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Abstract

The thesis studies the martingale properties, probabilistic methods and effi-
cient unbiased Monte Carlo simulation methods for various time-homogeneous
diffusion models commonly used in mathematical finance. Some of the pop-
ular stochastic volatility models such as the Heston model, the Hull-White
model and the 3/2 model are special cases. The thesis consists of the

following three parts:

Part I of the thesis studies martingale properties of stock prices in
stochastic volatility models driven by time-homogeneous diffusions. We
find necessary and sufficient conditions for the martingale properties. The
conditions are based on the local integrability of certain deterministic test

functions.

Part II of the thesis studies probabilistic methods for determining the
Laplace transform of the first hitting time of an integral functional of a
time-homogeneous diffusion, and pricing an arithmetic Asian option when
the stock price is modeled by a time-homogeneous diffusion. We also con-
sider the pricing of discrete variance swaps and discrete gamma swaps in

stochastic volatility models based on time-homogeneous diffusions.

Part III of the thesis studies the unbiased Monte Carlo simulation of
option prices when the characteristic function of the stock price is known

but its density function is unknown or complicated.
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Chapter 1

Outline of the Thesis

The following is the outline of the thesis with descriptions of each individ-

ual chapter.

Part I: Martingale properties in time-homogeneous diffusion

models

Chapter 2: Martingale properties in correlated stochastic volatil-
ity models

This chapter generalizes the results in Mijatovi¢ and Urusov (2012c¢) to
the arbitrary correlation case and proposes easy-to-check necessary and
sufficient conditions for the martingale properties of stock prices in corre-
lated stochastic volatility models, where the stochastic variance is modeled
by a time-homogeneous diffusion. Our contribution to this literature is
first to unify and generalize the results on convergence or divergence of
integral functionals of time-homogeneous diffusions, and also to provide
unified new proofs to the main results in Mijatovi¢ and Urusov (2012c¢)
without the use of the concept separating times introduced by Cherny and
Urusov (2004). Results in this chapter are applied to verifying martingale
properties in four popular correlated stochastic volatility models, are con-

sistent with and complement the literature.



Part II: Probabilistic pricing methods

Chapter 3: First hitting times of integrated time-homogeneous
diffusions

This chapter studies properties of the first hitting time of the integral
functional of a time-homogeneous diffusion to a fixed level. We provide a
unified probabilistic approach with an alternative proof to the main results
in Metzler (2013). The links between the first hitting times and integral
functionals of diffusions are established, and the relevant literature is con-
nected. In the last part of the chapter, we show the link between the pricing
of an arithmetic Asian option and the first hitting time of the integral func-
tional of a time-homogeneous diffusion, and we give an analytical formula
for the price of an arithmetic Asian option in the Black-Scholes setting. We

also provide financial motivations behind the study of this first hitting time.

Chapter 4: Prices and asymptotics of some discrete volatility
derivatives

This chapter is based on the publication Bernard and Cui (2013) forth-
coming in the Applied Mathematical Finance. It presents explicit expres-
sions for fair strikes of discretely sampled and continuously sampled vari-
ance swaps in the Heston, the Hull-White, the Schobel-Zhu, and the mixed
exponential jump diffusion models. They are consistent with the literature,
more explicit (as there are no sums involved in the discrete fair strikes),
and easier to use. Asymptotic expansions are new and consistent with
theoretical results in the recent literature. In the Heston model, we also
derive a new closed-form formula for a special type of discrete gamma swap,

and obtain the asymptotics of its fair strike with respect to key parameters.

Part I1I1: Efficient unbiased Monte Carlo simulation methods

and applications



Chapter 5: Nearly exact option price simulation using character-
istic functions

This chapter is based on the publication Bernard, Cui and McLeish
(2012) in the International Journal of Theoretical and Applied Finance.
We propose a new approach to perform a nearly unbiased simulation us-
ing inversion of the characteristic function. As an application, we are able
to give unbiased estimates of the prices of forward starting options in the
Heston model and of continuously monitored Parisian options in the Black-
Scholes framework. This method of simulation can be applied to a problem
for which the characteristic function is known but the corresponding prob-

ability density function is complicated.

The contribution here is that we can unbiasedly simulate directly from
the characteristic function of (for example) the log stock price. In contin-
uous time models used in finance, it is usually the case that the character-
istic function of the log stock price is given. Examples are affine processes
(Duffie, Pan and Singleton (2000)), and time-changed Lévy process (Carr
et al (2003), Carr and Wu (2004)). Applications of the results can be in
the simulation of exotic option prices when the stock prices are modeled

as time-changed Lévy processes.



Part 1

Martingale properties in
time-homogeneous diffusion

models



Chapter 2

Martingale properties in
correlated stochastic volatility

models



2.1 Introduction

There are several recent papers proposing sufficient conditions (Lions and
Musiela (2007)) or necessary and sufficient conditions (Blei and Engel-
bert (2009), Mijatovi¢ and Urusov (2012c), Mijatovi¢, Novak and Urusov
(2012)) to verify when the stochastic exponential of a continuous local
martingale is a true martingale or a uniformly integrable martingale. A
relevant application in finance is to check if the discounted stock price is a
true martingale in a general time-homogeneous stochastic volatility model

with arbitrary correlation.

This problem has been extensively studied and dates back from Gir-
sanov (1960), who posed the problem of deciding whether a stochastic expo-
nential is a true martingale or not. Gikhman and Skorohod (1972), Liptser
and Shiryaev (1972), Novikov (1972) and Kazamaki (1977) provided suf-
ficient conditions for the martingale property of a stochastic exponential.
Novikov’s criterion is easy to apply in practical situations, but for concrete
models in mathematical finance it may not always be verified. In the setting
of Brownian motions, refer to Kramkov and Shiryaev (1998), Cherny and
Shiryaev (2001) and Ruf (2013b) for improvements of criteria of Novikov
(1972) and Kazamaki (1977). For affine processes, similar questions have
been considered in Kallsen and Shiryaev (2002), Kallsen and Muhle-Karbe
(2010), and Mayerhofer, Muhle-Karbe, and Smirnov (2011). In Kotani
(2006) and Hulley and Platen (2011), they obtain necessary and sufficient
conditions for a one-dimensional regular strong Markov continuous local
martingale to be a true martingale. In the strand of stochastic exponen-
tials based on time-homogeneous diffusions, Engelbert and Schmidt (1984)
provided analytic conditions for the martingale property, and Stummer
(1993) provided further analytic conditions when the diffusion coefficient
is the identity. In the context of stochastic volatility models, Sin (1998),
Andersen and Piterbarg (2007), and Lions and Musiela (2007) provided
easily verifiable conditions. Blanchet and Ruf (2012) describe a method
to decide on the martingale property of a non-negative local martingale

based on weak convergence considerations. A recent paper by Karatzas



and Ruf (2013) provides the precise relationship between explosions of one-
dimensional stochastic differential equations and the martingale properties
of related stochastic exponentials. For an overview of stochastic exponen-
tials and related problem of martingale properties, refer to Rheinldnder
(2010) and the references therein.

This chapter makes two contributions to the current literature. First,
we provide a complete classification of the convergence or divergence prop-
erties of integral functionals of time-homogeneous diffusions based on the
local integrability of certain deterministic test functions. Theorem 23]
unifies and generalizes the work of Salminen and Yor (2006) and Khosh-
nevisan, Salminen, and Yor (2006) under weaker assumptions. Second,
we extend some results in Mijatovié¢ and Urusov (2012b, 2012c¢) from the
case p = 1 to the case of arbitrary correlation (see Proposition 2.4.1] and
Proposition 2.4.2]). In our proofs, we do not make use of the concept of

separating times introduced by Cherny and Urusov (2004).

In this chapter, the new results, which contribute to the current lit-
erature, are as follows: Corollary 2.2.1] Proposition 2.2.3] Lemma [2.2.4]
Proposition 2.2.4] Proposition 2.2.5] Lemma 2.3.1] Lemma 2.3.2] The-
orem 2.3, Corollary 231l Theorem 2.3.2] Corollary 2.3.2] Proposition
2.4.1] Proposition 2.4.2] Proposition 2.4.3, Proposition 2.4.4] Proposition
245 Proposition 251l Proposition 2.5.2, Proposition 253 Lemma 2511
Proposition 254, Proposition 2255, Proposition Proposition [2.5.7,
Proposition 2.5.8 Proposition 2.5.9, Proposition 2.5.10 Proposition 2Z.5.1T]
Proposition 2512 and Theorem 2.6.11

The chapter is organized as follows. Section presents some techni-
cal tools from Ruf (2013b) using our notation. Section presents the
main result of the chapter, which is a complete classification of the conver-
gence or divergence properties of integral functionals of time-homogeneous
diffusions. Section 2.4 shows the application of our main result to general-
izing some results in Mijatovi¢ and Urusov (2012b, 2012¢) to the arbitrary
correlation case with new proofs. Section studies in detail the mar-

tingale properties in four popular stochastic volatility models. Section



illustrates some key results from stochastic time-change. Section 2.7 pro-
vides an alternative proof to the Engelbert-Schmidt type zero-one law for
a time-homogeneous diffusion. Section recalls the statement and proof
of a result from Karatzas and Shreve (1991). Section concludes the
chapter.

2.2 Necessary and sufficient conditions for

the martingale property

2.2.1 Probabilistic setup

Denote the state space of the variance process Y = (Yi)icp0,0) as J =
(0,r),—c0 < ¢ <r < oo, and set J = [(,r]. Assume that Y satisfies the
following SDE

dY, = p(Yy)dt + o(Y)dW;, Yo =, (2.1)

where p,o0 : J — R are Borel functions, zy € R, and assume that u,o

satisfy the Engelbert-Schmidt conditions

Vred, ofx)#£0, and 021(), 52(('?>6L}OC(J). (2.2)

L} .(J) denotes the class of locally integrable functions, i.e. the functions

loc

J — R that are integrable on compact subsets of J.

Now we rephrase Definition 5.1, p329, Karatzas and Shreve (1991) (ac-

commodating the possibility of exploding solutions) using our notation.

Definition 2.2.1. A weak solution up to an explosion time of equation
1) s a triple (Y,W),(2,G,Q),{G:} where

(1) (2, G, Q) is a probability space, and {G;} is a filtration of sub-o-fields
of G satisfying the usual conditions;

(i) Y = {Y;,G;0 < t < oo} is a continuous, adapted, R U {Foo}-



valued process with |Yy| < 0o a.s., and {Wy,Gi;0 < t < oo} is a standard
one-dimensional Brownian motion;

(111) with ¢, = inf{t € [0,00) : |Yi| = n}, we have

Q (/OMCR(W(Y;)\ +02(Yy))ds < oo) =1; V0<t<oo (2.3)

and

(iv)

¢ ¢

Q (qun =Y +/ p(Ys)Ls<c, ds +/ 0(Ys) s, dW; VO <t < oo) =1
0 0

(2.4)

valid for everyn > 1.

We refer to ¢ = lim (,, as the explosion time forY .
n—oo

The Engelbert-Schmidt condition ([2.2)) guarantees that the SDE (2.1)
has a unique in law weak solution as described in Definition 2.2.1] that
possibly exits its state space J (see Theorem 5.15, p341, Karatzas and
Shreve (1991)). From Definition .21} it is equivalent to say that there
exists a triple (Y, W), (22, G, P), G, such that Y solves the SDE

for all ¢,, defined in Definition [2.2.1]

We can similarly define a weak solution for one stochastic differential
equation with arbitrary state space (I,7). Denote the possible exit tim
of Y from its state space by ¢ (as in Definition R.2.1)), i.e. ¢ = inf{u >
0,Y, & J}, P-a.s., which means that on {¢ = oo} the trajectories of Y do
not exit J, and on {¢ < oo}, E}rlet =r or E}rlet =/(, P-a.s. Y is defined
such that it stays at its exit point, which means that ¢ and r are absorbing

boundaries. The following terminology will be used: “Y may exit the state

'Refer to Karatzas and Ruf (2013) for a detailed study of the distribution of this
exit time in a one-dimensional time-homogeneous diffusion setting.
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space J at r” means P({ < oo, PrrClYt =r)>0.
—

Then we may enlarge the space and filtration to introduce a Brown-
ian motion W® independent of W. Let Z = (Z;)ic[.0) denote the (dis-

counted) stock price, and define

tAC tAC 1 tAC
Z; = exp {p/ b(Y,)dW, + /1 — p2/ b(Y,)dW? — 5/ bz(Yu)du} , t€]0,00),
0 0 0
(2.6)

where b : J — R is a Borel function, and the constant correlation satisfies
—1 < p < 1. Denote W = pW + /1 — p2W ) we have

tNC 1 17Y8
7y = exp {/ b(Y,)dw D — 5/ bz(Yu)du}, te0,00), (2.7)
0 0

and it is easy to verify that Z and Y satisfy the following system of SDEs

Az, = ZbY,)aw'V, Z,=1,
dY, = p(Y)dt+o(Y,)dW,, Yy =z, (2.8)

Now we define the space accommodating all four processes (Y, Z, W, W),

Let ©; := C((0,00),J) be the space of continuous functions w; :
(0,00) — J that start inside J and can exit, i.e. there exists ((w;) € (0, o]
such that wy(t) € J for t < ((w;) and in the case ((w;) < oo we have ei-
ther wy(t) = r for t > ((wy) (hence also t_l)icr(ril)wl (t) =) or wy(t) = ¢ for

t > ((w) (hence also lim w;(t) = ¥).
t—=((w1)

Let Qy := C((0,00), [0,00]) be the space of continuous functions wy :
(0,00) — [0, 00] with wy(0) = 1 that satisfy wa(t) = wa(tATy(we) AT (w2))
for all t > 0, where Ty(ws) and Ty (w2) denote the first hitting times of 0

and oo by ws.

Let Q3 = C([0,00), (—00,00)) be the space of continuous functions
ws : [0,00) = (—00,00) with w3(0) = 0.

Let Q4 = C([0,00),(—00,00)) be the space of continuous functions

10



wy @ [0,00) = (—00,00) with wy(0) = 0.

Define the canonical process

(Yi(wr), Zi(wa), Walws), Wi (wa)) == (w1 (), wa(t), w(t), walt))

for all t > 0, and let F; denote the usual right continuous filtration gener-
ated by the canonical process. The o-field is F = VtG[O,oo) Fi. Note that
Ty and T, are stopping times adapted to F and either or both can take

the value co. Also ws is continuous on [0, T (ws)).

From now on, processes are defined in this filtered space (£2, F, (F¢)ic[0,00))-
Let P be the probability measure induced by the canonical process on the
space (€, F).

Define the Borel set B(R) as the smallest o-algebra that contains the
open intervals of R. In what follows, A(.) denotes the Lebesgue measure
on B(R). In the following, assume thaiH Mz € (4,r) : b*(x) > 0) > 0, and

assume the following local integrability condition

Veeld o(z)#0, and (Z(()) e LL (J). (2.9)

Remark 2.2.1. In the literature (e.g. Andersen and Piterbarg (2007)),
there is a more general class of stochastic volatility models where the (dis-
counted) stock price has non-linear diffusion coefficients in Z. For example,

a general model is as follows

Az, = ZEb(Y)liepodW ",  Zy=1,
dYy = pw(Y)Licp,oydt + o(Yy)Licpo,o)dWe, Yy = o,

where Wt(l) and Wy are standard F;-Brownian motions, with E[th(l)dVVt]
pdt. p is the constant correlation coefficient and —1 < p < 1. Here
1 < a < 2. The difficulty of dealing with this model lies mainly in obtain-

ing an explicit representation of Z in terms of functionals of only Y. Thus

ZNote that this is in the same condition as in Mijatovi¢ and Urusov (2012b, 2012c),
and Cherny and Urusov (2006).

11



in this chapter we only focus on model in (2.8).

Lemma 2.2.1. (Mijatovi¢ and Urusov (2012c))
If the condition ([2.9) holds, then

t
/ b2 (Y,)du < 0o P-a.s. on {t <(}, t€[0,00)
0
Proof. For the proof, refer to p5 of Mijatovié¢ and Urusov (2012c). O

Fix an arbitrary constant ¢ € J and introduce the scale function s(.) of
the SDE (2.I)) under P

s(x) = / exp {— /cy i—’;(u)du} dy, wel. (2.10)

Recall the following result from Cherny and Urusov (2006) using our

notation.

Lemma 2.2.2. (Lemma 5.7, p149 of Cherny and Urusov (2006))

Assume the conditions [2.2), [2.9) hold for the SDE ([2.1)), and s({) =
—o0, s(r) = o0. Then [;~ b*(Y,)du = oo, P-a.s.

Proof.  For the proof, refer to Lemma 5.7, p149 of Cherny and Urusov
(2006). O

2.2.2 Properties of non-negative continuous local mar-

tingales

We now recall some results from Ruf (2013b) concerning non-negative
continuous local martingales, and we apply them in the setting of time-
homogeneous diffusions as in (2.7)). Ruf (2013b) does not specify the form of
the continuous local martingale L;, and in our setting L; = f ¢ b(Y, dWél .

Thus we modify his proofs where appropriate. To cast the setting of Ruf

12



(2013b) into the current notation, the process in (27) under P can be
rewritten as Z; = £(L;) = exp (Ly — (L)¢/2) where L; = fOtAC b(Y, qu is

a continuous local martingale under P.

Lemma 2.2.3. (Lemma 1, Ruf (2013b), case of time-homogeneous diffu-
sions)

Assume the conditions 2.2) and 2.9) for the SDE (21)). Under P,
consider a continuous local martingale L; = f(f/\c b(Y, dWél), and its quadratic
variation is (L), = fmc b*(Y,)du. For a predictable positive stopping time
7 >0, define Zt =E(Ly),t € [0, 7). Then the random variable Z, := 1t1Tr£1 7,

exists, is non-negative and satisfies

{/OTM B (V) du < oo} — (7.0}, P-us

Proof.  Consider a sequence of stopping times 7,, — 7 such that 7, is
a martingale. Then by the submartingale convergence theorem (Theorem
1.3.15, pl17, Karatzas and Shreve (1991)), Z,, = exp(L,, — 2(L).,) con-
verges almost surely to a non-negative random variable Z, = exp(L, —

5(L)s)-
On the set {(L), < oo}, since

R L ]

it follows from the Dambis-Dubins-Schwartz theorem (Ch.V, Theorem 1.6,
Revuz and Yor (1999)), <£> = <<L>tt,
B on an extended probability space and it is therefore finite, P-a.s.

On the set {(L), = oo}, since

t € [0, 7] for some Brownian motion

I0(Z,) = Lo, = 3D = (0o (57 - 5).

Bl
it follows again from the Dambis-Dubins-Schwartz theorem, é;j = %,

B/
for some Brownian motion B’ on an extended probability space, and <<LL>>T” —

13



0, P-a.s. as n — oo from the law of iterated logarithm (Theorem 2.9.23,
pl12, Karatzas and Shreve (1991)). Then In(Z,,) = (L), <<§>Tj - %) —
—o0, P-a.s. as n — oo, so that Z, =0, P-a.s.

Therefore Z, = 0, P-a.s. on the set {(L), = oo}, and Z, > 0, P-a.s.
on the set {(L), < oo}. This completes the proof. O

As an application of Lemma 2.2.3] we have the following result.

Corollary 2.2.1. AssumeH conditions [2.2) and [29) for the SDE (2.1]).
Under P, with the process Z defined in ([21), for t € [0, 00)

¢
{Z, =0} = {( <t< oo,/ b2 (Y, )du = oo} , P-a.s.
0
Proof. From Lemma 2.2.3
tAC
{Z, =0} = {/ v (Y,)du = oo} , P-as.
0

From Lemma[2.2.7] fg b?(Y,)du < oo P-a.s. ontheset {t < (,t € [0,00)}.
Therefore

¢
(Z =0} = {g <t< oo,/ B (V) du = oo} . Pas.
0

This completes the proof. O
Note that similar results as Lemma 2.2.3] and Corollary 2.2.1] also hold

under P with a suitable stochastic exponential £(.).

Definition 2.2.2. We say that a stopping time 7 is bounded, if there exists

some 0 < ty < 00, such that T < ty.

Proposition 2.2.1. (Theorem 2, Ruf (2013b), case of time-homogeneous
diﬁusionsﬂ)

3This is stated after equation (7) on p4, Mijatovié¢ and Urusov (2012c), and after
equation (2.4) on p228, Mijatovi¢ and Urusov (2012b). Here we provide a proof.
4Ruf (2013b)’s result applies to continuous non-negative local martingales, and thus

14



On the space (0, F,(F)ico,00)), with the process Z defined in (2.1),
assume the conditions 22) and ([2.9). Then we have

(1) There ezists a unique probability measure P on the same space
such that, for any bounded stopping time v and for all non-negative F,-

measurable random variables S

1

EP | —
7z

51100>ZV>0} =B [S14,~], (2.11)

where we deﬁne 7 loosz,50 =0 on {Z, = 0} from the usual convention.

(2) Under P, fort € [0,Ty), define L = fg/\cb YW, and it is
a continuous P- local martmgale Then under P, fort € 10,Ty), we have
that L} := L, — fMCb )dw M fmc bA(Y,)du is a continuous
P-local martmgale. Here Ty and Ty, are defined in Section [2.2.1] as the
first hitting times to 0 and oo by Z.

(3) Under P, fort € [0,Tx)
- tAQ 1 [t
Yz =£-E) e {~ [ a1 [ R
0 0

Proof.  For statement (1), for details of the proof, refer to the proofs
of Theorem 2 in Ruf (2013b), and Theorem 2.1 in Carr, Fisher and Ruf
(2013).

For statement (2), we need to show that L} = fot/\cb Y, )dws) —
f(f/\c bX(Y,)du is a P-local-martingale on [0,75). Denote R, as the first
hitting time of Z to the level n, and set 7, = R, A n for all n € N.
Let U, denote the first hitting time of % by Z. This is done by show-

ing that, with 7, A U, the first passage time to either n or +, E: A AU =

Janenmh U by ydWD — [T 52V, ) du is a P-local martingale. This

follows from ]5( lim 7,, A Un = T,) = 1, the Girsanov theorem (Ch.VIII,
n—oo
Theorem 1.4 in Revuz and Yor (1999)) and the equivalence of P and P on

to our setting of stochastic volatility models based on diffusions. For non-negative local
martingales, there is a more general result in Theorem 2.1, p6 of Carr, Fisher and Ruf
(2013).
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‘FT AU, +

n

For statement (3), under P, for ¢ < Th

1 tAC 1 tAC
— —exp {— / b(Y,)dW M + = / bZ(Yu)du}
A 0 2 0

t

tAC tAC 1 [N
= exp {—/ b(Y,)dw' 4 / v (Y,)du — 5/ bz(Yu)du}
0 0 0
=E(-L;).

This completes the proof. O

Proposition 2.2.2. (Corollary 2, Ruf (2013b), case of time-homogeneous
diffusions)

Assume conditions (22)) and 2.9), forT € [0,00), Z; is a P-martingale
fort €[0,T), i.e. EP[Zs] =1, if and only if P <Z_1T > 0) =1.

Proof. Denote R, as the first hitting time of Z to the level n. Define
7, = R, An for all n € N. Since P is absolutely continuous with respect
to P on F. , we have 7, T T, both P-a.s. and ﬁ-a.s., as n — oo. For
T € [0,00), substitute v = T'A 7, (note that v < Th, both P-a.s. and P-
a.s.) and S = Zrp,, > 0 for n € N into the equation (2ZI1]) of Proposition
221

= 1
EP {Z ZT/\Tn]lOO>ZT/\7—n>O:| — EP |:ZT/\Tn]lZT/\7—n>O:| .

TNy,

Equivalently

~/ 1
P ( > o) =B Zrpr, 1 20, 0)- (2.12)
ZT/\Tn "

Since 7, is non-negative and non-decreasing, by the monotone convergence
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theorem taking limits on both sides of (2I2) as n — oo

~ 1
P (Z > 0) — ]EP[ZT/\TOO]]-ZT/\TOO>O]
TNAToo

=B [Zrlg,50], since P(Ty = o) = 1,
=E"[Z], since BY [Z714,-0) = 0.

Note that oo is an absorbing boundary for Z, then Zr,r. = Zr both
P-as. and P-as. for T € [0,00). Therefore BF[Z;] = 1 if and only if
P <Z_1T > O) = 1. This completes the proof. O

Now we seek to determine the SDE satisfied by Y under p.

Proposition 2.2.3. Assume the conditions (22) and ([29) for the SDE
@I). Under P, for =1 < p < 1, the diffusion Y satisfies the following
SDE up to

dY; = (u(Yy) + pb(Yy)o (Yy)) licpo,opdt + U(Yt)]lte[o,odwt, Yy = 0.
(2.13)

Proof. Consider the system of SDEs in (28], from the Cholesky decom-
position, th(l) = pdWi++/1— p2th(2), where W and W® are standard

independent Brownian motions under P.
Define for ¢t € [0, 00)
. Wi — p [3 b(Ya)du, if t < ¢,

W, = i N (2.14)
We —p [y b(Yu)du + B, ift > ¢,

where E is a standard P-Brownian motion independent of W with Bo = 0.

Define &, = ¢ A 7,,, and consider the process w up to &,. Since F¢, C
, it follows from Proposition 22211 that P restricted to Fe, is absolutely

continuous with respect to P restricted to F¢, for n € N. Then from the

.

n
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Girsanov Theorem (Ch.VIII, Theorem 1.12, p331 of Revuz and Yor (1999))

t
W, — (W, / b(Y,) W)
0
t t
— Wt — <Wt,p/ b(Yu)qu> — <Wt7 \/ 1 — p2/ b(Y )dW(Q)
0 0

t
W, —p / b(Y,)du.
0
=W,
is a P-Brownian motion for ¢ € [0,¢,) and n € N.

We first prove a lemma concerning the relative magnitude of ( and T,..

Lemma 2.2.4. Assume the conditions [2.2) and [2.9) for the SDE 2.1)),
then we have ¢ < Ty AT, P-a.s. and P-a.s.

Proof. We aim to prove the following four statements:
(i) PC < Tw) = 1,
(i) P(C < Too) =1,
(iii) P(¢ < Tp) =1,

and (iv) P(( < Tp) =

Since P(Ty = 00) = 1, statement (i) follows trivially.

For statement (ii), under P, clearly P(¢ < Tho, Tho = 00) = 1 follows.
On the set {T,, < oo}, we want to apply Lemma 22,11 the proof of which
is on p5 of Mijatovi¢ and Urusov (2012c). Note that their proof requires
that Y is continuous on the stochastic interval [0, ) (which is satisfied in
our setting), and also needs (YY), = fot 0%(Y,)du to hold. Note that the
change of measure from P to ﬁ does not modify the quadratic variation
of Y, and thus (YY), = fo Y, )du holds both P-a.s. and P-as. Given
that the condition ([2.9) is satlsﬁed, Lemma 221 also works for P. Then

ﬁ(/OTmACb( V< 00, T <<) P(Ts < 0.
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Note that by definition IS(ZToo = 00) =1, then

P(T < ¢) = ~(/wa( Vdu < 00, Ta, <<)

( Y,)du < 00, Ty <§ZTw:oo)

P((L)r. < 00,Toe < C,In(Z1.) = o0)

( r <00, Ty <, In(Z1..) = <L>Tw(
(

Il
T ™

|
™

<00, T < (¢ In(Zr,) = (L)1, (

and here the second last equality is due to the Dambis-Dubins-Schwartz
theorem (Ch.V, Theorem 1.6, Revuz and Yor (1999)) for some Brownian
motion B on an extended probability space. The last equality holds because

5 =
% is finite P-a.s. on the set {(L)r, < co}.

For statement (iii), clearly P(¢ < Tp,7p = oo) = 1 holds. On the
set {Th < oo}, note that by definition we have {7, = 0} = {7y <t < oo}
under P. From Corollary 2.2.1] under P, we have

{Ty < t<oo}—{Zt—O}—{ t<oo/b2 }C{( t < oo},

then clearly P(¢ < Tp) = 1.

For statement (iv), since P(Ty = 0o) = 1 holds as a consequence of the
proof of Proposition 2.2.1], the result follows. This completes the proof of
the lemma. 0

From monotone convergence, P(lim 7, = Th) = 1 and P(lim &, =
n—oo n—o0

( ANTx) =1 hold. From Lemma 224 P(( < T.) = 1, thus P(lim ¢, =
n—o0

() = 1. Recall that W, is a standard P-Brownian motion for ¢ € [0,&,).

Taking limits as n — oo, then Wt is a standard P-Brownian motion for
t € [0,¢). From the construction in (2.14), it follows that W, is a standard
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P-Brownian motion for ¢ € [0, 00).

Thus Y is governed by the following SDE under P for t € 0,¢)

4Y; = p(Yi)dt + () (AW, + pb(Y;)dt)
= (u(Y3) + pb(Y)o(Y)))dt + o (Y)W, Yo = . (2.15)

This completes the proof. O

In order to verify IE”[Z7] = 1, the equivalent condition in Proposition
2.2.2] can be transformed into a condition related to integral functionals of

Y under P as shown in the following proposition.

Proposition 2.2.4. AssumeH conditions [2.2) and [29), for T € [0,00),
Zy is a P-martingale for t € [0,T], i.e. EF[Zy] = 1, if and only if
P ( SIS B2(Y, ) du < oo) ~1.

Proof. Define 7,, = R,, An for all n € N similarly as before. The left hand
side of (2I2) can be rewritten as

~ 1 ~ 1 ~
P >0| =P =E&(—-L; >0
( ZT/\Tn ) ( ZT/\Tn ( T/\Tn) )

— P <<—Z*>T/\Tn < oo)
= ( /0 e (Y, )du < oo) : (2.16)

and the first equality is because of IB(T AN, < Ty) = 1 for n € N,
and Proposition 2.2.T(3). The second equality is because of Lemma 2.2.3

applied to the stochastic exponential £ (—E*TATH). Since 7,, is non-negative

and non-decreasing, by the monotone convergence theorem taking limits

A similar result also appears in Theorem 1, p6 of Ruf (2013a).
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on both sides of ([ZI6) as n — oo

B 1 _/ [TACATs
P < > 0) P </ v (Y,)du < oo)
2Tty 0

< /0 R < oo) | (2.17)

and the last equality is because P(¢ < Tao) = 1 from Lemma 224 From
([Z17) combined with Proposition 222, and note that Zrn. = Zp, P-ass.,
then for T' € [0, 00)

I
ol

EP[Z;] = P <Zi > o) =P </0TAC v (Y, )du < oo) . (2.18)

T

This completes the proof. O

The following is the necessary and sufficient condition for the uniform

integrable martingale.

Proposition 2.2.5. Assume conditions 2.2)) and [2.9). Then Z is a uni-
formly integrable P-martingale on [0,00], i.e. EP[Z,] = 1, if and only

' P (/0C VA (Y, )du < oo) = 1.

Proof. Recall from Proposition 2.2.4]
_/TAC
EF[Z7) = P </ V2 (Y,)du < oo) , for T €10, 00). (2.19)
0

Similar as the proof of Lemma 2.2.3] consider a sequence of stopping times
&n — 00, n € N, such that Z¢, is a martingale. Then by the submartingale
convergence theorem (Theorem 1.3.15, p17, Karatzas and Shreve (1991)),
Zs = lim Z¢, exists and is a non-negative continuous local martingale,

n—oo
and thus a supermartingale due to Fatou’s lemma. Then the left hand side

of (Z19) has a well-defined limit EX'[Z,,] as T — oo. Since fOTAC V2 (Y, )du <
oo is non-negative and non-decreasing, from the monotone convergence
theorem, we have that the right hand side of ([Z19) also has a well-defined
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limit P <foc V2 (Y,)du < oo) as T — oo. From the above analysis, as T —
oo on both sides of ([2.19)

EP[Z.] = P ( /0 SRV < oo) | (2.20)

Thus EP[Z,] = 1 if and only if P (foc V2 (Y,)du < oo) = 1. This completes
the proof. O

2.3 Classification of convergence properties
of integral functionals of time-homogeneous

diffusions

The Engelbert-Schmidt zero-one law was initially proved in the Brownian
motion case (see Engelbert and Schmidt (1981) or Proposition 3.6.27, p216
of Karatzas and Shreve (1991)). Engelbert and Tittel (2002) obtain a gen-
eralized Engelbert-Schmidt type zero-one law for the integral functional
fot f(Xs)ds, where f is a non-negative Borel function and X is a strong
Markov continuous local martingale. In an expository paper, Mijatovi¢ and
Urusov (2012a) consider the case of a one-dimensional time-homogeneous
diffusion and their Theorem 2.11 gives the corresponding zero-one law re-
sults. They provide two proofs that circumvent the use of Jeulin’s lemma.
The first proof is based on William’s theorem (Ch.VII, Corollary 4.6, p317,
Revuz and Yor (1999)). The second proof is based on the first Ray-Knight
theorem (Ch.XI, Theorem 2.2, p455, Revuz and Yor (1999)).

Recall the scale function s(.) defined in (2I0), and introduce the fol-

lowing test functions for # € .J, with a constant ¢ € J.

oe) = [ (s(a) - s(y»mczy,

v(z) = /w(S(x) — S(y))s,2b2(y)

7@)02@) dy. (2.21)
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Note that if s(c0) = 0o, then v(0c0) = 0o and v,(00) = oo by the definition
in ([2Z21I)). Define 5(.), ©(.) and v(.) similarly based on the SDE (2.I3)
under P.

We have the following Engelbert-Schmidt type zero-one law for the SDE
1) under P, which is precisely the Theorem 2.11 of Mijatovi¢ and Urusov
(2012a) with f(.) = b*(.) using our notation.

Proposition 2.3.1. (Engelbert-Schmidt type zero-one law for a time-homogeneous
diffusion, Theorem 2.11 of Mijatovi¢ and Urusov (2012a))

Assume that the function f =0?: J — [0, 00] satisfies b*/o* € L}, .(J),
and let s(r) < oo.

(1)If vy (1) < 00, then fo v (Y,)du < oo, P-a.s. on {linth:r}.
-

(1) If vy(r) = 00, then fo b*(Y,)du = oo, P-a.s. on {linth = r}.
—
The analogous results on the set {PnclYt =1} can be similarly stated.
—
Clearly the above proposition has a counterpart for the SDE (2.13)
under P.

Proposition 2.3.2. Assume that the function f = b*: J — [0, 00] satisfies
v’ /o* € L} (J), and let 5(r) < oo.

(1)If Ty(r) < 00, then fo W (Y, )du < 0o, P-a.s. on {linth:r}.
-

(11)If 0y () < oo, then foc W (Y, )du = 0o, P-a.s. on {Pn@;Yt = r}.
%

Analogous results on the set {liHéYt =1} can be similarly stated.
—

The following result is Proposition 5.5.22 on p345 of Karatzas and
Shreve (1991) using our notation. It classifies possible exit behaviors of
the process Y at the boundaries of its state space J under P.

Proposition 2.3.3. (Proposition 5.5.22, Karatzas and Shreve (1991))

Assume the conditions 22) and R29), let Y be a weak solution of (2.1I)
in J under P, with nonrandom initial condition Yy = xo € J. Distinguish

four cases:
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(a) If s(¢) = —oc0 and s(r) = oo, then P(( = oc0) = P(sup Y, =1r) =

) 0<t<oo
P Vim0 =1
(b) If s(£) > —o0 and s(r) = oo, then P(limY; = ¢) = P(sup Y; <
t—¢ 0<t<¢
r) = 1.
(c¢) If s(f) = —o0 and s(r) < oo, then qurglyt =r) = P(Og{CYt >
) =1
(d) If s({) > —o0 and 3(7’) < 00, then P(linth =/()=1- P(lirrclY; =
— —

r)= siz«g) s(xo . Note that 0 < £ T) ss((z)) <1.

Analogous results also hold for the SDE (ZI3) under P.

Remark 2.3.1. In the conditions (b), (¢) and (d) above, we make no claim
concerning the finiteness of (. See Remark 5.5.23 on p345 of Karatzas and
Shreve (1991). Note that conditions (b) and (c) are consequences of the

expression in condition (d) by letting either s(r) = oo or s(f) = —oc.

Similar to the statements in Proposition 2.3.3], for the study of the con-
vergence or divergence properties of integral functionals of time-homogeneous
diffusions, we distinguish the following four exhaustive and disjoint cases
under P:

Case (1): s(f) = —o0, s(r) = ©
Case (2): s(f) = —o0, s(r) < o©
Case (3): s(f) > —o0, s(r) = 00
Case (4): s(f) > —o0, s(r) < o0

Further divide each case above into the following subcases based on the
finiteness of vy (r) and v, (¢) as defined in (2.21)):

Case (2) (i): s(f) = —o0, s(r) < 00, vy(r) = 0.
Case (2) (i
Case (3) (
(3) (ii): s(f) > —o0, s(r) = 00, vp(l) < 0.
(4) (

i): s(¢) = —00, s(r) < 00, vy(r) < oo.
i): s(£) > —o0, 5(r) = o0, () = oo.
Case
4

Case i): s(f) > —o0, s(r) < oo, up(r) = oo, vp(¢) = 0.
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Case (4) (ii): s(f) > —o0, s(r) < 00, vp(r) < oo, vp(f) = 0.
Case (4) (iii): s(f) > —o0, s(r) < 00, vp(r) = 00, v({) < oco.
4

Case (4) (iv): s(f) > —o0, s(r) < 00, vy(r) < 00, V() < 0.

Remark 2.3.2. Define ¢; := fot v (Y,)du, fort € [0,¢]. Recall that b*(.)
1s a non-negative Borel function, thus ¢, is a non-decreasing function for
t € [0,¢]. @ is in the form of a time integral, and it is clear that it is

continuous fort € [0,C), and is left continuous at t = (.

We now apply the Engelbert-Schmidt type zero-one law under P as in
Proposition 2.3.Tto determine whether P(y; < 00) =1 or P(p; = 00) = 1

in each of the cases above. We first prove two lemmas.

Lemma 2.3.1. Assume the conditions [2.2)) and 29), then “vy(¢) = oo

and vy(r) = 00” are necessary and sufficient for P(p; = 0o) = 1.

Proof. For the sufficiency, divide into the following four distinct cases:

Case (1): s(f) = —o0, s(r) = co. From Proposition 233 (d), P(¢ =
o0) = 1. This combined with Lemma 22Tl implies P(¢, = c0) = 1.

Case (2): s(f) = —o0, s(r) < co. From Proposition2.3.3](c), P(lin@;Y; =

%
r) = 1. If v,(r) = oo, then from Proposition 23] and Proposition 2.3.3]
P(pe = 00) = Plog =00, lim¥; =r) = P(lim¥, =r) = 1.

Case (3): s(f) > —o0, s(r) = co. The proof is similar to Case (2) above
by switching the roles of ¢ and r, and applying Proposition (b) and
Proposition 2311

Case (4): s(f) > —o0, s(r) < co. From Proposition 2.3.3] (d), 0 < p =
P(linéYt =r) < 1. Since v,(r) = oo and v,(¢) = oo, from Proposition 2.3.1]

%
for both cases of r and ¢, P(p, = 00) = P(p, = oo,lirréY} =7)+ P(p; =

%
00,limY; =/¢) = P(limY; =r)+ P(limY; = /) = 1.

t—C t—C t—C

For the necessity, we only need to prove the contrapositive statement:
“If at least one of v, () or v,(r) is finite, then P(p, = oo) < 1.” Without loss

of generality, assume that v,(¢) < oo, because the case of v,(r) < oo can

be similarly proved. From Proposition 231, P(¢; = oo, Pnth =/()=0.
—
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Then P(p¢ = 00) = Plp¢ = 0o, lim¥; = &) + Pl = oo, lim¥; = 1) =
— —
P(pe =00,limY; =r) < P(imY; = r). Divide into two cases:
t—C t—C
Case (i): s(f) > —o0, s(r) = co. From Proposition 233 (b), P(linéYt =
—

r) = 0.

Case (ii): s(¢) > —o0, s(r) < co. From Proposition 233 (d), 0 < p =
P(limY; =r) < 1.

t—C

In both cases P(linéYt =r) < 1, thus P(¢; = 00) < 1, and the necessity

—

follows. This completes the proof. O

Lemma 2.3.2. Assume the conditions [2.2)) and ([29), and s(¢) > —oo,

s(r) < oo, then “v,p(0) < 0o and vy(r) < oo” are necessary and sufficient
for P(pe < 00) = 1.

Proof.  With s(¢) > —oo and s(r) < oo, denote p = P(lin&Yt =r) =
—
1 - qule; = (). From Proposition 2.3.3 (d), we have that 0 < p < 1.
—

For the sufficiency, assume that v,(f) < oo and v,(r) < oo hold, we aim to

prove that Py, < 00) = 1.
From Proposition 2.3.1 P(¢; < oo,linth =r)= P(lingY; = r) and
— —
P(pc < 00,limY; =¢) = P(limY; = ¢). Then
t—C t—C

P(pr < 00) = Ppe < 00,limY; =7) + P(pc < 00,limY; = 0)
t—¢ t—(¢
= P(limY; =r)+ P(limY; = /) = 1.
t—C t—C

For the necessity, we only need to prove the contrapositive argument: “If at
least one of v, (¢) and wvy(r) is infinite, then P(¢; < 0o) < 1.” Without loss
of generality, assume that v,(¢) = oo, because the case of v,(r) = oo can
be similarly proved. From Proposition 231, P(¢; < oo, 11_{12}/,5 =/{) =0,
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and

P(pc < 00) = P(pe < 00, limY; =7r) + P, < 0o, limY; = {)
t—(¢ t—(¢
:P(SOC < OO,%I_I}ISY; :’l“)

< P(imY, =r) <1

Thus the necessity follows. This completes the proof. O
We now give a detailed study of the function ¢y, ¢t € [0, (] under P using
the Engelbert-Schmidt type zero-one law.
Theorem 2.3.1. Assume the conditions [2.2)) and [29). Then we have
the following propertieﬁla for the function py,t € [0, (] under P.
(i) or < 00 P-a.s. on {0 <t <(}.

(11) P(pe < 00) = 1 if and only if at least one of the following conditions
is satisfied:

(a) vp(r) < 00 and s(f) = —o0,
(b) vp(€) < o0 and s(r) = oo,
(c) vp(r) < 0o and vy(l) < 0.
(1it) P(pc = 00) = 1 if and only if vy(r) = 0o and v, (¢) = oo.
Remark 2.3.3. We summarize the results of Theorem [2.31] in Table[21.

Proof. Statement (i) follows from Lemma 2.2.1]

For statement (ii), the detailed proof for each of the case in the table

is as follows:
Case (1): from Lemma 222, P(p; = 00) = 1.
Case (2): from Proposition 2.3.3] P(linéYt = r) = 1. For the two
—

5In Khoshnevisan, Salminen, and Yor (2006), they obtained deterministic criteria
for the convergence or divergence of perpetual integral functionals of time-homogeneous
diffusions. They also consider weak solutions to the SDE similar to (2.1). However, in
Theorem 2, p110 of Khoshnevisan, Salminen, and Yor (2006), they assume the twice
differentiability of the function g(.) defined in their paper, while our assumptions here
concern the local integrability of certain deterministic functions and are weaker.
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Case s(0) | s(r) | vp(€) | vp(r) Conclusion

(1) —00 00 00 00 P(ps < 00) =0, Zy=0,P-as.
(2)(i) | —o0 | <o0| o0 00 P(p; < 0) =0, Z,=0,P-as.
(2)(ii)) | —o0 | <o0| o0 |<o0 P(p; <o0) =1, Zy >0, P-as.
(3)(i) | > —o0 | oo 00 00 P(p; < 0) =0, Z,=0,P-as.
(3)(i) | > —oc0| o0 | <0 | o© P(ps < o0) =1, Zy >0, P-as.
(4)i) | > -0 | <o0| oo 00 P(p; < 00) =0, Zy=0,P-as.
(4)(i) | > —oc0 | <00 | 00 | <00 |0<P(p<o0)<l, 0<P(Zo=0)<1
(4)(iii) | > o0 | <0 | <00 | 00 |0<Plp<o0)<l, 0<P(Zo=0)<1
(4)(iv) | > =00 | <00 | <00 | < 0 P(p; <o0) =1, Zy >0, P-as.

Table 2.1: Classification table for the positivity of the stock price

subcases, from Proposition 2.3.1] Case (2) (i) is necessary and sufficient for
P(pc = 00) = 1, and Case (2) (ii) is necessary and sufficient for P(p, <
o0) = 1.

Case (3): from Proposition 233 P(ll_I}éYt = ¢) = 1. For the two
subcases, from Proposition 2.3.T] Case (3) (i) is necessary and sufficient for
P(pe = 00) = 1, and Case (3) (ii) is necessary and sufficient for P(p, <
o0) = 1.

Case (4):
P(ll_I}CIY;g = () > 0. For individual subcases:

from Proposition 233 1 > p = P(limY;, = r) =

t—C

1 —

Case (4) (i) is necessary and sufficient for P(¢; = 00) = 1 from Lemma
231

Case (4) (ii): from Proposition 2.3.1], v,(¢) = oo implies that P(p, <
OO’P—{I(IYt = /() =0. Then P(p; < 00) = P(p; < oo,li_{rclYt =7r)+ Ppc <

00, limY; = ¢) = P(p; < oo, limY; =7) < P(limY; =r) < 1.
t—¢ t—¢ t—¢

Case (4) (iii): the proof is similar to the proof of Case (4) (ii) by

switching the roles of £ and r.

Case (4) (iv) is necessary and sufficient for P(p, < 00) = 1 from Lemma
2.5.2,

The classification above is exhaustive, and Table 2.1] follows. The
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“conclusion” column in Table 2.1 is based on the classification of whether

P(pc < 00) =1o0r P(p; =00) =1 combined with Lemma 2.2.3]
Statement (iii) follows from Lemma[2.3.11 This completes the proof. [

We have the following corollary of Theorem 2:3.1 under P

Corollary 2.3.1. Assume the conditions (2.2) and (2.9), then
(i) o1 < 00 P-a.s. on {0 <t < (}.

(11) ﬁ((pc < 00) = 1 if and only if at least one of the following conditions
s satisfied:

(a) vy(r)
(b) vy (£)
(c) Up(r) < 0o and v,(0) < 0.

(11i) Ig(goc =00) =1 if and only if vp(r) = 0o and vy(¢) = co.

< o0 and $(f) = —oo,

< 00 and 5(r) = oo,

Remark 2.3.4. We summarize the results of Corollary[2.31 in Table[22.

Case s(0) | s(r) | vp(€) | vp(r) Conclusion U.I. Mart.
(1) —00 00 00 00 Plpe <o0) =0, EP[Z.] <1 No
(2)(i) | —o0 | <o0| o0 00 Ppe <o0) =0, EP[Z,] <1 No
(2)(ii)) | —oc0 |<oo| 00 |<oo| Plpe<oo)=1, EP[Z =1 Yes
(3)(i) | > —o00 | o0 00 00 Plpe <o0) =0, EP[Z,] <1 No
(3)(ii) | > —c0 | o0 | <oo| oo Ppe <o0)=1, EP[Z.]=1 Yes
(4)(i) | > -0 | <00 | o0 00 Ppe <o0) =0, EP[Z.] <1 No
(4)(ii) | > —oc0 | <00 | 00 | <00 |0<Plp <o0)<1, EF[Z.)<1 No
(4)(iii) | > —00 | <0 | <00 | oo [0<Ppe <o) <1, EP[Z <1 No
(4)(iv) | > —o0 | <o | <00 | <oo| Plpe<oo)=1, EP[Z,]=1 Yes

Table 2.2: Classification table for the uniformly integrable martingale
(U.I.Mart.)

Proof. The proof is similar to that of Theorem 2.3.1] and is thus omitted.
We can construct Table 2.2l The “conclusion” column in Table 2.2is based
1or P (pe = =1

on the classification of whether ﬁ(apc < 00) 00)
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combined with Proposition 2.2.5l The “U.I.Mart.” column in Table is
based on the classifications in the “conclusion” column in Table 2.2 This

completes the proof. O
The following result provides necessary and sufficient conditions for

P(perr < 00) =1, for T € [0, 00).

Theorem 2.3.2. Assume the conditions 2.2) and [R29), then for all T €
[0,00), P(pear < 00) = P( OCAT V?(Y,)du < oo) = 1 if and only if at least
one of the following conditions is satisfied:

(a) v(f) = v(r) = oo,

(b) vp(1r) < 00 and v({) = oo,

(¢) vp(0) < 00 and v(r) = oo,

(d) vp(r) < 0o and vy(¢) < co.
Proof.  First of all, from Feller’s test of explosions, v(¢) < oo if and

only if P(¢ < oo,lirréY} = [) > 0. Similarly v(r) < oo if and only if
—
P(¢ < o0, limY; =r) > 0.
t—C

On the set {¢ = oo}, from Lemma 22.1] fOCAT v (Y,)du < oo P-a.s.
Then P( [ 0(Y,)du < 00,( = 00) = P(C = 00). We have the following
decomposition

P ( /0 R < oo)

AT CAT
_P</ b2(Yu)du<oo,C—oo) —i—P(/ b2(Yu)du<oo,C<oo,1in%Yt—l)
0 0 -

CAT
—l—P(/ bz(Yu)du<oo,(<oo,lith:r)

CAT

—Pc=o0)+ P

S—

b (Y,)du < 00,( < 0o, limY; = l)
t—=(¢
CAT
+ P (/ b2 (Y,)du < 00, ( < oo,%irréYt = 7’) . (2.22)
0 —

For the sufficiency, assuming that at least one of (a), (b), (¢) and (d)
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holds, we aim to prove pcar < 00 P-a.s.

Condition (a): from Feller’s test of explosions, the condition (a) is
equivalent to P(( = oo) = 1. Then from the decomposition (222,
2 ( T B2Y, ) du < oo) — P((=00) = 1.

Condition (b): v(f) = oo is equivalent to P({ < OO’PHCIYt =1) =

%
0. Then P (fCAT Y, )du < 0o, ( < oo,%irrclYt = l) = 0, and from the
—
decomposition ([2.22))

P ( /0 R < oo)

CAT
:P((zoo)+P</ b2(Yu)du<oo,(<oo,linth:r)
0 —

¢
P =oa)+ P ([ P00 < 0.¢ < oo, limYi=r)
%

0

If vy(r) < oo, then from Proposition23.1], P (fo v (Y,)du < 00, ( < oo, hth = r) =
P(¢ < o0, 11rr<1Yt = r). Then from the decomposition (2.22)
_>

P ( / R < oo)
i

P(¢ =00) + P(C < oo, lim¥; =)

=1—-P(( <oo,limY, =/) =1,
t—(

and thus P( [ 0(Y,)du < o0) = 1.
Condition (c): the proof is similar to the proof of condition (b) by

switching the roles of ¢ and 7.
Condition (d): if vy(r) < oo and v,(f) < oo, then from Proposition
|B]:|P(fob2 du<oo(<oohth—l):P((<oo,1irr<1Yt:€),
—

andP(fob2 du<oo(<oohth—7’) :P(§<oo,1i_r>rth:r).
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Then the decomposition (Z.22]) becomes

P(AMZﬂnMu<m)

CAT
_P(C—oo)—i—P(/ b2(Yu)du<oo,C<oo,1in%Yt—l)
0 —

CAT
—l—P(/ bQ(Yu)du<oo,§<oo,lith:r)
0 t—C
= P(( =00)+ P(( < 00,limY; = ¢) + P(¢ < o0, limY; = r)
t—C t—¢

= 1.

This completes the proof of the sufficiency part.

For the necessity part, it is equivalent to proving its contra-positive
statement: “If none of the conditions (a), (b), (c¢) or (d) holds, then there
exits T € [0, 00), such that P(pear+ < 00) < 17

We now seek to find the complement set to the conditions (a)-(d). The

complement set of (a) is:
Case (1): v(¢) < 00, v(r) = 0.
Case (2): v({) = o0, v(r) < oco.
Case (3): v({) < 00, v(r) < oco.
Further complement the above cases with the remaining conditions (b),

(c), and (d), and we have the following subcases comprising the whole

complement set:
Case (1)(1): v(¢) < 00, v(r) = 00, vp(£) = 00, V(1) < 0.
Case (1)(ii): v(¢) < oo, v(r) = 00, vp(¢) = 00, V(1) = o0.
Case (2)(1): v(¢£) = 00, v(r) < 00, vp(£) = 00, V(1) < 0.
Case (2)
Case (3)(i): v(£) < oo, v(r) < 0o, vy(£) = 00, V(1) = co.
Case (3)(ii): v(f) < oo, v(r) < 00, Vp(£) = 00, V(1) < 0.
(3)

(
(
(
(ii): v() = oo, v(r) < 0o, vp(f) = 00, V(1) = 0.
(
(
(

Case (3)(iii): v(f) < 0o, v(1) < 00, V(¢) < 00, vy(r) = 0.
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Note that in all the above seven subcases, P({ < oo) > 0, and it means
that there exists a sufficiently large T* € [0, 00), such that P({ < T%) > 0.
Now we analyze each of the above subcases in detail.

Both Case (1)(i) and Case (1)(ii) share the conditions “v(¢) < oo, v(r) =
00, up(f) = o0”. If v(r) = oo, then P(¢ < oo,linclYt = r) = 0. Then
—

P (IOCAT* 52(Yu)du < 00,( < Oo’li—{rglyt — 7») —0.

From the decomposition (2.22]) substituting 7" = T™*
CAT™
P </ b (Y,)du < oo)
0
CAT™
_P(C—oo)+P(/ bz(Yu)du<oo,§<oo,1iH<1Yt—l)
0 —
CAT*
—i—P(/ b2(Yu)du<oo,C<oo,lith—r)
0 t—=(¢
CAT™
=P((=00)+ P (/ b (Yy)du < 00, ( < oo,%inlet = l) . (2.23)
0 —
Now we analyze the second term in (2.23))
CAT™
P(/ b2(Yu)du<oo,(<oo,lith:l)
0 t—=(¢
CAT™
_P(/ v (Y,)du < 0o, < T* <oo,lith—l)
0 t—=(¢
CAT™
+P(/ bz(Yu)du<oo,T*<C<oo,lith—l)
0 t—=(¢
¢
=P (/ V2 (Y,)du < 00, < T* < 00,limY; = z)
0 t—C

T*
+P ( b (Y, )du < 00, T* < ¢ < oo,%inth = l) . (2.24)
0 —

If vy (£) = 0o, then from Proposition 2311 P <f0< v (Y, )du < oo, PHCIY;g = l) =
—

0. Then P (fg VA(Y,)du < 00, ( < T < 00, lim ¥, = z) — 0. Use this
—
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equality in (2.24])
CAT™
P(/ bz(Yu)du<oo,(<oo,lith:l)
0 t—C
T*
— (/ bQ(Yu)du<oo,T*<§<oo,1ith:l).
0 t—C

Then

P ( /0 M v du < oo)

-
=P((=00)+P (/ V2 (Y, )du < o0, T* < ¢ < oo,ynclyt = z)
0 —

< P((=00)+ P(T" < (< 0)
—1-PC<TY)
< 1.

The proof of Case (2) is similar to Case (1) by switching the roles of ¢
and r, and is thus omitted.

Consider Case (3), and recall that P(¢ < oco) > 0, which means that
there exists a sufficiently large 77 € [0,00), such that P(¢ < Ty) > 0.
All the subcases in Case (3) share the conditions “v(¢) < oo, v(r) < oo”.
From Feller’s test of explosions, they are equivalent respectively to P(¢ <
oo,li_r}rg)@ =/¢) > 0and P(¢ < OO,P_I}CIYt =) > 0. These two conditions
mean that there exist two sufficiently large T € [0,00) and T5 € [0, 00)
such that P(¢ < T;,%i_{rclYt =/) >0 and P(¢ < Tg“,li_r}th =) > 0 under
P. Choose T* = max (T}, T5,T5) € [0,00). With this newly constructed
T*, we aim to show that P <fCAT b (Y, )du < oo) < 1.

Both Case (3)(i) and Case (3)(ii) share the condition v,(¢) = oco. If
vp(¢) = oo, then from Proposition 2.3.1], P (fo b (Yy,)du < oo, hth l) =

0. ThenP<f062 w)du < 00, (¢ < T*<oo,1irréYt—l)—0.
—
On the set {T* < ¢ < oo}, from Lemma@2.2.T] P( NR(Y, ) du < oo) =

34



1. Then
CAT™

P (/ b (Y,)du < 0o, T* < ( < 0o, limY; = l) — P(T* < ¢ < o0, limY; = 1),
0 t—¢ t¢

and similarly
CAT™

P (/ V2 (Y,)du < 00, T* < ( < oo, limY, = 7’) = P(T" <( < oo, limY; =r).
0 t—=(¢ t—¢

Recall the decomposition ([2.22) substituting 7" = T*

P ( /0 o b2 (Yy,)du < oo)

CAT™
:P((zoo)—i—P(/ b2(Yu)du<oo,(<oo,linth:l)
0 —
CAT™
—l—P(/ bz(Yu)du<oo,(<oo,lith:r)
0 t—C
CAT™
:P((zoo)—i—P(/ bz(Yu)du<oo,(<T*<oo,1irr<1Yt:l)
0 —
CAT™
+ P </ V2 (Y, )du < 00, T* < ¢ < 0o,limY; = l)
0 t—=(¢
CAT™
+P</ 62(Yu)du<oo,(<T*<oo,lith:r)
0 t—(
CAT™
—i—P(/ b2(Yu)du<oo,T*<§<oo,lith—r)
0 t—=(¢
¢
=P((=00)+P (/ b (Y,)du < 00, < T* < oo,%irrlet = l)
0 —

¢
+P(T"<(<oo,limY,=/{)+P (/ b2 (Yy)du < 00, < T* < 00,limY, :7’)
t—C 0 t—¢

+ P(T* < ¢ < oo,limY; =r)
t—(

¢
_P(C—oo)+P(T*<§<oo)+P</ b (Y,)du < 0o, < T* <oo,£iHéYt—r).
0 —
(2.25)
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Consider the two subcases separately:

Case (3)(i): with v,(r) = oo, from Proposition 2.3.1],
¢ :
P (fo b (Y,)du < oo,ll_r}gY} = r) =0, so
¢
P (/ b (Y,)du < 00, < T* < 00,limY, :7’) =0.
0 t—=(¢

Then use this equality in (2.25)

P ( /0 M v du < oo)

=P((=00)+ P(T" < ( < 0)

¢
+P

A~
S~

V(Y,)du < 00, < T* < 0o, limY; = r)
t—(

= P(¢ = 00) + P(T* < ¢ < o)
=1-P(<T)
<1

And the last strict inequality holds because T* > Ty P-a.s., and P({ <
T) > P(C < Tf) > 0.
Case (3)(ii): With vy(r) < oo, from Proposition 2.3.1]

¢
P (/ V2 (Y,)du < 00, < T* < 00,limY; = 7’) =P((<T*<oo,limY; =r).
0 1—=¢ t—¢
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Use this equality in (2.27])

P ( /0 R < oo)

=P((=00)+P(T" < (< )
¢
+P(/ V2 (Y,)du < 00, < T* <oo,lith—7’)
0 t—=(¢
=P((=00)+P(T"<(<o00)+P(CLT" <oo,linth:r)
—
—1- P(¢ <T*limY; =)
t—C

< 1.

And the last strict inequality holds because T* > Ty, P-a.s., and P(¢ <
T limY;, =/¢) > P(( < Ty,limY, = /) > 0.

¢ tC

The remaining Case (3)(iii) can be proved similarly as Case (3)(ii) by
switching the roles of £ and r. Also note that T* > Ty, P-a.s., and P(( <
T*71i—r>IClY; =r) > P < Tgk,li_I}ClYt =r) > 0. This completes the proof of
the necessity part. O

Similarly there is a corollary to Theorem [2.3.2] under P. Its proof is
similar to that of Theorem [2.3.2] and is thus omitted.

Corollary 2.3.2. Assume the conditions ([2.2)) and ([29), then for all T €
[0,00), ﬁ(ngAT <x)=P <f0<AT V2 (Y, )du < oo) =1 if and only if at least

one of the following conditions is satisfied:
(a) v(£) = v(r) = oo,
(b) vp(r) < 0o and v({)
(c) 0p(€) < oo and v(r)

(
(d) vp(r) < 00 and vp(f) < oco.

Y

o0
o0,

37



2.4 Generalization of some results in Mija-

tovié and Urusov

In this section, we generalize the main results in Mijatovi¢ and Urusov
(2012b, 2012¢) and provide new unified proofs without the concepts of
“separating times”. Note that Mijatovi¢ and Urusov (2012b, 2012¢) work
in the p = 1 case, and we generalize it to the arbitrary correlation case.
Consider the stochastic exponential Z defined in (2.7)). The following
proposition provides the necessary and sufficient condition for Z to be a P-
martingale for all T' € [0, 00), when —1 < p < 1. Note that Theorem 2.1 in
Mijatovi¢ and Urusov (2012c) is a special case of the following proposition

when p = 1.

Proposition 2.4.1. Assume the conditions [2.2) and ([29)), then for all
T € [0,00), EX[Zr] = 1 if and only if at least one of the conditions (1)-(4)

below is satisfied:
(1) v(f) = v(r) = oo,
(2) vp(r) < 00 and v({)
(3) 0p(0) < oo and v(r)

(4) Up(1r) < 00 and v(£) < o0.

)

(0. ¢]
o0

)

Proof. From Proposition 224} for all T' € [0, 00), EX[Z7] = 1 if and only
if P( OCAT b*(Y,)du < oo) = 1. Then the statement follows from Corollary
2.3.2] This completes the proof. O

We have the following necessary and sufficient condition for Z to be
a uniformly integrable P-martingale on [0, 00|, when —1 < p < 1. Note
that Theorem 2.3 of Mijatovi¢ and Urusov (2012c) is a special case of the

following proposition when p = 1.

Proposition 2.4.2. Assume the conditions [2.2) and 29), then EF[Z,] =
1 if and only if at least one of the conditions (A") — (D') below is satisfied:

(A") b =0 a.e. on J with respect to the Lebesque measure,

(B') vp(r) < 00 and 5(f) = —o0,
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(C") vp(f) < o0 and $(r) = oo,

(D) Up(1) < 00 and vy(¢) < 0.

Proof.  Condition (A’) is a trivial case and it is easy to verify. From
Corollary 23T and the classification in Table 22 EF[Z,] = 1 if and only
if at least one of the conditions (B’), (C’) or (D’) holds. This completes
the proof. O

Remark 2.4.1. Financial bubbles have recently attracted some attention in
the literature, see Cox and Hobson (2005), Ekstrom and Tysk (2007), He-
ston, Lowenstein and Willard (2007), Jarrow, Protter and Shimbo (2007),
Madan and Yor (2006), and Pal and Protter (2010). For a survey on the
mathematical theory behind the financial bubbles, refer to Protter (2012).
Under the risk-neutral measure P, let the (discounted) stock price be mod-
eled as a non-negative local martingale Z. Using the notation in Protter
(2012), assume a complete financial market, let (Si)wcpr-, T € [0, 00]
be the underlying risky stock price with life up to a stopping time 7. Let
A € F, be the time T terminal payoff or liquidation value of the stock.
Assume that A > 0, and Z, = Al,<p«. Assume that the stock pays no
dwidends and the risk-free spot interest rate is equal to 0. The fundamental
value of the stock is defined as Zf = EP[Al cp- | Fi] fort € [0,T*] Then
the financial bubble B is defined as

Bt::Zt_Zt*7 0<t<T”

Intuitively the bubble is equal to the difference between the current mar-
ket stock price and the fundamental price(conditional expected value of the

stock’s cash flows under the risk-neutral measure P ).

Clearly we see that for Z being a non-negative local martingale(thus a
non-negative supermartingale), the bubble 5y = 0,0 < t < T always holds.
Also we call that a bubble “bursts” if 5, = 0 for some time 0 < u < T™.
Since Z is a supermartingale, if 5, = 0, then B, =0 for 0 <u <t < T™.
Intuitively this means that if a bubble bursts, it can mever start again.

For detailed classification of bubbles based on whether Z is a uniformly
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integrable martingale, a martingale or a strict local martingale, refer to
Jarrow, Protter and Shimbo (2007).

Here we generalize some results in Mijatovi¢ and Urusov (2012b) to the
arbitrary correlation case and provide new proofs without the concept of
separating times. Precisely, Theorem 2.1 of Mijatovi¢ and Urusov (2012b)

is a special case of the following proposition when p = 1.

Proposition 2.4.3. Assume the conditions (2.2) and (2.9), then for all
T € [0,00), Zr > 0 P-a.s. if and only if at least one of the condition
(1)-(4) below is satisfied:

(1) v(l) = v(r) = oo,
(2) vp(r) < o0 and v(f) = oo,

Proof.  From Lemma 22.3] for all T € [0, 00), Z7 > 0, P-a.s. if and only
if P < fOCAT b (Y,)du < oo) = 1. Then the statement follows from Theorem
2.3.2] This completes the proof. O

Note that Theorem 2.3 of Mijatovi¢ and Urusov (2012b) is a special

case of the following proposition when p = 1.

Proposition 2.4.4. Let the functions u, o and b satisfy conditions (2.1),
(2.3) and (Q.S)H in Mijatovi¢ and Urusov (2012b), and let'Y be a (possibly
explosive) solution of the SDE 2.11) under P, with Z defined in (2.17), Then
Zoo >0, P-a.s. if and only if at least one of the conditions (I)-(1V) below
s satisfied:

(I) b=0 a.e. on J with respect to the Lebesgue measure,

(II) vp(1r) < 00 and s(f) = —oo,

"Note that conditions (1)-(4) in Proposition 2-4.3] do not depend on the correlation
p, which means that the positivity of the (discounted) stock price does not depend on
the correlation. Similar remarks hold for Proposition 244 and Proposition [Z.4.5]

8These conditions are the same as the conditions ([22) and [23) in this chapter.
Similar remark holds for Proposition 2.4.5]

40



(111) vy (¢) < 0o and s(r) = oo,
(1V) vp(1) < 00 and vy(f) < 0.

Proof.  Condition (I) is a trivial case and it is easy to verify. From Lemma
223 Z. > 0, P-as. if and only if P ( JER(Vo)ds < oo) — 1. Then the
proof follows from Theorem 2.3.T] and the classification in Table 2.1l This
completes the proof. O

Note that Theorem 2.5 of Mijatovi¢ and Urusov (2012b) is a special

case of the following proposition when p = 1.

Proposition 2.4.5. Let the functions u, o and b satisfy conditions (2.1),
(2.3) and (2.5) of Mijatovi¢ and Urusov (2012b), and let Y be a (possibly
explosive) solution of the SDE (1)) under P, with Z defined in (2.1).
Then Z, = 0, P-a.s. if and only if both conditions (i) and (ii) below are
satisfied:

(1) b is not identically zero with respect to the Lebesgue measure,
(1) vp(€) = vp(r) = oo.

Proof.  Condition (i) is a trivial case and it is easy to verify. From Lemma
223 Z, =0, P-as. if and only if P <f0< v (Yy)du = oo) = P(p; = o0) =
1. From Theorem [2.31] (iii), this is equivalent to checking the condition
(ii) here. This completes the proof. O

2.5 Examples of correlated stochastic volatil-

ity models

In this section, we apply the results in Section[Z.4lto the study of martingale
properties of (discounted) stock prices in four popular correlated stochastic
volatility models: the Heston, the 3/2, the Schébel-Zhu and the Hull-White
models. We consider the arbitrary correlation case in the following. All
our results are consistent with the literature. Throughout this section, we
work in the filtered space (€2, F, (Fi)ieo,00), ) as constructed in Section
2.2,
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2.5.1 Heston stochastic volatility model

Under P, the (correlated) Heston stochastic volatility model has the fol-

lowing diffusive dynamics

dSt — St\/?t]].te[07§)dwt(1), SO — 1
dY; = #(0 — Yi) Licp, o dt + E3/Yiliep o dWs, Yo = o, (2.26)

with EP[dW N dW,] = pdt, =1 < p < 1, k > 0,6 > 0,0 > 0. The
natural state space for Y is J = (¢,7) = (0,00). ( is the possible exit
time of the process Y from its state space J. The model in (2.26) belongs
to the general stochastic volatility model considered in (2.8) with u(x) =
k(0 — ), o(x) = &/x, and b(z) = /x. Clearly o(x) = &/x # 0,2 € J,
0 = 75 € Lo (), &2 = 15 e 1 (J), and f;<(>) =L e Ll (J)are

satisfied. This implies that the conditions ([2.2)) and ([2.9) are satisfied.

Remark 2.5.1. In the literature, the Heston model is often equipped with
a reflecting boundary at 0. The model we consider here for convenience

assumes an absorbing boundary at 0, which is less common.

From Proposition 2.2.3] under 15, the diffusion Y satisfies the following
SDE

dY, = #(0 — Vi) Liep oyt + £/ Yiliep o dWe, Yo = o,

K0
Kk—p€”

For a constant ¢ € J, the scale functions of the SDE (21 and SDE
([Z13) are respectively

Where%:/-ﬂ—pgandgz

25c 260 _2x0 _2ny *
s(r)=e&c& y e Edy=0C, | y e Mdy,
C

_ 2rc 280 ¥ 288 2Ry v
S(r) =€ ce y €e Edy=0Cy | y “e dy, (2.27)
(& (&
with a = 26—”‘29, g = 2—’; >0, v = 2—’; — 25—”, and the constant terms are
2rkc  2k0 2kc _ 2pc  2k0

Ci=e2¢ce >0and Cy = e ¢¢& > (0. Under ﬁ, we have the

42



following test function for x € J

X — —
2 [T fy Zz % *dz

U(x) - 62 c yl—ae_’yy

dy, (2.28)

and

9 v [Tamem

&Je oy e

dy. (2.29)

Proposition 2.5.1. F07H the Heston model in [2.20), the underlying (dis-

counted) stock price (St)o<i<r, T € [0,00) is a true P-martingale.

Proof. We aim at checking the conditions of Proposition 2411
Case (1): a > 1. From the property of the gamma function
< 00, if v >0,

5(00) ,
= 00, if v < 0.

We now aim to check the finiteness of v(r). We divide the discussion

into three cases.

(i) When a > 1 and v < 0, s(0c0) = 00, then v(c0) = 0o and v,(c0) =

(ii)) When o > 1 and v = 0, then

B(o0) = é/m o (/yoo z_o‘dz) dy.

2 OO a—1 (_yl—a)
o v

= 00,

9Proposition 2.5.1]is a special case of Proposition 2.5, p34 of Andersen and Piterbarg
(2007), also see Remark 4.2, p2052 of Del Bafio Rollin et al. (2010).
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and

_ 2 [e.9] [e.9]
Up(00) = ?/ y* </ z_o‘dz) dy.
c y
_ 2 > a(_yl_a)
B ?/C 4 1 -« dy

= 0Q,

(iii)) When « > 1 and 7 > 0, then lim y~“e™" = 0. From L’Hopital’s

Y—00
rule
X 2T d —y e
lim &4—— = lim
y—oo  yTCeW y—oo (=Y~ — ay="l)e™
. 1
= lim ———
y—oo Yy +ay
1
=—>0.
v

Thus as y — oo
[e.9] _ _ 1 _ B
/ 2 % Fdz ~ —y e Y, (2.30)
Y Y

and there exists M > ¢ > 0, such that for y > M, fyoo 2 % ?dz >
1 —a — . .. .
37y~ %e7"%. Substitute this into equation ([2.28)

2 [ee] [e.e]
v(00) = ?/ y* e </ z_o‘e_wzdz) dy
c y
2 - a—1_vyy - —a ,—Yz
> = y“ e 27 % dz ) dy
5 M Y

2 [ 1
> = / yo‘_lewz—y_o‘e_wdy
M Y
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and similarly substitute fyoo 2 % *dz > %y‘o‘e_w into (2.29), then

2 o0 o0
Up(00) = ?/ y*e </ z_o‘e_ﬂfzdz) dy
c y
2 * (7 > - —YZ
2—2/yew</z e”dz)dy
6 M Y

2 [ 1
> — / yae’yy_y_ae_'yydy
Y

To summarize, when a > 1, v(r) = oo and v,(r) = oo always hold for
v eR.

Case (2): a < 1. Similarly divide into two cases based on ~:

(i) If v < 0, then e7?¥ > 1 and

= 00, (2.31)

and consequently v(oc0) = 0o and U(00) = 0.
(i) If v > 0, note that lim y~*e~" = 0 still holds, then we can apply

Y—00
the L’Hopital’s rule similar as Case (1) (iii), and we can conclude that

v(r) = oo and U(r) = oo always hold.

To summarize, in Case (2), v(r) = oo and v,(r) = oco always hold for
v eR.

To check similar conditions for ¢, recall

0 c
5(0) = C’g/ y “e Wdy = —C’g/ Yy~ “e Wdy.
c 0
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From the properties of the gamma function

> —00, if a <1,

= —00, ifa>1.

Case (1): if @ > 1 holds, then 5(0) = —o0, and v(0) = oo, 1,(0) = oo
hold.
Case (2): if a < 1, linf(l)yl_o‘e_w = 0 holds, then from the L’Hopital’s
Yy—r

rule
. foy 2% dz y e W
lim =————— ——— lim — —— T —,
y=0  yloe y=0 (1 — a)y—e v +y'=*(—y)e
) 1
= lim
y=01 —a —yy
1
Cl-a
> 0. (2.32)
Asy—0
/?J 2% dz ~ Lyl_o‘e“’y (2.33)
i T . :

Thus there exists 0 < & < ¢, such that for 0 < y < ¢, [z % 7*dz <

(lfa)yl_o‘e_w. Substitute this into equation ([2.28]), then

2 [ Y
0(0) = —2/ Yy te (/ z_o‘e_'yzdz) dy

& Jo 0
2 : a—1_~y Y —a ,—Z 2 ‘ a—1_~y Y -, —z

== | Yy e e dz ) dy+ | yte 2 % Pdz | dy
& Jo 0 £ Je 0

< 2 /6 Yy tey ( 2 yl_o‘e_w) dy + 2 /C Yy tem (/y z_o‘e_wzdz) dy
& Jo (1-a) & J. 0

46 2 ¢ a— Y -, —Yz
et [ e ([ )
< 00. (2.34)
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Similarly substitute [} z~%¢%dz < (lfa)yl_o‘e_w into (2.29), then

2 ¢ Y
up(0) = —2/ y*e™? (/ z_ae_ﬂfzdz) dy

&% Jo 0
2 ¢ Y 2 ¢ Y

2 fro([rorensad [ ([

0 0 ¢ 0

2 ¢ 2 2 ¢ Y

< — e | — l_ae_“’y) dy + —/ Y (/ z_o‘e_'yzdz) d
52/0y <<1—a>y Nl A ' !/

252 2 ‘ a—1_~yy Y —a,—vz
“mae e e ([

< o0. (2.35)

We summarize the above results in Table 2.3 and from Proposition

24T (Sy)o<t<r, T € [0,00) is a true martingale. This completes the proof.

O
Case | 0(f) |v(r) | vp(€) | vp(r)
az>1l|o %) 00 00
a<l|<oo| o <00 | 00

Table 2.3: Classification table for the Heston model

Proposition 2.5.2. For the Heston model in (226)), the underlying (dis-

counted) stock price (Si)o<i<oo @S a uniformly integrable P-martingale if
and only if 2k0 < £ and k < pd".

Proof. From the proof in Proposition 2.5.1] we have the following classi-
fication:

If « <1, then

= 00, if v <0,

< 00, if v > 0.

ONote that & < p& implies that p > 0.
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If @ > 1, then

= 00, it v <0,

< 00, if v > 0.
We also have

> —00, if a <1,

= —00, if a > 1.

This, combined with the classification in Table P.3] gives us the classi-
fication in Table 2.4l From Table 2.4] and Proposition [2.4.2] we have that
(St)o<t<oo 18 @ uniformly integrable P-martingale if and only if o < 1 and
v < 0, which is equivalent to 2k6 < €% and xk < p€. This completes the

proof. O
Case s(0) s(r)y (o) | o(r) | v(€) | vp(r)
a>1,v<0| —oc0 00 00 00 00 o0
a>1,vy=0|—-o0 < 00 | 00 00 00 o0
a>1,vy>0| —o0 < 00 | 00 00 00 00
a=1,v<0| —o0 00 00 00 00 o0
a=1,7v=0] —o0 00 00 00 00 o0
a=1,7v>0] —o0 < 00 | 00 o0 00 o0
a<l,y<0]>—-00 |0 < 00 | 00 <00 | 00
a<l,y=0|>—-00 |00 < 00 | 00 < 00 | 00
a<l,y>0|>—-00| <00 |<00 |00 < 00 | 00

Table 2.4: Second classification table for the Heston model

Under P, we have the following result on the positivity of the (dis-
counted) stock price in the Heston model.

Proposition 2.5.3. For the Heston model in (2.28), we have:
(1) P(Sp > 0) =1 for all T € [0, 00),
(2) P(S5 > 0) < 1.
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Proof.  Similar to the proofs of Proposition 251 and Proposition 2.5.2)
with v replaced by 5 and Cy by C;, we have the classification in Table
Based on Table 2.5 from Proposition 2.4.3] and Proposition 2.4.4] we have

the desired results. This completes the proof. O
Case | s(f) s(r) | v(l) | v(r) | v(€) | vp(r)
a>1]|—oco < 00 | 00 00 00 00
a=1]|—oc0 < 00 | 00 00 00 9
a<l|>—-00| <00 |<00| 00 <00 | 00

Table 2.5: Third classification table for the Heston model

2.5.2 3/2 stochastic volatility model

Under P, the (correlated) 3/2 stochastic volatility model has the following

diffusive dynamics

dS; = S/ YiluepodW,  So =1,
dY, = (WY, — 0Y?)Lyepo cydt + 55@3/2]1te[o,<)th, Yy = xo. (2.36)

where EP[dW N dW,] = pdt, -1 < p<1,w >0, > 0,0 € R.
The natural state space is given by J = (¢,7) = (0,00). ( is the

possible exit time of the process Y from its state space J. The model in
([234]) belongs to the general stochastic volatility model considered in (2.8])
with p(z) = wzr — 9:52 co(z) = €2°2, and b(x) = /z. Clearly o(z) =

6333/2 7& O T € J7 02(96 - 521553 S Lloc(J)’ :2((9;)) - 52966;: € Lloc(‘])? and
322((2)) = 6%2 € L (J) are satisfied. This implies that the conditions (2.2

and (2.9) are satisfied.

From Proposition 2.2.3] under P, the diffusion Y satisfies the following
SDE

~ 3 —~
dY; = (WY; — OV iepo oydt + €Y LiciodWs, Yo = o,
where 0 = 0 — pE.
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For a constant ¢ € J, the scale functions of the SDE (21 and SDE
([ZI3) are respectively

Y
_ b [* = d -
s(r)=—= [ y'exp|—|dy, z€J, (2.37)
c* Je Y
where a = 2—2, b = exp <—02§—°’2 , d = %—‘; and a = a — %. Since the only

difference between s(.) and 5(.) is in the parameters a and @, the analysis
under P is similar to the analysis under P, except with a change of the
parameter from a to a. Thus we only focus on the study under P. We

have the following test functions

03 gy ([ () e)
- gy (=) )
Then

v(00) = é/m m (/yoo exp (g) dz) dy,  (2.38)

and

vp(00) = %/OO m (/yoo 2% exp (g) dz) dy. (2.39)

Lemma 2.5.1. With w > 0, we have

a<—-1 <= v(r)<oo,
a<—1 < o(r) < oo.

Va e R, wu(r) =00, VaeR, uy(r)=occ.
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VaeR, v(l)=o00, VaeR, ov(f)=oc.
VaeR, u(l) =00, VaeR, 7u,(l)=oc.

Proof. We aim to check the conditions in Proposition 2.4l For the right

boundary r, divide into two cases:
(i) When a < —1, lim y**exp (5) = 0. From L’Hopital’s rule
y—>00

[z exp (4) d —yesp (%)

lim = lim

YT yetlexp <§> 7 ((a+ 1)y — yotd) exp <§>
= lim !
y—oo y~ld — (a + 1)
B 1
a1
Asy — o

o 1
/y 2% exp <g) dz ~ R ly““ exp <§) : (2.40)

Note that _Fll > 0. Since fyoo 2% exp (g) dz is decreasing in y, there exists
M > ¢ > 0, such that for y > M

o —2
/y 2% exp (g) dz < myaﬂ exp (g) . (2.41)

Substitute ([2:41]) into (238
v(oc0) = é/ ;d </ 2% exp (g) dz) dy
c ya+3 exp <§> Y
M 00
= 32/ v </ 2% exp (ﬁl) dz) dy
S c ya+3 eXp < ) Y <
+32/ _— </ 2% exp <ﬂl) dz) dy
& Jm ya+3 exp <§> y z

51

o<



2 (M 1 > d
< —2/ —_ (/ 2% exp (—) dz) dy
2 [ d)
+ = — | dy
& Ju Y13 exp (5) at1’ (y

2 (M —4 > q
—— @ —|dz|d —d
&2 /c y“+3exp 4 c o (2) Z) YT ne (a+1)& / ke

y

2 /M / dedy + ——
= — e z T o s
& J. ya+3exp 4 " exp YT arneM

y

< Q.

From (2.40), there exists M’ > ¢ > 0, such that for y > M’

o0 d —1 I d
a — @ - . 2.42
/y 2% exp (z) dz > 2(a+1)y exp (y) ( )

Similarly substitute (242)) into (Z39)

2 [ 1 o d

vp(00) = —/ _ (/ 2% exp (—) dz)
& Je Y2 exp (5) y Z
2 - (/ z% exp (C—l) dz) dy
5 M’ a+2 exp <§> y Z
2 /°° 1 ( -1 . <d))

> — y“exp | — | | dy

& iy Y2 exp (5) 2(a+1) Y

—1 1
- §2<a+1>/ e

= OQ.

dy

(ii) When a > —1, since d > 0, we have that exp < ) > 1, fory >c > 0.
Then



Thus v(c0) = 0o and v,(00) = 0o in this case. To summarize, v(r) < oo if

and only if a < —1, and vy(r) = oo for a € R.
For the left endpoint ¢

2 [° 1 o d
=g ) (oo (C)ee) o
2 [c 1 v o d
— @ i m (/0 2% exp (;) dz) dy, (2.43)

< e

and
2 [€ 1 Y
up(0) = —2/ — </ 2% exp (C—l) dz) dy. (2.44)
5 0 ya+2 exp (%) 0 z
For 0 < z < y, we have e > eg, and plug this inequality into (2.43))
2 [ 1 Y d
U(O):? ﬁ(/zexp<)dz)dy
0 Y exp <§) 0

2 € 1 Y d

> = - (/ zadz) exp (—) dy
5 0 ya+3 exp <§) 0 Y

Similarly plug this inequality into (2.44])

=8 [ ) )
g )
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To summarize, v({) = oo and v,(¢) = oo for a € R. From ([237), the above
proofs also work for the case of v by substituting a for a. The results in
Lemma 2.57] can be summarized in Table This completes the proof.
O

a< —1 < 00 | 00 00
a>—1 00 00 00

Case o(l) | v(r) | 0p(€) | vp(r)

Table 2.6: Classification table for the 3/2 model

Proposition 2.5.4. Fo@ the 3/2 model in ([2.36]), the underlying (dis-
counted) stock price (Si)o<i<r, T € [0,00) is a true P-martingale if and
only if €2 — 2p& + 20 > 0.

Proof.  From Lemma 2.5.1] and Table 2.0, combined with Proposition
2.4.1] we have that (S;)o<t<r, T € [0,00) is a true P-martingale if and only
if @ > —1, which is equivalent to £2—2p&+26 > 0 after some simplifications.
This completes the proof. O

Proposition 2.5.5. For the 3/2 model in ([230), the underlying (dis-

counted) stock price (Si)o<i<oo @S not a uniformly integrable P-martingale.

Proof. From Table2.6 for alla € R, v,(¢) = oo and v(¢) = oo hold. From
Proposition 242l (S;)o<i<oo 1S N0t a uniformly integrable P-martingale.
This completes the proof. O

Under P, we have the following result on the positivity of the (dis-
counted) stock price in the 3/2 model.

Proposition 2.5.6. For the 3/2 model in (2.30), we have:
(1) P(Sy > 0) =1 for all T € [0,00) if and only if €* +260 > 0,
(2) P(S5 > 0) < 1.

"Theorem 3, p110 of Carr and Sun (2007) proves sufficiency. See also Lewis (2000)
and Drimus (2012).
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Proof.  Similar to the proofs of Proposition 2.5.4] and Proposition
with @ replaced by a, we have the classification in Table 2771 Based on
Table 27, from Proposition 243 and Proposition 2Z4.4] we have the desired
results. Note that a > —1 is equivalent to €2 + 260 > 0. This completes the
proof. O

Case v(l) | v(r) | v(l) | vp(r)
a<—1]o0 < 00 | 00 00
az>—1|o00 00 o0 )

Table 2.7: Second classification table for the 3/2 model

2.5.3 Schobel-Zhu stochastic volatility model

Under P, the correlated Schobel-Zhu stochastic volatility mode (see
Schobel and Zhu (1999)) can be described by the following diffusive dy-

namics

s, = StY;t]ltE[O,C)dVVt(l)v So =1,
dYt - _"f(Yt - e)ﬂte[o,c)dt + 71te[0,c)th(2)> YO = Top. (2-45)

where E[th(l)th(Q)] =pdt, -1 <p<1,k>0,0>0,v>0. The process
Y is an Ornstein-Uhlenbeck process, and this implies that its natural state
space is J = ({,r) = (—00,0). ( is the possible exit time of the process Y
from its state space J. The model (2.45)) belongs to the general stochastic
volatility model considered in ([Z8) with pu(x) = k(0 — z), o(z) = v, and
b(z) = z. Clearly o(z) = v # 0,z € J, then a(;lc)Z = % € Li,(J),

me) w022 ¢ [l (J), and Ple) _ a2 ¢ [t (J) are satisfied. This

o(z)? R loc o2 (z) ~y loc

implies that the conditions (2.2]) and (2.9) are satisfied.

121t is the correlated version of the Stein-Stein (1991) model. In Rheinléinder (2005),
the minimal entropy martingale measure is studied in detail for this model, and its
Proposition 3.1 gives a necessary and sufficient condition such that the associated
stochastic exponential is a true martingale. Here we provide deterministic criteria.
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From Proposition 2.2.3] under P, the diffusion Y satisfies the following
SDE

dY; = (k0 — (K — py)Ye) Licp,0)dt + Vﬂte[o,g)dﬁv/t, Yy = 2.

For a positive constant ¢ € J, denote @« = k — pvy, and compute the
scale functions respectively of the SDE (2I) and SDE ([2.13)

T sy=0)?—r(c=0) T or-0)?
K=0)2—n(e=0)?
s(x)=|[ e v dy=0Cy | e 7 dy,
(& C

0(9—79)2

T 2— K K C—OéC2 z 2 1
) = S Cy [Te 2 dy, if v # 0,
S\T) = € y - _ 2k0c _2m9w
c 03<6 v§—e7>, if =0,

with constants C; = e re=0)?/7" 0, Cy = e(=K*0/at2rbc—ac’)[v? - () for

a # 0, and the constant C5 = 62’“‘96/72;—; > 0 for @ = 0. Since k > 0 by
r(y—0) _
assumption, e »* > 1 for any y € [¢, z], with ¢ € J,x € J, then we have

that s(r) = s(00) = oo always holds, and consequently v(r) = v(c0) = 0.

Proposition 2.5.7. For the Schobel-Zhu model in ([2.45), the underlying

(discounted) stock price (St)o<i<r, T € [0,00) is a true P-martingale.

Proof. We aim to check the conditions in Proposition 241l For the case
of the right endpoint r, depending on the sign of @ = k — py, we have the

following classification

S(o0) < oo, ifa<0,
5(o00
=00, ifa>0.

Divide into three cases:

(i) When a > 0, 5(00) = 00, then v(00) = oo and v(00) = 0.
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(ii) When a =0

u(z) = % /j <1 - e_%e(m_y)) dy
+

Then v(00) = co. Similarly we can compute

N 1 [* 260,
Ub(x)zg/ ?/2<1—€ il y)>dy

1 _2s0, 7 2r0
:%xg’—e v /yerydy

20 20
Since fcx yle?Ydy < fcx 22e+* Ydy, then

~ 1 oo, [T 2k0 3
(x) = —2a® —e ? ve? Vdy —
C

C3

30

3k0 3k0
15 9, 20 (c—x) c’
— _ ]_ — e 72 — . 246
3/<aé’x 2&9w ( ¢ ) 3k0 ( )

Then v,(0c0) = oo can be verified, because the right hand side of (2.40])

tends to oo as r — 0.

(iii) When « < 0, the test function is

- 2 [ sty /OO « ( m8)2
v(0c0) = —/ e e — (2z2—— ] dz | dy. (2.47)
7 Je <y 7 a

Since o < 0 is assumed here, then lim y~le~
Y—>00
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apply L'Hopital’s rule

S oiyet k02 « k0 2
s () A 5 (y—17)
ylgrolo 1 %(y—ﬁ)2 _yli)Holo %_(y_ﬁ)2 1 2 w0
y e @ e 24 (_y—2 —'— ’Y_(l ay))
1
= lim 1 2« KO
v gy — g (1= 4y)
2
-
= —>0
2c0

So as y — o0

* o K0 2 —’}/2 g(y_ney
/ —|\z——) dze~——y e?" 7.
v Y « 2a

Thus there exists M > ¢ > 0, such that for y > M

* « K0 2 —~2 1 g(y_fﬁ)?
/ —lz—— ) dz2>—y e 7. (2.48)
v 7 « 4o

Substitute ([2:48) into ([2.47)

- 2 X a(,_xl & 0\ >
U(OO) — _2/ e 2 (y o )2 (/ % (z - /i_) dZ) dy
7 Je y Q
2 ., s o 0\ >
2_2/ €W2(y 20)2 / %(z—i) dz | dy
V7 JIm y e
o (o] K — 2 (o] K
> %/ 6_7_2(31_70)2 ( 8l y—le?(y—fﬁ) dy
v? I 4o

Thus v(00) = oo in this case.
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Similarly we can compute

- 2 [ 9 (y—5L)? /Ooa K0\’
_2 5 A ) ay (24
Up(00) VQ/Cye (yvgz — ) de|dy. (2:49)

With the same M as above, substitute (Z.48) into (2.49)

_3/00
Y
Y -y * « K0\

Z - yle —\|\z2——) dz|dy
7 Jm y a
2/

> — ye
Y

Thus v,(00) = oo in this case.

[\

@
ct:
ﬁo|9
Y
@\8
QM|Q
N
I
|
SIS
N——
(Y]
ISH
X
N—
oY
N

[\
3
4M| 5
l\'}
VR
|
2
[\]
QE
H
)
e
<
|
R
~
=¥
<

Now we consider the case of the left endpoint ¢. From the definition of
5(.), we have that s(0) > —oo for a € R.

Similar as above, we divide into the following two cases:

(i) When ao =0

30) 2 /c — % (y—52)2 /y a ( K8)2d p (2.50)
0(0)== [ e 7 @ —z2——) dz | dy. .
7 Jo 0o 7 « Y
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a (,  KO\2
Since liII(l) ye?(y o) 0, we can apply L’Hopital’s rule
y—

lim foy % <Z _ %9)2dz = lim % (y _ %0)2
y—0 yefg(y—%e) y—0 6;0‘2-(9—%0)2(1 + ?y_gcy(y B %6))
= lim L
=014 25y(y — 22))
=1.
Soasy — 0

4 0\ 2 o (K0
[5(-2Y o
o o

Thus there exists 0 < ¢ < ¢, such that for 0 <y < ¢

e K0\ S—1)?
/ —|z—— | dz <2ye" . (2.51)
0 a

,}/2

Substitute ([2.51]) into (2.50)
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2 [ 9 [ _
= v [
0 5
262 2 [C o ko v 0\ 2
:%+_2/e S (-2 /%(Zﬁ_) dz | dy
ry ry 5 0 ry o

< 0. (2.52)

QM|Q
3
|
kS
7~
o\
<
QM| o
N
W
|
X
RS
~_
(Y]
ISH
)
~_
QU
<

To summarize, v(¢) < oo for a € R.

Similarly, when o« = 0

C3

~07 ‘ %yd__
p(0) = [ ye” dy < 0.
0

When o # 0

5(0)—3/6 e EV) /y3<z—”—9)2dz d (2.53)
’ v Jo Y o 7 «Q v '

Substitute (251)) into ([Z53)), and use the same ¢ as above. For 0 < y < ¢
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< 00. (2.54)

To summarize, v,(¢) < 0o, for a € R.

Above all, we can summarize the results in Table[2.8 From Proposition
247 (3), for T € [0,00), (S¢)o<i<r is a true P-martingale. This completes
the proof. O

Case | 0(l) |o(r) | vp(l) | vp(r)

acR | <oco| 0 < 00 | 00

Table 2.8: Classification table for the Schobel-Zhu model

Proposition 2.5.8. For the Schébel-Zhu model in ([2.45), the underlying
(discounted) stock price (S;)o<i<oo 1S @ uniformly integrable P-martingale
if and only if Kk > py.

Proof.  From the proof in Proposition 2.5.7] we have the following classi-
fication:

< 00, if a <0,

= 00, if a >0,
and

5(0) > —o0, for a € R.

This, combined with the classification in Table B.8] gives us the classi-
fication in Table 29 From Table and Proposition 2.4.2] we have that
(St)o<t<oo 18 a uniformly integrable P-martingale if and only if a > 0, or
equivalently x > py. This completes the proof. O
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Case | s(¢ s(r) [ o) |o(r) | o) | vp(r)
a<0 —0 | <0 | <o | oo <00 | 00
a>0 —00 | 00 < o0 | 00 < 00 | 00

Table 2.9: Second classification table for the Schobel-Zhu model

Under P, we have the following result on the positivity of the (dis-
counted) stock price in the Schébel-Zhu model.

Proposition 2.5.9. For the Schobel-Zhu model in (2.45), we have:
(1) P(St > 0) =1 for all T € [0, 00),
(2) P(Sy > 0) = 1.

Proof.  Similar to the proofs of Proposition 2.5.7 and Proposition
with « replaced by k > 0, we have the classification given in Table
From Table and Proposition and Proposition 2.4.4], we have the
desired results. This completes the proof. O

Case | s({) s(r) | v(@) | v(r) | w(l) | ve(r)

a>0|>—-o00 | o < 00 | 00 <00 | 00

Table 2.10: Third classification table for the Schobel-Zhu model

2.5.4 Hull-White stochastic volatility model

Under P, the correlated Hull-White stochastic volatility model (see Hull
and White (1987)) can be described by the following diffusive dynamics

dS; = Siv/YiliepodW?,  So=1,

Y, = pYLico,o)dt + JYtﬂte[o,g)dVVt(Q), Yo = zo, (2.55)
where E[dVVt(l)dVVt(Q)] =pdt, =1 < p<1,pu>0,and o > 0. The process Y
is a geometric Brownian motion process, and this implies that its natural

state space is J = ({,7) = (0,00). ( is the possible exit time of the
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process Y from its state space J. The model ([Z353]) belongs to the general
stochastic volatility model considered in ([2.8) with ,u( ) = px, o(x) = ox,
and b(z) = /z. Clearly o(x) = oz # 0,z € J, O_(I = == € L, (J),
:(%)2 =4 L, (J]), and (1;2((2) = - € L} .(J) are satisfied. This implies
that the conditions (2.2) and (29]) are satisfied.

From Proposition 2.2.3] under P, the diffusion Y satisfies the following
SDE

3
2

dY; = (1Y + poY, ) e o dt + oYyl odW, Yo = a0, (2.56)

Denote o = j—g‘ —land v = 27"). For a constant ¢ € J, compute the scale
functions of the SDE (Z13))

~ * fy 2putpou 3/2 du
s(z) = 2 My
C

= C’l/ y e Wy, xz€J, (2.57)

2p 2 /e ..
where ('} = c+Ze= V¢ is a positive constant.

From the definition in (2.2I)) and the scale function in (Z.57])

§'(y)a*(y
9 [z fy z_c%e 2VEdy
_ g PR dy
c y o“ e o
=~ y T VY </ z_#e_%/gdz) dy, (2.58)
o? J. y

and

~ 2 r a—1 * a+l1
up(z) = ;/ yz vy (/ z_%e_“’\/gdz) dy. (2.59)
c y
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Proposition 2.5.10. FOE the Hull-White model in ([258), the underlying

(discounted) stock price (Si)o<i<r, T € [0,00) is a true P-martingale if and
only if p < 0.

Proof. We distinguish three situations:

(I) u > 0® Apply a change of variable z = /y. Then y = 2%,

dy = 2zdz, and

~ Ve —An 2
s(x) —201/ zeZe o idz
NG
v _
= 201/ 2% Pdz, x€J. (2.60)
NG

Note that the function in ([Z.60) is similar to the scale function in (2.271),
except that there is a y/z in place of z. From (2.60)

5(00) =20, /\[ 2 % *dz.

From the property of the gamma function

_ <oo, ify=0,
s(00)

= 00, if v < 0.
Divide into three cases based on ~:
(i) When v < 0, s(00) = oo, then v(00) = oo and v(00) = 00.

(i) When v =0

—~ 2 ©© a— ©© e
Boo) = = [y eVd ( / o e—wdz) dy
Y

== y > (/ z_gldz) dy
o* J. y

13Proposition BZ5. 10 is equivalent to Theorem 1 of Jourdain (2004), and a special case
of Proposition 2.5., p34 of Andersen and Piterbarg (2007).
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and

|
:N
8
9
S
? o~
=
QU
<

I
8

(iii) When v > 0, from (258

—~ 2 > a—3 > @
v(0c0) = ;/ y T ey (/ z_%e_ﬂfﬁdz) dy,
c y

— 2 e a— e o
Up(00) = ;/ YT ey (/ z_#e_%/gdz) dy.
c v

and

Since o« > 1, then lim y~2e "V¥ = 0, and from L’Hopital’s rule

y—00
I s S ST
11m o = m —-=—-—>
Y—00 y_Ee—’Y\/g Y—00 %y‘l/z —+ % ¥

Asy —

/ e Vi ~ gy_%e_“’\/g.
Y Y
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From (2.63)), there exists 0 < M < oo, such that for y > M
T el e R —
27 2e dz < —y~ ze . (2.64)
v
y

Substitute ([2.64)) into (2.61])

o’ /.
2 > a=3 NG, > —atl Nz
+ y 2 vy z27 2 e Wiz | dy
g M y
" P T el oz
<= yze z~ e dz | dy
c y
v o [Cyew (éy‘ge W) dy
0" Jm v
2 M 23 i * an Wz
=— Yz e z7 2z e dz | dy
c y
16
_'_

Then v(00) < 0o, for v > 0.
From (2.63), there exists 0 < ¢ < M’ < oo, such that for y > M’

o0 « 1 (o]
/ e WAy > —y Te VY, (2.65)
Y
y

Substitute (2.65]) into ([2.62)

~ 2 & a—: & a+1
v(o0) = ;/ y T ey (/ z_%e_“’\/gdz) dy
c v

> 3 yaT_ge'y\/g (/ Z_QTHe_“’\/Edz) dy
y
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o0 o — 1 «
> — yTSeV\/y (;y‘?e”\/@) dy

0'2 M’

2 <
_W M,y dy
= Q.

Then v,(00) = o0, for v > 0.
We now look at the case of the left boundary ¢. From (2.60)

NG
5(0) = —201/ 2% dz.
0

When v > 0, since o > 1, from the property of the gamma function, we
have 5(0) = —oo. When v < 0, then e77% > 1, and

NG NG
5(0) = —201/ 2 % *dz < —201/ 2 %z = —o0.
0 0

To summarize, s(0) = —oo for v € R. Then v(0) = oo and 7,(0) = oo
hold.

Above all, when o > 1, we have the following Table 211l The results
in Table 2.11 combined with Proposition 2.4.1, imply that, for o« > 1,
(St)o<t<r, T € [0,00) is a true P-martingale if and only if ©(r) = co. This
is equivalent to v < 0, and further equivalent to p < 0 from the definition

of v. This completes the proof of situation (I).

Case | v(f) | v(r) | vp(€) | vp(r)
¥<0]| o0 o0 %) 00
v>0] o0 <00 | 0 o0

Table 2.11: Classification table for the Hull-White model when 21/0? > 1

(IT) o = 30°. We consider the case when o = 1. Then

$(00) =20, /\[ z e dz,
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Divide into two cases based on the value of 7. If v < 0, then e™* > 1, and

5(00) = 201/ 2 ldz = .
Nz
Then in this case, v(r) = oo and (1) = 0.

If v > 0, from properties of the gamma function, s(c0) < co. To

summarize, when o = 1

N( ) = 00, 1f’7<0,
s(oc0
< 00, it v > 0.

Similarly for the case of the left boundary ¢. If v > 0, from the properties
of the gamma function, $(0) = —oo. If v < 0, then e77* > 1, and

NG
5(0) < —201/ 2 ldz = —oo.
0

To summarize, when a = 1, we have s({) = —oo, then v({) = oo and
”51,(@ = OQ.
Consider the case when o« = 1 and v > 0, from the above result, there is

5(00) < 00, and we aim to study the properties of v(c0) and v,(00). From
the definition in ([2.58))

2 o0 o0
v(o0) = —/ y ey (/ z_le_%/gdz) dy. (2.66)
c v

o2

Since v > 0, then lim y_%e_‘*\/@ =0, and from L’Hopital’s rule

Y—00
[ 2 e VEd: 1 9
y—00 y—§6—’7\/y y—oo Sy~ 12+ By v
Asy — o
/ 2l VEdy ~ gy_%e_“’\/g. (2.67)
Y
y
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Then there exists M < oo, such that for y > M
/OO —1,-z 4 1 -
z e dz < —y~ z2e .
y Y

Substitute ([2.68) into (2.60)

+ s y ey (—y_%e_”’\/g) dy
M
2 M [e%)
== y ey (/ z‘le_"’\/zdz) dy
o’ J. y
< s
_2 y Qdy
Y0T JmMm

< 00.

From the definition in (2.58)

_ 2 [ee] [e.e]
Up(00) = ﬁ/ ey </ z_le_%/gdz) dy,
c v

From (2.67), there exits M’ > ¢ > 0, such that for y > M’

o 1
/ 2 le VA > —y_%e_%/?.
Y Y
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Substitute ([2.70) into (2.69)

When a = 1, the results are summarized in Table 2.12

Case | v(0) | v(r) | vp(€) | vp(r)
v<0] oo 00 00 00
v >0 o0 <00 | 00 00

Table 2.12: Classification table for the Hull-White model when 2u/0? = 1

The results in Table 2,12, combined with Proposition 2.4.1], imply that,
for a = 1, (Sp)o<t<r, T € [0,00) is a true P-martingale if and only if
v(r) = oo. This is equivalent to v < 0, and further equivalent to p < 0
from the definition of . This completes the proof of situation (II).

(IIT) o < 30°. We consider the case when @ < 1. Since —2H > —1,

then from the property of the gamma function
5(0) = —C’l/ YT e Wy > —oc.
0
From (2.60), we have s(c0) = 2C} f;‘g 27%7%dz, and divide into three

cases. If v > 0, then from the property of gamma function, s(c0) < oo.
If v <0, then e77* > 1, and 5(00) > 2C} f;’g 2 %z = oco. To summarize,
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when a < 1

+(00) = 00, if v <0,
5(oc0
< 00, if v > 0.

We first look at ©(0) and ©,(0). From the definition in (258)

v(0) = / y ey (/ z_gle_yﬁdz) dy, (2.71)
0 0

o2

and

o2

~ 2 ¢ a—1 Y a+1
0,(0) = / yz ey (/ z‘ge_wﬁdz) dy. (2.72)
0 0

Divide into two cases based on . When v < 0, emIWE > 1, then

C

—~ 2 a— Y a
0(0) = —= YT ey (/ z‘gle_wﬁdz) dy
0

a? Jo

> — yTSeV\/g (/ z_;ldz) dy
0= Jo 0

_2 y T VY 2 y= ) dy
a? Jo 11—«

4 S
= Vidy.
02(1—a)/0y ¢ y

Apply a change of variable z = ,/y, then

1 S
S V¥
02(1—a)/0 y e y

] Ve
= 7/ 2 redz
o*(1 = a) Jo

= OQ.

7(0) >

The last equality is from the property of the gamma function. Then v(0) =
oo holds when v < 0.
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Since v < 0 is assumed, then e™7V? < e V¥ for 0 < z < y, and

~ 2 ¢ Yy a+1
up(0) = —/ y T ey (/ 27z e _'dez) dy
0
Yy a+1
< —/ A (/ 27z e _“’\/_dz) dy

2
= = d
02 0?/2 (1_ y )y

4c
o?(1 — )

< Q.

Then v,(0) < oo holds when v < 0.
When v > 0, e 7V? > eV¥ for 0 < z < y, then

—~ 2 ¢ a—3 Y @
v(0) = = dee“’\/g 2 e VA, dy
a2 Jy 0
2 [ as W ! 5 oW
> — Yy ze z Ydz | dy
0% Jo 0
2 ¢ a—3 2 11—«
= — 2 [ —y 2 | d
a2 Jo Y (1_ay ) Y

1 ¢
_02(1—a)/0 v dy

= OQ.

Then v(0) = oo holds when v > 0.
When v > 0, e77V* < 1 for 0 < 2z < y, then

2 a+1
0p(0) = —2 T VY (/0 5 _”’fdz) dy

2 al
<2 [ea([[ )
g 0
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Then 7,(0) < oo holds when v > 0.
To summarize, we have that v(0) = oo and 1,(0) < oo hold when o < 1.

Consider the case when o < 1 and v > 0. From the definition in (2.58))

~ 2 & a—3 o a+l
v(00) = / y 2 ey (/ %2 e‘”ﬁdz) dy, (2.73)
c y

o2
and
~ 2 ° oa— ° a
Up(00) = —2/ y T VY (/ z_%e_'“/zdz) dy. (2.74)
o? /. y
Since v > 0 is assumed, then lim y~2e™v¥ = 0, and we can apply
Y—>00
L’Hopital’s rule
foo 2T e WVadz 1
lim Y = = lim : =—>0
Y—00 y_ie_’Y\/g Y—>00 %y—g + % ¥
Asy —
> _atl _ Vz 2 _a
272 e WVidz~ —y ze VY, (2.75)
Y Y
From (2.73)), there exists M > 0, such that for y > M
o _atl Vz 4 e N
272 e Widz < —y 2e VY, (2.76)
g
y

74



Substitute ([2.70) into ([2.73)

o? M Y
2 M a—3 o0 +
== y 2 ey / 2% e WAz | dy
o? /. y
8 s
W Yy 2dy
2 M a—3 > a+1
== yTeV\/g / 2% e WAy dy
o? ). y
N 16
v M~o?
v
< Q.

Then v(00) < 00, for « < 1 and v > 0.
From (2.75), there exists M’ > ¢ > 0, such that for y > M’

/ e VA > ly_%e_w\/ﬂ.
y g

Substitute ([2.77) into ([2.74)

—_ 2 > a— > «
Up(00) = ;/ y T ey (/ z_#e_%/gdz) dy
c v
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> % yaTleV\/y (/ e 7\/Eal,z) dy
g M’ y
2 4 1 o
> — y 2 67\/@7<—y 2e Vﬂ)dy
o Jar v
2 Rt
=— [ vy dy
Yo" Jmr
= 00.

Then v,(00) = 00, for a < 1 and v > 0.
When a < 1, the results are summarized in Table 2.13

v <0 00 < 00
v >0 <00 | <00

Case | v(f) | v(r) | vp(€) | Up(r)

Table 2.13: Classification table for the Hull-White model when 2/0? < 1

The results in Table 213, combined with Proposition 241, imply that,
for a < 1, (Sp)o<t<r, T € [0,00) is a true P-martingale if and only if
v(r) = oco. This is equivalent to v < 0, and further equivalent to p < 0
from the definition of . This completes the proof of situation (IIT). O

Proposition 2.5.11. For the Hull-White model in (2.55), the underlying
(discounted) stock price (St)o<i<oo 1S a uniformly integrable P-martingale

if and only if p < %Uz and p < 0.

Proof. From the proof in Proposition 2.5.10, we divide into the following
three cases:

(I) w > 302 Then we have the following classification:

3(o0) < 00, if v >0,
s(o0
= 00, it v <0,
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and
5(0) = —o0, foryeR.
This, combined with the classification in Table .11, gives us the clas-

sification in Table 214l From Table 2.14] and Proposition [24.2] we have

that when p > 502, (S;)o<t<oo is DOt a uniformly integrable P-martingale.

Case | s(0) [ s(r) | o) [ 0(r) | vp(€) | Tp(r)
¥>0| —0c0| <00 | 0 < 00 | 00 00
¥y=0| —0c0| <00 | 0 %9) 00 00
¥<0|] —00| o0 00 %9) 00 00

Table 2.14: Second classification table: Hull-White model when 2u/0? > 1

(IT) o = 30°. Then we have the following classification:

_ < 00, it v >0,
5(0)

= 00, if v <0,
and
5(0) = —o0, fory eR.
This, combined with the classification in Table 2.12] gives us the clas-

sification in Table .15 From Table 2.15 and Proposition 2.4.2] we have

that when p = 302, (S;)o<t<oo is DOt a uniformly integrable P-martingale.

Case | s(0) [ s(r) | o) [ 0(r) | vp(€) | Tp(r)
¥y>0] —oc0 | <00 | 0 <00 | 00 o0
vy=0| —o00 | 00 00 00 o0 o0
¥<0|] —00| o0 00 %9) 00 00

Table 2.15: Second classification table: Hull-White model when 2u/0? = 1
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(IIT) p < 20% Then we have the following classification:

5(00) < 00, if v >0,
s(o0
= 00, if v <0,

and
5(0) > —o0, foryeR.

This, combined with the classification in Table .13l gives us the clas-
sification in Table .16l From Table 2.16l and Proposition 2.4.2] we have

that when p < 302, (S})o<t<oo is a uniformly integrable P-martingale if

and only if v < 0, or equivalently p < 0. This completes the proof. O
Case | s(/ s(r)y o) [ o(r) | vp(l) | vp(r)
¥y>0|>—-00 | <00 | o0 <00 | <00 |00
y=0|>—-00 | 00 oo | 00 < 00 | 00
vy<0|>—-00| 00 o0 <00 | 00

Table 2.16: Second classification table: Hull-White model when 2u/0? < 1

Under P, we have the following result on the positivity of the (dis-
counted) stock price in the Hull-White model.

Proposition 2.5.12. For the Hull-White model in (255), we have:
(1) P(Str > 0) =1 for all T € [0,00),
(2) P(Sw > 0) =1 if and only if 24 < 1.

Proof. Similar to the proofs of Proposition and Proposition 2.5.11]
with v = 0, we have the classification in Table 217 From Table R.17 and
Proposition and Proposition 2.4.4] we have the desired results. This
completes the proof. O
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Case s(f) s(r) | v(@) | v(r) | ve(€) | ve(r)
21/0° > 1| —o00 <oo oo |oo |oo 00
2u/o? =1 | —o0 00 o | oo | 00
2u/0% <1 |>—00 | 00 00 |00 | <oo | oo

Table 2.17: Third classification table for the Hull-White model

2.6 Stochastic time-change transformation

From Proposition 2.2.4] and Proposition 2225 to determine whether a
stochastic exponential is a true P-martingale on [0, T'] (or a uniformly inte-
grable P-martingale on [0, oc]) or not, the goal is to find deterministic nec-
essary and sufficient conditions for ﬁ(gpc/\T < o0) =1 (or ﬁ(apg <o0)=1)
to hold. To find criteria for the convergence or divergence of these integral
functionals of diffusions, we introduce the stochastic time-change approach
in this section. As an application, we provide an alternative simple proof
to the Engelbert-Schmidt type zero-one law with slightly stronger assump-

tions.

In and only in this section, we make a stronger assumption and assume
that A(z € (¢,7) : b*(z) = 0) = 0, which means that the function b(.) is

positive.

Theorem 2.6.1. Assume that the conditions (2.2) [2.9) are satisfied, and
M e (0,r): b*(z) =0) =0.
(i) Undetd (@, F, (F)iciooe), P), define

inf{u > 0: o >t}, on{0<t< ,
S C R B AR R -

00, on {p: <t <oo}.

Define a new filtration G, = Fr,,t € [0,00), and a new process X; =
Y, on {0 <t <@c}. Then Xy is Gi-adapted and we have the stochastic

14The statements (i) and (ii) in Theorem 6.1l are consequences of well-known results
on stochastic time-change, see section III 21, p277 of Rogers and Williams (1994), p1248
of Cissé, Patie and Tanré (2012). For completeness, we provide a proof here.
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representation
Y, = XfOtbQ(YS)dS = Xy, P-a.s. on {0<t<(}, (2.79)

and the process X is a time-homogeneous diffusion, which solves the fol-
lowing SDE under P

p(Xy) o(Xy)
dXt = mﬂte[OWQ)dt + mﬂte[Omg)dBtv XO = Xy, (280)
where By is the Gi-adapted Dambis-Dubins-Schwartz Brownian motion un-
der P defined in the proof. Similar results hold under P.
(ii) Define ¢X = inf{u>0:X, & J}, then (X = p; = foc b2 (Y,)ds,
P-a.s., and we can rewrite the SDE ([2.80) under P as
p(Xy) o(Xy)

dX, = ——%1 dt + ———=1 dB Xo = xo. 2.81
t bQ(Xt) t€[0,¢X) +b(Xt) te[0,¢X)dDy, 0= Zo ( 8)

Similar results hold under P.

(11i) The event {lim supY; = 7’} is identical to < limsup Xy = r . Sim-

t—¢ t—(¢X
ilarly for the case of the left boundary ¢, the case of liminf, lim and also

the case under P.

Proof. Since Az € (£,7) : b*(z) = 0) = 0, @, is an increasing function
on [0,¢]. From Problem 3.4.5 (ii), pl74 of Karatzas and Shreve (1991),
orac =t A e, P-as. for 0 <t < oo. On {0 <t < g}, take u = ¢, then
wene = ¢ > t holds P-a.s. according to the assumption. Then 7; < (,
P-a.s. because of the definition (2.78)), 7} := inf{u > 0 : pyac > t}. Thus
o1, =t, P-a.s. on {0 <t < ¢}

Choose t = ¢, on {0 < s < (}, then 0 <t < ¢, P-a.s.. After substi-
tuting this ¢ into the definition of the process X, we have X, = X, :=
Yr, = Y, = Y,, P-as.. For the last equality, recall the definition and

T,, = inf{u = 0: punc > ¢} =inf{u >20: uAN( > s} =s, Pas., on

15See Section .8 for the statement and proof of this Problem 3.4.5.
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{0 < s < ¢}. Then we have proved the representation Y; = X, , P-a.s. on
{0 < s < ¢}, and the next goal is to determine the coefficients of the SDE
satisfied by X under P.

For X satisfying the relation ([2.79), we aim to show that X satisfies
the following SDE under P

p(X4)
b*(Xy)

o (X3)

= b(X,)

]ltG[O ®¢) dt + ]lte 0,0¢) dBt, X() = YE) = 2. (282)
where B is the Dambis-Dubins-Schwartz Brownian motion adapted to G,

constructed as follows:
Note that M = fg/\c b(Y,)dW,,t € [0,00) is a continuous local mar-

tingale with quadratic variation @i\ = fotAC v*(Y,)du,t € [0,00). Then
tlim Yine = ¢, P-a.s. due to the left continuity of ¢ at s = ¢ (see Remark
—00

From the Dambis-Dubins-Schwartz theorem (Ch.V, Theorem 1.6 and
Theorem 1.7 of Revuz and Yor (1999)), there exists an enlargement (€2, G;)
of (€2,G,) and a standard Brownian motion 3 on 2 independent of M with
By = 0, such that the process

0 T b(Y,)dW,, on {t <},

(2.83)
fO dW +6t e on {t (pc}

is a standard linear Brownian motion. Our construction of T3, ¢ € [0, 00)
agrees with that in Problem 3.4.5, p174 of Karatzas and Shreve (1991).
From Problem 3.4.5 (ii) and the construction ([2.83), B,, = M,, P-a.s. on
{0<s <}, and on {s=C(}, By, = fo Y,)dW, =: M, P-a.s.. Thus
By, = M;, P-as. on {0 <t < (}.

For the convenience of exposition, denote u1(.) = u(.)/b*(.), and o1(.) =
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o(.)/b(.). Integrate the SDE in (2.1)) under P from 0 to t A ¢

178 17Y8
Yt/\( Y, = / u(Yu)du + / U(Yu)qu
0 0

tNC 17Y8
_ / i (Vo) BV du + / A (Yb(Y.)dWe.  (2.84)

Apply the change of variables formula similar to Problem 3.4.5 (vi)@,
pl74 of Karatzas and Shreve (1991), and note the relation (2.79)

tAC tAC PEAC
| mgreae= [ ucede = [ n(de @85
0 0 0

and similarly

tAC tAC PEAC
/ o1 (VL )b(Y, )W, = / o1(X,,)dB,, = / o1 (X.)dB.,  (2.86)
0 0 0

where the first equality in (2.86]) is due to the relationship B,, = M, =
fou b(Vy)dWs, P-a.s., on {0 < u < t A}, which we have established above.

Also notice the representation Y. = X P-a.s., and Yy = X, then

PEAC?

PEAC PINC
X@t/\g - XO - /0 ,U/I(Xu>du "‘/0 Ul(Xu)dBu (287)

Then on {0 < s < i}

X, - X, = / j(Xa)du + / o1(X,)dB,. (2.88)
0 0

Note that for 0 < ¢ < oo, we have s € [0,p.], P-a.s. From (2.88), and
recall the definition of p(.) and o1(.), we have the following SDE for X
under P:

(Xs)
m2(Xs)

U(XS>

X, — ZA\7s)
X m(x,)

]lse[O,apC)dS + ]136[0,@4)st7 XO = YE) = Zop-

16See Section 2.8 in Chapter [ for the statement and the proof.
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This completes the proof of statement (i).

Statement (ii) is a direct consequence of the stochastic representation
Yine =X

eune» P-a.s. in statement (i), because ¢, is an increasing function

in t.

For statement (iii), denote f(t) = Y; on {0 <t <} and g(t) = X
on {0 <t<¢*}. From statement (i), g(¢:) = X, = Y; = f(t), P-as.
on {0 <t < (}. They are two real-valued functions linked by an increas-

ing and continuous function ;. From statement (ii), ¢, = (¥, P-a.s.

<
<

This means that limsup Y; = limsup f(¢) = limsup g(¢;) = limsup g(t) =
t—C t—C t—C t—(X
limsup X;, P-a.s., and the equivalence of the two events holds. Similarly
t—¢X

for the cases of liminf, lim and the case of P. This completes the proof. [

Remark 2.6.1. The SDE of Y and the SDE of X have the same scale
functions under P, because (u(.)/b*(.))/(a*()/V*(.)) = p(.)/c?(.). For the

SDE [2.81) of the process X, we can check that (U(.)/lb(.))Q = 522(()) and

(g E:;;Z;()')L = ;‘2(()) Thus the Engelbert-Schmidt condition [R.2) is satisfied,
and the SDE [2.81)) under P also has a unique in law weak solution in

the sense of Definition[2.2.1] that possibly exits its state space(see Theorem
5.5.15, p341 of Karatzas and Shreve (1991)).

Denote (; (resp. () as the possible exit time of the diffusion Y
through the boundary [ (resp. r). Correspondingly, denote (X (resp. ¢X)
as the possible exit time of the diffusion X through the boundary ! (resp. 7).
Define ¢ = min(¢, ¢.), ¢ =min(Y, ), and similarly for the pro-
cesses Y and X. From Theorem R.6.T] (ii)

<l CT C
G = [Treaas ¢ = [Tronas = [Reds. pas
0 0 0

<l CT C ~
¢ = [ ¢ = [Tronds <= TR, Pas
(2.89)

Denote the scale function of the SDE (2.]) under P and the SDE (2.8T])
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under P as s(.) defined in (2.10) , because they share the same scale func-

tion. Similarly can define s(.).

With a constant ¢ € J, for z € J, introduce the following test func-
tion respectively

2.7 Alternative proof of the Engelbert-Schmidt

type zero-one law

We complement the study of the Engelbert-Schmidt type zero-one law in
Mijatovi¢ and Urusov (2012a) with a third new proof that circumvents
theoretical tools such as the William’s theorem (Ch.VII, Corollary 4.6,
p317, Revuz and Yor (1999)), and the first Ray-Knight theorem (Ch.XI,
Theorem 2.2, p455, Revuz and Yor (1999)). Our proof mainly relies on
the stochastic time-change and the Feller’s test of explosions for a one-

dimensional time-homogeneous diffusion.
From Feller’s test of explosions, we have the following results.

The process Y under P (resp. ﬁ) may exit its state space J at the
boundary point r, i.e. P(¢ < oo,%irréYt =r) > 0 (resp. 15(( < oo,%irréYt =
— —
r) > 0), if and only if

v(r) <oo (resp. v(r) < oo) (2.91)

The process X under P (resp. ]3) may exit its state space J at the boundary
point r, i.e. P(¢X < oo, lim X; = r) > 0 (resp. P(¢Y < oo, lim X; =
t—=¢X t—¢X

"Note that vx (z) and Ux (z) are exactly the same as vy (z) and () defined in (221)).
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r) > 0), if and only ii@
vx(r) <oo (resp. wvx(r)< oo). (2.92)

Similarly for the case of the endpoint /.

For the ease of later discussions, we define the five possible events for

the exit behaviors of Y at the boundaries of its state space J under P

A= {( = o0, limsup Y, :r,li{nian} = l},
—00

t—o0
BT:{C:oo,linll/}:r}, C’r—{C<oo,lith—7’},
t—r00 t—C
Bp{g:mey;J} Q—{§<mjmn—*.
t—00 t—(
Similarly for X under P

AX = {(X = o0, limsup X; = r,litmiant = l},
%

t—o0 S

t—¢X

B,;X:{CX:oo,tlith:r}, C’,;X:{(X<oo, lim thr},

—00

&R{&—mﬁm&—%,QR{&<mﬁm&—@.@%
t—00 t—(¢X

We first recall some results from Mijatovié¢ and Urusov (2012a) using our

notation.

Proposition 2.7.1. (Proposition 2.3, 2.4 and 2.5 on p4 of Mijatovié and
Urusov (2012a) )

(1) Either P(AX) =1 or P(BXUCXUBfUC¥) =1.

(2) (i) P(BXUCX) =0 holds if and only if s(r) = cc.

18In Mijatovi¢ and Urusov (2012c), with the same condition (Z92)), they define the
endpoint 7 to be good. Here we provide the probabilistic meaning: an endpoint is
good if X may exit at it with positive probability. The bad endpoint can be similarly
interpreted.
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(ii) P(B{* UCX) =0 holds if and only if s({) = —oo.

(3) Assume that s(r) < oo. Then either P(BX) > 0, P(CX) = 0 or
P(BX) =0, P(CX) > 0. Similarly for the case of (.

Proof. For the proof, refer to Mijatovi¢ and Urusov (2012a). O
We have the following Engelbert-Schmidt type zero-one law for Y under

P.

Proposition 2.7.2. Assume that the function f : J — [0,00] satisfies
flo*e L} (J), and Nz € ({,7): f(x) =0) =0. Let 5(r) < oo.

(i)1f & = 2~)f € L} (r—), then fo Y,)du < o0, P-a.s. on {lith - r}.

t—C

(”)If '02 L ¢ Li,(r—), then fo Y.)du = oo, P-a.s. on {lith = r}.

t—(

The analogous results on the set {PH%Y; = l} can be similarly stated.
—

Proof.  To be consistent with our notation, define b(y) = +/f(y), since
f(.) = 0. Denote G = {Prrcl}N/t =r}, and from Theorem 2.6.1] (iii)
—

G={limY;, =r}={lim X; =r} = BXUC".
t—¢ t—¢X

The result is trivial in the case P(G) = 0, so we assume P(G) > 0. Since

the events BX, CX are disjoint
P(G) = P(BX) + P(CY). (2.94)

From Proposition 271}, 3(r) < oo implies that either P(BX) > 0, P(CX) =
0 or P(BX) =0, P(CX) > 0 holds.

For statement (i), (S(Z) 9 e Ll (r—), combined with 3(r) < oo, im-
plies vx(r) < co. From equation (Z2), this is equivalent to P((¥ <
oo, lim X; = r) > 0, and from (293), it means P(CX) > 0. Thus

t—C
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P(BX) =0, P(C¥X) > 0 holds. This together with (Z34) implies

P(G) = P(CT) = P(¢¥ < o0,limY; = 1)

t—C

~ ¢
0
~ ¢
_P</ f(Yu)dU<OO7liHCIYt—r),
0 —

where the third equality follows from Theorem 2.6.1] (ii).

For statement (ii), % ¢ L} .(r—), combined with 3(r) < oo, im-

plies Ty (r) = oo. From equation (Z32), this is equivalent to P(¢¥ <
00, lim X; = r) = 0, and from (Z33), it means P(CX) = 0. Thus

t—(X

P(BX) >0, P(CX) = 0 holds. By a similar argument to that above

P(G) = P(B)Y) = P(¢* = o0, lim¥; = 1)

- ¢
=P (/ b (Y, )du = oo, limY; = r)
0 t—(

- ¢
:P</ f(Yu)du:oo,lith:r).
0 t—C

The analogous results on the set {liHéY; = [} can be similarly proved by
%

switching the roles of r and ¢ in the above. This completes the proof. [J

Clearly Proposition has a corollary for the process Y under P,
which is almost the same as the Theorem 2.12 of Mijatovi¢ and Urusov
(2012a), but with a stronger assumption that f(.) is positive. The proof is
almost identical to that of Proposition and is thus omitted.

Corollary 2.7.1. (Engelbert-Schmidt type zero-one law for time-homogeneous
diffusions, Theorem 2.12 of Mijatovié and Urusov (2012a) with stronger
assumption)

Assume that the function f : J — [0,00] satisfies f/o? € L. (J), and
Mz e (l,r): f(x)=0)=0. Let s(r) < oo.
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()IfE=9) ¢ 1 (g thenfo Y, )du < oo, P-a.s. on {Pnth :r}.
_>

t—C

(i) If SO g LU (r—), then fo Y,)du = oo, P-a.s. on {lith = r}.

The analogous results on the set {Pnglyt =1} can be similarly stated.
%

2.8 A useful result from Karatzas and Shreve
(1991)

Here we quote the statement and proof of Problem 3.4.5, on pl174 of
Karatzas and Shreve (1991), because it is useful in the proofs of Theo-
rem 2.6.1] and also Theorem B.2.1] in Chapter

Proposition 2.8.1. (Problem 3.4.5, p174 of Karatzas and Shreve (1991))

Let A= {A(t); 0<t<oo} bea continuous and nondecreasing func-
tion with A(0) =0, S := A(oco) < oo, and define for 0 < s < oo:

inf {t > 0;A(t) > s}, 0<
S LU R RIOE
00, s =

s< S,
S.
The function T = {T'(s); 0< s < oo} has the following properties:

(1) T is nondecreasing and right-continuous on [0,S), with values in

[0,00). If A(t) < S; Vt >0, then lsiTrng(s) = 00.
(i) A(T(s)) =sAS; 0<s< 0.
(111) T(A(t)) =sup{r >t: A(1) = At)}; 0<1t< 0.
(iv) Suppose ¢ : [0,00) — R is continuous and has the property
A(ty) = A(t) for some 0 <ty <t = p(t1) = p(t).
Then p(T(s)) is continuous for 0 < s < S, and

e(T(At)) =p(t); 0<t< oo, (2.95)
(v) For0 <t,s <o00; s < A(t) <= T(s) <t andT(s) <t = s < A(t).

88



(vi) If G is a bounded, measurable, real-valued function defined on
la,b] C [0,00), then

b A(b)
/ G(t)dA(t) = /A( ) G(T(s))ds. (2.96)
Proof. (i) Th nondecreasing character of 7" is obvious. Thus, for the
right-continuity, we only need to show that 191?31 T)<T(s),for0<s<S.
Set t = T'(s). The definition of T'(s) implies that for each £ > 0, we have
A(t+¢) > s, and for s < 0 < A(t + ¢), we have T'(0) < t + . Therefore,
lim7'(0) < t.

01

(ii) The identity is trivial for s > S; if s < 9, set t = T'(s) and choose
e > 0. We have A(t+¢) > s, and letting € | 0, we see from the continuity
of A that A(T'(s)) > s. If t = T(s) = 0, we are done. If ¢ > 0, then for
0 < e < t, the definition of T'(s) implies A(t — ¢) < s. Letting € | 0, we
obtain A(T(s)) < s.

(iii) This follows immediately from the definition of T'(.).

(iv) Since, by (i), T is right-continuous, so is ¢(7'(.)). To show the left-
continuity, take any s € [0,.5), and any increasing sequence, {s, }, such that
s, — s. Since T' is nondecreasing, {T'(s,)} is a nondecreasing sequence of
real numbers bounded from above by T'(s). Therefore lim T'(s,) exists.
Now we claim that ¢(lim 7'(s,)) = ¢(T'(s)). To see this, gg‘s; that, by con-
tinuity of A and (ii), \;e_ﬁia)ve A(nh_{rolo T(sy)) = nh_r)rolo A(T(sy)) = 1111_1)1010 Sp = S.
This, together with the property (iii), proves our claim. Finally, by the
continuity of ¢, it follows that li_{H o(T(sn)) = @(lim T'(s,)) = ©(T'(s)).
Hence, ¢(7'(.)) is continuous. Fningily, to prove stazgnofent (iv), note that,
by (ii), we have A(T'(A(t))) = A(t) NS = A(t). Now (iv) follows from the
property (iii) of ¢.

(v) This is a direct consequence of the definition of 7', and the continuity

9Here we state the proof provided on p231 of Karatzas and Shreve (1991), and add
details where necessary.
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of A.

(vi) For a <ty <ty <, let G(t) = 1, 1,)(t). According to statement
(v), t1 < T(s) < tg if and only if A(t;) < s < A(ta), so

b A(b)
/ GU)AA() = Alty) — A(ty) = /A | O@Tnas (o)

The linearity of the integral and the monotone convergence theorem imply
that the collection of sets C' € B([a, b]) for which

b A(b)
/ 1o(t)dA(t) = /A() 1c(T(s))ds (2.98)
forms a Dynkin system. Since it contains all intervals of the form [¢y,%2) C
[a,b], and these are closed under finite intersection and generate B(]a, b)),
from the Dynkin System Thoerem (Theorem 2.1.3, p49 of Karatzas and
Shreve (1991)), we have ([2.98)) for every C € B([a,b]). The proof of (vi)
follows. This completes the proof. O

2.9 Conclusion of Chapter

This chapter provides a unification of results on the convergence or di-
vergence properties of integral functionals of time-homogeneous diffusions.
We also generalize some results of Mijatovi¢ and Urusov (2012b, 2012c)
from the p = 1 case to the case of arbitrary correlation, and provide new

unified proofs without using the concept of separating times.

90



Part 11

Probabilistic pricing methods
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Chapter 3

First hitting times of
integrated time-homogeneous

diffusions
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3.1 Introduction and financial motivations

The time integrals of stochastic processes are of interest in both applied
probability and mathematical finance. The integrated geometric Brownian
motion is a key component in the payoff of the arithmetic Asian option
in mathematical finance, and it has been extensively studied by many au-
thors, such as Dufresne (2001) and Yor (1992) (2001). The integrated
geometric Brownian motion is also an important component in the equity
linked insurance products. Recently, there is some interest in the study
of the first hitting time of the integral of a stochastic process to a fixed
level. In Metzler (2013), for the case of the integrated geometric Brownian
motion, he provides a closed-form formula for the Laplace transform of the

first hitting time.

In April 2007, Société Générale Corporate and Investment Banking (SG
CIB) started to sell a new type of option that allows buyers to specify the
level of volatility used to price the instrument, which is named the “timer
option”. Consider the underlying asset S, with strike K and denote by ¢ the
“variance budget” that is chosen by the investor. Denote 7 as the random
maturity time of the option, which is defined as the first hitting time of the
realized variance to the variance budget ¢: 7 = inf {u >0: fou Vids =0 }
The payoff of a timer call option is max(S, — K,0) at time 7.

The financial meaning of the first hitting time considered in this chap-
ter actually corresponds to the “random maturity time” of the “timer op-
tion”. Bernard and Cui (2011) propose an efficient Monte Carlo method for
pricing the “timer option”. In Saunders (2009), Li and Mercurio (2013a)
(2013b), they propose asymptotic expansion methods to price the timer
option in a general stochastic volatility model similar to ([B.]). For further
literature on the “timer option”, please refer to Cui (2010), Li (2013) or the
Ph.D. thesis of Li (2010) and the references therein.

In this chapter we give a detailed study of the first hitting time of an
integral functional of a time-homogeneous diffusion to a fixed level. Fur-
thermore, we construct a link between this first hitting time and the time

integral of another time-homogeneous diffusion. Some new probabilistic
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results related to this hitting time are obtained.

As a first application, we extend the work of Metzler (2013) from the
geometric Brownian motion to the setting of time-homogeneous diffusions.
We also show a novel method to price the arithmetic Asian option under
a time-homogeneous diffusion model and provide an explicit triple integral

formula for the price in the Black-Scholes setting.

In this chapter, the new results, which contribute to the current litera-
ture, are as follows: Theorem [3.2.1] Lemma [3.3.1], Proposition3.3.1] Propo-
sition B.3.2, Proposition B.3.3] Proposition B.3.4] Lemma [3.4.1], Proposition
B.4T], Proposition B.-4.2], Proposition 3.4.3] and Proposition B.5.11

The chapter is organized as follows. Section presents the main
results of the chapter, which is the joint distributions of the first hitting
time and place of an integral functional of a time-homogeneous diffusion to
a fixed level. Section studies the Laplace transform of the first hitting
time of an integral functional of the geometric Brownian motion. Section
Bdstudies the first hitting time of an integral functional of three other time-
homogeneous diffusions that are commonly used in mathematical finance.
Section studies the pricing of arithmetic Asian options when the stock
prices are modeled as time-homogeneous diffusions. Section concludes

the chapter.

3.2 Main result

In this section, we give the probabilistic setup and state the main results.

3.2.1 Theoretical joint distribution of (7, V;)

Given a complete filtered probability space (€2, F, F;, P) with state space
J = (1), —00 <1 < r < oo, and assume that the J-valued diffusion
V' = (Vi)ieo,00) satisfies the SDE

AV, = p(Vy) dt + o(V,)dW,, Vo=, € J. (3.1)
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where W is a F;-Brownian motion and p,0 : J — R are Borel functions

satisfying the Engelbert-Schmidt conditions

Vi e J, o(z) £0, and 021('), :2(('?) eIl (). (32

L} .(J) denotes the class of locally integrable functions, i.e. the functions

loc
J — R that are integrable on compact subsets of J. This condition (B.2])
guarantees that the SDE (B has a unique in law weak solution that
possibly exits its state space J (see Theorem 5.5.15, p341, Karatzas and

Shreve (1991)).

In what follows, A denotes the Lebesgue measure on B(R). Let m be
a Borel function such that A(z € (I,7) : m?(x) = 0) = 0, and assume the

following local integrability conditions

Vz € J, o(z) £0, and 7:22(()) e Ll (J). (3.3)

Denote the possible exit time of V' from its state space by (, i.e. ( =
inf{u > 0,V, € J}, P-as., which means that P-a.s. on {( = oo} the

trajectories of V' do not exit J, and P-a.s. on {¢ < oo}, Pnévt =7 or
%

PrrCth = [. V is defined such that it stays at its exit point, which means

5

that ¢ and r are absorbing boundaries. The following terminology is used:

“V may exit the state space J at r” means P({ < oo, lmg Vi=r)>0.
_>

The following is about stochastic time-change.

Theorem 3.2.1. Assume the conditions [3.2), B3), and Az € (I,r) :
m?(x) = 0) = 0.
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inf{u > 0:@urc >t}, on {0<t<ec},

T(t) :=1 = (3.4)
00, on {pc <t <oo}.
Define a new filtration Gy = F,,,t € [0,00), and a new Gi-adapted process
Xy =V, on {0 <t <@c}. Then we have the stochastic representation

Vi=Xjtewos = Xew P—as, on {0<t<(}.  (35)

and the process X is a time-homogeneous diffusion, which solves the fol-
lowing SDE under P

w(Xy)
m?(X¢)

o(X1)

e = m(X,)

]ltEOgog dt“‘ ]ltEOgog dBt, XQ = Up. (36)
where By is the Gi-adapted Dambis-Dubins-Schwartz Brownian motion de-
fined in the proof.

(ii) Define ¢* = inf{u >0:X, & J}, then (¥ = ¢, = fo Vi)ds,
P-a.s., and we can rewrite the SDE ([3.6]) as

w(Xy) o(Xy)

X=X, m(X,)

]]‘tG[O CX dt + ]]'tE 0 <X dBt, XO - UO. (37)
(i1i) Define the first hitting time of the integrated diffusion process to a
fized level a € [0,00) as 7(a) It is well-defined, and on {0 < a < ¢}, we

have

(1(a), Vi) = <f0 Q(X ds Xa>, P-a.s.

Proof. Similar as Remark 2.3.2] since A(x € (¢,7) : m*(z) = 0) = 0, ¢, is
an increasing and continuous function on [0, (]. From Problem 3.4.5 (ii),
pl74 of Karatzas and Shreve (1991), prnc =t A @, P-a.s. for 0 <t < oo.
On {0 <t < e}, when u = ¢, pene = ¢ > t holds P-a.s. according to

'This theorem is almost identical to Theorem .61l except part (iii), and the different
assumption \(z € (I,7) : m?(x) = 0) = 0. For the consistency of the development of
this chapter, we repeat the statement and the proof.
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the assumption. Then 7, < (, P-a.s. due to the definition in ([3.4]). Thus
or, =1, P-a.s. on {0 <t <@}

On {0 < s < (}, choose t = p, then 0 < ¢t < ¢, P-a.s. Substituting
this ¢ into the definition of the process X, X, = X, =V, =V, =V,
P-as. For the last equality, note that 7,, = inf{u > 0 : pun¢ > ps} =
inf{fu >0:uA{>s}=s, Pas.,on{0<s <} Then we have proved
the representation V; = X, , on {0 < s < (}.

For X satisfying the relation (8.3), we aim to show that X satisfies
the SDE (B.6]), where B is the Dambis-Dubins-Schwartz Brownian motion

adapted to G; constructed as follows:

Note that M = OMC

tingale, with quadratic variation @\ = f(f/\c m?(V,,)du,t € [0,00). Then

m(V,)dW,,t € [0,00) is a continuous local mar-

limy_s 0 ine = ¢, P-a.s. due to the left continuity of ¢, at s = (. From
the Dambis-Dubins-Schwartz theorem (Ch.V, Theorem 1.6 and Theorem
1.7 of Revuz and Yor (1999)), there exists an enlargement (2,G;, P) of
(€, G, P) and a standard Brownian motion 3 on 2 independent of M with
By = 0, such that the process

o m(Vy,)dW,, on {t <},

. _ (3.8)
fO m(Vu)qu + 6t—g0<7 on {t 2 (,0(} .

is a standard linear G;-Brownian motion. Our construction of 7, ¢ € [0, 00)
agrees with that in Problem 3.4.5@, pl74 of Karatzas and Shreve (1991).
From Problem 3.4.5 (ii) and the construction ([B.8)), B,, = M,, P-a.s. on
{0<s< ¢} On{s=C}, By, == [ m(Vi)dW, + Bo = [S m(V,)dW, =:
M;, P-a.s. Thus B,, = M,;, P-a.s. on {0 <t < (}.

For the convenience of exposition, denote pui(.) = u(.)/m?(.), and

2See Section 8 in Chapter [ for the statement and proof of this result.
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o1(.) = o(.)/m(.). Integrate the SDE in (B.1]) from 0 to t A

78 17Y8
Vine = Vo = / w(Vy)du + / o(Vy)dw,
0 0

78 17Y8
_ /0 i3 (Vi) (Vi) du + /0 e (Vm(V)d W, (39)

Apply the change of variables formula similar to Problem 3.4.5 (vi)H,
pl74 of Karatzas and Shreve (1991), and note the relation (3.5])

tAC tAC PEAC
[ m@ampde= [ mde = [ e, a0
0 0 0

and similarly

tAC tAC PEAC
/ o1 (V. ym(V)dW, — / o1 (X,,)dB,, = / o1 (X.)dB, (3.11)
0 0 0

where the first equality in (3.1I]) is due to the relationship B,, = M, =
Jo m(Vy)dWy, P-a.s. on {0 < u < ¢ A C}, which we have established above.

Also notice the representation Vi, = X, ., P-a.s. and Vy = X, then

PEAC PINC
Xipt/\g - XO - /0v M1(Xu)du —|—/0v Ul(Xu)dBu (312)

Then on {0 < s@iac}

X, - X, = / j(Xa)du + / o1(X,)dB,. (3.13)
0 0

Note that for 0 < ¢t < oo, we have s € [0,p.], P-a.s. From (3.13)), and
recall the definition of 1 (.) and o1(.), we have the following SDE for X:

N(Xs}
m?(X;)

o(X,
]136[0,4p<)d5 + Mlse[o,wg)dBm XO - ‘/0 = p.

dX, =
m(Xs)

This completes the proof of statement (i).

3See Section ¥ in Chapter [ for the statement and the proof.
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Statement (ii) is a direct consequence of the stochastic representation
Vt/\( = X

oune> P-a.s. in statement (i), because ¢; is an increasing function

with respect to t.

For statement (iii), from Problem 3.4.5 (ii)H, pl74 of Karatzas and
Shreve (1991), with similar reasoning as before, ¢, = a, P-a.s. on
{0 <a<yc}. From the result in statement (i), Vi = X, , P-a.s. on
{0<s<(} On{0<a<yc}, 7(a) < ¢, P-as. Substitute s = 7(a), then
Vi) = Xo(r(a)) = Xa, P-as. on {0 < a < ¢}

By definition, on {0 < a < ¢¢}

T(a>d @ ]
a) = u = _ u
o= | | ey

B / L 4
o m2(Vog)

“ 1
= _ P-a.s. 14
/0 m2(X8)d$’ a.s (3.14)

Here we apply the change of variables formula in the above Stietljes integral
similar to equation (5.5.24), p333 of Karatzas and Shreve (1991), see also
Proposition 2.81 (vi). The last equality in (3.14) holds because V() = X,
P-a.s. on {0 < s < a< g} as proved above, and also because ¢, = s,

P-a.s. on {0 < s <a < ¢c}. This completes the proof. O
The SDE (3.0 includes the Heston and the Hull-White stochastic volatil

ity models as special cases. From Theorem B.2.1] consider the case m(z) =
Vx, the joint distribution of (7,V}) is calculated in the Heston model in
Proposition B.4.1] and in the Hull-White model in Proposition 3.3.11

4See Section ¥ in Chapter [ for the statement and the proof.
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3.3 Hitting times of integrated GBM

3.3.1 Joint distribution of the hitting time and place

Under P, the GBM model is governed by the SDE: dV;, = puVidt + oV,dW4,
Vo = vy > 0, so that a(s) = us and B(s) = os. We also have that
m(s) = y/s. Before applying the main result Theorem B.2.T] we have to
check the two conditions (3.2)) and (3.3]). The natural state space for the
GBM is J = (0,00), and the above conditions can be verified: 1/0%(z) =
1/(0%2) € L(J), 1(2)/0(z) = p/(0%) € L, (J), and m?(x)/o*(z) =

1/(o?z) € L} (J). Denote ¢ as the possible exit time of the process V

loc

from its natural state space J, and define ¢; = fot Vids, t € [0,(].

We first prove a lemma.

Lemma 3.3.1. Assume the conditions B.2), B3) and u > o2, then

Ppe = o0) = 1.

1
2
Proof. From the definition in ([2.21]), for the GBM process and a constant

ced
2 €T €T
up(z) = —2/ Yot (/ 2_2”/"20[2) dy.
o? J, ”

Divide into two cases below

. 2w () dy, 2 if 2 = 1,
o(x) = N |

Further simplify the above expression

() Z(x—clnz+clnc—c), if 2 =1,
Up\T) = 2u o '
Wéﬁg@ ((1 - (2,—5)96 — x4 cq) dy, if i—‘; > 1.

Then both v,(00) = 0o and v,(0) = oo hold in the above two cases. From
Lemma 2.3.1] in Chapter 2l of this thesis, P(¢; = 0o) = 1. This completes
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the proof. O

Proposition 3.3.1. Assuming > 202, for0 < a < oo, we have (7(a), Vy(a)) =
<;% foa %ds, ";Xa>, P-a.s., where X; is governed by the SDE

2 1Y\ 1 2
dX, = —— =) —=dt+dB;, Xy=— 3.15
t <02 2) X, + d by, 0 0_\/%) ( )
where B is a standard G.-Brownian motion. Here X, is a standard Bessel
process (without drift) with index v =24 —1 > 0.

Proof.  Since p > 302, from Lemma B3], P(¢; = oo) = 1. Then for
0 <t < oo, from Theorem B.2.1] V; = ont Vadss P-a.8., Yo = vg, where Y is
governed by the following SDE
ng oY,
dY; = —dt + —dB;,
t Y, Y t
= pdt + o/ Y dB;, Yy = vyg.

We recognize Y as the squared Bessel process BESQ® with ¢ = 2£. From

well-known properties of the trajectories of the squared Bessel processes(see
Ch.X.L, Revuz and Yor (1999)), since vy > 0 and § = 2% > 2, the left
boundary ¢ = 0 is unattainable. Denote a new process X; = g\/Yt, and
apply Ito’s lemmaH, then V; = ";Xfot Vidss P-aws., with Xo = g\/%, and the

SDE of X is

dX; = (i—g - %) Xit]lte[o,gx)dt + Licp,cxydBi,  Xo = %\/%'
X is therefore a standard Bessel process without drift. The index of the
Bessel process is v = g —1= i—‘; — 1. The joint representation follows from
Theorem B2 (iii). Note that ¢ := inf{u > 0: X, & J} is the possible
exit time of the process X from the state space J. From Theorem B.2.1]
(ii) combined with Lemma B3] ¢* = ¢ = oo, P-a.s. Thus we obtain

®Note that for § < 2, the squared Bessel process reaches 0, and the conditions needed
to apply Ito’s lemma are not satisfied; See p456 and p451 of Revuz and Yor (1999). Thus
in the sequel we restrict our attention to the case when § > 2.
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the SDE as given in (B.I5). This completes the proof. O

Note that Proposition B.3.1] represents the first hitting time of an inte-
grated geometric Brownian motion to a fixed level as an integral functional
of the reciprocal of a standard squared Bessel process, i.e. 0;42 foa %ds.
With the assumption pu > %02’ the Bessel process X can not attain thesleft
boundary ¢ = 0.

3.3.2 The Laplace transform of hitting time

The main result of Metzler (2013) is stated as follows using our notation.
The contribution here is to use the Proposition B.3.1] to give an alterna-
tive probabilistic proof to his main result. The original proof of Theorem
1 in Metzler (2013) requires reducing the form of an ordinary differential
equation to some ODE of special functions that we know, but the proof
presented here is more straightforward. Because our proof is based on
Proposition B3], we have to make a stronger assumption (i.e. p > %az)
compared to the statement and and proof of Theorem 1lin Metzler (2013).
This is because Bessel processes of non-negative indexes behave very dif-
ferently from Bessel processes with negative indexes (refer to Section 3
of Metzler (2013) for a detailed discussion). The following proposition is

Theorem 1, Metzler (2013) with a stronger assumption.

Proposition 3.3.2. Assume p > %(72, for0 <a < oo, a>0, the Laplace

transform
u(a'7 /U07 a? 0—7 M) = ]E[e_aT(a)]

1S given by

L Ty +2p/0?)

M (7,27 + 2u/c?; —2 2
T2 £ 210 (7,27 +2u/0%; —2vp/ac”),

u(a, vy, a, o, 1) = (2v0/ac?)

(3.16)
where I'(x) is the gamma function, and M (a,b; x) is the confluent hyperge-
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ometric function(or Kummer function/H and vy = (o) = =%+ 54/ + i—%‘
is the larger root of
E+vé—2a/0* =0, £cR, (3.17)

with v =2 —1> 0.

Proof.  Since i > 30°, from Lemma B3] P(pe = oo) = 1. From

_4da fa _1 s
Proposition B30, E[e=7@] = Ele o% Jo 57 |, for 0 < a < oco.
Consider a standard Bessel process X; with index v > 0 and Xy = z¢ >
0, fronﬂ formula (4.1.20.3) on p386 of Borodin and Salminen (2002):

. (+1)/2 1 L2
B 35 (2“) PATE+ 5V iy o (—
2 1+\/V2+g SERE

Lo
where M, ,(2) = e /22 V2M (n— k4 1,1+ 245 2) denotes the Whittaker
function. We make the following substitutions: replace % by -, % by
2% and the larger roo@ of 3I7) by v = ~(a). Then

v v 1 8o
sk (a) IR

Mt Jor s ) s

or, since “Ht = 4
_4da fa _1 S 2 “/02 F +2i 2
Bl 8 i _ (07T DO+ 2g) (o) ar s (22,
20 ['(2y+2%) ao? 272772 \ qo?

(3.19)
We now use the relationships between the Whittaker function M, ,(z)
and the Kummer function M (a,b, z) (see formula (13.1.327) on p505 of

By definition T'(z) := [~u*'e“du, = > 0, and M(a,b;z) = 1 +

Z ala+1). (u,Jrlcfl)m/lC
k=1 b(b+1) (b+k—1)k! *

"We make the following substitutions using our notation: Rgn) becomes X, v be-
comes g, t becomes a, and x becomes xg.

8Namely, the larger root is —% + $4/v2 4+ 8¢ = —2 + 1,/12 + g2,
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Abramowitz and Stegun (1967)):

e 1
M, . (z) = €3 T3 M (5 +pu+ K, 1+ 2u; —z) , since M(a,b;z) =e*M(b—a,b;—z2).

Then
21)0 Vo 2’U0 ’H_VTH 21)0
M—%—%wrg(@) :eXp(ﬁ) (@) M (7,1+27+1/,—$)
Vo 20\ 77 2u 2w . v+l
= eXp(@) (ﬁ) M| v, 2y + ;,—@ , sice 5 = ﬁ'
(3.20)

From (B19), (820) and Proposition .31

. m— 2 T T(y+ 24 2 2
E[e—ar(a)] :E[e =l ;gd ] _ ( Uo) (/7 02))M (7727_’_ M._ﬂ)'

ac?) T(2v+24 o2’ ao?

(3.21)

This expression ([B.21) agrees with equation ([B.I0). This completes the
proof. O

Although our proof requires a stronger assumption, the idea of the proof
can be extended to other time-homogeneous diffusion processes. In the next
section, we shall illustrate its application in obtaining the density function

of the first hitting time of an integrated geometric Brownian motion.

3.3.3 Probability density of the hitting time of an

integrated geometric Brownian motion

Here we shall derive some further results on the first hitting time of an

integrated geometric Brownian motion to a fixed level.

Proposition 3.3.3. Assume u > %02, for 0 < a < oo, the probability
density function of the first hitting time 7(a) defined in equation [B4) for
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an integrated geometric Brownian motion is

ac?\" o V202 g v+1 g
Piria) edy) =2 (22} exp [~ LTy — 20 ) mgayn(LEE, 203y,
209 8 ac?

where the special function m,(u, z) is defined on p645 of Borodin and Salmi-
nen (2002):

my, (1, 2)

82%/2T (p+ 5)em /M o0 3
_ o7 (pt5)e / e~ xch(2u)—u/y gy —11, =, 22 x sh*(u) | sh(2u)sin ™) du.
/27y 0 2 Y

for z > 0. Here ch(.) is the hyperbolic cosine function, and sh(.) is the

hyperbolic sine functiont].

Proof.  Since p > 302, from Lemma B3], P(p; = oo) = 1. For 0 <
a < oo, from Proposition B.3.1], (7(a), Vr(a)) = (Ui‘g o szds, "TfXa>, P-as.
Here X follows the SDE (8.13]), and is a standard Bessel process(without
drift) with index v = 2 —1 > 0. Combine this with the formula (4.1.20.4)

on p386 of Borodin and Salminen (2002), then

P(7(a) € dy)

4 1 2(2a)" % V2 g% o2 v+1 22
= P(— ﬁds €dy) = (xyi)ﬂexp {——y— — —3} M2y /2 (— —0) dy
0 s

o2 0 274 4 2 "da
ac?\ VT2 V22 Vo v+1 v
_ o[ _ 0 b, (M R Y gy (3,22
(21}0 ) P { s 77 ao? } Moty/2 ( 2 aa2) y, (3.22)
since z§ = Zvg. This completes the proof. O

The following result gives the joint probability density of (7(a), Vr(a))
explicitly.

Proposition 3.3.4. Assume pu > %02, for 0 < a < oo, the joint probability

9By definition, sh(z) := em_;iz, and ch(z) := ez+2eiz'
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density of (7(a), Vr(a)) is

Rz 2422 1202 Yoz
P (T(CL) € dy,Vya) € dz) = 2aut exp {— 02a -y }ZUQy/g <7> dydz,
or z =2 0,y > 0, where the special function i,(z) is given on p644 o
y
Borodin and Salminen (2002):

iy(2)
72 /4y 3]
== e XMW=y s () sin(ru/2y)du,  fory >0,z > 0.

T/TY Jo

(3.23)

Here ch(.) is the hyperbolic cosine function, and sh(.) is the hyperbolic sine

function.

Proof.  Since p > 502, from Lemma B3I P(¢; = oo) = 1. For 0 <
a < 0o, from Proposition B.3.1], (7(a), Vr(a)) = (U% Iy s=ds, ”TfXa>, P-as.
Here X follows the SDE (8.13]), and is a standard Bessel process(without
drift) with index v = 2 —1 > 0. Combine this with the formula (4.1.20.8)
on p386 of Borodin and Salminen (2002), then

4 [*1
P (T(a) € dy, Vi) € dz) =P (;/ e ds € dy, X, € dz)
0 s

2t - v+ 22 Vio? . <UOZ) duds
= - — o2 — :
2avg P 2a 8y B\ Y

Here we replace y by o2y/4, and replace ¢t by a in the original formula
(4.1.20.8). This completes the proof. O

3.4 Hitting times of integrated diffusions

The representation of 7(a) as an integral functional of a time-homogeneous
diffusion allows us to draw on existing results in the literature. Albanese

and Lawi (2005) provide a classification scheme for integral functionals
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of diffusion processes, whose Laplace transforms or transition probabil-
ity densities can be evaluated as integrals of hypergeometric functions
against the spectral measures of certain operators. Recall E[e %] =
E|e )0 mds], thus in order to compute the Laplace transform of the
first hitting time, we only need to compute the corresponding Laplace
transform of the integral functional of X, which is the key subject stud-
ied in Albanese and Lawi (2005). Hurd and Kuznetsov (2008) also provide
closed-form formulae for the Laplace transforms of certain time integrals of
stochastic processes, which, when combined with the results in this chap-
ter, will lead to new formulae for the Laplace transforms of the hitting
times. In the following, we show the applications of Theorem B.2.1] to the
first hitting times of integral functionals of time-homogeneous diffusions by

linking the study to relevant literature.

3.4.1 CIR process

Under P, the CIR process is governed by the SDE: dV; = k(0 — V;)dt +
oo/ VidWy, Vi = v, so that a(s) = k(6 — s) and B(s) = 0,+/s, and we
choose m(s) = 4/s. Before applying Theorem B.2.1], we have to check the
conditions (3:2)) and ([B3). We assume the Feller condition 2x6 > o2, then
the natural state space is J = (0, 00). The above conditions can be verified:

1/o*(z) = 1/(03x) € Lo (J) and pu(x)/0*(x) = k0/(03a?) — r/(o3x) €

loc

L} .(J). Denote ¢ as the possible exit time of V' from its state space J and

loc

define ¢, = [J Vids, t € [0,¢].

We first prove a lemma.

Lemma 3.4.1. Assume the conditions [8.2), (8.3)) and the Feller condition
2k0 > o2, then P(p; = o0) = 1.

Proof.  Since 2k > o2, define a = 20%9, then a > 1. From the proof

of Proposition [Z5.] in Chapter 2 of the thesis, s({) = s(0) = —oo, then
vp(¢) = oo holds.

For the right endpoint r, define 8 = 25 > 0, and from the definition in

o3
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2 x x
vp(x) = ﬁ/ y“ery (/ z_ae_ﬁzdz) dy.
v Je y

Then
2 - a B > —a —Bz
vp(o0) = — y“e’? 2% Pdz | dy. (3.24)
Oy Je Y
Since o > 1, then lim y~®e ™ = 0. Similar as the derivation below

Y—r00

equation (2.28)) in the proof of Proposition Z.5.1]in Chapter 2 of the thesis,

from L’Hopital’s rule, as y — oo
o 1
/ 2% Py~ —y e,
y g

Thus there exists M > ¢ > 0, such that fory > M, we have fyoo e Py >
%y‘%‘ﬁy. Substituting this into equation (3.24)

2 [o¢] (o]
vp(00) = ;/ y*elV </ z_o‘e_ﬁzdz) dy
v Je Y
2 (o] (o]
> —2/ y“e? </ z_o‘e_ﬁzdz) dy
Oy JM y

% /OO py L, o -8
> — yre’! —y e Pdy
M 2p

= 00,

then we have v,(c0) = 0.
To summarize, with a = 22 > 1, we have both v,(¢) = oo and v,(r) =

oo. From Lemma 2.3.1] in Chapter [ of this thesis, P(¢; = oo) = 1. This
completes the proof. O

Proposition 3.4.1. Joint Representation of (1,V,) for the CIR

Process

Assume the Feller condition 2k > o2. For 0 < a < oo, define 7(a) as
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in equation B.A4). Then (7(a), Vi) = <f0a ﬁds,avXa» P-a.s., where
X is governed by the SDE

K0 K o
dX, = — — |dt +dB;, Xo=— 2

t (O',?/,Xt O'U) + ty 0 oy ) (3 5)
where By is a standard G,-Brownian motion. Here X, is a standard Bessel

process with drift p = —k/o,, and index v = k0/c> —1/2 > 0.

Proof.  Since 2k > o2, from Lemma B4, P(p; = oo) = 1. For
0 <t < oo, from Theorem B2 we have the stochastic representation

V, = Yfg vidsy P-a.8., Yo = vg, where Y is governed by the following SDE

k(0 —Y}) ou\VY, KO
dY, = ———2dt dB; = | — — Kk | dt + 0,dB,.
t 1/; + \/Vt t }/; K +o0o t

Recognize Y as a squared Bessel process with drift. Since 2k0 > o2 is

assumed, the index of Y is 6 = 2xk6/02 + 1 > 2, thus the left boundary 0
can not be attained (see Ch.X.I., Revuz and Yor (1999)). Denote a new

process X; = Y;/o, with Xy = vg/0,. From Ito’s lemma, the SDE of X is

K0 K v
dX; = ( —) Licjo.cx)dt + LiepexydBr,  Xo=—.  (3.26)

— —
o2 Xy oy Oy

The joint representation follows from Theorem B.2.] (iii). From Theorem
B2 (i) combined with Lemma BT (¥ = ¢ = oo, P-a.s. Then the
above SDE (B.:26) agrees with the SDE (B25]). This completes the proof.

U

Remark 3.4.1. From Proposition[3.4.1], for 0 < a < oo

P(T(a)edx)—P(/oa ! dtedx),

OyAyg

and

P(VT(G) c dx) = P(OUXa c dx),
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where Xy is a standard Bessel process with drift p = —k/o, < 0, and
index v = k0/c? —1/2 > 0. Then we can obtain the density function
for Via),0 < a < oo, by referring to the spectral representation of the
transition density of a Bessel process with constant drift (Proposition 1,

p329 of Linetsky (2004)).

3.4.2 GARCH diffusion process

The GARCH diffusion is the continuous time limit of the discrete GARCH
process, and it has been popular in the option pricing literature, see Duan
(1995) and Lewis (2000). Here we use the GARCH diffusion to model
the foreign exchange rate between the foreign currency and the domestic

currency, and under P it has the following SDE
d‘/;g = k;(9 — ‘/t)dt + 5‘/;5th, VE] = p.

Then 1/V denotes the exchange rate between the domestic currency and
the foreign currency. Suppose the cost is denominated in the foreign cur-
rency, then fot Visds represents the accumulated cost denominated in the for-
eign currency. Consider the following option which is exercised at the time
when this accumulated cost reaches a fixed level. In the following, we study
the Laplace transform of this first hitting time. Before applying Theorem
B2l we have to check the conditions (8.2) and (83). With x,0,e > 0,
from Feller’s test of explosions, the natural state space is J = (0, c0), and
it is easy to verify the above conditions: 1/0?%(x) = 1/(e*2?) € L},.(J) and
w(x)/o*(x) = kO/(*2?) — r/(e*x) € L},.(J). Denote C as the possible exit
time of V' from its state space and define ¢; = fo Lds,t €[0,(].

Proposition 3.4.2. For 0 < a < oo, define 7(a) as in equation (B.4)).
Then for X = 0

u()) = Ble-r@] = L0 =) < . )a M <0z,7; —i) . (3.27)

L(y)  \e%n 2y,
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where M(.) is the confluent hypergeometric function, and

oo (L BN (L RY 2
N 2 g2 2 g2 g2’
Cpa (L kY 2
7= 2 g2 g2’

vo(ek?e — 1)
kO '

Y1 = (3.28)
Proof. Here a(s) = k(8 — s), B(s) = es. For 0 < a < ¢¢, from Theorem
B2T (r(a),Vrw) = (J; Xds, X,) P-as., where X is governed by the
following SDE

3
dXt = k:Xt(Q — Xt)]]-te[07gpg)dt + gXt2]]'tE[07gog)dBt7 XO = 1. (329)

Recognize (3.29) as the SDE of the 3/2 stochastic volatility process. For
k>0,k> —% always holds. Then the 3/2 stochastic volatility process
does not explode at infinity, because it can be written as the reciprocal of
a CIR process (see equation (67), pl08 of Carr and Sun (2007)).

For 0 < a < oo, the Laplace transform of 7(a) follows from the Laplace
transform of foa X.ds as provided@ in Theorem 3, p110 of Carr and Sun
(2007):

u(\) = Ele @] = Ble Mo Xeds] — F(;(;)Oé) (622y1)a v <a’% _522?) .

where «, 7 and y; are given in ([B.28)). This completes the proof. O

Remark 3.4.2. Note that in Proposition [3.4.3, the result in (B.217) holds
also for A = 0 as long as the parameters of the model do not satisfy p =1 or
%—1—6% = 2% This is based on analytical continuation, and for its proof, refer
to Lemma 4.1.2. on p72 of Gao (2012). Similarly, the result in Proposition
[3-4-3 also holds when A\ = 0.

0More specifically, we substitute « = 0, A = —s in Theorem 3, p110 of Carr and Sun
(2007).
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3.4.3 Mean reverting geometric Brownian motion

Suppose that we want to model the electricity cost and choose the following

mean reverting geometric Brownian motion model with SDE under P as
AV, = kV,(0 — V,)dt + eVidW,, Vo = wy.

Then V; represents the electricity cost, and fot V.ds represents the accumu-
lated electricity cost. It is natural to define a digital option that pays off
$1 whenever the accumulated electricity cost reaches a certain fixed level.
Thus it is important to study the first hitting time of fot Vids to a fixed level,
and the next result studies its Laplace transform. Before applying Theorem
B2l we have to check the conditions (8.2) and [B.3)). With k,0,e > 0,
from Feller’s test of explosions, the natural state space is J = (0, 00).
The above conditions can be verified: 1/0%(z) = 1/(e%2?) € L}, (J) and
w(z)/o?(x) = k0/(e*x?) — k/(e?x) € L}, (J). Denote ¢ as the possible exit
time of V' from its state space and define ¢; = fot Vids,t € [0,(].

Proposition 3.4.3. Assume 2k0 > €2, and for 0 < a < oo, define 7(a) as
in equation ([34). Then for A >0

) = Bfe ] = F2 =0 (2 g (=),
Y2

F(%) €2y,

where M(.) is the confluent hypergeometric function, and

27\ 2 2 g2 g2’
1 kO\? 2\
=142 - — — —

(3.30)

Proof. Here a(s) = k8(9 s), B(s) = es. For 0 < a < ¢¢, from Theorem

B2Tii), (7(a), Vr) = (fy x-ds, Xa), P-a.s., where X is governed by the
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following SDE
dXt - ]{5(0 - Xt)]]-te[07gog)dt + ISRV Xtﬂt€[07¢<)dBt, XQ = Up. (331)

Recognize X in ([B31) as the CIR process. Since 2k > 2 is assumed,
the process X is positive P-a.s. Also note that Y; = 1/X; follows the 3/2
stochastic process dY; = kz}/;(eg_}Q)]].te[07@C)dt+€21/t3/2]1t€[0’4p<)dm, Y, =
1/vg, with new parameters ky = k6 — e® | 0 = k/(k0 — &%) and &3 = —e.
Thus the Laplace transform follows from Theorem 3, p110 of Carr and Sun
(2007):

_ .\ [a F(’}/g — ag) 2 o2 2
u(\) = E[e @] = Ble~ o Yods] — M ag, v, ——— |,
( ) [ ] [ ] 1—\(72) 52?/2 2,72 €2y2

where ay, 75 and 1y, are given in ([3.30). This completes the proof. O

3.5 Applications to the pricing of arithmetic

Asian options

Arithmetic Asian options were introduced in Boyle and Emanuel (1980),
and since then have constituted an important family of derivative contracts.
In the Black-Scholes framework, the pricing of the arithmetic Asian option
is closely linked to the integral of a geometric Brownian motion. The main
theoretical difficulty is that this integral is not log normally distributed. In
a pioneering work, Yor (1992) expresses the arithmetic Asian option price
as a triple integral (equation (6.e), p528, Yor (1992)), and the method is
based on the Hartman-Watson theory in Yor (1980).

The contribution of this section is to establish the link between the
pricing of arithmetic Asian options and the first hitting times of integral
functionals of diffusions. This provides new insights in the pricing of arith-
metic Asian options in the time-homogeneous diffusion setting. In partic-
ular, in the Black-Scholes setting, we are able to derive a double integral

formula for the price of the arithmetic Asian option.
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Given a complete filtered probability space (2, F,F;) with the risk-
neutral measure (). The stock price dynamic is

dSt = ’f’Stdt + UStth, SO = Sp, (332)

then we have the following representation of the stock price

1
ST:SQGXP{(T’—§O'2)T+O'WT}. (333)

1
2

from Feller’s test of explosions, S;,t > 0 never exits at the left boundary /¢

1
2

in finite time. If r > %0'2, then there is a positive probability that S;,¢ > 0

The natural state space for S'is J = (£,7) = (0,00). Assume r > 202, and

in finite time. If r = 102, then S, t > 0 never exits at the right boundary

may exit through the right boundary in finite time. Denote ( as the possible
exit time of the process S from its state space J. Define ¢, = f(f Sudu,t €
[0, ¢].

Since we assume r > 202, from Lemma B3J Q(¢c = oo) = 1. In

the following, we consider the pricing of the arithmetic Asian option for
T € [0,00) (similar to equation (6.e), p528, Yor (1992)).

Proposition 3.5.1. In the geometric Brownian motion model in (3.32),
assume v > %02. For T € [0,00), the price of the arithmetic Asian option

can be represented as

(% /OT Stdt_K)+] :/Ooo /OTg(w,y)f(x,y)dxdy,

(3.34)

OO = G_TTEQ

e TfE_e—TT

where g(v,y) = y*=——7—, and

yu—i-l Sg + y2 V2(72 . Soy
— - - o2z —— | dxd ;
I@y) = Sprsy eXp{ oKT 8z J <\ kT )™
forx,y >0, where v = % —1 >0, and the special function i,(z) is defined

in (B.23).
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Proof. For T € [0,00), the payoff of an arithmetic Asian option at the ma-

_l’_
turity 7' is <% fOT Sidt — K ) . From the risk-neutral valuation principle,
its price can be expressed as

_ . N
— Sydt — K)

(7] s

= "TER _ l TSdt—K 1

- T J, t {%fOTStd@K}

- 1 T
(T /0 Stdt—K) 1 fOTStdt?KT}] (3.35)

Note that Q(¢; = 0o) = 1, and define the following first hitting time
similar as (3.4) under @

T—iﬂf{U}O:/ Stdt>KT}.
0

Here 7 is the first hitting time of the integrated stock price process to a
fixed level @ = KT € [0,00). Observe the equivalence between the two
events under )

C() = 6_TTEQ

= "TER

t
{/ Stdt>KT} < {7 < t}, for t € [0, 00)
0

Rewrite equation (B:38) as

e [ (1T
OO =e€ TEQ _(T /0 Stdt — K) ﬂ{f(? Stdt>KT}:|
= "TEY -(l/TSdt—K) 1 }
- T t {r<T}
L 0
= "TEY _(1 (KT+/TSdt) - K) 1 }
— T t {r<T}
—rTQ | 1 4
=€ E T Stdt ]l{TST} .
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By the law of iterated expectation, conditioning on (7,.S;)

T

CO _ 6—7‘T]EQ |:EQ [(%/ Stdt) 1{T§T} | (T, ST):|:|
T

— o "TR@ {EQ {(%/ Stdt) | (7, ST)} ]l{TgT}]

—rT __ e—rT

N el P R 3.36
5 e (3.36)

Denote g(x,y) = yli then g(7, S;) = ST#. Denote the joint
density of (7,5;) as f(z,y) = Q(7 € dx, S, € dy), then the equation (3.36))

can be rewritten as

e T — e—rT
Co = { 7T]I{T<T}]

// 9(z,y) f (2, y) L zerydady
- / / g(,9)f (. y)drdy. (3.37)

Equation (.37) is the analytical formula for the price of the arithmetic
Asian option written as a double integral.

The next task is to determine the joint density function of (7, S.). This
is already given in Proposition [3.23] as

f(x,y) = P (7 €dx,S; € dy)
y S +y* %) . Soy
- - - dxd :
2KTSy eXp{ ST~ 5y (lotes o ) drdy,  (3.38)
where i,(2) is defined in ([3.23). Combining equation (3.37) and equation

[B3]), we obtain the analytical formula for the arithmetic Asian option in
the Black-Scholes model as given in (3.34). This completes the proof. [
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3.6 Conclusion of Chapter

This chapter studies properties of the first hitting time of an integral func-
tional of a time-homogeneous diffusion to a fixed level. We provide a unified
approach to compute the Laplace transform of this first hitting time. As an
application, we provide an alternative proof to the main result in Metzler
(2013) with a slightly stronger assumption. The links between the first
hitting times and integral functionals of time-homogeneous diffusions are
established, and is connected to relevant literature. We also show the link
between the pricing of an arithmetic Asian option and this first hitting
time. We derive an analytical formula for the price in the Black-Scholes
model by linking it to the study of some functional of a standard Bessel
process with no drift. Financial motivations behind the study of this hit-
ting time are also discussed, with the newly introduced “timer option” as

an example.
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Chapter 4

Prices and asymptotics of
some discrete volatility

derivatives
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This chapter is mainly based on the publication Bernard and Cui (2013)
forthcoming in the Applied Mathematical Finance. Sections .8 and .9 are
not part of the paper of Bernard and Cui (2013).

In this chapter, we study the fair strike of a discrete variance swap for a
general time-homogeneous stochastic volatility model. In the special cases
of Heston, Hull-White and Schobel-Zhu stochastic volatility models we give
simple explicit expressions (improving Broadie and Jain (2008a) in the case
of the Heston model). We give conditions on parameters under which the
fair strike of a discrete variance swap is higher or lower than that of the
continuous variance swap. The interest rate and the correlation between
the underlying price and its volatility are key elements in this analysis.
We derive asymptotics for the discrete variance swaps and compare our
results with those of Broadie and Jain (2008a), Jarrow et al. (2013) and
Keller-Ressel and Griessler (2012).

4.1 Introduction

A variance swap is a derivative contract that pays at a fixed maturity 7" the
difference between a given level (fixed leg) and a realized level of variance
over the swap’s life (floating leg). Nowadays, variance swaps on stock in-
dices are broadly used and highly liquid. Less standardized variance swaps
could be linked to other types of underlying assets such as currencies or
commodities. They can be useful to hedging volatility risk exposure or
to taking positions on future realized volatility. For example, Carr and
Lee (2007) price options on realized variance and realized volatility by
using variance swaps as pricing and hedging instruments. See Carr and
Lee (2009) for a history of volatility derivatives. As noted by Jarrow et al.

(2013), most academic studie focus on continuously sampled variance and

volatility swaps. However existing volatility derivatives tend to be based

on the realized variance computed from the discretely sampled log stock

1See, for example, Howison, Rafailidis and Rasmussen (2004), Benth, Groth and
Kufakunesu (2007) and Broadie and Jain (2008b).
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price (see Windcliff, Forsyth and Vetzal (2006)), and continuously sam-
pled derivatives prices may only be used as approximations. As pointed
out in Sepp (2012), some care is needed to replace the discrete realized
variance by the continuous quadratic variation. By standard probabil-
ity arguments, the discretely sampled realized variance converges to the
quadratic variation of the log stock process in probability. However, this

does not guarantee that it converges in expectation. Jarrow et al. (2013)

provide sufficient conditions such that the convergence in expectation hap-
pens when the stock is modeled by a general semi-martingale, and concrete

examples where this convergence fails.

In this chapter, we study discretely sampled variance swaps in a general
time-homogeneous model for stochastic volatility. For discretely sampled
variance swaps, it is difficult to use the elegant and model-free approach
of Dupire (1993) and Neuberger (1994), who independently proved that
the fair strike for a continuously sampled variance swap on any underlying
price process with continuous path is simply two units of the forward price
of the log contract. Building on these results, Carr and Madan (1998) pub-
lished an explicit expression to obtain this forward price from option prices
(by synthesizing a forward contract with vanilla options). The Dupire-
Neuberger theory was recently extended by Carr, Lee and Wu (2011) to
the case when the underlying stock price is driven by a time-changed Lévy
process (thus allowing jumps in the path of the underlying stock price).
In this chapter, we adopt a parametric approach that allows us to derive
explicit closed-form expressions and asymptotic behaviors with respect to
key parameters such as the maturity of the contract, the risk-free rate, the
sampling frequency, the volatility of the variance process (vol of vol), or the
correlation between the underlying stock and its volatility. This is in line
with the work of Broadie and Jain (2008a) in which the Heston model and
the Merton jump diffusion model are considered. See also Itkin and Carr
(2010), who study discretely sampled variance swaps in the 3/2 stochastic

volatility model.

The main contributions of this chapter are as follows. We give an ex-
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pression of the fair strike of the discretely sampled variance swap and derive
its sensitivity to interest rates in a general time-homogeneous stochastic
volatility model. In the case of the (correlated) Heston (1993) model, and
the (correlated) Hull-White (1987) model, we obtain simple explicit closed-
form formulas for the respective fair strikes of continuously and discretely
sampled variance swaps. In the Heston model, our formula simplifies the
results of Broadie and Jain (2008a) and is easy to analyze. Consequently,
we are able to give asymptotic behaviors with respect to key parameters
of the model and to the sampling frequency. In particular, we provide
explicit conditions under which the discretely sampled variance swap is
less valuable than the continuously sampled variance swap although the
contrary is commonly observed in the literature (see Biihler (2006) for ex-
ample). Thus the “convex-order conjecture” formulated by Keller-Ressel
and Griessler (2012) may not hold for stochastic volatility models with
correlation. We discuss practical implications and illustrate the risk to
underestimate or overestimate prices of discretely sampled variance swaps
when using a model for the corresponding continuously sampled ones with
numerical examples. Based on the explicit closed-form formula for the dis-
crete variance swap in the Heston model, utilizing symmetry properties of
the Heston model under the change of numeraire, we manage to obtain
closed-form formula for the fair strike of a special type of gamma swap in
the Heston model. In Broadie and Jain (2008a), they study the fair strike
of the discrete variance swap under the Merton’s jump diffusion model, and
in this chapter we provide an explicit formula for the fair strike of a dis-
crete variance swap under the newly introduced Mixed Exponential Jump
Diffusion (MEJD) model in Cai and Kou (2011). Since the mixed expo-
nential distribution is dense with respect to the class of all distributions in
the sense of weak convergence (see Botta and Harris (1986)), the MEJD
can be used to approximate Merton’s jump diffusion model, or essentially

any jump diffusion model.

In this chapter, the new results, which contribute to the current litera-
ture, are as follows: Proposition [1.2.1] Proposition d.2.2], Proposition [£.3.1]
Proposition 3.2 Proposition . 4.1], Proposition 511 Proposition £.6.1]
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Proposition .6.2] Proposition 6.3 Proposition .6.4] Proposition [£.6.5]
Proposition 6.0, Proposition £.6.7, Proposition .6.8] Proposition [£.8.2]
Proposition 83 Proposition L84 Proposition .85 and Proposition
491l

The chapter is organized as follows. Section deals with the general
time-homogeneous stochastic volatility model. Sections .3 [£.4] and
provide formulas for the fair strike of a discrete variance swap in the Hes-
ton, Hull-White and Schobel-Zhu models. Section contains asymptotic
expansion formulas for the Heston, Hull-White and Schobel-Zhu models,
and discusses a counter-example to the “convex-order conjecture”. A nu-
merical analysis is given in Section [£7. Section discusses the pricing of
a special type of discrete gamma swaps in the Heston model. Section
discusses the pricing of discrete variance swaps in the mixed exponential
jump diffusion (MEJD) model. Sections[4.10] [4.17], [4.12] [4.13] and [£.14] give
the proofs to the main results. Section concludes the chapter.

4.2 Pricing of variance swaps in a time-homogeneous

stochastic volatility model

In this section, we consider the problem of pricing a discrete variance swap
under the following general time-homogeneous stochastic volatility model
(M), where the stock price and its volatility can possibly be correlated.
We assume a constant risk-free rate » > 0, and that under a risk-neutral

probability measure Q

s, _ M
o { s rdt + m(V,)dW, 1)

AV, = p(V)dt+ o(V;)dw®

where E[dW " dW,?] = pdt, with W1 W® standard correlated Brownian

motions. The state space of the stochastic procesﬂ VisdJ = (I,r) =

*When m(z) = /z, V means the variance process and [ > 0. When m(z) =z, V
means the volatility process, and there is no restriction on [.
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(0,00) if V is the variance process (m(x) = /x). If m(z) = x and V
is the volatility process, we may use J = (I,r) = (—00,00). Assume

that p,o : J — R are Borel functions satisfying the following Engelbert-
Schmidt conditions, Vo € J,o(z) # 0, =, 4 (2) mQ((;)) € L},.(J). Here

(z)? 02(z)’ o2 loc

L} .(J) denotes the class of locally integrable functions, i.e. the functions

J — R that are integrable on compact subsets of J. Under the above
conditions, the SDE (1)) for V' has a unique in law weak solution that
possibly exits its state space J (see Theorem 5.5.15, p341, Karatzas and

Shreve (1991)). Assume that ’:((;)) is differentiable at all x € J.

In particular, this general model includes the Heston, the Hull-White,
the Schobel-Zhu, the 3/2 and the Stein-Stein models as special cases. In

what follows, we study discretely and continuously sampled variance swaps

with maturity 7. In a variance swap, one counterparty agrees to pay at a
fixed maturity 7" a notional amount times the difference between a fixed
level and a realized level of variance over the swap’s life. If it is continuously
sampled, the realized variance corresponds to the quadratic variation of the
underlying log price. When it is discretely sampled, it is the sum of the
squared increments of the log price. Define their respective fair strikes as

follows.

Definition 4.2.1. The fair strike of the discrete variance swap associated
with the partition 0 =ty < t; < ... < t, =T of the time interval [0,T] is

defined as
S, \?
In —*= 4.2
(1n S)] (42)

where the underlying stock price S follows the time-homogeneous stochastic
volatility model (A1) and where the exponent M refers to the model (M).

1 —
K (n) = 72 E

1
1=0

Definition 4.2.2. The fair strike of the continuous variance swap is de-
fined as

KM .- %E [/OT m2(Vs)ds] , (4.3)
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where S follows the time-homogeneous stochastic volatility model ([A.1]).

In popular stochastic volatility models, m(v) = /v, so that KM =
%IE [ fOT Vsds} . The derivation of the fair strike of a discrete variance swap
in the time-homogeneous stochastic volatility model (4] is based on the

following proposition.

Proposition 4.2.1. Under the dynamics (A1) for the stochastic volatility
model (M), define

Y'm(z) 1

() dz and h(v) = p)f'(v) + 502(U>f//(v)‘

Forallt <s<t+Aandt<u<t+ A, assume thaH

E[|h(V)R(V)] < oo, E [[h(Vm?(Va)]] < oo,
E [|(f(Visa) — FV))(2ph(V) + m*(V2))]] < oo. (4.4)

Define fort <s<t+ A, t<u<t+A,
my(s) == B [m*(V;)], my(s,u) := E[m?(Vi)m*(V,)],
my(s,u) = E[h(Vo)h(V,)],  ma(s,u) = E[R(Vi)m?(VL)],
ms(t,s) = E[(f(Viga) — F(V2)(2ph(Ve) +m?

Then, we have

S 2 t+A t+A
E (ln gr ) =A%+ (1 - p* - TA)/ my(s)ds — p/ ms(t, s)ds
t t ¢
t+A ,
/ / (s, w)dsdu + pE [(f(Visa) — F(Vi))?]
t+A t+A
+p / / (s,u dsdu+p/ / (s,u)dsdu.  (4.5)
Proof. See Section [LT0l O

3These conditions ensure that we can apply Fubini’s theorem to exchange the order
of integration. They are easily verified in specific examples.
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Proposition .2.1] gives the key equation in the analysis of discrete vari-
ance swaps. Observe that the final expression (€3]) only depends on co-
variances of functionals of V. Thus we can derive closed-form formulas
for the fair strike of discrete variance swaps in those stochastic volatility
models in which the terms m; from Proposition 4.2.1] can be computed in
closed-form. In the rest of the chapter, we provide three examples to apply
this formula.

From now on, for simplicity, we consider the equi-distant sampling
scheme in ([A2]). Under this scheme, ¢; = iT/n and A = t;.1 — t; = T/n,
fort=0,1,....,n — 1.

Remark 4.2.1. From (@3) it is clear that the fair strike of a discrete
variance swap only depends on the risk-free rate r up to the second order,
as there is mo higher order terms of r. Interestingly, the second order
coefficient of this expansion is model-independent whereas the first order
coefficient is directly related to the strike of the corresponding continuously-
sampled variance swap. Assume a constant sampling period %, the fair

strike of the discrete variance swap can be expressed as

T T
Kyoo:mey—gK%r+gﬁ, (4.6)

where b (n) does not depend on r. Its sensitim’tyﬂ to the risk-free rate r is

equal to

dKY(n) T

dr :E

(2r — KM), (4.7)

so that the minimum of K} as a function of r is attained when the risk-free

rate takes the value r* given by

4The impact of stochastic interest rates on variance swaps is studied by Hérfelt and
Torné (2010). Long-dated variance swaps will usually be sensitive to the interest rate
volatility.
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The next proposition deals with the special case when the risk-free rate

r and the correlation coefficient p are both equal to 0.
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Proposition 4.2.2. (Fair strike when r = 0% and p =0)

In the special case when the constant risk-free rate is 0, and the under-

lying stock price is not correlated to its volatility, we observe that

KY(n) > KM,

C

Proof. Using Proposition 2.1l when r = 0% and p = 0, we obtain

)]t )

We then add up the expectations of the squares of the log increments (as

2

E ~"E

4

+ /tHAE [m*(V;)] ds.

in (4.2)) and find that the fair strike of the discrete variance swap is always
larger than the fair strike of the continuous variance swap given in (4.3).
O

Proposition [£.2.2 has already appeared in the literature in specific mod-
els. See for example Corollary 6.2 of Carr, Lee and Wu (2011), where this
result is proved in the more general setting of time-changed Lévy processes
with independent time changes. However, we will see in the remainder
of this chapter that Proposition may not hold under more general
assumptions, namely when the dynamic of the stock price is correlated to

the one of the volatility.

4.3 Fair strike of the discrete variance swap

in the Heston model

Assume that we work under the Heston stochastic volatility model with

the following dynamics

sy _ (1)
(H) { 50 =t VAW (4.8)

AV = k(0 — Vi)dt + 7/ VidW,?
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where [E [th(l)th@)} = pdt. It is a special case of the general model
(@10, where we choose

m(z) =V, p(z) = k(0 - z), o(z) =1z (4.9)

Use ([£48) in Lemma [LI01] in Section with f(v) = 2 and h(v) =

K

- 9 — v the StOCk rice is
’Y( ) p
St = Soert %5’5 (Ve—Vo—robt n&)% V1 pzfot' «d 5(3) (4.10)

where & = fot Vids and Wt(?’) is such that th(l) = det(g) +v1- deWt(?’).

Using Proposition 2] for the time-homogeneous stochastic volatility
model, we then derive a closed-form expression for the fair strike of a
discrete variance swap and compare it with the fair strike of a continuous

variance swap.

Proposition 4.3.1. (Fair Strikes in the Heston Model)

In the Heston stochastic volatility model ([AL8), the fair strike (L2) of
the discrete variance swap is

KT
1—e™n

1+ e
+26T (KT (0 — 2r)* + nf (467 — dpry +77))
+4 (Vo —0) (n (26> ++* — 2pk7y) + K*T (0 — 2r)) (1 — ")

KH(n) = — {n (V2 (60— 2Vh) + 26 (Vi — 0)%) (7 — 1)

-~ 8nK3T

. 1— —rT
~20%y (7 — dp) (1= ) 4 4(Vo — 6) KT (3 — 2pn) 1%}411)
J— 67
The fair strike of the continuous variance swap is

T _
k=8| [ v —oa-em®l

Proof. See Section [L.11] for the proof of (4.I1l). The formula (£12) for the
fair strike of a continuous variance swap is already well-known and can be

found for example in Broadie and Jain (2008a), formula (4.3), p772. O
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Proposition 3.1 provides an explicit formula for the fair strike of a
discrete variance swap as a function of model parameters. This formula
simplifies the expressions obtained by Broadie and Jain (2008a) in equa-
tions (A-29) and (A-30), p793, where several sums from 0 to n are involved
and can actually be computed explicitly as shown by the expression (A.IT])
above. We verified that our formula agrees with numerical examples pre-
sented in Table 5 (column ‘SV?) on p782 of Broadie and Jain (2008&)]]%3

Contrary to what is stated in the introduction of the paper by Zhu
and Lian (2011), the techniques of Broadie and Jain (2008a) can easily be
extended to other types of payoffs. The following proposition gives explicit

expressions for the volatility derivative considered by Zhu and Lian (2011).

Proposition 4.3.2. For the following set of datest; = % withi=0,1,...,n,
denote A = T'/n, and assume o = 2k0/v* —1 > 0, and v*T < 1. Then

n—1 2
. . . . . St, =S¢, .
the fair price of a discrete variance swap with payoff % > <M> is
i=0

S,
Sti+1 - Sti ?
S,

2
S?f) ] fori=0,1,...,n—1. Then fori =

equal to

Ki'(n) =

n—1
1 n — 2ne®
— T (CLQ + ZE:1 ai> -+ #,

where we define a; = E {(

0,1,....,n—1, we have

r ie—.‘iti a 1
0 = S (e, 2y () (L) :
S n(t:) — q(2)

where

144 1_9(u)€7d(u)t rk—ypu—d(u) 1— —d(u)t
=8 (n—wu—d(u))t—mn(,iu Vo roe ettt
M(u,t) — ]EI:€UXt] — Sge'\/ ( 1-g(u) e ’Y2 1—g(u)e d( )t’

5The formula has been implemented in Matlab and is available online at
http://www.runmycode.org/CompanionSite/Sitel35 as well as the other formulas
and asymptotic expansions, which appear in this chapter.
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http://www.runmycode.org/CompanionSite/Site135

with the following auxiliary functions

K —ypu — d(u)
d(u) — — 2 L ~2(1 — 1,2 _
T e TN O B e B
K—ypu—d(u) 1— e dwa 2K e —1
Q(u) - 72 1 — g(u)e_d(u)Aa 7](“) = ? (1 — ¢ ) :
Proof. See Section [L.12 O

Remark 4.3.1. The formula in the above Proposition[{.3.9 is consistent
with the one obtained in equation (2.34) by Zhu and Lian (2011). In par-
ticular, we are able to reproduce all numerical results but one presented
in Table 3.1, p246 of Zhu and Lian (2011) using their set of parameters:
k= 1135, 0 = 0.022, v = 0.618, p = —0.64, V, = 0.04, r =0.1, T =1
and Sy = 1 (all numbers match except the case when n = 4 we get 263.2
instead of 267.6).

Proposition [{.3.3 gives a formula for pricing the variance swap with

n—1 _S,. 2
payoﬁ% > <%> , but it is straightforward to extend its proof to the

1=0

n—1 _g, \k
following payoﬁ% > <Stz%tstz> , with an arbitrary integer power k.
i=0 i

4.4 Fair strike of the discrete variance swap
in the Hull-White model

The correlated Hull-White stochastic volatility model is as follows

a8 = rdt + /VidW,

(HW) { St

@ (4.13)
dVy = pVidt + oV, dW; ™,

where E[dVVt(l)th@)] = pdt. Referring to equation ([L.Il), we have m(x) =
Va, p(x) = px, o(xr) = ox, so it is straightforward to determine f(v) =
2\/v, h(v) = (£ — 2) \/v, and apply ([@48) in Lemma @ I01lin the Section
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4.10] to obtain

T
ST—SOeXp{rT—%/ tht+%7p(\/VT—\/vo)
; o T T
—p <——Z>/ \/tht+\/1—p2/ \/thWt(?’)}.
0 0

o

Proposition 4.4.1. (Fair Strikes in the Hull-White Model)
In the Hull-White stochastic volatility model [LI3)), the fair strike (£2)

of the discrete variance swap is

Ve (el 1) (e 1)
o2

2T u(p + o2) (ew - 1)

V02 <6(2”+‘72)T — 1) 8p <e3(4ug—02)T _ 1) ‘/03/20(6% o 1)
+ ,
2t o)t 0%) " yr(apt302) (T 1)

02
64p <63(4u§ ) 1) %3/2(7

r’T rT

)KHW_

— . (414
3T (4p+0%) (4pu+302) (4.14)
The fair strike of the continuous variance swap is
1 4 Vo
KHW_—]E/ Vids| = —(e"" = 1). 4.15
=g | [ vas] = e - (4.15)
Proof. The proof can be found in Section [£.13 Il
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4.5 Fair strike of the discrete variance swap
in the Schobel-Zhu model

The correlated Schobel-Zhu stochastic volatility model (see Schobel and
Zhu (1999)) can be described by the following dynamic

(4.16)

a8 — pdt 4 VidWw,",
(S2) L )
dV, = k(0 = Vy)dt +vdW;™,

where E[th(l)th@)] = pdt. Referring to equation ({.1l), we have m(z) =
z,u(x) = —k(x — 0),0(x) = 7, so it is straightforward to apply ([{48) in
LemmalLI0Igiven in Section L. I0with f(v) = % and h(v) = 791)—51)2—1—%
to obtain

T T
Sp = Spexpd(r— 27— 0P [y (LR /vfdt
2 Y Jo 2 Y 0

T
+%(Vﬁ -V +V1- p?/ vtde’)} .
0

Proposition 4.5.1. (Fair Strikes in the Schiobel-Zhu Model)
In the Schobel-Zhu stochastic volatility model (£16), the fair strike (£2)

of the discrete variance swap is computed from ([AI) but does not have a

simple ezpressz’onﬁ The fair strike of the continuous variance swap s

2 Vo —6)? 72 20(Vy — 0)
Sz 0 2 (Vo _ 1 — g—2xT 0 1 — ¢=~TY.
c 2K O ( 2KT 4k2T (1-e )+ KT (1—e™)
(4.17)
Proof. The proof can be found in Section [£.14] O

Remark 4.5.1. In the literature, there is an alternative method to derive

SWe shall note that here m(V;) = V; (where m(-) is defined in ([@I])) instead of
V/Vi, thus the process V; models the volatility and not the variance. In particular in
the Schobel-Zhu model, the variance process Y; = V2 follows dY; = (v2 + 2x61/Y; —

26Y;)dt + 27/ YidW 2.
"See Proposition EL6.7 for an explicit expansion.

132



the fair strikes of discrete variance swaps. Hong (2004) first proposed to
use the forward characteristic functions of the log stock returns to calculate
the fair strikes. This method applies to all stock price models where we
have a closed-form forward characteristic function for the log stock price.
The method can be applied to affine processes (e.g. Heston, Hull-White
models). Note that the Schibel-Zhu model can be transformed to an affine
model by rewriting the model in terms of the variance process Y; = V2, and
treat (S;, Yy, \/Y;) as state variables. Along this strand of literature, Itkin
and Carr (2010) considered using it to price discrete variance swaps under
time-changed Lévy processes. Crosby and Davis (2012) consider the pricing

of generalized discrete variance swaps under time-changed Lévy processes.

4.6 Asymptotics

In the time-homogeneous stochastic volatility model, this section presents
asymptotics for the fair strikes of discrete variance swaps in the Heston, the
Hull-White and the Schébel-Zhu models based on the explicit expressions
derived in the previous sections 3], 1.4 and 5

The expansions as functions of the number of sampling periods n are
given in Propositions FL6.1] 6.4l and 6.1 (respectively for the Heston,
Hull-White and Schobel-Zhu models). In the Heston model, our results
are consistent with Proposition 4.2 of Broadie and Jain (2008a), in which
it is proved that K (n) = K + O (). The expansion below is more
precise in that at least the first leading term in the expansion is given ex-
plicitly. See also Theorem 3.8 of Jarrow et al. (2013) in a more general
context. In particular, Jarrow et al. (2013) give a sufficient condition for
the convergence of the fair strike of a discrete variance swap to that of a
continuously monitored variance swap. In our setting, which is in the ab-
sence of jumps, their sufficient condition reduces to E| fOT m*(V,)ds] < .
This latter condition is obviously satisfied in the three examples considered
in this chapter (the Heston, the Hull-White and the Schébel-Zhu models).

Expansions as a function of the maturity 7' (for small maturities) are
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also given in order to complement results of Keller-Ressel and Muhle-Karbe
(2012) (see for example Corollary 2.7 which gives qualitative properties of
the discretization gapl] as the maturity 7' — 0).

4.6.1 Heston Model

We first expand the fair strike of the discrete variance swap with respect
to the number of sampling periods n.
Proposition 4.6.1. (Expansion of the fair strike KX (n) w.r.t. n)

In the Heston model, the expansion of the fair strike of a discrete vari-

ance swap, KX (n), is given by

H H a{{ 1
where
w_ o e (20=V0) oy 0T o 0
ay’ =r*T—rTK, +( P (1—e™") 5 | P\ T S T+ey,
with

g PO —2:(Vo—0)4 (e — 1) +2(Vo — 0)(e7 1" — 1) [y (e ™" — 1) — 4k0]

“a = 16kK2

Proof. This proposition is a straightforward expansion from (@II) in

Proposition E.31] O
We know that KJ(n) = b (n) + Lr(r — K?) from (0) in Remark

M2 Tt is thus clear that aff contains all the terms in the risk-free rate r

and thus that all the higher terms in the expansion ([AI8]) with respect to

n are independent of the risk-free rate.

Remark 4.6.1. The first term in the expansion [{IR), ail, is a linear

function of p. Observe that the coefficient in front of p, w(l —e ) —

8See Definition 2.6 on p112 of Keller-Ressel and Muhle-Karbe (2012).

134



(%’TT 8 negatweﬁ so that all is always a decreasing function of p. We have
that
af 20 <= p<pf
o T2T—TTK§+(§+%)T+C{I
where py =

_("/(92—'{V0)(1_€7&T)_0"/TT) :
Proposition 4.6.2. (Expansion of the fair strike for small maturity)

In the Heston model, K (n) can be expanded when T — 0 as
K (n) = Vo +b'T + b T + O (T°) (4.19)

where

k(0 — V, 1
= SO L (- 207 - 2pin)

(Vo — 0) " (%_9)“(7P+2T—%)+72—VO N vpr(Vo + 0) — VQTVO
6 4n 12n?

il =
Note also that K = Vo + % (6 — Vo) T+ £* (Vo — 0) T? + O (T?) and thus

1
Ki'(n) = K= (Vo = 2r)* = 20Vp7) T+ O(T*).
n
Proof. This proposition is a straightforward expansion from (@II) in
Proposition 311 O

Proposition is consistent with Corollary 2.7 [b] on p113 of Keller-
Ressel and Muhle-Karbe (2012), where it is clear that the limit of K4(n) —
K.is 0 when T — 0.

Notice that in the case p < 0, in the Heston model, K (n) is non-
negative and decreasing in n as the maturity 7" goes to 0. However, this
property cannot be generalized to all correlation levels as it depends on the
sign of (Vo — 2r)% — 29Vp.

Proposition 4.6.3. (Expression of the fair strike w.r.t. )

9This can be easily seen from the fact that for all z > 0, (6 — Vo)(1 —e™%) — Oz <
0(1 — e * — ) <0, and note that here z = xT > 0.
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In the Heston model, K (n) is a quadratic function of ~y:

B 1
 8nk3T

KH(n) (R + bty + B2 (4.20)

where

kT

1—en
eﬁT +2/<;T(/€2T(«9—27“)2+4/€2n«9)
I+en

+4(Vo—0) (25°n+ T (0 —27)) (1—e "),

Al =20k (Vy — ) (e"7 —1)

l1—en

_ =T
h = 8pk (ne(n —ne” W — K1) — (Vo — 0) (" (L—e)+ “Tl%)) ’

kT
1—en

W =n(0—2Vy) (e "7 —1) = —2n% (1 _ e—%)
1+en
_e—HT
+4 (Vo —0) <n—ne_“T+/€T17ﬂ) + 2k Tnb.
o

Proposition [4.6.3lshows that the discrete fair strike in the Heston model
is a quadratic function of the volatility of variance v. From Figure .0 we

observe that the discrete fair strikes evolve in a parabolic shape as ~ varies.

4.6.2 Hull-White Model

Proposition 4.6.4. (Ezpansion of KXW (n) w.r.t. n)
In the Hull-White model, the expansion of the fair strike of the discrete

variance swap, KXW (n), is given by

HW HW a{{W agw a?l,{W 1
K" (n)=K " + + =+ -+ @ (—) (4.21)
n n n
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%2 6(2”+02)T -1 400‘/()% 6%(4M+U2)T 1

al™ = 0?7 —rTKIW +

4 2p+o? 3 4+ o?
3

o VO2O.2T €(2u+a2)T —1 pvoz UT(4,u . 30_2) 63(4“+U2)T _q
a; "’ = — _

? 24 21+ o? 36 du+o2

3

g HTPVE (et 0) e -1 T po Vi (4 + 30%) et — 1

’ 43 211+ 02 72 A+ o2

Proof. This proposition is a straightforward expansion from (@I4) in
Proposition .41 O
Observe that KXW (n) = b#W(n) — @7‘ + Ip2 where vV (n) =

KW (r=0) > KEW is independent of r.

If we neglect higher order terms in the expansion ([d.21l), we observe that
the position of the fair strike of the discrete variance swap with respect to
the fair strike of the continuous variance swap is driven by the sign of a!"

and we have the following observation.

Remark 4.6.2. The first term in the expansion [EZI), oV, is a linear

function of p.
" 20 = p<p”

2 (2 2y
3(4p+o2) rzT—rTKfW"rVTOie( e )2 =
e >0

ptW can take values strictly larger than 1 as it appears clearly in the
right panel of Figure 1.4l In this latter case, the fair strike of the discrete
variance swap is larger than the fair strike of the continuous variance swap
for all levels of correlation and for sufficiently high values of n. The mini-
mum value of KW (n) as a function of 7 is obtained when r = r* = Lok

2
After replacij%r by r* in the expression of pif" pl" can easily be shown

to be positive .

10 . . 6(2;L+(72)T71 B (e“Tfl 2
It reduces to studying the sign of GrTenT T
o 20T 1 (erT—1)2 c 1. . . .
of o, so it is larger than ST T ETT which is always positive because its minimum
is 0 obtained when pT" = 0.

. It is an increasing function
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Proposition 4.6.5. (Ezpansion of KXW (n) for small maturity)
In the Hull-White model, KXW (n) can be expanded when T — 0 as

K" (n)=Vo+u™T+b"T?+ 0 (T°), (4.22)
where

1
v = D L (V2 — 20172

2 4n
Vo> Vo [(0*Vo  3pVo'Po(o® +4p)
HW _ Vo[ Yo 0 9PV e -
Vo0 (p(302 — 4p1) — 40/T5)
+ .
96n?

Note also that KW =V, + QLT VOTMQTz + O (T?), and thus

1
K (n) = KV = — ((v —or)? - 2,0V03/20> T + O(T?).

n
Proof. This proposition is a straightforward expansion from (@I4) in
Proposition 411 O

Note that the expansion for small maturities in the Hull White model
is similar to the one in the Heston model given in Proposition [4.6.2]
Proposition 4.6.6. (Ezpansion of KEW (n) w.r.t. o)

In the Hull-White model, the fair strike of a discrete variance swap,
KW (n), verifies

K (n) = b + b o + O(o?), (4.23)
where
hHW:ﬂ+ 1_g ‘/OeT'u_]-_E62T“—16%_1+%2(62Tu_1)
0 n n T/,L 2 62% _ 1 Tl’l’2 4:T1L62
LW _ o 3/2Tu _ Lirs T dp (¥ 1) 2
! o p63/2% -1 0 T,LL2 3T,LL2 .
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The expansion of the fair strike in the Hull-White model with respect
to the volatility of volatility is very different from the one in the Heston
model as it is not a quadratic function of ¢, and it also involves higher

order terms of o.

4.6.3 Schobel-Zhu Model

We first expand the fair strike of the discrete variance swap with respect
to the number of sampling periods n. The following result is similar to
Proposition [4.6.7land [4.6.4l In particular we find that the first term in the
expansion is also linear in p and has a similar behaviour as in the Heston
and Hull-White model.

Proposition 4.6.7. (Exzpansion of K35%(n) w.r.t. n)
In the Schébel-Zhu model, the expansion of the fair strike of the discrete

variance swap, K3%(n), is given by

KS?m) = K57 + 9 L o (2 (4.24)
n)= — — .
d c n n2 ’
where
aS? =T — rTKS? + dy — d22lp, (4.25)
KR
with
™V, E(T + D) 3V B kVRR(0 — Vo)
dy := — D
! 4 62 T\ et 2
29 /'62‘/03 ‘/04,%2 E ‘/0292,%2 ) 3% K,’)/2 ,}/4 5
*( I R A C _Z)D
E 3™y 2
+<8—H £39200 — Vo) + 200 4 Viw(0 — Vp) (262 —6VO+V02)) KS :
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and

dy =T (V' + 26 6%)+(26(0° — V) + 72)D+g (v —2K(0— Vo)z) D?,

where
—wT _ 1

E = 4Vy'h? —40** — 3~* — 12+%0%k, D =
K

Proof. This proposition is a straightforward expansion from the formula of
K3%(n) in Proposition 5.1l Note that although the formula of K35%(n)
does not have a simple form, its asymptotic expansion can be easily com-

puted with Maple for instance. O

Remark 4.6.3. Similarly as in the Heston and the Hull-White models, the
first term in the expansion [{&24), a7?, is a linear function of p, but the

sign of its slope is not clear in general.
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Proposition 4.6.8. (Expansion of the fair strike for small maturity)
In the Schébel-Zhu model, K3%(n) can be expanded when T — 0 as

KJ%(n) = V@& + bY2T + O(T?) (4.26)

where

2

1
bfZ:K%(e_%)+v_+E<r2—r%2+

2

Ve (Vg — 4p7))
e R,

Note also that K37 = Vy* + <V0/<a(8 — Vo) + l;) T+ O(T?) and thus,

1
K5 (n) = K57 = — (V2 = 20)? = 4pV) T+ O(T?).

Proof. This proposition is a straightforward expansion from the formula of
K3%(n) in Proposition E5.1} O

Note that the form of the expansion is similar for the three models
under study (compare Propositions 6.2 and [£6.8). We find that
the difference between the discrete and the continuous strikes has a first
term involving the product of 2p by a function of the initial variance value
and the volatility of the variance process, and respectively v in the Heston,
o in the Hull-White and 2v in the Schobel-Zhu model. See for example
footnote Bl where the dynamics of the variance is derived in the Schébel-Zhu

model.

4.6.4 Discussion on the convex-order conjecture

As motivated in Keller-Ressel and Griessler (2012), it is of interest to study
the systematic bias for fixed n and T when using the quadratic variation
to approximate the realized variance. Biihler (2006) and Keller-Ressel and
Muhle-Karbe (2012) show numerical evidence of this bias (see also Sec-
tion .7 for further evidence in the Heston and the Hull-White models).

Keller-Ressel and Griessler (2012) propose the following “convex-order
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conjecture”:

E[f(RV(X,P))] = E[f([X, X]r)]

where f is convex, P refers to the partition of [0,7] in n + 1 division
points and X = log(Sr/Sy). RV (X,P) is the discrete realized variance
(>-r,(log(St,/ Sk 1))?) and [X, X7 is the continuous quadratic variation
(fOT m?2(V,)ds in our setting).

When f(z) = x/T and the correlation can be positive, the conjecture is
violated, see for example Figure L1lto B4l where K} (n) can be below KM.
When p = 0, the process has conditionally independent increments and sat-
isfies other assumptions in Keller-Ressel and Griessler (2012). Proposition
ensures that K (n) > KM, which is consistent with their results.

4.7 Numerics

This section illustrates with numerical examples in the Heston, the Hull-
White and the Schébel-Zhu models.

4.7.1 Heston and Hull-White models

Given parameters for the Heston model, we then choose the parameters
in the Hull-White model so that the continuous strikes match. Precisely,
we obtain g by solving numerically K = KW and find o such that the
variances of V7 in the respective Heston and the Hull-White models match.
From (A54) and (4.55]), the variance for Vi for the Heston model is given
by

2
Vart (V) = ;?<9 +2e7 (Vo — 0) + e~ 27(0 — 2V7)).
The variance for Vi for the Hull-White model can be computed using (4.62)

Var™ (Vp) = ‘/0262“T(e”2T —1).
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The parameters for the Heston model are taken from reasonable param-
eter sets in the literature. Precisely the first set of parameters is similar to
the one used by Broadie and Jain (2008a). The second set corresponds to
Table 2 in Broadie and Kaya (2006). The values for the parameters of the
Hull-White model are obtained consistently using the procedure described
abov.

(matched)
Heston Hull-White
T r Vo P 0 0 K 1 o
Set 1|1 3.19% 0.010201 -0.7]0.31 0.019 6.21 1.003 0.42
Set 2|5 5% 0.09 03] 1 0.09 2 [29x1077 0.52

Table 4.1: Parameter sets

Figure A1 displays cases when the fair strike of the discrete variance
swap K} (n) may be smaller than the fair strike of the continuous variance
swap KM. The first graph obtained in the Heston model (the model M is
denoted by the exponent H for Heston) shows that K¥ is first higher than
K crosses this level and stays below KX until it converges to the value
KM asn — oo. It means that options on discrete realized variance may be
overvalued when the continuous quadratic variation is used to approximate
the discrete realized variance. Note that this unusual pattern happens when

p = 0.7, which may happen for example in foreign exchange markets.

HFor the two sets of parameters above, we compute the critical interest rate r* as
defined in Remark 211 Set 1: r* = 0.88%; Set 2: r* = 0.605%, and we can see that
the interest rates are both larger than r*.
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Heston Model (T=1)
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Hull-White Model (T=1)
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Figure 4.1: Sensitivity to the number of sampling periods n and to p

Parameters correspond to Set 1 in Table[Ilexcept for p that can take three possible
values p = —0.7, p = 0 or p = 0.7 and for T that is equal to T' = 1 for the two upper
graphs and 7" = 1/12 for the two lower graphs. When 7" = 1/12, the parameters for
the Hull-White model are adjusted according to the procedure described in Section
7T In the case when 7= 1/12, one has 1 = 4.03 and 0 = 1.78.
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Figure [Z.2 highlights another type of convergence showing the complex-
ity of the behaviour of the fair strike of the discrete variance swap with

respect to that of the continuous variance swap.

Heston Model Hull-White Model
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Figure 4.2: Sensitivity to the number of sampling periods n and to y

Parameters are set to unusual values to show that any types of behaviors can be
expected. p = 0.6, 7 = 3.19%, 0 = 0.019, x = .1, V = 0.8 and ~ takes three possible
values: 0.5, 1.5 and 2.

Figure displays on the same graphs the discrete fair strike Ky(n)
and the first two terms of the expansion formula K# + % for the Heston
model and KW + @ for the Hull-White model (see Propositions {.6.1]
and LG4 for the exact expressions of a! and a’"V). It shows that the first
term of this expansion is already highly informative as it clearly appears

to fit very well for small values of n in both models.
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Heston Model (high values of n)

Hull-White Model (high values of n)
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Figure 4.3: Asymptotic expansion KM + a/n with respect to the number
of sampling periods n and to p

Parameters correspond to Set 2 in Table[d Tlexcept for p that can take three possible
values p = —0.3, p = 0 or p = 0.3. The upper graphs correspond to large number
of discretization steps whereas lower graphs have relatively small values of n.

Figure [£.4] further illustrates that the discrete fair strike (for a daily
monitoring) can be lower than the continuous fair strike as K} — KM may
be negative for high values of the correlation coefficient both in the Heston
and the Hull-White models. In Remark [4.6.1] and [4.6.2] it is noted that

the first term in the asymptotic expansion with respect to n is linear in p.
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From Figure[d.3]it is clear that the first term has an important explanatory
power. This justifies the linear behavior observed in Figure .4 of the
difference between discrete and continuous fair strikes with respect to p.
Computations of pf and p{'" for each of the risk-free rate levels r = 0%,
r = 3.2% and r = 6% confirm that it is always positive when r = 0%
(which is consistent with Proposition £.2.2]) and that it can be higher than
1, which ensures that for n sufficiently high, the discrete fair strike is always

higher than the continuous fair strike.
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Figure 4.4: Asymptotic expansion with respect to the correlation coefficient
p and the risk-free rate r

Parameters correspond to Set 1 in Table[Llexcept for r that can take three possible
values r = 0%, r = 3.2% or r = 6%. Here n = 250, which corresponds to a daily
monitoring as T' = 1.

Figure shows that as the time to maturity 7" goes to 0, the discrete
fair strike is converging to the continuous fair strike at approximately a
quadratic rate. This is consistent with Proposition [4.6.2] and Proposition
4.6.0l
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Heston Model Hull-White Model
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Figure 4.5: Discrete and continuous fair strikes with respect to the maturity
T and to V

Parameters correspond to Set 2 in Table 1] except for T" and V. Also we choose
a monthly monitoring to compute the discrete fair strike. When 6 = V;, KX is
independent of the maturity 7T'.

Figure shows that the discrepancy between the discrete fair strike
and the continuous fair strike is exacerbated by the volatility of the un-
derlying variance process. We observe that the gap between the discrete
fair strike and the continuous fair strike, with respect to =, is wider in the
Heston model than in the Hull-White model. This illustrates, from a nu-
merical viewpoint, that the discrete fair strike in the Heston model is more
sensitive to the volatility of variance parameter than that of the Hull-White
model. In particular, the continuous fair strike K is independent of 7.
For each v we compute the corresponding ¢ for the Hull-White model such
that the variances match as described in Section .7l We then observe
similar patterns in the Heston and the Hull-White models. From the left
panel of Figure [L.6] we can see that the shape of the discrete fair strike
in the Heston model with respect to v evolves similar to a parabola, and
this is consistent with Proposition From the right panel of Figure
.6, we can see that the discrete fair strike in the Hull-White model does
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not exhibit a parabolic shape with respect to 7, and this is explained by
Proposition [4.6.6] which states that it is a higher order polynomial of o.
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Figure 4.6: Discrete and continuous fair strikes with respect to the param-
eter v and to V

Parameters correspond to Set 2 in Table .T] except for v and V{ that are indicated
on the graphs. A monthly monitoring is used to compute the discrete fair strike.
The continuous fair strike K7 is independent of v, so that it is easy to identify the
different curves on the graph.

4.7.2 Schobel-Zhu model

For the Schébel-Zhu model, we reproduce a similar numerical analysis and
take parameters consistent with the Heston model. Note that the V' process
in the Schobel-Zhu model corresponds to the volatility process instead of

the variance proces. Then we choose # = 1/0.019 and V; = +/0.010201.
Other parameters are taken from set 1 of Table 1]

Both the left and right panels of Figure 7 show that K7 can be below

K% until it converges to the value K% as n — co. This unusual pattern

2The notation V; in the Schobel-Zhu model corresponds to the square root of what
is denoted by V; in the Heston model.

149



happens when the correlation is positive similarly in the Heston and the
Hull-White models.

Schobel-Zhu Model (T=1) Schobel-Zhu Model (T=1/12)
0.0265 T T T T 0.0151 T T
—_kSZ —_KSZ
A ¢ c
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Figure 4.7: Sensitivity to the number of sampling periods n and to p

Parameters are similar to Set 1 in Table 1] for the Heston model except for p that
can take three possible values p = —0.7, p = 0 or p = 0.7 and for T that is equal

to T =1 for the left panel and T' = 1/12 for the right panel. Precisely, we use the
following parameters for the Schébel-Zhu model. k = 6.21, § = 1/0.019, v = 0.31,
r = 0.0319, V5, = +/0.010201.

Figure[d.§illustrates that the discrete fair strike (for a daily monitoring)
can be lower than the continuous fair strike as K% — K% may be negative
for high values of the correlation coefficient. From Figure[d.8it is clear that
the first term also has an important explanatory power. This justifies the
linear behavior observed in Figure[d.8 of the difference between discrete and
continuous fair strikes with respect to p. Computations of p3? (defined as
the zero of a7? computed in Proposition L6.7)) for each of the risk-free rate

levels r = 0%, r = 3.2% and r = 6% confirm that it is always positive
when r = 0% (which is consistent with Proposition 1.2.2]).
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Figure 4.8: Asymptotic expansion with respect to the correlation coefficient
p and the risk-free rate r.

Parameters are similar to Set 1 in Table 1] for the Heston model except for r that
can take three possible values r = 0%, r = 3.2% or r = 6%. Precisely, we use the
following parameters for the Schébel-Zhu model: x = 6.21, § = +/0.019, v = 0.31,
p=—-07T=1,Vy =+0.010201. Here n = 250, which corresponds to a daily
monitoring as T' = 1.

4.8 Fair strike of the special discrete gamma

swap in the Heston model

In this section we give a closed-form formula for the fair strike of a special

discrete gamma swap in the Heston model.

Let 0 =ty < t; < .. <t, =T be a partition of the time interval [0, 7]
into n equal segments: t; = i¢T/n, for i = 0,1,...,n. The discrete gamma
swap pays at a fixed maturity 7" the difference between a given level (fixed
leg) and a weighted realized level of variance over the swap’s life (floating

leg). From Lee (2010), the floating leg of a standard discrete gamma swap
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(without dividend) is

1 S,
Notional X — T X Z Eln (1 ;:1) : (4.27)

For the ease of exposition, we consider a special discrete gamma swap

(without dividend), and its floating leg is

1 & S S
. tit1 tit1
Notional x T % EZO Soortin (ln 3, ) . (4.28)

Note that the difference of the contract described by (£28) and the one
described by ({27) is that there is an additional term e+ in the de-
nominator of each of the weighting terms in ([£2§]). This additional term
will be canceled out later in the derivation and makes the derivation eas-
ier by utilizing some symmetry properties of the stock price in the Heston
model under the change of numeraire. For the standard gamma swap pay-
off (4.27), we can still obtain a closed-form formula for the fair strike by
similar derivations as in Section .11l Since the purpose here is to illus-
trate the applications of the symmetry ideas in reducing the problem of
calculating the fair strike of a discrete special discounted gamma swap to
the problem of calculating the fair strike of a discrete variance swap, in the

following we shall stick to the payoff in equation (4.28)).
Rewrite ([A28) as Notional x V,(0,n,T'), where we define

— i+1 Stz 1
Vy(0,n,T) Z 5067;2+1 ( Stt )

Then the fair strike of this special discrete gamma swap is T = EQ[V,(0,n, T)].

We now illustrate the relationship of the fair strike of this special discrete
gamma swap with that of a discrete variance swap. Under the risk-neutral
measure @, in the Heston model, from Proposition 2.5.1lin Chapter 2, the
underlying (discounted) stock price (e _TtSt)te[O T], T €0, oo) is a true mar-

tingale. Define the numeraire measure (Jg as =& t > 0. To the

‘ t ert?
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best of our knowledge, the following proposition first appeared in Theorem
1, p5 of Del Banio Rollin (2008), and also see Proposition 2.2 and equation
(8) on p2042 in Del Bano Rollin et al. (2010). We state the results using

our notation, and for completeness, we provide a proof.

Proposition 4.8.1. (Theorem 1, Del Bano Rollin (2008))

Under @), assume that the stock price follows the Heston model with
the SDE (A.8)), and denote S; ~ Hes(k,0,v,p,r). Also assume k > p.
Under the numeraire measure Qg, define S, = 1/S,. Then S, ~ Hes(k —
07, nffw’% —p,—1).  This means that under Qg, S, follows the Heston

model dynamic, but with different parameters.

Proof. By the Girsanov theorem, under the numeraire measure Qg

W — o _ / VadW Dy = W /O N
and
W _w® _ ), / t VAW )
0
—WE”—(W’,p/OthWSB—ﬁw ,p/ VVdW )
—w® - /0 Vadu,

where 17[/;(1) and Wt@) are standard Brownian motions under )g. Then

S, = rSydt + / V.S dW,Y
= rSidt + VS (dW " + \/Vidt)
= (r + V) Sudt + /V,SpdW ", (4.29)

13We assume this for the ease of exposition. This condition is termed good correlation
regime on pl2 of Jacquier and Martini (2011). This is not an overly restrictive assump-
tion given that in the equity stock market, the correlation between the stock price and
the volatility is usually negative due to the leverage effect.
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and

AV, = k(0 — V,)dt + 7/ Vi(dW) + p\/Vidt)

I —
= (k- pY) ( " - V;) dt + v/ Vi dW . (4.30)

K —

Observe that under Qg, the dynamics of V; in equation (L30) still
follows a CIR process, but with different parameters. If the original CIR
process is denoted by C'IR(k,#,), then the new CIR process is CIR(k —
0, nffw’ 7). Denote S; = 1/, as the reciprocal process of the stock price

under Qg and apply Ito’s lemma
1 1 1
d| =) = —=dS, + = (dS,)*
(St) g

1 —~ 1
t

Sp
- Si ((=r)dt — VVidiwP) (4.31)

V. S2dt

Notice that the two Brownian motions fV[Z(D and fV[Z@) still have correlation
p, thus —Wt(l) and VVt(Q) shall have correlation —p. Substitute 1/.S; in (4.31])

by S;, denote ' = —r and p = —p, K =k — py, and § = nfiw' Then

s, = S, <r'dt + \/th(—’vﬁ(”)) :
dVi = K’ (9’ - w) dt + 7/ V,dW, 2, (4.32)

where E[d(—/V[v/t(l)),d/Wt@)] —= p'dt. Comparing the SDE [@32) with the
SDE (4.8), we can see that they have exactly the same form except with
different parameters. This completes the proof. O

As a first application, we can compute the value of a continuous entropy
contract in the Heston model.
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Proposition 4.8.2. In the Heston model, assume k > pvy. The price of a

continuous entropy contract is

Spe™ </<;«9T + (1 — e~ =PI (Vp — Rf%))
2(k = p7)

EQ [ST In ST] ==

Proof. Apply the change of numeraire, we have

rT
E@Q [ST In ST] — [E@s {Soe
St

= Soe" 95 [In Sy
= —Spe'TE?* [In 57

T T
_ SO@ T]EQS |i/ ‘/S/d8:|
0

ST In ST:|

2
= SOeTTTKf (/@ - pY, i , =Ty —p)
2 K= pYy
Spe" T </<;«9T + (1 — e~ =PIT) (V) — Rf%))
N 2(k — p)

In the above, S7. denotes the reciprocal of the stock price under the nu-
meraire measure (g, and from Proposition L8] it follows the Heston
model with a different set of parameters. This completes the proof. O

In the second application, we give a closed-form formula for the fair
strike of the special discrete gamma swap defined in (£.2§)]) in the Heston

model.
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Proposition 4.8.3. In the Heston model, assume k > pvy. The fair strike

of the special discrete gamma swap is

I (k, 0,7, p,n) = E9[V,(0,n,T)]

N m {n (72 (ff iem N 2%) + 2k =) (VO K iamf)

1— e(N*P’Y)T
X (6_2("{_’”)11 - 1) (k=pV)T
l+e
2
+2(k — p)T | (k — py)*T ( + 27’) +n (4(k — py)* +4p(k — py)7v +77°)
K= pY K —=pYy

K0
K —pY

) (n (205 = p7)? + 9+ 2p(k = py)y) + (5 — p)*T (H iGW + 27”))
< (1 = el

v (v +4p(k — py)) <1 - 6_(“_%)

i

K0

K= pYy

—2n?

1 — e~ (r=p))T

(Vo= ) (= )T 08 20l = ) = | (439)

The fair strike of the continuous special gamma swap is

Proof. From Proposition B8]

I = EQ[V,(0,n,T)) Z]EQ

Sti+1 In StH—l

Soertin \ 5,
— l nz: E@s Soemﬂ Sti+l In Stz“
T i=0 L Sti+1 Spertitt Sti

n—1 B
1 St
— § ]EQS In Mlit1
= ( St ) ]
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1 = S\

=7 ; E@s <ln 5—1;2)
Thus the fair strike of a special discrete gamma swap in the Heston model
is equal to the fair strike of another discrete variance swap associated to
the stock S”, which follows the Heston dynamics with different parameters.
Denote its fair strike as K2 (k, 0,7, p,n). Similarly denote the fair strike of

the gamma swap as ['}(k, 0,7, p,n). Then

0
Ik, 0,r p,n) =K (n—p% " , =T, —p,n) : 4.35
i )= K — (4.35)

Thus the closed-form formula ([A33]) of the special discrete gamma swap

is a consequence of the explicit closed-form formula for KX in Proposition

M31l Similarly from ([4.35]), as n — oo
' (k,0,p) = lim T¥ (k,0,7, p,n)
n—oo

0
= lim K¥ </~$—p% " -1, —p, n)

n—o00 K — p'y7
0
= Kf (’% =P - y =T _p)
K—=pY
kB
_ "”"”(* i e
k—py)T
This completes the proof. (|

Remark 4.8.1. Whenr = 0%, the payoff of the special gamma swap agrees
with the payoff of a standard gamma swap. In this case, the continuous
strike of the standard gamma swap is still given by (L34]) since it does not
depend on r. Zheng and Kwok (2013) give a closed-form explicit formula
for the fair strike of the continuous standard gamma swap in their equation
(3.5) in the stochastic volatility with simultaneous jumps (SVSJ) model.
Take J° =0, JV =0, r =0, A =0 and replace € with our parameter vy, it
can be verified that their formula (3.5) agrees with our formula ([A34) here.
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When r = 0%, our formula [A33) is more explicit than their formula (3.1)
for the discrete fair strike of a standard gamma swap. Zheng and Kwok
(2013) use the forward characteristic function and obtain their formula
by solving a system of Ricatti ODEs. Qur approach here explore the nice

symmetry property of the Heston model and the derivation is simpler.

Remark 4.8.2. In the above calculation, we see that the term e+t is
canceled out, and it is possible to directly link the fair strike of this special
discrete gamma swap to the fair strike of a discrete variance swap. More
generally, in a model where the reciprocal of the stock price 1/S under
the numeraire measure QQs has the same dynamics as the stock price S
under the original risk-neutral measure () except with some differences in
the parameters, we shall have similar relationship between the fair strike of

a special discrete gamma swap and that of a discrete variance swap.

4.8.1 Asymptotics of special discrete gamma swaps

in the Heston model

We work in the Heston stochastic volatility model. First expand the fair
strike of the special discrete gamma swap with respect to the number of

sampling periods n.

Proposition 4.8.4. (Ezpansion of the fair strike of the special discrete

gamma swap w.r.t. n)

Assume k > py, the asymptotic behavior of the fair strike of a special
discrete gamma swap in the Heston model is

as as aq 1
() =T + 2+ 0 (ﬁ) , (4.36)
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where

(L — Vo) KkOYT
a; = r*T + rTl"f’ Lty T e )Ty T
1 2(k — py) ( ) 2k —p) ) "
( K202 N KO~
4k =p)*  8(k—p)?

) T + Cy, (437)
with

1 2 K6 K0 2 — T (k—
— — g — _ (r=p7) _ 1
T 160k — )2 ( [7 K= pYy (== (VO K= m) ] $ )

#2 (Vo= ) T = e ) 1) —and]).
K= py

Proof.  This proposition is a straightforward expansion from (@33) in
Proposition [4.8.3] This completes the proof. 0

Remark 4.8.3. The first term in the expansion ([L30)), a1, is a linear func-

_KO
tion of p. Observe that the coefficient in front of p, — (%(1 — e (=P)T) 2(’7{(9];))

S positiv, so that ay is always an increasing function of p. Then
ay > 0 <~ P 2 £o,

where

4(k—p) 8(k—p7)?

7’2T-|—TTF£{-|—< 20 4 >T+01
Po = -
i (“f(,{_i,,y—vo)(l _ 6—(N—P’Y)T) __kOYT )

2(k—p) 2(k—p)

Proposition 4.8.5. (Expansion of the fair strike for small maturity)

In the Heston model, an expansion of TH (n) when T — 0 is calculated

1This can be easily seen from the fact that for all x > 0, (niiv - Vo)1 —e™®) —

K6 1% -z _ — _
SarSEs(l-e x) < 0, and note that here z = (k — py)T > 0.
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as

Tl (n) =Vo+ 0T+ b,T° + O (T?), (4.38)
where
kb — Vo(k — 1
by = : Oé 2)) in (Vo +2r)* + 29Vop)
y BP0 25 (Vo= 25k — ) (e = 2 — o)+ 25
2 6 dn
2
L els =)0+ ) - 1p
12n?2
Note that
H kK—p7 K0 K—py® K0 2 3
Lo =Vor—3 — — Vo | T+ G Vo — — 40 (T°),
Py K= pYy
then

1
I (n) —TH7 = ™ (Vo +2r)* +29Vop) T + O(T?).

Proof.  This proposition is a straightforward expansion from ([33]) in
Proposition [£.8.3l This completes the proof. 0

4.9 Discrete variance swap in the mixed ex-

ponential jump diffusion model

Broadie and Kaya (2006) give a closed-form formula of the fair strike of the
discrete variance swap in the Merton’s jump diffusion model. The mixed
exponential distribution is dense with respect to the class of all distribu-
tions in the sense of weak convergence (see Botta and Harris (1986)). Cai
and Kou (2011) propose a new class of jump diffusions named “mixed expo-
nential jump diffusions”(MEJD). In particular, the MEJD can be used to
approximate Merton’s jump diffusion. For the literature on fitting mixed

exponential distributions to a given distribution, refer to the papers of
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Botta and Harris (1986) and Dufresne (2007). The MEJD model can also
be used to approximate Lévy processes and for its applications in option
pricing, please refer to Crosby, Le Saux and Mijatovi¢ (2010), and Pistorius
and Stolte (2012), and the references therein.

The underlying stock price in the MEJD model is given as follows

ds, al

t

— =rdt dW, +d Vi, —
St_ r + 0o t —+ ZZ:;(

where V; is the jump size, S;_ is the stock price immediately before the
jump time at ¢. The return process X; = In(S;/Sy) follows the MEJD
process. Nyt >0 is a Poisson process with rate A counting the num-
ber of jumps up to time t. W;, t > 0 is a standard Brownian motion,
and Y; = In(V;),72=1,2,... is a sequence of independent and identically
distributed mixed exponential random variables with probability density

function given as below

= Du Z pinie " Loz + g4 Z 0,0, 1o, (4.39)

7j=1

with

>O>qd:1_pu>0a

p; € (—00,00),1 mZpZ—l

¢; € (—00,00) an]—l
i >1,i=1,..,m,0; >O,]:1,...,n

In addition, the parameters p; and ¢; need to satisfy some conditions to
guarantee that fy(x) is always non-negative and is a true probability den-

81ty function. From p5 of Cai and Kou (2011) a simple sufficient condition

is mez 0, forall k =1,...,m, and Z gj0; =2 0, foralll =1,...,n. For

i=1 j=1
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alternative conditions, see Bartholomew (1969).

Under the risk-neutral measure ), the MEJD process is
Ny
X =pt + oW+ Vi, Xo=0,
i=1
Where,u:r—"—;—kg and

AN q,9;
-k Y1 1= " J7)
£ [e™] p .E_ —1 + da - 7‘9j+1

Similarly, the moment generating function of X; is
Ele™X] = e“@ t > 0,2 € (—0;,m), (4.40)

where

G(x):0—2x2+,ux+)\ P zm: Dill +q iﬂ—l (4.41)
2 ui:lni_fE dj:19j+$ ’ )

Note that (—6y, 1) contains a neighborhood of 0, and all moments of X; ex-
ist. Thus we can calculate the moments of the process X; by differentiating

the above moment generating function given in (Z.40).

Now we derive the explicit formula for the fair strike of the discrete

variance swap in the MEJD model.

Proposition 4.9.1. Consider equi-distant sampling and denote A = t;, 1 —
t; =T/N, fori=0,1,...,N — 1. The fair strike of the discrete variance
swap in the MEJD model is

m—%iﬁ[<lnm&»ﬂ

(e gaongs)) g 5
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The fair strike of the continuous variance swap s
- Pi - 4d;
K, = o2+ )\ (Zpu > 2 +200 ) 9—;> . (4.42)
i=1 i j=1 J

Proof. First calculate

Nti+1
2
(1H(Sti+1/5ti)) = ,UA + U(Wti+A - Wtz) + Z Y;
j:Nti
Nti+1 2
= | pA +0VAZi + Z Y;
J=N¢,
Nti+1 2
= 1’A° + P AZ7 L + 2UTA2 Zyyy + Z Y;
J=N¢,
Nti+1 Nti+1
+2uA Y Y+ 20VAZin Y Y, (4.43)
J=N¢, J=N¢,

where Z;,, are independent and identically distributed standard Normal
random variables with mean 0 and variance 1, for 2 =0,1,..., N — 1. Here
Ny, is the number of jumps in the stock price during [0,¢;],7 = 0,1, ..., N—1.
Taking expectations on both sides of (4.43))

Ntiq 2 Nijq
E[(n(Sin/80))°] =i2a2+ A+ B[ 3] | +208E | 307,
- NtH—l 2 Ny, 2
=N+ PA+E || DY Y] [ -E[(DY (4.44)
|\ J=1 j=1
Ne, Nty Nt ! N
2B (> Y| [E Vi| —E ) Y| | +2uA | E Y| —E Y
j=1 j=1 j=1 j=1 j=1
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From (£40) and ({41))

n

Ny,
E |e =t = M | Py Le I . (4.45
e exp{ (p;ni—x+de:19j+x )} (4.45)

Then by differentiating the above moment generating function (£45) and

substituting x = 0
Ny, m n
o Di qj
S - (nSlwyy)
7=1 =1 7=1

and

Ny, 2 m n
E|YY :A%?(puzlﬁ—qu%) + M, <2puzpz+2qdz )
j=1 im1 i j=1 "7 =1 0;
(4.47)

Substitute (£40) and ([E47) by their corresponding expressions into (E44)

E [(hl(StHl /Sti))ﬂ

Nijyq ? i ?
=N+ PA+E || Y Y] [ -E[( DY
j=1 =
Ny, Nty Ny, Nty Ni;
2B ) Y| (B Vi -EDD Y| |+2ma B V| -E DY,
j=1 j=1 j=1 j=1 j=1
m n 2
:u2A2+02A+)\2(t?+1—t?) puZ&—deq—]
i=1 i j=1 0;
+)\A<2puzpl+2qdz >+2,LL)\A2 (pu ——q Zq]>
i 1 .] =1

m 2
Di q;

— 2)\°At; <pu E — —qa E 0—]> .
i1 i j=1 "
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By summing the individual terms up
=
2
Kd - T Z IE |:<]'n(Sti+l/Sti)) ]
i=0

. 2 - Di - qj

j=1 "7
T m n 2
pi d;
N <M+>\ (puz__QdZ_]>> -
— i — 0,
=1 7=1
Letting N — o0, the fair strike of the continuous variance swap is
K.=0%+\ 2pu§mjﬁ+2qdznj@ ,
i=1 ; j=1 932'

and the convergence of Ky to K, is of the order O(4). This completes the
proof. O

4.10 Proof of Proposition 4.2.7]

Using It6’s lemma and Cholesky decomposition, (£.1)) becomes

1
d(n(S)) — (r—§m2<vt>) dt + pm(V)AW® + /1= 2m(Vodw®),

AV, = p(Vy)dt + o(V,)dw?,

where Wt@) and Wt(?’) are two standard independent Brownian motions.

Proposition 1.2.1] is then a direct application of the following lemma
(see Lemma 3.1 of Bernard and Cui (2011) for its proof).
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Lemma 4.10.1. Under the model given in ([L1), we have

Sr.=Soesp {s = 5 [ md (Ve p(7(V) = )

> /O (V4 VT /0 ) m(%)dWF”} L (4.48)

where f(v) = [} ?((;))dz and h(v) = p(v) f'(v) + 502(v) f" (v).

Now from equation (448) in Lemma A.I0.Jl we compute the following
key elements in the fair strike of the discrete variance swap. Assume that
the time interval is [t, ¢ + A], then

(%) a1 f T (V)ds + 5 (#Vie) - 100 - [ - n(viyas )

t+A
+ /1 - p2/ m(V,)dW .
t

2
2 2

() | - | ([ )

+E [<2m — /tHA mz(Vs)ds) A] +(1-pHE [[M m2(Vs)ds] ,
(4.49)

E

_AE [ /t - mz(‘/;)ds] L E 47

where A = p (f(Vira) = f(Vi) = [/ h(Va)ds ) , and

2

t+A t+A
2= ((f(m)—f(vt))%(/t h(%)ds) - 2(f(Viea) ~ 1) | h(%)ds)
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Using the above expressions for A and A? in ([€49), we obtain

n Sia)’
Sy

1
2A2 L R
" 4

E

+ (1= —rA)E U;M m2(Vs)ds]

( / o h(%)ds)

- [(504a) - 1) [ " n + (Vs | ~2rpaE | [ - hV2)ds

4 oE K /t i h(Vs)ds) < /t i mz(Vs)ds)} | (4.50)

By Ito’s lemma, f defined in Lemma [LI0.1] verifies df (V;) = h(V;)dt +
m(Vt)th@). Integrating the above SDE from ¢ to ¢t + A, we have

( / o m2<v;>ds)2

+ P°E[((f (Viea) — f(V))’] + p°E

2

+ 2rpAE[(f(Viga) — f(V2))]

t+A t+A
f(Viea) — F(Vi) = / h(V.)ds + / m(V.)dW®,

BU(Vies) — 1] - E | [ - |~ | [ - (V| = o
(4.51)

Rearrange ({50) and use ({.51) to simplify the terms, and we obtain

<1n S;fﬁ)z] = r’A’—rAE Uttw mz(Vs)ds]jL%E <[+A mQ(VS)ds) 2]

t t+A
(- AE [ / m2<vs>ds] 2B [(f(Visa) = FVD)]

( /t - h(Vs)ds) + pE { /t T hviys /t e )ds}

B {(f(m)—f(m)) / <2ph<vs>+m2<vs>>ds]. (452)

E

2
+ p°E

Now we apply Fubini’s theorem and partial integration to further simplify
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[@52). Note that m?(V,) > 0, Q-a.s., then by Fubini’s theorem for non-
negative measurable functions, I [fHA m2(V8)ds] = tt+A]E [m?(Vy)] ds.

Similarly we have It {( :+A m2(VS)d8> } = :+A AR [m?(Vy)m2(V,)] dsdu

t
foranyt<s<t+Aandanyt<u<t+A,

FE[ h(Vs)h(V, <ooforanyt <t+Aandany t <u<t+ A,
then we have | { ”A } = j*A AR (V) h(V,)] dsdu.
HE[ h(Vym?(V,)|] <ooforanyt < s <t+Aandany t <u < t+A,

then we have

el [ wvaas [ meaaa] = [ [ 8 om0 s

EE[ (f(Viea) — F(V))(2p0(Vs) +m?*(V3)) || < oo forall t < s < t+A,
then we have

B | (7(Vie) = 1) [ otV 4 m(V))as
= [ B0 hea) = 0DV +m(V2)] ds.

Thus we finally have proved (L) from Proposition 2Tl This com-
pletes the proof. O

4.11 Proof of Proposition 4.3.1]

Proof. We apply Proposition .2.1] to the Heston stochastic volatility
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model. We first compute f(z) =2 and h(z) = @, then we have

()
1 ( a’T? 522/”1/2“ ViV dsdu+(2abT+1—p)/oTE[Vs]d8

-1

+§§ﬁwnﬂ—nﬁ+
7=0

20b <A tit tit1
t; t;

i=0

2paT

(E[Vr] = E[Vo])

Furthermore, for all t > 0
E[Vi] =0+ e (Vo - 0), (4.54)
and for all 0 < s < ¢
2
E[V,V,] = 6> + e " (V, — 0) (9 + ;) +e "0(Vy — 6)

ver (0 v+ Do —2v)) + Loert. (455
2K 2K

In particular, this formula holds for ¢t = s and gives E[V;*]. These formulas
already appear in Broadie and Jain (2008a) (formula (A-15)). To compute
K [@54) and [55) are the only expressions needed, and they should
then be integrated and summed.

We have computed all terms in (£.53) with the help of Maple and also
have simplified the final expression given by Maple. It turns out that in the
case of the Heston model, all terms can be computed explicitly and the final
simplified expression for ([L53]) does not require any sums or integrals. We
finally obtain an explicit formula for KX as a function of the parameters

of the model. This completes the proof. 0]
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4.12 Proof of Proposition 4.3.2

Proof. Denote the log stock price without drift as X; = InS; — rt, and

_ 2
Xo = x9. Denote Vy = vy, A = T/n. We have that E {(%) } =

2
E {(h) } +1 —2e™. Thus the goal is to calculate the second moment

St

2
E {(f) } , and note that it is closely linked to the moment generating

K3

function of the log stock price X. Recall the following formulation of the
moment generating function M (u, t) = E[e"Xt] from Albrecher et al. (2007)

M (u,t) = Sf exp {79 <<K —ypu—d(u))t = 2n (1 —1@(6;; W)) }

K—ypu—d(u) 1— e dwt
X exp {Vb " T Qe | ° (4.56)

where the auxiliary functions are given by

K —ypu — d(u)
Kk —ypu+d(u)

d(u) = /(5 —ypu)? + 72 (u—u?),  g(u) =

We first separate out the case of ¢t = 0 and ¢ = 1,...,n — 1. For the first

case, we have

E

So Sz Sz 2

2 2rt1 2rA
(%) |- gElems - e - e, o)

For the second case, with i = 1,2,....,n — 1, we have

2 Stiiq
(Sti+1) ] K [621n( S:; )] _ 627"AE [E |:€2(Xti+1_Xti)

E

)

1—g(2)e” @2

t;

= exp {QTA + H—f ((H —2vp—d(2))A —21In
Y

K—2yp—d(2) 1—e 924
b [eXp {Vti o 1 —g(2)e @A | |-

1—9(2)

(4.58)
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We first define o = 2k60/7? — 1 > 0, and 7(t) = 3—’;(1 — e ")~ Then
from Theorem 3. in Hurd and Kuznetsov (2008), we have

T ol @ s
Bt = (i) <R (4.59)

Combine equations ([L.58) and ([@59), for i = 1,...,n—1, we finally have

2 . Co(e—d(2)A N a+1
(Stz‘+1) _ €2TA+W*S((N_2’Yp—d(2))A_2ln%) 6Vo ,]’Z,Eig)jgg) e rti < 77(?52) ) ’
St n(t:) —q(2)
(4.60)
where q(u) = “—VP;‘;d(“) 1—19_(2)_:11;)(3 ~. Using the definition of M(u,t), we

can factor out M(2,A) from (L60) and finally we have

2 r nit)e ="t a+l
(h) — QM(Q’A)eq@)%(n((ti))—q(z) ‘1) ( n(t:) ) " '
Sti SO n(ti (2)
(4.61)

E

E

When ¢ = 0, we have t; = 0 and since 1, — oo as u — 0, we use
L’Hopital’s rule

/
it = lim U = lim M _ 1.

Mo — q(2) w0, —q(2) w0,
Thus ay is a special case of the formula in ({.61]) when ¢ = 0. From Theorem
3.1 in Hurd and Kuznetsov (2008), equation (£56]) and consequently the
above [{L5]), (59) are well-defined if u < (7). Note that the formula
({.61)) involves the u = 2 case. A sufficient condition for u = 2 < n(T) to
hold is v*T < 1 (since 2 < n(T) is equivalent to 1 — 7 < e T,

Then the final formula for the discrete fair strike follows by summing

the above terms a;,7 = 0,1,...,n — 1. This completes the proof. 0]

15Note that in terms of our notation, the parameters in Hurd and Kuznetsov (2008)
and our parameters have the correspondence a = k0,0 = k,c = 7.

16Note that n(t) is a decreasing function in ¢, thus u < n(T') is sufficient for u < n(t;)
forall i =0,1,....,n.
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4.13 Proof of Proposition 4.4.7]

Proof. For the Hull-White model, from Proposition EL2.T], we first compute
f(z) = 2y/x and h(z) = (£ — 2) \/z, then we have

Sty
(+%)

@+HT z+1)T

—%p Qn ]EK\/ Z+1>T—\/Vm) }d$+2p2q2/ / ff}dsdu

(i+D)T

P 2
E :(1—p—g)/ E (V)] ds + 22

n n?

4 —]E (\/VMT - \/va)Q - ﬁ - K\/V(M)T - \/va) }
/(IH)T/ E ViV, dsdu+pq/(z+nl)T /:IE [\/VSVU} dsdu

(i+1)T (z+1)T

+ pg /T " / B [VViV.] dsdu

= U
n

with ¢ = £ — 2.

We now compute the following covariance terms that are useful in the
simplification of the fair strike KZ"(n). In the Hull-White model, the
stochastic variance process V; follows a geometric Brownian motion. Thus

we have V; = Vjexp <<,u = —) t+ O’W ) Note that

2

2
a a _aps +520°s
BV = Ve e =77,

which will be useful below for a = 1/2, a =1 and a = 2.

s| = O,u’ s| — M__ = 0e? s| = Vo€ 2-
E[V,] = Vpet ]E[\/V] R0 = peS T, B [V7] = V2ekstots

The fair strike for the continuous variance swap is straightforward and

172



is equal to E [ fo Vds] = Yo (e —1). Similarly

e[| - [V 2 (7 1)

and for s < u, we have the following results

E[V,V,] = Viexp (u(u+s) +o’s),

_ 2
E[VIVI] = Voo (Sut o) - =),
- 3 3 2
E [\/stu =V exp (,u <§+u> —|—%s),
- 3 2 2
E [VS \/Vu_ =V’ exp (,u <s + g) - %u + %s) . (4.62)

After some tedious calculations with the help of Maple, we can obtain an
explicit formula as the one appearing in Proposition .41l This completes
the proof. Il

4.14 Proof of Proposition 4.5.1]

Proof. For the Schobel-Zhu model, from the key equation in Proposition
E2.1] we have

St—i—A 2 t+A t+A
(ln 5 ) = PPA? 4 (1—p? — T’A)/ my(s)ds — p/ ms(t, s)ds
t t t

/ M/ (5, u)dsdu + 4p [(V;H-A V?) } (4.63)

t+A HA A
+p / / (s,u dsdu+p/ / my(s, u)dsdu,
t t

E
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mi(s) = E[m*(V)] =E[VZ],t<s<t+A,
ma(s,u) = E[m*(Vom?(V,)] =E[V2V] t<s<t+A, t<u<t+A,
mg(s,u) = E[R(VH)h(V,)] t<s<t+A, t<u<t+A, (4.64)
ma(s,u) = E[RVOm*(V)] t <s<t+ A, t<u<<t+A,
ne(s5) = B[(7(Via) — DT -] o €0 € 64

and E [(VHA —V2) } = B [Vi,\] + BV - 2E [V2 V2], We compute
the following two terms in (£.63) by expanding the products out. For s < u

i (S0 -543) (20|

262 20 0
B | " V.V, - “—(mvi + V) + S (V+ Vo)
72 72 2

K KJ2 ,y2
o V2 V2 _V2v2 o
2 ( s + u ) + 72 s 'u + 4 )

and for t <s<t+ A

ot ) =B [0 - (20 (D= B2 7Y vz

prl v — 2pk
22

=B | (ViaVs — VPV + (ViiaVe = Viv2)

G

It is clear from the above expressions of m; for ¢ = 1,2, ...,5 that they
are all functions of E[V;], E[VZ], E[VY], E[V,V.], E[V2V,], E[V,V?] and

E[V2V2]. We now compute these seven expressions.

Lemma 4.14.1. For the Ornstein-Uhlenbeck process V', introduce the auzx-
iliary deterministic functions es == (Vo — 0)e " + 0, and v(s) := %(1 -
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e2%%) . then

Fort<s<u<t+A

E[V.Vi] = e B [V2] +0(1 — e BV,
E [‘/82‘/“2] _ €—2n(u—s)E [‘/84] + 28€—H(u—s)(1 . 6—n(u—s))E [‘/83]

+ (92(1 — e ) 4 %(1 —~ 6_2”(“_8))) E[V?].
Fort<s<u<t+A
E [V,V2] = e 20=9E [V2] 4 2059 (1 — e~r—)E [V2]
+ (92(1 — ey %(1 — 6_2’“‘(“_5))) E[V,].
Fort<s<u<t+A
E[V2V,] = e " IE [VZ] +60(1 — e " NE [V7] .

Proof. The stochastic variance process V follows

AV, = —k(V, — 0)ds + vdW 2.

(4.69)

(4.70)

(4.71)

On p120 of Jeanblanc, Yor and Chesney (2009), one finds that the exact

solution of the above SDE is

Vo=Vo—0)e " +0+~ / e D aw P
0
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We can compute

es = E[V)] = (Vo — )™ + 0, (4.72)
v(s) = Var[Vi] = ;—(1 — ey, (4.73)

K

and the higher moments can also be computed

E [V7] =€+ v(s). (4.74)

E [V?] = e + 3esv(s). (4.75)

E [V}] = e; + 6€e2v(s) + 30v*(s). (4.76)
For s <u, E[V, | VJ] =E [(V, — 0)e "% + §], and

=B [Vi((Vs — 0)e "= 4 0)]
= e "I V2] +0(1 — e " NHE[V].

Now we can compute the continuous fair strike as

K. = lE /TV2d _ l/T ((V _9) _,{5+9)2_‘_’Y_2(1_ —255) d
c T 0 S S| = T o 0 e 2,% e S
1_ —rT 2

C Lyl

2 —2rT
_ 22\ 1lze o —-

2K 25T
For s <u
E[V2VP] =E[VE [V7|Vi]]

=F [ij (((Vs —f)e ") £ 9)? 4 %(1 — 6—2“(“—8)))}

Kk(u—s E [Vﬂ + 20e” K(u— s)(l . e—n(u—s))E [‘/33]

6_2

,y2

( 1 . 6—n(u s )2 + 2_(1 . 6—2n(u—s)>) E [‘/82] ’
K
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E[V.V?] = E [V.E [V | Vi]]

=E {Vs((v —0)e ) 4 9)% + 32(1—6—2““—5))}

e—2/~c(u s) [V3:| + 286—/4 u—s (1 . 6—n(u—s)>E [‘/82]

—/i(u $)\2 7_2 1 — —2k(u—s) EI[V.
N+ L e ) By

E[V;V.] =E[VEV.| V]
=E [V2((Vs — 0)e ") 1 0)]
= IR V2] + 01— e E [V

In the above expressions, the moments E [V], E [VZ], E [V?] and E [V
are already calculated in (472), [@14), ([A75), and ([@T76). Then we can
substitute the corresponding inputs into equation (£63)), sum up the terms,
and obtain K3;Z(n). This completes the proof. O

4.15 Conclusion of Chapter (4

This chapter provides explicit expressions of the fair strike of discretely
sampled variance swaps in the Heston, the Hull-White, and the Schébel-
Zhu models. For the Heston model, the explicit closed-form formulae sim-
plifies the expression obtained by Broadie and Jain (2008a) in equations
(A-29) and (A-30) on p793, where several sums from 0 to n are involved.
Our formulae are more explicit (as there is no sums involved in the discrete
fair strikes), and easier to use. The explicit closed-form formulae for the
Hull-White model and the Schébel-Zhu model are new. Asymptotics of
the fair strikes with respect to key parameters such as n — oo, T" — 0,
Kk — 00, 7 — 0 are new and consistent with theoretical results obtained in
Keller-Ressel and Muhle-Karbe (2012).
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5.1 Introduction

This chapter is based on the publication Bernard, Cui and McLeish (2012)
in the International Journal of Theoretical and Applied Finance. In this
chapter, we propose a new and nearly unbiased Fourier inversion technique
using Monte Carlo simulations. Our approach allows us to simulate directly
from the characteristic function without any discretization or biased ap-
proximation. We then show that it can be useful to solve multidimensional
complex problems in finance and illustrate the study with the pricing of

some exotic options and with the simulation of first passage times.

It is well-known that Monte Carlo simulations can outperform numer-
ical integration techniques when the problem involves high dimensions.
However, the exact number of dimensions at which Monte Carlo techniques
start to outperform deterministic methods (Fourier expansion methods) is

generally unknown and depends on the problem at handL..

One application of our approach is to allow us to simulate from the
characteristic function directly. Existing methods involve a discretization
and/or a truncation and therefore a bias. Standard inversion techniques
usually require the discretization of an integral (Abate and Whitt (1995),
Weeks (1966)). Some simulation techniques have made use of the sad-
dlepoint approximation (Carr and Madan (2009), Lewis (2000), McLeish
(2013)) but they are biased estimates because of truncation. Our Monte
Carlo approach is unbiased when the support of the distribution is finite
and is nearly unbiased otherwise. It can be applied to problems involving
the inverse of a characteristic function in which the characteristic func-
tion can be efficiently evaluated. In many financial market models, the
characteristic function of the log stock price is known, for example in
affine stochastic volatility models (Duffie, Pan and Singleton (2000)), with
time-changed Lévy processes (Carr and Wu (2004)), or in affine stochastic
volatility combined with affine stochastic interest rate models (van Haas-
trecht and Pelsser (2011a, 2011b)). We will illustrate our technique with

For example, Genz and Malik (1980) show that 8 dimensions is the turning point
after which the deterministic Genz-Malik rules are beaten by the Monte Carlo method.
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the pricing of standard call options and forward-starting options in the

Heston stochastic volatility model.

Another application of our method is to simulate first passage times
directly without simulating the trajectories of the underlying processes.
This is especially useful when the characteristic function of the first pas-
sage time has a simple expression but its probability density function is
complicated. For example, the characteristic function of the first hitting
time of an Ornstein-Uhlenbeck process to a given level is known (Alili,
Patie and Pedersen (2005)). Similarly the characteristic function of the
“Parisian time’H has a simple closed-form expression in the Black-Scholes
framework. We are then able to get an unbiased simulation of this first
passage time and also give the price of a Parisian option. Similar as bar-
rier option prices (Broadie, Glasserman and Kou (1997)), Parisian option
prices obtained by Monte Carlo simulations are very sensitive to the dis-
cretization step used in the simulations of the trajectories of the underlying
(Bernard and Boyle (2011)). In this chapter we illustrate our study with
the pricing of continuously monitored Parisian options. We also show that
it can easily be extended to Parisian options with multiple levels, which
requires multidimensional integrations and can be handled through Monte
Carlo simulations easily. These multi-level Parisian options have recently

appeared in CEO compensation packages.

In the option pricing literature, especially for multi-dimensional option
pricing problems, several authors have proposed the use of (deterministic)
Fourier approaches, see Dempster and Hong (2000), Fang and Oosterlee
(2008), Jackson, Jaimungal and Surkov (2008), Leentvaar and Oosterlee
(2008), and Ruijter and Oosterlee (2012). The above papers all use effi-
cient numerical techniques (by deterministic Fourier expansion methods) to
find option prices. Alternatively, simulation is a general approach often re-
quiring less programming efforts than deterministic numerical techniques.
However, numerical methods, carefully adapted to the problem at hand, are

usually faster than simulation when we want to estimate a single quantity.

2The Parisian time is the first time that the underlying process spends more than a
given amount of time above (resp. below) a given barrier.
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For example, in Table 6.1 of Ruijter and Oosterlee (2012), the convergence
of the numerical scheme is reached in milliseconds. The simulation method
can not achieve similar speed due to the additional noise in the random
numbers. However, the information obtained through numerical methods
is often one-dimensional (e.g. option prices or Greeks), whereas the simu-
lation allows the estimation of a number of parameters with a single run,
including error estimates. Thus it is hard to make a “direct comparison”
between numerical methods and simulation methods. They both have their

pros and cons.

Our inversion technique relies on the Fourier inversion formula used in
Fang and Oosterlee (2008). However unlike that paper, we do not truncate
the Fourier series at an arbitrary fixed number of terms but add an unbiased
estimator of the truncation error and are thus able to obtain an unbiased
estimate of the inverse of the characteristic function using a very small

number of terms of the Fourier series.

In this chapter, the new result, which contributes to the current litera-
ture, is as follows: Theorem [£.3.1l It presents a novel randomization idea
applied to the unbiased estimation of the density function, and is later ap-
plied to the construction of unbiased importance sampling weights in our

importance sampling Monte Carlo algorithm for estimating option prices.

The chapter is organized as follows. In Section B.2] we first describe
two financial problems that require the inversion of characteristic functions
and involve more than one-dimensional integration. The first problem is
the pricing of forward-starting options in the Heston model. The second
problem is the pricing of Parisian-type options in the Black-Scholes set-
ting (standard Parisian options and multi-level Parisian options). We first
show how the no-arbitrage pricing of a series of multi-level Parisian op-
tions can be reduced to a problem with similar complexity to a standard
Parisian option. In this case it can still be argued that deterministic meth-
ods (Fourier expansion methods) are more appropriate in that they would
give a faster answer (although slightly biased). These multi-level Parisian

options are indeed of practical importance as they appear in the design of
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recent executive stock options (see Bernard and Boyle (2011) and Bernard
and Le Courtois (2012)). The pricing and risk management of executive
stock options are different from the no-arbitrage pricing of traded options.
Next, we present the Fourier inversion technique by Monte Carlo in Section
(.3l In Section [5.4] we illustrate this approach by solving the two original
problems presented in Section 5.2l Section concludes the chapter.

5.2 Option pricing

The purpose of this chapter is to propose a nearly unbiased inversion of
characteristic functions by Monte Carlo simulations. This section presents
two pricing problems for which it is difficult to obtain unbiased estimates.
First we look at pricing in the Heston stochastic volatility model. We
start by a standard call option and then price a forward-starting option
which is a mildly path-dependent option that depends on two dates. We
then solve the problem of pricing continuously monitored Parisian options
in the Black-Scholes setting. Standard Parisian options and multi-level
Parisian options are considered. These two applications are here for the
purpose of illustration. Our technique can be applied to problems involving
the inversion of a characteristic function that can be easily evaluated and
when the corresponding cumulative distribution function is unknown or
difficult to invert.

5.2.1 Option pricing in the Heston stochastic volatil-
ity model

In the Heston model, the dynamics of the stock price S; and its variance

V; can be written under a risk neutral probability as follows

Sy = rSudt + \/ViSi(pdWi(t) + /1 — p>dWa(t)),
AV, = k(0 — V) dt + o/ V,dWi (1), (5.1)
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where Vo > 0, k > 0, 8 > 0, ¢ > 0, where W; and W, are indepen-
dent Brownian motion processes, and —1 < p < 1 is the correlation be-
tween the Brownian motion processes driving the stock price process and
its stochastic variance process. In this model, the process V; is a Feller or

Cox-Ingersoll-Ross process (Cox, Ingersoll and Ross (1985)).

Forward-starting options

A forward-starting option is the advance purchase of a put or a call option
with a strike price that will be determined at a later date. A forward start-
ing option becomes active at a specified date in the future. Its premium is
paid in advance. The time to expiration and the factor K in the strike are
established at the time the forward-starting option is purchased. Typically
a forward-starting call option written on an underlying S has a terminal
payoff (St, — KS,)*, where 0 < T} < Ty and where the contract is issued
at time 0.

Relevant characteristic function

The stochastic differential system (G.I]) can be integrated in the following

form

Sy = Syelr= 5 THEWVr VO + (5 =3) Jy Vedt+/ g Vadtn/1-p°Z (5.2)

where Z ~ N(0,1) is independent of (V7, fOT Vids). This formula can be
found in Broadie and Kaya (2006) or in Lemma 2.1 of Bernard and Cui
(2011).

Given the expression ([5.2)), S has a lognormal distribution conditional
on (Vp, fOT Vids). Therefore it is of particular interest to simulate jointly
the spot variance Vr at time T" and the accumulated variance fOT V.ds over
the period [0,7] to simulate the underlying stock prices and get option
prices.

The marginal distribution of V7 is well-known (see Glasserman ((2004),
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Section 3.4.1)). Broadie and Kaya (2006) provide an expression for the

conditional characteristic function of fOT Vids given the values Vy and V.

6(u) =F [exp (w /0 : Vsds) ’ vo,vT}

4D(u)e_%D(")T
D(u)e- @@ (q _ =1y v (V VOVTW)
- — DT : ke
k(l—e ) I, ( /VOVTUz4(1_7;—~TT)>
1 —kT D 1 —D(uw)T
exp (VE)+VT {Fa( +e ) (u)(1+e )})’ (5.3)

o2 1 — T 1 — e~ DT
where D(u) = v/k2 — 202%ju, and v = 2k0/0* — 1, and I,,(z) is the modified

Bessel function of the first kind with degrees of freedom v.

Notice that the characteristic function (5.3]) contains the complex loga-
rithm problem because of the presence of D(u). In particular one observes
a complex-valued modified Bessel function. If we restrict the logarithm to
its principal branch, as it is done in most software packages, the charac-
teristic function can become discontinuous and results in inaccurate option
prices. This issue is rigorously analyzed in Lord and Kahl (2010). They

propose the following formulation for the characteristic function. Define

D(u)e—%D(u)T
sy = 2

and

f(u)zl_i%-

Then to avoid the complex logarithm problem, from Lemma 4.2 and The-
orem 4.3 in Lord and Kahl (2010), the characteristic function should be

evaluated as

o) x eXP(Vth(;(U)))j (5.4)

where ¢(u) is given in (03] and evaluated using the principal branch for
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the modified Bessel function. The term In(z(u)) is evaluated based on the
expression In(z(u)) = —3D(u)T + In(f(u)), with In(f(u)) restricted to its
principal branch. The denominator of (B.4) is evaluated using the principal

branch of the complex power function.

5.2.2 First two moments of fOT Vids| Vo, Vi

For the first two moments of the aggregate volatility process, we cite the
following result from Tse and Wan (2013) (with appropriate modifications

to our notation).

Lemma 5.2.1. (Proposition 3.1, Tse and Wan (2013))

Let 6 = 4k0/0?, v = 0/2 — 1, C) = coth(kT/2), Cy = csch*(kT/2),
C. = 2k(c%sinh(kT/2))™' and z = C./VoVr. The mean and the variance
of I. = fOT Vids| Vo, Vi are

K(0) = B[L] = E[Xi] + E[Xo] + E[n]E[Z]
K'(0) = Var[l] = 0%, + 0%, + Elnjoz + (E[n*] — E[]*)E[Z7],

where

E[Xi] = (Vo +Vr)(Ci/k —TCy/2),
0%, = (Vo + Vi) (0?C1 /K> + 0°TCy [ (2k%) — 0*TC1Cs/ (2K)),
E[X] = d0*(—2 + kT Ch)/(4K%),
0%, = 00 (=8 + 2kTCy + K*T*Cs) /(8K"),
E[Z] = 4E[X,]/4,
oy =4do%, /6,
Eln] = z1,11(2)/(21,(2)),
E[n*] = 2*L,42(2)/(41,(2)) + E[n].
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Pricing options by inversion and conditioning

To obtain an unbiased estimator of the price of a standard call option,
we simulate from the couple (Vr, fOT Vids) using the formulation of the
characteristic function in (54) and the method presented in Section
Moreover using the expression (5.2), conditional on (V7, fOT Vids), the stock
price St is lognormal and therefore the Black-Scholes option price can be
used (see Theorem 2.1 in Bernard and Cui (2011)). This is an important
step in reducing the variance of the estimate. The price of a standard call

option with maturity 7' can be expressed as
E |:CBS <‘§b7Ka 7“,3, T>i| )
where Cpgg is the Black-Scholes formula with initial underlying price

T
S() Z:S() (VT,/ Vsds)
0

oT 2 T
—Sp exp (rT—pFL +£(VT—V0)+(ﬁ—p—)/ tht),
o o o 2 0

and volatility level 3 := 3(f; Vads/T) = /(1 — p?) [ Vidt/T.

Our method provides an alternative to that presented in Fang and Oost-
erlee (2008), who simply truncate the Fourier series with sufficiently many
terms that a high degree of precision is possible. However the advantages
of obtaining an unbiased Monte Carlo simulation are not evident, unless we
have a high dimensional problem. It is well-known that the complexity of
Monte Carlo techniques, unlike other numerical methods, does not increase
with the number of dimensions. For example, an integral over the inverse of
the characteristic function, essentially a two-dimensional problem, would
theoretically require an infinite number of characteristic functions inver-

sions.

Consider now for example pricing a forward-starting option. The idea is
to simulate (V7,, fOTl V,ds) and then simulate (V7,, fTTf V,ds) conditional on

the first simulation. It obviously involves a two-dimensional integral. More
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generally, this technique can be extended to more than two dimensions and
an iterative unbiased simulation of (St,, St,, ..., S7,) is possible. Such ap-
proach allows to price path-dependent derivatives in the Heston stochastic
volatility model, such as discrete Asian options, discrete Lookback options,

discrete barrier or Parisian options.

Moreover the inversion proposed in this chapter (Section (.3 requires
only a very limited number of terms in the Fourier series (as small as 3 to
10 terms) instead of comparatively larger terms (16 terms) to get a precise

unbiased estimate by the Fourier-cosine series of Fang and Oosterlee (2008).

5.2.3 Parisian options

We now develop a second example where the technique proposed in this
chapter is very powerful. It consists of the pricing of Parisian type options
and more generally of the unbiased simulation of first passage times for
which the characteristic functions are known. A Parisian option is simi-
lar to a barrier option but the activation (resp. deactivation) condition is
more complex. The underlying process needs not only to reach some given
threshold but to stay beyond it for some period of time. As explained by
Labart and Lelong (2009), “[as for standard barrier options, using simula-
tions leads to a biased problem, due to the choice of the discretization time
step in the Monte Carlo algorithm”. Using our approach we can obtain
unbiased estimates of Parisian option prices without discretizing the entire

path of the underlying process.

The simulation technique presented in this chapter requires an explicit
expression of the characteristic function of the random variable to be sim-
ulated. Here we are interested in Parisian times which are defined be-
low. There are very few models for which their characteristic functions
have been derived. In this chapter we choose to work in the Black-Scholes
model where expressions for the characteristic functions of Parisian times
are available. These characteristic functions are also obtained by Dassios
and Wu (2011) when the underlying is a standard compound Poisson pro-

cess with negative jumps, which is not a very good model for stock prices.
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Albrecher et al. (2012) provide a procedure for pricing Parisian options un-
der a jump diffusion model with two sided jumps but they do not provide

the characteristic function of the Parisian time directly.

Financial market

To evaluate this option, we assume a Black-Scholes financial market, thus
a complete, frictionless, arbitrage-free financial market. Let () denote the
(unique) risk-neutral measure. The underlying stock price S is modeled by
the following diffusion:

ds,

—t = (r — q)dt + 0dZZ, (5.5)

St
where Z9 is a Q-Brownian motion, r is the constant continuously com-
pounded risk-free rate, ¢ the continuous dividend rate and o the volatility.
The solution of (B.3]) is S; = 2e?M+Z7) where m = - (7’ —q— "—;) and
z = S;. Denote by Q the probability measure defined on F; by the Radon-
Nikodym density :

dQ

dQ

_ 2T
= exp (—mZ;2 + = ) ;

. 2

then ZtQ = Z2 4+ mt is a Q-Brownian motion (using Girsanov’s theorem).
Under Q, S; is of the following form and has no drift

Sy = v %y (5.6)

Up and in Parisian option

To specify a Parisian option, we introduce some additional variables. Let
T be the maturity of the option and K its strike price. Let L > S, be
the barrier level and D the sojourn time. The option is activated if the
underlying spends more than a time interval D (continuously) above the

barrier, L before the maturity 7'. Since this is an up option, we monitor the
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time spent above the barrier. To formulate this, we consider the functional

gE(S) which is the last time before ¢ the process S reaches the barrier L:
g/ (S)=sup{s <t| S, =L},

where we use the usual convention that sup {(}} = 0. Note that gZ(9) is
not a stopping time. We denote by 7, the Parisian time: that is the first

time the price remains longer than D units of time above the barrier L
7=inf{t > 0| (t — g*(S))1g,> = D}.

These formal definitions are illustrated in Figure b1l We show two pos-
sible trajectories of the underlying S. To activate the option, the process
(St)te[oﬂ starting at Sy = 100 has to stay continuously more than 9 months
above the level L = 180 in the next three years. In case the Parisian con-
dition is satisfied, g~ is the last time the underlying hits the barrier level
L before 7. Note that the dotted trajectory in Figure [5.1] would have acti-
vated a standard up and in barrier option with level L but the path does

not stay above L long enough to activate the Parisian option.

Mathematical properties

The derivation of the price of a Parisian option requires a few mathematical
properties that were originally given by Chesney, Jeanblanc and Yor (1997).
Given the expression ([5.6]) for S; under Q, the barrier level for the Brownian
motion Z9 is given by

¢ = /%) (5.7)

g

We now recall properties of 7 and Z? under Q. First 7 is a stopping time

and 7 and ZQ are independent. The distribution of Z, under Q is given

T omew)- (5o (U o
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Figure 5.1: Hlustration of the Parisian condition

Two possible trajectories of the underlying S. The barrier level L = 180. We show
the first time the Parisian condition is met: it is indicated by 7.

3501
D=9 months=0.75 year D
T=Maturity=3 years
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time (in years) va.(S) <

The standardized density f(z) = ze~™/2 for x > 0 has moment generat-

2
ing function E(ePX) = 1+ pv/2rez ®(p) where ® is the standard cumu-
lative normal distribution function. Therefore Z9 has the distribution of
{++/DX, then Z% has characteristic function

Tw

s L\ "
E [e“”Z?] - <—) U(ivDuw), (5.9)
So

where W(z) :== 1+ 2 QWeéCI)(z).
The characteristic function of 7 is given by Labart and Lelong (2009)

using the original expression for the Laplace transform of Chesney et al.
(1997). Let 0 denote v/—2iu. Labart and Lelong (2009) proveH that the

3Furthermore, in the Appendix of their chapter, after Lemma B.2 Labart and Lelong
(2009) prove that the density of 7 exists, is C*°, that all derivatives (k > 0) of the density

f verify f*)(t) — 0 when t goes to +oc and that I [eiq‘”} =0 (e‘m\/m) (see Lemma
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characteristic function of the up Parisian time is given by

o _ ()

v(0v/D)  w(0v/D) if So < L

E [¢"7] = (5.10)

M(u,0,0,5,L) otherwise,

e?®(0VD+ s ) +e %o (-0VD+ %)

where M (u, 0,0, Sy, L) = e <1 — 2P <%>>+

and where ¢ is itself a function of Sy and L: ¢ =

T(0v/D)
M. The expressions
in (5.I0) for the characteristic function factor naturally into several com-

[}
(2)° So\ 7 TR
qj(;\/ﬁ) = (52)7 x SavD) S the product of the

characteristic function of two independent random variables, one the first

ponents. For example

passage time from Sy to L and the second the Parisian time beginning at
the barrier L. Similarly M (u, 0,0, Sy, L) applies when we begin above the
barrier Sy > L (so ¢ < 0) and consists of the characteristic function of the

VD
above the level L for the first D units of time, plus

constant D times 1 — 2P <L> , the probability that the process remains

e ® («9\/5 + %) + e %P (—9\/5+ %)
ey |

(which is the conditional characteristic function of the Parisian time given

(5.11)

that the first passage to the barrier occurs in the first D units of time),
multiplied by the probability of that case, 2® (%) again multiplied by
the characteristic function m of the Parisian time beginning at the
barrier L. This decomposition will be of value in the simulations below.

Up and in call option formula

The price of an up and in call option can be expressed as follows

Ct=e"Eq[(Sr—K) 1,.1]. (5.12)

B.2).
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Proposition 5.2.1. The price of an up and in Parisian call can be calcu-
lated as g [h(T, Z;)] where

hr, 2.) = e +5)T (70 (@) - K@ (&) Lear,  (513)

. (U+m)2 . —~ m_2 B ~
where T = xelotmZr+=—5—(T-7) gnd K = Ke™%+=T=7) gnd where dy =

n(E 7> 0'2(T—‘r) ~ ~
RS and dy = dy — o/T — 7.

Proof. Using earlier notation, the expression (5.12)) becomes

then

7

m2 o) 5\ +
ct = 6_<T+7>TEQ {(ze(‘”rm)z? - Kemzig) 1T<T] .

Finally note that Z2 is independent of 7 and Zi('? = 79 + (Zi('? — Z9) is
oT+m 2
the sum of two independent increments. Denote z = gelotm) Ze+ T4 (T =)

~ m2
and K = Ke™4t"%5 (I=7) then

5 5\ t ~ ~ ~
Eg {(xe(ﬁm)z? ~kes?) "I, ZT] — 50 (4)) - Ko (&)

~ n(z > 0'2(T—7') ~ ~
where d; = % and dy = dy — o/T — 7. (B13) follows. O

Simulation procedure

The price of a Parisian option is given by Eg[h(Z;,7)1,;<7], an expecta-
tion under @ (expression (EI3) of Proposition [F.2.1]). It uses two random
variables, the Parisian time 7 and the value Z, of the Brownian motion at

that time. To determine the price of a Parisian option, we simulate val-
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ues of 7. For each value of 7, (Z, — £)® is exponential with parameter 2D

where ¢ = n(&/50)

. Note that this simulation procedure does not require
the discretization of the trajectories of the underlying stock price and gives
an estimate of the Parisian time directly. The specific algorithm will be

given in Section (£.4.2

5.2.4 Multi-level Parisian in executive stock options

As mentioned earlier, Monte Carlo techniques are more useful for multi-
dimensional problems. The problems presented so far involve one or two
dimensions. However Parisian options can be useful in arbitrarily high
dimensional problems. We give an illustration of “multi-levels Parisian

options” and their potential use in executive compensation.

Description

In their chapter, Bernard and Boyle (2011) describe the compensation
package awarded to Merrill Lynch’s CEO, Mr John A. Thain in late 2007.
The details of the compensation package can be found in Section 5 of
Bernard and Boyle (2011) or originally in a Form 8K filed with the SEC,
dated November 16, 2007 (available in the EdgarH database). This pack-
age consists of several tranches of “Parisian-style” options. We describe
a generic package made of three tranches to illustrate how the inversion
technique described in this chapter is well-suited to this problem. Assume
that it has a maturity of T" years and that the initial stock price is Sy. The
details of the tranches are as follows. Assume Ls > Ly > L1 > Sy = K.

e Tranche One: A payoff (S — K)7 is paid at time 7" if and only if the
stock price stays above the first barrier level L; for a period of time

D before T'. Tranche One is a standard Parisian option.

e Tranche Two: A payoff (S — K)7 is paid at time 7" only if Tranche
One is granted before T and in addition if and only if the stock price

“http://www.sec.gov/edgar.shtml
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stays above the second barrier Lo > L; for a period of time D after

Tranche One is granted and before T'.

e Tranche Three: A payoff (Sr— K)7 is paid at time 7" only if Tranche
Two is granted and in addition if and only if the stock price stays
above the third barrier Ly > Lo for a period of time D after Tranche
Two is granted and before T

The price of the second (resp. third) tranche are definitely lower than
standard up-and-in Parisian options because there is an additional condi-
tion that needs to be satisfied in order to activate the option, that is that

Tranche One (resp. Tranche Two) needs first to be activated. Define 7y by
m = inf{t >0 (t - g/ (9)ls>r, > D},
and 7; for i = 2 and ¢ = 3 as follows
m=if{t > 71+ D|(t— g/ (S)ls>r, = D}

7; needs to be higher than 7;,_; + D, in other words, gtLi(S ) > 7;_1, which
guarantees that the Tranche 7 only starts after Tranche i — 1 is activated.

The price of the Tranche i is obtained as
Ele ™ (Sp — K) " ner].

Note that when the sojourn time D is equal to zero, Parisian options are
standard barrier options. For barrier options, there is no difference between
the sequential exercise described above and granting three independent
barrier options. Indeed to satisfy the second condition, the underlying
needs to go up to level Ly and thus first pass through the level L; < Ls.
The price of the sequential standard barrier contract is thus equal to the
sum of the three barrier options prices. In general D > 0 and the pricing of
Tranche Three is a real challenge because it seems to involve four random
variables S7, 71, 7 and 73. We now show that the no-arbitrage pricing

per se of these Tranches is still a one-dimensional problem. However the
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risk management of these tranches for the company and the valuation by
“certainty-equivalent” by the CEO are both multidimensional problems as

shown below.

Pricing of multi-level Parisian options

It is not possible to develop a closed-form expression for the characteristic
function of the multilevel Parisian option and we are only able to ob-
tain conditional characteristic functions. We deal with only continuously-
monitored Parisian options, and in practice Parisian options are usually
monitored discretely. A Monte Carlo approach is natural and performs
well as it will appear later. More generally the firm may be interested in
the distribution of costs to a firm where several such options are offered.

This will be a function of (71, S5, T2, Sry, 73, Sty ).

16
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Figure 5.2: Two-level Parisian times

Two-level Parisian times are illustrated in Figure[B.2 with levels L; = 11
and Ly = 12 and D = 0.5. Note that the second arrow illustrating the
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second tranche must begin to the right of 7y, the first parisian time. The
process renews at the point (71, S;,) in that the future of the process after
time 71 depends only on this point. This implies that the dotted arrow,
representing 7 — 71, is independent of 77 and is another Parisian time.
However its distribution depends on S;, and more precisely on the ratio

between S;, and L. as illustrated hereafter.
V—=2iu

@ o
Define ¢;(u) = E[e™m=7-D|7,_1, S, ]. Then ¢;(u) = \(pﬁ\l/)_zw)’ and

CZ(U) _ ]E[eiU(Ti_Tiil)]]'STi,1<Li

= E[ew(n_nil)‘n—h STi—l]]lS‘ri_l <L; t E[ew(n_nil)‘n—la STi—l]]lSTi_1>Li
V—=2iu
(STi—l ) .
L;
- ]lSTi_1<Li + M(”u g, 87 Sﬂ-_lu Li)]]-STi_1>L¢7

U (v/—2iuD)

where M(-) appears in (5.10).
The precise simulation algorithm for multi-level Parisian options is
given in Section (£.4.2

Ti—1, STz'fl] + E[eiu(n_nil)]lsriq?[/i

Ti—1, Sn-,l]

Related multidimensional problems

There are many related problems to the issuance of these CEO compensa-
tion that are complex multidimensional problems. First, not all CEOs use
the no-arbitrage price to evaluate their compensation package, and some
use indifference pricing. Second, the risk management issues for the com-
pany which is granting these three tranches to a CEO are more complex

than the above pricing.

A company that offers the above package to its CEO might be interested
in the distribution of the aggregate payments X

X = (S — K) oyer + (Sp — K) Lo + (Sp — K) loer,  (5.14)

in order to compute Ep(f(X)) where f is a function (possibly non-linear)

and where the expectation is taken under the real probability measure P.
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The three cash-flows of the above sum are dependent and X is a function of
(St, 711,72, 73). It is straightforward to sequentially simulate the four vari-
ables that we are interested in. We start by simulating 7y, S;,, then 75, S,
given 7y, S;,, finally 73,57, given 75, S;, and finally Sr given S;,. We can
then estimate any quantity involving the joint distribution of (St, 71, 79, 73).
This would not be straightforward with deterministic inversion techniques.
This is explained for instance in Bernard and Le Courtois (2012): CEOs
usually evaluate compensation packages by indifference pricing, finding the
amount C' which makes them indifferent between receiving the cash amount
C and receiving the compensation package. Note that the use of power util-
ity functions is standard for the valuation of executive stock options (see
Chance (2009), and Hall and Murphy (2000)). Assume for instance that an
executive portfolio contains an initial amount of cash C', n units of stocks
S, and m multi-level Parisian packages consisting of three tranches as de-
scribed above yielding the payoff X at time T given by (B.14]). The final
expected utility of this manager is given by Ep (U (CerT +nSyr+mX )),
where Ep is the expectation in the physical world, r is the risk-free rate
and U is the CEQ’s utility function. The value of the compensation pack-
age X is the amount of cash V' that should be granted to an executive in
order to achieve the same level of expected utility. Therefore, V(C,n,m,~)

(denoted hereafter by V') is the solution of the following equation:
Ep [U(Ce™" +nSr+mX)] =Ep [U((C+V)e'" +nSr)].  (5.15)

The determination of the value V' of the compensation package is usually
done via Monte Carlo techniques. Since X depends jointly on 7, 75, T3

and Sr, it is clearly a high dimensional problem.

Both the risk management of the cash-flow X in (5.14)) and the equation
(E13) are computed under the real probability measure P. Under the real
measure P, the underlying stock follows dS;/S; = (u — q)dt + odZF, and

by the Girsanov theorem, we have the following result

- 2T
= exp (—mijQ + mg ) ,

dQ

dpP

Fr
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2

where mp = “_qa_%, and where Zf’i2 = ZI' + mpt. Then,

2
mpT

D) ) f(71772773, ST):|

m2T S "tTP
- 6_%EQ [(l) f(T17T27T37ST)] .

T

Ep [f(71,72,73,57)] = Eg {exp (mPZJC’:2 —

Therefore all simulations will be done under Q.

Parisian options as performance based stock options have not only ap-
peared in actual CEO performance packages (as the one granted to the
Merrill Lynch CEO in 2007) but have also been proved to have superior
properties to the standard CEO compensation packages (Bernard and Le
Courtois (2012)). After the scandals of big banks’ compensation before
their bankruptcy, there is a real need to rethink the design of executive
compensation to encourage managers to take the right decisions. It seems
that path-dependent packages may be useful in this area. A multi-level

Parisian options is only one example.

5.3 Simulation using the characteristic func-

tion

HereH we provide the main ideas of our simulation method. Assume that
we only have information about the characteristic function of the random
variable Y, but not its density function fy(.). Clearly acceptance-rejection
method does not work because we can not bound fy(.) without knowing
any information about it, and naturally we are led to using importance
sampling methods. The advantage of the importance sampling method
is that we can simulate from a reference density (usually a simple one,
such as the Uniform distribution we choose later), and then attach weights

to the simulated values. The weights are constructed from the Radon-

5This paragraph is not in the publication Bernard, Cui and McLeish (2012). It is
included here to better reflect the goal of our method.
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Nikodym derivatives, and the numerator of it contains the fy(.), which we
do not know. To bypass this difficulty, we use the “randomized importance
sampling” (RIS), which requires us to unbiasedly estimate the importance
weights. There is a classical Fourier series expansion of the probability
density function(see Proposition [5.3.1]), and our aim is to introduce a novel
randomization to unbiasedly estimate fy(.) using random but finite terms
of the series. Then we can unbiasedly estimate expectations of functionals
of Y.

5.3.1 Distributions with bounded support

Proposition 5.3.1. Suppose Y is a continuous random wvariable on the
interval (—m, ), with the probability density function fy(y) and the char-

acteristic function

Oy (u) = ¢r(u) + ida(u).
Then the Fourier expansion of the probability density function of Y is given
by

Frly) = o+ = 3" () costng) + a(m)sin(m)]  (5.10

=—+ Re(Zgby —my>,

where y € [—m,7].

The proof of Proposition 5.3 ] is standard. See for example formula (4)
on p283 of Madan and Seneta (1990) with ¢ = 0 and v = 1. Pointwise
convergence of the Fourier series is a subject of considerable research but
for simplicity let us assume that fy € £2 so that convergence holds at least
in £? (in fact, the Fourier series converge a.el). We will assume throughout
sufficient smoothness (e.g. piecewise continuous) of the probability density

function so that the Fourier series is absolutely convergent, > [¢y (n)| < oo.

6This is the Carleson Theorem, see Carleson (1966).
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Then the limit is continuous and coincides with fy(y) almost everywhere
(see Rudin (1966), Section 9.4). So in this chapter we will not need to
distinguish notationally between the probability density function fy (y) and
the limit of its Fourier series. Absolute convergence of the Fourier series
holds under very weak conditions, for example if fy is a function of bounded

variation and satisfies a Holder condition
Ify(x) — fy(y)] < Clz—y|* for some o > 0.

Our objective is not a precise value of f(z) but an unbiased estimator of

it and the following is the main result.

Theorem 5.3.1. Suppose Y is a bounded random variable a <Y < b with
piecewise continuous probability density function fy(y). Let the character-

istic function of Y be

¢y (u) = [Z“Y] ¢1(u) + iga(u)

W\py(u)|,  for a suitable real function 6(u),
and assume that k = Y |py(u,)| < oo where u, = Z% and ny € N*
n=ng

(positive integer). Suppose M is a random variable such that

1
P(M =u,) = e |oy (un)| forn = ng and n € N*, (5.17)

Then

no—1
Fr(y; M) = % + —Re (Z by (un) _w”y) + bQ_k:a cos(My — 6(M))

= 5 g 2 ) o) + () )
+ bQ_k cos(0(M) — My) (5.18)

is an unbiased estimator of fy(y) at continuity points y of fy (y) with stan-

dard error less than 2k
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Y

Proof. Define X = ¢Y — d where ¢ = b a, d= ZTJFSW. Then — 71 < X <7

dx(u) = e gy (cu) and ¢y (cu) = ) |py (cu)] .

oo

= 1 Z [p1(n) cos(nax) + ¢o(n) sin(nz)]

™

1 —inT
:%—F;Re (;Cb)((n)e ) :

Therefore since fy(y) = cfx(cy — d)
fY(y) _ i + ER,G Z¢X —zn(cy d)

C &
= __ 4 “Re e —ind cn —in(cy—d)
2r om Z ov(

no—l 0
— % + %Re ; Py (en)e Y | + C?Re (;0 e~ incy pif(cn) |¢Y§€C”)|>
~ “ 1R - A i(0(M)~My)
=5 + —Re HZ; oy (en)e + ?E[Re (e )]
n()——l
— c + ERe Z gby(cn)e_mcy + —E[COS(@(M) My)]
2r 0 om — ™

b i P & X_: (01 () cos(uny) + d2(un) sin(u,y)] + %E[COS(G(M) — My)].

n=1

202



4k?
—=Var(cos(6(M) — M

k2

= ?Var[Re (ei(e(M)_My))]
Ak? ; _
R B[Re (10020

2]{32 o ) )
C7T_2Re ( Z €—2zncye2u9(cn) |¢Y E{Cﬂ) | )

Var(fy(y; M) =

/N

/N

7\
ﬁ‘“
N o
=
@
-~
(]
<
iy
=
I
~_
/AN

=
i
x>
[\

e

This completes the proof. O
Remark 5.3.1. Using cos(0(M)—My) = cos(0(M)) cos(My)+sin(6(M)) sin(My),

we have Re (ew(M)e_"My) = Re <e"'My%>. In the special case when
the distribution is symmetric about 0, so that the characteristic function is

real, O(M) = 0 if ¢y (M) > 0 and otherwise O(M) = —m. In this case

cos (My — 0(M)) = cos(My)sgn(¢y (M))
and Re (¢y (uy) €)= ¢y (uy) cos (uny) .

The above expansion in Theorem [(.3.1] does not work very well for
Parisian options because the characteristic function m of the Parisian
times starting at the barrier is not absolutely convergent. An alternative
expansion that works better for Parisian options is the Fourier-cosine ex-
pansion of the density. This (see Fang and Oosterlee (2008)) alternative

expression for a density on the interval [a, ] is:

1 2

b—a+b—a

™
b—a
(5.19)
Although this is not exact, the Fourier-cosine expansion is close to the

f(x) ~ Re i B (uy)e ™ cos(un(r — a)) where u, =
=1

s

b—a
in this case to unbiasedly estimate the sum of this infinite series using a

true value of the density when the quantity h = is small. We choose

finite sum. In particular for an integer-valued random variable M such
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that P(M > n) = Q,, (B.19) can be unbiasedly estimated using

M

f(x) ~ 7 i - + %Re ; %e‘iu"a cos(unp(x — a)). (5.20)

Recall that our objective is not a precise value of f(z) but an unbiased

estimator of the importance sampling weight w, the integerized value of

%. In general we need (), to decrease quite slowly to zero so that

the variance of f (x) is finite. For simplicity, in our Parisian option ex-
ample we choose a finite minimum and maximum value for the random
variable M, N, < M < np. and then, for U generated from the
\/ﬁ, \/%] , set M = [#J . This seems to result in reason-
able convergence with ny;, = 5,000 and n,,., = 20, 000.

Uniform

5.3.2 Randomized importance sampling

Suppose we sample independent values X; from a probability density func-
tion ((z) such that {(x) > 0 whenever fy(x) > 0. An importance sampling
estimator of the expected value of a function h(Y') or [ h(z)fy (x)dx is given
by

%ZZ:: h(X;)w;, where w; = jz_f(gg)

We do not affect the unbiasedness of this estimator if we replace w; by an

(5.21)

unbiased estimator w; of w; such that E[w;|X;] = w; and then estimate
the integral using + >7" | h(X;)w;. We can easily produce such an unbi-
ased estimator of w; by replacing fy(X;) in the numerator of (.21]) by
fy(Xi; M;) as defined in Theorem [£.3.1] where M; is sampled from the dis-
tribution (B.IT). Attached to the observation X; is a weight w; = %
There is often additional advantage to “integerizing” the weights or replac-
ing them by random integers, in part because those observations that end
up with weight 0 need not be retained. In fact this is essentially the func-
tion of acceptance-rejection: converting importance sampling weights to

binary weights and then discarding those which end up with weight 0. To

204



integerize the weights, replace w; by
w; = w(X) = |w;] + Bern(w; — [w;]), (5.22)

where Bern(w; — |w;]) represents a Bernoulli random variable B with
P(B=1)=w;— |w;] =1—P(B=0).

We often replace weights w; by their self-normalized analogue, w;/ > _; 10,
because then scale factors can be ignored, and of course we can do the same
with w;. The resulting estimators, though no longer strictly unbiased, are
very nearly so, for large sample sizes, and they are still consistent as the
number of simulations approaches infinity.

What should we use as a candidate distribution ((z)? If X is a random
variable on a bounded interval (a,b), the simplest choice is the uniform
distribution on this interval ((z) = -1, a < 2 < b, so that the weights are

b—a?

proportional to the estimated density:

Suppose, for an arbitrary function h, we wish to generate an integral or

conditional expected valueEI E[L(Y)|a <Y < ] over some interval [a, 5] C

[a,b]. Choose ny € N*. Since this random variable is on [a, (], a natural

candidate of reference random variable is the uniform random variable.
1

Using a uniform [«, §] distribution, ((z) = 75— the acceptance-rejection

algorithm is given as follows:

1. Generate X; ~ Uniform[a, f].

2. Generate M; from the distribution (EI7). With u, = 2 for n > ny.

define, for a suitable constant of proportionality

no—1

w; o< 142 Z (61 () cos(un, X;) + d2(uy) sin(u, X;)|+2k cos(M; X;—0(M;)).
n=1

"Such conditional expectations can be very useful in risk management, e.g. in as-
sessing capital requirements.
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3. Define w; = w(X;) = |w;] +Bern(w; — [w;]).
4. Estimate E[h(Y)|a <Y < ] using

2 Wik(Xi)

5.3.3 Boundary effects

Recall that the Fourier series expansion of a continuous function on |[a, b
results in a continuous function, periodic with period b — a and fails to
converge to the function at the boundary if f(a) # f(b). To facilitate trun-
cation, we hope that the probability density function is almost completely
supported by a finite interval [a,b] with f(a) ~ f(b) ~ 0. If an interval
[a, b] is chosen which is too small, it may fail to contain the bulk of the mass
and introduce edge effects. Choice of a too large interval [a, b] will result
in spurious values with both positive and negative weights, adding consid-
erable noise to the simulation. The pricing of forward-starting options as
well as the simulation of the Parisian time both require the simulation from
a density with infinite support. It may be therefore important to control

for boundary effects as we discuss below.

How do we reduce the effect of an arbitrary truncation of the

density?

For a simple example consider the standard normal characteristic func-
tion ¢y (t) = e /2 and suppose we truncate the distribution at [a, b]. The
expansion (B.I6]) becomes

2
o<1+2Ze un/2 cog (upy) with u, = bwn

,n=12 ..
—a

These values are plotted below for various choices of a and b in Figure
When a = —b, we get a reasonable representation of the truncated density

function but when we choose an asymmetric interval such as [—2,6] (see
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Panel A in Figure [0.3]) one which contains almost 98% of the mass of the
distribution, the edge effects are apparent, and indeed near 6 the Fourier
approximation to the density increases again. This problem vanishes in
Panel B of Figure B3] if we choose the interval [—4, 4], one which contains

a mass much closer to 1 and in this case fy(b) = fy(—a).
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Figure 5.3: Panel A represents the inverse of the standard normal charac-
teristic function on the interval [—2, 6], Panel B represents the inverse of
the standard normal characteristic function on the interval [—4,4].

A common approach to reducing boundary effects in time series analy-
sis is to taper the signal (see Brillinger (1975)) or to artificially introduce
a convolution f * ¢ and while this usually improves the mean squared esti-
mates, it also introduces bias, something that is undesirable when a large
but unknown number of simulations is contemplated. We can deal with
this problem by taking some care in the selection of the interval [a, b], and
sometimes transforming the distribution to one with a smaller interval of
support. An automated choice of interval [a,b] based on the estimated
distribution can be used, but special care is needed for heavy-tailed distri-

butions. This issue is further discussed in the next section.
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We use this technique to invert the conditional characteristic function
of fOT Vids in the pricing of forward-starting options and it works well. The
case of the Parisian option is more difficult because the moments of 7 are

infinite.

5.4 Application to option pricing

5.4.1 Pricing in the Heston model

This section presents numerical results obtained by applying the inversion
method presented in the previous section. We first price standard call
options in the Heston model since there exists a very accurate technique
to price them that we could use for the sake of comparison. We then
present prices for forward-starting options (that are mildly path-dependent

derivatives).

Standard call options pricing

In Tables .11, and [£.3] we give the results of M = 20,000 simulations
of option prices for some given sets of parameters and for a range of values
of the volatility parameter . We then compare the prices obtained by our
inversion method with benchmark prices: the “FO price” is computed by
the Cosine-Fourier expansion of Fang and Oosterlee (2008) and the “BK
price” refers to prices computed by Broadie and Kaya (2006). We also
report the CPU time in minutes. Here Table [5.1] and are based on
parameters in Broadie and Kaya (2006). Table is based on parameters
of Table 4 and 5 of Fang and Oosterlee (2008).

For option pricing in the Heston model, when the Feller condition is
not satisfied, the evaluation of the relevant characteristic function usually
takes substantial CPU time. This is observed in Table 7.1 of Ruijter and
Oosterlee (2012), where it can be seen that when the Feller condition is not
satisfied, the convergence of the numerical scheme is significantly slower. In

the numerical test cases, we check whether the Feller condition is satisfied
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MC inversion CPU time
o (std. dev.) (minutes) FO Price BK Price
100% 35.03 (0.032) 1.684 34.9998 34.9998
42.43% 35.79 (0.040) 1.646 35.7675 NA
30% 35.89 (0.045) 1.626 35.8667 NA
21.21% 35.85 (0.046) 1.637 35.9164 NA

Table 5.1: Prices for a standard call option in the Heston model when
the parameters are set as follows: k = 2, V5 = 0.09, 8 = 0.09, r = 0.05,
p = —0.3, T = 5. Our inversion technique by Monte Carlo is implemented
with 20,000 simulations.

MC inversion CPU time
o (std. dev.) (minutes) FO Price BK Price
61% 6.82 (0.02) 1.6976 6.8047 6.8061
34.35% 6.91 (0.02) 1.6281 6.9211 NA
17.17% 6.97 (0.03) 1.6341 6.9480 NA

Table 5.2: Prices for a standard call option in the Heston model when x =
6.21, Vy, = 0.010201, § = 0.019, r = 0.0319, p = —0.7, T' = 1. Our inversion
technique by Monte Carlo is implemented with 20,000 simulations.

for each set of parameter values. For example, in Table 5.1l here, the first
set of parameters, when o = 1, we have 2xf/0? — 1 = —0.64 < 0 and the
Feller condition is not satisfied, and it can be seen from the table that the
corresponding CPU time is higher than that of the other cases (but not
significantly higher).

MC inversion | CPU time
T (std. dev.) (minutes) FO Price
1 5.784 (0.013) 1.698 5.7852
10 22.336 (0.038) 1.694 22.3189

Table 5.3: Prices for a standard call option in the Heston model when
k= 1.5768, V5 = 0.0175, 8 = 0.0398, r = 0, p = —0.5711 and o0 = 0.5751.
Our inversion technique by Monte Carlo is implemented with 20,000 sim-
ulations.
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Our method is faster than the Broadie and Kaya (2006) method, which
is well-known to be computationally intensive and slow. However, it is
much slower than the COS method presented by Fang and Oosterlee (2008).
Their method converges with considerable accuracy in a few milliseconds
but is based on deterministic numerical techniques (Fourier expansion meth-
ods). Numerical techniques normally require more programming and the
information obtained is one-dimensional whereas a simulation allows the
estimation of a number of parameters with a single run, including error es-
timates. For the pricing of Heston call options, Fang and Oosterlee (2008)’s
approach is certainly superior. This example is to illustrate our inversion
technique. The Monte Carlo method cannot be expected to be as computa-
tionally efficient as a deterministic approach for a one-dimensional problem.
The next section on Parisian options shows that our inversion technique

can handle multidimensional problems.

Forward-starting options

For forward-starting option, we take the following table from Table 3 on
p245 of Kruse and Nogel (2005). We compare our result using the unbiased
simulation with their closed-form formulae by running 1,000 simulations.
They use 170 terms of the series to approximate the Bessel function (see

their equation (67)). The pricing results are given in Table 0.4

K MC inversion Kruse-Nogel Crude MC CPU time
(std.dev.) price (std.dev.) (minutes)
5 50.51 (0.417) 50.21 50.25 (0.07) 0.88739
.75 27.81 (0.35) 26.95 26.98 (0.06) 0.88427
1 9.25 (0.195) 9.01 9.00 (0.06) 0.87933
1.25 1.10 (0.048) 1.01 1.03 (0.03) 0.87985

Table 5.4: Pricing of a forward-starting call option in the Heston stochastic

volatility model.

Parameters are set to Sp = 100, k =

4, Vo = 0.09,

0 =0.06r=0,p=—-09 T, =1, T, = 2. The strike K is given in the
first column.

When the interest rates are also stochastic, van Haastrecht and Pelsser
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(2011a) and Ahlip and Rutkowski (2009) both propose expressions for the
price of forward starting options. It is straightforward to apply our inver-
sion technique to this more complicated model because they provide the

expression for the characteristic function to invert.

5.4.2 Parisian options in the Black-Scholes model
One-level Parisian options

The algorithm, one-level Parisian option, assuming S, # L Since
the distribution of the first passage time to a barrier for geometric Brownian
motion is simple, we can conduct our simulation conditional on the event
that the first passage time is less than 7. We repeat the following for each

batch of n simulations:

1. There are two cases depending on the sign of ¢ where ¢ is given by

Eo).

(a) Case £ >0, so Sy < L. Randomly generate a Binomial variable
ns with parameters (n,1 — p) where p = 2@(%) — 1 is the
probability that the first passage time (F'PT) is greater than
T. Then ny is the number of occasions when F'PT < T. Repeat
n, times:

i. generate a random variable 7 uniformly distributed on the
interval [D, T].

ii. Evaluate an approximately unbiased estimator fo(T|F PT <
T) of the conditional density fo(7|FPT < T) at the gen-
erated values of 7 where f, denotes the probability density
function of the Parisian times. This is done by using (£.20)

to invert the characteristic function

e %P (9\/_ — %) + P (—9\/_ — %)
20 (— 1)U (VD6)

211



of the conditional Parisian time given that the first passage
time is less than 7.

iii. Assign weight @ = (T — D)fo(r|FPT < T) to the ob-
served value of 7. This is the likelihood ratio of the Parisian
time probability density fo(r|FPT < T) divided by the
Uniform[D, T importance pdf.

iv. For the remaining n — n, values of 7, since the first passage
time is greater than 7', so is the Parisian time 7. In these
cases, since they will not appear in the pricing of the option,
we can assign an arbitrary large value of 7, for example

7 = 10,000 and corresponding weight w = 1.

(b) If £ < 0, s0 Sy > L, then we start above the barrier and either
stay above, or strike the barrier within D units of time. The

probability of staying above the barrier for D units of time is

p=20(3) -1

i. Generate ng, a binomial random variable with parameters
(n,1—p). This is the number of times the first passage time
is less than D.

ii. Repeat ng times. Generate 7 exactly as in part (a) but
conditional on the first passage time being less than D, i.e.
with characteristic function (G.11))

iii. Assign weight & = (T'— D) fo(7|F PT < D) to the generated
value of 7. Again this is the ratio of the estimated Parisian
time pdf divided by the Uniform pdf.

iv. If the first passage time is greater than D, then 7 = D so
the remaining n—n, observations are assigned values 7 = D

and weights w = 1.

2. Divide all weights by n. For arbitrary integrable function g supported
on (0,77, E(g(7)) can now be unbiasedly estimated by » . w;g(7;).

3. Generate the stock price S, at those Parisian times which are less

than or equal to T.
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(a) In case 1(a) the probability density function of Y = ¢~ In(S, /L)
under the risk neutral measure is given by

2

(%) exp (_2@/_1)) foy >0, (5.23)

which implies that S, can be generated as Le®V 2P where

U is a U]0, 1] random variable.

(b) Exactly the same method generates S, in case 1(b) when the
first passage time FPT < D. However, in case 1(b) when
FPT > D, 7 = D and we need to generate S, conditional on
the path S, > L for all 0 < u < D. If fp(z) denotes the uncon-
ditional probability density function of Sp, then the probability
density function of Sp, conditional on staying above the bar-
rier, is proportional to its unconditional density multiplied by a
factor, i.e.

fo(x) (1 — <£)/\> , x> L, where \ = QM, (5.24)

x 02D

(see e.g. McLeish (2005), p238). It is easy to generate from such

a distribution using acceptance-rejection.

4. Generate Sy as Sp = S,e?VT=™W for W a standard normal random

variable independent of 7.
5. Estimate the Monte Carlo option price of the Parisian up and in
option with

n

o ()T S w [(‘Z_Z)m/o (Sr— K)* ]17<T] .

i=1

Numerical results
We use as a benchmark the table in Bernard and Boyle (2011), denoted
by “BB price” in Table E.5 below.
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Table 5.5: Prices of continuous Parisian options
Prices of up and in continuous Parisian call options C}* for different input parameters.
The barrier L is either 120 or 180 and the volatility o = .15, .30, .45. Other parameters
are set as follows. The initial value of the underlying is Sy = 100, the maturity is T = 3,
the constant risk-free rate is r = 4%, the continuously compounded dividend yield is
equal to ¢ = 0.4%, the sojourn time is D = 1/12 and the strike price is set to K = 100.
100,000 simulations are used in the inversion by Monte Carlo.

o =15% o=30% o=45%
L=120 BB price 14.02 24.10 33.37
MC inversion | 14.00 (0.03) | 24.17 (0.04) | 33.31 (0.07)
L=180 BB price 2.132 16.07 28.78
MC inversion | 2.11 (0.02) | 16.12 (0.04) | 28.86 (0.06)

Multi-level Parisian options

We implement the inversion technique presented in this chapter in an iter-
ative way. We first simulate 71, S;,, we then simulate 75, S;, conditional on
these observations and then 73, 5., to finally obtain the price of the third
tranche.

We provide values of all three tranches with the following constant

barrier levels Ly, Ly and L3

Li=KQ+p', K=5, i=1,23.

Algorithm
We implement the inversion technique presented in this chapter in an

iterative way. We are interested in pricing the three tranches of this three-

(-+-3)

level Parisian option, i.e. finding,

E

SIS

So

m/o
(ST) (Sp— K)* LKT] , i =1,2,3 where m =

The algorithm proceeds as follows.
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1. Using the same method as for the one-level Parisian option, simulate
71,9, using L; = 112 and 7" = 3, recording the weight w; attached
to this simulation. If 7y > T — D, then the payoff corresponding to
1 = 2 and 3 will be 0 and the simulation is stopped.

2. If m < T — D, conditional on 7, 5;,, we simulate 75, S;,, wy for the
second tranche. This is done by repeating the one-level steps with
So replaced by S;,, L by Ly = 125.4, and T" by 7' — 71. The time at
which the second tranche is activated is the sum of these two Parisian
times, 71 + 7. If 7 + 75 > T, then the payoff from tranche 2 will be

0 and the simulation is stopped.

3. If ; +7 <T — D, then we repeat this process, simulating 73, Sy, ws
replacing the initial values or input by S,,, L by Ls = 140.5, T" by
T — 171 — 7». The time the third tranche is activated is 7 + 72 + 73.
If 7 + 7+ 713 > T, then the payoff will be 0 and the simulation is
stopped. Otherwise, simulate the value of Sy exactly as was done for

the one-level Parisian option.

The weight attached to a particular branch of the process S;,, S,, Sz, St
is the product wwsws of the weights associated with each level, wq, wo, ws.
Consequently to obtain of the price of the third tranche, for example, we

evaluate

_(7«4_7”72)’]“ n ST m/cr N
e Z W Wa W3 go (Sr— K)" 1pyer| -
i=1

There are many opportunities for variance reduction. For example, the

m/o
expected value of {(g—z) (Sp— K)" 1, <T] conditional on the process

up to time 73 can be expressed using the Black-Scholes formula. We can
also replace ng by its expected value. A control variate involving the first
passage time, since it is correlated with the Parisian time, can be used.
Since we are more concerned with feasibility than with efficiency, the only
concession we make to computational efficiency is to conduct the above

simulation sequentially in batches, e.g. m; simulations of 7, 5;,, and for
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each of these values, ny simulations of 75, S;, and finally ns simulations of
the values (73,55, Sr). Note that the majority of these nyjnyng paths may

be discarded since many 7; will be greater than 7.

Numerical results

We use the following parameters: K = Sy = 100, r = 4%, § = 0.4%,
p = 12%, T = 3 years, and the minimum time D the underlying has
to spend above the level L; is equal to 3 months: D = 3/12. We use
constant barriers L; = K (14 p)'™", with p = 0.12, i = 1,2,3. Then
Ly = 112, Ly, = 125.4 and L3 = 140.5. n = 200 batches were conducted
of nynang = 80 x 200 x 200 paths. Table gives prices for each tranche
for different levels of volatility. Since the goal of this chapter is to present
unbiased Monte Carlo simulation, we cannot make use of the proposed
control variate by Bernard and Boyle (2011) because it is based on an
approximation of the price of discrete barrier options and therefore may
introduce some bias. Moreover we are simulating the price of “continuously”

monitored Parisian options.

Parisian Stock Price
o L=112 L,=125.4 L3=140.5
15% | 14.65 (0.13) | 11.53 (0.07) | 7.35 (0.05)
30% | 24.06 (0.28) | 22.07 (0.17) | 19.31 (0.15)
45% | 32.60 (0.50) | 31.25 (0.29) | 28.85 (0.28)

Table 5.6: Parisian price with respect to L and to ¢ estimated by Monte
Carlo, and obtained using the inversion technique

5.5 Conclusion of Chapter

This chapter presents a novel unbiased inversion of the characteristic func-
tion by Monte Carlo simulations. We illustrate the study with the pricing
of some standard derivatives, a call option and a forward-starting option in

the Heston model as well as Parisian options in the Black-Scholes setting

216



when they are continuously monitored. It can be applied to problems for
which the characteristic functions are easily evaluated but the correspond-

ing probability density functions are complicated.
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Part 1V

Conclusion of the Thesis
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This thesis is about martingale properties, probabilistic pricing methods
and efficient unbiased Monte Carlo simulation techniques for option pric-
ing problems in stochastic volatility models based on time-homogeneous
diffusions. Here are some future research directions corresponding to each
chapter of the thesis.

Continuing from Part I Chapter 2, we plan to study deterministic cri-
teria for the martingale properties of time-changed Lévy processes with
leverage. This is a general class of models that incorporate many of the
popular models in finance. A possible goal is to utilize these deterministic
criteria to classify the different notions of arbitrage and to classify different

types of stock bubbles in the financial market.

Continuing from Part II Chapter 3, we plan to utilize the first hitting
time of an integral functional of a time-homogeneous diffusion and study
the pricing of European call and put options written on the discrete real-
ized variance or the continuous quadratic variation. We will also explore
theoretical properties of the integrated time-homogeneous diffusions and
apply them to drawdowns and drawups, maximal inequalities and optimal
stopping problems for diffusions. These properties have important impli-
cations in risk management, in American option pricing, and optimal stock

selling strategies.

Continuing from Part II Chapter 4, we plan to derive general asymp-
totic relations for the fair strike of a discrete variance swap, and utilize it
to analyze the convergence behavior of the discrete fair strike to the con-
tinuous fair strike. We shall also extend our method to derive closed-form
formulas and asymptotics of discrete moments swaps, or other exotic dis-

crete volatility derivatives.

Continuing from Part III Chapter 5, we plan to develop and facilitate

the adoption of a broader class of models, which are amenable to efficient
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unbiased Monte Carlo simulation and imputation, for modeling continuous
time phenomena in actuarial science and finance. We shall also look at how
to debiase an asymptotically unbiased Monte Carlo estimator using simi-
lar randomization techniques in McLeish (2011) as applied in Chapter 5.
Applications include unbiased simulation of option prices under stochastic
volatility models based on time-homogeneous diffusions, and also designing
unbiased Multi-level Monte Carlo methods and extending the work of Giles
(2008).
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