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Abstract

Model discrimination deals with situations where there are several candidate models
available to represent a system. The objective is to find the “best” model among rival models
with respect to prediction of system behavior. Empirical and mechanistic models are two
important categories of models. Mechanistic models are developed based on physical
mechanisms. These types of models can be applied for prediction purposes, but they are also
developed to gain improved understanding of the underlying physical mechanism or to
estimate physico-chemical parameters of interest. When model discrimination is applied to
mechanistic models, the main goal is typically to determine the “correct” underlying physical
mechanism. This study focuses on mechanistic models and presents a model discrimination
procedure which is applicable to mechanistic models for the purpose of studying the underlying
physical mechanism.

Obtaining the data needed from the real system is one of the challenges particularly in
applications where experiments are expensive or time consuming. Therefore, it is beneficial to
get the maximum information possible from the real system using the least possible number of
experiments.

In this research a new approach to model discrimination is presented that takes advantage of
Monte Carlo (MC) methods. It combines a design of experiments (DOE) method with an
adaptation of MC model selection methods to obtain a sequential Bayesian Markov Chain
Monte Carlo model discrimination framework which is general and usable for a wide range of

model discrimination problems.



The procedure has been applied to chemical engineering case studies and the promising results
have been discussed. Four case studies, order of reaction, rate of Fe!' formation,
copolymerization, and RAFT polymerization, are presented in this study.

The first three benchmark problems allowed us to refine the proposed approach. Moreover,
applying the Sequential Bayesian Monte Carlo model discrimination framework in the RAFT
problem made a contribution to the polymer community by recommending analysis an

approach to selecting the correct mechanism.
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Chapter 1

Introduction, Motivation and Research Objectives

1.1 Introduction to the Problem of Model Selection

The objective of model discrimination techniques is to select the “best model” among rival
candidate models. The model discrimination problem could be interpreted as a regression
problem in variable dimension space. The variability in dimension is caused by the different
number of parameters in the rival models.

Suppose K models are proposed to describe a process and there are N measurements available.

The rival models have the format shown in equation (1.1)

k=1.2,..
yia = i 0 +eg 5 (1.1)

where K is the number of rival models, N the number of observations, 6, the vector of
parameters in the kth model, x; the vector of input variables at the ith experimental trial, g; is
the error in the ith observation and the kth model, and finally yy; the vector of output values of
the kth model at the it" experimental trial.

“Model averaging” is another common term used in the literature (Wasserman, 2000). The
goal of model averaging methods is to come up with a predictor for the real system. This
predictor is a weighted combination of candidate models when several models have been
proposed. To clarify, a model discrimination method selects just one of the K rival models;
but, a model averaging method leads to a predictor like equation (1.2), where the wy values

are weights assigned to each rival model.



K
Yo = ) wichi) (12)
k=1

In Bayesian model averaging methods, wy is the final probability of each model to be the
“correct” one.

This research is focused on model discrimination, not model averaging, however the main idea
of some of the methods discussed are common between model discrimination and model
averaging methods. Thus, the reader may find them under the category of model averaging in
the literature.

For the purpose of model selection, the same input condition is applied to all the rival models
and the real system, and then their outputs are compared to find which model can predict the
real system better. Sufficient input conditions should be tested to provide enough evidence for

selecting one of the rival models as the best one (see Figure 1-1).

> Model 1 Ya
X —>| Model 2 Y,
. — Real System WS
i=1,2,..,n : peed
—>| Model k Yii
> Yi

Figure 1-1: Model selection process

Model discrimination methods may be categorized in different ways. In this research, they are
classified as sequential or non-sequential approaches, that is, those that include an
experimental design step and those that do not. In non-sequential methods, all the available

observed data from the real system are input to the analysis algorithm, and then the “best”



model is selected, using an appropriate criterion, from the candidate set of models. No
additional experiments are designed or used to augment the initial data set. We refer to this
procedure as model selection analysis. On the other hand, in the sequential methods, an
experimental design technique is used in conjunction with the model selection method. In this
approach, the model discrimination process has an iterative structure in which experiments are
designed, carried out, and added to the existing data. Then an analysis is performed to see if
the “best” model can be identified. If the “best” model can be selected, the process stops. If
not, the next iteration will start. The schematic structure of the sequential model discrimination

procedure is shown in Figure 1-2.

Design of New Model Selection
Experiments Experiment Analysis

-

Decision <

End

Figure 1-2: Sequential model discrimination scheme

Gathering information from the real system, for example in the case of modeling chemical
or industrial systems, could be expensive and time consuming. Consequently, it is highly

desirable to get the maximum amount of information from the minimum number of



experiments. This is the goal of sequential model discrimination techniques in which
experiments are designed to provide the maximum possible information with respect to
discrimination between the models.

Furthermore, modeling is used for two major purposes. In the first one, finding a model that
can predict the real system behavior is desired. These models are often used for prediction
purposes in process control and optimization applications. Therefore, the model structure is
not important; hence, empirical models such as response surface models, neural networks,
fuzzy models and other statistical models can be used.

On the other hand, there are mechanistic models, which are developed based on physical-
chemical mechanisms. These types of models can also be applied for prediction purposes but
are most often developed to gain improved understanding of the underlying physical
mechanism or to estimate physico-chemical parameters of interest.

In particular, we are interested in determining chemical reaction mechanisms. Therefore, we
deal with mechanistic models, which generally have more complicated structures in
comparison to empirical models and in particular are usually nonlinear in the parameters.
Markov Chain Monte Carlo (MCMC) methods (Gilks et al., 1996) have been used in the
proposed framework to overcome the need for model linearization which is required in most
sequential model discrimination methods found in the chemical engineering literature, for
example (Buzzi-Ferraris and Forzatti, 1984; 1990; Buzzi-Ferraris et al., 1983; Reilly, 1970).
The usage of Markov Chain Monte Carlo (MCMC) techniques in model selection has become

popular in the literature (Godsill, 2001) as a solution for model discrimination.



To be clear, in this research the term model selection refers to the mathematical process of
selecting a model from a candidate set, given data. The term model discrimination on the other
hand indicates a sequential, iterative process, which includes experimental design and model
selection.

In this research, a new model discrimination framework will be introduced, the novelty of
which is that we combine a well-known model discrimination experimental design procedure
with MCMC marginalization likelihood model selection methods, thus yielding a general
Bayesian sequential framework of great value to practicing engineers and scientists. Three

different implementations of this framework will be explained and applied to case studies.

1.2 Motivation

Burke et al. (1994, 1996, 1997) compared three different procedures for model discrimination
in free radical copolymerization reactions. One of the methods used was the method developed
by Hsiang and Reilly (HR) (1971), which was not found to work as well as the other two
methods investigated. Of the three methods, HR was the only method that does not rely on
linearizing the model of the system under investigation. The copolymerization systems were
nonlinear. Therefore, the HR method was expected to perform somewhat better than methods
that relied on a linearization of the models. One possible explanation for the poor performance
of the method might be related to the awkward way in which the posterior parameter
distribution had been handled, namely as an array of discrete values. This could pose a serious
problem. A much better method of handling the posterior parameter probability distribution
would be to use Monte Carlo methods for sampling the distribution. This somewhat puzzling

result forms in part the motivation for this project.
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1.3 Research Objectives

Based on the research motivation and with information from the literature review, the
following research objectives were identified:
e The development of a Bayesian Monte Carlo-based model discrimination framework,
which incorporates both an experimental design step and an analysis step.
e Applying the proposed model discrimination method to free radical co-polymerization
as a benchmark case study and finding the reason why the Hsiang-Reilly method did
not discriminate between the candidate models in a research previously conducted by
Burke (1994).
e Applying the Bayesian MCMC model discrimination method to rival Reversible
Addition—Fragmentation chain-transfer (RAFT) polymerization models, which is a

new application.

This thesis consists of six chapters. In Chapter 2, Markov Chain Monte Carlo (MCMC)
techniques are reviewed. Chapter 3 contains a literature review and classification of model
discrimination methods. Our proposed framework is presented in Chapter 4. Case studies are
presented in Chapter 5 and finally Chapter 6 contains conclusions and recommendations for
future work.

In this thesis, all symbols are defined upon their first usage and those that are used more

frequency are also listed in the nomenclature section which precedes this chapter.



Chapter 2
Markov Chain Monte Carlo (MCMC) Techniques

2.1 Introduction

The Monte Carlo methods have two major applications (Hammersley et al., 1965). In the first
application, used in the simulation of stochastic physical process, random values are usually
generated from a well-known distribution to represent a stochastic event in the system; then,
using the stochastic and other variables, the system is simulated. The resulting output values
from the simulation are random variables due to the randomness in the input variables.
Properties of the output variables distributions could be used in studying the behavior of the
stochastic system. Some examples of this type of Monte Carlo applications in Chemical
Engineering can be found in Tamir (1998).

The second application of Monte Carlo methods is in the estimation of integrals. The
integration operation appears in different Bayesian statistical calculations, including
calculation of the normalizing constant in the posterior probability, the marginal distributions
and expectation estimations with respect to a distribution (Brooks, 1998).

The term Markov chain refers to a sequence of random events such that any state depends only
on the last state in the chain. Markov Chain Monte Carlo algorithms (MCMC) are techniques
which generate Markov chains converging to the desired distributions when it is impossible to
sample directly from the target distribution. Thus, MCMC methods make it possible to estimate
the quantities of interest using the sampled values from the target distribution. Consequently,
they may be used as a numerical solution for the problem of estimating integrals which occur

in Bayesian calculations.



In most of the solutions to the problem of model selection, it is desirable to estimate the
marginal likelihood of the model by integrating out the model parameters which is the
normalizing constant of the posterior distribution. For the purpose of estimating this integral,
different MCMC methods have been proposed in the literature. MCMC model selection
methods will be reviewed in the next chapter. They all contain a step for sampling from a target
distribution using an MCMC method. Thus a review of MCMC methods is presented in this

chapter as a prerequisite for the studying of MCMC Model discrimination methods.

2.2 MCMC Terminology and Definitions

This section introduces the basic concepts needed to explain different MCMC methods. As
mentioned earlier, a Markov chain is a sequence of random variables, {x°, x*,x2, ...}, such that
at each time step t > 0, the next state x*** is sampled from a distribution P(x**1|x"). Thus any
state depends only on the last state. P(x**1|x") is called a transition kernel, which is assumed
to be time independent; thus, the chain is time-homogenous.

Considering a chain of S states, the transition matrix of S states in a [(S+ 1) X (S+ 1)]

matrix, is defined by equation (2.1).

Ploo Pro1 -+ Plos
prip Ppri; ... Pris

PTranS = ann ann ') 'yl (2.1)
Prsp Prs; ... PIss

where prj; denotes the transition probability Pr(X.,; = j X = i), which is independent of

time t. Notice that pry; values are probabilities, thus, they need to satisfy the equality (2.2).



S

pri; =0, Zprii =1 (2.2)
=0

Under certain conditions which will be defined later, the MCMC chain will converge to its
stationary distribution also called invariant distribution.
The Ergodic theorem (Gilks et al. 1996) guarantees the convergence of chains to the target
distribution. To describe the required assumptions, recurrent, nonnull, and irreducible
properties will now first be defined.
Starting from any state, if a Markov chain definitely re-enters the same state, the chain is called
recurrent; otherwise, it is called transient. Also, a recurrent chain is called nonnull if its
expected time to return to any state is finite, and null if it is infinite. When any set of states can
be reached from any other state in finite moves, the related Markov process is called
irreducible; otherwise, it is reducible. Finally, state i is called periodic if equation (2.3) is true.
ged{t: Pri; > 0} =d(i) d(i)>1 (2.3)
The gcd abbreviation stands for greatest common divisor and prf; denotes the probability that,
starting from state i, the process re-enters state i after t steps. In contrast, when d(i) = 1, the
state is called aperiodic. When all the states in a chain are aperiodic, the chain is called
aperiodic.
A Markov chain is called ergodic if it is recurrent nonnull, aperiodic and irreducible. The
Ergodic theorem states that an ergodic Markov chain has a limiting or stationary distribution.

According to this theorem, equation (2.4) is true for an ergodic Markov Chain.

S
Q=) limprf (2.4)
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where Q; shows the stationary probability of state j. In equation (2.4) the summation is over all
possible states i. In the proof of the ergodic theorem, aperiodic and recurrent nonnull implies
the existence of a limiting distribution, while irreducibility implies the uniqueness of its
independence on the initial distribution.
A Markov chain is called reversible if there is a distribution m such that:

T P(Xeyq = jlxe =1) = T P(Xep1 = ilx¢ =7) (2.5)
The detailed balance condition determines the stationary distribution. It indicates that, under
the reversibility condition, distribution Q is the stationary distribution of the Markov chain.
The reversibility condition is a sufficient condition for the convergence of the Markov chain
to the stationary distribution but it is not necessary. In other words, it is stronger than the
required condition Tierney (1998).
The regularity condition that guarantees convergence to the desired stationary distribution is
that the Markov chain must be irreducible, aperiodic, and positive recurrent. Irreducibility
ensures that a Markov chain, offer some iterations, can reach any non-empty set with a positive
probability from any initial starting points. Aperiodicity stops the Markov chain from
oscillating between different sets of states in a regular periodic movement. Lastly, positive
recurrency ensures that all subsequent samples will be distributed as a stationary distribution
once a previous point is sampled from it. Generally, these conditions are easily met in most
MCMC problems. The mathematical details about these conditions can be found in Chib and

Greenberg (1995).
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Ordering methods are used to pick the suitable Markov chain among those that have the same
stationary distribution. In addition they are used to develop new efficient methods. Mira
(2001) reviewed the ordering methods on the space of Markov chains.

Two main criteria used to evaluate the performance of the transition matrix used for MCMC
simulation are the asymptotic variance (AV) of the resulting estimates and the speed of

convergence (SC) to stationary distribution (Mira, 2001). The asymptotic variance represents

the accuracy of i, = ! Yic1 8(X;) as an estimate of p = Egg(X) when X; are MCMC samples

n

from the m(x) distribution and E(.) shows the expectation value over q.

2.3 Sampling Methods

Assume that the objective is sampling values from the distribution mt(x) and it is desired to
generate a chain, {x'}, with Nsample Samples from this distribution. In most applications,

1t(x) has a complex structure and it is not easy to sample from it directly. In the following
sections, we review briefly the MCMC sampling methods which we have used during different
phases of this project or which are used in the methods presented by others referred to in this
research. In all these methods, Markov chain samples are generated that converge to the target

distribution.

2.3.1 Rejection Method

Let’s assume that Q(x) < Mg(x) where M > 1. Thus g(x) is an upper limit of Q(x) and it is
a distribution which we know how to sample from. In the rejection method (Karandikar, 2006),

a candidate sample Y is drawn from g(x) and this candidate value will be accepted if R <

%, where R is independently generated from U(0,1). If Y is not accepted, a new sample
11



should be generated from g(x). The efficiency of this algorithm is determined by how close
the proposal distribution Mg(x) is to Q(x). For example, in the diagram shown in Figure 2-1,
the candidate point x;, will be accepted with a probability equal to a/b, but this probability is
c/d, which is higher, for point x,. Algorithm 2.1 shows the steps in the rejection sampling

method.

Figure 2-1: Acceptance-Rejection sampling

Algorithm 2.1: Rejection sampling method

Input:  Proposal distribution and M such that: Q(x) < Mg(x)

Initialize x°
/ for i=0... Ngample — 1
Sample Y € g(Y)
Sample R € U(0,1)<—

. Q(Y)
if R < ——=then
( Mg(Y)

X1+1 =Y

else

K \. Sample anewY

12



2.3.2 Gibbs Method

The Gibbs sampler generates samples from a multi-dimensional target distribution by sampling
from conditional distributions, so this property is beneficial in cases where it is easier to sample
from the conditional distributions than from the joint distribution. Conditional distributions
are often known in statistical models or can be obtained by assuming other variables in the
joint distribution fixed.

To describe the Gibbs sampling method (Spiegelhalter et al., 1994), suppose that x is
partitioned into r blocks: x = (x4, ...,x;). Let xt = (x},...,xt) denote the current state of x.
Then in the next step of the Gibbs iterations, x*** will be generated block by block from the
conditional distribution of that block, updating the x value for block 1 to the current one and
keeping the last iteration value for the current block as the final block. This method is presented
in algorithm 2.2.

The Gibbs approach does not include a method for drawing samples from the full conditional
distributions. In cases where Q(x;|x_;) has a standard distribution, like the normal distribution,
some methods can be found in the literature (Robert and Casella, 1999; Tanner, 1991) to
generate samples. Another possible solution involves picking a conjugate prior which
combines with the likelihood, produces a standard distribution for the posterior, and the last
solution involves using other methods like Metropolis-Hastings (Metropolis et al., 1953;

Hastings, 1970) for sampling from the full conditional distribution, Q(x;|x_;).

13



Algorithm 2.2: Gibbs sampling method

Input:
r : dimension of x

Q(x;1x_;): conditional distribution

Initialize x°

for t=0... Ngample-1

fori=1...r
[ sample xI*1 from Q(x;|X_;) where X_j = X1, Xz, euv) Xi—1) Xjs1, oo r Xy

where Q(x;]x_;) shows conditional distribution.

2.3.3 Metropolis-Hastings Method

The Metropolis-Hastings (MH) algorithm (see algorithm 2.3), was introduced by Metropolis
and Rosenbluth (1953), to numerically estimate integrals in computing properties of interacting
individual molecules. Later, Hastings (1970) generalized this technique as an easily
implemented procedure for sampling from distributions.

At time t, the MH algorithm generates a sample from the target distribution Q(x) by sampling
a candidate point Y for the next sample x**1 from a proposal distribution q(. |x*), from which
it is known how to sample. Then it applies a criterion to keep or reject the candidate point.
Note, that the proposal distribution may depend on the current point xt. The candidate point

Y is accepted with probability a(x", Y), which is defined in equation (2.6).

14



(2.6)

o Q(Y)qxIY)
a(x,Y) = min <1'—Q(X)q(Y|X)>

The min operator in this equation represents the selection of the minimum between 1 and

QWa(x[Y) ¢ i QWa(x]Y)
Q®a(Y|x) "~ Qwa(Y]x)

is greater than 1, the candidate point is accepted. Otherwise, it will
be accepted with a probability defined in equation (2.6).
If the candidate point is accepted, the next state becomes x.,; = Y. If the candidate is rejected,

the chain does not move so x'+1 = xt,

Algorithm 2.3: Metropolis-Hastings Method

Initialize x°

/ for t=0... Ngample-1

sample Y € q(Y|x")

ey (o QWa(xY)
calculate a(x", Y) = min <1' Qxta(Y[xY)

<+l =y

ifa(x5,Y) <1
sample R € U(0,1)
ifR> a(x4,Y)

& [Xt+1 = xt

As mentioned, the sufficient condition to generate samples from a desired distribution by using

a transition kernel Pr..ns(X,Y) is satisfaction of the reversibility condition shown in equation

(2.5). Using the acceptance probability a(x,y) shown in equation (2.6), with a proposal
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distribution q(. |x,) in the MH algorithm, guarantees that the reversibility condition is satisfied,
as shown in equation (2.7) (Chib and Greenberg, 1995).

QX)ax, y)ax,y) = Q(y)q(y, x)a(y,x) 2.7)
where x and y are two states in the sampling space. Note that the transition probability for state
X to Y is Prrans (V%) = q(y|x)a(y|x). However, this form of acceptance probability is not the
only one which causes an ergodic chain (Brooks, 1998), although Peskun (1973) shows that
this form is optimal relative to the asymptotic variance (defined in section 2.2).

The proposal distribution q(.|x) can be selected from a number of different standard
distributions. For instance, q(.|x) might be a multivariate normal distribution with mean x
given by the current state x and constant covariance matrix X. However, the rate of
convergence to the stationary distribution will depend crucially on the relationship between
q(.|.) and t(x). The closer the proposal distribution is to the target distribution the faster the
convergence will be (Mira and Sargent, 2000).

The original Metropolis algorithm (Metropolis and Rosenbluth, 1953) considers only
symmetric proposals having the form q(Y|x) = q(x|Y) for all xandY. In this case, the

acceptance probability becomes

a(x,Y) = min (1 @) (2.8)

")

2.3.4 Random Walk Metropolis-Hastings (RWMH) Method
Another special case of the Metropolis algorithm is the random-walk Metropolis (Gilks et al.,
1996), for which q(Y|x) = q(Y —x) = q(x—Y), the acceptance probability related to this

symmetric proposal distribution, is same as equation (2.8). Therefore, the increment random
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variable zis drawn from the walking distribution, q, and then the candidate point Y is

determined according to Y=x+z. Algorithm 2.4 shows the steps of random walk MH.

Algorithm 2.4: Random Walk Metropolis-Hastings Method

Initialize x°
/ fort=0... Ngample-1
sample z € q(z)

Y=x'+z

Q(Y) )
Qb

calculate a(xt,Y) = min (1
Xt+1 =Y

~ifaxbY) <1

sample R € U(0,1)

[if R > a(xh,Y)

\\ Lt = gt

2.3.5 Independence Sampler Method
The independence sampler (Liang et al., 2011) is a Metropolis-Hastings algorithm whose

proposal q(Y|x) = q(Y) does not depend on x. So, the acceptance probability is:

a(x,Y) = min (1 m) w(x) = T[(X)/q(x) (2.9)

" w(x)
where q(.) should be a good approximation of m(x). w(x) is also called the importance
weight function. Samples with large weights have more chance to be accepted or re-selected.

Thus a very high value for w(x) can make the process stall (Tierney, 1994).
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2.3.6 Single Component Metropolis Hastings Method

Single-component Metropolis-Hastings (Gilks et al., 1996) or the one block at a time
algorithm, divides the multidimensional x to sub-blocks and samples from sub-blocks instead
of sampling the entire vector simultaneously. Let x_; present all of x except x; , x| the state
of x; at the end of iteration t and Y; the candidate state. So x*; = {x{*?, ..., x**, x4, .., x4}
Then the acceptance probability of Y; , which is a candidate value for x; ,.;, may be shown as

the following equation:

Q(Yilx—i)qi(xilYi:X—i,t)) (2.10)

oalX_it, X, Y;) = min| 1,
) < Q(xilx—i) g (Yilxi, x_j )
where Q(Y;|x_;) is the full conditional distribution which is the distribution of the i
component of x conditional on all the remaining components, where x has the Q(.) distribution.

_ ™
Qxilx-1) = m (2.11)

After selecting the proposal distribution, picking a suitable set of parameters for that proposal
distribution influences the sampling process. For example, in random walk Metropolis, there
is a tradeoff between the acceptance rate and mixing rate, which can be optimized by the
proposal distribution parameters.

The Gibbs sampler may be categorized as a special case of single-component Metropolis-
Hastings and it is particularly useful for generating n-dimensional random vectors with the

following proposal distribution which leads to an acceptance probability equal to 1.

qi (Yilxi, x—1) = Q(Y[x_y) (2.12)
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2.3.7 Acceptance Rejection Metropolis-Hastings (ARMH) Method
If a proposal distribution, q(x) and a constant c can be found to satisfy the dominant condition:
D = {x: Q(x) < c q(x)} (2.13)

Then samples could be generated from the proposal distribution instead of Q(x). After that,
these samples should be accepted or rejected using the Q(x)/(c q(x)) as the acceptance rate.
The dominant condition in equation (2.13) is a key requirement of the classical accept-reject
sampling method. But in the ARMH method the dominant condition may not be satisfied for
some x. Let D° be the complement of D. The one-block acceptance-rejection Metropolis-
Hastings algorithm consists of two steps:

A. Accept-reject step:

Generate a candidate sample Y~q(x), and then accept Y with probability given by equation

(2.14):

Q(Y) }

OpRr = Min {1, ca)

(2.14)

Continue sampling until a Y is accepted.

B. Metropolis step:

Given the current value x and the accepted proposed value in step A, Y:

If xeD avu(x,Y) =1
If xeD®andY€ED avg(x,Y) = (cqx))/Q(x)
If x€DC andY € D¢ o (% Y) = min{1, (Q(x) 4(x))/( Q(Y) a())}

Accept Y with probability oy, otherwise keep x.

ARMH steps are shown in algorithm 2.4.
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Algorithm 2.4:  Accept — Reject Metropolis-Hastings Method

Initialize x°

/for t=0... Ngample-1

sampleY € q(x) <

— min (1,-2.)
calculate apg = min (1’ cxq(Y)

sample R € U(0,1)

if R > a(x%,Y)

sample new Y
Xt+1 =Y

/
if x¢ D

ifYED  auu(xY) = %}S‘)

ifY € D¢ aqy(x,Y) = min {1, 2222}

QW) a(y)
&sample R € U(0,1)

ifR> a(xtY) x'!=xt

2.3.8 Random Samples from Discrete Distributions
Assume that there are r different discrete states and the target is to generate n samples from a
discrete space. Equation (2.15) shows the discretized space of the states and their probabilities
by:

P = {1, 92, ..., o1}

(2.15)
pr(g;) i=1,..,r
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To generate random samples, the cumulative probability of the states should be calculated by

i
C; = z pr(cpj) i=1,..,r (2.16)
=1

After that, Ng,mpie Uniform random numbers are generated from U(0,1) and for each of these
values, the first discrete state with a cumulative value less than or equal to the u value is
selected as one of the selected discrete states.

One application of sampling from discrete probability distributions is the sampling from model

indicators, which will be discussed in the next chapter.

2.4 Adaptive MCMC

The main challenge in applications of MH method is selecting and tuning the proposal
distribution in such a way that the sampling procedure will be efficient. Adaptive MCMC
methods may be categorized as internal and external (Moulines and Priouret, 2010). External
methods use extra processes which interact with the main process. These types of MCMC
methods have been proposed more recently in comparison to internal adaptive ones. They offer
efficient sampling methods from complicated distributions which other methods fail to sample
efficiently. For instance, the Small-World Chain (SWC) method (Guan et al., 2006) is a non-
adaptive external method which was introduced to overcome the problem of stalling in one
mode of a multi-modal distribution by using a mixture of local proposals in MH. The adaptive
Parallel Tempered (PT) MCMC method is another example of external methods. The PT-
MCMC method has been proposed to overcome the problem of sampling from distributions
which have low probability regions between high probability areas. This method generates

samples from some auxiliary distributions in addition to the main one Q, which is also called
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the cool one. The target distributions of these extra chains are Ql/T, where T must be positive
and greater than 1. In addition, according to an acceptance probability, samples sweep between

different chains. The sweeping steps help to provide samples from areas with low probability,

since Ql/T tempered distributions are more flattened. This method needs some extra tuning
parameters in comparison to the MCMC method. Thus Adaptive PT MCMC methods
(Miasojedow et al., 2012) propose the auto-tuning method for the parameters. External
adaptive MCMC methods have not been used in this research; thus, no more details will be
discussed. However, this class of methods may be useful for some applications of the proposed
framework, which deal with distributions with discrete high probability areas, and they could
be used to make the proposed package more general. The other category of adaptive methods
is internal adaptive methods. These methods use the history of the chain to tune parameters in
the process.

Roberts and Rosenthal (2001) presented the scaling method that tries to adapt to the target
distribution. To preserve the ergodicity property Gilks et al. (1998) performed adaptation only
at the time of recurrence to an atom. They defined a proper atom as a subspace of the sampling
space such that when the chain enters this subspace, it becomes independent of its history.
Adaptive MH methods have been used in the proposed procedure so they will be explained in

detail in the following subsections.

2.4.1 Adaptive MH

The main challenge in the application of the MH method is the selection and tuning of the
proposal distribution in such a way that the sampling procedure is efficient. In the following

section, three adaptive Metropolis Hastings methods will be reviewed.
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2.4.1.1 Adaptive Proposal (AP)

Harrio et al. (1999) proposed an Adaptive Proposal (AP) algorithm as an efficient tool for
reasonably low dimensional problems in random walk MH (RWMH). The walking
distribution is tuned by adapting the covariance matrix calculated from a fixed number of
previous states. This procedure tries to locally adapt the walking distribution to the target
distribution. In this way, the procedure is kept efficient at all times. They suggested the

adaptive proposal distribution shown in equation (2.17).

qe( [Xq, oo, X))~ N(Xy, CcziRt) (2.17)
where d represents the dimension and R; is the d x d covariance matrix determined from the
H points X:_yi1, Xi—pg+2, -, X¢ and the scaling factor c4q, which depends only on the
dimension d. H is the number of previous states used for tuning the proposal distribution. K
is an H x d matrix, where each row represents one sampled point from X;_y41, Xi—f+2, - Xt

Then R; is calculated using equation (2.18).
H-1 (2.18)

An easy way to obtain a sample from G: N(Xt, cﬁRt) is presented in equation (2.19).

C4q ~

T
——RN(0, L) (2.19)

G~Xt+

The basic choice for c4 is 2.4/v/d from Gelman et al. (1996). They presented optimal
acceptance rates for Gaussian target distributions in different dimensions when the proposal

distribution is also Gaussian. It is also common to use this optimal acceptance rate for other
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proposal distributions. Using adaptive approaches, Roberts et al. (1997) proved that the optimal
acceptance probability is 1/4 as had been suggested earlier by Gelman et al. (1996).

The proposal distribution can be tuned more easily in single component Metropolis since; we
get an individual acceptance rate value for each component. However, it is well known that
this method converges slowly to the target distribution if there are correlations between
different components.

Due to the adaptive nature of the AP algorithm, it is neither Markovian nor reversible. But its

ergodicity and convergence have been proven (Roberts and Rosenthal, 2001).

2.4.1.2 Adaptive Metropolis Hasting

Harrio et al (2001) also presented an adaptive MH method (AM), which is an alternative to
AP. In it, the proposal distribution is a Gaussian distribution centered at the current state and
the covariance matrix is updated using all of the previous states. By comparison, the AP
method uses a finite number of previous states to update the covariance matrix. They showed
that the AM method has the ergodicity property.

The proposal distribution in AM method is N(x:_1, Z;), which is a normal distribution whose
mean is the last state and the covariance is updated by

ZO tStO

where X, is the initial positive definite covariance, cq4 is a function of dimensiond, e > 0 is a
constant value, Iy is a d-dimensional identity matrix, t, is an initial period, and

cov(Xy, ..., X_1) is defined in equation (2.21).
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t
1
COV(Xo, e ’Xt—l) = ? (z XiX;r - (t + 1)§ti;r> (2.21)

i=0

— 1 Kk
where X, = — Y., X; and x; are column vectors.
k k41 &i=041 i

2.4.1.3 Delayed Rejection Adaptive Metropolis (DRAM)
Harrio et al. (2006) introduced the DRAM method, which combines the adaptive Metropolis

sampler and delaying rejection. The ergodicity of this method is proven. Delaying rejection
(DR) is a way to modify MH according to the asymptotic variance ordering by Peskun (1973).
The idea is to generate a second or even more samples when the candidate is rejected. The
probability for accepting the second candidate is dependent both on the rejected candidate and

the last accepted one.

2.5 Practical Implementation Issues

The most important implementation issues regarding Markov Chain generation are the initial
state x,, length of the chain, burn-in length and its convergence to the stationary point. These

subjects are discussed briefly in the following sections.

2.5.1 Initial State

Subject to regularity conditions, the chain will gradually ‘forget’ its initial state and a chain
starting from x,, will eventually converge to a unique stationary (or invariant) distribution that
does not depend on time or x, (Brooks, 1998). This means that, after a sufficiently long burn-
in period, points will be independent samples approximately from Q(.) and the chain

converges to the stationary distribution.
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2.5.2 Burn-in Size

Assume that the chain has been run for n iterations, and the sample points x* where t = m +
1, ..., n are distributed according to the stationary distribution. Then the first m samples should
be discarded and the remaining n-m samples can be used to estimate the expectation or the

point estimate as follows:

1
E[fCO] ~ —— 2 f(x0) (2.22)

The number of discarded samples is called the “burn-in” period, and the size of the “burn-in”
period is a subject of research in MCMC methods. It is suggested (Geyer, 1992) that the size
of the “burn-in” period should be between 1% and 2% of n, where n is large enough to obtain

accurate estimation of the expectation.

2.5.3 Chain Length

Besides the initial state and the” burn-in” period, another important issue is the total chain
length, n. An informal way of finding n is to run several Markov chains from different starting
values in parallel; then the estimated expected values are compared. If the deviation between

the expected value of chains is high, then the chain length should be increased.

2.6 Summary
In this chapter, first the Markov Chain Monte Carlo (MCMC) concept is defined and a review

of MCMC sampling methods is presented with a focus on adaptive MCMC methods. MCMC

sampling methods are used in MCMC Bayesian Model selection methods to sample from the
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parameter probability distributions of the candidate models. Model selection methods will be

reviewed in the next chapter.
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Chapter 3

Model Discrimination

3.1 Introduction

As mentioned in Chapter 1 and shown in Figure 1-2, page 3, sequential model discrimination
methods include two main steps: model selection and design of experiments. Different model
selection methods have been proposed in the literature but there are few sequential model
discrimination methods. In this chapter, a literature review on the available methods for model

selection, design of experiments, and sequential model discrimination are provided.

Model selection methods determine the “best” model out of a set of candidate models to
represent a real system according to available observed data from the target system. In our
work we are focusing on choosing the best mechanistic model. Of course there is not any
guarantee that the “best” model is the “correct” model. The methods usually assign a
probability to each rival model. These probabilities are actually the probability of being the
“best” model. Thus when there is not sufficient evidence to support any of the candidate models
none of them could be used as the model. In other words, more information from the system is
needed to be able to discriminate or a different candidate model is needed. As shown in Figure
1-1, the comparison between candidates is based on analysis of the predicted model outputs
and the real system output under the same input conditions.

Model selection methods can be classified into two main categories: Bayesian and Non-
Bayesian. Then, Bayesian ones can be categorized as MCMC and non-MCMC. Figure 3-1

shows the categorization of the model selection methods reviewed during this research. Chib’s
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method is highlighted in this figure as it is used in our proposed procedure. Chib’s method will

be explained later in this chapter.

3.2 Non-Bayesian Methods

The most common non-Bayesian criterion in model selection is the likelihood ratio, which is
sometimes called the odds ratio. The likelihood ratio compares models, two at a time. The
original format of the likelihood ratio is just appropriate for comparing the probability of a set
of parameters according to a specific model with another set and model, 1(6,|M;)/1(6,|M,).
But in model selection, we are interested in the likelihood ratio which applies to two rival
models regardless of their parameters value. One approach for this comparison is usage of the
maximum likelihood values of each rival model. For instance, equation (3.1) shows this ratio
for model 1 with two parameters and model 2 with three parameters.
Max

0,, 9211(91, 021y)

Max
0, 92,9312(91' 0,,03]y)

Aip =

(3.1)

Another example of a non-Bayesian statistical model selection method, was introduced by
Buzzi-Ferraris and Forzatti (1983), who used an F-test to check the adequacy of single output
models. The Buzzi-Ferraris and Forzatti’s method (BFF) was developed later for multi-
response cases by checking model adequacy (Buzzi Ferraris et al., 1984; Buzzi-Ferraris and
Forzatti, 1990). They applied a x? test with Nr — npary degrees of freedom to the residual sum
of squares in the k™" model; the variables r and npary indicate output dimension and the
number of parameters in the k™ model, respectively, and N is the number of experimental data

points. This method will be explained in more detail in section 3.9.
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Figure 3-1: Model selection methods classification
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3.3 Approaches Using the Likelihood of Rival Models

The two most popular approaches to calculate the likelihood of rival models are
marginalization likelihood methods and those based on information criteria. Methods based on
information criteria compare rival models according to their maximum likelihood and they
penalize the number of parameters. Without a penalty factor, the models with the larger number
of parameters would fit better the tuning data points, even though the model with the larger
number of parameters does not necessarily predict the system behavior better. Thus the most
common format of the information criteria, L.\ which has a direct relationship with the
maximum likelihood and an inverse relation with the number of parameters, is shown in
equation (3.2).

InL x =InLy — f(r,n) (3.2
where Ly is the estimated Maximum Likelihood (ML) of candidate model k and L. is the
information criterion. The function f(r, n) is a function of the number of parameters, r, and
the number of observed data points, n. For instance, in Akaike’s information theory called AIC

(Akaike, 1987), f(r,n) = r, while in the Bayesian information criteria called BIC (Schwarz,

1978), fgic = ;rinn.

3.4 Bayesian Methods

In Bayesian methods, the posterior probability of a hypothesis is proportional to the product of
the likelihood and the prior probability. In model selection, the hypothesis is that the candidate

model is the “best” one. Equation (3.3) shows Bayes rule for model selection.

P(Mily) = L(M;|y)(My) 3.3)
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where P(My|y) is the posterior probability of the k™ candidate model given the observed data
y, L(M;ly) is the likelihood function and m(My) the prior probability of the model. The
likelihood function in a model discrimination problem, L(M;|y), is independent of the
parameter values and it is obtained by integrating out the parameter values.

The marginalization likelihood is another approach to calculating the likelihood of models,
which has become more popular especially with advances in computing facilities, since it
needs more extensive numerical calculations when dealing with complex nonlinear models in
comparison to the information criterion approach. The Marginal likelihood, which is also
referred to as the “evidence” of each model, is calculated by integrating out the model

parameters as shown in equation (3.4).

L(Myly) = je 1(0]My, y)Te(8]M,)d6 (3.4)

where 1(6|My,y) represents the likelihood of the model My and its parameters 6 . The
function (6|M,) is the prior probability of parameters under model My and y is the vector of
all data points. Bayesian model selection methods, which use the marginal likelihood are called
marginalized methods. Bayesian marginalized model selection methods when applied to
nested rival models follow a heuristic principle called Occam’s razor. This principle states
that “among competing hypotheses favor the simplest one”. Jefferys and Berger (1992)
illustrated that Bayesian analysis favors the hypothesis with fewer adjustable parameters

automatically because of their more narrow priors which lead to enhanced posteriors.
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In this research we focus on marginalization methods for calculation of the L(M;|y); thus the
term “marginal likelihood” is sometimes used instead of the more general term “likelihood of

the rival model”.

3.5 Model Selection Stopping Criteria

In addition to the different approaches for calculating L(M;|y), model selection methods also
differ in their comparison criteria. The first comparison criterion is to use the normalized
posterior probability of the models. In this approach, the posterior probabilities of the
competing models are checked to see if any of them has a probability higher than the selection
probability criteria, Pqect, Which might be set at 95% for example. If the probability of one of
the candidate models is higher or equal to Pygject, it IS selected as the “best model”.

The second comparison approach is based on comparing models through their Bayes’ factor
given by equation (3.5).

~_ PIMi) _ L(Milyn)
J P(yalM))  L(Mjlya)

(3.5

Odds are defined in statistics as probability/(1 — probability). Using the definition of the

Bayes factor when there are only two candidate models, the posterior odds can be defined as
Posterior odds = Bj; X Prior odds (3.6)

If prior probabilities of candidate models are assumed to be equal, then B;; becomes equal to

the posterior odds. Jeffreys (1961) suggested the following table for interpreting the evidence

for model i compared to model j.
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Bj; Evidence for model i
1t03.2 Not worth more than a bare mention
3.2t0 10 Substantial
10 to 100 Strong
>100 Decisive

In the proposed framework in this study, the normalized posterior probabilities have been used

instead of the Bayes’ factor to be able to compare more than two rival models.

3.6 MCMC Based Model Selection Methods

Estimation of the marginal likelihood of models is the challenging part of model selection. In
what follows we will discuss several specific Bayesian model selection methods that
incorporate the use of Markov Chain Monte Carlo (MCMC) methods to solve this difficulty.

MCMC model selection methods may be categorized into those which do not estimate

marginal likelihoods, and those that do estimate marginal likelihoods directly.

3.6.1 Model Indicator Sampler Methods

The first group of MCMC model selection methods adds a random integer auxiliary variable
to the sampling procedure, which acts as a model indicator variable. After the sampling
procedure, the ratio of the marginal likelihoods, Bayes’ factor in equation (3.5), is estimated
from the frequency of the model indicators in the generated samples.

Carlin and Polson (1991) introduced a model indicator sampler method by adding the model
indicator variable M, as a random integer number to the Gibbs sampling procedure for model
discrimination between non-nested models. Later, Carlin and Chib (1995) developed this
method more by introducing pseudo-priors and considering model priors as a tool to improve

the convergence conditions.
34



In Carlin and Chib’s method, samples are generated for all the parameters in rival models.
Having K rival models and npary parameters in each model, each sample in the chain has
YK _ npary + 1 values. Therefore, samples from 0; are generated even when M # j. Because
of that, linking densities or pseudo-priors are defined to completely specify the joint model
distribution. Pseudo-priors, t(6;|M # j), do not participate in the calculation of the marginal
likelihood, but choosing unsuitable pseudo-priors may cause the procedure to fail. Carlin and

Chib used the full conditional distributions shown in equation (3.7) for each set of 6; and M.

P(6;0:.5, M, y)
{ 1(6;, M = jly )m(8;|M =) M=j (3.7)
m(65|M # ) M # j

Then the conditional distribution for the model indicator is defined by equation (3.8).

1(6;, M = jly {ITi<, m(6;IM = j)}m

3.8
YR 100k IM =k y TS, m(6;IM = k)}mmy (38)

P(M =j|6,y) =

In each Gibbs cycle, 6; and 6;; are sampled from the distribution in equation (3.7) and the
model indicator is obtained by sampling from a discrete model indicator density. Then the
joint posterior distribution and Bayesian factor can be estimated by using equations (3.9) and
(3.10):

number of M® = j
, i=1,..,K (3.9
total number of M(®) J

P(M =jly) =

_ LM =jly)  P(Mjly)/my

T LM =ily)  P(Mily)/m (3.10)

This method can handle discriminating among models that have some common parameters and

considering those common parameters just one time in the sampling. Thus, if there are common
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parameters, the number of variables in each sample is less than YX_, npar, + 1. The only
important thing is that these shared parameters must have exactly the same interpretation in all
models. Carlin and Chib (1995) clarified this point in their paper by considering models 1 and
2 shown in equation (3.11). Parameter a shows up in both models but it has two different roles
in these two models; the xi-values are centered far from 0 but the y-values are centered near 0.
a in the first model is the mean of y-values, but in the second model it represents the intercept.

M=1 yi=a+£i Ei"’N(O,O'Z) 1=1,,N
M=2 yi=a+Bx;j+ g £~N(,t®) i=1,..,N

(3.12)
Therefore, o does not have exactly the same role in those two candidate models, although it
may be seen so at first. Thus two a values should be considered is the sampling procedure.
Selecting proper linking densities and model priors m; plays an essential role in the
convergence of the Carlin and Polson’s method (Carlin and Polson, 1991). In situations where
p(M = jly) is extremely large for one of the models, ; should be tuned to make the number
of samples from each model approximately equal.

Green (1995) introduced another model indicator sampler method. This method is called
Reversible Jump Markov Chain Monte Carlo (RIMCMC). It was implemented and improved
later (Dellaportas and Forster, 1999; Robert and Casella, 1999). RIJMCMC provides a
procedure to generate samples that travel across different model parameter subspaces. So, it
can handle the model selection problem between rival models with different parameter space
dimensions. In each cycle, npary parameters are sampled where Kk is the index of the current

subspace and npary, is the dimension of that subspace (model). Thus the number of variables

in all samples is not fixed. RIMCMC creates different types of moves between the subspaces
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by random choice between available moves at each transition, in order to jump freely across
the combined parameter space.
To illustrate this method, let the current state of the Markov chain, at time t, be (m*, 8%,); where

m indicates the model or subspace index. If p represents a particular proposed move to model
m’ and corresponding parameter vector e'm, , a vector u of dimensionality equal to the
difference in dimensionalities between 65,? em Is used to generate G'm' by a one-to-one
function g as :
0, = g(of,u) (3.12)

Vector u is sampled from a proposal distribution g, (u). On the other hand, if the inverse of
the move p is used, and eﬁ,? is the vector of parameters with higher dimension, then e’m, is
created from eEfR by applying the inverse transformation (em ,u') = g‘l(eg)) and
discarding u'.
Let the probability of making a move of type p, given the current state of the Markov chain
(m(t) e(t)) be i ® g® ; ® o® ; i _

,0:), j(p,m™,0,7), thus  ¥,j(p,m"”,08,7) <1 and with probability 1
Yo j(p,m(t),em(t) (t)), no change to the present state is proposed. For moves that are not

. . . . (t) (t)

available from the starting point, ](p, m'¥, 0, ) equals to zero.

Jumps considered in this method are classified as increasing and decreasing dimensionality.

The probability of accepting a move with each of these jumps is as followings:
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o Increasing dimensionality from ef,? to em generated via the appropriate q,(u) , should

be accepted as the next realization of the chain, so that m®*% = m’' with probability

® a® q .
a(m ,em ,m,em),where

a (m(t), Gfrtl) ,m, Gm)

~ mind 1 p(yIm’,6,) 70, m) n(m) joome) O
'p(Y|m(t)'e$) ) ﬂ(efr?m|m(t)) m(m®) j(p' m®, g% )
And rejected otherwise, so that m(*D = m®
o Corresponding accepting probability of downward move from efr? to e’m, is shown in
equation (3.14).
o (m(t), 6:;) ,m), Gm)
(3.14)

P(y|m’,0,) (8, |m") n(m) j(p,m’,6,,) ap(Bfrto, )
P 0] () ) 02

= min< 1

Both Carlin and Polson’s model (Carlin and Polson, 1991) indicator and reversible jump
Markov Chain Monte Carlo methods are based on avoiding estimation of the marginal
likelihood for each model by sampling from the model indicator. On the other hand, they both
suffer from the disadvantage of depending upon selecting proper prior and pseudo-priors in the

model indicator and transition functions in the RIMCMC method.
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3.6.2 Marginal Likelihood Methods

The most straightforward approach in calculating the likelihood of models is the estimation of
its integral directly. MCMC techniques can be used for the purpose of evaluating the marginal

likelihood. The basic idea of MCMC integration (Metropolis et al., 1953) is that

fX f(x) q(x)dx can be approximated as closely as desired by:

1 S
f(x)qx)dx ~ lim — ) f(Xy) (3.15)
f s S l;.

if the X, are sampled so that Pr(Xy = x) = q(x). Likewise, in situations where samples are

generated from another distribution, q*(xy), instead of q(x), the integral may be estimated

using equation (3.16):

k=1 Wif(Xk) (3.16)
er<n=1 Wy

fﬂ@«@«@z

where wyi = q(x)/q* (xg).
Comparing equation (3.15) and the marginal likelihood (equation (3.4)), it is concluded that

the marginal likelihood can be approximated by the expected value of likelihood of samples
from the prior distribution. A problem arises when the posterior distribution and the prior
distribution have totally different peaks relative to each other. In this situation, most of the
sampled parameters will have small likelihood values and the sampling process will be
inefficient.

Because of the problem in estimation of the marginal likelihood by prior samples, using

samples from the posterior distribution seems more reasonable. Let us assume {ef(g)} =

{efj), s eff)} to be G draws from the posterior density of parameters P(6|My,y). Then the

marginal likelihood can be calculated by equation (3.17), (Newton and Raftery, 1994). But this

39



summation may become unstable when the inverse likelihood has infinite variance. In other
words, a parameter with small likelihood can have a large effect on the approximation.
Therefore, the variance of the estimated marginal likelihood may be large (Chib and

Greenberg, 1995).

-1

G
1 1
LMily) = {= ) (—l(el((g)le,y)) (3.17)

g=1
Chib (1995) proposed a marginal likelihood estimation method by sampling from the posterior
distribution using the Gibbs sampler. This method solves the problem of instability in
estimation of the marginal likelihood using posterior samples. Later Chib and Jeliazkov (2001)
extended this method by using Metropolis-Hastings sampling. In their latest paper (Chib and
Jeliazkov, 2005) the Acceptance Rejection Metropolis Hastings algorithm is applied. Chib and
Jeliazkov’s method with a Metropolis-Hastings sampling is used in the model selection step of
two implementations of SBMCMD in Chapter 4; thus, it is explained in more detail in the next

section.

3.7 Chib’s Model Selection Methods
Chib (1995) proposed using the logarithm of the likelihood to improve stability. He suggested

using equation (3.18) to calculate the Bayes factor for any two models i and j.
Bj; = exp{In P(y|M;) —In P(y|Mj)} (3.18)
The marginal density function may be written as:

_ 1(67IM;, y)(87)

Taking the logarithm of both sides of equation (3.19) leads to equation (3.20).
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InP(M;|y) = In1(6*|M;,y) + Int(6*) — In P(6*|M;,y) (3.20)

This equation is true for any possible value of the parameters 6*. Substituting In P(M;]y) from
equation (3.20) into equation (3.18), yields the Bayes’ factor. The only remaining problem in
the calculation of In P(M;|y), is the estimation of the last term, In P(6*|M;,y), which is the
posterior density of possible values, 6*.

What has been described above is the main idea behind Chib’s method. Chib and his research
group proposed three different versions of this method later. These methods differ in their
MCMC methods for sampling from the posterior distribution and the estimation of P(6*|M;, y).

In the remaining of this section, these three versions of Chib’s method are discussed.

3.7.1 Chib’s Method and Gibbs Sampling
First, Chib used Gibbs sampling to estimate In P(6*]y), (Chib, 1995). To explain this

method, assume that parameters are divided to B blocks, 8 = (64, ..., 6g). Thus the posterior
probability of any point, 6 may be given by equation (3.21).
P(6"|y) = P(61ly) x P(83]y,07) X ... X P(6i]y, 03, ..., 05_1) X ... X
(3.21)
P(831y. 63, ..., 85_1) = [1%, P(6;1y, 63, .., 6;_1) .
The P(07]y) term, marginal ordinate, is estimated from the samples generated by Gibbs
method from P(B|y). P(6;]y, 63, ..., 05_;) is defined by the integral shown in equation (3.22),

and can be estimated from samples of the full conditional densities when 6 is set equal

to0; (s<r—1). Letthe G draws from the reduced full conditional densities be shown as
{69), 9921, eg)} , then an estimated value of P(0;]y, 67, 65, ..., 85_,) can be obtained from

equation (3.23).
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P(6;ly, 07,65, ..., 67_1)

(3.22)
= fp(e; y,03,05,...,0;_1,0,(1>1)) dP(6,44, ..., Op]y, 07,05, ..., 05_1)

P(6ily, 0:(s < 1))

G . (3.23)

=G ) P61y, 05,83, ., 61,81 > 1))
j=1
So the log of the marginal likelihood is given by the following equation:
InP(M;|y) = Inf(y[M;, 87)
(3.24)

B
+ InT(6*|M;) — z InP(6:ly, 03(s < 1))

r=1
Although that selection of 6" is not critical, it is more efficient to select it from a high

density area. Thus it may be selected, after drawing G samples from 6, as the 6 with the

highest likelihood during sampling.

3.7.2 Chib’s Method and Metropolis-Hastings Sampling

Later, Chib and Jeliazkov (2001) used a Metropolis-Hastings sampling procedure to estimate
the marginal likelihood on the log scale. If -1, Pip1  represent

(04, ..., 0i-1), (Bi41, ..., Op) respectively, the transition function of the MH method can be

written as;

P(Gi, 0; |Y; i1, ¢i+1)
(3.25)

= a(6;, 0]y, Wi—1, Wis1) x q(05, 0|y, Wi—1, Wit1)
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where a is the acceptance probability and q is the proposal distribution in the MH method.
As mentioned in Chapter 2, sub-kernels in the MH algorithm have the reversibility property.

Reversibility of sub-kernels in this case is shown by equation (3.26).

P(6;, 0y, Wi—1, Wit1) T(Oily, Wiq, Witq)

= “(GHY' ¢i—1' ‘mﬂ)P(e;' 6i|Y' 4’1—1' Ll’i+1) =

(3.26)

After integrating both sides of equation (3.26) with respect to 6 and using an estimation

strategy, equation (3.27) is obtained.

P(6;ly, 63, ...,0{_1)

_ B {8, 671y, Wiy, Ui DA, 071y, Wi, W)} (3.27)
EZ{a(eii er |Y: lpik_l' lIJi+1)}

where E; is the expectation with respect to P(6;, Wi;+|y, Wi_,) and E, is the expectation with

respect to P(iy1 [y, Wi)a(65, i1y, Wi_g, Wisa)-
To estimate p(6;ly, 63, ...,0i_;) , first y;_, should be set equal to Y;_,, and then samples

from (Bkly, 0_x) k =1, ..., B are generated. These samples may be shown by
{6,..,69]g=1 .M
Secondly, y; is set equal to (P;_,, 07), and then another set of samples is generated from the
remaining  distribution.  Showing  these  samples by {91(21 ...,eg)} i=1..]
P(6{]y, 03, ..., 0;_,) can be estimated from equation (3.28).

P(®;ly, 61, ..., 0i_1)

M1 glzl a(ei(g); eT|Yﬁ l-pik—ll lIJi+1,(g))q(ei(g)' erlY' l'ljik—l’ l'|',i+1'(g)) (328)
1718, o8], 81y, Uiy, Wi )
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After repeating the above procedure for all blocks, P(6*|M;,y) is estimated from equation
(3.21), and will be substituted in equation (3.20) for estimation of the marginal likelihood.
An specific condition of the above method is when all the parameters can be sampled
simultaneously, thus there will be just one block. In this case equations (3.26) and (3.27)
become equations (3.29) and (3.30), respectively:

P(0,6"|M;, y)m(6[M;,y) = m(8*|M;,y)P(8",08|M;,y) (3.29)

E;{a(6,6%|y)q(6", 61y)}
Ex{a(6%,6]y)}

P(8" IM;y) = (3.30)

where E; is the expectation with respect to P(6|M;,y) and E, is with respect to q(67, 0]y).
Thus showing samples from the posterior distribution and q(8*,8y) with {8®} and {69},

respectively, P(8*|y) is calculated by equation (3.31).

MY, a(6®,6%|y)q(6®, 6% |y)
j-1 Z]!=1 0((9*, (210 |y)

PO |y) = (3.31)

3.7.3 Chib’s Method and Acceptance-Rejection MCMC Sampling

Chib and Jeliazkov (2005) presented the implementation of the Acceptance Rejection
Metropolis Hastings method (ARMH) for one-block and multi-block sampling. One-block
sampling has been used in our framework, thus it will be explained here. For models which
may require multi-block sampling, one should refer to Chib and Jeliazkov (2001).

Like other versions of Chib’s method, the problem of estimating the marginal likelihood is

reduced to the estimation of the posterior probability of a specific value P(6;|M;,y) given the

posterior samples{6®,...,0" } .
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If «(0,0'y) represents the acceptance probability of a move from the current sample & to 6’

, and g(8,8'|y) represents the proposal distribution for the move, then the probability of

choosing a value @' and accepting it, is given by the sub-kernel defined by equation (3.32):

, ' ' 3.32
Q(®,61y) = a(6,8]y)a(6, 8'|y). (3.92)
Regarding the reversibility property of sub-kernels the following equation is valid:
, ' ' 3.33
Q(0,81y)P(8M;,y) = P(6|M;,y)Q(®’, 6]y).. (3.33
Integrating both sides and setting 8 = 8* yields:
J «(8,6"1y)q(6,6°[y)P(B]M;, y)d6 (3.34)

PO IM;,y) =

[ a(6%,8]y)q(6",6]y)d6
By letting 0" €D, 0y (67,6]y)=1 and 1(6"|M;, y)m(6"|M;,y) < cq(6"), where q is the
proposal distribution in ARMH method. Thus, equation (3.34) becomes,

100" IM;, Y)1(6"IM;, ) [ o (8, 0°[y)P(BIM;, y)d® (3.35)

PO IM:y) = ¢ [ aan(6ly)a(0)de

Substituting the above equation into equation (3.19) leads to

LOM.[y) = c [ aar(0ly)q(6)d6 (3.36)

~ [ aun(8ly)P(6IM;,y)do
A numerical estimate of L(M;|y) could be obtained by equation (3.37).

J7 YL aar(®l]y) (3.37)
G™1Yg_; amu(68,6%y)

L(Mily) = c

where @' are J samples from q(8) and 6° are G samples from P(8|M;, y).
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3.8 Design of Experiments

The term design of experiments (DOE) is more commonly used in regression, where the goal
iIs to design experiments, which lead to more accurate parameter estimates. In model
discrimination however, the goal is to find experimental conditions which contain information
with which to discriminate between rival models. Burke et al. (1997) classified statistical
model discrimination experimental design criteria into maximum divergence-based and
maximum entropy-based methods. These two categories seem to be able to cover all criteria

which have been proposed in the literature.

3.8.1 Methods Based on Maximum Divergence

Maximum divergence-based methods select experimental conditions where the expected
difference between the predicted values of the rival models is maximized. These criteria are
based on the fact that the “best” model should be able to predict the model responses more
accurately than other rival models. Hence, it is desirable to do the next trial under conditions
that lead to the maximum average difference in model outputs. To achieve this, the following
criterion is often used:

K-1 K
Knext = Max D > (3500 = §,09)” (339)

i=1 j=i+1
where K shows the number of rival models and §,(x) represents the predicted value from the

i" model under condition x. A better criterion is obtained if the prediction variance is taken
into account. In this way experimental conditions where the prediction variance is large and
potentially little information for model discrimination can be gained, can be avoided. So the

modified version of this criterion may be written as equation (3.39).
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Xnext = maXKZ1 S (500 - 9,9)°
next — X Var(yi(X) - yj (X))

i=1 j=it+1

(3.39)

Roth (1965) introduced a weighted average of the total separation between the models where
weights are the Bayesian posterior probabilities. Let P(My|y,—1) denote the posterior
Bayesian probability of the k™" model after n-1 experiments and ¥;(x) represent the predicted
value of model j, under experimental conditions x. The conditions which maximize equation

(3.40) are chosen as the experimental conditions for the n'" trial.

x| X |
arg max ~ A~
X = BT [PMila-0) | 1560 - 510 (340)
i=1 l j=1 J
j#i

In its original implementation proposed by Roth the predicted values, ¥;(x), are calculated
using the parameter point estimates obtained based on the n-1 experimental trials. In our work,
we refine this method by calculating the predicted values by integrating over all possible
parameter values as shown in equation (3.41). This makes the estimates of the predicted values

independent of the parameter values.

yi(x) = j y;(x|8)m(0)do (3.41)
0
Using the G samples obtained from the current prior distribution, ¥;(x) is estimated by

equation (3.42)

G
1
9:i(x) :fe yi(x|8)1(0)d6 =~ E;Yi(xleg) (3.42)
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3.8.2 Methods Based on Maximum Entropy

Entropy-based design criteria provide another alternative to the maximum divergence ones.
The entropy definition in experiment selection is related to the concept of entropy in
thermodynamics, which is a measure of the randomness or uncertainty in a system. Suppose
there are K models, after n-1 experimental trials, the entropy of the system can be defined as

equation (3.43):

K
S= = > P(Milyn1) In P(M;|y ) (343

i=1
Box and Hill (1967) borrowed the concept of entropy from information theory in experimental
design. They assumed that in the beginning, all the models are assumed equally probable, so
having K rival models, each with probability equal to 1/K. In this situation, the entropy will
be at a maximum. On the other hand, in the desirable condition, when the probability of one
model is 1 and others zero, the entropy value is at a minimum. So in order to obtain the most
possible information from the next experiment we can try to maximize the difference between
entropy in the n-1% and the n™" step. This expected change in entropy is usually shown by R,

R = entropy at input — expected entropy at output

Box and Hill (1967) derived an upper bound on the change in entropy for linearized models
under normally distributed errors. They showed that the expected change in entropy resulting
from the n'" trial made under certain conditions x is

K
- PG M) 3.44
R=D POt l0-0) | Pty S0l ay, (249
1= Yn

where,
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K
406 Yn) = ) P(Mi|Yn-1)PaIM;) (3.49)
i=1
where P(y,|M,) is the probability density function of the n'" observation under model i and
P(M;|yn—1) is the probability of model i up to n-1 experiments, so q(x,y,) is the probability
of observing a specific observed value. The predicted posterior probability associated with the

k™ model is shown in equation (3.46).

P(M;|yn-1)P(ynIM;)
a(¥n)

P(Milyn) = (3.46)

Then Box and Hill show by Bayesian analysis that if the errors are normally distributed, an

upper bound for negative R, D(x) is defined in equation (3.47).

K-1

K
1
D(x) = Ez P(M;|yn-1) P(Mj|Yn—1){

i=1 j=i+1

1
+[9i<x)—9j(x)]2< - )}

02 + o? (52+(5]-2

(of — of)?

(0% + 0%)(0? + 0]-2)

(3.47)

where o2 is the known error variance for a single measurement; $;(x) stands for the predicted

value of y, under model i using the first n-1 observations and variance of §;(x) is given by

o?. Therefore, the condition x yielding the largest D(x) will be selected as the next
experimental condition.

Reilly (1970) introduced the expected entropy criterion which uses the actual value of the
expected entropy as a design criterion instead of an upper bound on the expected entropy

change. He presented the integral in equation (3.44) in the following format,

1
R = —3 [1+In2m (6% + 07)] — f P(y,|M;) In q(%, y,)dy, (3.48)
Yn
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The remaining integral in the above equation can be recognized as the expression for the

expectation of In q(x, y,) under variation of y,, assuming model i to be correct. This may be

written as fyn Inq(%,yy,) dy, . It follows that:

R(x) = —%(1 +In2m) —
(3.49)

K
1
D PMilys ) {3 InC0% + 08 + [ InaGxy)
i=1 yn
All of this is easy to evaluate except for the expectation term. This is the expectation of the

function In q(x, y,), where y,, is normally distributed with mean $,(x) and variance o2 + o?.
Reilly used Gauss-Hermite quadrature to estimate the expectation term.

Drovandi et al. (2013) in their recent paper used a DOE criterion, which contains the prediction
of the posterior probability of models after doing the next experiment. Thus their DOE criterion

is like other entropy criteria, which use the predicted values of the posterior probabilities.

3.9 Model Discrimination with T-test (Buzzi-Ferraris and Forzatti method)

Buzzi-Ferraris et al. (1983) described an experiment design criterion based on the maximum
variances for linear models or those, which can be assumed approximately linear over the
relevant region of the parameter space. Their method can be used for single response methods.
After that, Buzzi-Ferraris and Forzatti (1984) modified this method to be applicable to multiple
response models. In this method, errors, are assumed to be normally distributed. The next
experimental condition is obtained by maximizing a proper indicator of the divergence among

the responses relative to the limits of error provided by the data, given by
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where S% indicates the variations between the deviations (8;) and S3 is the mean value of the
variances(G3,), Where §; is the deviation between the observation and the expected response
from the i model. By assuming that either we have K rival linear models, or models which
can be approximated by linear ones, they can be shown as the following equations:

yi(x) = é1gi,1(X) + ézgi,z(X) + et épigi,pi(x)

8700 = g7 (0 (GT'6;) () 8

where for nonlinear models: g;, = Z1%%)
a0y eiz’e\i(n)
gi1(x1) . . - . 8ip(xX1) (3.51)
gi1(x2) - - . . 8ip(x2)
Gl =1 - Lo ; gi(x)
gi,l(XN) e e gi,pi (XN)

= [gi,1(®), -+ Bi,p; (x)]
where @i(n) is the point around which the model is linearized around. Using these assumptions,

sn, Sp and T are calculated by using equations (3.52), (3.53) and (3.54) respectively. The

criterion requires choosing the vector of experimental conditions that maximizes T.

(80 -509)° _ 2K, (110 —§9)°

2 _
SN T K—1 K—1

, (3.52)
RS (9:60 - 9,0)
B K(K—1)
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?:1 vi(6* — 612(X))2

sg =

=1 Vi
~2 vK T T -1
= g2 4 2 =inth (")ffi “) 80 (3.53)
K 2
a2 o; (x)
=0"+ Z K
=1
_ ~ R 2
_ i ]K=i+1(Yi () -, (X)) (3.54)

~ (K- D(K8? + T, 67 ()
T values below 1 in single output models, indicate that the variance of the divergence among
responses can be explained in terms of experimental error variance plus variance of expected
response. So if there is no condition with T value above one, the procedure should be stopped.

For multiple responses T was defined as equation (3.55):
T = (3160 - 9,0) (550) (510 —9,(0) (3.55)
where S;;(x) is the covariance matrix of (Si(x) -9 (x)). In order to discriminate among more

than two rival models, it is desired to find the vector of independent variables x that maximize
Ti;(x) over any pair of models i and j, providing T;;(x) is greater than R (response dimension).
The procedure is stopped when no setting of x maximizes T;;(x) above R.

Buzzi-Ferraris and Forzatti (1990) provided another usable design method for multi-response
models which can be linearized in the neighborhood of éi(n). Let yv'(x),y (x;) stand for the

R X 1 vectors of observations recorded in two genuine independent replications of x = x; with

normally distributed error as shown in equation (3.56).
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y,(Xu) = f(Xw e) + 8;,1
v (xy) = f(x4,0) + g, (3.56)
gy €y ~ N(0,%)

where X is the known positive definite constant covariance matrix shown in equation (3.57).

011 O11 : ¢ ¢ 011
011 O11 i i i Oqq

X = : : R : = {On} (3.57)
011 O11 011

By using linearization the h™" output value from the i rival model may be shown as equation

(3.58).

@1 9fin(x 61)

Pi
Fin G 0) = finx 0 + ) [0y, — B =B (359

éi(;’) denotes parameter estimates from fitting models using the observed data. In this condition,

the estimated response under model i, §;(x,41), for the new design point is normally

distributed about f;(x,41, éi(n)) with a covariance matrix equal to W;(xp41) :
9;(xn+1) = N[fi(Xn11,8; ), Wi (Xn+1)] (3.59)

where 0,1, G;(x,41) and W;(xp.) are defined by equations (3.60) and (3.61), respectively.

k k

07t = Z 011G Gy (3.60)
h=11=1

Wi(Xn+1) = Gi(Xn41)07 G (Xn41) (3.61)

Buzzi-Ferraris and Forzatti picked the setting of x,,; which provides the maximum

information against the null hypothesis that indicates E{fi [Xy, éi(“)]} = E{fj[xy, é].(“)]}, in order
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to discriminate most efficiently between two rival models. If we define 6; , §; and §&;; as
equation (3.62);
8i(ns1) = [9i"™ Gns1) =¥ (tns1)]
8 (n+1) = [9;™ (tnt1) = ¥ Ckns1)] (3.62)
8ij(Xns+1) = Ri_jl(xn+1)[6i(xn+1) — 6;(Xn41)]

where Ri‘]—l is a function of X, w;, wj. Then minimizing the PDF of &;;(x,41) OVer x4 leads

to selecting the next experimental condition that satisfies E{fi [Xu, éi(“)]} # E{fj[xy, éj(“)]}.

3.10 Hsiang Reilly Method (HR)

In the HR method, the parameters in each of the candidate models are handled separately as a
set of discrete arrays in computer storage to facilitate the calculation of the marginal likelihood
in this Bayesian approach. Hsiang and Reilly’s method is a complete sequential model
discrimination framework, including both model selection and the DOE step. The design of
experiments step is designed specifically for the discrete space in their framework. The steps
in this method will be explained in the following.
Initialization

First, it is required to set the prior probability for each model m, k=

1,2,..,K and YK_, m = 1, where k represents the index of a model and K is the total number
of candidate models. Then a discrete set of possible values should be assigned for each
parameter. Assuming that the k™ model has P, parameters and discretizing each parameter

p

space to t;; values where j = 1, ..., B i =1,..., K, there are ]'[]. ¥, tij possible sets of parameter

values in the k™ model. After defining the discretized space, a distribution of probabilities
54



should be considered. For each possible parameter value a probability is set that represents
our belief that it is the “true” set of parameter values. To illustrate this method, assume that
we have two rival models, each with 2 parameters. In the beginning we may start with non-
informative model priors, P(M; =1) = 0.5, P(M; = 2) = 0.5

Assuming the acceptable range of parameters, 1 < P;; < 2.5,100 < P,; <180, 10 <
P,; <20, 1e5 < P,, < 6e5, Figure 3-2 and Figure 3-3 show the discretized space and the

prior values, respectively.

Parameter 1 : Parameter 1 :

= = =

- - 005 005 005 005 DEEEN oo B
N ' ' : ' ~ - 0.08 0.08
. - 005 005 005 005 o
& SRS  oos 0.08
) - 005 005 005 005 O
: 3
S - 005 005 005 005 S
S S o oo
< S8 005 o005 o005 o005 S S oo 08

Figure 3-2: Model 1 priors for the HR example  gjgyre 3-3: Model 2 priors for the HR example

Calculation of Model Posterior
When some preliminary measurement from the system are available or after designing and
carrying out a new experiment, the likelihood of each cell of the parameter tables will be
calculated. The likelihood is a function of the model error variance and the error value, which
is the difference between the real system output and the output of the model given the
parameters value in the cell and the input condition. Then the prior of that set of parameters
multiplied by the likelihood will be put in the table as the posterior value. Figure 3-4 and Figure

3-5 show the posterior probabilities for the illustrating example.
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Parameter 1 : Parameter 1 :

1 [15 2 (25 0 |20

- 00001 01 01 005 E o 0.11
g- 0.0000 004 005 0.1 N- 0.08 0.08
S 00002 03 015 01 SRS o012 0.13
g- 0.0003 0.0000 0.0001 0.0000 g- 0.1 0.08
& - 0.0001 0.0002 0.0000 0.0001 E- 0.02 0.08

SHEERN oo 0.09

Figure 3-4: HR method, model 1 posterior

probabilities Figure 3-5: HR method, model 2 posterior

probabilities

Rescaling is another step in the HR method implemented by Burke (1994). If all the
probabilities in a column or a row in the border of the table are insignificant, that part of the
table is deleted in the rescaling step. Then, the table will be filled again with the prior values,
following by calculation of the likelihood for the new set of parameters. Figure 3-6 shows the
rescaled table of parameters in model 1, filled with prior probability values. One column and
two rows have been deleted from the table presented in Figure 3-4 to obtain the table in Figure
3-6.

Parameter 1 :

215 |25

0.05 0.05 0.05 0.05
0.05 0.05 0.05 0.05
0.05 0.05 0.05 0.05
0.05 0.05 0.05 0.05
0.05 0.05 0.05 0.05

Parameter 2 :

Figure 3-6: HR method, model 1, rescaled table
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Updating Model Probabilities

In this step, the posterior probability of each model is updated using the summation of the prior
multiplied by the likelihood over all possible discrete value of parameters,
Yo,; P(6;;|M;)1(6;:|yn). Equation (3.63) shows the formula for updating the models posterior

probability,
P(M;) Xe;; P(65;|M;) 1(6;;IMi, yn)
i, P(My) Yo;; P(8;iIMDI(8;iIM;, yn)

where P(M;) shows the prior of model M; in the current step and P(6;;|M;) the prior of ;; in

(3.63)

P(Mily) =

model M;. Then the tables of parameters are updated by normalized probability values,
equation (3.64).

P(0;;IM)1(8;;|M;, yn)
Yo;; P(85iIMDI(8;:IM;, yn)

P(6;|M;,y) = (3.64)

Design of Experiments

The design of experiment criterion used by Hsiang and Reilly is based on the Roth criterion,
equation (3.40). The predicted response at the n+1" condition, ¥;, could be easily estimated by

weighted summation of predicted values over the table of parameters.

ACEIWICISECHITSY (3.65)

11

where 6;; shows parameter values and summation is over all cells. Weights are posterior

probability of parameters and f; denotes the ith model output. This procedure is repeated until

one model is identified with sufficient certainty.
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Chapter 4

Proposed Model Discrimination Method

4.1 Introduction

Assume A and B are two events with probabilities of occurrence equal to Pr(A) and Pr(B) #
0, respectively. In addition, let Pr(A|B) denote the conditional probability of A given that
B has occurred and define Pr(B|A) analogously. Then Bayes' theorem states that:

Pr(B|A)Pr(A
Pr(A|B) = % (4.1)

In other words, for any two random events A and B, the conditional distribution of A given B
is proportional to the product of the conditional probability of B given A and the probability
of A. The proof of equation (4.1) can be found in Bard (1974).

To illustrate Bayes’ theorem to applications in parameter estimation and modeling, suppose
that y, = (v4,...,yn) IS a vector of n observations from the system whose probability
distribution, P(y,|6), depends on the values of parameters, 8. Also assume that 6 has a
probability distribution P(6). Then by using equation (4.1), equation (4.2) is obtained.

P(ynl0) P(8) = P(yn, 6) = P(Blyn) P(yn) (4.2)

Given the observed data y,,, the conditional distribution of 6 may be written as equation (4.3).

P(yal6)P(6)

P(Oly) =5

(4.3)

By considering P(y,) = fe P(ya|0) = c¢71, P(8]y,) may be written as the following equation:

P(9|Yn) =C P(Ynle)n(e)- (4.4)
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The above equation is referred to as Bayes' theorem, where 1t(6), which is equal to P(8) in
equation (4.3), is called the prior distribution and contains previous knowledge about 6 without
considering the current data y,, P(y,|0) is the probability of the observed data given 6, and
the variable c is a normalizing constant necessarily to ensure that the posterior distribution
P(0]y,) integrates or sums to one. Bayes’ theorem may be written as equation (4.5) (Box and
Tiao, 1992).

P(Bly) o m(6)1(8]y) (4.5)
where 1(0]y), which equals P(y,|0), is called the likelihood of 8 given the data and P(8]y) is
the posterior probability. The likelihood function plays a very important role in Bayes' theorem.
It is the function through which the data modifies the prior knowledge. Thus, it can be regarded
as representing the information about 6 coming from the data. Considering the problem of
model discrimination and assuming that one of the K candidate models is the true model
description of the real system, then equation (4.5) can be cast into a form suitable for model
discrimination by replacing the parameter 6, by the model index M, where the model index
My represents the k" rival model. Hence, Bayes’ theorem could be re-written as equation (4.6)
for any of the k candidate models:

P(Mly) = m(M)L(M|y) (4.6)
In the above equation, P(My|y) is the normalized posterior probability. The likelihood
represented by L(M]|y) is the likelihood of the model given the data and is usually calculated
by integrating out the model parameters as will be discussed later. (M) is the prior
probability of the model My. In the initialization step, prior probabilities which satisfy equation

(4.7) should be assigned to candidate models.
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K

z (M) =1 4.7)

k=1

An important feature of the Bayesian approach is that it allows prior knowledge to be
incorporated in the analysis. In addition, the Bayesian approach lends itself for use in
sequential statistical procedures and on-line procedures when new information becomes
available gradually. Assume each observed point is independent of the previous ones and
introduced in a separate step of the sequential procedure. In this case, equation (4.4) may be

written as,

P Oly) = | [Pe110) (@) = .| [P(11) ©(®) P(ral®)
- = P(8]yn-1)

Pn(e|Yn) = P(GIYn—l) P(Ynle)

(4.8)

where n is the number of observed data points. Equation (4.8) implies that the prior
probabilities in each step can be replaced by the posterior probabilities from the previous step.
In a sequential procedure, the probability of the parameter values is interpreted as the last
updated probability of those values; thus, after the n' observation, it is equal to the product of
the (n-1) posterior probabilities, which is the prior probability in the current step, and the
probability of the n'" observed data given 6.

Non-sequential model selection methods use equation (4.6) just once. By contrast, a sequential
model discrimination method uses Bayes’ formula repeatedly as new data becomes available
until a stopping criterion is satisfied. This process is represented by the pseudo-code in
Algorithm 4.1. In this algorithm, y,, represents the vector of all observed data collected up to

and including experiment n and y,, is the observed data at step n.
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Algorithm 4.1: A sequential model discrimination algorithm

Inputs:

K : Number of rival models

Nmax experiment - Maximum number of experiments
Pselection criterion: StOp criterion probability

Yo : Preliminary information

Algorithm:
Set rival model priors : Py(M|yo)
/ FOr =110 Nmax experiment
Design the next experiment inputs x,
Carry out the experiment to observe the new output data y,,
fork=1to K
Calculate L(My|y,)
Update posterior probability P,(My|yn) = Po—q (Mk|Yn—1) L(Mk|yy4)
\ stop if Ik € {1, ..., K}: P,(Mylyn) > Pselection criterion

In this chapter, first our modification to the Hsiang and Reilly’s (HR) method (section 3.10)
will be presented. After the HR method, the Sequential Bayesian Monte Carlo Model

Discrimination (SBMCMD) framework and its three implementations are presented.

4.2 Modification of the Hsiang and Reilly Method

As explained before (section 3.10) in the HR method, the parameter spaces are discretized.

Thus the marginal likelihood of each model can be estimated by equation (4.9).

L(Mklyn) ~ Z P(6; x| M) 1(6;x[My, y,) AB;x (4.9)

6k

61



where A6; shows the parameter cell width in each discretized cell. When there are p;
parameters in model M;, Af; is calculated by, A8, = H?ZlAek,j where AB;) shows the

parameter cell width of the j discretized cell in the k™ model. Therefore, the posterior

probability of each model is directly proportional to:

Ph—1 (Mk|yn) z Pn—1 (0 xIMy, yu)1(8 [ My, yn ) A i (4.10)
ej'k

Thus, the normalized posterior probability of the models is given by:

Pr-1(Milyn) e Pn-1(8jxI M, Yn)1(6; 1| My, ) AB;
Z;(=1 Pn—l(Mi |Yn) Zej_k Pn—l(ej,kler Yn)l(ej,kIMk' YH)Aej‘

P(M;ly) = (4.11)

In situations that all candidate models have the same search area, like the example in Hsiang
and Reilly (1971), equation (4.11) can be simplified to:
Po—1(Mil¥n) o Pn-1(6jx[Mi, ¥n)1(6; My, yn)

Zi Pao1(Milyn) Zo; Pu-1 (8| Mo ¥y )1(8}1 /My, yn)

The above equation was shown on page 57 as equation (3.63). The HR method with equation

P(Mily) =

(4.11) instead of (3.63) is called the modified HR method in this research. The modified

method is applicable to candidate models with different parameters search space.

In the copolymerization model discrimination case study, which was previously tested in our
research group (Burke, 1994), there were two models with different numbers of parameters.
Therefore equation (4.11) should be used for the copolymerization case study but equation
(3.64) was used by Burke (1994). This seems to be the reason why the HR method shows poor
result in her research. The modified HR method has been applied to the copolymer case study

in this research. Results, which will be shown and discussed in Chapter 5 (section 5.3), prove
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that the modified equation can address the question of the previously observed unsuccessful

results of the HR method for this system.

Although this modification addresses some questions about the HR method, it is not efficient
compared to the proposed SBMCMD method for use in more complicated case studies. The
reason is that this method uses a discretized parameter space and therefore the accuracy is
dependent upon the discretization used, while the Monte Carlo approach, in general, gives
better coverage.

Like the HR method, the sequential MC model discrimination framework has the advantage
that it is not restricted to linear models. In addition, the use of a discretized parameter space is
replaced with sampling from the probability distribution of the parameters by Monte Carlo

methods.

4.3 Sequential Bayesian Monte Carlo Model Discrimination (SBMCMD)

As mentioned in the introduction, a sequential Bayesian framework includes both model
selection and the design of experiment (DOE) steps. Different implementations of the SBMCMD
framework are similar in the design of experiments (DOE) and initialization steps, but they

differ in the model selection part.

Three implementations of the framework are presented in this research to show that different
Monte Carlo sampling methods can be used in the sampling step. Furthermore, these
implementations are different in their marginal likelihood estimation step. The reason is that
for different cases, using samples from the prior or posterior distributions may be more

convenient or accurate.
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During the course of this research, we first started with the posterior and prior based
implementation, which is the third implementation described in this chapter. This
implementation applies Acceptance-Rejection MH (ARMH) sampling (section 2.3.7). In the
first iteration of this implementation, the marginal likelihoods are estimated by Chib &
Jeliazkov’s method (section 3.7.3), but as of the second iteration, the marginal likelihoods are
estimated from the average of likelihoods based on the prior parameters samples as discussed
in section 3.6.2. The reason that we started with this implementation was that the Chib &
Jeliazkov’s method with ARMH sampling is more efficient with respect to the calculation
effort compared to the Chib and Jeliazkov’s method with RWMH sampling (Chib and
Jeliazkov, 2005). After testing more case studies, we came across case studies in which the
ARMH sampling algorithm needed too much tuning effort to generate samples with acceptable
acceptance ratios. Therefore, we tried the posterior based implementation, which is the second
implementation described in this thesis, which uses samples from the posterior distribution of
the parameters obtained by the MH method and the Chib and Jeliazkov’s model selection
method (section 3.7.2) with adaptive MH sampling. Later, we implemented the prior based
implementation to be used in cases which require the use of advanced sampling methods to
sample efficiently from the parameter distributions. Details of these three implementations will
be explained in the remainder of this chapter. After describing the details of these three

implementations, they will be compared in section 4.4.

4.3.1 First Implementation of SBMCMD: Prior Based

The advantage of this implementation is that its model selection analysis is not

dependent upon the sampling procedure. Thus any MCMC sampling procedure, which is
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efficient and covers the whole parameter space can be applied. The disadvantage of this
implementation is that the user should decide if there is enough information for updating the
model probabilities or if the model updating should be skipped until more experimental data

from the real system is obtained.

When preliminary data are available from the system and these data are used to build the initial
prior distribution, it is possible to use samples from the parameter prior distributions to estimate
the marginal likelihood. In this situation, the criticism that the prior parameter probability
distribution may have a completely different shape compared to the shape of the posterior
probability of the parameters is not valid any more as discussed in section 3.6.2. This is also
true for the second and later iterations, since the prior distribution, being the posterior

distribution from the previous iteration, is informed by the data.

Therefore the marginal likelihoods are estimated according to equation (3.15). Considering J
samples from the prior distribution {e,-}, which are the saved posterior samples from the last

iteration, the marginal likelihood estimation can be rewritten as

- 1 J
LOMly) ~ — > 10)Myy) (4.12)

J=1

Figure 4-1 shows the SBMCMD implementation with samples from the parameter prior
distributions. Steps of this implementation are explained in more detail in the following and

summarized in algorithm 4.2, page 69.
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Initialization

Before starting model selection on these data, the proper prior distribution of the parameters
must be defined. The selected priors must be proper, since improper priors, whose integral over
the parameter space is not equal to one, affect the marginal likelihood by a multiplier and can
mislead the model selection algorithm. In addition to parameter priors, the prior of the models
should be assigned. If there is no prior information available, the models are assumed equally
probable, and hence have equal prior probabilities.

Whenever experimental data are already available, they could be used as the preliminary data.
Otherwise, a preliminary experiment could be planned using a design criterion. For this
purpose, one of the candidate models can be assumed as the “correct” one, and then the
experimental conditions can be determined using the D-optimality design criterion. Another
useful approach for designing the preliminary experiments is the factorial design method. The
last solution is to generate samples from the assumed parameter prior distributions and then
move directly to the model discrimination DOE step. After carrying out the designed
experiment, a new sample of parameter values should be obtained for the current parameter
posterior distributions, which include the designed data. The calculation of the model marginal
likelihood and model probabilities will occur after enough model discrimination experiments
are carried out to have an informative prior distribution. A rough criterion for deciding to

update models probabilities or not, is having at least mfx(npark) experimental points, where

npary, represents the number of parameters in the k™ candidate models.
Also, if there are npary, or more preliminary data points available, parameter estimation

methods should be used in this step to find the best parameters. Then estimated parameters
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may be used as the starting point of the sampling process, which is the next step of the
procedure. This could help to have a more efficient sampling process with reasonable
acceptance probability in the Adaptive Proposal Random Walk Metropolis-Hastings (AP)

method.

Initialization

*Gather preliminary data
*Set model priors

*Set parameter priors
*Estimate model parameters
*Obtain parameter samples

Carry out a new
experimentin the
condition found
in DOE step

Design of
Experiments

Calculate Marginal
Likelihood in

Bypass

Stop Update model each model usin Marginal
Criterion probabilities . g Likelihood
prior samples calculation?
Sampling posterior
Save samples probability of model
of each model parameters
parameters ( Adaptive MH method)

Figure 4-1: Sequential Bayesian MC Model Discrimination - using prior samples

Sampling from the Parameter Distribution

The Random-Walk MH method has been used in this implementation to sample from
P(6|My,y) . We used Adaptive Proposal RWMH (AP) method (section 2.4.1.1) to address
the problem of tuning the walking distribution. In each sampling step the original prior is used
as the prior and the likelihood is calculated as the product of the likelihoods for all observed

data including the preliminary ones.
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Although using the AP method helps to keep the acceptance rate in the recommended range,
0.15-0.40 (Gelman et al., 1996), cases may occur where AP cannot tune the covariance to force
the acceptance range in the desired range. In this situation, our implemented program will stop.
Low standard deviation in the likelihood function may decrease the acceptance probability
because the likelihood becomes too sharp. By contrast, high values of standard deviation for
the likelihood function increase acceptance probability. The size of samples, which are used to
update the covariance matrix, H, is another parameter which influences the average of the
acceptance rates.

Experimental Design

For the purpose of designing the experiments, the Roth criterion given by equation (3.40) is
used. In any design of experiments step, P(M;|y,—1) Which is the prior of the model, is

replaced by the posterior probability of the model in the last iteration. The variabley;(x), the

predicted value from model i, is evaluated at experimental condition x. Approximating the
predicted model outputs is possible by using equation (3.42). Then this new experiment is
carried out and the result is added to the available data.

Marginal Likelihood Calculation

As mentioned earlier, the marginal likelihood is estimated by equation (4.12). Note that the
likelihood in this equation is calculated only using the last observed experimental point. The
reason is that the data points from the preliminary data to the last iteration experiment, have
already influenced the prior distribution from which parameter samples are generated. Thus if
the likelihood of the parameters was calculated using all the data points, the previous data

would affect the marginal likelihood more than once.
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Updating Model Probabilities
Model probabilities are updated by equation (4.6). In this equation the prior is the current

probability of the model and the likelihood is the estimated marginal likelihood.

Decision Making

In the decision-making step, a criterion is checked to decide whether to stop the procedure or
start a new iteration, meaning that an additional experiment is required. Our stopping criterion
is to check all the model probabilities to see if one exceeds the stopping probability and to
check the number of experiments, to see if the maximum possible number of experiments has
been reached. If the stopping criteria are not satisfied, another iteration is required, and then

MCMC samples from the current posterior parameter distribution should be generated.

Algorithm 4.2:  SBMCMD : First implementation

Inputs:

K : Number of rival models

Nmax experiment - Maximum number of experiments
Pselection criterion: StOP criterion probability

yo . Preliminary information

0o Initial guess for parameters in the k™ model
cq: Scaling coefficient

R; : Initial covariance matrix

Gather preliminary data points, y,

Set rival model priors : Py(My|ye) = m(M,) so that ¥X_. w(M,) = 1 (equation
4.7))
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Set proper prior distributions for the parameters in each model

If ( number of preliminary data points > number of parameters in a model)

find the best parameters in the k™ model, use 8 as the initial guess. Save the
best parameter to the 6 .

forn=1to Nmax experiment

fork=1,... K

Generate G samples using AP method (section 2.4.1.2),
Initialize 6° : if n =1, 8° = B otherwise, 8° = Bpesrn_1x
forj=1... Ngample

Sample z € N(0, c3R;)

p=0"1+7z

1Y s (@) 1(@|My,yt) ) :
Calculate a(0'"2, @) mm(1’n(ei—1)1(ei—1|Mk,yt) (equation (2.8))

0=

if (071, ¢) <1, sampleR € U(0,1)
Thenif R > o071, ¢), 6/ = 01

Update R, :

_ If (j\H =0)

R, = —KTK (equation (2.18))

K=K-E[K] K=[@ 1 . o*H]

Savethemas6® g=1,..,G
Save the 68 with highest 1(68|My, y¢) as Opest tk

Design the next experiment inputs x;
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k| K 1 (equation
arg ma R R
Xe = gx ’ Z!Pt—l(MkWt—l)DM(X) - Yi(X)|! (3.40))
i o
where  §;(x) = ézg=1 yi(x]6g) (equation
(3.42))

Carry out the experiment to observe the new output data y,

fork=1to K

Calculate L(Mylyy) using L(M;ly) ~ — %S_, 1(y|M;, 85) , (equation (4.12))
Update probability of models P.(My|y,) = P._; (M|yi—1) L(Mk|y:), (equation
(4.6))

Normalize P.(My|y.) values
Stop if 3k € {1,...,K}: P.(Mklyt) > Pselection criterion

4.3.2 Second Implementation of SBMCMD: Posterior Based

The second approach, shown in Figure 4-2, uses the posterior distribution samples in all the
iterations to estimate the likelihood. The sampling and the marginal likelihood estimation
blocks are different in this implementation from the corresponding blocks in the first
implementation. Thus only these two steps will be explained. The advantage of this
implementation compared to the first implementation is that it uses the last information
available in each step by using the parameter posterior probability samples. However it is
limited to using the MH sampling method only. This method works for most of the cases but
in situations where multi-modal or discontinuous parameter distributions occur the first
implementation should be applied using a suitable MCMC methods that can adequately cover

the parameter space.
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Figure 4-2: Sequential Bayesian MC model discrimination - using posterior samples

MC Sampling

Sampling from the posterior probability has been done by the method in section 2.4.1.1; to
address the problem of tuning the walking distribution, an adaptive period of sampling is
considered. For this purpose the adaptive proposal (AP) (Haario et al.,1999) method has been
used (see section 2.4.1.1).

Chib’s method uses the reversibility property of the chain. So it is necessary to preserve this
property. Therefore, AP has been applied only during a preliminary adaptive tuning period.
According to the diminishing adaptation property (Rudnick, 2009) of the AP method, the

influence of the adaptation tends to zero. We check the convergence of the updated covariance
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matrix and continue the adaptation phase until the condition in equation (4.13) is satisfied or

the maximum number of iterations is reached:

n n+1

1 1 2it1Zi—n X Ty

— - .= — = 413

nZZI n+1zl:Zl n(n+1) 0 (4.13)
i= i=

Estimating the Marginal Likelihood

After generating and saving samples for each candidate model, the marginal likelihood of
candidate models is estimated using equations (3.20) and (3.31). Then, the model
probabilities are updated by using equation (4.6) . This implementation is summarized in

algorithm 4.3.

Algorithm 4.3:  SBMCMD : Second implementation

Inputs:

K : Number of rival models

Nmax experiment - Maximum number of experiments
Pselection criterion. StOp criterion probability

Nsample: Number of samples in MCMC parameters sampling
Yo : Preliminary information

0o Initial guess for parameters in the k™ model

cq. Scaling coefficient

R, : Initial covariance matrix

Gather preliminary data points, y,

Set rival model priors : Py(Mlyo) = m(My) so that YK_, m(M,) = 1 (equation
4.7)
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Set parameters proper prior distributions for the parameters in each model
If ( number of preliminary data points > number of parameters in a model)

find the best parameters in the k™ model, use 8, as the initial guess. Save the

best parameter to the 6, .

for n=1t0 Nipax experiment

fork=1,... K

Generate G samples using AP method (section 2.4.1.2),
Initialize 8° : if t=1, 8° = 6 otherwise, 6° = Bpesen_1x
forj=1... Ngample

Sample z € N(0, c3R;)

p=0"1+7z

i1 . () 1(¢[Mk,yn) ;
Calculate a(6'~2, ) = min (1’n(ei—1) 1(ei—1|Mk,yn)> (equation (2.8))

0 =¢

if (6%, ¢) <1, sample R € U(0,1)
[ thenif R > (071, ¢), 0 =0?

<~ If((j<burn-insize) & (j\H =0) )

R, = —1K K (equation (2.18))
K=K-E[K], K=[pi7H*, ., 6/*H]
[ else
- Rj = Rj

save the 88 with highest 1(88|My, y;) as Bpest tx

Savethemas 68 g=1,...,G
Save final By egt ¢ as 0

Samples from q(6*,0]y) , save them as {89} j=1,...,]

G138 o )a(e®,6"ly)
(000
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Calculate P(0" |y,) =




Update P(M;|yy): InP(M;]y,) = In1(6*|M;,y) + InTt(6*) — InP(0*|M;,y)
(equation (3.20))
Normalize P.(My|y.) values
| StOp if 3ke {1; R K}: Pt(MkIYt) > l)selection criterion
Design the next experiment inputs x;
K If K ] (equation (3.40))
arg max N -
Xy = gX Z | P_ 1 (Mglye—1) 1_[|Yj(X) - Yi(X)| |
i=1 l j=1
j#i
where §;(x) = %Zg=1yi(x|6g) (equation (3.42))

Carry out the experiment to observe the new output data y,

4.3.3 Third Implementation of SBMCMD: Posterior and Prior Based Implementation

Figure 4-3 presents the flowchart of SB-MCMD approach with Acceptance —Rejection
Metropolis Hastings sampling and Chib’s method (Chib and Jeliazkov, 2005). In this
implementation the model selection procedure is different for the preliminary iterations from
the others. In the preliminary iterations there may be still not enough information available
about the system. Thus the marginal likelihood is estimated from the posterior distribution
samples. But after the preliminary iterations, the prior distributions are informed by the data,
thus the prior samples are substituted in the likelihood to find the marginal likelihood. The
advantage of this implementation compared to the first implementation is that updating model
probabilities are not skipped during the preliminary step. But it is limited to the MCMC
sampling methods, which can be used with Chib and Jeliazkov’s method, MH and ARMH.

The advantage of this implementation compared to the second implementation is la lower

75



computation effort after the preliminary steps. In brief, the third implementation tries to benefit

from both advantages of the first and the second implementations.

Three blocks from this flowchart are slightly different from the first and the second
implementations of the SBMCMD framework but other steps are common between all the
implementations of the SBMCMD framework. These three steps are explained in the following

and the complete pseudo-code is presented in Algorithm 4.4,

Sampling

After design of the preliminary experiments and data gathering followed by assignment of
priors, samples from the posterior distribution of parameters, P(6;|M;,y), are generated by
using the Acceptance Rejection Metrolpolis Hastings method (refer to section 2.3.7). Then
these samples are saved as the current posterior samples. The most probable sample in each
model is named as 6*.

One of the challenges in the implementation of this framework is selecting the constant c, in
sampling from the posterior probability, equation (2.13). Using the same ¢ value for different
iterations is not efficient, since the posterior probability distribution of the parameters, which
is a stationary distribution of this sampling process changes in each cycle, thus its upper limit
changes. To overcome this problem and to achieve a reasonable acceptance probability in all
iterations, we generate a batch of samples of parameters from the posterior distribution before

the main sampling process and estimate the c value.
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Another important issue is the selection of the prior and the proposal distributions. This
implementation is used in the first case study in Chapter 5. In this case, we assumed that the
prior and the posterior both are beta distributions. In addition, we updated the prior and the
posterior distribution parameters in each cycle to adapt their pick with the best parameter found
in the last cycle. This updating occurs before starting a new loop; thus, the MCMC sampling

is not affected.

|

Initialization . .
Sampling posterior
+Gather preliminary data probability of model Save samples
+Set model priors parameters of each model
~Set parameter priors ( Adaptive MH method) parameters
«Estimate model parameters

Preliminary
cycle?

Calculate Marginal
Likelihood in
each model using prior
samples

Update model
probabilities

Stop
Criterion

Calculate Marginal
Likelihood in
each model using
posterior samples
(Chib's method)

Carry out a new
experiment in the
condition found
in DOE step

Design of
Experiments

Figure 4-3: Sequential Bayesian MC model discrimination using both prior and posterior samples

Estimation of the Marginal Likelihood Using Posterior Samples

The posterior probability of 6* is estimated by equation (3.31). Obtaining p(6*|M;,y), the
marginal likelihood of each model is estimated by equation (3.20). After that the posterior

probability of each model could be updated using equation (4.6).
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Estimation of the Marginal Likelihood Using Prior Samples

From this point, the first iteration of the sequential procedure is over and the second iteration

starts; thus, the saved parameter samples are the prior samples.

Algorithm 4.6:  SBMCMD : Third implementation

Inputs:

K : Number of rival models

Nmax experiment - Maximum number of experiments
Pselection criterion. StOp criterion probability

Yo : Preliminary information

B0 Initial guess for parameters in the k™ model

Gather preliminary data points, y,

Set rival model priors : Py(My|yoe) = m(My) so that YX_ (M) = 1 (equation
(47)

Set parameters proper prior distributions for the parameters in each model

if (number of preliminary data points > number of parameters in a model)

find the best parameters in the k™ model, use 8, as the initial guess. Save the best
parameter to the 6 .

forn=1to Nmax experiment

"""" fork=1,... K

generate G samples using ARMH method (section 2.3.7),
Initialize 6° : if n =1, 8° = B otherwise, 8° = Bpesrr—1k
forj=1... Ngample
Sample @ € q(0)

= mi (@l Myy) i
Calculate chR—mm(l, xa(@) ) (equation (2.14))

Sample R € U(0,1)

ifR> a(071,¢), Sample new ¢
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=0
if 8~1¢D

. j_l = qu(ei_l)
ifoeD am (071 ¢ly) m(81-1)1(61= 1My y)

m(8)1(8|Mk.y) a(6) }

if@ €D amu(®" @ly) = min {1' T(@1(@IMyy) a(e)

Sample R € U(0,1)

ifR> a(671Y) 6 =0""1
Save the 68 with highest 1(68|My, y;) aS Opestt k

Save samplesas 68 g=1,...,G
Save final Bpese i as 0
Samples from q(6*,0]y) , save them as {869} j=1,...,]
67381 «(0®), 8°]y)a@®.0°ly)
3], «(0,600y)
Calculate P(M;|y): InP(M;|y) = In1(6*|M;, y) + In1(6*) — In P(6*|M;, y)
(equation (3.20))
""""" Normalize P.(My|y,) values
Stopif 3k € {1,...,K}: Pu(Mglyt) > Pselection criterion
Design the next experiment inputs x;
K [ K
xe="EIN {Pt_l(Mkm_l )| {160 =909
i=1 j=1

j#i J

where 9;(x) = =25, yi(x|0g) (equation (3.42))

Calculate P(6" |y) =

1| (equation (3.40))

Carry out the experiment to observe the new output data y,

4.4 Comparing the Three Implementations

Table 4.1 summarizes the difference between three implementations of the SBMCMD.
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Table 4-1: Comparison between three implementations of SBMCMD

Implementation 1

Implementation 2

Implementation 3

Sampling from :

Prior parameter

distributions

Posterior parameter

distributions

Prior and posterior
parameter

distributions

Implemented

sampling method:

Adaptive Random
Walk Metropolis

Hasting

Metropolis Hasting
with preliminary

adaptive period

Acceptance
Rejection

Metropolis Hastings

Marginal likelihood

estimation method

Average of sample

marginal likelihoods

Chib and Jeliazkov’s

method

First, Chib and
Jeliazkov’s method,
then Average of
sample marginal

likelihoods

MCMC sampling
method applicable in

this framework

Any

Either ARMH or

MH with related

Chib and Jeliazkov’s

method

Either ARMH or
MH with related
Chib and Jeliazkov’s
method for the

preliminary steps.

Any for after

preliminary steps.
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In conclusion when preliminary knowledge are available from the physical system under
investigation and it is desired to implement the simplest version of the SBMCMD, the first
implementation is recommended. Also in cases where the models have discontinuous
parameter spaces, or multi-modal parameter distributions, this implementation is the only
choice because it has no limitations with respect to the MCMC sampling method and a suitable

sampling method, which can handle the particular parameter space, can be used.

Of the three implementations, the posterior based implementation should produce the most
accurate results, since it uses all the updated information in its sampling procedure. The case
study presented in section 5.2 shows slightly better results for this implementation compared

to the first implementation.

The third implementation is like the first implementation after the preliminary steps. But it is
limited to ARMH and MH sampling procedures like the second implementation. Whenever it
is possible to tune the proposal distribution in the ARMH sampling, it is computationally more

efficient compared to the MH method.

4.5 Computational Implementation

The proposed framework is implemented in C++ programming language, and parallel
programming is used to speed up the program by evaluating independent “for loops” in
parallel. The framework has been designed based on the object oriented concepts. Some parts

of the structure of the implemented program are shown in in UML diagrams in Appendix E.
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4.5.1 Parallel Model Discrimination

The sampling procedure and the optimization in the DOE step are two computational time
bottle-necks in these procedures. In a multi-thread program, the sampling procedure for
different models and calculation of the predicted outputs could be assigned to different threads.
For that purpose, OpenMP (Open Multiprocessing), which is an API (application programming
interface) library, has been used in the implementation of the SBMCMD framework. This
technique speed up the process but is limited to the number of the rival models. When the
number of models is much less than the number of available processors, using the parallel

MCMC methods will be beneficial.

4.5.2 Parallel MCMC Sampling

Sampling from Markov chains is not easily made parallel although it would be very beneficial
to do so. The reason is that the current sample depends on the last one so they should be in the
same thread. Making MCMC sampling an efficient parallel algorithm is still a hot topic in the
statistical literature. Byrd (2010) introduced a method that is simple and easily implementable
although the speed up is not proportional to the number of processors. He showed the
application of speculative moves, where different threads generate candidate samples. For
example, if there are three threads, three candidate samples are generated by any of them. Let’s
call them 6',8", and 8". All these threads calculate their a values. If the first candidate is not
accepted, then the second one may be accepted. If the second one will be rejected too, the third
one should be considered. This procedure could be implemented with more threads to increase

the efficiency of the sampling.
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This procedure has been tried during this study but has not been used in the final version of
our framework. However, it is suggested for the future work to make the framework parallel

and increase its speed.
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Chapter 5

Case Studies

The objective of this study is to explore the effectiveness of the Sequential Bayesian Monte
Carlo Model Discrimination (SBMCMD) framework. To achieve this objective, the method is
applied to several case studies. In this research, computer simulation is used to generate
experimental data for all the case studies presented in this chapter by assuming that one of the
competing models is the “real system”. This allows us to explore the performance of the
method in different situations and determine their advantage and disadvantages, which is the

focus of this research.

5.1 Order of Reaction

The example presented here has been used previously in Hsiang and Reilly (1971) and Box
and Hill (1967) and has been recently used by Masoumi et al. (2012). In this case study, four
models are proposed as rival ones for modeling a chemical reaction B — C. These models are
obtained by assuming that the reaction rate is either first, second, third or fourth order. The

competing models are shown in the following:

E
f,(t, T,A;,E;) = exp [_Alt exp <_ ?1)] Ta

_ E -1
f,(t, T,A, E,) = |1+ A,texp (— —2)] +e,
- T (5.1)

N | =

f3 (t, T, A3, E3) = _1 + 2A3t exp (_ %) ) +S3
_ -1/3
f,(t, T,Ay,E) = |1+ 3A,texp (— ?4)] +&,

23]
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where f(t, T, A;, E;) represents the fraction of component B remaining after time t (minutes)
at temperature T (Kelvin), E; is the activation energy divided by the universal gas constant, A;
is the pre-exponential factor, and ¢; is the measurement error which is assumed normally
distributed with mean zero and known standard deviation. These models have two input
variables, which are time and temperature. The range for timeis 0 < t; < 150 in minutes and
the temperature range is 450 < T; < 600 in degrees Kelvin.

Experimental results are simulated by assuming one of the candidate models to be the correct
one with the true values of the parameters set to A; = 400 and E; = 5000. The range of
parameters is set to 1000 < E; < 10000 and 100 < A; < 1000 . Note that outside of this
range the prior probability is zero. The preliminary experiments are the same as those used by
Box and Hill (1976). They obtained the preliminary experimental conditions from a 22 factorial
design with the levels of t; set to 25 and 125 minutes and levels of T; equal to 475 and 575
degrees in Kelvin.

The third implementation of the SBMCMD framework has been applied to this case study. The
candidate models have a simpler structure compared to the models in the other case studies
reported in this thesis. Therefore, selecting a suitable proposal distribution for the ARMH
sampling procedure was not a problem. Thus the third implementation was applied to test the
efficiency of this version of the SBMCMD method. In addition different values of the standard
deviation were used in our study in order to assess the impact of the error magnitude on our
ability to discriminate between the rival models. Here the standard deviation is set to values
in the range from 0.01 to 0.1 in steps of 0.01. Each of the rival models was set in turn to be

the correct model in order to explore whether or not the model structure affected our ability to
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discriminate. The discrimination process was stopped either when the number of designed
experiments reached 20 or one of the model posterior probabilities was greater than 95%.

In this case study the normal distribution is used both for the error generation of the simulated
real system and for establishing the likelihood function of the candidate models. The standard
deviations of the likelihood distributions are set to be higher or equal to the standard deviations
used to generate the errors in the simulated data. Normally the true value of the measurement
standard deviation is unknown. Therefore, a conservative approach is to set the likelihood
standard deviation to a value, which overestimates the real system standard deviation.

The effect of the standard deviation was examined in two separate studies. In the first, the
results of which are shown in Table 5-1, the standard error was limited to a maximum of 0.07.
The standard deviation of the errors is varied from 0.01 to 0.07 in steps of 0.01 (7 levels). With
the likelihood standard deviation set to be higher than or equal to the measurement error
standard deviation, a total of 28 cases are tested for each model. For each of the 28 cases 30
independent simulations were run, yielding a total of 840 runs for each model, to get an average
result. Each of the rival models was used as the “real” model in turn. So, a total of 112 cases
involving 3360 runs were tested. For the range of errors studied the correct model was found
in almost all of the cases. There were little to no differences in the success of the algorithm
depending upon which model was the “true” model generating the data.

Table 5-2 presents results from a case study in which the upper limit of the error standard
deviation is increased to 0.1. Again the error standard deviation of the model is assumed higher
or equal to the real system. There are now a total of 220 cases, 55 for each model. With 30

independent runs per case, a total of 1650 runs per model, involving a total of 6600 runs were
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carried out. The higher error level had little impact on selecting models 1 and 2 as the correct
model. However when higher order kinetics were active, it became more difficult to identify
the correct model within 20 experiments. It should be noted that the responses for models 1
and 2 are quite different from models 3 and 4, which helps to explain why they are identified
almost always correctly. Comparing Table 5-1 and Table 5-2 shows that the higher error makes

the discrimination more difficult, particularly for models 3 and 4.

Table 5-1: Error standard deviation 0.01-0.07 (840 cases)

“Real” model % of runs where P(M;) > 0.95
Model 1 (i=1) 838/840=99.7%
Model 2 (i=2) 834/840=99.3%
Model 3 (i=3) 821/840=97.8%
Model 4 (i=4) 835/840=99.4%

Table 5-2: Error standard deviation 0.01-0.1 (1650 cases)

“Real” model % of runs where P(M;) > 0.95
Model 1 1645/1650=99.7%
Model 2 1625/1650=98.5%
Model 3 1427/1650=86.5%
Model 4 1511/1650=91.6%

Table 5-3 focuses on the cases with high level of error. It shows results when the error has
three levels: 0.08, 0.09, and 0.1. The second column indicates that the procedure cannot
discriminate between models 3 and 4 properly when the error is high and the stopping criterion
is set to a posterior probability of 95% or greater. The third column shows that if we decrease
the stopping criterion to 80% instead of 95%, the procedure can pick the correct model in
significantly more cases. The results are even better when the posterior probability is reduced
to 70%. The results show that although for models 3 and 4 the procedure has difficulty picking

the correct model properly when the stopping criterion was higher than 95% probability, the
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procedure was moving in the right direction and presumably with more experiments would

have likely chosen the correct model.

Table 5-3: Error standard deviation 0.08-0.1 (810 cases)

“Real” model P(My) >0.95 P(M)) >0.8 P(My) >0.7
Model 1 0.996296 0.997531 0.997531
Model 2 0.976543 0.991358 0.991358
Model 3 0.748148 0.917284 0.945679
Model 4 0.834568 0.944444 0.965432

Finally, Table 5-4 shows the average number of model discrimination trials that were needed
beyond the preliminary experiments to identify the correct model with a probability of 95%.
As expected, lower error levels require fewer model discrimination experiments. In addition
the procedure generally requires fewer experiments to detect the correct model, when models
1 or 2 are the ones generating the data. This implies that more complex kinetics require more

experimental effort to detect the correct model.

Table 5-4: Average number of experiments after the preliminary experiments

Average number of experiments
“Real” model Error: 0.01-0.1 Error: 0.01-0.07 Error: 0.08-0.1
Model 1 2.147879 0.736905 3.611111
Model 2 5.286667 2.295238 8.388889
Model 3 10.0103 5.20119 14.99753
Model 4 8.221212 3.958333 12.64198

The results are also shown in the 3D plots in the following. Figure 5-1 shows the final
probability of model 2 on the z-axis, for the cases where this model is the correct model, versus
the standard deviation (s.d.) in the real system and the standard deviation in the likelihood
function of the models. Cases with probability equal or higher than 80% are shown with red

dots and cases which have a probability less than 80% are presented with X. . This plot shows
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that a few of the results are below this surface. Figure 5-2 shows the same results when the

correct model is model 3.
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Figure 5-1: Probability of model 2, when it is the correct one (red dots shows probabilities higher

than 0.8)
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Figure 5-2: Probability of model 3, when it is the correct one (red dots shows probabilities higher
than 0.8)
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Figure 5-4: Probability of model 4, when it is the correct one (red dots shows probabilities higher
than 0.8)
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Figure 5-3 presents the same results but cases with 50% or higher probability are shown with
red dots. This shows that although some final probabilities are less than 80%, they are still
mostly higher than 50%. Figure 5-4 shows the same results when the correct model is model

number 4.

Table A-1 (Appendix A) shows the average probability of each model, from 30 replicates,
when it is the “correct” one for each combination of the real error and the likelihood function
error value. The cells with a probability less than 0.95 are highlighted in this table. The fact
that highlighted cells are concentrated in the bottom of the table where the errors are higher,

shows that high levels of error make model discrimination more difficult as expected.

5.2 Rate of Felll Formation

The reaction studied in this section is the steady-state oxidation of ferrous iron by Ferrobacillus
ferrooxidans. The experimental conditions consist of the concentration of the Fe!! ion denoted
by [A], and the concentration of the Fe!' ion denoted by [I] . The parameters in the models are
the oxidation rate constant k;; and the inhibition rate constant k;, . There are three functional

forms proposed to explain the mechanism. The resulting models are shown in equations (5.2)-

(5.4).
£ o ko) = ky1[A]
1([A]; [I], 11 12) - 55+ [A] + 55 klz[l] + €1 (52)
ka1 [A]
fZ([A]ﬁ [I],k21,k22) = (55 + [A]Z)(l + kzz[l]) + %) (53)
£5([A], [1], Kaq, Kap) = K31 [A] +e
SV BRI T 55 4 [AJ(1 + ko [1]) 0 (5.4)
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where f; is the rate of formation of the Fel ion (mol/ L. s) under the i model and 5.5 is the
Michaelis-Menten constant. The measurement error ¢; is assumed to be normally distributed
with mean zero and known standard deviation. This case study has been used previously in
the assessment of model discrimination techniques by Hsiang and Reilly (1971) and Burke et.
al (1997). In this study, data were simulated, by using each of the three models in turn as the
“real” model. The “true” parameters used for the data generation are given in Table 5.5.
Random experimental errors were added to all simulated data. The experimental error was
assumed to be Normal and additive. Errors were generated with standard deviations set to
values between 1 and 6 in increments of 1. Different values of the error standard deviation
were used in order to determine whether or not the measurement error magnitude affects our

ability to discriminate between the models.

Table 5-5: “True” parameter values used for data generation

Model ki1 Kiz
1 1501 22.1
2 1502 22.2
3 1503 22.3

In this case study, the normal distribution is used to generate experimental errors and to
establish the likelihood functions of the candidate models. However the standard deviations
used in the likelihood functions were set to be higher or equal to the one used to simulate the
errors. So for example when the experimental error standard deviation was 3, the standard
deviations used in the likelihood function were 3 to 6 in increments of 1. This is done to reflect
the fact that the true error variance is normally not known and by using a standard deviation in

the likelihood that overestimates the true standard deviation the approach is a conservative one.
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In the remainder of this section the results of two tests will be presented where the ranges of
the unknown parameter space are different. In both tests, there have been considered ¥2_, i =
21 scenarios with 5 replicates for each model. Thus, 315 cases were tested in total. The
procedure stops when one of the model probabilities reaches 95%, or when the number of

experiments reaches 20.

5.2.1 Study 1

In this study, the prior probability for each model was set to 1/3 while a beta distribution was
used as the prior for the parameters. The ranges of the parameters were set to 100 < k; <
9000 and 1 < k, < 1000. These ranges are chosen to be quite broad to ensure adequate
coverage. As shown in Burke et al. (1997), five preliminary data were generated using a two-
level factorial experiment with center point in [A] and [I]. These data were used to first
establish the posterior probability density of the model parameters before initiating the model
discrimination phase of the analysis. In addition, the preliminary data were used to estimate
the best parameter in each model. Then the prior distribution of parameters in each model was
adapted to fit its mode to the best parameters value found in the parameter estimation step.

The posterior base or second implementation is applied to this case study. We first tried the
third implementation with the ARMH sampling method but the sampling process failed
frequency and needed to be tuned for each scenario. Therefore we switched to the second
implementation with adaptive preliminary sampling period to address the tuning problem.

Table 5-6 shows the results using the SBMCMD. When models 1 and 3 were the model
generating the data, the method was able to discriminate and identify the correct model in

virtually all cases indicating that experimental error, over the range studied, has little to no
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effect on our ability to discriminate. For model 2, the method identifies it as the correct model
in 75 out of 105 cases. If we examine the 30 cases where model 2 was not picked with a
probability of 95%, there were 20 cases where the maximum number of experiments was
reached. In 15 of these cases the model probability for model 2 was 60% indicating that in
these cases it is likely that if more experiments than 20 had been carried out eventually mode
2 would be correctly chosen. In the remaining 10 cases model 3 was incorrectly chosen as the
right model.

The results show that the method is successful in discriminating between these models and
even in most of the cases where a model probability of 95% was not reached, it appears that

with more trials the correct model would have eventually been found.

Table 5-6: Cases which the “best” model has selected correctly

“Real” model Probability > 0.95 Probability > 0.6
Model 1 105/105=100% 105/105=100%
Model 2 75/105=71.4% 90/105=85.7%
Model 3 103/105=98.1% 105/105=100%

Total 283/315=89.8% 300/315=95.2%

According to the results in Table 5-6 it is more difficult to discriminate between the models
when model 2 is the “correct” one. Comparing the denominators of the functions in equation
5.2 - 5.4 shows that model 2 has an extra term, k, {I][A], in its denominator compared to model
1. In the same way, it has term 5.5 k,[I] in its denominator in addition to the three terms that
model 3 has. Thus model 2 can behave like either model 1 or model 2 for some values of [I]
and [A]. Therefore the structure of model 2 makes it more difficult to select this model as the
“correct” one, whenever it is the one generating the “real” data.
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Figure 5-5 shows the joint posterior probability density function for the two model parameters
for each of the three candidate models for a case where the true model was selected in four
iterations. In each subplot, the x-axis shows k; and the y-axis shows k, values. The figure
shows how with more iterations, in other words more experimental data, the parameter joint

distributions become smaller very quickly.
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Figure 5-5: The evolution of the joint posterior probability density functions for the two parameters

(k1 and k2) in each of models 1 to 3 as a function of the iteration number

Figure 5-6 shows probability of models versus iteration or number of experimental data for a

particular case where the second model is the correct one. In this case 14 experiments were
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designed and carried before the stopping criterion was satisfied. One can see a very smooth

convergence of the model probabilities to their final values.
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Figure 5-6: The trajectory of model probabilities versus number of iterations

5.2.2 Study 2

In this study the prior based and the posterior based implementations of the SBMCMD
framework have been applied to the case study to compare their effectiveness in model
discrimination. We first tried to apply the prior-based implementation of SBMCMD without
any preliminary experiment but we found that the sampling process is too sensitive to the
assumed initial values and the range of the parameters. The parameter distribution plots helped
to identify the reason. Figure 5-7 contains 9 sub plots, which present the probability
distribution of parameters in three candidate models when model 3 is the true model. These

sub-plots are arranged in a 3 by 3 table where each column represents a model. The first row
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of subplots shows the posterior distributions using one observed data point. The second row
shows the posterior distributions after adding another data point and the third row contains
parameters probability distributions from three experimental data points. The range of
parameters in these plots are 100 < k; < 9000 and 1 < k, < 1000, which are the same

ranges used in the first study.

When there is only one data point available (first row of subplots in Figure 5-7) the distribution
of the parameters is a multi-modal one, which is hard to sample from. That explains why our

sampling procedure was failing and it was sensitive to the initial point.

Model 1 hodel 2 hodel 3

Figure 5-7: Posterior probability of parameters

Based on the preliminary information shown in Figure 5-7, to compare the two

implementations of the SBMCMD framework, we limited the search space to 1000 < k; <

97



2000 and 10 < k, < 100. These narrower ranges imply that we have better prior information
about the model parameters. Then we used a uniform distribution as the prior over these ranges.
Again the same 315 scenarios from the first study were tried. Table 5.7 and Table 5.8 show the
results of applying the prior based and posterior based implementations respectively. In the
prior based implementation we first started the procedure with two preliminary data points then
updating the models probabilities is skipped until the third model discrimination experiment
has been designed yielding a total of five data points, including the two preliminary ones. In
order to determine the effect of using fewer preliminary data points, we performed a second
analysis in which the model probabilities were updated after the first designed experiment. In
other words there was a total of three data points including the two preliminary data. The results
are summarized in Table 5-7. The entries in each column show the number of times a particular
model was chosen. The entries on the left correspond to the cases where five preliminary data
were used, while the entries on the right correspond to the trials with three preliminary data
points. For example when model 2 was used as the “true” model (row 2), model 2 was chosen
as the correct one 97 times out of 105 when three preliminary data were used and 95 times out
of 105 when five preliminary data were used. Overall the results show that fewer preliminary
data can be used compared to the studies of Burke et al. (1997) and Hsiang and Reilly (1971).
To compare the prior-based sampling approach to the posterior-based sampling approach we
repeated the analysis in which five preliminary data were used with the posterior-based
sampling approach. Note that for this the five preliminary data were generated using a factorial

design.
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Table 5-7: SBMCMD - Prior implementation

Selected Model 1 Model 2 Model 3
Real 3 points 5 points 3 points 5 points 3 points 5 points
Model 1 105 105 0 0 0 0
Model 2 2 3 97 95 6 7
Model 3 3 1 5 6 97 98

Table 5-8 summarizes the results of this study. We see a slight improvement when model two
and three are the “true” models. This is expected since the posterior-based approach is
supposed to be more accurate and converge faster to the correct model, since it uses the latest
available information to estimate the marginal likelihood. The prior based method assumed
that the prior and the posterior distribution are in good harmony which is only valid when
enough information from the system is available. As shown, compared with the posterior-based
approach it performs quite well. In addition it is possible to use different MCMC sampling

methods with it. The posterior based method however is limited to using The Random Walk

Metropolis Hastings sampling procedure.

Table 5-8: SBMCMD - Posterior implementation

Selected Model 1 Model 2 Model 3
Rea
Model 1 105 0 0
Model 2 0 103 2
Model 3 1 1 103
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Note that although here the posterior based one shows slightly better results this might not be
true in general. The prior based SBMCMD with 5 and 3 preliminary data points, in table 5-7,
shows close results. That implies that for this case study the estimation in equation (4.12) was
a good approximation by using two data appoints and the parameters probability distribution
did not change dramatically by adding two more data points.

Theoretically, SBMCMD methods can start running without any prior information. But
accurate sampling from an unshaped posterior distribution may not be easy. Thus it is always
beneficial to start with some preliminary data.

The results for tables 5-6 and 5-8, which are both for the posterior-based sampling method
using five preliminary data, differ only in the ranges used for the model parameters. Table 5-
8, which is based on narrower parameter ranges, shows somewhat better results for model 2.
This demonstrates that the selection of the parameter ranges can be important in some cases.
Table 5-9 shows the average number of total experiments including preliminary ones when
applying different implementations. The second method requires slightly fewer experiments
and that is expected as it uses more experiments designed using the model discrimination
criterion. Results for the second and the third methods used are not significantly different when
model 2 and model 3 are used as the “true” model. In all cases when model 1 is the “true”

model, the discrimination process easily identifies it to be the correct model.
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Table 5-9: Average number of experiments

Method Model 1 | Model 2 | Model 3
1. Posterior implementation (5 preliminary 55 8.7 8.2
points,
2. Prior implementation (5 preliminary points, 50 73 6.4
3 from model discrimination DOE)
3. Prior implementation (3 preliminary points, 31 6.2 5.6
1 from model discrimination DOE)

5.3 Copolymerization

The two main competitive models for copolymerization systems are the terminal and
penultimate. The difference between the terminal and penultimate copolymerization models is
in their propagation steps. The terminal model assumes that only the last unit in the growing
chain influences the rate of monomer addition. On the other hand, the penultimate model
assumes that the last two monomer units of the growing radical chain influence the monomer
addition reaction. The terminal propagation step is represented by four reactions, which can be

shown by:

Rpi +mj = Ryyqj (5.5)

where the first subscript on R denotes the radical chain length, i and j are used to denote
monomer units (1 or 2), and k;; is the rate constant for addition of monomer j to a radical

ending in unit i. m; shows a j unit monomer. Letting R .. represent a radical with terminal

j

101



unit j and penultimate uniti, eight propagation reactions in the penultimate model can be
summarized in the form shown in equation (5.6).

Kijk
Ry + Mg — Ry (5.6)

The terminal model is usually expressed in terms of two homo-polymerization rate constants
k,; and k,, and two monomer reactivity ratios which are defined in equation (5.7).

PR ke
YTk P kg (5.7)

In the same way, the penultimate model is usually expressed in terms of the two homo-

polymerization rate constants k;,; and k,,,, along with four monomer reactivity ratios shown

in equation (5.8),

N Ki1q R Kp11
H k12 2t K212
- K22 = Kyap (5.8)
22 k221 ’ 12 k121
and two radical reactivity ratios,
s, = K211 g = K122
T ki’ 7 ez (5.9)

The terminal model can be derived from the penultimate one by applying the constraints in

equation (5.10). Thus the terminal model is nested within the penultimate model.
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(5.10)
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5.3.1 Simulation of “Real” System

Three different copolymerization systems are considered, Styrene and Methyl Methacrylate
(STY/MMA), Styrene Acrylonitrile (STY/AN), and Styrene and Butyl Acrylate (BBA). In this
section first the general model of the “real” system is described; then the simulation conditions
for STY/AN, STY/MMA, and STY/BA will be presented.

Table 5-10 shows all the reactions considered in the “general” copolymerization model.
“General” in this case means that the model can generate both data for the terminal and for the

penultimate model.

Table 5-10: Copolymerization mechanism

Reaction Reaction step
Initiator decomposition 19 R, (5.12)
. Kijk
Propagating Ropjj +myg — Ry jk (5.12)
Transfer of radical to monomer  R-_ ij + my IM( P, + Rk (5.13)
T inati Kt ijk1
ermination Rpij + Rmx — Poym or Py + Py (5.14)

where 1 represents the initiator and R;j,. is the primary radical from the initiator. R, is a

radical with n monomer units, with the two final monomers being i and j. P, is a dead polymer

with n monomer units and my is a monomer of type k (1 or 2). k4 is the initiator decomposition
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rate constant, ki]—k and ka’i]-k are the propagation and the transfer to monomer rate constants for the
radical ending in monomers ij adding monomer k. Ky ;i is the termination rate constant between

the radicals ending in monomers ij and KI.

Table 5-11 presents the mass balance equations in the general modeling of copolymerization.

The model obtained from these equations is used as the “real” system simulator.

Table 5-11: Mass balance in copolymerization

Species Mass balance
Initiator dN;
o el (5.15)
Radical concentration R] = (kale)l/ ?
1= (5.16)
2 (T1iN1 + Ny
Monomer 1 dN, _ [r21N1 (r21N1 + Nz) * N1N2] R]
Ki11 r21N; + Ny K22 \ 12Nz + Ny
2 (T22Na + Ny
Monomer 2 dN2 _ _ [rlzNz (F12Nz + N1) N NlNZ] [R]
Ki11 r21N; + Ny K22 \ raNz + Ny
Bound monomer dNp, __dN; dN;
dt dt dt (5.19)
Conversion dx _ dN, 1
dt  dt Ny +N; + N, (5.20)
| dv leMW<1 1) 1 +dN2MW<1 1> 1
volume — = — ) —+ =2 — ) —
dt dt = '\p;y pp/1000  dt  *\p, p,/1000 (5.21)
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where N; denotes initiator moles, N; moles of monomer 1, N, moles of monomer 2, and N,
moles of monomer bound in the polymer. MW and p are the molecular weight and density and
s; and s, are radical reactivity ratios. [R. | denotes the concentration of radicals, k4 the initiator
decomposition rate constant, and k; the overall termination rate constant.

For simulation of the real system, first the above set of differential equations is solved until the
time at which x(t) = x, where x is the target conversion, which is considered to be an input to
the simulation. Defining the final moles of monomer 1 and monomer 2 by N, and N, 4, the

final mole fractions of the reacting monomers are calculated from:

£ — Nl,x
X Nl,x + NZ,X
(5.22)
f2,X =1- fl,x

Next the instantaneous triad fractions for the penultimate model, Aj;,, are calculated using

equations (5.23) to (5.25). A,,,, A2, and A,,, are obtained by replacing indices 1 and 2 in the

following symmetrical equations:

A _ I'211'11f12,x
1 r21r11f12,X + 21‘21f1’Xf2'X + fZZ,X (5'23)
A —A _ ry1f1 xfox (5.24)
2 1z rp1011fEy + 291 fy xfox + £5,
fz2 (5.25)
Ayqp = =

rp1T11f7y + 21996y 1oy + 24

Equations (5.23) to (5.25) can be simplified to yield the triad fraction equations for the terminal
model by using the relationship shown in equation (5.10). The homo-polymerization constants
used for Styrene and Methyl Methacrylate, Acrylonitrile and Butyl Acrylate are shown in

105



Appendix C, Table C-1, Table C-2, Table C-4 and Table C-7, respectively. The reactivity ratios
and other required parameters for STY/MMA, STY/AN and STY/BA are presented in Table
C-3, Table C-5 and Table C-6.

The output results of simulating three copolymerization systems have been compared with the
real data in the same way that Burke (1994) presented them. To demonstrate that the model
can predict the experimental data, conversion versus time and composition versus conversion
in STY/MMA are presented in Figure 5-8 and Figure 5-9, respectively. Also the experimental
data points, presented by Huang (1988), are shown in these two plots. The symbols in Figures
5-8 and 5-9 represent the experimental data of Huang (1988) at 60 °C and [I] =0.01 mol/L.
The lines are model predictions using the general model in Table 5-11 with different values
for f; o which are shown in the legend of the plots. The simulated real system outputs produced
in this study are exactly the same as those reported by Burke (1994). Therefore, for STY/BA

and STY/AN one can refer to Burke (1994).
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Figure 5-8: Conversion versus time for STY/MMA
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Figure 5-9: Composition versus conversion for STY/MMA.

Comparison between the experimental data and the model predictions shows that the general

model predicts the real system behavior well.

5.3.2 Terminal and Penultimate Copolymerization Models

Section 5.3.1 presented the model used to generate the data in this case study. Here we present
the competing models which represent the candidate models used in the model discrimination
study.

The instantaneous mole fraction of monomer 1 bound in the copolymer, shown by F,, for the
terminal model is calculated from equation (5.26).

_ nfE+fif
o1 f2 4 2f,f, +1r,pf2 (5.26)

Fq

Equation (5.27) presents the corresponding equation for the penultimate model.

107



2 (ruufi + 5
2 (rufi + 5 2 (T22fp + 61 (5.27)
rmfl(E;ffiﬁz)*‘zﬁﬂz+‘1ﬁi(F;E;i?:)

Feed composition, f;, and molar conversion are related to each other by equation (5.28). This

F1:

equation can be integrated analytically for the terminal model. The resulting equations are

shown in equation (5.29) and (5.30). This equation is called the Meyer-Lowry equation.

i df,
In(1 —x =f
4=0=) - 5.28)
(04 B Y
_ f1 1 - fl (f1,0 - 8)
=27\, \h,) Vi —5 (5.29)
_ D -t
a_l_rz' B_l_r1
1—ryr, 1—-r2 (5.30)

= =
i 1-r)(A-ry) 2—-r;—1,

Equation (5.28) should be integrated numerically for the penultimate model.

_ fio (1—xf
b= % (5.31)

Therefore, considering the terminal and penultimate models as competitive ones with the above
equations in model discrimination, they have two, {ry,r,} and four {ry;,ri2, 152,121} ,
unknown parameters respectively. The parameters s;and s, shown in equations 5.9 and 5.10
are not used here, since they are required only for the calculation of rate data which has not
been considered in this research. For cases in which the triad fraction is the output, equations

(5.23) -(5.25) are used.
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5.3.3 Model Discrimination between the Terminal and Penultimate Models

The objective of revisiting the work performed by Burke (1994) was to compare the model
discrimination method proposed in this research with those used by her for discriminating
between the terminal and penultimate models, the two rival models, which have been proposed
to describe the propagation mechanism in copolymerization. In her work she reported results
using three different model discrimination methods including the Exact Entropy (EE) (Reilly,
1970), the Hsiang and Reilly (HR) (Hsiang and Reilly, 1971) and the Buzzi-Ferraris and
Forzatti (BFF) methods (Buzzi-Ferraris and Forzatti, 1984; 1990; Buzzi-Ferraris et al., 1983).
These three model discrimination methods were used to discriminate between the two
proposed models for three different copolymer systems, namely Styrene and Methyl
Methacrylate (STY/MMA), Styrene Acrylonitrile (STY/AN), and Styrene and Butyl Acrylate
(STY/BA) using composition data (Burke et al., 1994a), triad fraction (Burke et al., 1994b)
and rate data (Burke et al., 1995). A key feature of the problem is that the proposed models are
nonlinear in the parameters, as is often the case in chemical engineering applications. Of the
three methods, the Exact Entropy and the method of Buzzi-Ferraris and Forzatti rely on a
linearization of the nonlinear models, while the HR method does not. Therefore theoretically,
the HR method was expected to perform better than the other two. However, Burke’s studies
showed poorer results for the Hsiang and Reilly method.

They also used three different sets of parameters for the simulation of each real
copolymerization system to simulate experimental data with terminal, penultimate and small
penultimate models. In addition, three error levels were used in the simulation of the “real”
system outputs and three sets of initial guesses of the parameters were used for the parameter
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estimation step within the model discrimination method. Thus, 27 case studies were considered
by combination of the “real” copolymer system, error levels and initial parameter guesses.
These 27 cases are shown in Table C-9, with initial values and simulation parameters shown
in Table C-10 to Table C-16. We applied the second implementation of the SBMCMD method
in this case study, since the second implementation theoretically should lead to the most
accurate results in model discrimination. In addition this method was efficient with respect to
the MCMC acceptance rate. Burke et al. (1994a) showed that of the three methods applied to
this model discrimination problem, the Buzzi-Ferraris and Forzatti method (BFF) had the best
results. For the purpose of comparison, Table 5-12 gives the results of the SBMCMD method
and shows the results of the BFF method presented by Burke et al. (1994a) using the copolymer
composition data. Columns of this table present the model chosen by the methods and rows
show the “true” model used to simulate the data. Each cell shows the number of times a
particular model was selected as the “correct” model by a particular model discrimination
method. For example, for the STY/MMA system when the terminal model was used to
generate the data the BFF method picked the terminal model in 4 cases, the penultimate model
in one case and was not able to discriminate between the two with a maximum of 20

experiments in 4 cases.

The BFF method failed to select the “correct” model in cases where the terminal model is the
correct one. The reason is that when the models are equally good representation, over-fitting
leads to picking the model with the larger number of parameters as the best model (Burke,
1994). On the other hand, SBMCMD easily picked the correct model when it is the terminal

one but it had problems determining the correct model in cases where the real system was the
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penultimate and especially the small penultimate model. As discussed before, the reason could
be that Bayesian methods favor the model with fewer parameters (Jefferys and Berger, 1992).
Thus it picks the simpler one when enough data for discrimination is not available.
Accordingly, neither of these two methods can properly discriminate between the terminal and
penultimate using copolymer composition data because of the small difference in predictions
of the competitive models for copolymer composition data. Berger and Kuntz (2003) have

observed the same result before experimentally

Table 5-12: Application of the BFF and SBMCMD methods to copolymer composition data

Model Chosen as ‘Best’ at 95% Confidence (number of simulation runs)

Terminal Penultimate Neither
Simulation Model BFF SBMC BFF SBMC BFF SBMCM
Application to STY/MMA
Terminal 4 8 1 1 4 0
Strong penultimate 1 3 7 6 1 0
Small penultimate 1 5 5 4 3 0
Application to STY/AN
Terminal 2 9 2 0 5 0
Strong penultimate 0 4 9 5 0 0
Small penultimate 1 7 6 2 2 0
Application to STY/BA
Terminal 1 9 1 0 7 0
Strong penultimate 2 3 6 6 1 0
Small penultimate 1 7 5 2 3 0

Table 5-13 summarizes results of applying the BFF method presented by Burke et al. (1994b),
along with results of applying the SBMCMD method. These two methods were applied to the
same 27 cases with triad fraction data used as the model and the “real” system output. In this
case, results show that both methods can identify the correct model using triad fraction data.
One difference between our application of SBMCMD and the BFF method applied by Burke

et al. (1994b) is that we decided to reduce the number of preliminary experimental points to
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see if the SBMCMD can discriminate between models with fewer preliminary data. Thus, four
preliminary experimental data have been used in the application of the SBMCMD method but
Burke started with 8 preliminary experimental data points obtained from a D-optimal design.
Note that four is the minimum number of preliminary experiments needed since the
penultimate model for triad fractions contains four unknown parameters. The results show that
fewer preliminary experiments still lead to successful model discrimination. It is not clear

however that this would not have been the case with the BFF method.

Table 5-13: Application of the BFF and SBMCMD methods to triad fraction data

Model Chosen as ‘Best’ at 95% Confidence (number of simulation runs)

Terminal Penultimate Neither
Simulation Model BFF SBMCMD | BFF SBMCMD | BFF  SBMCMD
Application to STY/MMA
Terminal 9 9 0 0 0 0
Strong penultimate 0 0 9 9 0 0
Small penultimate 0 0 9 9 0 0
Application to STY/AN
Terminal 9 9 0 0 0 0
Strong penultimate 0 0 9 9 0 0
Small penultimate 0 1 9 8 0 0
Application to STY/BA
Terminal 9 9 0 0 0 0
Strong penultimate 0 0 9 9 0 0
Small penultimate 0 1 9 8 0 0

Table 5-13 presents the results obtained by applying the HR method to triad data by Burke et
al. (1994b) and the results that we obtained using our modified HR method but with the same
initial discretization. The difference between these two implementations is that they used

equation (3.64) to calculate the posterior probability of parameters but we used equation (4.10),
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which is the correct one. In addition we used four preliminary data points instead of eight. Our
modified implementation of the HR method showed better results compared to the
implementation by Burke (1994) for STY/AN and STY/BA but not for STY/MMA when the
terminal model is the “true” model.

Comparing the results of the HR and the SBMCMD method (Table 5-13 and Table 5-14) shows
that the SBMCMD method can discriminate significantly better. SBMCMD has the advantage
of working with nonlinear models just like the HR method, but in addition the result are as

good as the BFF method in discrimination.

Table 5-14: Application of the original and the modified HR method to the triad fraction data

Model Chosen as ‘Best’ at 95% Confidence (number of simulation runs)

Simulation Model Terminal Penultimate
HR - HR HR - HR HR- HR
Burke (Modified) | Burke (Modified) | Burke = (Modified)
Application to STY / MMA
Terminal 6 3 3 6 0 0
Strong penultimate 0 0 9 9 0 0
Small penultimate 0 0 9 9 0 0
Application to STY/AN
Terminal 7 9 2 0 0 0
Strong penultimate 0 0 9 9 0 0
Small penultimate 2 0 7 9 0 0
Application to STY/BA
Terminal 4 9 4 0 1 0
Strong penultimate 0 0 9 9 0 0
Small penultimate 2 1 7 8 0 0

Table 5-15 compares the average number of experiments used by the different discrimination

methods. The averages are between cases with different error and initial values (Table C-9).
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The comparison shows that SBMCMD can select the best model with fewer experiments.

Details of results from the SBMCMD method are presented in Appendix D.

Table 5-15: Number of experiments in application of different methods to triad fraction data

Simulation Model | HR—Burke | HR (Modified) | BFF | SBMCMD
Application to STY/MMA

Terminal 9.1 6.2 9 4.4

Strong penultimate 9 4 9 4

Small penultimate 9 4.6 9 4.3
Application to STY/AN

Terminal 9.3 4 9 4

Strong penultimate 9.1 5.1 9 4

Small penultimate 9.3 6.6 9.1 5.4
Application to STY/BA

Terminal 114 4 10.2 4

Strong penultimate 9 4.1 9 5

Small penultimate 9.2 5.7 9.1 4.7

In the last test we applied the SBMCMD method without any initial preliminary data and with
one preliminary cycle in which samples are obtained from the assumed prior to investigate the
effect of the preliminary data. Table 5-16 shows the results. SBMCMD successfully
discriminated between STY/MMA and STY/AN models but it had problems in model
discrimination when the real system was the small penultimate for STY/BA. When the real
system is the small penultimate, it is hard to discriminate between models because the
parameters are close to the terminal case. These results confirm that at least in some cases it
is better to start with some initial experiments rather than just relying on the selected prior.

Figure 5-10 shows joint parameter probability contours for the terminal model during
application of the SBMCMD method. The first picture in the upper left hand side presents

contours for the terminal parameters (r; andr,) after one experiment and the picture in the
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lower right hand side presents the contours in the last iteration. Comparing these plots shows
that the probability distribution of the parameters becomes significantly sharper by adding

more data points to the observed data set.

Table 5-16: Application of SBMCMD method to the triad fraction data with no preliminary

experiments

Model Chosen as ‘Best’ at 95% Confidence (number of simulation runs)

Simulation Model Terminal Penultimate Neither
Application to STY/MMA

Terminal 9 0 0

Strong penultimate 0 9 0

Small penultimate 1 8 0
Application to STY/AN

Terminal 9 0 0

Strong penultimate 0 9 0

Small penultimate 1 8 0
Application to STY/BA

Terminal 9 0 0

Strong penultimate 1 8 0

Small penultimate 4 5 0
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Figure 5-10: The evolution of the marginal joint posterior probability density functions for rl and r2

in the terminal model (STY/MMA system) as a function of iteration number

Figure 5-11 shows joint parameter contours for the penultimate model. Convergence of the
parameter samples to the real parameters shows that Random Walk Metropolis Hastings

sampling can generate samples successfully during the procedure.
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Figure 5-11: The evolution of the marginal joint posterior probability density functions for pairs of

penultimate parameters as a function of iteration number STY/MA system
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5.4 RAFT Polymerization

Three main groups of controlled polymerization have been introduced: Nitroxide-Mediated
Radical Polymerization (NMRP), Atom Transfer Radical Polymerization (ATRP), and
Reversible Addition-Fragmentation chain Transfer (RAFT) (Tobita and Yanse, 2007). All of
these processes contain a capping and uncapping process, which makes the growing chains
active and dormant for a while. In this way, chains grow to a more uniform chain length. As a
result, the produced polymers have a narrow molecular weight distribution and their poly-
dispersity is close to one. Chiefari et al. (1998) introduced the RAFT process as a
controlled/living radical polymerization method (CLRP). A major advantage of the RAFT
polymerization process over other living/controlled free-radical polymerization processes is
that it can be used with a wide range of monomers and experimental conditions. Since 1998,
when RAFT polymerization was introduced, a remarkable amount of research has been done
on the RAFT process and its mechanism. A review on RAFT history can be found in Moad et
al. (2005).

In addition to initiation, propagation and termination steps, which are included in any free
radical polymerization process, controlled/living radical polymerization methods contain
another step which avoids termination of growing chains. The addition-fragmentation between
RAFT agent and the growing chains avoids termination in RAFT polymerization. Figure 5-12

shows the general structure of a RAFT agent.
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Figure 5-12: General chemical structure of a RAFT agent

The mechanism of the addition — fragmentation step is given in Figure 5-13. It first relies on
the chain transfer of active molecule (1), to the RAFT agent (2), followed by fragmentation to
active agent and another active molecule, which then reinitiates polymerization. Once the
RAFT agent has been consumed, chain equilibrium is established between the active and

dormant species (3).
. 8 S K add P \\ k“% o
P, + Sp =—= P \I/ / B,
-add L frag

Figure 5-13: Addition — Fragmentation mechanism

Moment equations and different equilibrium mechanisms have been used widely to simulate
the RAFT process. As well as the debate about the kinetic mechanism, there was a debate on
the validity of these predictions for the RAFT process (Wang et al. 2003; Wang and Zhu 2003;
Barner-Kowollik et al. 2001; Barner-Kowollik et al. 2003). Pallares et al. (2006) presented a
complete model, which covers most of the mechanisms that had been proposed by that time.
Despite this development, the mechanism of the RAFT Kinetics is not yet adequately
understood. The two main kinetic mechanisms that have been proposed for interpreting the

rate retardation are the irreversible termination and the slow fragmentation methods.
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The irreversible termination method assumes that the intermediate RAFT radical, produced by
fast addition of propagating radicals to the RAFT species, may undergo irreversible
termination with other radical species, cross termination, or even self-termination, which both
conclude to radical loss and thus retardation (Monteiro and De Brouwer 2001; Zhang and Ray
2001).

On the contrary, the slow fragmentation mechanism assigns rate retardation to slow
fragmentation of the intermediate RAFT radical, but ignores participation of this species in
irreversible radical-radical termination reactions. The slow fragmentation mechanism causes
the intermediate radical to be relatively stable and long-lived (Barner-Kowollik et al., 2001).
The monomer conversion versus time curves measured for a range of input conditions are fitted
equally well by all proposed mechanisms. But the experimentally measured concentration of
intermediate RAFT radicals is several orders of magnitude below the one predicted by the slow
fragmentation model. On the other hand, the products from irreversible termination, three-arm
star species, are not found in the product mixture of acrylate polymerizations.

Consequently, a mechanism step called the “missing step” was proposed in the dithiobenzoate
agent RAFT process (Buback and VVana 2006; Buback et al. 2007). The missing step contains
a reaction between a highly reactive propagation radical and star-shaped product from the
termination of a propagating radical and an intermediate RAFT radical.

Also, Konkolewicz et al. (2008) proposed a RAFT kinetic scheme with a very fast cross-
termination on the RAFT intermediate with short chains and negligible long chain cross-

termination.
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In conclusion, there are several proposed models for the RAFT mechanism. So, using model
discrimination methods to pick the best measurement and experimental conditions which
provide the most amount of information for model discrimination purposes can lead to finding
the “best” mechanism that seems to be supported by the process information.

In this study we considered two candidate models, irreversible and slow fragmentation. These
are the two main rival mechanistic models in the literature. The reaction mechanism of the

irreversible model is shown in Table 5-17.

Table 5-17: Reaction mechanism for the irreversible model

kg

o 1= 2Rin
Chemical initiation o (5.32)
R, + M — RM;
; kp .
Propagation RM; + M - RM;., (5.33)

Irreversible chain transfer to RAFT Agent | RM: + AB Kaag RM,AB Kb RM,A + B’ (5.34)

" - K . K

Addition fragmentation RM; + RM A - RM,ARM, 3 RM;A + RMg | (5.35)

Termination by disproportionation RM; + RM; IE RD, + RDq (5.36)

Termination by combination RM.. + RM; 13 RD,, R (5.37)
. . . . . ktir

Intermediate radical termination RM,ARM, + RM; — RM,RM RM, (5.38)

Equation (5.32) presents the initiation step; where two radicals are generated from an initiator
with rate constant k4. This initiator primary radical may react with a monomer to generate a
chain with one monomer, RM;. Equation (5.33) shows the propagation step, where monomers
are added to the active radicals. Some studies assume that k; and k, are equal and they just

consider one propagation step regardless of the radical length. Here we assumed that k,, is
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constant and independent of the radical length but the propagation reaction for the initial radical
is assumed to be different. Equation (5.34) presents the irreversible chain to the RAFT agent,
AB. A in equation (5.34) represents the RAFT chain transfer agent. Equation (5.35) shows the
addition of the radical to the RAFT agent with rate constant k, and the fragmentation of the
dormant species RM.ARM; to the RAFT agent and the active radical with rate constant ky,.
Equations (5.36) and (5.37) present termination reactions with rate constants k4 and k. for
termination by disproportionation and combination, respectively. Equation (5.39) shows the
reaction of a two arm-adduct with another radical, thus making a three arm-adduct. This
reaction is not considered in the slow fragmentation mechanism which is shown in Table 5-18.
Note that those equations which are the same in Table 5-17 and Table 5-18 have the same

equation number.

Table 5-18: Reaction mechanism for the slow fragmentation model

kg .
[ - 2R;,
Chemical initiation K; 5.32
Rj, + M = RM; (5:32)
: K
Propagation RM; + M = RM;, (5.33)
Reversible chain transfer to RAFT Kaaq Ko
RM; +AB ,_ ° RM;AB _° RM;A+B’ (5.39)
Agent P Pl '
ka kp
addition-fragmentation RM; + RM;A | ” RMARM ” RM;A+B' | (5.40)
=2 piaks
Termination by disproportionation RM; + RM; IE RD, + RDj (5.41)
Termination by combination RM; + RM; k—tg RD,, R (5.42)

In the slow fragmentation model, the equations of addition and fragmentation are considered

to be reversible. The models in this study are based on moment equations for these two rival
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models. For the parameters in the equations, values mentioned in Table 5-19 have been used

which are values used by Wang and Zhu (2003).

Table 5-19: Rate coefficients - Cumyl Dithiobenzoate-Mediated Styrene Homo-polymerization

Parameter Irreversible Slow fragmentation
kq le-5 le-5
k; 1e3 1e3
kp le3 le3
Kic 1le7 le7
Kiq 1le7 le7
Kiir Parameter 3 0
f 0.5 0.5
k, Parameter 1 Parameter 1
k_, 0 Parameter 2
ky, Parameter 2 Parameter 2
k_p 0 Parameter 1
Kpq Parameter 2 Parameter 2
K_pg 0 Parameter 1
Kadd Parameter 1 Parameter 1
K_.44 0 Parameter 2

As shown in Table 5-19, two parameters are considered unknown in the slow fragmentation
model by assuming thatk, = k_;, = k_pq = Kaqq - On the other hand in the irreversible model
three parameters are considered unknown by assuming ka = k,qq and ky, = kpgq.

A complete model containing 43 differential equations forms the general model. This general
model is presented in pallares et al. (2006). The scheme of this general model is shown in table

5-20.
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Table 5-20: Reaction mechanism for the complete model (pallares et al., 2006)

K
o [ 2Ry,
Chemical Initiation . K; (5.43)
Ri, + M - RM;
Kbim
M+M—D
Thermal Self-Initiation (5.44)
Krthi . . '
D+M—D+M
. ) Kp )
Propagation RMp + M — RMg, 4 (5.45)
Chain Transfer To Monomer RM; + M Iﬁ; RDg + M’ (5.46)
Chain Transfer To Solvent RMg + S % RDR +§ (5.47)
Chain Transfer To Chain Kgy
Transfer Agent (Cta) RMp + Cta — RDg + Cta (5.48)
Irreversible Chain Transfer To Koy
Raft Agent RMy + Ab — RMRA + B (5.49)
Reversible Chain Transfer To Kadd . Kad
RMgp +Ab . RMgAB . RMpA+B’ (5.50)
Raft Agent Add Bd
I . Ki C )
Re-Initiation B"+ M - BM;
K
M + M — MM;
First: Re-Initiation Of D +M3DM; (RM; (5.50)
K
The Raft Segment S 4+ M- SM;
K
Cta' + M- Ctam;
Chain Equilibrium (Addition- _ Ka . Kp _
) RMp + RMgA [ ° RMgARMg ,° RMgA+ B | 55
Fragmentation) P B
Termination By Krg
Disproportionation RMg + RMs — RDg + RDs 558
Termination By Combination RMy + RMjg K_T‘i RDg,sR (5.54)
Intermediate Radical . Krir

Termination
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The definitions of the moments used in the model equations are listed in table 5-21.

Table 5-21: Definition of moments of the polymer distributions (Pallares Et Al. 2006)

Species Moment

Polymer Radicals (Living Polymer) Yy = Z RM[RMg]
R=1

Dormant Polymer Iy = Z RM[RMgA ]
R=1

Dead Polymer From Termination By

Disproportionation And Transfer To Qum = Z RM[RDg ]

Small Molecules

Dead Polymer From Termination By

Sm = Z RM[RDgR |
Combination R=1

One Arm Adduct Ey = Z RM[RMRAB |
R=1

Two Arm Adduct (Macro Raft Radical)  Fy, = Z Z RMSN [RMRARMg |
R=1 S=1

GAbc

Three Arms Dead Polymer o o P
_ Z Z Z PAQBRC [RMpRMoRMy |
P=14=d(Q=1 &=iR=1

Two Rival Models Can Be Obtained From This General One. The 43 Differential Equations

Are Presented In Equations (5.56) To (5.78).

D(VII])
var - ol (5.56)
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Dv[M]
Vdt

= —K;[M]([Rin] + [B] + [M] + [D] + [S] + [Cta]) — Kpim[M]?

(5.57)
— Krni[M][D] — Kp[M][Yo] — Kemy [M][Yo]
D(\\//c[llt)]) — Kpi [M]? = Kyps[M][D] (5.58)
D(\\//CE]) = —Kpe[SI[Y,] (5.59)
D(\(I[Stta]) = _Kp[Cta][Y,] (5.60)
D(‘;[:;n]) = 2Ky [1] = K;[Ry][M] (5.61)
D(\\;([jli/l]) = Kops[M]ID] + Ko [MI[Yo] — K, [M][M] (5.62)
D(\\//([i]:]) — Koy [DI[M] — K [M][D] (5.63)
D(\\//(E:D = K. [S][Y] — K([MI[S] (5.64)
D(‘;[(‘;tta]) = Kp[Cta][Yo] — K;[M][Cta] (5.65)
D(\\//[dAtb]) = —Kp [Ab][Yo] = Kaqa[Ab][Yo] + K_aqqlEol (5.66)
D(\‘/’—(El:]) = Krr[Ab][Yo] + Kpa[Eo] — K_pa[Zo][B] — K;[M][B] (5.67)
M=0,1,2
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D(V[Yu])

=2 FKp [I] + K; [M]([B]] + [M-] + [D] + [S]] + [CtA]]) + By

vdt
— (Kgmy [M] + Kgs [S] + Kg [Cta] + Ky [Ab]) [Yn]
— (Krg + Kr)[Yol[Ym] — Krir [YMIFoo + —K;Ab x Y(M)
+ K3BpotZ(M) — K3 Zg [Yum] + Ky [Yol[Zum]
— K_Add [Ab] [Yy] + K_Nadd [Ey] — Ka [Zo] [Y]
+ K_a [Fmol + Kg [Fmol — K_g [Zo] [Ym]
POMD — K, [AB) (Y] + Ky [AB] [Yie] — K [B] [Zu] + Ks [Zo] [¥u
— Ky [Yo] [Zm] — Ka [Yo] [Zm] + K_a [Fmo] + Kg [Fumol
— K_g [Yo] [Zm] + Kgq [Em] — K_gq [B'] [Zm]
D(\;[;thD = (Kgmy [M] + Kgg [S] + Kg¢ [Cta] + Krg [Yo])[Ym]
D(VI|E
(V[dtMD = Kaad [Ab] [Ym] — K_add [Em] — Kga [Em] + K_gq [B'] [Zum]
D(VS;)  Krc,
vat 2 o
D(VS
%f—mmn
D(VS;) Krc
E,df) =~ (2yoYz +2Y])
DVFun) _ KaYmZn — K aFmn — KgFun + K_pZuYy Where Fyp,
vdt
= {F10, Fo1, Foo, F20, Fo2, F11}
D(VGape
(V dl,zb ) = KrirFapYc
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Where Gape = {Gooo, Goo1, Go10s G100, Gooz» Goz0, G200, Go11, G101, G110}
After Solving The Set Of Ode Equations, Equations (5.77) To (5.79) Can Be Used To

Calculate The Polydispersity Of The Polymer.

My

1 2
3 Y1 +Z,+Q +S; +E; + 3 (F1o + Foq) + 3 (G100 + Go1o + Goo1)

M
1,2 Rep (577
Yo + Z + Qo + 5o + Eo + 35—+ Gooo (.77)

My

Yo+ 2+ Qo+ S, 4 By + 5 (Fao + Fop + 2Fy)

1 2
Y1 +Z,+Q +S; +E; + 5 (F1o + Fo1) + 3 (G100 + Go1o + Goo1)

, (5.78)
3 (G200 + Gozo + Gooz + 2(G110 + G101 + Go11)
+ 1 2 Mrep
Y1 +Z,+Q +S; +E; + 5 (F1o + Foy) + 3 (G100 + Go1o + Goo1)
The Polydispersity Index (PDI) Is Calculated By
e
PD] = — (5.79)
My

In this case study, first the complete model is simulated and compared with the results
presented in the literature to make sure that it gives reasonable trends. Figure 5-14 shows one
of these outputs for the second model in Pallares et al. (2006), which is the same as the
irreversible model in our study. In general our model predictions are exactly the same as the

results in Pallares et al. (2006), which are consistent with the experimental data.
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Figure 5-14: Output from the irreversible model

One of the biggest questions in raft polymerization is the order of magnitude of the
fragmentation rate constant. Because of that a wide range of values is considered for the

parameters. Thus the log of parameters is used in the model discrimination process.

5.4.1 Sensitivity Analysis

In the RAFT models, there are four possible input conditions namely time, [I,], [M,], and
[AB,]. In this study, time is considered as an input and the three other initial concentrations
are assumed fixed at the following values,

[Io] = 0.05 mol/L
[My] = 5 mol/L
[AB,] = 0.01 mol/L
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We performed a sensitivity analysis to select potential model outputs that could be used for
model discrimination purposes. Table 5-22 shows the 7 different models and parameters sets
which we used. Cases L1 and L5 are the parameter sets used as real parameters in model
discrimination which will be presented later. The other cases are selected to represent values

from the lower and the upper ranges of each parameter.

Table 5-22: RAFT, sensitivity analysis conditions

Case Model Parameters

L1 Slow fragmentation P1=1e6, P2=1e-2, P3=1e4
L2 Slow fragmentation P1=1e2, P2=1e-2, P3=1e4
L3 Slow fragmentation P1=1e6, P2=1e4, P3=1e4
L4 Slow fragmentation P1=1e6, P2=1e-2, P3=1e0
L5 Irreversible P1=1e6, P2=1e4

L6 Irreversible P1=1e2, P2=1e4

L7 Irreversible P1=1e6, P2=1e0

Conversion is the first output tested. Results are shown in Figure 5-15. In this case, L5, L1,
and L7 show significant differences but the other cases are not significantly different.
According to the small difference between cases in Figure 5-15, the discrimination between
models may be possible only if the amount of error in the real conversion measurement is

small.
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Conversion - Time
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Figure 5-15: RAFT models output, conversion - time (hr)

Adduct concentration is supposed to differ between the two competing models. Figure 5-16,
Figure 5-17, Figure 5-18, and Figure 5-19 show adduct concentration versus time.
Unfortunately the concentrations of these species are too low to be of practical use for model

discrimination.

1 arm adduct - Time
0.000315 u T y T T T T T

L1
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0.0002415
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0.000168 |-

9.45e-005 |
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0 42 54 126 16.8 21

Figure 5-16: RAFT models output, one-arm adduct concentration - time (hr)
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Figure 5-17: RAFT models output, two arm-adduct concentration - time

The log scaled plots are presented in Figures 5-18 and 5-19 to show that the competing
models have different outputs but as mentioned the actual concentrations are too low to be of

practical use.
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Figure 5-18: RAFT models output, log of one arm adduct concentration - time
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Figure 5-19: RAFT models output, log of two arms adduct concentration - time

The number average molecular weights are shown in Figure 5-20. This plot shows that the

L4 and L6 cases are significantly different from the other cases whose outputs are close.

Although focusing on the lower My values, Figure 5-21 shows that other cases show different

behavior too. Thus M,,, could be a suitable choice for model discrimination purposes.
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Figure 5-21: RAFT models output, M, — time
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The polydispersity index (PDI) is a function of M. Therefore is Mn is useful for model
discrimination purposes then PDI may be useful as well. PDI versus time curves are shown
in Figure 5-22, and these curves seem significantly different, thereby confirming that PDI

could be used as an output for model discrimination purpose.

PDI - Time

42
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Figure 5-22: RAFT models output, PDI — time

The concentration of the dormant molecule versus time is shown in Figure 5-23. The cases L2,
L3, L4 and L6 show close results but the outputs for L1, L5 and L7 are significantly different
from the others. Even zoomed plots, for example Figure 5-24, show that L2, L3, L4 and L6
cases output are very close. This leads to the conclusion that the dormant concentration is not

be a good output candidate for the model discrimination.
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Figure 5-23: RAFT models output, dormant concentration — time
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Figure 5-24: RAFT models output, dormant concentration — time

5.4.2 Model Discrimination

According to the sensitivity analysis results, M,, and PDI as well as conversion, x, providing

the error is small, could be possible outputs for the purpose of model discrimination between
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the slow fragmentation and irreversible models. The first implementation of the SBMCMD
framework has been used in this case study,since the competitive models in this case study
have more complex structures compared to those in the previous case studies. Therefore it is
advantageous to use the adaptive MH sampling to ensure that the entire parameters space is
covered with acceptable acceptance ratios.

In this section some different scenarios are considered for model discrimination between the
two competing RAFT models using different combinations of the above-mentioned outputs.
In the following scenarios, the two competing models will represent the real system in turn.
Data from two preliminary experiments are considered at times 2.5 and 5 hours.

The first cases that we tried used conversion with varying amounts of experimental error. We
observed that whenever the model discrimination algorithm parameters are tuned so that the
acceptance rates are in the recommended range, the procedure can pick the correct model but
it is not straightforward to tune these parameters. The model discrimination procedure is
sensitive to the level of error considered and the tuning parameters for sampling (H and U),
see section 2.4.1.1. In cases where the program stops because of a low acceptance probability,
the user can restart the program after tuning the H and U parameters or changing the likelihoods
standard deviation. In the restarted program, the last model probabilities should be used as the
prior model probabilities and all the observed data should be used as preliminary data in the
restarted program. According to the suggestion by Haario et al. (2001) in this study, the first
updated covariance matrix is estimated only based on accepted samples. In addition, during
the burn-in period, if all the previous H-samples (see equation (2.18)) are the same, the current

covariance will be reduced by multiplying it by a constant whose value is less than 1. After,
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the burn-in period updating of the covariance is skipped, whenever there are no accepted
samples in the last H samples.

The above-mentioned strategies were used to overcome the problem of sampling from the
distribution of parameters using the conversion output. While this reduced the number of cases
where sampling failed, there were still a significant number of occurrences where samples
could not be obtained reliably. While further tuning of the sampling parameters may lead to an
acceptable acceptance ratio, MCMC sampling in general was difficult using the conversion
output. Therefore we moved on to considering other RAFT output variables.

Table 5-23, Table 5-24 and Table 5-25 show the results of using M,,, as output with and without
PDI and conversion. In these tables, “sd. real” and “sd. model", represent the standard deviation
value in the normal distribution of errors added to the simulated real data and the likelihood
distribution used in the MCMC sampling, respectively. In all scenarios the sd. model value is
greater than or equal to the sd. real value. This is done to reflect the fact that the true error
variance is normally not known and by using a standard deviation in the likelihood that
overestimates the true standard deviation, the approach is a conservative one. In all these
scenarios the sampling procedure was tuned easily and the procedure selected the correct

model.
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Table 5-23: RAFT, Mn output (M1 represents the slow fragmentation and M2 the irreversible

model)

Model sd. Real | sd. model | Num exp. P; P,
M; 0 5 1 0.955663 | 0.044337
M, 0 5 1 3.81E-27 1
M; 5 10 2 0.970455 | 0.029545
M, 5 10 1 3.85E-05 | 0.999961
M, 0 10 2 0.98596 0.01404
M, 0 10 1 0.019458 | 0.980542
M, 10 20 6 0.96412 0.03588
M, 10 20 4 0.008308 | 0.991692
M, 20 20 7 0.953849 | 0.046151
M, 20 20 1 0.019814 | 0.980186

Table 5-24: RAFT, conversion and Mn output (M1 represents the slow fragmentation and M2 the

irreversible model)

Model sd. real | sd. model | Num exp. P, P,
M; [0, O] [0.05,10] 1 0.990 0.0099
M, [0, 0] [0.05,10] 0 1
M, [0.05,10] [0.05,10] 1 0.999 0.001
M, [0.05,10] [0.05,10] 1 0 1

Table 5-25: RAFT, conversion, Mn and PDI output (M1 represents the slow fragmentation and M2

the irreversible model)

Model sd. real sd. model Num P; P,
exp.
M, [0,0,0] [0.05,10,0.1] 1 0.980 0.020292
M, [0,0,0] [0.05,10,0.1] 1 0 1
M, [0.05,10,0.1] | [0.05,10,0.1] 1 0.999 0.000739
M, [0.05,10,0.1] | [0.05,10,0.1] 1 0 1
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Figure 5-25 to Figure 5-26 show the parameter distributions in the tested scenarios for the
correct models. In each figure, the top plot is for the case with no error and the plot in the
bottom shows the parameters sample for the test with error added to the outputs. These plots,
which are equivalent to confidence interval plots, contain the true parameters value but they
are relatively large, implying considerable parameter uncertainty. Thus after model
discrimination more experiments are needed for parameter estimation. In Figure 5-25 to Figure
5-27, p1 and p2 are normalized values of the parameters. Therefore, they could be substituted
to the following equations to find the actual parameterl and parameter 2 values in Table 5-19.

parameterl = 10P1*10

parameter2 = 10Pz*10 (5.80)

Model 1 - output: Mn
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Figure 5-25: Output: My, Top: no error, Bottom: with error
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Figure 5-27: Output: x, M, and PDI, Top: no error, Bottom: with error
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Parameters p; — p5 in Figure 5-28 to Figure 5-30 must be substituted into equation (5.83)

to find parmeterl-parmeter3 in Table 5-19.

parameterl = 10P1*10
_ 1(P2*10—4
parameter2 = 10P2 (5.81)

parameter3 = 10Ps*10
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Figure 5-28: Output: M, Top: no error, Bottom: with error

142



Model 2 - output: X Mn
1 1

0.8 0.8
08 0.5
P2 P3 P3
0.4 0.4
0.2 0.2
0 0
0 0 1
1
0.5
0.6
P3
0.4
0.2
0
0pp, 05 1

Figure 5-29: Output: x and M, Top: no error, Bottom: with error
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Figure 5-30: Output: x, M, and PDI, Top: no error, Bottom: with error
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According to the results, the SBMCMD procedure can be used for the design of experiments
and model discrimination analysis to select the correct model for the RAFT polymerization

process. For this purpose, the number average molecular weight is the best output.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

This study discusses a new approach to model discrimination called the Sequential Bayesian
Markov Chain Model Discrimination (SBMCMD) procedure. The proposed framework was
implemented in three versions. The first version estimates the marginal likelihood using
samples from the prior probability distribution of parameters by Adaptive Proposal (AP)
Random Walk Metropolis Hastings method. The second and third versions are based on the
method introduced by Chib’s research group. They sample from the posterior probability
distribution of parameters using the Acceptance-Rejection Metropolis Hastings and Random
Walk Metropolis Hastings method respectively. The model selection algorithm in the
SBMCMD framework is paired with a model discrimination design criterion in a sequential,
iterative approach.

The Markov Chain Monte Carlo method samples from the probability distribution of the
parameters regardless of whether the model structure is linear or nonlinear. This makes it
particularly suitable for model discrimination problems in chemical engineering where
mechanistic models are often nonlinear in the parameters. In other words, MCMC model
discrimination methods do not require any linearization of the models as many other
approaches do. The frameworks worked both for single response and multi response in

addition to nested and non-nested models.
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This method showed promising results in the case studies presented here. The first two case
studies demonstrated the suitability of the SBMCMD as it successfully selected the “correct
model”. In addition, the effect of error levels was studied in these cases.

Next we applied this method to previously studied copolymerization systems to discriminate
between the terminal and the penultimate model which is an ongoing problem in the polymer
science community. The SBMCMD successfully discriminated between the two competing
models using triad fraction data and showed that the differences between the copolymer
composition outputs from the two rival models are too small to be used in model
discrimination.

In addition to the SBMCMD, a modified Hsiang and Reilly (1971) method was implemented
to address a question arising from a previous study (Burke, 1994).

Finally the SBMCMD framework was applied to the two models proposed for the modeling
of RAFT homo-polymerization. The results in this study indicate that the average molecular
weight is the best output to use. Also if one of the competing models represents the real

mechanism behind the RAFT process, the SBMCMD framework can help to find it.

6.2 Future Work

Future studies to extend this project are in four categories. The first is applying this technique
for discriminating between more mechanistic models where there is still ongoing debate about
the underlying mechanism or for finding the real mechanism for newly studied systems. In
addition, as the case studies results are so promising, the framework can be used in real
situations and it seems reliable enough to use with real experiments. So for example two

recommendation would be to apply SBMCMD to a real RAFT experimental study and an
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experimental study of copolymer systems where there is uncertainty about the underlying

model.

The second recommendation relates to developing a criterion to determine in each iteration
if model discrimination may be possible with more information or not. The Buzzi-Ferraris
method uses a T value for this purpose. An F-test using the variance of differences between
the model predicted values and the real output and the variance between model predictions
could be used as this criterion. This criterion, which works like a new stopping criterion, should
be ignored in the first iteration. It is applicable when the samples of parameter prior become
informative. Then the predicted outputs using these prior samples could be used in the newly

suggested stopping criterion.

Another recommendation related to the design of experiments step is to study the possibility
of the entropy-based DOE methods and comparing the advantage and disadvantage of entropy-

based and the maximum divergence-based criteria.

The last recommendation involves making this method available in an easy-to-use and
executable program in a parallel computational network. Such a software package could
benefit researchers in both universities and industry. In the proposed software package,
relatively recent developments in the field of applied statistics involving MCMC methods can
be used to solve both the problems of model discrimination and data analysis in a Bayesian
approach coupled with DOE. The challenge here will be computation time since, generally,
the speed of solving the model within the MCMC cycle should be reasonably fast. Therefore,

having to solve complicated models has posed a major obstacle to MCMC implementation of
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these problems. This challenge can be addressed by using the recently introduced methods in
parallel MCMC (see section 4.3.3) and then improving the already implemented package to
fully exploit the advantages of parallel computation. Available statistical packages require a
high level of statistical knowledge to be used properly. Providing such a package helps
researchers who need to be more focused on their research area rather than on advanced
statistical theory and methods. Therefore, these days, most experiments are done without a
suitable design even though DOE can save time and cost along with leading to more reliable

results.

In the model selection part of this package, more methods than those tried in this research could
be used and, in MCMC sampling, new methods could be implemented for the cases where it
IS not easy to sample from the desired stationary distribution, for example TP MCMC methods

(see section 2.3.8)
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Appendix A
Results: Order Of Reaction Case Study

Table A-1: Order of reaction case study — average of correct models probability (30 replicates each)

"correct" model : Model 1 Model 2 ‘ Model 3 ‘ Model 4
s.d. Real s.d. lilekihood Probability of "correct" model
0.01 0.01 1.00 1.00 0.97 0.97
0.01 0.02 1.00 1.00 0.99 0.99
0.01 0.03 1.00 0.99 0.97 0.98
0.01 0.04 0.99 0.97 0.97 0.97
0.01 0.05 0.98 0.97 0.96 0.96
0.01 0.06 0.97 0.96 0.96 0.96
0.01 0.07 0.97 0.97 0.96 0.96
0.01 0.08 0.97 0.96 0.96 0.96
0.01 0.09 0.96 0.96 0.95 0.95
0.01 0.1 0.96 0.96 0.95 0.95
0.02 0.02 1.00 1.00 0.96 0.99
0.02 0.03 1.00 0.99 0.98 0.98
0.02 0.04 0.99 0.98 0.97 0.97
0.02 0.05 0.99 0.97 0.97 0.97
0.02 0.06 0.98 0.97 0.96 0.96
0.02 0.07 0.97 0.97 0.96 0.96
0.02 0.08 0.97 0.96 0.96 0.96
0.02 0.09 0.96 0.96 0.95 0.96
0.02 0.1 0.96 0.96 0.94 0.95
0.03 0.03 0.97 0.99 0.98 0.99
0.03 0.04 0.99 0.98 0.97 0.98
0.03 0.05 0.99 0.98 0.97 0.96
0.03 0.06 0.98 0.97 0.97 0.97
0.03 0.07 0.97 0.97 0.96 0.96
0.03 0.08 0.97 0.96 0.96 0.96
0.03 0.09 0.97 0.96 0.96 0.96
0.03 0.1 0.96 0.96 0.93 0.95
0.04 0.04 0.99 0.98 0.94 0.97
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0.04 0.05 0.99 0.98 0.97 0.97
0.04 0.06 0.98 0.97 0.97 0.97
0.04 0.07 0.97 0.96 0.96 0.96
0.04 0.08 0.97 0.96 0.96 0.96
0.04 0.09 0.97 0.96 0.95 0.96
0.04 0.1 0.97 0.96 0.93 0.95
0.05 0.05 0.95 0.98 0.97 0.98
0.05 0.06 0.98 0.97 0.97 0.96
0.05 0.07 0.98 0.97 0.91 0.96
0.05 0.08 0.97 0.97 0.95 0.95
0.05 0.09 0.97 0.96 0.94 0.93
0.05 0.1 0.97 0.96 0.91 0.95
0.06 0.06 0.98 0.91 0.91 0.95
0.06 0.07 0.98 0.97 0.91 0.95
0.06 0.08 0.97 0.97 0.91 0.94
0.06 0.09 0.97 0.94 0.93 0.92
0.06 0.1 0.97 0.96 0.92 0.93
0.07 0.07 0.98 0.90 0.92 0.93
0.07 0.08 0.98 0.94 0.96 0.94
0.07 0.09 0.97 0.97 0.91 0.87
0.07 0.1 0.97 0.96 0.88 0.93
0.08 0.08 0.98 0.97 0.90 0.89
0.08 0.09 0.98 0.97 0.81 0.95
0.08 0.1 0.97 0.95 0.85 0.89
0.09 0.09 0.94 0.94 0.82 0.89
0.09 0.1 0.97 0.95 0.79 0.90
0.1 0.1 0.96 0.96 0.81 0.78
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Appendix B

Results: Oxidation Case Study

Table B-1: Oxidation case study - 315 runs result
# M R.E. M.E. | N P1 P2 P3 # M R.E. M.E. | N P1 P2 P3

1 1| 1.00 | 1.00 0.00 | 1.00 | 0.00 | 0.00 ([ 159 2 | 2.00 | 6.00 | 19.00 | 0.00 | 0.84 | 0.16

2 1| 1.00 | 1.00 0.00 | 1.00 | 0.00 | 0.00 ([ 160 2 | 2.00 | 6.00 | 15.00 | 0.00 | 1.00 | 0.00

3 1| 1.00 | 1.00 0.00 | 1.00 | 0.00 | 0.00 |f 161 2 | 3.00 | 3.00 7.00 | 0.00 | 0.99 | 0.01

4 1| 1.00 | 1.00 0.00 | 1.00 | 0.00 | 0.00 |f 162 2 | 3.00 | 3.00 6.00 | 0.00 | 0.99 | 0.00

5 1| 1.00 | 1.00 0.00 | 1.00 | 0.00 | 0.00 |f 163 2 | 3.00 | 3.00 6.00 | 0.00 | 1.00 | 0.00

6 1| 1.00 | 2.00 0.00 | 1.00 | 0.00 | 0.00 ([ 164 2 | 3.00 | 3.00 1.00 | 0.00 | 0.96 | 0.04

7 1| 1.00 | 2.00 0.00 | 1.00 | 0.00 | 0.00 |f 165 2 | 3.00 | 3.00 2.00 | 0.00 | 0.98 | 0.02

8 1| 1.00 | 2.00 0.00 | 1.00 | 0.00 | 0.00 ([ 166 2 | 3.00 | 4.00 | 19.00 | 0.00 | 0.95 | 0.05

9 1| 1.00 | 2.00 0.00 | 1.00 | 0.00 | 0.00 ([ 167 2 | 3.00 | 4.00 | 19.00 | 0.00 | 0.86 | 0.14
10 1| 1.00 | 2.00 0.00 | 1.00 | 0.00 | 0.00 [ 168 2 | 3.00 | 4.00 | 14.00 | 0.00 | 0.97 | 0.03
11 1| 1.00 | 3.00 0.00 | 1.00 | 0.00 | 0.00 [ 169 2 | 3.00 | 4.00 3.00 | 0.00 | 1.00 | 0.00
12 1| 1.00 | 3.00 0.00 | 1.00 | 0.00 | 0.00 [ 170 2 | 3.00 | 4.00 7.00 | 0.00 | 0.95 | 0.05
13 1| 1.00 | 3.00 0.00 | 1.00 | 0.00 | 0.00 |f 171 2 | 3.00 | 5.00 | 19.00 | 0.00 | 0.93 | 0.07
14 1| 1.00 | 3.00 0.00 | 1.00 | 0.00 | 0.00 |f 172 2 | 3.00 | 5.00 6.00 | 0.00 | 0.97 | 0.03
15 1| 1.00 | 3.00 0.00 | 1.00 | 0.00 | 0.00 |f 173 2 | 3.00 | 5.00 5.00 | 0.00 | 1.00 | 0.00
16 1| 1.00 | 4.00 0.00 | 1.00 | 0.00 | 0.00 |f 174 2 | 3.00 | 5.00 | 19.00 | 0.00 | 0.90 | 0.10
17 1| 1.00 | 4.00 0.00 | 1.00 | 0.00 | 0.00 |f 175 2 | 3.00 | 5.00 | 19.00 | 0.00 | 0.91 | 0.09
18 1| 1.00 | 4.00 0.00 | 1.00 | 0.00 | 0.00 [ 176 2 | 3.00 | 6.00 | 19.00 | 0.00 | 0.77 | 0.23
19 1| 1.00 | 4.00 0.00 | 1.00 | 0.00 | 0.00 |f 177 2 | 3.00 | 6.00 6.00 | 0.00 | 0.99 | 0.01
20 1| 1.00 | 4.00 0.00 | 0.99 | 0.00 | 0.00 ([ 178 2 | 3.00 | 6.00 2.00 | 0.00 | 0.95 | 0.05
21 1| 1.00 | 5.00 0.00 | 0.96 | 0.02 | 0.03 [ 179 2 | 3.00 | 6.00 | 11.00 | 0.00 | 1.00 | 0.00
22 1| 1.00 | 5.00 0.00 | 0.98 | 0.00 | 0.01 [ 180 2 | 3.00 | 6.00 | 15.00 | 0.00 | 0.99 | 0.01
23 1| 1.00 | 5.00 0.00 | 0.97 | 0.00 | 0.02 [ 181 2 | 4.00 | 4.00 6.00 | 0.00 | 0.96 | 0.04
24 1| 1.00 | 5.00 1.00 | 1.00 | 0.00 | 0.00 || 182 2 | 4.00 | 4.00 0.00 | 0.00 | 0.04 | 0.95
25 1| 1.00 | 5.00 0.00 | 0.95 | 0.02 | 0.03 [ 183 2 | 4.00 | 4.00 2.00 | 0.00 | 1.00 | 0.00
26 1| 1.00 | 6.00 1.00 | 1.00 | 0.00 | 0.00 || 184 2 | 400 | 4.00 | 19.00 | 0.00 | 0.71 | 0.29
27 1| 1.00 | 6.00 1.00 | 1.00 | 0.00 | 0.00 || 185 2 | 4.00 | 4.00 9.00 | 0.00 | 0.00 | 1.00
28 1| 1.00 | 6.00 1.00 | 1.00 | 0.00 | 0.00 || 186 2 | 400 | 5.00 | 14.00 | 0.00 | 0.99 | 0.01
29 1| 1.00 | 6.00 1.00 | 1.00 | 0.00 | 0.00 || 187 2 | 4.00 | 5.00 | 19.00 | 0.00 | 0.65 | 0.35
30 1| 1.00 | 6.00 1.00 | 1.00 | 0.00 | 0.00 || 188 2 | 4.00 | 5.00 | 15.00 | 0.00 | 0.98 | 0.02
31 1| 200 | 2.00 0.00 | 1.00 | 0.00 | 0.00 ([ 189 2 | 4.00 | 5.00 | 19.00 | 0.00 | 0.57 | 0.43
32 1| 200 | 2.00 0.00 | 1.00 | 0.00 | 0.00 [ 190 2 | 4.00 | 5.00 6.00 | 0.00 | 1.00 | 0.00
33 1| 200 | 2.00 0.00 | 1.00 | 0.00 | 0.00 |f 191 2 | 4.00 | 6.00 | 19.00 | 0.00 | 0.85 | 0.15
34 1| 200 | 2.00 0.00 | 1.00 | 0.00 | 0.00 |f 192 2 | 400 | 6.00 | 10.00 | 0.00 | 0.95 | 0.05
35 1| 200 | 2.00 0.00 | 1.00 | 0.00 | 0.00 |f 193 2 | 400 | 6.00 | 16.00 | 0.00 | 0.97 | 0.03
36 1| 200 | 3.00 0.00 | 1.00 | 0.00 | 0.00 [ 194 2 | 400 | 6.00 | 19.00 | 0.00 | 0.42 | 0.58
37 1| 2.00 | 3.00 0.00 | 1.00 | 0.00 | 0.00 |f 195 2 | 4.00 | 6.00 5.00 | 0.00 | 0.04 | 0.96
38 1| 200 | 3.00 0.00 | 1.00 | 0.00 | 0.00 [ 196 2 | 5.00 | 5.00 | 16.00 | 0.00 | 0.95 | 0.05
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Appendix C

Simulation Conditions of Copolymerization Models

Table C-1: Parameter values for the homo-polymerization of Styrene

Constant
Ky 1.09 x 107exp(—7051/RT) L/(mol.s)
k¢ 1.703 x 10%exp(—2268/RT) L/(mol. s)
kem 1.096482 L/(mol.s)
oM 0.924 —9.18 X 107*(T — 273.15) g/cm?3
Pp 1.084 — 6.05 x 10~*(T — 273.15) g/cm?3
Y 0.00 -

Table C-2: Parameter values for the homo-polymerization of Methyl Methacrylate

Constant
MW 100.1162 g/mol
k, 5.365859 L
k¢ 9.8 X 1O7exp(—701/RT) L
Kem 1.557243 L
Pm 0.966471 — 1.16 x 10‘3(T g/cm3
Pp 1.19343 — 2.8 X 10‘4(T g/cm3
Y 0.84 -

Table C-3: Reactivity ratios for the modeling of the STY/MMA !

Para | Value
ry, | 0472
r,, |0472
r,, | 0454
ry, | 0454
s; | 0412
S, 0.170

1 Reactivity ratios are taken from O'Driscoll and Huang (1989)
155



2 (r11N; + Np)
LNy + Np)
2 (r;yNg + Ny)
1(r,sN; + N,)
kem | Fikem, + (1 = Fp) ke,

r
+ 2(Ke1 ke2) 5NN, + ko1, N3 El‘_ii

N2 (r;aN, + N
2(ry,N, + N-

K¢irpeN

ro;N + 2N;N, + 14,

p | Fipr+ (1—Fpp_2
2 (riaNg +N,)
1 (r;;N; +Ny)

2 (rpN, + Ny)

€rz1 N 2 (r;2N; + Ny)

+ 2€1,N{ Ny + ;15N

€
2 (r11N; +Ny) 2 (rp2N; + Ny)
r21N3 (ry1N; +Ny) + 2NNz + 112N (ri2N, + Ny)
e, |-0.170
€, | 0227
e, |-0264
dV4 v dx
dt 0€ 4t

Table C-4: Parameter values for the homo-polymerization of Acrylonitrile

Constant
MW | 53.0634 g/mol
kp 1.047 x 10%exp(~7478:38/, 1) L
ke 2.95 x 10Mexp(~5396-88/ ) L
keg | 1090932 L

— =3 L
ou 0.835549 — 1.38286 x 10~ 3exp(T g/cm?

D272 11\

Pp 1.17 g/cm3
y 0.00 -

2STY is monomer 1
3 Homo-polymerization rate constant was decreased by a factor of 1.09 by Burke in order to improve the
prediction for the particular data set
4 instead of using an overall copolymer density, Burke used the volume contraction factor for the simulation of
STY/MMA

156



Table C-5: Parameter values for the modeling of the STY/AN

Parameter | Value

0.230

0.634

0.039

0.091

1.00

1.00

1.03833 st
2.47 —
Fiky + (1 —Fpke,

Fikemi + (1 = FKemz

Fipps + (1 —Fppp;

S =5, =1.0

Table C-6: Homo-polymerization constants for Styrene in STY/BA models

Constant

MW | 104.1512 g/mol

k, |0.872 L

ke | 1.703 L
1.096482 L

Kem

Pm
Pp

0.924 —9.18 X 10 *exp(T  g/cm3
1.084 — 6.05 x 10~ *exp(T  g/cm3
0.00
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Table C-7: Homo-polymerization constants for Butyl Acrylate

Constant
MW 128.17 g/mol
kp 1.7 X 108exp(—712846/RT) L
k¢ 1.156167 L
kem 3.9374175 L
OM 0.9191 — 1.012 X 10 3exp(T g/cm3
Y 0.00

Table C-8: Parameter values for the modeling of the STY/BA

Paramete | Value
r, | 0551
ry, | 0.937
ry, |0225
r,, |0130
) 0.405
s, 0.505
kq 1.03833 x 10 5exp(—30706/RT) s1
f 2.47 X 10~ 2exp(2166/RT) -
k¢ 2 (r;1N; +N,) 0.5 2 (13N, + N
Keirpq N1 —(r21N1 ¥ N,) + 2(k¢1Ke2) " NiNy + ko N3 —(ruNz TN
N, +N,) (r;2N, + Ny)
r.Nz(r111 2) 4 IN,N- + 1., N2 s122-¥2 1
2171 (r;9N; + Ny) 172 501272 (1N, + Ny)
kem | Fikemr + (1 — FKewe
Pp Fipps + (1 = Fppp,
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Table C-9: Experimental design for simulation runs

case Model Initial guess Error
1 Terminal Poor Low
2 Terminal Poor Medium
3 Terminal Poor High
4 Terminal Neutral Low
5 Terminal Neutral Medium
6 Terminal Neutral High
7 Terminal Good Low
8 Terminal Good Medium
9 Terminal Good High
10 Strong Penultimate Poor Low
11 Strong Penultimate Poor Medium
12 Strong Penultimate Poor High
13 Strong Penultimate Neutral Low
14 Strong Penultimate Neutral Medium
15 Strong Penultimate Neutral High
16 Strong Penultimate Good Low
17 Strong Penultimate Good Medium
18 Strong Penultimate Good High
19 Small Penultimate Poor Low
20 Small Penultimate Poor Medium
21 Small Penultimate Poor High
22 Small Penultimate Neutral Low
23 Small Penultimate Neutral Medium
24 Small Penultimate Neutral High
25 Small Penultimate Good Low
26 Small Penultimate Good Medium
27 Small Penultimate Good High
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Table C-10:

Error levels
Levels Low Medium High
Feed composition 0.005 0.005 0.005
Polymer composition 0.005 0.010 0.015
Conversion (mole 0.0067 0.0067 0.0067
fraction)
Table C-11: Simulation Parameters for STY/AN
Levels Terminal Strong Small
Penultimate Penultimate
ryy 0.400 0.230 0.331
Iy, 0.400 0.634 0.533
Iy, 0.065 0.039 0.052
r, 0.065 0.091 0.078
S; 0.700 0.700 1.00
S, 0.700 0.700 1.00
Table C-12: Simulation Parameters for STY/MMA
Levels Terminal Strong Small
Penultimate Penultimate
ry; 0.47200 0.25050 0.36125
I'yq 0.47200 0.69354 0.58277
Iy, 0.45400 0.27240 0.36320
i, 0.45400 0.63551 0.54475
S; 0.41200 0.41200 0.70000
S, 0.17000 0.17000 0.60000
Table C-13: Simulation Parameters for STY/BA
Levels Terminal Strong Small
Penultimate Penultimate
iy 0.956 0.551 0.648
Iy 0.956 0.937 0.841
Iy, 0.183 0.225 0.201
i, 0.183 0.130 0.154
S; 0.405 0.405 0.600
S, 0.405 0.505 0.700
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Table C-14: Initial Reactivity Ratio Estimates for STY/AN

Poor Neutral Good
11 0.60 0.35 0.20
19 0.20 0.45 0.60
sy 0.10 0.06 0.05
1o 0.05 0.08 0.10
£y 0.10 0.30 0.45
t, 0.45 0.20 0.10
3, 1.00 0.85 0.85
3, 1.00 0.85 0.85

Table C-15: Initial Reactivity Ratio Estimates for STY/MMA

Poor Neutral Good
t1q 0.75 0.50 0.30
19 0.30 0.55 0.75
5y 0.70 0.40 0.35
1, 0.35 0.45 0.70
£y 0.70 0.55 0.50
£, 0.30 0.45 0.50
3, 1.00 0.50 0.35
3, 1.00 0.50 0.35

Table C-16: Initial Reactivity Ratio Estimates for STY/BA

Poor Neutral Good
11 0.90 0.70 0.50
£y 0.50 0.75 0.90
5, 0.10 0.15 0.30
o0 0.30 0.10 0.10
) 0.20 0.70 0.90
t, 0.90 0.50 0.20
3, 1.00 0.75 0.50
3, 1.00 0.75 0.50
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Appendix D
Results: Copolymer Case Study

Table D-1: SBMCMD method, triad data, STY/BA

Case Number of Pr Pr
Number Experiment | (Terminal) | (Penultimate)
1 0 1.00 0.00
2 0 0.95 0.05
3 0 0.98 0.02
4 0 1.00 0.00
5 0 0.99 0.01
6 0 0.98 0.02
7 0 1.00 0.00
8 0 1.00 0.00
9 0 0.97 0.03
10 0 0.00 1.00
11 1 0.01 0.99
12 7 0.02 0.98
13 0 0.00 1.00
14 0 0.00 1.00
15 0 0.02 0.98
16 0 0.00 1.00
17 0 0.00 1.00
18 1 0.01 0.99
19 0 0.05 0.95
20 1 0.04 0.96
21 1 0.97 0.03
22 0 0.01 0.99
23 0 0.00 1.00
24 1 0.95 0.05
25 0 0.00 1.00
26 2 0.02 0.98
27 1 0.97 0.03
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Table D-2: SBMCMD method, triad data, STY/AN

Case Number of Pr Pr
Number | Experiment | (Terminal) | (Penultimate)
1 0 0.99 0.01
2 0 1.00 0.00
3 0 0.99 0.01
4 0 0.97 0.03
5 0 0.99 0.01
6 0 0.97 0.03
7 0 0.97 0.03
8 0 0.99 0.01
9 0 0.99 0.01
10 0 0.00 1.00
11 0 0.00 1.00
12 0 0.00 1.00
13 0 0.00 1.00
14 0 0.00 1.00
15 0 0.00 1.00
16 0 0.00 1.00
17 0 0.00 1.00
18 0 0.03 0.97
19 0 0.00 1.00
20 4 0.01 0.99
21 2 0.00 1.00
22 0 0.00 1.00
23 0 0.00 1.00
24 2 0.01 0.99
25 0 0.00 1.00
26 0 0.00 1.00
27 5 0.03 0.97
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Table D-3: SBMCMD method, triad data, STY/MMA

Case Number of Pr Pr
Number Experiment | (Terminal) | (Penultimate)
1 0 1.00 0.00
2 1 1.00 0.00
3 1 0.96 0.04
4 0 0.98 0.02
5 0 0.97 0.03
6 1 0.99 0.01
7 0 0.99 0.01
8 0 0.98 0.02
9 1 0.99 0.01
10 0 0.00 1.00
11 0 0.00 1.00
12 0 0.00 1.00
13 0 0.00 1.00
14 0 0.00 1.00
15 0 0.00 1.00
16 0 0.00 1.00
17 0 0.00 1.00
18 0 0.00 1.00
19 0 0.00 1.00
20 0 0.04 0.96
21 1 0.00 1.00
22 0 0.00 1.00
23 0 0.00 1.00
24 1 0.00 1.00
25 0 0.00 1.00
26 0 0.00 1.00
27 1 0.00 1.00
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Appendix E

RAFT Sensitivity Analysis Plots (versus conversion)
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Figure 6E-1: RAFT models output, M, — conversion
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Figure E-2: RAFT models output, PDI — conversion
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Figure E-3: RAFT models output, one-arm adduct concentration - conversion
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Figure E-4: RAFT models output, two arm-adduct concentration - conversion
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Figure E-5: RAFT models output, dormant concentration — conversion
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Appendix F

Structure of the Program

Figure E-1 shows part of the structure of the implemented program.

MDSystem ¥
Class

public public
CoreModel 3 RealSystem Y
Abstract Class Abstract Class
- MDSystem - MDSystem
public public public public
Core_Real_Copolymer ¥ Core_PenultimateCopolymer 3 Core_TerminalCopolymer 5 RealSys_Simulation ¥
Class Class Class Class
-+ CoreMadel - CoreMadel -+ CoreMadel -+ RealSystem
public public public
Core_Real_STYAN (¥ Core_Real_STYBA (¥ Core_Real_STYMMA ¥
Class Class Class
- Core_Real_Copolymer - Core_Real_Copolymer + Core_Real_Copolymer

Figure F-1: Object oriented structure - Core object

MDSystem is a basic class in the design, and CoreModel is derived from it. A CoreModel has
pure abstract functions that get parameters and input values and then return output of a
CoreModel. When a new case study is tested by the framework, the only coding needed is
driving a new CoreModel class and overwriting the abstract functions. Figure 4-4 shows the
model class derived for the copolymerization case study (section 5.3). In addition to the

CoreModel classes for the competitive models, in cases where a computation simulation is
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used instead of the real system, a child class from the CoreModel is needed to present the real

system. (Core_real_copolymer and derived classes in Figure F-2)

MDSystem
Class

<«

public

| CompetiveMode! ¥ |
| Abstract Class :
| ¥ MDSystem

| ModeiBaysian ¥
| Abstract Class i
| =¥ CompetiveModel

public public public

Model_SAR ¥ Model_chib ¥ ModelHsiangReilly (¥
Class Class Class
=+ ModelBaysian = ModelBaysian = ModelBaysian

Figure F-2: Object oriented structure - Model object

“Real System” class is another important class in this design; one class derived from it is named
RealSystem_Simulation, which contains an object from “CoreModel” representing the simulated
real system. Figure 4-5 shows CompetetiveModel class and its derived ones. In this program HR
method and three implementations of the SBMCMD approach are coded. Figure 4-6 presents

another part of the design for the RandomGenerator. For any of these methods, a class of
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Model_Bayesian is derived to handle the specific functions needed in that method. For example,
any of these classes (Model SAR, model Chib and Model_Hsiang and Reilly) has a different
implementation of the UpdateSamples function, where Updatesamples is an abstract function in
Modelbayesian. The functions and features of Model_Chib is shown in Figure F-2.

Figure F-3 presents the CoreClass. One object from this class is necessary to be built for any case

study. Case contains an Identifier and List of CompetetiveModels and a realSystem.

| RandomGenerator [V |
| Abstract Class i

public public

RandGenerator_Single (¥ RandGenerator_Multi  [¥
Class Class
¥ RandomGenerator

- RandomGenerator

A

T ,—‘
public public public public public

RandGenerator_Single_Normal (¥ RandGenerator_Single_triangle ¥ ‘RandGenerator_Single_Beta ¥ RandGenerator_Multi_Normal (¥ RandGenerator_Multi_Uniform (¥

Class Class Class. Class. Class.
¥ RandGenerator_Multi ¥ RandGenerator_Multi

 RandGenerator_Single  RandGenerator_Single  RandGenerator _Single

Figure F-3: Obiject oriented structure - Random Generator object
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»|

" Model_chib
Class
- ModelBaysian

[= Fields
4? BestParams
47 BestPostValue
47 od
47 CurrentCov

47 NumRandSamples
4% NumSamplediscard
47 samples
:,V Samplinglter
¢ WalkDist
[= Methods
‘¥ ~Model_chib
‘W CalcMarginallikelihood
‘& CalcMarginallikelihood_UsePriors
‘v CalcPosteriorProbOfParams
‘¥ CalcPredictedResponse_AllParams
4 IsAlElements_abs_ad_lower_bB
Model_chib
UpdatePriorsMode
UpdateSamples
Update'WalkingSD

Figure F-4: Object oriented structure — Model_Chib
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»|

[ case
Class

| = Fields

¥ CompetiveCoresList
¢ ExperimentsInput
¥ ExperimentsOutput
¢ input_lowbound
¢ input_upbound
v

IsRealSystemSimulation

myIdentifier
#¥ number_input_UnManipulated
# number_inputs
?¥ number_outputs
2¥ NumCandidateModels
2# openfile
2¥ OutFile
s¥ OQutFile_temp
7¥ Realsystem

¢ sfilename

¢ sfilename_temp

?¥ UnManilns
| = Methods

W ~Case

v AddCompetiveCoreMadel
AddCore_Multit_Diag_ParamVar
AddCore_Multit_sameYar_ConstCorr_ConstYar
AddCore_mMultit_samevar_ConstCorr_VariateYar
AddCore_MultiN_sameVar_UpdateCorr_coeff
AddCore_MultiN_sameVar_UpdateCorr_ParamVar
AddCore_SingleM_Constant
AddCore_SingleM_variable
CarryOutExperiment_Add2List
Case
Desig_CarryOut_Doptimal
FillunMani_afterManipulated
Print_Matrix_tempfile
Print2Array_horizontal
PrintALineDash
PrintALineStar
PrintCString
PrintCString_time
PrintDouble
PrintEnter
PrintInt
PrintMatrix
PrintThisArray
PrintThisarray_horizontal
PrintThisarray_horizontal_Enter
PrintThisArray _horizontal_Enter_temp
PrintTime
ReturnOutofBoundry_ManipulatedIn
RunChib
RunHsiangReilly
RunMarginal
SetallParamRange
SetallParams
SetFileName
SetInputBound
SetRealSystemSimulation
SetUnManilns

CECCECCCTCCTTCTECECCTCTTCTTTCTTC e oovcecex

Figure F-5: Object oriented structure - Case class
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