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Abstract

The following thesis is divided into two main parts. In the first part we study the
problem of characterizing algebras of functions living on analytic varieties. Specifically,
we consider the restrictions My of the multiplier algebra M of Drury-Arveson space to
a holomorphic subvariety V' of the unit ball as well as the algebras Ay of continuous
multipliers under the same restriction.

We find that My, is completely isometrically isomorphic to My if and only if W is the
image of V under a biholomorphic automorphism of the ball. In this case, the isomorphism
is unitarily implemented. Furthermore, when V' and W are homogeneous varieties then
Ay is isometrically isomorphic to Ay if and only if the defining polynomial relations are
the same up to a change of variables.

The problem of characterizing when two such algebras are (algebraically) isomorphic is
also studied. In the continuous homogeneous case, two algebras are isomorphic if and only
if they are similar. However, in the multiplier algebra case the problem is much harder
and several examples will be given where no such characterization is possible.

In the second part we study the triangular subalgebras of UHF algebras which provide
new examples of algebras with the Dirichlet property and the Ando property. This in turn
allows us to describe the semicrossed product by an isometric automorphism. We also
study the isometric automorphism group of these algebras and prove that it decomposes
into the semidirect product of an abelian group by a torsion free group. Various other
structure results are proven as well.
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Chapter 1

Introduction

This thesis is based on three papers which were written during my time at the University
of Waterloo. Chapter 2 is on the first two papers [32, 33] written with Ken Davidson and
Orr Shalit. The first is published in Advances in Mathematics and the second has been
accepted to Transactions of the American Mathematical Society. Chapter 3 is found in
[59] which has been accepted to Integral Equations and Operator Theory.

The two main chapters then are self-contained and do not relate to each other in any
specific sense. In general they are both in operator algebras and both use the maximal
ideal space to provide structure theory and characterization. However, other than this
very short gloss, there will be no attempt to bring these studies into a cohesive whole, with
apologies if the reader was expecting anything different.

Chapter 2 concerns the study of operator algebras of multipliers on reproducing ker-
nel Hilbert spaces associated to analytic varieties in the unit ball of C¢. Multiplication
by coordinate functions form a d-tuple which is the universal model for commuting row
contractions [11]. Two natural algebras to look at then, are the weak closed and norm
closed algebras generated by these coordinate multipliers. These turn out to be the multi-
plier algebra M of the Drury-Arveson space and the corresponding algebra of continuous
multipliers. The Hilbert space is a reproducing kernel Hilbert space which is a complete
Nevanlinna-Pick kernel [31]; and in fact when d = oo is the universal complete NP kernel
[1]. For these reasons, the space and its associated algebras have received a lot of attention
in recent years.

An analytic variety V' is the joint zero set of a collection of holomorphic functions.
When My, is the multiplier algebra of the collection of kernel functions coming from V' it
is proven in [30] that My is a complete quotient of My by a woT-closed ideal, specifically,
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the ideal vanishing on V. Under some conditions on the variety it also makes sense to
consider the algebra of continuous multipliers on the variety, Ay .

The main question that we address is when two such algebras are isomorphic. We find
first that two such algebras My and My, are completely isometrically isomorphic if and
only if there is a biholomorphic automorphism of the ball that carries V' onto W. In this
case, the isomorphism is unitarily implemented. The continuous algebra characterization
follows similarly and in this case we can determine the C*-envelope.

The question of algebraic isomorphism (which implies continuous algebraic isomorphism
because the algebras are semisimple) is much more subtle. In the homogeneous variety
setting the algebras Ay are completely characterized by biholomorphisms of the varieties.
This was proven up to some technical assumption on the varieties by Davidson, Shalit and
myself and the technical assumption was dispensed with by Michael Hartz in [41].

Outside of this special class, such a characterization problem proves quite difficult. For
instance, one can show that biholomorphic Blaschke sequences need not give isomorphic
multiplier algebras. However, we will show that what seems to be the easy direction, show-
ing that an isomorphism determines a biholomorphism of V' onto W, can be established
with some hypotheses. In particular, this will be shown when the varieties are a finite
union of irreducible varieties and a discrete variety. The isomorphism is just composition
with this biholomorphism.

These methods also allow us to show that an isometric isomorphism is just composition
with a conformal automorphism of the ball, and thus is completely isometric and unitarily
implemented.

One should note that there are a few other approaches to algebras of functions living on
varieties or domains. Arias and Latrémoliere [5] have an interesting paper in which they
study certain operator algebras of this type in the case where the variety is a countable
discrete subset of the unit disc which is the orbit of a point under the action of a Fuchsian
group. They establish results akin to ours in the completely isometric case using rather
different methods. As well, Popescu has developed an operator theory on noncommutative
domains [55].

Chapter 3 studies the automorphisms and dilation theory of triangular uniformly hy-
perfinite (UHF) algebras. A unital non-selfadjoint operator algebra is a triangular UHF
algebra if it is the closed union of a chain of unital subalgebras each isomorphic to a full
upper triangular matrix algebra. That is, such an algebra can be thought of as the upper
triangular part of a UHF algebra. These were extensively studied by Power [57] and many
others in the early 90’s.



In their recent paper [26], Davidson and Katsoulis refine various notions of dilation
theory, commutant lifting and Ando’s theorem for non-selfadjoint operator algebras and
show that these notions become simpler when the algebras have the semi-Dirichlet prop-
erty. Moreover, if the operator algebra has this nice dilation theory then one can describe
the C*-envelope of the semicrossed product of the operator algebra by an isometric au-
tomorphism. However, almost all examples of such algebras arose from tensor algebras
of C*-correspondences, the exception being given recently by E. T. A. Kakariadis in [46],
which leads to the question whether other examples exist. While it is unknown (at least
to the author) whether a triangular UHF algebra is isomorphic to some tensor algebra it
does provide a new example of an operator algebra which has the Dirichlet property and
the Ando property.

We also address the isometric automorphism group of such triangular UHF algebras.
We prove in Section 3.2 that this group can be decomposed into a semidirect product
of approximately inner automorphisms by outer automorphisms and that the outer auto-
morphism group is torsion free. Section 3.3 provides a different proof to that of Power’s
in [58] showing that the outer automorphism group of the triangular UHF algebra with
alternating embeddings is determined by a pair of supernatural numbers associated to the
algebra. Section 3.4 develops a method of tensoring the embeddings of two triangular UHF
algebras to create a new algebra which combines the automorphic structure of both, giving
a slightly richer perspective on what groups one can obtain.



Chapter 2

Operator algebras for analytic
varieties

2.1 Algebras, ideals and varieties

2.1.1 Multivariable function theory

For E a finite dimensional Hilbert space with orthonormal basis ey, ..., eq4, let F = F(FE)
denote the full Fock space

F=CoOE®(E®QE)®(EQREQE®....
Consider the left creation operators Ly, ..., Ly given by
Lie; @ Qe, =€;®e, ® --Qe;, forl<j<d

Let £, denote the wOT-closed algebra generated by Ly, ..., L, called the non-commutative
analytic Toeplitz algebra, in other words, the algebra generated by the left regular repre-
sentation of the free semigroup on d generators. It has been established in [29, 30, 31, 55
that L£; is the appropriate analogue of the analytic Toeplitz algebra in one variable.
Moreover, the Bunce-Frazho-Popescu Dilation Theorem [17, 36, 52] establishes that ev-
ery pure row contraction T = (T1,...,Ty) is the compression of L(>) (the direct sum of
infinitely many copies of L = (L1, ..., Lg)) to a covariant subspace. Specifically, there is
a unital, completely contractive, surjective homomorphism from the norm closed algebra
Ay = Alg{I, Ly, ..., Ly}, the noncommutative disc algebra, onto Alg{I,T},..., Ty} sending
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L; to T;. Thus, 2, is the universal operator algebra generated by a row contraction [53].
However, it should be noted that there is no equivalent statement in the woT-closures of
these algebras (see [27, 28, 29, 60]).

Again for E a finite dimensional Hilbert space with orthonormal basis ey, ..., eq, we
write E™ as the n-fold symmetric tensor product. This is the subspace of E®™ that is
invariant under all permutations of the basis vectors. The symmetric Fock space then, is
defined to be

F..=CoOE®E*aoFao....

Let H2 be Drury-Arveson space [11] which is defined to be the reproducing kernel
Hilbert space on By, the unit ball of C?, with kernel functions

1
k,\(Z) = m for zZ, AE Bd.

The theory is a bit different in the case of d = oo, in this case C? is considered as £2.

Multiplication by the coordinate functions on H2,
(Zih)(z) = z;h(z) fori=1,...,d,

gives a commuting row contraction Z = (Zy,...,%Zy). Let My denote the multiplier
algebra Mult(H?2) of H3, this is the WoT-closed algebra generated by Z. As well, Ay =
Alg{I,Z,,...,Z;} is the universal (norm-closed) unital operator algebra generated by a
commuting row contraction [11, 54]. When d = 1, H3, M, and A, become the classical
Hardy space, H?, the algebra of bounded analytic functions, H°°(ID), and the disc algebra,
A(D). This setting then, should be thought of as the appropriate multivariable analogue
of analytic function theory on the disc. Of course, there are important differences, for
example My C H*(B?) for d > 1.

These two settings, noncommutative and commutative, are in fact strongly related.
Indeed, consider the commutator ideal € generated by L;L; — L;L;,;1 <1 < j < d. Then,
H? ~ F, = F © €F [11], and moreover,

Md ~ ﬁd/Ew ~ PH§£d|H3 and .Ad >~ QLd/EH'” ~ PHC%Qld|H§



2.1.2 Analytic varieties

Let an analytic variety be defined as the joint zero set of a family of analytic functions.
Specifically, if F' C H> then

V(F):={Ae€B;: f(\) =0forall feF}.

It should be noted that this is a global definition as opposed to the local definition of
classical varieties, that around every point A in a variety V there is a neighbourhood N of
A and analytic functions such that these functions vanish on NNV, see [39, 68]. However,
we will see that the theory goes through with this definition, though ultimately, a local
definition may work and would be desirable.

Consider that for f € M, we have M;1 = f € H3. Hence, one can define analytic
varieties of multipliers. When V' is an analytic variety define the woT-closed ideal

JV:{fEMdZf()\)ZOfOI“aH)\EV}CMd.
Proposition 2.1.1. Let F be a subset of H3, and let V =V (F). Then
V=V(Jy)={NeB;: f(\) =0 foradl f € Jy}.

Proof. Obviously V' C V(Jy). For the other inclusion, recall that [2, Theorem 9.27] states
that a zero set of an H3 function is a weak zero set for My (i.e. the intersection of zero
sets of functions in M,). Since V is the intersection of zero sets for Hj, it is a weak
zero set for My; i.e., there exists a set S C My such that V = V(S). Now, S C Jy, so
V=V(S) D V(Jy). O

Given the analytic variety V', we define a subspace of H3 by
Fv =span{ky: A€ V}.

The Hilbert space JFy is naturally a reproducing kernel Hilbert space of functions on the
variety V. One could also consider spaces of the form Fg = span{k, : A € S} where S is
an arbitrary subset of the ball. The following proposition shows that there is no loss of
generality in considering only analytic varieties generated by H3 functions.

Proposition 2.1.2. Let S C By. Let Jg denote the set of multipliers vanishing on S, and
let Is denote the set of all H2 functions that vanish on S. Then

Fs =Fvig) = Fvs)-



Proof. Clearly Fs C Fy(14). Let f € Fg. Then f(z) =0 for all z € S; so f € Is. Hence
by definition, f(z) = 0 for all z € V =V (Ig); whence f € fé(fs)' Therefore Fg = Fy(1g)-
The extension to zero sets of multipliers follows again from |2, Theorem 9.27]. O]

Remarks 2.1.3. In general, it is not true that V(Ig) is equal to the smallest analytic
variety in the classical sense containing S C B,. In fact, by Weierstrass’s Factorization
Theorem, every discrete set Z = {z,}°°; in D is the zero set of some holomorphic function
on . However, if the sequence Z is not a Blaschke sequence, then there is no nonzero
function in H? that vanishes on all of it. So here I = {0}, and therefore V(1) = D.

Returning to the fact that our definition of a variety is not local, one could consider
the following variant: V' is a variety if for each point A € By, there is an € > 0 and a finite
set fi,..., fn in My so that

b NV ={z€b.(\):0=fi(z) = = ful2)}.

We do not know if every variety of this type is actually the intersection of zero sets.

In particular, we will say that a variety V' is irreducible if for any regular point A € V|
a point around which the variety looks like a manifold, the intersection of zero sets of all
multipliers vanishing on a small neighbourhood V' Nb.()\) is exactly V. However we do not
know whether an irreducible variety is connected. A local definition of our varieties would
presumably clear up this issue.

It is a natural to also look at the norm closed ideal Iy, associated to an analytic variety
Iy ={feA;: f(A)=0foral A € V}.

It should be noted that in many situations this ideal will give no useful information, this
will be seen later. In general the norm closed ideal is useful for study when its woT-closure
is Jy. This will be seen to happen when

[IvH] = [JvH]). (2.1)

In function theoretic terms, this means that every f € Jy is the bounded pointwise limit
of a net of functions in Iy,. It is not clear when this happens in general but we do have a
fair number of examples.

In dimension d = 1, the analytic varieties are sequences of points which are either finite
or satisfy the Blaschke condition. For such a sequence V, let us denote S(V) =V N T.
When the Lebesgue measure of S(V') is positive, there is no nonzero f € A(D) that vanishes
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on V because a non-zero function in the disk algebra must be non-zero a.e. on the unit
circle. So Iy = 0. On the other hand, Jy # 0, because it contains the Blaschke product
of the sequence V. So it cannot be the woT-closure of I,. In particular, the special
assumption (2.1) is not always satisfied. If the Lebesgue measure |S(V)| of S(V) is zero,
then the special assumption is valid.

Lemma 2.1.4. Let V be an analytic variety in D such that S(V') has zero measure. Then
the ideal Jy is the WOT-closure of Iy .

Proof. Let B be the Blaschke product with simple zeros on V. It suffices to construct
for every f € Jy, = BH®™, a bounded sequence in Iy, converging pointwise to f. Factor
f = Bh with h € H*. By a theorem of Fatou there is an analytic function g with Reg > 0
such that e is in A(D) and vanishes precisely on S(V'). Define

fa(2) = B(2) e 93/ h((1 — %)z) for n > 1.

This sequence belongs to A(D), is bounded by || f|l, and converges to f uniformly on
compact subsets of the disk. Hence it converges to f in the woT topology. O]

For d > 1, the canonical example where this special assumption is true is a homogeneous
variety, V- =V (I), where [ is a homogeneous ideal of C|z], where z = (21, - - , z4), that is,
generated by a finite set of homogeneous polynomials. In this circumstance, V' is an affine
algebraic variety.

2.1.3 Ideals and invariant subspaces

We will apply some results of Davidson-Pitts [30, Theorem 2.1] and [31, Corollary 2.3] to
the commutative context.

In the first paper, a bijective correspondence is established between the collection of
woOT-closed ideals J of L; and the complete lattice of subspaces which are invariant for
both L, and its commutant R4, the algebra of right multipliers. The pairing is just the
map taking an ideal J to its closed range u(.J) := JF. The inverse map takes a subspace
N to the ideal J of elements with range contained in V.

In [31, Theorem 2.1}, it is shown that the quotient algebra L£;/.J is completely isomet-
rically isomorphic and WOT-homeomorphic to the compression of L4 to u(J)t. As was

mentioned, [31, Corollary 2.3] shows that the multiplier algebra M, is completely isomet-
rically isomorphic to Ly /Ew , the quotient by the weak-* closure of the commutator ideal.
In particular, (¢ )t = H3.



It is easy to see that there is a bijective correspondence between the lattice of woT-
closed ideals Id(My) of My and the woT-closed ideals of £, which contain €. Similarly
there is a bijective correspondence l*aetween invariant subspaces N of M, and invariant
subspaces of L4 which contain (€' ) = H 2L Since the algebra M, is abelian, it is also
the quotient of R4 by its commutator ideal, which also has range H31. So the subspace
N @ H32* is invariant for both £; and R,. Therefore an application of [30, Theorem 2.1]
yields the following consequence:

Theorem 2.1.5. Define the map o : Id(My) — Lat(My) by a(J) = J1. Then « is a
complete lattice isomorphism whose inverse (3 is given by

BIN)={f € Mg: f-1€ N},

Moreover [31, Theorem 2.1] then yields:

Theorem 2.1.6. If J is a WOT-closed ideal of My with range N, then Mg/ J is completely
isometrically isomorphic and WOT-homeomorphic to the compression of My to N*.

2.1.4 The multiplier algebra of a variety

The reproducing kernel Hilbert space Fy comes with its multiplier algebra My = Mult(Fy).
This is the algebra of all functions f on V' such that fh € Fy for all h € Fy,. A standard
argument shows that each multiplier determines a bounded linear operator My € B(Fy)
given by M¢h = fh. We will usually identify the function f with its multiplication opera-
tor My. We will also identify the subalgebra of B(Fy/) consisting of the elements My and
the algebra of functions My (endowed with the same norm). One reason to distinguish
f and M; is that sometimes we need to consider the adjoints of the operators M;. The

distinguishing property of these adjoints is that Mjky = f(AN)ky for A € V., in the sense

that if A*ky = f(A)ky for A € V, then f is a multiplier.

The space Fy is therefore invariant for the adjoints of multipliers; and hence it is the
complement of an invariant subspace of M,. Thus an application of Theorem 2.1.6 and
the complete Nevanlinna-Pick property yields:

Proposition 2.1.7. Let V' be an analytic variety in By. Then

My ={flv:fe My}

Moreover the mapping ¢ : Mg — My given by o(f) = flv induces a completely isometric
isomorphism and WOT-homeomorphism of Mgy/Jy onto My. For any g € My and any
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f € My such that flv = g, we have My, = Pr, M¢|r,. Given any F € My(My), one can
choose F' € Mi(M) so that F|y = F and ||F| = ||F||.

Proof. Theorem 2.1.6 provides the isomorphism between M, /Jv and the restriction of the
multipliers to N+ where N = Jy-1. Since Jy vanishes on V, if f € Jy,, we have

(Msh,ky) = (h, Mjky) =0 forall A€V and h € HZ.

So N is orthogonal to Fy. Conversely, if M; has range orthogonal to Fy, the same
calculation shows that f € Jy,. Since the pairing between subspaces and ideals is bijective,
we deduce that N = FiF. The mapping of M,/ Jy into My is given by compression to Fy
by sending f to Pg, M¢|z, .

It is now evident that the restriction of a multiplier f in M, to V yields a multiplier on
Fv, and that the norm is just || f + Jv|| = ||Pr, M¢|#,||. We need to show that this map
is surjective and completely isometric. This follows from the complete Nevanlinna-Pick
property as in [31, Corollary 2.3]. Indeed, if F' € My(My) with ||F|| = 1, then standard
computations show that if A\{,..., A\, lie in V', then

[(Ik — F(N)F (X)) (ks ’%)} )
is positive semidefinite. By [31], this implies that there is a matrix multiplier Fe My, (My)
with ||F|| = 1 such that F|y = F. O

We can argue as in the previous subsection that there is a bijective correspondence
between wWOT-closed ideals of My and its invariant subspaces:

Corollary 2.1.8. Define the map o : Id(My) — Lat(My) by a(J) = J1. Then « is a
complete lattice isomorphism whose inverse [3 is given by

BN)={f € My : f-1€ N}.

Remark 2.1.9. By Theorem 4.2 in [1], every irreducible complete Nevanlinna-Pick kernel
is equivalent to the restriction of the kernel of Drury-Arveson space to a subset of the
ball. It follows from this and from the above discussion that every multiplier algebra of an
irreducible complete Nevanlinna-Pick kernel is completely isometrically isomorphic to one
of the algebras My that we are considering here.
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Remark 2.1.10. By the universality of 71, ..., Z; [11], for every unital operator algebra
B that is generated by a pure commuting row contraction T = (T1,...,Ty), there exists
a surjective unital homomorphism ¢r : My — B that gives rise to a natural functional
calculus

f(Tl, e ,Td) = SOT(f) for f S Md.

So it makes sense to say that a commuting row contraction 7" annihilates Jy, if ¢ vanishes
on Jy. By Proposition 2.1.7, we may identify My with the quotient My/Jy, thus we
may identify My, as the universal woT-closed unital operator algebra generated by a pure
commuting row contraction 7" = (71, ...,Ty) that annihilates Jy .

Turning to the continuous case, define Ay to be the norm closure of the polynomials
in My. The importance of the special assumption (2.1) is in the following result.

Proposition 2.1.11. Let V be an ideal such that [IyyH3| = [JyyH3]. Then

1. For every f € Ag, the compression of My to Fy is equal to My, where g = f|y.
2. AV = {flv : f S Ad}

3. Aq/Iv is completely isometrically isomorphic to Ay via the restriction map f +— flv

of Aq into Ay .
4. For every f € Ay, dist(f, Iyy) = dist(f, Jy).

Proof. The first item is just a restatement of Proposition 2.1.7. By universality of Ay,
Ay is equal to the compression of Ay to Fy. Therefore, by (a slight modification of)
Popescu’s results [55], Ay is the universal operator algebra generated by a commuting row
contraction subject to the relations in Iy = Jy N Ay. But so is Ay/Iy. So these two
algebras can be naturally identified. Since compression is restriction, (2) and (3) follow.
Item (4) follows from the fact that

dist(f, Iv) = | f + Ivlla/n, = |Pr, My Pr,||
= Hf—i_']V”M/JV :diSt(f> JV)' L

Corollary 2.1.12. Let V' be a homogeneous variety, or a Blaschke sequence in the disc such
that S(V') has measure zero. Then Agy/Iy embeds into Mg/ Jy completely isometrically.
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2.1.5 The character space of My

If A is a Banach algebra, denote the set of multiplicative linear functionals on A by M (A);
and endow this space with the weak-* topology. We refer to elements of M (A) as characters.
Note that all characters are automatically unital and continuous with norm one. When A
is an operator algebra, characters are completely contractive.

When V' is an analytic variety in By, we will abuse notation and let Zi,...,Z; also
denote the images of the coordinate functions 71, ..., Z; of My in M, . Since [Zl, e Zd]
is a row contraction,

||(p(Zl), e ,p(Zd))H <1 forall pe M(My).
The map 7 : M(My) — B, given by

m(p) = (p(Z1), ..., p(Za))

is continuous as a map from M (My ), with the weak-* topology, into By (endowed with
the weak topology in the case d = 00). We define

VM = r((M(My)).

Since 7 is continuous, V" is a (weakly) compact subset of B;. For every A € V", the

fiber over X is defined to be the set 7=1()\) in M(My ). We will see below that V' C VM,
and that over every A € V the fiber is a singleton.

Every unital homomorphism ¢ : A — B between Banach algebras induces a mapping
" M(B) — M(A) by p*p = po . If ¢ is a continuous isomorphism, then ¢* is a
homeomorphism. We will see below that in many cases a homomorphism ¢ : My — My,
gives rise to an induced map ¢* : M(My) — M(My) which has additional structure.

The most important aspect is that ¢* restricts to a holomorphic map from W into V.

The weak-* continuous characters of My

In the case of M, the weak-* continuous characters coincide with the point evaluations
at points in the open ball [6, 29]

px(f) = f(N) = (fva,vn) for A € By,
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where vy = k,/||kx||. The fibers over points in the boundary sphere are at least as compli-
cated as the fibers in M (H®°) [30], which are known to be extremely large [43].

As a quotient of a dual algebra by a weak-x closed ideal, the algebra My, inherits a
weak-* topology. As an operator algebra concretely represented on a reproducing kernel
Hilbert space, My also has the weak-operator topology (WOT). In L; these topologies
coincide [29], which leads to the following:

Lemma 2.1.13. The weak-+x and weak-operator topologies on My, coincide.

Proof. By [7, Proposition 1.2] (see also [25, Theorem 5.2]), L£;/Jyv has property A;(1).
This means that for every p in the open unit ball of (L£4/Jy )., there are z,y € Fy with
llz||lly]| < 1 such that

p(T) = (Tx,y) , T € Lq/Jv.

The conclusion immediately follows from this because the commutator ideal € is a subset

of Jy as an ideal of L, and so L/ Jy ~ My. O

Proposition 2.1.14. The WOT-continuous characters of My can be identified with V.

Moreover, vMn By, = V. The restriction of each f € My toV is a bounded holomorphic
function.

Proof. As My, is the multiplier algebra of a reproducing kernel Hilbert space on V, it is
clear that for each A € V, the evaluation functional

px(f) = f(A) = (fva,va)
Is a WOT-continuous character.

On the other hand, the quotient map from the free semigroup algebra L£; onto My,
is weak-operator continuous. Thus, if p is a WOT-continuous character of My , then it
induces a woT-continuous character on L4 by composition. Therefore, using [30, Theorem
2.3], we find that p must be equal to the evaluation functional p, at some point A € B,.
Moreover p) annihilates Jy,. By Proposition 2.1.1, the point A lies in V.

If p is a character on My such that w(p) = A € By, then again it induces a character
on L4 with the property that p(Lq, ..., Ly) = A. By [30, Theorem 3.3], it follows that p is
wOT-continuous and coincides with point evaluation. Hence by the previous paragraph, A

belongs to V. So 7N B,=1V.

Therefore 7 : 71(V) — V is seen to be a homeomorphism between 7! (V') endowed
with the weak-* topology and V' with the (weak) topology induced from B,.
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By Proposition 2.1.7, My is a quotient of M, and the map is given by restriction to V.
Hence f is a bounded holomorphic function by [30, Theorem 3.3] or [11, Proposition 2.2].
O

Thus the character space M(My ) consists of V and M(My) \ V, which we call the

corona. By definition, the corona is fibered over V' \ V, and by the above proposition
this latter set is contained in JB,.

The continuous characters

Define "
Vi={\eBy: f(A\)=0forall f e}

—A . . .- . .
Clearly V" contains the closure of V' in B;. But it is not clear exactly what else it contains.
However, it seems most reasonable to restrict our attention to the algebras Ay such that
V = V(ly), so that the variety V is determined by functions in 4. In this case, we obtain

BNV =V (2.2)

The proof is the same as that of Proposition 2.1.1. It is not clear whether this holds
for arbitrary varieties. This identity does hold when V' C D is a Blaschke sequence and
IS(V)[ = 0.

Proposition 2.1.15. Let V' be a variety satisfying condition (2.1). Then the character
space M(Ay) of Ay can be identified with VA

Proof. Let \ € V. Then the evaluation functional pa given by px(f) = f(X) is a character
of Ay with kernel equal to Iyyy 2 Iyy. Thus py can be promoted to a character of Ay =

Aa/ Iy

Denote by Zi,..., Z, the images of the coordinate functions in Ay. If p is a character
of Ay, let

A= <)‘17 .- ~;)\d) = (p(Zl>7 ce 7/0(Zd)>

Then A € B, because p is completely contractive. For every f € Iy, f(Zi,...,Z4) = 0.
Thus

p(f(Zl77Zd)) :f()\h;)\d) =0.
So A lies in the set of all points in B, that annihilate Iy, which is 7

This identification is easily seen to be a homeomorphism. O]
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2.1.6 Nullstellensatz for homogeneous ideals

Our goal in this section is to obtain a (projective) Nullstellensatz for a large class of
operator algebras, including M, A, and the “ball algebra” A(By).

Let Q C CY be an open bounded domain that is the union of polydiscs centered at 0.
Then 2 has the following property:

ANeQ=theQ, forallteD

and (2 also the property that every function f holomorphic in 2 has a Taylor series that
converges in ).

Let H be a reproducing kernel Hilbert space of analytic functions in €2 containing the
polynomials with the additional property that f(z) — f(e®z) is a unitary operator on H
for all ¢ € R. It follows that if p,q € H are homogeneous polynomials of different total
degrees, then (p,q) = 0.

In the discussion below Ay will denote the closure of the polynomials in the multiplier
algebra My, = Mult(H). If H = H32, then My = My, which is the case of principal
interest. If H is taken to be the Bergman space on €, then Ay is A(Q2), the space of
continuous functions on Q which are analytic on €2, with the sup norm. As is always the
case with algebras of multipliers, the norm of My, which will be denoted simply by || - ||,
satisfies || f]loo < || f]l (see [2, Chapter 2]).

Every f € My has a Taylor series in Q, f(z) =) aq2® We write
n=0

where f,(z) = 2,2, @z” is the nth homogeneous component of f. The series (2.3)
converges locally uniformly in 2.

Lemma 2.1.16. For all n, the map P, : My — Clz] C My given by P,(f) = fn is
contractive. Furthermore, the series (2.3) is Cesaro norm convergent to f in the norm of
Ay if f € Ay and the Cesaro means converge weakly otherwise.

Proof. Consider the gauge automorphisms on Myy:

[ (NI(z) = f(e"2).
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The unitary group given by [U;(h)](z) = h(ez) is continuous in the strong operator
topology, and v, = adU;. Hence the path ¢ — ~;(f) is continuous with respect to the
strong operator topology. One sees therefore that the integral

1
o

2w
RS =5 [ (e
0
converges in the strong operator topology to an element of B(H). The operator P, is a
complete contraction, as it is an average of complete contractions. Note that P, maps
C[z] onto the space H,, of homogeneous polynomial of degree n. This fact follows from the

simple identity U,P,(f) = €"*P,(f). Therefore, P, maps My, = C[Z]H.” onto H,,. A stan-
dard argument using the Fejér kernel shows that the Cesaro means Y,,(f) are completely

contractive and converge weakly to f, and in norm if f € Ay, and that P,(f) = f,.. O

In particular, we see that f is in the closed linear span of its homogeneous components.
This will be used repeatedly below.

Definition 2.1.17. An ideal I C My is said to be homogeneous if f,, € I for alln € N
and oll f € 1.

Proposition 2.1.18. A closed ideal I C Ay is homogeneous if and only if for all t € D
and all f € I, one has f(tz) € 1.

Proof. Assume that I is homogeneous, and let f(z) = > f.(2) € I. By the previous
lemma || f,|| < ||f||, so for all t € D, f(tz) = >, t"fn(2) is a norm convergent series of
elements in /. Hence f(tz) € I.

Conversely, let f € I, and assume that for all t € D, f(tz) € I. Assuming that [ is
proper, fo = 0 follows from taking t = 0. But then

f(zz) _ nzzotnfn—i-l cl.

Taking t — 0 we find that f;(z) € I. Now we consider

TR S et
n=0

taking the limit as t — 0 we find that f>(z) € I. The result follows by recursion. O
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Lemma 2.1.19. Let I C C[z] be a homogeneous ideal. Then the closure of I in Ay and

the weak-+ closure in My are homogeneous. If p is a homogeneous polynomial in Tw*, then
pel.

Proof. This follows easily from the continuity of P,. m

Lemma 2.1.20. Let J be a homogeneous ideal in Ay Then the ideal I = C[z]N.J of C[2]
satisfies I C J C I, and it is the unique homogeneous ideal in C[z] with this property.

Proof. Clearly I C J, and that J C T follows from Lemma 2.1.16. If K is another
homogeneous ideal in C[z] such that K C J C K, then we have I C K and K C I. From
Lemma 2.1.19, [ = K. O

Corollary 2.1.21. Let J be a homogeneous ideal in My, The the ideal I = J N C[z]
satisfies I C J C T° , and it is the unique homogeneous ideal in C|z| with this property.

Proof. The P, from Lemma 2.1.16 extend to be woT-continuous on My and recall that
this corresponds to the weak-* topology. O

Corollary 2.1.22. Fvery weak-x closed homogeneous ideal in My and every norm closed
homogeneous ideal in Ay is finitely generated (as a closed ideal).

Remark 2.1.23. There do exist closed ideals in A(B;) which are not finitely generated
(one may adjust the example in [61, Proposition 4.4.2]).

For a weak-* closed ideal in J C My, the radical of J is defined to be the ideal v/.J
given by
VJ={f e My f*eJforsomen>1}.

Note that we will also be working with the radical of ideals in A3 and C[z] as well.

Lemma 2.1.24. The radical of a weak-* closed homogeneous ideal J of My (resp. a norm
closed ideal in Ay ) is homogeneous.

Proof. Let f and m be such that f™ € J. Write the homogeneous decomposition of f
as f(z) = >, fu(2), where fi(2) is the lowest non-vanishing homogeneous term. Then

f™(2) = fi(z)™+. ... Since J is homogeneous, f{* € J, so fx € v/J. Proceeding recursively,
we find that f; € v/J for all j. O

17



Theorem 2.1.25. Let J C My be a weak-+ closed homogeneous ideal (resp. a norm
closed ideal in Ay ). Then there exists N € N such that fN € J for all f € \/J.

Proof. By the effective Nullstellensatz [49, Theorem 1.5] there is an N € N such that

pV € JNC[] for all p € \/JNC[z] = VINCz]. If f € VJ, then f € VJNC[z] by
Lemma 2.1.20 and Corollary 2.1.21. If {f.} is a sequence in v/.J N C[z] converging to f,
then f¥ € J for all n, thus f~ = w* —lim, f~ € J. O

Corollary 2.1.26. The radical of a weak-x closed homogeneous ideal J C My (resp. a
norm closed ideal in Ay ) is weak-x closed (resp. mnorm closed).

Proposition 2.1.27. If I C C[z] is radical, I = /I, then T is radical in Ay and T s
radical in Moyy.

Proof. Put J = 1. Then v/J N C[z] is the unique homogeneous ideal in C[z] with closure
equal to v/.J. But v/JNC[z] = /JNC[z] =1, 50 v/J =1 = J. The weak-* proof follows
identically. O

The main result of this section is a projective Nullstellensatz for closed ideals in Ay
and M. We shall need the following notation. For an ideal J in some algebra B and a
set X, recall the notation for varieties and ideals

Vx(J)={z€ X : f(z) =0forall fe J}.

and
Ig(X)={feB: f(A)=0forall A € X}.

First we prove the Nullstellensatz in our context in for ideals of C|z].

Lemma 2.1.28. Let I be a radical ideal in C[z] such that all the irreducible components
of Vea(I) intersect By. Then Icpy(Vea NBg) = 1.

Proof. This is an exercise in algebraic geometry. Assume first that Vea([) is irreducible.
Let f € CJ[z] such that f(A\) = 0 for all A € Vea(I) N By, Denote W = Vea(f). By
assumption, WNBy O Vea(I) NBy,, therefore dim W N Vea(I) = dim Vea(1). It follows from
[50, Proposition 1.4] that W N Vea(I) = Vea(I), therefore f € Icpy(Vea(I)) = 1.

Finally, if Vza(I) is reducible then we apply this argument to each irreducible compo-
nent. O
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Corollary 2.1.29. If I is a homogeneous ideal in C|z|, then

VI = I (Vea(I)) = Tep (Vi (1))

Now we prove the main Nullstellensatz result:

Theorem 2.1.30. Let I C Ay be a closed homogeneous ideal and J C My be a weak-x
closed homogeneous ideal. Then

VI = Iy, (Vo(I)) and VJ = Ly, (Va(J)). (2.4)

Proof. Define K = 14, (Vo(I)). First, note that K is closed. Next we show that K is
homogeneous. Notice that Vi(I) = V(I N Clz]), so tVo(l) C Vo(I) for all t € D. Thus
if f € K, then for all A € Vg([) it follows that f(tA\) = 0. By Proposition 2.1.18, K is
homogeneous.

Finally, K N C|z] is the set of all polynomials vanishing on
Va(I) =Vo(INClz]) = V(I NC[z]) N Q.
So by an easy extension of Corollary 2.1.29, we find

KNClz]=+INC[z] =VINCe]

By Lemma 2.1.20 and Corollary 2.1.26,
K=KNC[z]=vVINC[z] = VI.
The weak-* proof follows similarly. O

Corollary 2.1.31. Let I C C[z] be a radical homogeneous ideal, and let f € Ay (resp.
M) be a function that vanishes on Vea(I) N Q. Then f €1 (resp. ' ).

Proof. Define J = I. Then, using Theorem 2.1.30 and then Proposition 2.1.27,

fela,(Vo(l) = Ly, (Vo(J) =VJ =J =T. O
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2.2 Completely isometric isomorphisms

2.2.1 The general case

The automorphisms of M arise as composition with an automorphism of the ball (i.e.,
a biholomorphism of the ball onto itself). This can be deduced from [30, Section 4], or
alternatively from Theorems 3.5 and 3.10 in [56]. In fact we can say more than this,
specifically that the Voiculescu unitaries, when restricted to symmetric Fock space, are
just composition with the conformal map followed by an appropriate multiplier.

Theorem 2.2.1. Let ¢ € Aut(B;). Then there is a completely isometric automorphism
O, of My (and Ay) given by O,(f) = f o =UfU*, where the unitary U : H — Hj is

1/2

Uf = (1=l (0)) " kp-1(0)(f 0 ).

Proof. We begin with Voiculescu’s construction of automorphisms of the Cuntz algebra
[67]. Consider the Lie group U(1,d) consisting of (d + 1) x (d 4+ 1) matrices X satisfying

X*JX = J, where J = [ f;]. When X is of the form X = | % % | it must have the

n2 X1
following relations:

I = lIm2ll* = lzof* — 1

L. ”771
2. Xqym =Tony and Xinmo = zom

3. X7 Xy =1 +mny and X X7 = Ig+ ;.
Furthermore, if X € U(1,d) then JXTJ € U(1,d) since
XTI JIXTT) = J(XHTIXTT = (XIX* )T = 1400 J = J.
It follows from Voiculescu’s work that the map U(1,d) — Aut(B,) given by

XlZ + 72

X L
= ex(2) xo + (2,m)

is a surjective homomorphism. Thus, fix X € U(1,d) such that ¢ = ¢ xr; which makes
-1

X = Py = Pyxrs =P
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There is a unique automorphism of £; which preserves 2, defined by

@SO<LC) = (‘230[ - L772)_1(LX1C - <C7771>I)7

where we use the convention that L =" | GL; for ¢ € C?. This extends to an automor-
phism of the Cuntz-Toeplitz algebra. As well, Voiculescu defined a unitary U € U(F(C?))
by

U(AQ) = O,(A)(zol — L,,)'Q, forall A€ Ly,

establishing that the automorphism ©,(A) = UAU™ is unitarily implemented. It is easy
to see that H7 is an invariant subspace of U and so ©,, also yields an automorphism of
M which preserves A, implemented by the restriction of U. We will show that U has the
desired form.

For w € F}, |w| = m, we have

e = 0 3 ) = Pt (3 2e)

0ESH UES

— PHQC'_') ( )PHQ(J:OI Ln2> Q

As noted above, because H? must reduce U, we obtain PH?;@W(A) = PH3@¢(A)PH3. Sup-
pose that ¢ € C%. Then

d
PH2 LC ZCZZ% Z<i<zvei> = <sz>'
=1

Now with 2 'n, = ¢+(0) = v 1(0), we have that

_ 1
Pyz(wol — Ly,)7'Q = ooy oSl 0 k10

Note that if |#] = 1, then X implements ¢x as well. So we may assume that zo > 0. As
well, X € U(1,d) implies that |zo|> — |72]*> = 1. Hence,

-1 2 2 |772|2 |$0|2 1
0 (0)]" = lex(0)]" = =

Thus ¢ = (1 — [~ 2(0)[>)~¥/2.
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Next we compute

Observe that

Consequently,

PH(%@sa(Mzw)(Z) = H

1
Piy©,(M.,) = PugO,(— D Lo(w)

’ O’ESm

1 m
=l Z HPHg@w(Lo(w)j)

ocESH j=1

= HPH3@¢<ij>
j=1

m LX1ewj - <€Wj7771>]
— H2

d [L'()] — L»,]2

j=1

JXTj—| %o TR
{—771 X7

PHiLxlewj (2) - <ewj7771>
zo — Py2 Ly, (2)

e K — (o) T (T2 c) + (T e
B
G X2+ -1\ 1 ; .

= jl_[lzw]. (—m0+ = _%>> = ]1_[1 w]-(SOJXTJ( )

- szj(go(z)) = (2w 0 9)(2).

Combining these equations, we get that

UG = (TL 2, 0 0) 1= 10 OF) k0

= (200 ©)(1 = [ (0)|*)*ky-1(0).-

Extending this to the span, we have that

for all f € M.

Uf = (1= (0))kem10)(f 0 ¥)
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Proposition 2.2.2. Let V and W be varieties in By. Let F' be an automorphism of By
that maps W onto V.. Then f — f o F is a unitarily implemented completely isometric
isomorphism of My onto My ; i.e. Mypp = UMU*. The unitary U* is the linear
extension of the map

U'ky = cwkp@) forweW,
where ¢, = (1 — |[F71(0)[|*)?kp-1(0) (w).
Proof. Let F be such an automorphism, and set o = F'~1(0). By the previous theorem,
the unitary map U € B(H3) is given by
Uh = (1— ||a||))?koq(ho F) for h € H2.

As F(W) =V, U takes the functions in H7 that vanish on V to the functions in H7 that
vanish on W. Therefore it takes Fy onto Fyy .

Let us compute U*. For h € H2 and w € W, we have
(h,U"ky) = (Uh, k)
= (1= [lofl?) )Y 2ko(h o F), ky )
= (1= [|al*)!?ka(w) h(F (w))
= <h7cka(w)>7

where ¢, = (1 — [[F71(0)]|2)"/?kp-1(0)(w). Thus Uk, = cukp(). Note that since U* is a
unitary, [co| = [[Kull/[[kraw)ll-

Finally, we show that conjugation by U implements the isomorphism between My and
My given by composition with F. Observe that Uc,kpw) = ky. For f € My andw € W,

UM;U"ky = UMjcwkrw) = f(F(w))Ucwkrw) = (f o F)(w)k,.
Therefore f o F'is a multiplier on Fy and Myop = UMfU™. O]

Now we turn to the converse.

Lemma 2.2.3. Let V C B; and W C By be varieties. Let ¢ be a unital, completely
contractive algebra isomorphism of My into Myy,. Then there exists a holomorphic map
F: By — B, such that

1. F(W)CV.
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3. the components f1,..., fq of F' form a row contraction of operators in My .

4. @ 1s giwen by composition with F', that is
e(f)=[foF forfeMy.

Proof. Consider the image of the coordinate functions Z; in My. As ¢ is completely
contractive, Proposition 2.1.7 shows that [¢(Z)) ... ¢(Z4)] is the restriction to W of a
row contractive multiplier F' = [ fiooo, f(j with coefficients in My. As F' is contractive
as a multiplier, it is also contractive in the sup norm. Moreover, since ¢ is injective, the f;
and F' are non-constant holomorphic functions. Therefore F' must have range in the open

ball B,.

Fix A € W, and let p) be the evaluation functional at A on My,. Then ¢*(p,) is a
character in M (My ). We want to show that it is also an evaluation functional. Compute

(" (p)](Zi) = Zi(¢"(pa) = palw(Zi)) = p(Zi)(A).

So ¢*(px) lies in the fiber over (¢(Z1)(N),...,¢(Z4)(A)) = F(A). This is in the interior
of the ball. By Proposition 2.1.14, ¢*(p,) is the point evaluation functional pp(yy and
F(\) € V. We abuse notation by saying that ¢*(p,) € V.

Finally, for every f € My and every A € W,

o(f)A) = pale(f)) = ¢
= proy(f) = (fo F)(N).

Therefore o(f) = fo F. O

Lemma 2.2.4. Let 0 € V C By and 0 € W C By be varieties. Let ¢ : My — My be
a completely isometric isomorphism such that ©*pg = po. Then there exists an isometric
linear map F of By N spanW onto By NspanV' such that F(W) =V, F(0) = 0 and

Proof. By making d smaller, we may assume that C? = span V. Similarly, we may assume
C¥ = span W.

By Lemma 2.2.3 applied to ¢, there is a holomorphic map F of By into B, that
implements ¢*. Thus F(W) C V and F(0) = 0. By the same lemma applied to ¢!, there

24



is a holomorphic map G of B, into By that implements (p~!)*. Hence G(V) C W and
G(0) = 0. Now, ¢* and (p~1)* are inverses of each other. Therefore F o G|y and G o F|y
are the identity maps.

Let H = F o G. Then H is a holomorphic map of By into itself, such that H|y is the
identity. In particular H(0) = 0. By [62, Theorem 8.2.2], the fixed point set of H is an
affine set equal to the fixed point set of H'(0) in B,. Therefore H is the identity on By since
C? = span V. Applying the same reasoning to G o F, we see that F' is a biholomorphism
of By onto B, such that F(W) = V. In particular, d = d. It now follows from a theorem
of Cartan [62, Theorem 2.1.3] that F' is a unitary linear map. O

Now we combine these lemmas to obtain the main result of this section.

If V C By and W C By are varieties, then we can consider them both as varieties in
Brax(d,d¢)- This does not change the operator algebras. Therefore, we may assume that
d=d.

Theorem 2.2.5. Let V and W be varieties in By. Then My, is completely isometrically
isomorphic to Myy if and only if there exists an automorphism F of By such that F(W) =
V.

In fact, every completely isometric isomorphism ¢ : My — My, arises as composition
o(f) = foF where F is such an automorphism. In this case, ¢ is unitarily implemented by
the unitary sending the kernel function k,, € Fyw to a scalar multiple of the kernel function
kp(w) e Fy.

Proof. If there is such an automorphism, then the two algebras are completely isometrically
isomorphic by Proposition 2.2.2; and the unitary is given explicitly there.

Conversely, assume that ¢ is a completely isometric isomorphism of My onto My,. By
Lemma 2.2.3, ¢* maps W into V. Pick a point wy € W and set vy = ¢*(wp). By applying
automorphisms of B, that move vy and wy to 0 respectively, and applying Proposition 2.2.2,
we may assume that 0 € V and 0 € W and ¢*(0) = 0.

Now we apply Lemma 2.2.4 to obtain an isometric linear map F' of the ball B;Nspan W
onto the ball B, NspanV such that F|y = ¢*. In particular, span W and spanV have
the same dimension. (Caveat: this is only true in the case that both V' and W contain
0.) We may extend the definition of F to a unitary map on C% and so it extends to a
biholomorphism of By.

Now Proposition 2.2.2 yields a unitary which implements composition by ¢*. By
Lemma 2.2.3, every completely isometric isomorphism ¢ is given as a composition by
¢*. So all maps have the form described. m
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There is a converse to Lemma 2.2.3, which may provide an alternative proof for one
half of Theorem 2.2.5. Arguments like the following are not uncommon in the theory of
RKHS; see for example [44, Theorem 5].

Proposition 2.2.6. Let V C B; and W C By be varieties. Suppose that there exists
a holomorphic map F : By — B, that satisfies F(W) C V', such that the components
fi,--., fa of F form a row contraction of operators in Mgy . Then the map given by com-
position with F

o(f) =foF forfeMy

yields a unital, completely contractive algebra homomorphism of My into Myy.

Proof. Composition obviously gives rise to a unital homomorphism, so all we have to
demonstrate is that ¢ is completely contractive. We make use of the complete NP property
of these kernels.

Let G € Mi(My) with ||G|| < 1. Then for any N points wy, ..., wy in W, we get N
points F'(w1), ..., F(wy) in V. The fact that ||G|| < 1 implies that the N x N matrix
with £ x k£ matrix entries

{[k — (Go F)(w;)(Go F)(wj)*}

T~ (F(w), F(w,)) =0

Also, since || F|| < 1 as a multiplier on Fy, we have that

Rt

> 0.

Therefore the Schur product of these two positive matrices is positive:

{Ik - (@ Ofi)(:;i)?(u(}?j; F)(wj)*} .

> 0.

Now the complete NP property yields that GoF' is a contractive multiplier in My (My/). O

2.2.2 The continuous case

If the varieties satisfy condition 2.1, i.e. [[yH3] = [JyH?], then the general multiplier
results drop down to the continuous multiplier algebras.
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Proposition 2.2.7. Let V C By and W C By be varieties which satisfy condition (2.1).
Let ¢ : Ay — Aw be a unital algebra homomorphism. Then there exists a holomorphic
map F : By — C? that extends continuously to By such that

Flopa ="

The components of F are in Ay, and norm of F' as a row of multipliers is less than or
equal to the cb-norm of w. Moreover, ¢ is given by composition with F', that is

p(f)=[foF forfeAy.

Proof. Every character in M(Ay ) is an evaluation functional at some point A € W
Identifying W and M (Aw), we find, as in Lemma 2.2.3, that the mapping ¢* is given by

o*(\) = (0(Z)N), ..., o(Z)(N) for all X € W

Proposition 2.1.11 implies that ¢(Z1), ..., ¢(Zy) are restrictions to W of functions f1,. .., fq
in Ayp. (This is only true under our special assumption (2.1). Otherwise we only get
fi,--., fain My.) Defining

F(Z) - (fl(z)a s 7fd(z>>7
we obtain the required map F'. Finally, for every A € WA,

p(f)A) = pale(f) = ¢ (p)(f) = proy(f) = f(F(N)).
Therefore o(f) = fo F. O

This immediately yields:

Corollary 2.2.8. Let V. C By and W C By be varieties satisfying condition (2.1). If
Ay and Aw are isomorphic, then there are two holomorphic maps F : By — C?% and
G : By — C¥ which extend continuously to the closed balls, such that F(WA) = VA,

G(VA) = WA, and Flga and Glgpa are inverses of each other. If V. and W satisfy the

condition (2.2), then F(W) =V and G(V) =W.

From these results and the techniques of Lemma 2.2.4, we also get if Ay and Ay
are completely isometrically isomorphic, then there exists an automorphism F' € Aut(B,)
such that F(V) = W. On the other hand, the completely isometric isomorphisms of
Proposition 2.2.2 are easily seen to respect the norm closures of the polynomials in My,
and Myy. Together with the above corollary we obtain the following analogue to Theorem
2.2.5.
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Theorem 2.2.9. Let V and W be varieties in By satisfying (2.1). Then Ay is completely
isometrically isomorphic to Aw if and only if there exists an automorphism F of By such
that F(W) =V.

FEvery completely isometric isomorphism ¢ : Ay — Aw arises as composition ¢(f) =
f o F where F is such an automorphism. In this case ¢ is unitarily implemented by a
unitary sending the kernel function k,, € Fw to a scalar multiple of the kernel function
kF(w) e Fv.

Remark 2.2.10. In the first paper with Davidson and Shalit [32], this theory was estab-
lished by working with subproduct systems [14, 63, 66], which is a subject of much interest
in and of itself. In fact, it provided similar results in the non-commutative setting.

2.2.3 Toeplitz algebras and C*-envelopes

Central to the theory of non-selfadjoint operator algebras is the notion of a C*-envelope
[12, 34, 40, 45], which can be thought of as the smallest C*-algebra that contains the
operator algebra.

In this section we consider the Toeplitz algebra of V', defined as 7y, = C*(Ay). Theorem
2.2.9 tells us that every completely isometric isomorphism between continuous multiplier
algebras is unitarily implemented. This gives us that:

Proposition 2.2.11. Let V and W be varieties satisfying condition 2.1. If Ay and Ay
are completely isometrically isomorphic then Ty, and Ty are x-isomorphic.

One can say some things in general without the special assumption. In particular, [19,
Proposition 6.4.6] tells us that 7y contains all compact operators on Fy. This is due to the
fact that the compression of the compact operator I — Z?Zl Z¥Z; to Fy is still non-zero.
In light of this, call Oy = 7y /K(Fy), the Cuntz-Toeplitz algebra. A variant of another
part of the same proposition in [19] gives:

Lemma 2.2.12. Ifd > 1 then the quotient map q : Ty, — Oy is not a complete isometry
on Ay .

By [10, Theorem 2.1.1], the identity representation is a boundary representation if and
only if the quotient map ¢ : 7;, — Oy is not a complete isometry. Thus the above lemma
gives immediately:

Corollary 2.2.13. The identity representation of Ty is a boundary representation for Ay .
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Since the Silov boundary ideal is contained in the kernel of any boundary representation,
we find that the Silov ideal of Ay in 7y is {0}. Thus we obtain:

Theorem 2.2.14. The C*-envelope of Ay is Ty .

Having brought C*-algebras into our discussion about universal operator algebras, one
might wonder whether our methods give any handle on the universal unital C*-algebra
generated by a row contraction subject to homogeneous polynomial relations. Unfortu-
nately, these universal C*-algebras are out of our reach. All we can say is that 7y, is not,
in general, the universal unital C*-algebra generated by a row contraction subject to the
relations in V. One can see this by considering the case d = 1 and no relations. Then 7y,
is the ordinary Toeplitz algebra, which is not the universal unital C*-algebra generated by
a contraction.

2.3 Algebraic isomorphisms

2.3.1 The general case

We turn now to the question: when does there exist an (algebraic) isomorphism between
My and My, ? This problem is more subtle, and we frequently need to assume that
the variety sits inside a finite dimensional ambient space. Even the construction of the
biholomorphism seems to rely on some delicate facts about complex varieties.

We begin with a well-known automatic continuity result. Recall that a commutative
Banach algebra is semi-simple if the Gelfand transform is injective.

Lemma 2.3.1. Let V and W be varieties in By. Every homomorphism from My to My,
18 noTm continuous.

Proof. The algebras that we are considering are easily seen to be semi-simple. A general
result in the theory of commutative Banach algebras says that every homomorphism into
a semi-simple algebra is automatically continuous (see [22, Prop. 4.2]). O

Lemma 2.3.2. Let V and W be varieties in By and By, respectively, with d' < oo. Let
p : My — My be an algebra isomorphism. Suppose that \ is an isolated point in W.
Then ©*(py) is an evaluation functional at a point in V.
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Proof. The character p, is an isolated point in M (Myy,). (Here is where we need d’ < cc.)
Since ¢* is a homeomorphism, ¢*(py) must also be an isolated point in M(My). By
Shilov’s idempotent theorem (see [15, Theorem 21.5]), the characteristic function X,«(,,)
of ¢*(pa) belongs to My. Now suppose that ¢*(p,) is in the corona M(My )\ V. Then
Xy=(py) Vanishes on V. Therefore, as an element of a multiplier algebra, this means that
Xy (py) = 0. Therefore X,-(,,) must vanish on the entire maximal ideal space, which is a
contradiction. Thus ¢*(p,) lies in V. O

Next we want to show that any algebra isomorphism ¢ between My and My, must
induce a biholomorphism between W and V. This identification will be the restriction of
©* to the characters of evaluation at points of W. In order to achieve this, we need to
make some additional assumption.

Our difficulty is basically that we do not have enough information about varieties. In
the classical case, if one takes a regular point A € V| takes the connected component
of A in the set of all regular points of V', and closes it up (in B,), then one obtains a
subvariety. Moreover the closure of the complement of this component is also a variety [68,
ch.3, Theorem 1G.

However our varieties are the intersections of zero sets of a family of multipliers. Let
us say that a variety V' is irreducible if for any regular point A € V', the intersection of zero
sets of all multipliers vanishing on a small neighbourhood V' N b.(\) is exactly V. We do
not know, for example, whether an irreducible variety in our sense is connected. Nor do we
know that if we take an irreducible subvariety of a variety, then there is a complementary
subvariety as in the classical case.

A variety V is said to be discrete if it has no accumulation points in By.

We will resolve this in two situations. The first is the case of a finite union of irreducible
varieties and a discrete variety. The second is the case of an isometric isomorphism. In
the latter case, the isomorphism will turn out to be completely isometric. This yields a
different approach to the results of the previous section.

We need some information about the maximal ideal space M (My/). Recall that there
is a canonical projection 7 into B, obtained by evaluation at [Z, ..., Z,]. For any point u
in the unit sphere, 77! (x) is the fiber of M(My) over u. We saw in Proposition 2.1.14 that
for A € By, 7 (\) is the singleton {p,}, the point evaluation at A\. The following lemma
is analogous to results about Gleason parts for function algebras (see [13]). However part
(2) shows that this is different from Gleason parts, as disjoint subvarieties of V' will be at
a distance of less than 2 apart. This is because My is a (complete) quotient of M, and
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thus the difference ||py — p,|| is the same whether evaluated as functionals on My or M,.
In the latter algebra, A and v do lie in the same Gleason part.

Lemma 2.3.3. Let V be a variety in By.

1. Let p € Y (u) for u € OB,. Suppose that v € M(My) satisfies || — || < 2. Then
Y also belongs to w1 ().

2. If X and p belong to V', then ||p, — pall < 2r < 2, where r is the pseudohyperbolic
distance between 1 and .

Proof. 1f p € 7=(v) for v # u in the sphere, then there is an automorphism of B, that
takes u to (1,0,...,0) and v to (—1,0,...,0). Proposition 2.2.2 shows that composition
by this automorphism is a completely isometric automorphism. So we may suppose that
w=(1,0,...,0) and v = (—1,0,...,0). But then

|2 =@l > [(¥ = ©)(Z1)] = 2.

Similarly, if ¥ = py for some A € V| then for any 0 < ¢ < 1, there is an automorphism
of B, that takes p to (1,0,...,0) and v to (—1+¢,0,...,0). The same conclusion is reached
by letting € decrease to 0.

If A and p belong to V| then there is an automorphism v of B, sending A to 0 and u
to some v := (1,0,...,0) where 0 < r < 1 is the pseudohyperbolic distance between \ and
p. Given any multiplier f € My with ||f|| = 1, Proposition 2.1.7 provides a multiplier
fin My so that f|y = f and ||f|| = 1. In particular, f o 4~ is holomorphic on B, and
|/ o7 s < 1. Hence the Schwarz Lemma [62, Theorem 8.1.4] shows that

f) = fQ) | _ | for ) = forH(0) |
L=Ff ] 1= Foy(w)foy0)|
Hence L
low = pall = sup (o =) <7 sup, 1= f(u)fN)] < 2r O

This provides some immediate information about norm continuous maps between these
maximal ideal spaces.

Corollary 2.3.4. Suppose that ¢ is a homomorphism of My into Myy.
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1. Then ©* maps each irreducible subvariety of W into V' or into a single fiber of the
corona.

2. If ¢ is an isomorphism, and V and W are the disjoint union of finitely many irre-
ducible subvarieties, then p* must map W onto V.

3. If p is an isometric isomorphism, then p* maps W onto V' and preserves the pseu-
dohyperbolic distance.

Proof. (1) Let Wj be an irreducible subvariety of W, and let A be any regular point of Wj.
We do not assert that W is connected.

Suppose that ¢*(py) is a point evaluation at some point p in B,;. Then by Proposi-
tion 2.1.14, p belongs to V. Since ¢ is norm continuous, by Lemma 2.3.3 it must map the
connected component of A\ into a connected component of V.

Similarly, suppose that ¢*(p,) is mapped into a fiber of the corona. Without loss of
generality, we may suppose that it is the fiber over (1,0, ...,0). Since ¢ is norm continuous,
by Lemma 2.3.3 it must map the connected component of A into this fiber as well. Suppose
that there is some point p in W; mapped into V' or into another fiber. So the whole
connected component of y is also mapped into V' or another fiber. Then the function
h = ¢(Z1) — 1 vanishes on the component of A but does not vanish on the component
containing p. This contradicts the fact that W is irreducible. Thus the whole subvariety
must map entirely into a single fiber or entirely into V.

(2) Suppose that W is the union of irreducible subvarieties W7, ..., W,. Fix a point
A € Wy, For each 2 < ¢ < n, there is a multiplier h; € Mg which vanishes on W; but
hi(A\) # 0. Hence h = hohs - - - hy|w belongs to My, and vanishes on UY_,WW; but not on W;.
Therefore p~!(h) = f is a non-zero element of My,. Suppose that ¢*(W;) is contained in a
fiber over a point in the boundary of the sphere, say (1,0,...,0). Since Z; — 1 is non-zero
on V, we see that (Z; — 1)f is not the zero function. However, (Z; — 1)f vanishes on
©*(W1). Therefore p((Z; — 1)f) vanishes on Wi and on UF_,W;. Hence ¢((Z, —1)f) = 0,
contradicting injectivity. We deduce that 18/ is mapped into V.

By interchanging the roles of V' and W, we deduce that ¢* must map W onto V.

(3) In the isometric case, we can make use of Lemma 2.3.3(2) because then ¢* is also
isometric. Therefore all of W is mapped by ¢* either into V' or into a single fiber. In the
latter case, we may suppose that the fiber is over (1,0,...,0). Then ¢(Z; — 1) will vanish
on all of W, and hence p(Z; — 1) = 0, contradicting injectivity. Thus W is mapped into
V. Reversing the role of V' and W shows that this map is also onto V.
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The proof of Lemma 2.3.3(2) actually yields more information, namely that ||px — p,||
is a function of the pseudohyperbolic distance r,

[ox = pull =7 ng 11— f(p) fFN)].

In the proof of that lemma we only used that the left hand side is less than or equal to the
right hand side, but it is easy to see that one obtains equality by choosing a particular f.
So the fact that the quantities ||px — p,|| and supy<; [1 — f(1) f(A)| are preserved by an
isometric isomorphism implies that the pseudohyperbolic distance r is also preserved. [

Remarks 2.3.5. (1) In a previous version of [33], we claimed incorrectly that if ¢ is a
surjective continuous homomorphism of My, onto My, then ¢* must map W into V. This
is false, and we thank Michael Hartz for pointing this out. This follows from Hoffman’s
theory [42] of analytic disks in the corona of H*>. There is an analytic map L of the unit
disk D into the corona of M (H®), mapping onto a Gleason part, with the property that
©(h)(z) = h(L(z)) is a homomorphism of H> onto itself [37, ch.X§1]. Therefore the map
©* maps the disk into the corona via L.

(2) The main obstacle preventing us from establishing part (2) of the corollary in greater
generality is that we do not know that if A € W, then there is an irreducible subvariety
W1 C W containing A and another subvariety Wy C W so that A € W5 and W = Wy U Ws.
As mentioned in the introduction, for any classical analytic variety this is possible [68,
ch.3, Theorem 1G]. But our definition requires these subvarieties to be the intersection of
zero sets of multipliers. Moreover our proof makes significant use of these functions. So
we cannot just redefine our varieties to have a local definition as in the classical case even
if we impose the restriction that all functions are multipliers. A better understanding of
varieties in our context is needed.

(3) Costea, Sawyer and Wick [20] establish a corona theorem for the algebra M,. That
is, the closure of the ball B, in M (M,) is the entire maximal ideal space. This result may
also hold for the quotients My, but we are not aware of any direct proof deducing this
from the result for the whole ball.

A corona theorem for My would resolve the difficulties in case (2). The topology on
V =BsN M(My) coincides with the usual one. In particular, each component has closed
complement. The corona theorem would establish that every open subset of any fiber is
in the closure of its complement. Thus any homeomorphism ¢* of M(My) onto M(My)
must take W onto V. However it is likely that the corona theorem for M, is much more
difficult than our problem.
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Now we can deal with the case in which our variety is a finite union of nice subvarieties,
where nice will mean either irreducible or discrete.

Theorem 2.3.6. Let V and W be varieties in By, with d < oo, which are the union
of finitely many irreducible varieties and a discrete variety. Let ¢ be a unital algebra
isomorphism of My, onto Myy. Then there exist holomorphic maps F' and G from By into
C? with coefficients in My such that

1. Flw =¢*lw and Glv = (¢ )|y
2. GoFly =idy and FoG|y=idy
3. o(f)y=foF forfe My, and
4.9 Ng)=goG forge My.
Proof. First we show that ¢* maps W into V. Write
W=DUuW,U---UW,

where D is discrete and each W; is an irreducible variety. The points in D are isolated, and
thus are mapped into V' by Lemma 2.3.2. A minor modification of Corollary 2.3.4(2) deals
with the irreducible subvarieties. Since D is a variety, there is a multiplier £ € M ; which
vanishes on D and is non-zero at a regular point A\ € Wj. Proceed as in the proof of the
lemma, but define f = hy...h,k. Then the argument is completed in the same manner.
Reversing the roles of V' and W shows that ¢* maps W onto V.

We have observed that ¢*(py) lies in the fiber over the point

FQA) = (0(Z)(A), -, 9(Za)(N)-

Since we now know that ¢* maps W into V', we see (with a slight abuse of notation) that
F = ¢*|lw. In particular, the coefficients of F' are multipliers. Thus by Proposition 2.1.7,
each f; is the restriction to W of a multiplier in My, which we also denote by f;. In
particular, each f; is holomorphic on the entire ball B;. Thus (since d < o0), F' is a

bounded holomorphic function of the ball into C?. It may not carry B, into itself, but we
do have F(W) =V.

A similar argument applied to ¢! shows that G(V) C W and G|y = (¢~ ')*|v. Since
(o™ H* = (¢*)71, we obtain that GoF'|yy = idy and FoG|y = idy. The last two statements
follow as in Lemma 2.2.3. O
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Remark 2.3.7. Note that in the above theorem, the map F' can be chosen to be a poly-
nomial if and only if the algebra homomorphism ¢ takes the coordinate functions to (re-
strictions of) polynomials; and hence takes polynomials to polynomials. Likewise, F' can
be chosen to have components which are continuous multipliers if and only if ¢ takes the
coordinate functions to continuous multipliers; and hence takes all continuous multipliers
to continuous multipliers.

Remark 2.3.8. When d = oo, there is no guarantee that the map F' constructed in our
proof would actually have values in 2. However if we assume that ¢ is completely bounded,
then we can argue as follows. The row operator Z = [Zl Jo A3 ... } is a contraction. Thus
©(Z) = [e(Z1) ¢(Zs) ¢(Z3) ...] is bounded by [|¢[l. By Proposition 2.1.7, there are
functions f; € My so that f;|w = ¢(Z;) and

H [Mfl Mf2 Mf3 } H < HQO”cb-

In particular, F = [fi fo f3 ...] is bounded by [|¢]|e in the sup norm. Theorem 2.3.6 can
then be modified to apply in the case d = co. However these hypotheses are very strong.

Corollary 2.3.9. Fvery algebraic automorphism of My for d finite is completely isometric,
and 1s unitarily implemented.

Proof. The previous theorem shows that every automorphism is implemented as composi-
tion by a biholomorphic map of the ball onto itself, i.e. a conformal automorphism of B,.
Proposition 2.2.2 shows that these automorphisms are completely isometric and unitarily
implemented. O

Now we consider the isometric case.

Theorem 2.3.10. Let V and W be varieties in By, with d < oo. Fvery isometric isomor-
phism of My onto My, is completely isometric, and thus is unitarily implemented.

Proof. Let ¢ be an isometric isomorphism of My onto My,. By Corollary 2.3.4(3), ¢*
maps W onto V and preserves the pseudohyperbolic distance. Let F' be the function con-
structed as in Theorem 2.3.6. Asin Lemma 2.2.3 and Theorem 2.3.6, F' is a biholomorphism
of W onto V and p(h) = ho F.

After modifying both V' and W by a conformal automorphism of the ball, we may
assume that 0 belongs to both V' and W, and that F(0) = 0. Set wy = 0 and choose a
basis wy, ..., wy, for span W. Let v, = F'(w,) for 1 <p < k.
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Suppose that ||w,|| = r,. This is the pseudohyperbolic distance to wy = 0 = vy, so
. d d _ .
[vpll = 7 as well. Write v,/r, = 375 ¢je;. Let hy(z) = (z,0p/1p) = 325, ¢;Z;(2). This
is a linear function on V', and thus lies in My . Since Z is a row contraction, f has norm
at most one. Therefore k, := ¢(h,) = h, o F' has norm at most one in Myy.

Now let wg11 = w be an arbitrary point in W, and set vg; = v = F(w) € V. By
a standard necessary condition for interpolation [2, Theorem 5.2], the fact that ||k,| <1
means that in particular interpolating at the points wy, ..., wg, wr.1, we obtain

0 < [1—hp<vi>hp<vj>} ‘
— L wews) Jogi i<kt

In particular, look at the 3 x 3 minor using rows 0, p, k + 1 to obtain

11 1
1—(v,vp)
o< |1 1 TGy )
| lwp) L/
lwwy) =l

) — 1. Therefore

v
wp)

By the Cholesky algorithm, we find that

1—(v,
1—(w,

(v,v,) = (w,wy) for 1 <p<k.
In particular, we obtain

(vi,v) = (wi,wy) for 1 <, j < k.

Therefore there is a unitary operator U acting on C¢ such that Uw; = v; for 1 < i < k.

Now since w € W lies in span{wy, . .., wg}, it is uniquely determined by the inner products
(w,w;) for 1 <4 < k. Since v has the same inner products with vy,..., v, we find that
Uw = Pyv where N = span{vy,...,v;}. However we also have

[oll = llwll = |Uwl| = [ Pyoll;

whence v = Uw.

Therefore F' agrees with the unitary U, and hence ¢ is implemented by an automor-
phism of the ball. So by Proposition 2.2.2, ¢ is completely isometric and is unitarily
implemented. L

Lastly for this section, we conclude that every isomorphism is automatically continuous
with respect to the weak-operator and weak-* topologies.
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Lemma 2.3.11. A bounded net {Mjy, } in My converges in the weak-operator topology to
My if and only if for all X € V, f,(X) — f(N).

WOT

Proof. 1t My, —— My, then for all A € V,
£uN) — )
= (ky, fu(NEkx) = (Mg ky, k Myky, k) = ———.

Conversely, suppose {M;,} C My is a bounded net such that {f,} converges pointwise
to f. Since {M;,} is bounded, it suffices to show that (My ky, k,) — (Msky, k,) for all
A, p € V, because span{ky : A € V'} is dense in Fy,. But

AN f(w)
Mk ha) = T ™ T ()

Theorem 2.3.12. Let ¢ : My — My, for d < oo, be a unital algebra isomorphism
given by composition: @(h) = h o F where F is a holomorphic map of W onto V' whose
coefficients are multipliers. Then ¢ is continuous with respect to the weak-operator and the
weak-x topologies.

= <Mfk>\7klt>' O

Proof. By Lemma 2.1.13 together with the Krein-Smulian Theorem (Theorem 7, Section
V.5, [35]), it is enough to show that ¢ is WOT-continuous on bounded sets.

Let {M;, } be a bounded net in My converging to My in the weak-operator topology.
By Lemma 2.3.1, {p(My,)} = {M{,or} is a bounded net in My,. Therefore, by Lemma
2.3.11, it suffices to show that f, o F' converges pointwise to f o F'. But since f,, converges
pointwise to f (by the same lemma), this is evident. O]

2.3.2 The homogeneous case

We have already seen in Corollary 2.2.8 that an algebraic isomorphism of norm closed
algebras induces a biholomorphism of their associated varieties. What is much harder to
establish is the converse. However, homogeneous varieties behave like classical varieties
and so we will have none of the difficulties of the previous section.

We first wish to establish that if Ay and Ay, are isomorphic then there exists another
isomorphism ¢ : Ay — Ay such that ¢*(0) = 0.

Lemma 2.3.13. Let V' be a homogeneous variety. Then either V' has singular points, or
V' is a linear subspace.
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Proof. 1f V' is reducible, then by (iv) of Theorem 8 in [21, Section 9.6] the origin is in the
singular set. So we may assume that V' is irreducible.

Let fi,..., frx be a generating set for Iy, and assume the dimension of V' is m. By the
theorem on page 88, [64], the singular locus of V' is the common zero set of polynomials
obtained from the (d — m) X (d — m) minors of the Jacobian matrix

oh ... Oh

821 azd

0z 0zq
But since fi, ..., fr are homogeneous, all these minors will vanish at the point 0 unless
at least d — m of the f;’s are linearly independent linear forms. But then V' lies inside m
dimensional subspace. Being an m-dimensional variety, IV must be that subspace. O

Let V be a homogenous variety in C?. Then by the lemma, either V' is a subspace of C¢,
or the singular locus Sing(V') is nonempty. Now Sing(V') is also a homogeneous variety,
so either Sing(V') is a subspace or Sing(Sing(V')) is not empty. Since the dimension of
the singular locus is strictly less than the dimension of a variety, we eventually arrive at
a subspace N (V') = Sing(--- (Sing(V') ---) which we call the singular nucleus of V. Note
that N (V') = {0} might happen, as well as N(V) = V.

In what follows we will need to consider the group Aut(B,) of automorphisms of B,
that is, the biholomorphisms of the unit ball. We will use well known properties of these
fractional linear maps (see [62, Section 2.2]). For a € B,,, we define

_a— Pyz— 5,042
 1—{za)

Pa(2) (2.5)
where P, is the orthogonal projection onto span{a}, Q, = I, — P, and s, = (1 — lal?)'/2.
Then ¢, is an automorphism of B,, that maps 0 to a and satisfies 9> = id. For every
Y € Aut(B,,) there exists a unique unitary U and a € B,, such that ¢ = U o ¢,.

By a disc in B,, we shall mean a set D of the form D =B, N L, where L C C" is a one
dimensional subspace.

Lemma 2.3.14. Let ¢ € Aut(B,). Then there are two discs Dy, Dy in B, such that
Y(Dy) = Ds.

Proof. If ¥ = U o ¢, and a # 0, take D; = span{a} N B,,. Then ¢,|p, is a M6bius map
of Dy onto itself. Take Dy = UD;. If a = 0, take D; = D5 to be B, N L where L is any
one-dimensional eigenspace of U. O]
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Proposition 2.3.15. Let V and W be homogeneous varieties and assume that there exists
an isomorphism ¢ : Ay — Aw. Then there exists another isomorphism v : Ay — Aw
such that ¥*(0) = 0.

Proof. By the discussion following Lemma 2.3.13, the singular nucleus of W must be
mapped biholomorphically by ¢* onto the singular nucleus of V. If these nuclei are both
{0}, we are done. Otherwise, by rotating the coordinate systems we may assume that
N(V)= N(W) = B, a complex ball.

Now, ¢*|, € Aut(B), thus by Lemma 2.3.14 there are two discs Dy, Dy C B such that
¢*(D2) = D1.

Let us introduce the notation

O0; V,W) ={z € Dy : z=1"(0) for some isomorphism 1 : Ay — Ay },

and

O0; W) ={z€ Dy:z=1"0) for some automorphism 1) of Ay }.

Claim: The sets O(0; V, W) and O(0; W) are invariant under rotations about 0.

Proof of claim: For A with |A| = 1, write @, for the isometric automorphism mapping Z;
to AZ; (i =1,...,d). Let b= ¢*(0) € O(0; V,W). Recall that b = (b1, ..., by) is identified
with a character p, € M (Ay) N B, such that p,(Z;) = b; fori =1,...,d. Consider ¢ o @,.
We have

po((p o wx)(Zi)) = po(e(ANZi)) = Apo(p(Zs)) = Ab;.

Thus Ab = (¢ o o) (po) € O(0;V,W). The proof for O(0; W) is the same. This proves
the claim.

We can now show the existence of a vacuum preserving isomorphism. Let b = ¢*(0).
If b = 0 then we are done, so assume that b # 0. By definition, b € O(0; V, W). Denote
C :={z € Dy : |z| = |b|}. By the above claim, C C O(0; V,W). Consider C" := (p*)~1(C).
We have that C" C O(0; W). Now C’ is a circle in Dy that goes through the origin. By
the claim, the interior of C’, int(C”), is in O(0; W). But then ¢*(int(C")) is the interior of
C, and it is in O(0; V, W). Thus 0 € O(0; V, W), as required. ]

We now follow the discussion in [62, Chapter 2] to obtain some rigidity results for biholo-
morphisms between varieties. These rigidity results will help us determine the possibilities
for isomorphisms between the various algebras Ay .
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Lemma 2.3.16. Let V be a homogeneous variety in C*. Let F : By — C% be a continuous

map, holomorphic on By, such that F|3 is a bijection of V.. If F(0) = 0 and %F(tz) =z
_ t=0

for all z € V, then F|y is the identity.

Proof. 1t seems that a careful variation of the proof for “Cartan’s Uniqueness Theorem”

given in [62] (page 23) will work. One only needs to use the facts that V' is circular and
bounded. The reason one must be careful is that V' typically has empty interior.

Let’s make sure that it all works. We write the homogeneous expansion of F"
F(z) = Az + ) _Fu(2), (2.6)
n>2
where A = F’(0). First let us show that, without loss of generality, we may assume

F(z) =z+ Y Fu(2). (2.7)

Let W be the linear span of V', and let W+ be its orthogonal complement in C¢. By the
assumption %F (tz) = 2z for z € V, so the matrix A can be written as

t=0
I B
= )

with respect to the decomposition C* = W @ W+. Replacing F by F 4 I — A we obtain a
function that is continuous on B, analytic on By, agrees with F on V', and has homogeneous
decomposition as in (2.7).

Following Rudin [62, bottom of page 23], we consider the kth iterate F* of F:
FF(2) =24+ kFy(2) +....
Since V is circular and since F* maps V onto itself, we find that for all z € V
I : :
kFy(z) = %/0 FR(e2)e?04p,

from which it follows that ||kFy(2)|| < 1for all k and all z € V. This implies that F5(z) = 0
for all z € V.. Therefore there exists a continuous function G : By — C? that is holomorphic
on B, and agrees with ' on V| that has homogeneous expansion

G(z) =2+ Gul2),
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(namely, one takes G = F' — Fy). Note that G,, = F,, for all n > 2. This last observation
allows us to repeat the argument inductively and deduce that F(z) = z for all z € V. By
continuity, F'|;z equals the identity. O

We now obtain the desired analogue of Cartan’s uniqueness theorem.

Theorem 2.3.17. Let V C By and W C By be homogeneous varieties. Let F : By — C@
be a continuous map that is holomorphic on By and maps 0 to 0. Assume that there exists
a continuous map G : By — C¥ that is holomorphic on By such that F o G|y and G o Fl
are the identity maps. Then there exists a linear map A : C* — C% such that Flw = A.

Proof. Again we adjust the proof of [62, Theorem 2.1.3] to the current setting. The deriva-
tives F”(0) and G'(0) might not be inverses of each other, but from G o F'(z) = z, we find
that G'(0)F'(0)z = z for all z € W.

Fix 6 € [0,27], and define H : By — C% by
H(z) = G(e " F(e2)).

Then H(0) =0 and
d . .
~H e —ZGF/ 0, _ ]
o (tz) o G'(0)e (0)e"z =z
By the previous lemma
H(z) ==z

for z € W. After replacing z by e~z and applying F to both sides we find that
Fe™2)=e™F(2) forall zeW.

Integrating over 6, this implies that if (2.6) is the homogeneous expansion of F'; then
F,(z) =0 for all z € W and all n > 2. Thus Fly = A. O

The following easy result is a straightforward consequence of homogeneity.

Lemma 2.3.18. Let V. C By and W C By be homogeneous varieties. If a linear map
A C¥ — C¢ carries W bijectively onto V., then A is isometric on W.

Proof. Each unit vector w € W determines a disc Dw = Cw N By in W. Observe that A

carries Cw onto CAw, and must take the intersection with the ball to the corresponding
intersection with the ball B,;. Thus it takes Dw onto DAw. Therefore ||Aw|| = [|w]]. O
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This lemma can be significantly strengthened to obtain a rigidity result which will be
useful for the algebraic classification of the algebras Ay. Note that Sing(V') denotes the
set of singular points of V.

Proposition 2.3.19. Let V be a homogeneous variety in B, and let A be a linear map
on C% such that ||Az|| = ||z|| for all z € V. If V=V, U---UV, is the decomposition of V
into irreducible components, then A is isometric on span(V;) for 1 <i < k.

Proof. 1t is enough to prove the proposition for an irreducible variety V. The idea of
the proof is to produce a sequence of algebraic varieties V' C V/ C V] C ... such that
|Az|| = ||2|| for all z € V/ and all ¢, where either dimV; < dim V/,,, or V; is a subspace
(and then it is the subspace spanned by V).

First, we prove that ||Az| = ||z|| for all z lying in the tangent space T, (V') for every
z € V'\ Sing(V). Since z is nonsingular, for every such x there is a complex analytic curve
v : D — V such that v(0) = z and 7/(0) = z. By the polar decomposition, we may assume
that A is a diagonal matrix with nonnegative entries aq, ..., aqy. Since A is isometric on V/,

d d
Z@?’%’(Z)’Q = Z 1vi(2)|* for z € D.
i=1 i=1

Applying the Laplacian to both sides of the above equation, and evaluating at 0, we obtain

d d
Y ai0)F = o).
i=1 i=1

Thus, ||Az|| = ||z|| for all x € T.(V) and all nonsingular z € V.

Consider now the set

Xo= |J {gxnm(v)ycctxc
z€V\Sing(V)

Let X denote the Zariski closure of Xy, that is, X = V(I[(Xj)). As X sits inside the

tangent bundle (J,. {z} x T.(V), X is equal to X \ (Sing(V) X (Cd). Therefore X is

Zariski open in X. By Proposition 7 of Section 7, Chapter 9 in [21], the closure (in the
usual topology of C2?) of Xj is X. Letting 7 denote the projection onto the last d variables,
we have 7(X) C m(Xo). But 7(Xo) = U.cy\gingr) I:(V), therefore [|Az| = [[z| for all
z € m(X). Now, m(X) might not be an algebraic variety, but by Theorem 3 of Section 2,
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Chapter 3 in [21], there is an algebraic variety W in which 7(X) is dense. Observe that
W must be a homogeneous variety, and ||Az| = ||z|| for every z € W.

Being irreducible, V' must lie completely in one of the irreducible components of W.
We denote this irreducible component by V/, and let W5, ..., W,, be the other irreducible
components of W. We claim: if V itself is not a linear subspace, then dim V/ > dim V.
We prove this claim by contradiction. If dimV; = dimV then V' = V| because V' C V/
and both are irreducible. Let z € V' = V/ be a regular point. Since dim7,(V) = dimV/,
and 7T, (V) is irreducible, T,(V') is not contained in V{. But 7,(V') is contained in W, thus
T.(V) C W, for some i. But z € T,(V) by homogeneity. What we have shown is that,
under the assumption dim V{ = dim V, every regular point z € V' is contained in (J;-, W;.
Thus V/ C U;W;. That contradicts the assumed irreducible decomposition.

If V is not a linear subspace then we are now in the situation in which we started, with
V] instead of V, and with dim V/ > dim V. Continue this procedure finitely many times

to obtain a sequence of irreducible varieties V/ C ... C V! that terminates at a subspace
on which A is isometric. V,, must be span V. Indeed, it certainly contains V. On the other
hand, every V/ lies in span V;' ; and hence in span V. O

When the variety V' is a hypersurface we sketch a more elementary proof which provides
somewhat more information.

Proposition 2.3.20. Let f € Clzy,...,zq4] be a homogeneous polynomial, and let V =
V(f). Let A be a linear map on C% such that |Az|| = ||z|| for all z € V. Let A =UP
be the polar decomposition of A with U unitary and P positive. Then one of the following
possibilities hold:

1. P=1;
2. P has precisely one eigenvalue different from 1 and V(f) is a hyperplane;

3. P has precisely two eigenvalues not equal to 1 (one larger and one smaller), and
in this case V' is the union of hyperplanes which all intersect in a common d— 2-
dimensional subspace.

Proof. After a unitary change of variables, we may assume that A is a positive diagonal
matrix A = diag(ay,...,aq) with a; > a;.1 for 1 < i < d. Now A takes the role of P in
the statement.

We first show that ay = --- =aq_1 = 1. For if a; > ay > 1, there is a non-zero solution
tof=0and z3 =--- =23 =0, say v = (21, 22,0,...,0). But ||Av|| > ||v]|, contrary to the
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hypothesis. Hence as; < 1. Similarly one shows that az_1 > 1. Hence all singular values
equal 1 except possibly a; > 1 and a4 < 1.

If A =1 then we have (1). When there is precisely one eigenvalue different from 1, A
is only isometric on the hyperplane ker(A — I); thus (2) holds. So we may assume that
there are precisely two singular values different from 1, a; > 1 > a4. Then f must have
the form f = az{" + ... for some a # 0. Indeed, otherwise (if z; appears only in mixed
terms) there is non-zero solution v = (1,0,...,0) to f = 0, and [|Av|| > ||v]|, contrary to
the hypothesis. Now there are two cases:

Case 1: f does not depend on zy,...,24_1. In this case f is essentially a polynomial in
two variables, and can therefore be factored as f = [[,(c;z1 + (i24), from which case (3)
follows.

Case 2: f depends on zs,...,2z4_1. Say f depends on z3. Fix z3,...,z4 such that the

polynomial f(-, -, z3,...,zq) still depends on zy. For every z; there is a solution z; to the
equation f(z1,22,...,24) = 0. As z tends to oo, the form of f forces z; to tend to oo as
well. But since (21, ..., 24) is a solution and A is isometric on V' (f), one has

ai|z? + aglzal* = |21 + 2l
This cannot hold when z; is fixed and z; tends to co. So this case does not occur. O

Example 2.3.21. Let us show that arbitrarily many hyperplanes can appear in case (3)
above. Let a,b > 0 be such that a®> + 0> =2, and let A\;,...,\, € T. Let V =4, U--- U/,
where ¢; = C(\i/v/2,1/4/2). Then A = diag(a, b) is isometric on V.

Example 2.3.22. Propositions 2.3.19 and 2.3.20 depend on the fact that we are working
over C. Indeed, consider the cone V = V(22 4+ y? — 2?) over R. With a and b as in the
previous example, one sees that A = diag(a, a,b) is isometric on V', but it is clearly not an
isometry on R? = span(V).

Let V be a homogeneous variety in B? and let V = V; U --- UV}, be the decomposition
of V into irreducible components. Then we call

S(V) :=span(V}) U - - - Uspan(V})
the minimal subspace span of V. By Proposition 2.3.19, the linear map A must be isometric
on S(V). Note that V' = S(V) if and only if V is already the union of subspaces.

Our goal is to establish that A induces a bounded linear isomorphism A between the
spaces Fy and Fy given by Af = f o A*. This is evidently linear (provided it is defined)
and satisfies

Avy = vy, for A e W. (2.8)
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Conversely, A is determined by (2.8) because the kernel functions span Fyy .

On a single subspace A defines an isometric map from Fyy, onto Fy, because the map
Alw, can be extended to an automorphism of By, so any difficulties will appear in the
closure

Fw =Fw, +--+ Fw,.
However, Hartz proved the following impressive automatic closure result:

Theorem 2.3.23 ([41], Corollary 5.8). Let Sy,---,S, C C? be subspaces. Then the alge-
braic sum

.7:51 +"'—|—.7:5k C f(@d)
18 closed.

Theorem 2.3.24. Let V C By and W C By be homogeneous varieties. If there is a linear
map A : C¥ — C% that maps W bijectively onto V, then the map A : Fy — Fy given by
(2.8) :

Avy = vy forxe W

s a bounded linear map of Fyw into Fy .

Proof. Suppose V =V,U---UVy and W = W U---UW)}, are the respective decompositions
into irreducible varieties, and assume that A maps W; to V; for 1 < i < k. Proposition
2.3.19 tells us that A sends span(W;) isometrically onto span(V;).

On each subspace span(W;), since A acts isometrically, it is clear that A from Fopan(w;)
to Fepan(v;) 18 a isometric linear map. It is a straightforward application of the open
mapping theorem that this implies that A is a well defined map on the algebraic sum

Fspan(wy) + -+ + Fepan(wy,) Which by the previous Theorem is all of gy and hence, A is
bounded (cf. [41, Proposition 2.5]).

Finally, since A is a bounded linear map of Fgw) into Fg(vy, restriction to W yields
the desired result. O

Corollary 2.3.25. Let V C By and W C By be homogeneous varieties. Let A : C¥ - e
and B : C? — C¥ be linear maps such that AB|y = idy and BA|w = idy. Then the map
A, vy — van, N € W is invertible, and the map

p:f—foA

is a completely bounded isomorphism from Ay onto Aw, and it is given by conjugation
with A*: o
p(f) = A fATH".
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Proof. By Theorem 2.3.24, A and B are bounded. By checking the products on the kernel
functions, it follows easily that B = A~!. So these maps are linear isomorphisms.

Let f € Ay and A € W. Denote by M/ the operator of multiplication by f on Fy.
Then 5 . 5 o L
AilM;AV)\ = AilM;VA)\ = Ailf ©) A()\)VA)\ = f ¢) A()\)V)\

Thus (AflM}‘fl)* = A*M;(A~1)* is the operator on Fyy given by multiplication by f o
A. O

Thus, by the previous corollary and Corollary 2.2.8 we have the desired characterization
for homogeneous varieties:

Theorem 2.3.26. Let V C B, and W C By be homogeneous varieties. Then Ay is
algebraically isomorphic to Aw if and only if V. and W are biholomorphic.

Remark 2.3.27. Originally in [32], we proved Theorem 2.3.24 under some conditions on
the varieties. In particular, it was true for:

1. Any irreducible variety V' because S(V) is a subspace.
2. V = Vi UV, the union of two irreducible varieties.

3. V=V U--- UV where V; are irreducible and S(V;) N S(V;) = E, a fixed subspace,
for all © # 7.

4. V=V U---UV, where dim S(V;) > d — 1.

5. Any variety in C3.

With our method of proof, it became difficult to see whether we could extend our results to
the general case. Consequently, we were very pleased to see Michael Hartz’s clever paper
which completed the characterization with respect to homogeneous varieties.

Remark 2.3.28. The various lemmas established above only require that A be length

preserving on V. It need not be invertible on span(V) in order to show that the map A

is bounded. However, if A is singular on span(V), then A is not injective because the

homogeneous part of order one, My := span{v} : A\ € Z°(V)} ~ span(V)) and A|y, ~ A.
101/v2

For example, if V' = Ce; U Cey U Cez and A = [0 1 1/\/5}, then one can see that A
00 0

is isometric on V' and maps C? into span{ey, es}, taking V to the union of three lines in
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2-space. The map A is bounded, and satisfies Avy = vay for \ € Z°(V). But for the
reasons mentioned in the previous paragraph, it is not injective.

On the other hand, if A is bounded below by § > 0 on span V', one can argue in each
of the various lemmas that A®:" is bounded below by 6" for n < N and use the original
arguments for upper and lower bounds on the higher degree terms. In this way, one sees
directly that A is an isomorphism.

Although the following example does not disprove Theorem 2.3.24 for arbitrary complex
algebraic varieties, it does illustrate some of the difficulties one must overcome.

Example 2.3.29. In this example we identify C? with R*. Let
V={(w,z,y,2) : w* +2* = y* + 2*}.

Then V is a real algebraic variety in R*, but is not a complex algebraic variety in C?
because it has odd real dimension. Note that

"= U{ (7378) Aecf

Let A= (29), where a > 1 > b > 0 satisfy a® + b*> = 2. Then A is an invertible linear
map that preserves the lengths of vectors in V. Put V' = AV. We will now show that the
densely defined operator given by Avy = vy4, does not extend to a bounded map taking
span{vy : A € VN By} into span{vy : A € V' NBy}. Let o, f > 0, and consider

n

Z(ael +0;8es)" € (C*)™,

j=1
where §; = exp(225). We find

n

Z(ael +0;8e3)" =

i=1

0461 (Qjﬂez)”_k

ok g () (D207 e)" )

0 Jj=1

:IIM

k

= ["ne;y + a"ney,
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because Z?zl exp(%(n —k)j) is equal to 0 for 1 < k <n — 1, and equal to n for k =0
and n. Thus,

I (aer + 8;5e2)"|* = (a*" + 52")n.
j=1
Comparing this norm for (o, 8) = (a,b) and (a, 3) = (1, 1) we find that the densely defined
A is unbounded.

2.4 Examples

In this section, we examine a possible converse to Theorem 2.3.6 in the context of a
number of examples. What we find is that the desired converse is not always true. That is,
suppose that V' and W are varieties in B; and F' and G are holomorphic functions on the
ball satisfying the conclusions of Theorem 2.3.6. We are interested in when this implies
that the algebras My and My, are isomorphic.

2.4.1 Finitely many points in the ball

Let V- ={vy,...,v,} € B,;. Then Ay = My and they are both isomorphic to £;° = C(V).
The characters are evaluations at points of V. If W is another n point set in By, then My,
is isomorphic to My. Also, there are (polynomial) maps f : By — C% and g : By — C¢
which are inverses of one another when restricted to V' and W. And if W is an m point
set, m # n, then obviously My is not isomorphic to My, and there also exists no
biholomorphism. In this simple case we see that My = My, if and only if there exists a
biholomorphism, and this happens if and only if |W| = |V].

Nevertheless, the situation for finite sets is not ideal. Let V and W be finite subsets of
the ball, and let F': W — V be a biholomorphism. It is natural to hope that the norm
of the induced isomorphism can be bounded in terms of the multiplier norm of F. The
following example shows that this is not possible.

Example 2.4.1. Fix n € Nand r € (0,1). Put £ = exp(%) and let

V={0}u{rg’};

=0

and -
W= {0} U {SEN
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The map F(z) = 2z is a biholomorphism of W onto V' that extends to an H* function of
multiplier norm 2. We will show that the norm of the induced isomorphism My — My,
given by f — fo F is at least 2".

Consider the following function in My :
f(0)=0 and f(r&)=r" for1<j<n.

We claim that the multiplier norm of f is 1. By Proposition 2.1.7, || f|| is the minimal
norm of an H* function that interpolates f. The function g(z) = 2™ certainly interpolates
and has norm 1. We will show that it is of minimal norm.

The Pick matrix associated to the problem of interpolating f on V by an H* function
of norm 1 is

1 1 1 e 1]
1_r2n 1_7,.271 1_,,,271,
L 1 e

1 177“2”7 l—r= 177“2”7
1_T2£2£ 17,,,252&2 1—7‘252{"’
1—72" 1—r2n 1—:!’2"
B 1—r2¢ng  1—p2¢ng2 1—r2gngn |

To show that g is the (unique) function of minimal norm that interpolates f, it suffices to
show that this matrix is singular. (We are using well known facts about Pick interpolation.
See Chapter 6 in [2]).

We will show that the lower right principal sub-matrix

Y [1—__] '
1 —r2&igi

ij=1
has the vector (1,...,1)" as an eigenvector with eigenvalue n. Therefore it will follow that
(n,—1,—1,...,—1)" is in the kernel of the Pick matrix. The matrix A is invertible, so the

Pick matrix has rank n.
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Indeed, for any 1,

n

_ 2n
zl—;@ 1) Y3 )

J=1 j=1 k=0
1_,',, E E ngzkgjk
k= 0] 1
1_7, § nr2mn£1mn
1—rn
=T

We used the familiar fact that Z?Zl &% is equal to n for k = 0 (mod n) and equal to 0
otherwise. Therefore || f|| = 1.

Now we will show that fo F' € My has norm 2", where F'(z) = 2z. The function fo F
is given by ‘
foF(0)=0 and foF(5{)=r" forl<j<n.
The unique H* function of minimal norm that interpolates f o F'is h(z) = 2"2". This

follows from precisely the same reasoning as above. Therefore the isomorphism has norm
at least 2.

2.4.2 Blaschke sequences

We will now provide an example of two discrete varieties which are biholomorphic but yield
non-isomorphic algebras.

Example 2.4.2. Let
v, =1—1/n® and wnzl—e_”2 for n > 1.

Set V =A{v,}>2, and W = {w, }>2 ;. Both V and W satisfy the Blaschke condition so they
are analytic varieties in D. Let B(z) be the Blaschke product with simple zeros at points
in W. Define

1

h(z)=1—e>1,

and

_log(1—2)+1 B(2)
9(2) = log(1 — 2) <1 B B(O))’
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Then g,h € H* and they satisfy
hoglw =idy and goh|y =idy.

However, by the corollary in [43, p.204], W is an interpolating sequence and V' is not.
Thus the algebras My and My, cannot be similar by a map sending normalized kernel
functions to normalized kernel functions. The reason is that the normalized kernel functions
corresponding to an interpolating sequence form a Riesz system, while those corresponding
to a non-interpolating sequence do not. In fact, My and My, cannot be isomorphic via
any isomorphism, as we see below.

Theorem 2.4.3. Let V = {v,}5°, C By, with d < oo, be a sequence satisfying the
Blaschke condition > (1 — ||va]]) < 0o. Then My is isomorphic to £>° if and only if V' is
interpolating.

Proof. By definition, V' is interpolating if and only if My is isomorphic to ¢ via the
restriction map. It remains to prove that if V' is not an interpolating sequence, then My,
cannot be isomorphic to £*° via any other isomorphism.

Let V be a non-interpolating sequence, and let W be any interpolating sequence. If
My, is isomorphic to £*°, then it is isomorphic to My,. But by Lemma 2.3.2, this isomor-
phism must be implemented by composition with a holomorphic map, showing that M.,
is isomorphic to £*° via the restriction map. This is a contradiction. O]

Remark 2.4.4. We require the Blaschke condition to insure that V' is a variety of the type
we consider, i.e., a zero set of an ideal of multipliers (see [5, Theorem 1.11]). Any discrete
variety in D satisfies this condition.

2.4.3 Curves

Let V' be a variety in B,. If My is isomorphic to H>°(D), then by Theorem 2.3.6 we know
that V' must be biholomorphic to the disc. To study the converse implication, we shall
start with a disc biholomorphically embedded in a ball and try to establish a relationship
between the associated algebras My and its reproducing kernel Hilbert space Fy and
H* (D) and H*(D).

Suppose that & is a holomorphic map from the disc D into B, such that h(ID) =V, and
that there exists a holomorphic map ¢ : By — C such that g|y, = A~

The following result shows that in many cases, the desired isomorphism exists [3]. See
[4, §2.3.6] for a strengthening to planar domains, and a technical correction.
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Theorem 2.4.5 (Alpay-Putinar-Vinnikov). Suppose that h is an injective holomorphic
function of D onto V C By such that

1. h extends to a C? function on D,
2. [|h(2)|| = 1 if and only if |z| = 1,
3. (h(z), W (2)) # 0 when |z| = 1.

Then My, is isomorphic to H*™.

Condition (3) should be seen as saying that V' meets the boundary of the ball non-
tangentially. We do not know whether such a condition is necessary.

The authors of [3] were concerned with extending multipliers on V' to multipliers on
the ball. This extension follows from Proposition 2.1.7.

By the results of Section 2.2, there is no loss of generality in assuming that h(0) = 0,
and we do so. Define a kernel k£ on D by

k(z,w) = k(h(z2), h(w)) = . (h(zl) ha))

Let H be the RKHS determined by k. Write k,, for the function k(-,w).

The following routine lemma shows that we can consider this new kernel on the disc
instead of V.

Lemma 2.4.6. The map k, — En.y extends to a unitary map U of H onto Fy. Hence, the
multiplier algebra Mult(H) is unitarily equivalent to My, . This equivalence is implemented
by composition with h:

U*MfU = Mfoh fOTf S Mv.

Proof. A simple computation shows that
1. 2 CZ'F
H ;Cikzi = Z 1 — <h<Zl>J, h(g])) = H ; C’ikh(zi)

.3
So we get a unitary U : H — Fy,. As in the proof of Proposition 2.2.2; for all f € My we
have U*MfU = Mfoh- ]

2
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Our goal in this section is to study conditions on h which yield a natural isomorphism
of the RKHSs H and H*(ID). The first result is that the Szego kernel k. dominates the
kernel k..

Lemma 2.4.7. Suppose that h is a holomorphic map of D into By. Then for any finite
subset {z1,...,2z,} C D,

[1 - <h<;>,h<zz«>>} : L —22}

Proof. Observe that h(z)/z maps D into B; by Schwarz’s Lemma [62, Theorem 8.1.2].
Thus by the matrix version of the Nevanlinna-Pick Theorem for the unit disk, we obtain
that

o< [Lelfmte/) L], 1o aki) )

1-— ZjZ_Z‘ ZjZ_Z' 1— ZjZ_i
1

Here o represents the Schur product. But [ﬁ} and its Schur inverse [zjz_z] are positive.
J 1

Therefore the second matrix on the right is positive. This can be rewritten as

[ ] }S {1—<h(zj)>h(%)>}

where [1] represents an n X n matrix of all 1’s. Now

[1 - <h(;),h(zi)>] = [<kk:>] > 0.

So the Schur multiplication by this operator to the previous inequality yields

1 1
< . O
{1 — (h(%), h(zz‘)>1 - {1 - ij_z}
We obtain the well-known consequence that there is a contractive map of H? into H.

Proposition 2.4.8. The linear map R, defined by Rk, = k, for z € D, from spani{k, : z €
D} to spani{k, : 2 € D} extends to a contractive map from H? into H.
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Proof. This follows from an application of Lemma 2.4.7. Given a; € C, let a = (ay,...,a,)".
Observe that

n

=1 =1

i,j=1

- <[ ]};Z”];;Zj }a,a> < <[ k. k) }a,a>
= Zaza] (ksy, b)) = uZm ”

1,j=1

Hence R is contractive, and extends to H? by continuity. O

Example 2.4.9. Let h : D — B, be given by
h(z) = (a2, a2, .. ag2"),

where a; # 0 and Y0 |a|?> = 1. Let V = k(D). Then My is similar to H>*(D), and
My = H>®(V). Moreover, Ay is similar to A(ID). This follows from Theorem 2.4.5, but
we will provide a direct argument.

First observe that for p > N = max{n; : 1 <[ < d}, we have

(h(z), h(w)) — 2PwP _ Z @ |2< 2 — zpwp)

1—zw 1—zw
1 — ZP—muggP—mu
=3l ( -
1 —z2w
=1
Therefore if 21, ..., 2, are distinct points in D, the k£ x k& matrix

<h(2’1) h(z] 2| n 1_Zf—n12§7—m
e (MRS Sl [SE

is positive definite because the second matrix on the right is positive by Pick’s condition,
and the Schur product of positive matrices is positive.

Since the first coordinate of h is injective, we see that h is injective. Moreover,

1Ry < llag 21l = Jas| ™ = C.
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Since the kernel for Fy is a complete NP kernel, applying this to (h™1)2"" yields the

positivity of the matrices
C2n 2n 12271 1
J
{1 — (h(z ‘) h(zj)>1

Since 22" has norm one, the Pick condition shows that

1 . Z2n 12271 1
L

1— ZZ'ZJ‘

Thus we obtain positive matrices

o 02 2 72 1_22 —]2

1 — 2z
|:C2n (0271 1)Z12n 7271, 1 + ZQn 2n:|

J

(1= {h(= )ﬁ(%)))( — %i%j)

Choose M so that 2 > N. We form a telescoping sum of positive multiples of the
H,’s:

2M

M B (D—l)—DZifj‘FZ?MZj .
0= nzlb"H" - {(1 — (A=), h(z))(1 ~ zi%J -

where by = 1, b, = [[4L,,,(C* +1) for 1 <n < M and D =[]}, (C* +1). Thus

[1—m¢3ﬁ@ﬂﬂ-L-2%}=:F?E3&éﬁf83§ﬁfié?ﬂ

:H+@Moh%m5m@m]zg

This inequality shows that the two kernels k, and k, are comparable. The argument
of Proposition 2.4.8 shows that ||[R~!|| < D. In particular, R yields an isomorphism of the
two RKHSs H? and H. This yields the desired isomorphism of H* and My, .

This isomorphism is not isometric. Indeed, if it were, then we would have ||h ™|y, =
||z||oc = 1. This would imply that

1-— Z,L'Ej

1= (h(zi), h(z)) ]
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Thus arguing as in Lemma 2.4.7, we obtain

[1 _ij—i] : L )

But then the map R would be unitary, and the algebras would be completely isometric.
So by Lemma 2.2.4, the map h would map onto an affine disk—which it does not do. [

Remark 2.4.10. Kerr, McCarthy and Shalit in [48] have recently extended Theorem
2.4.5. They proved that when V' is a finite Riemann surface that is sufficiently nice with a
biholomorphic map h : V' — W that extends to be C?, one-to-one and transversal on OV,
then My, and My, are isomorphic.

2.4.4 A class of examples in B,

We will now exhibit biholomorphisms of D into B, some of which yield an isomorphism
and some which do not.

Let {b,}°2, be a sequence of complex numbers with > |b,]> = 1 and b; # 0. Let
h:D — B, be given by
h(Z) = (blz, b222, b323, .. )
Note that A is analytic (because it is given by a power series in the disc), with the analytic
inverse:

9(z1, 29, 23,...) = 21/b1.

The set V' = h(D) is the variety in B., determined by the equations

b
2 = izf for k > 2.

As above let .

hE ) = TG )

and let H be the RKHS determined by k. By Lemma 2.4.6, H is equivalent to Fy. The
special form of h allows us to write

1 (N 2 i "o Oo& Jn
1—<h(z),h(w)>‘;(;’bi“ ) =2 anlm)"
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By a basic result in RKHSs, k(z,w) = Y en(2)en(w) where {e,} is an orthonormal basis
for k (see Proposition 2.18 of [2]). Hence H is the space of holomorphic functions on D
with orthonormal basis {/a,z"}%.

The map R defined in Proposition 2.4.8 is a contraction. Observe that R* : H — H? is
given by composition with the identity mapping because

(R*f)(2) = (R [, k) = ([, Rk.) = (f, k=) = [(2).

It is easy to see that the issue is whether R is bounded below. Since ||2"|z2z = 1 and
|2™"|# = 1/\/an, we get:

Proposition 2.4.11. ‘H is equivalent to H* via R if and only if there are constants 0 <
c<C sothat c < a, <C forn>0.

The coefficients a,, are determined by the sequence {|b,|}52,, and can be found recur-
sively by the formulae

apg=1 and a, = |bi|*an_1+ ...+ |ba|?ag forn >1. (2.9)

The logic behind this recursion is that the term a, (2w)™ gets contributions from the sum

n n n n

i (Z |bi|2zi@i)>k B (Z |bi|22i@i)> Z (Z |bi|22iwi)>k_1

k=1 =1 i=1 k=1 =1

Every |b;|?z'w" from the factor Y 7 | |b;|*2"w" needs to be matched with the (2w)"~* term
from the factor Y p_, (30, |bi|*2w")*~!, which has coefficient precisely a,_;. It follows
by induction from equation (2.9) that a, < 1. This provides an alternative proof of
Proposition 2.4.8 in this special case.

We will now construct a sequence {b,}>°, that makes liminfa, > 0, and another
sequence that makes liminf a,, = 0. By Proposition 2.4.11, this will show that there are
choices of {b,}°, for which H and H? are naturally isomorphic, and there are choices for
which they are not.

Example 2.4.12. Define b, = (1/2)"/2 for n > 1. It follows from the recursion relation
(2.9) that a,, = 1/2 for n > 1. Thus R* is bounded below, showing that H and H? are
naturally isomorphic.
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Example 2.4.13. We will choose a rapidly increasing sequence {n;}22; with n; =1 and
define the sequence {b,}52, by

_— (1/2)F2  if m = ny
00 otherwise .

The sequence {n}72; will be defined recursively so that a,, 1 < 1/k.

We begin with n; = 1 and ag = 1. Suppose that we have already chosen ny, ..., ng. This
means that we have already determined the sequence by, ..., by, , but the tail b,, 11, by, 42, . - .
is yet to be determined. We compute

ng k k
o= b= 1/2=r<1.
m=1 j=1 j=1
Thus, if by, 41 = b2 = ... = bn+1)n, = 0, then it follows from (2.9) that a(yi1yn, < r

(recall that a,, < 1 for all n). Therefore we may choose N so large that a(y11y,, < (k+1)7%,
and we set ng1 = (N + 1)ng + 1.

Our construction yields a sequence {b,}%, so that liminf a,, = 0. Thus the kernel for
the analytic disk V' so defined is not similar to H?.

We do not know whether My, is isomorphic to H* or not. We suspect that it isn’t.

Example 2.4.14. It should be noted that there are many reproducing kernel Hilbert
spaces on the disk whose multiplier algebras are non-isomorphic to H*°. One such example
is Dirichlet space, denoted D, consisting of all holomorphic functions on the disk with
derivative in the Bergman space. The canonical norm is given by

[e.9]

IF15 = _(n+ 1) f(n)P,

n=0

where f(n) denotes the n Taylor coefficient of f at 0.

Dirichlet space has the complete Pick property and so is there is an embedding function
b: D — B> such that D can be identified with H2 restricted to the range of b [2, Theorem
7.33]. In fact, [2, Example 8.8] gives a precise formula for this embedding

b(2) = (bnz")5Z
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where the b, > 0 come from the equation

> 1
bQ et =1 —
Z s kp(z, w)

1 wz
=1- == — =1+ —
Yo on+ 1) tanen In(1 — wz)
Hence, by letting w and z approach 1 we see that > °° b2 = 1 and so this map b is
an example of our construction, with credit to Michael Hartz for noticing this. However,

Mult(D) is not isomorphic to H* [65].

Remark 2.4.15. Suppose that there is some N such that b, = 0 for all n > N. Then the
mapping h : D — B, given by

h(z) = (biz,boz? b2, .. )

can be considered as a mapping into By. Equation (2.9) implies that for n > N, a, will
always remain between the minimum and the maximum of ag, aq,...,ay. Therefore, the
conditions of Proposition 2.4.11 are fulfilled, and H is equivalent to H? via R. This is an
alternate argument to obtain Example 2.4.9.

2.4.5 Quotients of A(D)

Let V = {2, : n > 1} be a Blaschke sequence in the disk. Write By for the Blaschke product
with simple zeros at the points in V. Observe that Jiy = By H*® and Iy, = Jy N A(D). By
Lemma 2.1.4 and Proposition 2.1.11, if the measure |S(V)| of S(V) =V N T is zero, then
Ay = AD)ly = AD)/Iy.

The interpolating sequences play a special role.

Theorem 2.4.16. Let S(V) =V NT.

1. If |S(V)| > 0 then Iy = {0}.

2. IfV is interpolating and |S(V)| = 0, then Ay is isomorphic to C(V) by the restriction
map.

8. If Ay is isomorphic to C(V) wvia the restriction map, then V is an interpolating
sequence.
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Proof. (1) If |S(V)| > 0, then any f € Iy must vanish on S(V'), and hence is 0.
(2) The map taking f € A(D) to f|y is clearly a contractive homomorphism of A(D)

into C(V) with kernel Iy,. So it factors through Ay, and induces an injection of Ay, into
C(V). It suffices to show that this map is surjective, for the result then follows from the

open mapping theorem.

Fix h € C(V'). By Rudin’s Theorem (see [43, p.81]), there is a function f € A(D) such
that f|so) = h|s(v). By replacing h with h— f, we may suppose that h|gn) = 0. Hence h|y
is a function that lim, . h(z,) = 0. Now it suffices to show that if h(z,) = 0 for alln > N,
then there is a function f € A(D) with f|y = hly and || f|| < C||h||» for a constant C'
which is independent of N. Surjectivity will follow from a routine approximation argument.
Let ¢ be the interpolation constant for V.

Fix N. Take h € C(V) with h(z,) =0 for all n > N and ||h||« < 1. By a theorem of
Fatou [43, p.81], there is an analytic function g on D such that Reg > 0 and e € A(D)
vanishes precisely on S(V). There is an integer m > 0 so that |e=9/™(z,)| > .5 for
1<n<N.Set Viy ={z,:n> N}. Since V is interpolating,

min{|By, (z,)] : 1 <n < N} > 1/c.

We will look for a function f of the form f = By, e~9/™f;. By the arguments for Rudin’s
theorem, this will lie in A(D). Clearly it vanishes on Vy U S(V'), and we require

h(zn) = f(zn) = BVN(Zn)e_g/m(Zn)fO(zn)‘
So we need to find fy € A(D) with || fy]| < C and
fo(zn) = an := h(2,)e?*)/™ By (2,) for 1 <n < N.

The estimates made show that |a,| < 2¢. The interpolation constant for {z, : 1 <n < N}
is at most ¢, and since this is a finite set, we can interpolate using functions in A (D) which
are arbitrarily close to the optimal norm. Thus we can find an fy with || fo]| < 3¢?. Hence
we obtain f with the same norm bound.

(3) If Ay is isomorphic to C(V') via the restriction map, then by the open mapping
theorem, there is a constant ¢ so that for any h € C(V), there is an f € A(D) with
flv = h|y and || f|| < ¢||h||. In particular, for any bounded sequence (a,) and N > 1, there

is an fy € A(D) such that || fx] < ¢||(a,)|l and

a, ifl1<n<N
fN(Z")_{o fn>N
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Take a weak-* cluster point f of this sequence in H*°. Then ||f|| < ¢ and f interpolates
the sequence (a,) on V. So V' is interpolating. O

We can now strengthen Example 2.4.2, showing that there are discrete varieties giv-
ing rise to non-isomorphic algebras which are biholomorphic with a biholomorphism that
extends continuously to the boundary.

Example 2.4.17. We will show that there is a Blaschke sequence V' which is not inter-
polating and an interpolating sequence W and functions f and ¢ in A(D) so that f|y is a
bijection of V onto W and g|w is its inverse. Take

V={z=1-n2:n>1}and W={w, :=1—n"2" :n>1}.
Then W is an interpolating sequence, and V' is not. Let
f(z) =1+ (z— 1)1,

Then since 1/(z — 1) takes D conformally onto {z : Rez < —1/2}, it is easy to see that
e!/(==1) is bounded and continuous on D\ {1}. Hence f is continuous, so lies in A(D).
Clearly, f(z,) =1—n"2e"" =w, for n > 1. The inverse of f|y is the map h(w,) = 2.
Since

215, hlwn) = Jirg 2 =1,
this extends to be a continuous function on W = W U {1}. By Theorem 2.4.16, there is a
function g € A(D) such that g|lw = h.

Remark 2.4.18. Let V = {v,} and W = {w,} be two interpolating sequences in D with
limv, = limw, = 1. Then the algebras Ay and Ay are both isomorphic to ¢, the space
of convergent sequences. As in our counterexamples using Blaschke products, we can find
biholomorphisms carrying one sequence onto the other. However there is no reason for the
rates at which they approach the boundary to be comparable.

We now give a strengthening of Theorem 2.4.16.
Theorem 2.4.19. Let V = {v,}>2, be a Blaschke sequence in D, such that |S(V)| = 0.

Then Ay is isomorphic to C(V) if and only if V is interpolating.

Proof. Theorem 2.4.16 says that Ay is isomorphic to C(V) via the restriction map if and
only if V' is interpolating. All that remains to prove is that if V' is not an interpolating

sequence, then it cannot be isomorphic via any other isomorphism.
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Suppose that V' is a non-interpolating sequence and define w,, = (1—e~")v,/|v,|. Then
W = {w,} is an interpolating sequence with S(W) = S(V), and V is homeomorphic to W
via the map that continuously extends v,, — (1—e ")v,/|v,|. Therefore, Ay is isomorphic
to C(V) via the restriction map. Now assume that Ay is isomorphic to C(V) by any
isomorphism. Then it is isomorphic to Ay,. But by Corollary 2.2.8, this isomorphism is

given by composition with a holomorphic map. Therefore Ay is isomorphic to C(V') via
the restriction map—a contradiction. O

Remark 2.4.20. In [32], now improved by [41], we saw that in the case of homogeneous
varieties V and W, the algebras Ay and Ay are isomorphic if and only if the algebras My,
and My, are isomorphic. The above discussion shows that this is not true in general. If V
and W are two interpolating sequences in D, then My and My, are both isomorphic to
£, whereas the isomorphism classes of Ay and Ay depend on the structure of the limit
sets.
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Chapter 3

Triangular UHF algebras

3.1 Definitions and Notation

A C*-algebra is called uniformly hyperfinite (UHF) (or a Glimm algebra) if it is the closed
union of a chain of unital subalgebras each isomorphic to a full matrix algebra. In other
words, suppose we have integers k,,n € N such that k,|k,,, for all n, and unital C*-
algebra embeddings ¢, : My, — My, ,. Then A, = {J, M, is a UHF algebra. Such
a sequence of integers k,|k,+1 (and setting kg = 1) defines a formal product §(,) =
[0 kzzl =1, prime p°, where 8, € NU {oo}, called a supernatural number or generalized
integer. 0(2,) can also be thought of as the least common multiple of the set {ki, ko, - - }.
A famous theorem of Glimm’s [38] states that two UHF algebras are isomorphic if and only
if they have the same generalized integers. In particular, the choice of unital embeddings
does not make a difference. See [24, 57] for more on UHF algebras and approximately
finite-dimensional (AF) C*-algebras, where such algebras are defined to be closed unions

of a chain of finite dimensional subalgebras.

Let 7; be the upper triangular matrices of M. We have the following definition:

Definition 3.1.1. Consider a UHF algebra A, = J,, My, where @, : My, — My, ., are

unital *-embeddings and assume that ¢, (Ty,) C Tx,.,. Then T, = |, Ty, is called a
triangular UHF (TUHF) algebra.

In contrast to Glimm’s theorem we must take note of the embeddings as different
embeddings lead to non-isomorphic algebras [57]. Hence, in the above definition ¢ =
{¢1, 2, -+ } is the collection of embeddings. Two of the simplest embeddings are:
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Definition 3.1.2. The standard embedding of Ty, into Ty when k|k' is
A
A
AE%'—)[k//k@)A: . S
A
Definition 3.1.3. The nest or refinement embedding of Ty, into Ty, when k| is

or in other words

ay; - . a1k all'-[k’/k e a’lk'Ik//k
. . H .
0 - 0 aw 0Ty o 0Ty agr - L

As was mentioned in Section 2, an important object for the study of non-selfadjoint
operator algebras is the C*-envelope [12, 34, 40, 45]. It is immediate in this case that the
C*-envelope, C¥(7,), is equal to C*(7,) = 2, because all UHF algebras are simple.

Distinct from the theory of UHF algebras is that there is a partial order on Proj(7,)
which is not the subprojection partial order.

Definition 3.1.4. If p,q € T are projections then we say p =< q if there is a partial
isometry v € T such that vvo* = p and v = q.

We will use ef" to denote e;; € 7}, , the minimal projections at each level, and similarly
efg to denote e; ; € Ty, . From the previous definition we have e/ < ef" and e?” £ el for
1< 7.

A subalgebra T of a UHF algebra is triangular if 7 N7T* is abelian. In the terminology
of [57] our TUHF algebras are mazimal triangular in that there is no other triangular
algebra sitting strictly between 7, and A,. Observe that ¢, (74, N 7)) C T,., N Ty,
that is, the diagonal is mapped to the diagonal. So there is a mazimal abelian self-adjoint
subalgebra (masa) C, C 7T, defined as

Co = T,nT; = T nT: ~ |JCw = [T
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Hence, C,, is an AF C*-algebra and C, ~ C'(X) where the Gelfand space is a generalized
Cantor set:
M((Jga):X:H[ }
n>1

with kg = 1 to make the formula work and where [k] = {0,1,--- &k — 1}. We will often
refer to C,, as the diagonal of 7.

kn
kn—l

Define the normalizer of C,, in 7y, as
Ne, (Tr,) = {v € Ty, partial isometry : vC,v* C C,,v"Chv C Cy}.

It is not hard to see that any element of N¢, (7,) is the multiplication of a diagonal
unitary by a partial permutation matrix, that is, where there is at most one 1 in each
row and column. We say that an embedding ¢ : 7, — Ty, is reqular if ¢(Ne¢, (7)) C
Ne¢, . (Zk,,,).- Note that the standard and nest embeddings are regular embeddings. We
will say 7, is a regular TUHF if it has regular embeddings. In the same way, define the
normalizer of C, in 7,:

N¢,(1,) = {v € T, partial isometry : vC,v" C Cy,v"Cypv C Cy}.

The following lemma by Power gives a decomposition of any element in the normalizer
into a product of a unitary and a partial permuation matrix. Note that U(C,) denotes the
unitary group of Cl,.

Lemma 3.1.5 ([57], Lemma 5.5). Let 7, be a reqular TUHF algebra. Then v € N¢,(7,)
if and only if v = dw where w € N¢, (7, ), for some n, and d € U(C,), a diagonal
unitary. Moreover, w can be chosen to be a partial permutation matriz which makes the
decomposition unique.

Finally, when we have a regular TUHF algebra for each point x € X there is a unique
sequence of projections
efll > ef; > ef; >

where now we refer to the subprojection partial order, with m(ef:) = 1for alln > 1. Define
a partial order on X by letting the following be equivalent for z = (,)n>1,¥ = (Yn)n>1 €

an1 [h—’il} = X which have sequences of projections e;" and e}" respectively:
1) = <y,
k k
2) I n such that e < e?: and e, = ef:jnej"/'(ef:jn)* for all n’ > n.
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Note this is a partial order. Let Ef]" be all such pairs (z,y) € X x X that depend on
© =1n,J = Jp and n in the above definition.

Definition 3.1.6. The topological binary relation of 7, relative to C, is
R(T,) = | J{Ef s efn € T,,n > 1},
equipped with the topology defined by basic clopen sets

{reX ae) =1}, n>1,1<i<k,.

3.2 Isometric automorphisms

Let 7, be a regular TUHF algebra and Aut(7,) denote the isometric automorphism group.
Such an automorphism will preserve the masa, the partial order on projections and the
normalizer.

Theorem 3.2.1 ( [57], Theorem 7.5 ). Let C, C 7, C U, and Cy, C T, C Ay be the
algebras defined for two sequences of reqular embeddings ¢ and 1. Then the following are
equivalent:

1. There is an isometric isomorphism 0 : T, — T, with §(C,) = Cy.

2. The topological binary relations R(7,) and R(7Ty) are isomorphic as topological rela-
tions.

3. There is a x-isomorphism 0 : A, — Ay, with O(T,) = T,, and 6(C,,) = Cy.

Furthermore, by [24, Corollary IV.5.8] all automorphisms of 2, are approximately
inner, i.e. the pointwise limit of inner automorphisms. Hence, by the previous theorem
the automorphisms in Aut(7,) are just restrictions of approximately inner automorphisms.
Consider now, that the only unitaries in 7, live in the masa, that is U(7,) = U(C,). Since
we refer to C, as the diagonal of 7, this leads us to the following definition:

Definition 3.2.2. An approzimately inner (or just inner) automorphism of T, is called an
approximately diagonal automorphism. We denote this group by Inn(7,). More specifically,
v € Inn(7,) if there exists U, € U(C,) such that

lim U, AU, =~(A), VAeT,.

n—oo
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Now because U(C,,) is commutative we immediately get that Inn(7,) is commutative
as well.

Define as well the outer automorphism group:
Out(T,) = Aut(7,)/En(T,).
Lemma 3.2.3. Let 0 € Aut(T,,) for a reqular T,. Then there exists v € Inn(7,) such that

v 0 0(Un>17k,) = Up>17k, -

Proof. Let ny > 1 be big enough such that 6(proj(7y,)) C proj(7y,, ) and using Lemma
3.1.5, G(eﬁﬂ) = d;w; € N¢,(7,) with d; € U(C,,) and w; € Ng, (T, ), a partial permu-
tation matrix, for 1 < i < ky.

Set u; = I € C, and uy € U(C,) such that uy = widjw;. Now, recursively define
Uu; € U(Cap) by

U; = U):le;llui_lwi_l, for 2 <73 < k‘l.
Set Uy = S°, 0(e)u; € U(C,) and notice that

Ur(eii ) Un = wib(eftyJui = uf (dwi)ugy = w; € Ty,

Thus, Uy0(7y, ) U, C Ty, -

In the same way there exists ny > ny and Uy € U(C,) such that ﬁ;@(Tkm)Ug CT,,.
Since the following are both regular embeddings they must differ by a unitary V' in 7, :

V*U30(pk,,~1 0+ 0 01(T, ) ) U2V = g, 10+ 0 o, (UrO(Ti, ) UL).

Thus, define Uy = UQV. Repeating this we recursively get n,,4+1 > n, and Uy,y1 € U(C)
such that Uy, 10(7,, )Um+s1 C Ty, With Uy U oz, ) = 1.

n+1

Therefore, the sequence U, defines an approximately inner automorphism ~ € m(’];,)
and y00(Up>17y,) = Up>17y, . Furthermore, for every n > 1, 700\7,% is a regular embedding
into some 7, ,. O

Proposition 3.2.4. Let § € Aut(7,) for a regular T, and 6(p) = p, for all p € Proj(7,).
Then 0 is an approximately diagonal automorphism.
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Proof. By the previous Lemma there exists v € m(%) such that 6 := 7 o 0 preserves
the unclosed union and from the end of the proof we may assume that 6|7, is a regular
embedding into 7y ,.

Hence, for 1 <i< j <k, and \; € T,

//kn
Pr/—1 07000 SO” § : )\lelldz
and so
k‘n//k‘n //k’n
kn’ N k‘n/ k‘ N ki — n( . kn
Z €, e(eiz,ﬂ) J 9( Z Zl:jl) - 9(‘%) € ,];fn’
=1 =1

because é(p) = p for all projections p. However, §|Tkn is a regular embedding so there is
no other option than to have é(ef”’- )= mef”} where p; € U(Cpr) where |7, . C Ty, and

SO é(ef’;) differs from @,_y 0 --- 0 @, (ef ") by a unitary conjugation.
Therefore, § = Inn(7,) and so . O

Corollary 3.2.5. Let 71, have reqular embeddings. Then 71, is isomorphic to a TUHF
algebra where the embeddings are not only regular but map partial permutation martrices
to partial permutation matrices.

Proof. Define v, : Ty, — Ty,.., by mapping ¥,,(ef") = ¢, (ef") and defining

n+1 n+1

+1 +1
E ezl"jl, where ¢, (e E )\lell"]l

because ¢,, was regular. The topological binary relations of 7, and 7, are the same and
thus the algebras are isometrically isomorphic by Theorem 3.2.1. ]

Theorem 3.2.6. For a reqular T, we have Aut(7,) ~ Inn(7,) x Out(7,).

Proof. By the Corollary above assume that the embeddings have this stronger form. Propo-
sition 3.2.4 tells us that each coset of Out(7,) maps the projections of 7, in a unique way.
Then the end of the proof of Lemma 3.2.3 tells us that one can choose a representative
of the coset uniquely, specifically by choosing the automorphism that acts as a regular
embedding at each finite level sending partial permutation matrices to partial permutation
matrices. We denote the collection of these representatives as O C Aut(7,). Composition
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of regular embeddings gives a regular embedding so it is immediate that if 6,0 € O then
Bof e O. Finally, 0~ must send partial permutation matrices to partial permutation
matrices because § € O. But then 67'|7, must be a regular embedding and so 67! € O
as well. Therefore, O is a group and is isomorphic to Out(7,,).

Furthermore, for § € O and « € Inn(7,,) we have that for any p € proj(7,)

0~ oyof(p) =07"(0(p)) =p

because approximately diagonal automorphisms preserve projections. By Proposition 3.2.4
this implies that 7' oy 0 § € Inn(7,), which gives an action of Out(7,) on Inn(7,).
Therefore the result follows. O

A set of totally ordered projections e; < --- < e, € 7, when embedded into 7,,, becomes
a partition AjU---UA, of {1,--- ,m} where |A;| = |Ay| = m/n and A; < A;;; in the sense
that the jth smallest element of A; is smaller than the jth smallest element of A;,;. We
will call A an ordered partition.

Suppose we have two such ordered partitions A = UA; and B = UB; then we say A < B
if for some 1 < j <m, j’ € A; if and only if j' € B; forall 1 < j' < jand j € A;,j € By
with ¢ < i’. In other words, the element where they differ occurs in an earlier set. Hence,
this is a total order on ordered partitions of the same set.

Lemma 3.2.7. Let A = U,_A; and B = U._, B; be ordered partitions of {1,--- ,m} and
suppose that ¢ : Ty, — Ty s a unital embedding. If A <X B then p(A) < ¢(B).

Proof. Let 7 € A;,j € By,i < i’ be the first element that differs in the two partitions.
Consider the first elementary projection of ¢(e;) € T,, say e;; < ¢(e;) then j; € p(A;)
and j; € ¢(By). Now let j/ < j;. Then ej =< e; which implies that e;; < p(ejr) with
j"” < j but then j” € A; if and only if j” € B; and so 7' € ¢(A;) if and only if j' € p(B;).
Therefore, p(A) =< p(B). O

Consider two embeddings ¢, : 7, — 7. We say that ¢ < ¢ if and only if p({1} U
- U{k}) 2 Y({1} U---U{k}). By the previous proposition if ¢’ : 7y — 7y is another
embedding then ¢ < 1 implies that ¢'op < ¢’ 0. Note that if ¢ < 1) and ¥ < ¢ then they
agree on projections and furthermore, that two such embeddings are always comparable in
this way.

Proposition 3.2.8. For 7, reqular Out(7,) is torsion free.
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Proof. Let 6 € Aut(7,) such that it preserves the unclosed union and 6™ = id for some
m > 1. For any choice of ny > 1 there exist n,,,1 > -+ > ny > ny such that

9(’]}%) C ’Z}Cniﬂ, for 1<¢<m.

For ease of notation let k; := k,,, v; == ¢,, and 0; := 9’% This gives us the following
identities:
PYmo---0p; =0po0---06; and 0,11 0p; = ;11 00;.

If p; < 0y then by the previous lemma

Pm O 0P X Ppo-r0p30pyol)
= Yno---0p300y0p
< @npo---opz0lbyob,
= Qmo--ropgolzobyop
< ..
j <Pm0"'090i09i—10"'091
— SOmO"'OSDi+109i"'0920901
<
= @poby_0---00;
= Opo---0by0¢;
< Opo---ob,
=  Pno---0y.

Hence, all of the inequalities are equalities which gives us that ¢; = 61 on proj(7,). The
same holds true if we assume 6; < ¢, and thus, 8(p) = p for all projections p € 7, and by
Proposition 3.2.4 6 € Inn(7,). Therefore, Out(7,) is torsion free. O

3.3 The alternating embedding

Definition 3.3.1. We say that ¢ is an alternating embedding if &k, = s,t,,n > 1 with
Sn|Sni1 and t,|t,y1 and
SOTL(A) = ]5n+1/5n ® A ® ‘[tn+1/tn'

This is called alternating because ¢, is a standard embedding of size s,1/s, followed
by a nest embedding of size t,.1/t,, though the order does not matter as tensoring is
associative. To each such embedding associate a pair of supernatural numbers (s, t,)
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where s, = an1 S’SL—:I and t, = anl t*;zl, the supernatural numbers of the standard and

nest embeddings treated separately.
For these algebras there is a version of Glimm’s theorem, that an alternating TUHF is
characterized by a pair of supernatural numbers up to finite rearranging:

Proposition 3.3.2 ([57], Theorem 9.6). Let 7, and Ty have alternating embeddings. Then
1, is isometrically isomorphic to Ty if and only if there exists r € Q such that s, =1 - sy
and t, =171 - ty.

Proposition 3.3.3. Let 7, have an alternating embedding. To every prime p that in-
finitely divides both s, and t, there is a non-diagonal automorphism of T, called a shift
automorphism and denoted 0,.

Proof. Without loss of generality, by dropping to a subsequence of the k,, we may assume
that p[=* and p|% Define a map 0, : U,>1 Tk, — Ups1 Tr bY

AG%RI—)QP(A>:]P%+1 ®A®Itn7+1 Gg;c

ptn

n+1"°

First off, 0, is well-defined:

Op(pn(A)) = Trrnsz @ (T ® A Loy ) @ Ly

Sp+1 Plp41
= Toner ® (I“"H ®AR [tnﬂ) ® Itnsz = Pni1(0(A)).
Sn+41 sn ptn tp4+1

Note that 9p(e§k”)) # gon(egk")) and so if this extends to an automorphism it will not be
approximately diagonal. Second, 0 1is defined in the most obvious way:

9_1(9p(A)) =1sni2 ® <Ip5n+1 RAR® [th) & Iptyyo

p PSn+1 ptn tn41
= lsnis @ AR Itnys = Pni1(pn(A)).

Similarly, 6,(6,"(A)) = ¢nt1(pn(A)) as well. Hence, 6, is an isometric automorphism on
the unclosed union and so extends to be an isometric automorphism of 7. O]

Let pi,--- ,pm be distinct primes that infinitely divide s, and ¢, and 0y, -+ ,0,, € N.
For u = [, p)" define 6, € Aut(7,) to be

9“‘ - epl © © epm.
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Note that the order of the p; does not matter as all of these automorphisms commute.

We shift focus now back to ordered partitions. Before proving the main theorem of the
section we first need two definitions and two technical lemmas.

Recall that P = U;_, P, is an ordered partition if |P| = -+ = |P,| = m and P, <
P, < ... < P,. This ordering can also be given by letting P; = {p1,--+ ,pm.} with
Pii < P2 < -+ < Pmy; and then P, < P; gives pi; < pi,; for every 1 <k < m.

We will call P = U,_, P an ordered subpartition if |P| > |Pa| > ---|P,| and P; < P,
for 1 <i < j < n, meaning that p;; < p;; for all 1 <1 < |P;|.

Lemma 3.3.4. Let P=U_ P, = {1,--- ,m} be an ordered partition. Then for 1 <m’ <
m we have that
Po{l,-- m}y=U_(Pn{l,--- ,m'})

15 an ordered subpartition.

Proof. 1If P; < P; then the kth smallest element of P; precedes the kth smallest element
of P;. Hence, if the latter is in {1,---,m’} then the former will be as well, and so,
Pn{l,--- ,m'}<Pn{l--- ,m}. O

A subset R is called a run if whenever i < j < k and i,k € R then j € R. If R and S
are runs we say that R< Sifr <sforallre Rand s € S.

Lemma 3.3.5. Let Ry < Ry < -+- < R, be runs in {1,--- ,r} and S; < --- < S, < Spi1
be runs in {1, -+, s} with |Sy| = --- =|S,| > 1. If 0 is a unital embedding of T, into T
such that O(R) = S as sets and O(R;) D S; then |Ry| < --- < |R,|.

Proof. Let R; = {r{,---,rl, } for 1 <4 < n. Because § is a unital embedding we know
that it takes the indices

n

Py < < <<y <<

to the ordered partition

O(ry) < 0(ry) <--- < 0(r,,

— 1

) < 06) < - <00 ).

— mn

In particular, they all have the same size, |6(r})| = s/r. By the previous lemma this order
is maintained when considering only the first part of S, leading to the ordered subpartition

O(r)) N (S1U---US,) < <O )N (S1U---US,).
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Since §(R;) D S; the ordered subpartition becomes

O(r))NS1 <+ <O(ry )NS; <O(r}) NSy <--- <Ol )N S,

n

This implies that
0(r)) OV S1| = > [0(r,,) NV S1| 2 10(r]) N S = -+ = 10(ry,) N Sal.

However, if i < 4’

m; m;r

S 1601 N Si| = 1Si] = [Se] = > 1001) 1 Sy

k=1 k=1

with every summand on the left being greater than every summand on the right, and so
we must have m; < my. In other words,

By < |Rs| < -+ < |Ryl.
L]

Theorem 3.3.6. Let 7, have an alternating embedding for k, = syt, and § € Aut(7,).
Then there exists an approximately diagonal automorphism v and w,v € N such that
0 = 0,00, 01p. Moreover, this factorization is unique if ged(u,v) = 1.

Proof. Let m > 1 then there exist m’ > n > m such that
0" (proj(Ts,,)) C proj(Ty,), and 6(proj(7y,)) C proj(Zy ).

We will use the language of ordered partitions. In particular, let
< km
p: PZ-:gpm/ilO---ngm({l}U"'U{km}),

=1

that is the image in k,,, of the elementary projections in k,,. Writing these as the disjoint
union of runs we get

BZUﬂVEdeﬂﬂ<ﬂw0“<Hm<%m“<ﬂWmm

with |P;;| = ¢ /tm, which is obvious from the alternating embedding. Similarly, let

Q= Uf:le =07 ({1} U - U {kn}), thatis 07 (efm) = Z ek

JEQ:
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Also decompose this into runs

* S
Q’L — U Q],’L and QLI < QLQ <0 < QS,k‘wL
7j=1

where many of the @);; may be empty, but there are never k,,, — 1 empty @;; all in a row
because if this was not so then we could represent the partition as a shorter sequence. Note
that Q11 and Qg ,, are nonempty.

Claim: Q11| = |Q12| = = |Q1k.]-

Proof of Claim:
First, we know that

kn/km
Pl,i = -Pz N Pl,i = 0(0_1(6?7”)) N Pl,i = 0(@2) N Pl,i = U 9(@3,1) N Pl,i'

=1

By Lemma 3.3.4 we get an ordered subpartition by intersecting with P i,

(0(Q11) < 0(Q12) -+ < 0(Qsiky)) ﬂ Py

=0(Q11) NP1 <0< <0<O(Qa1)NP 1 <D<
e <0<OQ31) NP <D< <D<OQs1) NP1 <D< <0

which implies that if any 6(Q);1) N P ; is nonempty then all the intermediate Q11 < Q. <
(0,1 must be empty to remain an ordered subpartition under the above restriction, but this
contradicts the requirement that there cannot be k,, — 1 empty @);;» in a row. Therefore,

0(Q11) NPy =Pry.

Again
(0(Q11) <0(Q12) <+ <0(Qsk,)) m(Pl,l U Ps)
=0(Q11)NP1<0(Qi2)NP2a<B<--<0<O(Qa2)NPria<B<---

to get that 6(Q12) N P12 = Pi2. Repeat this recursively to get that 6(Q1;) N Py, = Py,.
Noting that all |P,;| = |Pis| we have satisfied the hypotheses of Lemma 3.3.5. Hence,
|Q11] < -+ <|Q1k,|- The reverse direction is given by the fact that Q11 < -+ < Q1,, is
the first part of an ordered partition. Therefore, |Q11] = -+ = |Q1,,| and the claim has
been verified.
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This tells us that any isometric automorphism of an alternating embedding TUHF
sends the elementary projections from a finite level to a partition with a specific starting
pattern, that is, one iteration of equal runs. We apply this to the elementary projections
of 7, to get that there exist runs

Ri<Ry<Rs<---< Ry,
such that |R;| = |R;| =7 > 1, UR; = {1,--- ,k}, k < kv and (/") D R;.

Let Q’; = Ueq,, I giving us runs with |Q’;| = [Qji| - 7 and 0(Q;;) D @), Then the
following partitions

Pl ky=00""{1, - k) N{Ll,-- k}=0(@Q)Nn{1, -k}
must be equal. Which implies that
UP;:NA{L,--- 7]{?}:@/1,1 <Q/1,2 <Q’1,3 < <Q;z < <Q;,km>

where both are decompositions into runs. Hence, P;; = Q’;; which implies that t = |Q; | =
Q5| /m = |Pal/r = ln’ they are all the same size. Therefore, for A € proj(Zy,,)

tmT
0 5 (A)=L0A®I,.

We have then, that t-s-k,, = k,. Let —5— = % where u = [T, p) and v = H?Zl q; with

Sn/Sm

.. . ~ kn _ sp t
D1, PG, e, e distinet primes and 01, - -+, 0, €1, -+, €, € N. Because st = m==a

Sm tm

then ﬁ = v. This gives us that v|2> and u|;~. Hence, for A € proj(7,,)

5

07, (A) =LA L =Ims @ AR I

KA
u

3

— 0016 . 0B 0 ... 0 HCk
_leo 0910100611 o 09% (A).

Repeat this argument for any 6~ (proj(Zy, ,)) C proj(7;, ), getting a similar result,

eilkam, (A) = (92:1 o 0952’ o (97,6/1 0---0 9762/(14)_

Py q1 a1

However, these two descriptions must agree on 7;,, < 7; , and so u = v/,v = v' and

’

note that v|==

m

7, and that v*>°|s,, u™|t,. Finally then, by Proposition 3.2.4 there exists a approximately
diagonal automorphism ¢ such that 6 = 6! o 6, o ¢ which also gives that u*|s,, v,
Uniqueness of the factorization when ged(u,v) = 1 is obvious since we have seen that shift
automorphisms and their inverses commute with other such automorphisms. Therefore,
the result is established. O

and u|{2. In this way we see that 6= = 6, o 6! on the projections of

/
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Corollary 3.3.7 (cf. [58], Theorem 1). Let 7, have an alternating embedding. Then
Out(7,) ~ Z* where d is the number of common prime factors that infinitely divide both
5, and t,.

3.4 Tensoring TUHF algebras

The following section provides a technique to create new automorphism groups from old.
To this end, suppose that 7, = U5 U, T, and Ty, = USS ’T are TUHF algebras.

We can create a new TUHF algebra
,]:0®w = U?LOZIIZ;njn

with unital embeddings ¢, @, : Ty, — T defined by tensoring the old embeddings

©n @ Yn(A) = 0 ® 1/Jn([Ai,i’]§,?/:1) = (n ® L ) ([0 (Aii )]7, 4= 1)

Note that the 1, are x-extendable to all of M, , meaning that 1), is the restriction of a
unital C*-embedding from M;, into M;, ., Wthh is used when 7 < i’ in the block matrix.
Therefore,

IZ;@#’ ﬂn]n = ?:1%7L ® T]n = ,ZZP ® ,Z:l)

The new TUHF algebra is thus strlctly bigger than the tensor product of the two previous
algebras, but it inherits the automorphic structure of the two. It should be noted that this
tensor operation is not commutative. That is, 7, g, and 7y, need not be isomorphic.

This new embedding gives that M (7,gy) = M (7,)x M (7y) with the order ((z1, z2), (v1,y2)) €
R(T,y) if and only if (z1,y1) € R(7,) and (x2,y2) € R(Ty) if 1 = y1.

In the following, G®* refers to the infinite direct sum of a group G, a subgroup of the
infinite direct product where elements are infinite tuples with all but a finite number of
entries equal to the identity.

Theorem 3.4.1. Let 1, and T, be reqular TUHF algebras then
AUH(T,) % Aui(T,) C Aut(They).

Proof. Clearly Aut(7,) — Aut(7Z,gy) since if 6 is an order preserving homeomorphism of
M(7,) then 6 x id is an order preserving homeomorphism of M (7 gy) = M(7,) x M(7y);
and so by Theorem 3.2.1 we get an induced automorphism on 7.,g,. The same argument
works for the embedding Aut(7y) — Aut(7Z,gy) as well.
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Moreover, we see that if X C M(7,) is a clopen subset and 6§ is an order preserving
homeomorphism of M (7,) then

idy %60 +idye x id

is an also order preserving homeomorphism of M(7,g,). Since clopen subsets of M(7,)
are in bijective correspondence with the projections of 7, then for each n > 1 we see that

iXm XQI + 4 lkan ngn

is an order preserving homeomorphism where X, is the clopen subset associated with
eg-k") € Ti, and 0, is an order preserving homeomorphism on M (7). Thus, Aut(7;)* —
Aut(Zogy)-

Therefore, we have that lim Aut(7;)%" C Aut(Z,g,) where the direct limit has the
following injective homomorphisms: @, : Aut(7Z,)®* — Aut(7Z,)®*+ where

),

with eg-k"“) < gon(egf")), for 1 < j < k,y1. Note that the direct limit lim Aut(Z;)®*" is
equal to the infinite direct sum Aut(7y)®>.

@n(’}/l»"' 77’%) = <7i17/7i27"' s Vi

n+1

Finally, we need to describe the action of Aut(7,) on the direct limit. Taking ¢ and
as order preserving homeomorphisms in M(7,) and M (7,) respectively, and X clopen in
M(7,) we get that

("}/ X ld) 0] <1dX x 0 + ich X 1d> o) (771 X ld) = idA/(X) X0 + ld,y(X)C x id .
Therefore, Aut(7,)%>° x Aut(7,) C Aut(Z,gy). O
Corollary 3.4.2. Out(7,)%>* x Out(7,) C Out(Z,ey)

Proof. By Theorem 3.2.6 the outer automorphisms of both 7, and 7, are well defined
subgroups given by those automorphisms which are regular embeddings when restricted to

a finite level. This property is clearly preserved in the proof of the last theorem and so the
result follows. O

This implies that there are non-abelian outer automorphism groups. However, these
groups may not be equal as in the following example:

Example 3.4.3. Let 7, be the standard embedding algebra for 2> and 7, be the nest em-
bedding algebra for 2°°. Then 7,g,, is the alternating algebra for 2°°. Hence, Out(Z,gy) =
Z # {0} = Out(7y)®>® »x Out(7,).
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3.5 Dilation theory

All the definitions in this last section come from the paper of Davidson and Katsoulis [26].
An operator algebra A is said to be semi-Dirichlet if A*A C A+ A* when A is considered
as a subspace of its C*-envelope. Moreover, a unital operator algebra A is Dirichlet if
A+ A* is norm dense in its C*-envelope, C*(A).

Lemma 3.5.1. Triangular UHF algebras are Dirichlet.

Proof. For a TUHF algebra 7, we have the much stronger condition that A, = 7, + 7.
Therefore, because the UHF algebra is simple we immediately get the desired result. [

A unital operator algebra A is said to have the Fuglede property if for every faithful
unital *-representation 7 of C*(A) we have m(A)" = 7(C*(A))".

Lemma 3.5.2. Triangular UHF algebras have the Fuglede property.

Proof. Suppose 7 is a faithful unital *-representation of C(7,) = Uy, M,,. Then n(7},)" =
~(My,) and so w(T,) = 7(C(T,))" -

An operator algebra A has isometric commutant lifting (ICLT) if whenever there is a
completely contractive representation p : A — B(H) commuting with a contraction X,
there is a coextension ¢ of p and an isometric coextension V' of X on a common Hilbert
space K so that o(.A) and V' commute.

Proposition 3.5.3. Triangular UHF algebras have isometric commutant lifting.

Proof. Let p be a contractive representation of 7, on ‘H commuting with a contraction X.
Without loss of generality assume that p is also unital. Now p is completely contractive
when restricted to any 7;, and thus on a dense set of 7,. Hence, p is a completely
contractive representation. By Arveson’s Extension Theorem and Stinespring’s Dilation
Theorem there is a *-homomorphism 7 and an isometry V' : H — K such that p(a) =
V*m(a)V,Va € T,. This argument was given by Paulsen and Power in [51] but can also be
found in [23].

For each n > 1 we know that X commutes with p(7j,) and so by [23, Corollary 20.23]
there is an operator Y, on K commuting with 7|, ~such that ||Y,|| = || X]|| and

PH)Y™r(A)[H = X" p(A), ¥m >0,A€ T, .
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Since all the Y;, are bounded by || X|| < 1 there is a subsequence converging in the weak
operator topology to Y € B(K) which clearly commutes with 7. Now, dilate Y to a lower
triangular unitary V on (> which commutes with 7(>) because 7 commutes with Y* as
well. Thus, by restricting to the coextension part of the dilation we see that we have a
coextension of p which commutes with an isometric coextension of X. Therefore, 7, has
property ICLT. O]

Let p be a representation of a unital operator algebra A. Then a coextension o of p is
called fully extremal if whenever 7 is a dilation of ¢ which is also a coextension of p then
7 is just a direct sum, 7 = o @ o’.

Definition 3.5.4. A wunital operator algebra A has the Ando property if whenever p is
a representation of A and X is a contraction commuting with p(A), then there is a fully
extremal coextension o of p commuting with an isometric coextension of X .

Theorem 3.5.5. Triangular UHF algebras have the Ando property.

Proof. The following commutant lifting properties are all listed in [26] and will not be
defined as they only are used as stepping stones in the proof below.

[26, Corollary 7.4] gives that ICLT implies MCLT and [26, Corollary 5.18] gives that
being Dirichlet and having MCLT implies CLT and CLT*. Lastly, by [26, Corollary 9.12]
having the Fuglede property, CLT and CLT* implies that triangular UHF algebras have
the Ando property. n

If A is an operator algebra and 6 is an automorphism, the semicrossed product is the
operator algebra

AXQZ+

that encapsulates the dynamical system (A, #). This first occurs in the work of Arveson [8]
with a more modern treatment given by [47]. In particular, this is the universal operator
algebra generated by all covariant representations (p, T') where p is a completely contractive
representation of 4 and a contraction 7" such that

p(a)T =Tp(f(a)), Vae A

The following corollary says that the C*-envelope of a semicrossed product of a TUHF
algebra with an automorphism is in fact a full crossed product algebra.

Corollary 3.5.6. Let 7, be a TUHF algebra and 6 € Aut(7,) then
C:(,];@ X9 Z+) = C:(%) X9 7 = Q[go X9 7.
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Proof. By [26, Theorem 12.3] if § is an isometric automorphism of 7, then because TUHF
algebras have the Ando property C¥(7, x¢Z) = C¥(7,) X¢Z. Lastly, recall that C.(7,) ~
A O

We end with the following example:

Example 3.5.7. Suppose 7, is a TUHF algebra with the 2*° alternating embedding and
consider the shift automorphism ¢,. Now 7, is a non-selfadjoint subalgebra of the CAR
algebra, Msys = ®i°oo M. In this form 85 extends to the so called Bernoulli shift on the
CAR algebra, taking a tensor in @™ M, and shifting it to the right.

Bratteli, Kishimoto, Rgrdam and Stgrmer show in [16] that
MQoo ><92 Z ~ h_H)lM;ln ® C(T),

a limit circle algebra with embeddings being two copies of the twice-around embedding.
Moreover, this AT algebra is isomorphic to Max @ B where B = limMs @ C(T) is
the Bunce-Deddens algebra [18]. Many thanks to Mikael Rgrdam for pointing this last
isomorphism out. Among other things, this implies that the crossed product is a unital
simple C*-algebra which falls into Elliott’s classification.

Therefore, by the above Corollary:
Ci(T, X9y Ly ) =~ Mo @ B.

This leads to the question of whether the semicrossed product is itself isomorphic to a
“nice” subalgebra of My~ ®B, for instance a tensor of two non-selfadjoint operator algebras
sitting in the CAR algebra and the Bunce-Deddens algebra.
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