i
>
Py g(’)(@ﬁ )

Putting (B.22) to (B.25) together yields

4 E® (%)
é i i t i
maxG({m()}izl) = Z té&lntgi—z_(z)( >2Jﬁ§2)ln
=1 | j:Og
AT Ba'@ (e
= Y |t mgD(ef) - gl L
pa _bA bA g()( )

tbA In g@(e?) — I*ng.

M,,;

1

(2

Substituting e” by 7, we have
maXG({m ) thA IngW(r) —Fninr

where 7 is the solution to
Zt(l Tg« (T = "n.
() 7—)
Notice that

(1+T)CbAT1 — ((1+T)T1)CbA

ChA 71
7
u=1 \rx=0 v

ChbAT1

= 2 g7
j=0

Meanwhile
CpAT1

(1 —71)oam = Z f

7=0
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gl )(eﬁ)

6236

(B.25)

(B.26)

(B.27)



Therefore

L)

Zé”( )

(1 + T)CbN“l + (1 _ T)CbAm

2
g (7—7 CbArl)
2

where ¢(7, k) is defined in the lemma. Similarly, we can show that

g(7, 2cpam)

(2) _

g 7(7) 5
g\T, CpAT

9(3)(7_) _ ( ; 2)
g(7, 2cpar

g0 = SnZaan)

2
It is not hard to verify that

(1) 7' (7, cpaT1) (2) 74 (7, 2cpa71)

3) 79 (T, cyars)

(4) 7'9/(7'7 2CbAT2)

ba 9(77 CbATI) ba 9(7'7 chN”l) ba 9(7'7 CbA7’2) oA 9(7', 2017N”2)
=) g(7, coar — 1) @), g(7,2cpam1 — 1)
=nl — L XcpAT — 2t
baTATL g(T, cpart) bACBATL g(7, 2cpar1)
3) g(7, cpars — 1) (4) g(7,2cpar2 — 1)
—t CpAT — 2t CpAT
ba 2 9(77 CbN"z) ba 2 9(7, QCbN“z)

which, together with (B.26) and (B.27), implies

max G ({m(i)}j:1> —nl*InT

Q(T 7‘1CbA)

2

g(T 2r1cpn)

2

(3) 1 9(7'7 Tzch)

+ta In

() g(7,2racpn)

+tpa In
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where 7 is the solution to

téﬁ g(T,mcn — 1)
rCeAa—
n  g(T,m0p0)

t,(fA) g(7,2rcpn — 1)

+2ricpa —=
1A, g(T,2r1¢pn)
(3)
t T, ToCpn — 1
+T2chﬂg< 2704 )
n g(7T,racpn)
(4)
t 2 —1
+2TQCbAb—Ag(T’ "2%A )
n  g(T,2ricn)

=1-1". (B.29)

Putting (B.20), (B.21), (B.28), and (B.29) together, we then have
Pr {H&Ax)nxn = ObA}

< exp {3251 In(nl*) + 0(1)} ( TZZ% )_1 {mm}f?“ax Memoys

L EMba

. {maxa({m<i>}j:1) +3ZF m(nimou)} ( nl )

7 Innl*(1-%
< exp{ —nlH l ) + <2 : ) + max G <{m(i)}j:1> + %ln(ni’{) + O(1)

B bA —_\  3nfl] SN B I
= exp{np(7,l, )—i— A In(nl )+21nnl (1— l)—i—O(l)}

where the last inequality above is due to the fact that
— -1 -
nl T | = i
In ( s ) < —nlH(I"/l) + 5 Innl (1 - 7) +O(1)

which can be derived from Sterling formula. This competes the proof of Lemma 6.1 when
__m (3)
<l— thAﬂ'(CbAﬁ) - thAW(CbATz)-

(3)

_ — &)
Finally, let us look at the case when [* = [ — thAw(chTl) — thAﬂ-(CbATQ). In this case, it

follows from (B.19) that M,y contains only one type, i.e., the type given by

. (@) e oL(i)
0 _ ] ta ifj=2k B.30
M { 0  otherwise (B-30)
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for i = 1,2, 3, and 4. Combining this with (B.21), one can verify that in this case
max In M{m(i)}4 = télA)ﬁ(chrl) In[epar] + tl(,i)?r(cmrg) In[epars] (B.31)
i=1

Plugging (B.31) into (B.20) then leads to the desired result. This completes the proof of
Lemma 6.1.

B.1.2 Properties of P (R,[,¢)

This Appendix is devoted to several lemmas related to the function P (R, l, 5), which are
needed in our performance analysis. To keep our notation consistent as in Lemma 6.1,
only R = % appears explicitly in the statements of these lemmas. However, in view of
Remark 6.3, (6.8), and (6.9), by replacing % by any real number R € (0, 1], all lemmas
in this appendix (Lemmas B.1 to B.5) remain valid. Their respective proofs are the same

whether or not R € (0,1] is in the form of R = %2

In view of (6.5), we define

7 (bA I ) A 7o t,()lA)ch'r’l g(7,coary — 1) B Qtz(;A)CbN”l g(T,2¢pam1 — 1)
n n g(7, cpar) n g(7,2¢cpA71)
_tésA)chrg g(T,cpars — 1) B 2t,()4A)ch'r’2 9(7,2cpar2 — 1)

n g(T, coat2) n g(7, 2cpa12)

Lemma B.1. Gwen 2 and I, the following properties hold:

P1 As a function of T, Z(%, l, T) is strictly increasing over the interval [0, +00).

_ _ 1)
P2 For any I € [0,] — thAﬂ' (coar1) — —7T (cpaT2)), there is a unique solution of T to

[(%2,0,7) = I,

Proof of Lemma B.1: In view of the definition of i(%, l, 7'), for Property P1, it is

sufficient to prove that T(f k)l as function of 7 is strictly decreasing over 7 € [0, 00) for

any positive value k > 1 . To this end, take the first derivative of g(rk k)l) with respect to
7, yielding
(0 4 (k= )+ 7) P =) = (k=)= )P ) (12
9*(7. k)

(B.32)
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Denote the enumerator of (B.32) by f(7).

It is easy to see that f(0) = 0. Since the

denominator of (B.32) is always positive, it suffices to show that f(7) < 0 for any 7 > 0.

To continue, one can verify that

flr) = ( +7)* 4 (1 T)%2+(/€—1)(1—72)’H[(1—7)2—(1+7)2]
= (147" P+ (1 —-1)* 7 —dr(k— 1)1 -7
= -2 ;: <22§ ) 4k — 1) (1 — )R
- [E B ()]
- ¥ (@’f ;f) Lok - 1) (’f - 2))
o2 () ()
< B (Ge) e ()
<o (B.33)

for any 7 > 0. In (B.33), the first inequality is due to the fact that for any odd i < k — 2

Gy = G+ (%)
= ("))
> 2(/@—1)(7{7;2)

and for i = k — 2 when k is odd,

(

From (B.33), Property P1 follows.

2k —2
21 +1

)—2(k—1)(k;2> = 0.
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Since cpary > cpar1 > 1, it is easy to see that

I % 1.0 _ J_ tl(alA)chrl - Qtéi)cmrl B tl(,gA)CbATQ B Qtl()i)cmrg
Y n n n n
Z— R1T1 — ’I“QRQ
=0 (B.34)

On the other hand, one can verify that for any £ > 1,

g(r,k—=1) w(k)

li =
e g(r,k) k
which implies that
(DA - -t £
lim [ (—, l,T) =1 — P27 (cpary) — 227 (cpars) . (B.35)
T—+00 n n n

Property P2 now follows from (B.34), (B.35), and Property P1. This completes the proof
of Lemma B.1.

Lemma B.2. For fixed % and l, P (%, l, {) as a function of & s strictly decreasing over

¢€€(0,1/2).

Proof of Lemma B.2: To show that P (%, [,€) is strictly decreasing over £ € (0,1/2),
take its first derivative, yielding

oP 1-¢/1 &or
— = —In ~— —In7—=>—
o0& ¢/l T 0E
e ﬂ (1 + T)Tlch—l _ (1 _ 7—>7’1ch—1 &
1A, g(T,m100) o0&
o ﬁ (1 + 7—)27’1%4\.71 _ (1 _ 7—)27’1%4\.4 @
1A, g(7,2r1con) 0&
e ﬁ (1 + 7—)7“2CbA—1 _ (1 _ 7->7’25bA—1 &
s n 9(77 T’QCbA) /g
(4) 2rocpa— 2rocpa—
t (1+7‘) 2CHA 1_(1_7-) 2C6A-1 O
2 LA —. B.36
R n 9(7,2ra¢p0) o€ ( )
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Note that

g(1, k) + 1)+ (1= 1)*
+ )1+ )+ 1 =71 = 1)

= T [(1 + T)kil —(1- T)kil] +g(r,k—1)

and hence L 1
(1 + T)kfl o (1 o T)kfl _ g(Tv ) _ g(Ta — )
T
Plugging the above equality into (B.36) yields
0_P = —lnl_g/i—lnT—ﬁﬁ
o€ ¢/ T 0¢
n 7‘1CbAﬂ {1 (T, — 1)} or
T n g(r,ricea) | O

N 27“1ch@ 1 g(7,2ricon — 1) | OT
T n g(7,2r1c0)
n Tzchﬂ {1 g7, racen — 1)} or
T n g(T,r20n)
N QTZCbAﬁ [1 9(7, 2racpn — 1)} or
g(T,2racpn)

T n
1—-¢/1
¢/l

= —In —InT

(B.37)

where the second step comes from the fact that 7 is the solution to (6.5) and from the

identity (6.9). Note that 7 = 1 is the solution to (6.5) when & = £,

and therefore by

Lemma B.1, 0 < 7 < 1 whenever ¢ € (0,1/2). Furthermore, it can be verified that for any

7€ (0,1
=0 glr,k—1)  (1+ )4 (1 — )kt 1

= >
g(1, k) (I+7)k+(1—7)k 147
which, coupled with (6.5), implies

or



for £ € (0,1/2). Plugging the above inequality into (B.37), we have

oP
- <0

3

for £ € (0,1/2). This completes the proof of Lemma B.2.

Lemma B.3. For fized 22 and I, P (*2,1,¢) > P (%,1,1—¢€) for 0 < ¢ < /2.

Proof of Lemma B.3: First, we consider the case where

+@) +3)
YW(chrl) + TW(CbAT‘Q) <¢<

DN | =~

Define

P <bA,l_,§,r) = —IH(Jl)—€InT

1
4 tl(’—A)ln g9(1,7m151)
n 2 n 2
@ g(T, 2racpn)
bA Jy ZA = 2087

tl(i‘) In g(7,2r1c00)

A, 9(TsTacs)

n 2 n 2

and 7¢ as the solution to

Then it is easy to observe that

Note that when ¢ < 1/2, 7e < 1. For 7 <1,

g(T_l,/{Z> _ (1 +7—) ;:(T — 1) < g(:kk)
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and

P(bA,l,l—f,T_1> = —IH(I-8/)—(1—=&InT!

1 _ 2 _
_i_ﬁln g(m7 ", ricn) +ﬂln g(771, 2r )

n 2 n 2

3 - 4 _
+ﬁlng<7 177“2CbA) +ﬁlng(7 ', 2racn)

n 2 n 2

IN

—HE/)+ (1 —&hhr

ﬁ In g(T,r1080) t,()A) In g(7,2r1¢pn0)

T Tommas T N 2pnas
751(;:2 g(T,m2Cn) tz(;A) g(7,2racn)
+ oy, I\ T20n) I AT 2T2%A)
n 272 n Q212K

= —IH(/l)—€&InT

(1)

ba In g(T,r1080) t,SA) In g(7,2r1¢p0)

+ n 2 T n 2
tl(i) g(T,m2Cn) tl(,A g(7,2ra¢n)
+ oa g, ST T2%A) | Ton g, 9NT 2T2Ca)
n 2 n 2

= (bA’l7€’ )

where the third step is due to (6.9). Therefore,

P<bA’l7§ Tf) P(% l_vl__577—§_1>
n

Now it can be verified that

oP (%,l_,f,T) B —f—i-i(%,l_ﬂ')
or N T

. 7 7 . . . . . . opP @7[7 )
and since [ (%, [ 7') is an increasing function of 7, it is easy to see that % <0

P(2 1g, . o
for 7 < 7¢ and _(’5—T§T) > (0 for 7 > 7¢. Therefore, 7 is the value that minimizes the
function P (%, &, 7') given . In the other words,

P<%al_7§a7—§) SP(%7L§7T>
n n
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for any 7 > 0. In total, we have

P<%ul_7§> = P<%7l7§77—§
n n
Z P<%al_7l__f77—§_l)
n
Z P(%alvl_f77lf)
n
VAN
- P(b—,u—g)
n

Now if
+D) +3)
E< WW(CI’ATI) + FW(C(,ATQ),
then P (%, I, — f) = —o0, and P (%, l, f) > P (%, [, — f) is obvious. For

+@D +3)
£ = —mn(epar) + —m(cpars),
n n

it can be shown that

for 7 > 0. Then

where the last equality is due to (6.7). This completes the proof of Lemma B.3.

Lemma B.4. For % <¢L %—,
A - A 2 A 2
P (b—,l,§) < —b—ln2 + 28 exp {—Té (cpary — 1)} + b—exp (—Tgrlcm)
n n n

265



Proof of Lemma B.4: Let 7¢ be the solution to the equation
N
l (—, [ 7') =¢.
n

From the proof of Lemma B.3, we know that

7'5 <

| —

i _§75§10r£§
1-¢/1 I 7 1+

. Furthermore, it can be verified that

N[~

whenever £ <
11— x)k-l
fl@) = 1+ (1—2)k

is strictly decreasing for % < x <1, where k is an integer no less than 2. To see this is the

case, we have
Fla) = = [T+ (1 —2)%] (k= 1)1 —2)"2 4 [T+ (1 —2)*1] k(1 — 2)F!
14 (1-— 31:)’“]2
_ p)k2
T k0o <o

for % < z < 1. Now assume that

(&1 _ﬂ

Then
T¢
1 + T ¢

r1ChA > %Tlch > 1.
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Therefore,

1 1 27 cpari—1
g(re,cearm—1) 1 + ( - m)
g (T§7 CbAT1> 1+ Te 1 + (1 _ 5:5 >CbA71
Te
2¢\ cbar1—1
_ 1 1+(0=%)
- o l4T 1+( _gl_f_)chTl
[ 2¢\ “bari—1 26\ CbAT1
I T
1-{-7’5 1+(1_2T§)05AT1
1 [ % (1 . %)Cmnfl
= 1
1+ 7 * 1+ ( _ QT§)CbAr1
1 [ 2 9¢\ coar—1
< 1+ Tg 1— é '
1+ 7 l l
Similarly,
g (Tg, 2CbAT1 — 1) 1 _1 N 2_§ - E 2cpari—1
9 (7¢, 2cpa11) 1+ 7 I l I
1 i 2 2 CbA’r‘l—l_
< 1+ Tg 1 — Tf
1+ Te [ l
g (¢, coary — 1) 1 _1 N 2_§ . E coar2—17]
g(T§7chT2) 1 +T£ I [ l |
1 i 2 2 CbA’r‘l—l_
< 1+ é 1— ﬁ
147 l l
g (7—5, QCbATQ — ]_) 1 _1 N 2_§ - % 2cpare—1
g (Tﬁa 2CbAT2) 1+ Te I [ [
1 i 2 2 cpari—1
< 1+ 2% |
147 l l
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Thus,

~ A —
5 - l<b—,l,7'§)
n
(2)

_ Z— tl(;XCbArl 9(7', CpnAT1 — 1) _ 2tb2ACbA7"1 g<,7_’ QCbArl N 1)
n 9(7, CbATl) n 9(7—, QCbArl)
B tl(,?)A)chTQ g(T, coarz — 1) - 2751(74A)CbAT2 g(7,2cpar2 — 1)

n 9(7', CbArQ) n g(T’ QCbAT2)

Z 2&“ 25 cpari—1
(1)

B 1 =+ T I3
where in the last step, the identity (6.9) was applied. This implies that

26 25 cpari—1
T < l )
On the other hand,

g (7’5, Tlch) = (1 + Tg)rlch + (1 — Tg)rlcm

— (1+T£)Tlch |:1+ (1_ 27’5 )T’lch:|

1+T§

S (1 +T£)T1ch |:1 4 (1 _ 27§'>7"1CbA:| |

]

Again,

g (T§7 ZTICbA) S (1 + Té)grlch

2 T1ChA
< (L7 [1 +(1- 75) }
25 T2ChA
g (T§7T206A) < (1 + T&)rzch |:1 + (1 — 7) :|
2 T1ChA
< anes i (1-3) ]
2§ 2racpA
g (7e,2m0n) < (14 7¢)°2 |1+ (1 — 7)
2 T1ChA
()

268



By combining the above inequalities with the identities (6.8) and (6.9), we have

A _
(b ,z,s) — IH(¢/]) €
D g (e, r16p0) t@ g (T, 2ricpn)
R R P L T P e L
n 2 n 2

tl(;?’A)l g (e, r2¢pn) ﬁlng(%%‘zcw)

_|_
n 2 n 2
—IH (&/1) —€ln7e +1In (14 7)

T1ChA
By B [1+ (1_21_5) ]

§

IN

< IH (¢/1) ~¢hn

A 2 T1ChA
—b—ln2+—ln 1+(1_T£) ]
n

£+ﬂnﬂ+q)

§

< —IlH (&) - fln g—i—llnl__lg—l-lln 14

T1CpA
—%ln2+%ln[l+<1—§) ]

26 . 25 cpari—1
(-3
n n [

coar1—1 T1ChA
(1K) (1)
n ) n l

A 2 A 2
< —b— In2 + 2§ exp {—Tg (cpary — 1)} + b— exp (—Tgrlcm> )
n n

This completes the proof of Lemma B.4.

Lemma B.5. Given 0 < £ < %, the following properties hold:

1) for1<b< 3 —1,

A A - A - A
——1In2 S P (Mvhg) - P (b al7§) S __Qg ®+1)A
n ’on

n n

(1 ef)“%ﬂm
Q (b+1)A:1n2—lH 1+ L
& £\ 2r1C(b+1)A
L+ (=)

where
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2) forO0< Ry < Ry <1,
—(Ry — R1)In2 < P (Ry,1,€) — P (R1,1,§) < —(Ry — R1)Q¢.,

where

2 (1 . 2_§)T10R2
Qer, =In2—-In {1+ L
) 2 T1CR
(T
with cp, = 2-M&2821 which shows that P(R,1,&) strictly decreasing with respect to
R € (0,1], and Lipschitz-Continuous with constant In2; and

8) limg_,0 P(R,1,£) = 0.

Proof of Lemma B.5: Let P (%, [, T) be the function defined in the proof of Lemma
B.3. Furthermore, let 73, and 7,41 be the solution to (6.5) for b and b+ 1, respectively. From
the proof of Lemma B.3, it follows that given (%, [,€), the function P (%, L€, 7') achieves
its minimum at 7 = 7,, and hence

(022 0) - (5000

b+ 1A
( i ) l7 57 Tb)
Therefore,

p<<b+1)Aj,§)—P(%,l) < P( ,l,f,rb)—P<%,l_,§,Tb)-
n n "

Now we have

IN

A
el _ 9—[logy 2 +logy 511 9—[logy 22411 _ C0A

To continue, we distinguish between two cases: (1) cpa = cp11)a, and (2) cpa = 2¢p41)A-
In case (1), i.e., when [log, 227 = [log, bH)A} we have

P(—(b+1)A,l_,§,Tb> —P(%,l_,g,ﬂ,)
n n

(1) (1 (2 (2)
_ t(b+1)A - t(b+1)A n g (Tb; 7’1C(b+1)A) n t(b+1)A — A o g (Tb, 27‘1C(b+1)A)
n 2 n 2
(3) (3) (4) (4)
t(b+1)A — o g (Tb, 7“2¢(b+1)A) t(b+1)A —ta o g (Tb, 27‘20(b+1)A)
n 2 n 2 ’
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Meanwhile,

(1)
Loynya _ min 20+ 1A o log, 02 R, 2Mee: (+1a
n n
~ min {M _ glioe; 221 R oflog, Mw}
n
> min {% _ 9[logy %17312%5@2 bﬁ]}
n
@
on
Furthermore, it can be verified that
) @ (1) 1 0,2
forna 2 ina = R,2los G2y _ R, 2M0s: pay _ Loa + 2l thﬁ,
n n
Therefore,
2 (tl(fA) £ ) OV ()
G+DA) _ “ena T A >0
n n

Similarly, we have

Consequently,

P <M7l_7§77—b) - P (%,Lf;ﬂ;)

n

(2) (2)
B (tbA - t(b-l—l)A) (_ n2 -+ In 92 (Tba rlc(bH)A) )

n 9 (b, 2r1¢cs1)a)

_|_

((4) (4) )
t t
b+1)A Thy T2C(
(b+1) <12 1 (b2b+1A)>‘

n 9 (75, 2racp41)a)
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At the same time,

G (T, 11C@anya) (14 7) e84 (1 — 7)cena)?
g (Tb, 27“10(1)+1)A> (1 + Tb)erc(bH)A + (1 — Tb)27"16(b+1)A
Ly 2o - e
( + 7 )2T10(b+1)A + (1 — T )2r1c(b+1>A
21y T1€(b+1)A
o 1+Tb
- 1 1 — 2™ ricprna’
" ( - i)
From the proof of Lemma B.4,
2 2
o<1 20 < %y
14+ 7 l

On the other hand, it is easily verified that

2z

fla)=

is an increasing function for x € [0,1). Therefore,

g (Tb, 7’1C(b+1)A) (1 -lﬁ)rlc(“DA

<1+ ,

g (70, 2r1¢0.41)a) 1+ (1- 75)2’"1%1»

Similarly,

g* (Tb7 T2C(b+1)A) 14 2 (1 _ gl_f_)rzc(lﬂ—l)A
g (Tb,QTQC(b+1)A) B 1+ (1 B 27§)2T20(b+1)A

2 (1 - Z)eene
< 1+ l5 —

L+ (1-%)
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And finally,
DA - A _
P(MJaf?Tb) _P(b 7Za€77-b)

2) 2) 4) 4)

(t — Ly ) + <tbA - t(b+1)A>

< Qe tua
n ’ n
1) (2) (2) (3) (3) (4) 4)

<t wrna ) (tbA - t(b+1)A) + (t(b+1)A - tbA) (75 t(b+1)A>

- n 57(b+1)A
3 4

<t oA T A F D At tgb)ﬂm) . (tlﬁ Vot 4 t,gg)

= - Q¢ wina

A
_ EQ& (b+T})A .

Using a similar argument, we can show that

(B0 (219

b+ 1)A - bA -
Z P (%J?fa’rb—kl) - (_al7€ Tb+1)

n

(2) (2)
(tbA - t(b—i-l)A) (_ 2+ In (Tb+1, T1C(b+1 A) >

n 9 (To11, 2r1Cp1)a)
(4) (4)
(tbA o A) Tht1, T2C
n (b+1) —ln2+ln (b+l> 2 b+1A)
n 9 (To41, 2r2ci1)a)
(2) (2) (4) (4)
(tbA -t ) + <t —1 )
S (b+1)A Gra)
n
A
= ——In2.
n

This completes the proof of Property S1 in case (1).
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In case (2), i.e. when [log, 227 = [log, %} — 1, we have

P<M717§77—b) - (bAalafva)

n
(1) (2) (1)
. t(b+1) n g (Tb,T1C(b+1)A) I t(b—‘,—l)A — A In g (Tb7 2T10(b+1)A)
n 2 n 2
tl(,zA) 1 (7o, 4r1€(41)0)
n 2
3) (4) (3)
t(b+1) g (Tb, 7’2C(b+1)A) t(b+1)A —ha . g (Tb, 27“20(b+1)A)
+ In + In
n 2 n 2
t},ﬁ) 1 (7o, 4r2¢041)0)
n 2 '
On the other hand,
1) 2 (1) (2)
Epra + 2L A _ Ry2Mos WA _ p oo, 2741 _ 2ha + 4la
n n
which implies that
(2) 1 2) (1)
t(b+1) - tz()A) o 275( —t (b+1) A/2
n n
Similarly,
(4) (3) (4) 3
t(b+1)A — A o 2tbA - t(b+1)A/2
n n

and therefore,

P<<b+1)AalagaTb)_P(%ahé-aTb)
n n

1) 2
t 2 2 (1y,m1C t@ 2 (1, 2r1c
B e s A/ —In2+1In J (Tb ! (bH)A) + 22 1 —In2+1In J (Tb ! (bH)A)
n 9 (T, 2r1¢p11)a) n 9 (7o, 4r1¢(b11)A)
(3) 4
t 2 2 (1, roC t( ) Th, 2raC
+ (b+1)A / _1n2+1n9 ( b T2 (b+1)A) LN 1n2—|—ln ( by 212 (b+l)A)
n g (7, 2T2C(b+1)A) n 9 (b, Aracpa1)a)

(b+1 a/2 +tbA +tb+1)A/2 +t
n

IA

¢ (b+1)A

A
_EQE, (b+1)a
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where the last step is due to the fact that

A/2 + A + t(b+1 A/2+ tin
n

(1) 1) (2) 2) (3) (3) 4) (4)
B tpina — (tbA - t(b+1)A) —ta T Ghna <tbA tibr1)a ) — A
- n

1) (2) (3) (4) 1) (2) (3) 4)

B (t(b—|—1)A +tora T Eprya T t(b-‘,—l)A) (tb + 1A +lpa + tbA)
N n
B A
= -

In a similar manner, we have

P((b+n1) ,l,g) <b§ lé)

9% (To41, 2r1¢b11)n)

b+ 1A - bA -
Z P<u7l7§)7—b+l)_P(_al7€77—b+1>
n n
(1) 2
_ t(b+1)A/2 In24+n g (Tb+1,7’10(b+1)A) —i—ﬁ Im2+In
n 9 (To41, 2r1¢041)0) n
(3) 4
i (b+1)A/ —1n2+lng (Tb+1 2 (b+1)A) LA o
n 9 (Tor1, 2racpi)a) n
2+t + 1) a2+ tia
> b+1)A/ A/ bAl 9
n
A
= ——1In2.
n

The completes the proof of Property S1 in case (2).

Property S2 can be proved in a similar manner.

|

9% (Th41, 2r2¢(b11)a )

9 (To41, 4r1¢041)0)

9 (To41, 4r2¢041)0)

Now let us move to the proof of Property S3. By Lemma B.3, for ¢ € (0,1/2],

P(R,1,£) > P(R,1,1/2) = —RIn?2

which implies that

lim P(R,1,£) >
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At the same time, let 7z be the solution to the equation (6.5) with % = R, we have

P<R7Z75) = P(RazvgaTR)

i)
“TH(E/T) — €n <%> +1n (1 + _L)
_

IA

IA

k k
where the third step follows the fact that % < 1 and (1 - i) < (1 + ﬁ) for any

positive integer k. And therefore,

i [.6) <
lim P(R,1,§) <0

which further yields -
lim P(R,[,§) =0.

R—0

This completes the proof of Lemma B.5.

Lemma B.6. Suppose that | is an odd integer. Then for any given % > 0.75, P (%, [, f)

- (1)
1s a strictly decreasing function of € in the range <%,l — t”TA} .

Proof of Lemma B.6: Since [ is an odd integer, we have R; = 1, R, = 0, and hence
tl(;l) = tl(,i) = 0. Furthermore, whenever % > 0.75 > 0.5, one has c,ao = 1, which, coupled
with R; = 1, implies

() 2bA 2bA
tb—A:min{——l,l}:——l
n n n

and

Ha _ bA t§2_1 bA
n n n n

In view of (B.37), it suffices to show that

g/l
I
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or equivalently,

1
——<1-¢/l
IT+7 = &/

_ (1)
for € € (% l— } where 7 is the solution to the equation (6.5). By Lemma B.1 and the

_ (1)

, we have 7 > 1 for £ € g [ — . Moreover, according to

DN |~

fact that 7 = 1 when £ =

the discussion above, equation (6.5) can be further simpliﬁed as

(%é_&)g&Jt1f+(l_%A) g(r,2l — 1) _ Y

n 9(7,1) n g(r.21)
or _ _
L (22 mey ED g
N N 2| T T :
R A A A )
Let z = and the lemma is proved by showing that

o

2bA 14 21 2bA\ 1 — 21
— 1) ——+(2- — > 1
n 1— 2z n 14 22

for z € (0,1). Towards this, note that

142! 1— 241
—>1>—"—
1— 2! 1+ 22

2bA 1+ 21 A\ 1— 22!
-1 — + |2 — -
n 1— 2t n 1+ 22
! 1+zl’—1+1—z?l’--1 (2D 3 142071 12t
I N ) 14 22 n 2 1— 2 14 22
-1 211
S 1 142 L 1—2z ]
- 2\ 1-Z 14 22
when % > 0.75. Furthermore,

L4200 12 1+ 2011 — 221
— + — > 2 = -
1—2t 14 22 1—2t 1422

1 -1 1 — 2-1
PN Sy
14 22 1— 2!

and




since 0 < z < 1. This completes the proof of Lemma B.6.

B.2 LDCP Ensemble with General Degree Distribu-
tion

The proof of Lemma 5.1 follows the same approach as that of 6.1, and therefore omitted
here. Below we focus on the properties of P (I,€, R(2)).

B.2.1 Properties of P (l_,é’,R(z))

In view of (6.5), we define

g(r,r; — 1)
9(7—7 Ti)

1>
=~
|
=S|~
=
&
3

I(I,R(2),7)

Lemma B.7. Given | and R(z), the following properties hold:

P1 As a function of T, lN(l_, R(z),7) is strictly increasing over the interval [0, +00).
P2 For any ¥ € [0,1— %: Zle R;m(r;)), there is a unique solution of T to i(%, ) =1~

Lemma B.8. For fized [ and R(z), P (I, R(2),€) as a function of & is strictly decreasing
over & € (0,1/2).

Lemma B.9. For fired | and R(z), P ([, R(z),f) > P ([, R(2),l— 5) for0 < €<1/2.

Lemma B.10. For Lﬁ—J <¢&L

)

B[~

P (LR(Z),f) < —£1n2 + 2€ exp {—%ﬁ (7"1 — 1)} + ;exp (—21—57“1)

The proof of Lemma B.7 to B.10 follows the same approach used in Section B.1.2, and
therefore is omitted here.
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Lemma B.11. For any R(z) and £ € (0, %),

P(IR(z),&) > P (Z, R(z),g) (B.38)

where

R(z) = (1+ 7] —7) 27 + (7 — 7)) 27
and ¥ = R'(1) = R'(1).

Proof of Lemma B.11: Towards proving (B.38), observe that

. T I ¢ g(7, 1)
P (I, R(2),€) = ~IH(&/1) + min [—fln7’+ %2& In ==
Now first of all, let us show the following claim (*):

(x) Ing(7, k) is a convex function of k for 7 € (0,1).

To prove this claim,

*lng(r,k) 0 [Olng(r,k)
k2 0k | Ok

B ﬁ-<1+T)kln(1+7)+(1—T>kln(1—7')

- 0k | (1+7)k+ (1 —1)k

0] (1—r7)k 1—7

= Ok _ln(1”)+(1+7)k+(1—7)kn1+7]
o[ 1 1—7

h %_(1_1+(;_:)k>]1n1+7

ik
=) M Sk
[1+(1_T)k]2 l+7

147

whenever 7 € (0,1). Following the same argument in the proof of Lemma 3 in [70], it can
be shown that 7. € (0,1) if £ € <O, é) where 7¢ is the solution to (6.5). Now if 7 is an
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integer, then

7 R
P(l,R(2),&) = —lH(E/l) —&nTe + ;;Riln 9(7'52, 7i)
7 R
> —IH(E/) — Elnre + %m g(rg,Zézl Rir;)
= —[H(/l) = &InTe + ;ln g(Tg’ )
> —LH(¢/D) + rTn>1%)1 {—{ln7’+ éln g(g,r)}

= P(l,R(2),¢)

and the lemma is proved. Now suppose 7 is not an integer. Let

fl - LFJ

fQ - ’77{‘

R = 1+|Ff] -7
Ry = 7—|7]

and therefore _ L -
R(z) = Ri2"™ + Rp2"™.

To proceed, another claim (xx) is proved:

(%) For any R(z) with T = R'(1), Ha;}E,,{b;}E, > 0 such that

a;+b; = R; forl<i<R (B.39)
R
i=1
R ~
Z b = Ry (B.41)
i=1
R ~
Z a;r; = lel <B42)
=1
R ~
Z biri = RaT (B.43)
i=1
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It is easily shown that

since

R
Rﬂzl + RQ?ZQ =7r= Z RZ'I“Z
i=1

Therefore, to verify this claim, we only need to prove that 3{a;}2,, {b;}2, > 0 satisfying
(B.39), (B.41) and (B.42). Now let

s = [al bl a9 bg e+ AR bR ]T
~ ~ 1T
b = [Rl RR RQ RlTl}
— 11 -
1 1
A =
1 1
1 1 - 1
| "1 2 TR | (Ryo)xoR

The claim is equivalent to
ds>0,As=0b

which, by Farka’s Lemma, is further equivalent to show that
Az <o=dz <.
In the other word, suppose

T +1ixpyo <0

<3 <
i+ 2p < 0 for 1 <i<R, (B.44)

we want to show that

R
Z Rix; + R2$R+1 + lelﬂfRJrz <0.
i=1

The following proof is divided into two cases: (i) S0, Ri; < 0, and (i) Y0, Riz; > 0.
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In this case, by (B.44), we have

R
Z Rix;+7rrpia < 0
i—1

R
Z Rix; +xp1 < 0
i—1

which further implies that
R 3 3
(RQ + thl) Z Rixi + Roxpy1 + RiT1xRy2 < 0.
" i=1
Note that N
R2+T—_1R1 <Ry+ R =1
T
and therefore,
5 R R
R+ —R Rix; > » Rz
since Zf; R;x; <0, which yields the proof.
[ Eil RZ.CCz > 0.

Under this circumstance, at least one of x; for 1 < i < R is positive, and therefore
by (B.44), 41, Try2 < 0. Let j* be the index such that

j* . 0 if —TR+1 < —T1TR+2
argmax;;<g{j : —Tri1 > —7;Try2} otherwise

Then (B.44) becomes

—riTryo if 1 <0< g”
—Tryr P+ 1<i<R

and
Z Riw; + Roxpyq + RyT1T R < (RQ — Z Ri) Try1+ (lel — Z Rm) TRyo-
i1 i=j*+1 i=1
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On one hand,

R 7
<R2 - Z Ri) TRy1 + (lel - ZRﬂ”z) TR+2
i=j* 41 i=1

-k

J
= —Rirpy1 + RiriTrio + g R; (xp+1 — Ti%R2)
=1

< Ri(—2p1 + MTpeo)

On the other hand,

R 5*
<R2 — Z Ri) Try1 + (lel — Z Rﬂ“z) TR42

i=j*+1 i=1

R
= Rowpi1 — RoToTrio + E Ri(—xp41 + 1iTR2)
i=j* 41

< Ry(xTpy1 — ToTry2)

Therefore, the proof is done if —xp 1 < —T1Xr1o Or —TRy1 > —ToTRyo. Now suppose
—TMTRrys < —Tpy1 < —ToTrye. Note that r; <7 if j < 5%, and r; > 75 otherwise,
since 71 and 79 only differ by 1. Now if

R J*
Rg — Z Rz Z 0, and lel — Z R,ﬂ”i Z O,
i=j*+1 i=1
immediately we have
R J*
<R2 — Z Ri) Try1 + <R17:1 — Z&ﬂ') Tpya <0
i=j*+1 i=1
since Tgy1, Trio < 0. Now assume at least one of them is negative. If

R

RQ_ Z R; <0,

i=j*+1
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by the fact that zgy1 > Toxgis,

( Z R)ZER+1+ (Rﬂ’l ZRT1> TR+2
J

i=5*+1
< (RQ - Z Ri) ToXpyo + <R1f1 — Z&ﬂ) TRy2
i=j*+1 i—1
R
= (Z R;(r —7’2>$R+2§0.
i=5*+1

Meanwhile, if

Sk

lel — Z R;r; < 0,
=1

R 3*
(Rz - Z R; | xpy1 + <R17:1 - Z Rﬂ“z‘) TR+2
i=1

i=j*+1

R
T
( E Rz) Try1 + (Rﬂ“l E R; z) ?H
1= 1 1

J*+

J
— (ZRZ 1 - —)> Tper <O0.
=1

The proof of claim (%) is complete. Now given R(z), let {a;}2,, {b;}E, > 0 satisfy (B.39)

IN
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o (B.43). Then
P(l,R(2),§) = —lH(/l)—&nTe + - ZRI gfgn)

— —l_H(f/l_) —&InTe + = 2(@1- +b;) In w
= —IH(/l)— €T

R | R a; T§>T7, o)
(Sou) S0, w5 () ot )

i=1 i=1 i=1 Qi i1 Py i

_iH(¢/l) — e
- Zf 1a;T; Zfe . bﬂ’z
(é CLz') In <T£’ Yl ai ) (Zb ) In (Tg’ : t )]

— —ZH(f/Z)—flnT§+l |:R In g<T§2aT1)+R1 9(722,7’2)}

+

S0~

v

+

S0

> —H(f/)+m>ig{—§ln7+£ {Rlln@+églng(%ﬁ2)]}

= P(I,R(2),¢).

The lemma is proved.
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