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Abstract

There are two main tools for determining the stability of nonlinear partial differential
equations (PDEs): Lyapunov Theory and linearization. The former has the advantage of
providing stability results for nonlinear equations directly, while the latter considers the
stability of linear equations and then further justification is needed to show the linear
stability implies local stability of the nonlinear equation. Linearization has the advantage
of investigating stability on a simpler equation; however, the justification can be difficult
to prove.

Both Lyapunov Theory and linearization are applied to the Landau-Lifshitz equation,
a nonlinear PDE that describes the behaviour of magnetization inside a magnetic object.
It is known that the Landau-Lifshitz equation has an infinite number of stable equilibrium
points. We present a control that forces the system from one equilibrium to another. This
is proved using Lyapunov Theory. The linear Landau-Lifshitz equation is also investi-
gated because it provides insight to the nonlinear equation. The linear model is shown to
be well-posed and its eigenvalue problem is solved. The resulting eigenvalues suggest an
appropriate control for the nonlinear Landau-Lifshitz equation. Mathematically, the con-
trol causes the initial equilibrium to no longer be an equilibrium and the second point to
be an asymptotically stable equilibrium point. This implies the magnetization has moved
to the second equilibrium and hence the control objective is successfully achieved.

The existence of multiple stable equilibria is closely related to hysteresis. This is a
phenomenon that is often characterized by a looping behaviour; however, the existence of
a loop is not sufficient to identify hysteretic systems. A more precise definition is required,
which is presented, and applied to the Landau-Lifshitz equation (both linear and nonlinear)
to establish the presence of hysteresis.
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Notation

€1

€9

€3

Complex numbers.

Real numbers.

Standard basis vector, e; = (1,0, 0).

Standard basis vector, e; = (0, 1,0).

Standard basis vector, e3 = (0,0, 1).

Magnetization, m(z,t) = (mq(z,t), ma(z,t), ms(x,t)).

Partial derivative with respect to x; that is, m,(x, t) = (m}(z,t), my(x,t), m4(z,t)).
Partial derivative with respect to ¢; that is, m(x, t) = (1 (x, t), ma(z, t), mg(z, t)).
L3 = L5[0, L] x L5[0, L] x L5[0, L] with norm || - ||z3 and inner product (-, -)z3.
Space of square integral functions with norm || - ||z, and inner product (-,-).,.
Damping parameter in the Landau—Lifshitz equation.

Cross product.

Operator norm.

Absolute values.

EBuclidean norm.

Hilbert space.

Hilbert space.
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Chapter 1

Introduction

The Landau-Lifshitz equation describes the energy interactions between a magnetic ma-
terial and the effect an applied external magnetic field has on the magnetization. As a
physical example, an external magnetic field is generated by wrapping some coil around
a nanowire (Carbou et al. [26]). Nanostructures are found inside memory storage devices
such as hard disks. The emergence of magnetic materials in nanostructures is of growing
interest in the nanotechnology sector. Recent advances allow for more accurate experi-
mental research with nanostructures (Cowburn et al. [29], Noh et al. [69]). Because of this,
theoretical results on the control of stability is necessary, yet control results are not well
developed.

The Landau-Lifshiftz equation is a nonlinear partial differential equation (PDE). It is
known that the Landau-Lifshitz equation has multiple stable equilibria (Guo and Ding [40,
Section 6.1.1]). We present a control which forces the dynamics in the Landau-Lifshitz
equation to move from one equilibrium to another. In particular, the control causes the
initial equilibrium to no longer be an equilibrium of the controlled system and the second
point to be an asymptotically stable equilibrium point of the controlled system. This
provides a framework for controlling mathematical models that exhibit multiple equilibria.

Investigating the linear Landau-Lifshitz equation provides insight in designing the ap-
propriate control for the original nonlinear equation. The linear model is shown to be
well-posed and its eigenvalue problem is solved. In particular, the operator associated
to the linear Landau-Lifshitz equation generates an analytic semigroup and hence the
eigenvalues of the linear operator determines the stability of the linear system. The eigen-
values also suggest that a constant control is appropriate for the nonlinear Landau-Lifshitz
equation. This control is shown to be successful using Lyapunov theory.



Lyapunov theory applies stability analysis directly to a nonlinear partial differential
equation (PDE). Lyapunov theory is commonly applied to nonlinear ordinary differential
equations (ODEs) (Khalil [50, Chapter 4], Vidyasagar [89, Chapter 5]) but it can be
similarly applied to PDEs, whether linear or nonlinear. We present Lyapunov theory for
invariant sets, which is nearly identical to the well-known version for equilibrium points,
but not as commonly applied. The one-dimensional heat equation, which we discuss
in detail, is an ideal example that illustrates Lyapunov theory for PDEs and invariant
sets. It also demonstrates how boundary conditions significantly affect stability. The
main disadvantage of Lyapunov theory is that the result requires finding an appropriate
Lyapunov function, which often requires guesswork.

An alternative approach to Lyapunov theory is linearization. It has the advantage of
working with a simpler equation; namely, a linear equation. However, there needs to be a
justification that the behaviour of the linearized equation implies the same behaviour as
the original nonlinear equation. For ODEs or more generally, finite-dimension, the jus-
tification is well-established in the form of the Lyapunov’s Indirect Method (Khalil [50,
Theorem 4.7]). For PDEs or more generally, infinite-dimension, an equivalent result is
not available. This justification is sometimes overlooked, dismissed or even trivialized.
We describe a framework for infinite-dimensional systems that allows the stability of the
linearized equation to imply the same type of stability for the original nonlinear equa-
tion. Moreover, we present a nonlinear system which is not asymptotically stable while its
linearization is.

The stability for infinite-dimensional systems is far more complex than for finite—
dimensional systems. For instance, the stability of infinite-dimensional systems depends
heavily on the choice of the norm, while for finite-dimensional systems the choice of the
norm is insignificant since all norms are equivalent in finite—dimensions. Because of these
complexities, determining the stability of a PDE is challenging, especially if it is nonlinear.
Furthermore, because of the nonlinearity, control results are also hard to achieve. An exam-
ple which faces this challenge is the nonlinear Saint—Venant equations (Bastin et al. [12]).
The Saint—Venant equations model the flow of water along a channel. Gates are placed
along the channel to control the flow of the water as shown in Figure 1.1. The Saint—Venant
equations are a system of coupled nonlinear equations where each equation represents one
gated region along the channel. The gates are the physical controls and hence the controls
are part of the boundary conditions of the Saint—Venant equations. Using Lyapunov theory,
conditions on the control parameters are determined which provide exponential stability
of the equilibrium solutions but only for the linear Saint—Venant equations. This result
cannot necessarily be applied to the nonlinear Saint—Venant equations. The stability of
nonlinear reaction diffusion equations are also hard to determine (Dramé et al. [34, 55]). In



the work by Dramé et al., the nonlinear equations are linearized and their eigenvalues are
calculated as a way of determining the stability of the equilibrium solutions, but this does
not necessarily imply the same stability of the original nonlinear equations. Our stability
and control results pertain to the original nonlinear Landau—Lifshitz equation.

Figure 1.1: Flow of water along a channel. Gates placed along the channel control the flow
of water. These dynamics are governed by the Saint—Venant equations. This illustration
is taken from Bastin et al. [12] and has been modified.

Nonlinear PDEs often have multiple equilibria. The existence of multiple equilibria is
closely related to the elusive but often occurring phenomenon known as hysteresis, which
the Landau-Lifshitz equation exhibits. By elusive, we mean there is no rigorous definition
of hysteresis. Loosely, hysteresis is associated with a looping behaviour in the input—output
map; however, merely a looping behaviour is not sufficient to define hysteresis. The shape
of the loop varies depending on the example or can even differ within the same example.
This is one of the reasons why hysteresis is so difficult to define. Mathematically, hysteresis
is often defined using operators (Brokate and Sprekels [20, Chapter 2|, Valadkhan et al.
[86]). The hysteresis operator is included as an additional term in the mathematical model,
which can complicate the equation. As well, the mathematical definition of a hysteresis
operator can include operators which are not hysteretic (Morris [67]).

It follows that a more fundamental approach in defining hysteresis is needed. We con-
sider two such definitions. The first definition states that a system is hysteretic if it exhibits
persistent looping behaviour as the frequency of the input signal approaches zero (Bern-
stein and Oh [70]). We show that the Landau-Lifshitz equation (both linear and nonlinear)
satisfies this definition. The presence of hysteresis in the Landau—Lifshitz equation is usu-
ally demonstrated by a looping behaviour either experimentally (Noh et al. [69], Suess et
al. [82]) or numerically (Wiele [87], Yang and Zhao [100]). Looping at a fixed frequency
is actually not enough to define hysteresis. The second definition states a system exhibits
hysteresis if it has multiple stable equilibria and fast dynamics compared to the rate at



which inputs are varied (Morris [67]). This definition is closely related to the looping be-
haviour associated with hysteresis. Both the linear and nonlinear Landau—Lifshitz equation
have multiple stable equilibria. It is widely regarded that nonlinearity of the dynamical
system is essential for a system to be hysteretic (see for example Bernstein and Oh [70]).
The fact that the linear Landau—Lifshitz equation exhibits hysteresis highlights that the
existence of multiple equilibria equilibrium, and not nonlinearity, is crucial for hysteretic
behaviour. A classic second order ODE example is also presented to illustrate this point.

We present control that forces the dynamics of the Landau—Lifshitz equation to move
from one stable equilibrium to another. Essentially this means controlling the hysteresis
arising in the Landau-Lifshitz equation, which is useful since the looping behaviour of
hysteresis means one input can lead to more than one output. Moreover, the control can
force any arbitrary magnetization to any arbitrary stable equilibrium point. This means
the control results are global control results.

Our controller design can be applied to other systems that exhibit hysteresis. An
example is a chemical reactor model governed by nonlinear diffusion reaction equations,
which has been shown to have multiple stable equilibria and exhibit hysteresis (Jensen and
Ray [45], Mancusi et al. [63]). Hysteresis also arises in many biological models because
they often have multiple stable equilibria (Murray [68, Section 1.2]). Freezing and thawing
processes are also hysteretic since freezing is not the opposite of thawing and hence follows
a different path back than thawing, which leads to the formation of a loop (Alimov et al.
[5])-

The structure of this thesis is as follows. Chapter 2 discusses the stability of PDEs. In
particular, linearization and Lyapunov theory are presented. Chapter 3 defines hysteresis
and how to identify it. An illustrative example of a second order ODE is considered.
Chapters 4 and 5 focus on the Landau—Lifshitz equation. To begin, a literature review is
presented. The thesis then focuses on the stability, hysteresis and control of the Landau—
Lifshitz equation and the linear Landau—Lifshitz equation. The control chosen is shown to
be successful in Chapter 5. In the final chapter, a brief summary and some extensions are
discussed.



Chapter 2

Stability

Stability analysis of infinite-dimensional systems is far more complex than finite-dimensional
systems. Well-known results for finite-dimensions do not always generalize to infinite—
dimensions.

In finite-dimensions the local stability of a nonlinear system can often be determined
from its corresponding linear system. The result which justifies this is Lyapunov’s indirect
method (Khalil [50, Theorem 4.7]). The theorem states that near an equilibrium point,
the nonlinear system has the same stability as the linear system. This applies to all linear
systems except those with eigenvalues that have zero real part. Unfortunately, Lyapunov’s
indirect method does not extend to infinite-dimensions. We will discuss justification of
linearization for infinite-dimensional systems in Section 2.1.

In finite-dimensions, since all norms are equivalent, the choice of norm does not play
a significant role in stability results; however, for infinite-dimensions, stability properties
depend heavily on the choice of the norm which depends on the infinite-dimensional space.
Let Z be a Hilbert space with norm || - ||z and inner product (-,-)z. We use this notation
throughout the thesis. Consider the linear abstract Cauchy problem

2(t) = Az(t), 2(0) = zg € D(A) (2.1)

where A is a linear operator and D(A) is the domain of A. Suppose A generates the
semigroup, T'(t), for all £ > 0. The dot notation denotes differentiation with respect to
time. Define R, = [0, c0).

Definition 2.1. (Luo et al. [62, Definition 2.1])
Let T'(t) : Z — Z be a family of bounded linear operators for ¢ € R,. Then T(t) is a
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strongly continuous semigroup (Cy-semigroup) if
(i) T0)=1
(i) T(t+s)=T(t)T(s) for s,t € Ry
(111) limt_,0+ HT(t)ZU — ZOHZ = ( for all 20 € Z.

An operator T'(t) that satisfies (iii) is said to be strongly continuous at 0. In fact, T'(t)
is strongly continuous on all ¢ > 0 since T'(¢) is a linear and bounded operator. A detailed
proof can be found in Curtain and Zwart [31, Theorem 2.1.6b].

Semigroups are closely related to solutions of abstract Cauchy problems. If A generates
a semigroup, 7'(t), then the solution to (2.1) is

There are different types of semigroups. Denote the operator norm by || - ||op.

Definition 2.2. (Banks [10, Definition 6.1])
A semigroup, T(t), on Z is called an analytic semigroup if t — T'(t)z is analytic for each z
in Z.

Definition 2.3. (Luo et al. [62, Definition 2.18])
A Cy-semigroup, T'(t), on Z is uniformly bounded if ||T'(t)||op < M where M > 1. If M =1,
then T'(t) is a contraction semigroup.

Definition 2.4. (Luo et al. [62, Definition 3.1])
A Cy-semigroup, T'(t), on Z is asymptotically stable (or sometimes called strongly stable) if
for every zg, ||T(t)z0||z — 0 as t — c.

Definition 2.5. (Luo et al. [62, Definition 3.1])
A Cy-semigroup, T'(t), on Z is exponentially stable if there exists positive constants M and
o such that [|T(t)||ep, < Me " for t > 0.

In finite-dimensions, asymptotic stability and exponential stability are equivalent. This
is not necessarily true in infinite-dimensions. A semigroup that is asymptotically stable
but not exponentially stable is illustrated in example 3.2 in Luo et al. [62].

In finite-dimensions, if all the eigenvalues of A are in the left-half plane, then A gen-
erates an exponentially stable semigroup; however, this is not always true for infinite—
dimensions. Luo et al. [62, Example 3.3] and Pazy [71, Example 4.4.2] present an operator
whose spectrum is contained in the left-half plane but the semigroup is not exponentially
stable. This leads to another concept unique to infinite-dimensional space known as the
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spectrum—determined growth assumption (Curtain and Zwart [31, Section 5.1}, Luo et al.
[62, Section 3.2]). The spectrum—determined growth assumption holds if

wo = sup{ReX : A € o(A)} (2.2)
where o(A) is the spectrum of A and

o |IT0)lly

w
0 t>0 t

(2.3)
Equation (2.2) helps to identify exponential stability via the spectrum of A for infinite—
dimensional systems that satisfy the spectrum—determined growth assumption. Analytic
semigroups and delay equations satisfy the spectrum-determined growth assumption (see
Luo et al [62, Corollary 3.1.4], Curtain and Zwart [31, Theorem 5.1.7], respectively).

There are a number of theorems that show A generates a semigroup. We present
two which have relatively tractable conditions. Both theorems are applied to the linear
Landau-Lifshitz equation in Section 4.3 to show the problem is well-posed.

Theorem 2.6. [Lumer—Phillips Theorem| (Pazy [71, Corollary 1.4.4].)
If A is a densely defined closed linear operator satisfying
Re(Az, z),
Re(A*z, z),

for all z € D(A)

<0 .
<0 for all z € D(A"), (2.5)
then it generates a contraction semigroup.

The requirement on A and its adjoint, A*, described in (2.4),(2.5) means that A and
A* are dissipative (Pazy [71, Definition 1.4.1]).

Theorem 2.7. (Banks [10, Theorem 6.1], Showalter [78, Theorem 6.1])
Let Y be another Hilbert space with Y C Z and, norm and inner product, || - ||y and
(-, ")y, respectively. Suppose Y is a dense subset of Z and

yllz < Ellylly — forally ey
for some positive constant k. Suppose o : Y x Y — C satisfies

o(o, V) <Allollyl[¢lly  forall g, e (2.6)

and
Reo(d,9) > |6}  forallg ey (2.7)
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for some constants v,d > 0. Define A: D(A) CY — Z by

D(A) = {¢ € Y : there exists K4 > 0 depending on ¢
such that |o(¢, )| < Ky||¢||z for all ¢ € Y}

and

0(0, 1)) = (—Ad, ), forall ¢ € D(A), b €Y.

Then D(A) is dense in Z and A generates an analytic semigroup on Z.

The conditions in Theorem 2.7 are also sufficient to show A generates a contraction
semigroup. The proof of the theorem is found in Showalter [78, Theorem 6.1]). An example
of the heat equation with boundary conditions w(0,t) = 0,w’(L,t) = 0 is illustrated in
Banks [10, example 6.1]. An immediate consequence of Theorem 2.7 is presented in the
following corollary.

Corollary 2.8. (Banks [10, Theorem 6.2])
Suppose all the assumptions of Theorem 2.7 hold except that (2.7) for o is replaced by

Reo(¢,0) + Xol[ollz = dll¢lly  forallg €V (2.8)

for some \g > 0, 6 > 0. Then defining A as in Theorem 2.7, we have that A is densely
defined and is the infinitesimal generator of an analytic semigroup in Z.

Semigroups associated to nonlinear Cauchy problems are defined similarly to their linear
counterparts. Consider the nonlinear abstract Cauchy problem

i) = f(=(1),  2(0) =2 (2.9)

where f: Z — Z is a nonlinear operator. Assume (2.9) is well-posed; that is, f generates
a semigroup. We also consider semilinear problems

)= Az + f(2),  2(0) = 2 € D(A). (2.10)

The domain of A and f are denoted, D(f) and D(A), respectively. Suppose A + f(-)
generates the nonlinear semigroup, F'(t), then

Definition 2.9. (Michel and Wang [65, Definition 2.9.7])
Let D be a subset of Z. A family of one-parameter nonlinear operators F'(t) : D — D,t €

8



R, is a nonlinear semigroup defined on D if
(i) F(0)zg = 2o for zg € D
(il) F(t+s)zg=F(t)F(s)z for t,s e Ry, zg € D
(iii) F(t)zo is continuous in ¢ on R
(iv) F(t)zo is continuous in zy on D.

There are generation theorems available for the nonlinear problem described in (2.9)
such as the Crandall-Liggett Theorem (Luo et al. [62, Theorem 2.115]). We will not go
into further details but for more on nonlinear semigroups, see Luo et al. [62, Section 2.9
and Barbu [11].

The stability of semigroups is related to the stability of equilibrium points. Suppose
z(t) € D(f) is a solution of (2.9) and Z € D(f) is an equilibrium point of (2.9); that is, 2
such that f(Z) = 0. The equilibrium point can also be defined using the semigroup, F'(t),
as Z = F(t)Z for all t.

Definition 2.10. (Walker [93, Definition 3.2])
The equilibrium point Z is (locally) stable if for any € > 0, there exists a § > 0 such that
[|2(0) — Z||z < ¢ implies ||z(t) — Z||z < € for all £ > 0.

Definition 2.11. (Walker [93, Definition 3.2|)
The equilibrium point Z is (locally) asymptotically stable if Z is stable and there exists a
0 > 0 such that ||z(0) — Z||z < 0 implies

lim [|2() — 2[|, = 0. (2.11)

t—o00

The finite-dimensional versions of Definition 2.10 and 2.11 can be found in Khalil [50,
Definition 4.1] and are identical. Clearly, asymptotically stable implies stable but the
converse is not true. A pictorial description highlighting the difference between stable
and asymptotically stable is displayed in Figure 2.1. Another common type of stability is
exponential stability.

Definition 2.12. (Smoller [81, Definition 11.21])

The equilibrium point 2 is (locally) ezponentially stable if there exists a § > 0 and positive
numbers k and « such that ||2(0) — Z||z < § implies ||z(¢) — Z||z < ke~ **||2(0) — Z||z for
all ¢ > 0.

The stability of invariant sets can also be considered.



o &>

(a) Stable (b) Asymptotically Stable

Figure 2.1: Pictorial descriptions of Definition 2.10 and 2.11. Let z and 2y be an equi-
librium and initial condition of (2.9), respectively. (a) If Z is stable, then solutions of
(2.9) stay within an e-ball for all time. (b) If Z is stable and satisfies (2.11), then 2 is
asymptotically stable.

Definition 2.13. (Xu and Yung [98, Definition 2.4])
A set M C Z is called an invariant set with respect to (2.9) if for each z(0) € M, it follows
that z(t) € M for all t > 0.

Define dist(z, M) as the minimum distance from z € Z to a point in M; that is, for
any z € 4,
dist(z, M) = inf{||z — y||z : y € M}.

Definition 2.14. (Xu and Yung [98, Definition 2.6])
The invariant set M is (locally) stable if for any € > 0, there exists a > 0 such that
dist(z(0), M) < ¢ implies dist(z(t), M) < € for all ¢t > 0.

Definition 2.15. (Xu and Yung [98, Definition 2.6])
The invariant set M is (locally) asymptotically stable if M is stable and there exists a § > 0
such that dist(z(0), M) < § implies

lim dist(z(¢), M) = 0. (2.12)

t—o0

In the above stability definitions, the initial condition depends on ¢ and hence these
notions of stability are local. If stability occurs for any initial state, then we say it is
globally stable or globally asymptotically stable.

Define a set of equilibrium points as an equilibrium set, E. By definition, an equilibrium
point does not change with respect to time and hence remains in E. It follows that E is
an invariant set; that is, every equilibrium set is an invariant set.
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There are two main methods for examining the stability of equilibrium points and
equilibrium sets: linearization and Lyapunov Theory. The discussion on the linearization
of nonlinear infinite—dimensional systems is based on the semilinear form described in
(2.10). The justification is not trivial and many examples do not satisfy the necessary
conditions. The Landau-Lifshitz equation is one such example. Fortunately, Lyapunov
Theory provides a successful alternative.

2.1 Linearization

Requirements on how the stability of a nonlinear infinite-dimensional system can be de-
termined by its corresponding linear system are presented. Three main issues need to
be addressed. First, how to differentiate the nonlinear operator. We discuss Fréchet and
Gateaux differentiability. Second, a relationship between the semigroup of the linear sys-
tem and the semigroup of the nonlinear system must be made. This allows for a connection
between the stability of a nonlinear equation and its corresponding linearized equation.

We begin by defining Fréchet and Gateaux differentiability.

Definition 2.16. (Hutson et al. [43, Definition 4.4.1])
Let D(f) be an open subset of Z and f : D(f) — Z be an operator. For h,a € D(f), an
operator f is Fréchet differentiable at a if there exists a bounded linear operator df, : 7 — Z

such that
|f(a+h) = fla) = df.h||z
1Al z—0 |R]| 2

=0. (2.13)
The operator, df,, is the Fréchet derivative of f at a.

Definition 2.17. (Lebedev and Vorovich [60, Definition 3.1.2])
The operator G : D(G) C Z — Z is Gateaux differentiable at a € D(G) if there exists a
linear operator 0G,, : Z — Z such that

lim ||G(a+ ev) — G(a) — OG ||

e—0 €

=0 (2.14)
for every a + ev,v € D(G). The operator G, is called the Gateauz derivative of G at a.

The precise definition of Gateaux differentiability varies depending on the reference. For
example, the Gateaux derivative may be defined as bounded and linear (Joshi and Bose
[47, Definition 2.1.1], Kato [48, Section 1]). In Banks [10, Definition 1.1], the Gateaux
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derivative need not be linear. In comparison, the definition of Fréchet differentiable is
consistent. Fréchet differentiability requires uniform convergence while convergence for
Gateaux differentiability depends on the direction v. This suggests Fréchet differentiable
implies Gateaux differentiable and this is easily proven by setting f = G and h = ev in
equation (2.13) which leads to

|G(a + ev) — G(a) — dGqevl|z

= 0.
llev]iz—0 |lev||z
Since the limit is independent of v,
1 lim ||G(a+ ev) — G(a) — dG,ev]|z _o
Tollz 223 :

Multiplying by ||v||z and with 0G,v = dG,v, we recover (2.14). Therefore, Fréchet dif-
ferentiable implies Gateaux differentiable and their derivatives are equal (Lebedev and
Vorovich [60, Theorem 3.1.1]); however, the converse is not true. For example, the deriva-
tive of a linear differentiable operator is just itself; however on the space of square integrable
functions, the derivative operator is unbounded and hence is a Gateaux derivative but not
a Fréchet derivative.

Consider the nonlinear problem
2(t) = G(2(t)) (2.15)

where G is Gateaux differentiable with Gateaux derivative, 0G,, for some z € D(G). Let
Z be an equilibrium solution of (2.15) and

B,(2)={z€Z:||z—Z||lz <r}
for some constant r > 0. Define the corresponding linear problem to be
2(t) = 0G5z(1)

and suppose it generates an exponentially stable semigroup. If there exists a A; > 0 and
nondecreasing function L; : R, — R, such that

1(7+X0G2) " v — (I +29G,) "ol z < Allzo — yollzLz(|[v]] 2) (2.16)

for 0 < A < \; with y,2 € B,.(2) N D(G) and v € Z, then Z is an exponentially stable
equilibrium of (2.15). This result and its proof are found in Kato [48, Theorem 2.1]. In
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general, the condition described in (2.16) is not easy to check.

We now consider the semilinear equation (2.10), which generates the semigroup, F'(t).
Temam [84, Section VI.8| investigates when F'(t) is Fréchet differentiable, which is useful
for showing the stability of the linearized equation of (2.10) has similar stability to (2.10)
(see Theorem 2.24 below and al Jamal [3]). The linear operator, A : D(A) — Z of (2.10) is
assumed to be self-adjoint and negative. The nonlinear operator is defined as f mapping
from Y to Y’ where Y = D((—A)"?) and Y” is its corresponding dual space. For y € Y,
define the norms [lylly = [|(—4)"2y[|z and |lyl|y- = ||(~4)y]|, write

f(2() = flw(t) = L(2(t) —w(t) + Q(2(t) — w(t)) (2.17)

where L is a linear bounded operator on Y to Y. For some 0 < € < 1 and positive constant
c. that depends on €, assume L satisfies

(Lo, v)z] < (L= Oyl + ecllyllZ (2.18)

for all y € Y and assume @ satisfies

1Q(=(t) — w(t))|lys < kil|z — w] |5+

for some k; > 0 and o1 > 0. For every R > 0, suppose there exists 0 < oo < 1 and constant
kg depending on R such that

[(f(2) = f(w), 2 = w)z| < kallz —wl|Z]]z — w]f;

for all z,w € D(AY?) with ||z]|z < R and ||w||z < R. Given these conditions, F(t) is
Fréchet differentiable and its derivative is equal to the semigroup of the linearized equation
of (2.10).

In what is to follow, we consider Fréchet differentiability of the nonlinear operator.
Consider the semilinear equation in (2.10), which generates the nonlinear semigroup F'(t).
Suppose the nonlinear operator, f, in (2.10) is Fréchet differentiable. Define the corre-
sponding linear problem to (2.10) as

dy
R (2.19)

where df, is the Fréchet derivative of f at z. We are interested in knowing the conditions
required on A and f such that the stability of (2.19) implies similar stability of (2.10). We
begin by presenting the Mean Value Theorem.
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Theorem 2.18. ([Mean Value Theorem| Hutson et al. [43, Lemma 4.4.7])
Let f: Z — Z be an operator. Define for any z € Z and some positive constant r,

N.,=1{peZ:|lp—zllz <r}. (2.20)
If f is Fréchet differentiable on N, ,, then

1f(y) = FRllz < sup [dfylloplly = 2[[z  forally,ze N,

n € Nz,r

where df,, is the Fréchet derivative of f at 7.

We will be referring to the neighbourhood, N, ,, of z throughout this section.

There are a number of results in the literature that show if the linear system in (2.19)
generates an exponentially stable semigroup, then the original semilinear system (2.10) is
locally exponentially stable (Kato [48, Corollary 2.2], Henry [41, Section 5.1] and Smoller
[81, Section 11.B]). These results require the nonlinear operator, f, in (2.10) to be Fréchet
differentiable. Furthermore, f or its derivative is often required to be locally Lipschitz
continuous, which is defined as follows.

Definition 2.19. (Belleni-Morante and McBride [13, Definition 3.6])
The operator f : Z — Z is locally Lipschitz continuous on N, ,, defined in (2.20), if

Hf(p) - f(q)HZ S Kz,er - QHZ> for all P, q € Nz,r-

The bound K, is called the Lipschitz constant and depends on r and z.

Let Z be an equilibrium point of (2.10). In Kato [48, Corollary 2.2], A in (2.10) is
assumed to generate an exponentially stable semigroup and the nonlinear operator, f, is
assumed to be Fréchet differentiable in D(f). For all z,y € D(f) with ||z||z < r, ||lyllz < r
for some r > 0, the Fréchet derivative, df, is assumed to satisfy

|dfy = df-llop < d(r)lly = 2llz

where d : R, — R, is a continuous increasing function. Given these assumptions, Corol-
lary 2.2 in Kato [48] establishes that Z is a locally exponentially stable equilibrium of
(2.10).

Smoller [81, Section 11.B] shows a similar result to Corollary 2.2 in Kato but with
different assumptions. He assumes A in (2.10) generates a semigroup on Z and f is locally
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Lipschitz continuous; that is, for all y,z € Z

1£(y) = F()lz < k(lyllz, [12]12)[ly = 2l|z

where k(s1, $2) is a continuous nonnegative real-valued function that is increasing in s; and
s9. Define df as the Fréchet derivative of f. Smoller also requires the mapping z — df, to
be continuous on Z and the following inequality to hold,

11£(2) = f(w) — dfu(z —w)||z < ||z — w|| for all z,w € N, (2.21)

for some positive constant, c. Given these assumptions, Smoller [81, Theorem 11.17] proves
the semigroup, F'(t), of (2.10) is Fréchet differentiable with its derivative equal to the semi-
group of (2.19). This result is used to show Z is a locally exponentially stable equilibrium
point of (2.10) if equation (2.19) generates an exponentially stable semigroup (Smoller [81,
Theorem 11.22]).

In Theorem 2.23 below, we also prove the semigroup of F'(t) of (2.10) is Fréchet dif-
ferentiable and its Fréchet derivative is equal to the semigroup of (2.19). We require A
in (2.10) to be nonpositive and the derivative of f, denoted df, to be locally Lipschitz
continuous on NV, , and that df satisfies

sup ||dfy||op = K., < 00 (2.22)
7’]€Nz,r

for some constant K, > 0 that depends on z and r. Given these assumptions, f is locally
Lipschitz continuous on N, by the Mean Value Theorem, which is a required condition
of f in Smoller [81, Section 11.B] and our assumptions on f imply Smoller’s condition in
(2.21) as illustrated in Lemma 2.21. Furthermore, if df is continuous on Z, which is an
assumption in Smoller, then (2.22) is satisfied. The result in Theorem 2.23 and the result
in Smoller [81, Section 11.B| require similar assumptions. Depending on the equation, it
may be easier to satisfy the conditions in Smoller or those in Theorem 2.23.

A pictorial representation of Theorem 2.23 is depicted in Figure 2.2. Before proving
Theorem 2.23, we prove several lemmas needed in the proof. Recall the neighbourhood N
of z defined in (2.20) is N, which is used throughout the proofs.

Lemma 2.20. (Lebedev and Vorowich [60, Lemma 3.1.2])
Suppose f is Fréchet differentiable on N, ,, then

1
fly) = f(z) = /0 df st s(y—2)(y — 2)ds forally € N,,.
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Nonlinear System Linear System

dz dy

9 _ 4 W_ 4
Semigroup _ Semigroup
of nonlinear A%y (t) = T2(1) of linear
system, F(t) system, T.(t)

Figure 2.2: Consider the semilinear equation (2.10) with its nonlinear operator, f, Fréchet
differentiable, and which generates the semigroup, F(t). The corresponding linearized
problem is (2.19). Then F(t) is Fréchet differentiable and its derivative is equal to the
semigroup generated by (2.19). See Theorem 2.23.

Proof of Lemma 2.20: Let ¢(s) = z + s(y — z). Taking the derivative of f(q(s)) with
respect to s leads to

< (als) = oy — =)

This is a consequence of the chain rule for Fréchet differentiability (Lebedev and Vorowich
[60, Lemma 3.1.1]). Integrating from 0 to 1, we obtain

/o1 wds = /01 dfys)(y — 2)ds.

It follows that .

ﬂ«mwﬁmm»=4<m@@—aw

and substituting in ¢ leads to the desired result. O

A similar result and proof of the following lemma can be found in Siegel [79, Sec-
tion 3.12].

Lemma 2.21. Suppose f is Fréchet differentiable on NN, , and its derivative is locally
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Lipschitz continuous on [V, ,; that is,
\|dfy — df.||lz < L.,|ly — z||z for all y € N,

where L, , is the Lipschitz constant that depends on z and some r > 0. Then

Lzr
1/ () = F(2) = df-(y = 2)ll2 < =y = 2[I7 for all y € N,

Proof of Lemma 2.21: Consider the function ¢ : [0,1] — Z,

9(s) = f(z+s(y — 2)) — sdf.(y — 2).

By the chain rule,
9'(s) = dfeqsy-—2(y — 2) — df-(y — 2). (2.23)
Consider

1 1 1
| s = [ sty = s = [ drty—2)as

The second integral evaluates to f(y) — f(z) from Lemma 2.20. The integrand in the third
integral is constant with respect to s and hence the integral evaluates to df.(y — z). It
follows that

/0 J(s)ds = F(y) — £(2) — dfuly — 2)

and hence

1F () — () — dfuly — 2)llz < / 19/(5)] |zt
0
< [ Mfevstn = dllly = 2lzds by (2:23)
0

Since df, is locally Lipschitz continuous on N, ,, then

1
1F () = £(2) — dfuly — 2llz < Lowlly — 2|12 / sds. O

Lemma 2.22. Consider the semilinear equation in (2.10). Suppose the nonlinear operator,
f, of (2.10) satisfies the assumptions in Lemma 2.21. For some positive constant K, , that
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depends on z and r, assume

sup ||dfyllop = K. < 00
77€Nz,r

where df is the Fréchet derivative of f. Assume Re(Az,z); < 0 for all z € N,,. Let
Y,z € N, be solutions to (2.10) with corresponding vy, 2o initial conditions. Then

ly(t) — 2(D|% < ||lyo — 20| |5e* ="

Proof of Lemma 2.22: Let y,z € N,, be solutions to (2.10) and define h(t) := y(t) —
z(t). Tt follows that

T = Ah+ f() ~ F), h(O0) = o 20 (2.24)

Taking the inner product of (2.24) with h yields

dh

<$7 h>Z = <Ah7 h)Z + <f<y) - f(z)u h)Z-

For any z € C and its conjugate, z, we have z + z = 2Re(z) and hence

dh dh dh
2Re( g h)z =G hyz + (h, dt>z

d

— Linn
dt< Mz
d

= —||nll%.
Ll

It follows that

d
5 IR = Re(Ah, by + Re(f(y) — 7(=),
Since Re(Ah, h)z < 0, then
1d
577 1P < Re(f(y) = f(2), h)z

and by the Cauchy-Schwarz inequality

1d

2dt||h”2z <|If(y) = f(2)l|zl|]|z- (2.25)
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From the Mean Value Theorem (Theorem 2.18), we have

17 () = F()lz < sup [[df:]loplly — 2l

ze z,T

It follows that
1f(y) = f(2)llz < K..|ly — z||z for all y, z € N,

since K, = sup, ¢ v, , ||dfyllop < 00. Equation (2.25) then becomes

d
Integrating with respect to t yields

117 < [17(0)][Z*".
Substituting in h(t) = y(t) — z(t) leads to the desired result. O

Theorem 2.23. Consider the semilinear equation in (2.10), which generates the semigroup
F(t), and its corresponding linearized problem in (2.19). Suppose the same assumptions
in Lemma 2.22 hold and also that A generates a semigroup. Then (2.19) generates the
semigroup, T,(t), and furthermore,

T.(t) = dF,(t)

where dF,,(t) is the Fréchet derivative of F'(t) at z(0) = 2o for all 0 < ¢ < t; for some
positive t;.

Proof of Theorem 2.23: Recall the linearized equation of (2.10) is

% =AY +dfp,  $(0) =yo — 20 = o (2.26)

where df, is the Fréchet derivative of f at z. Since A generates a semigroup and df, is
bounded, then A + df, generates a Cy-semigroup, T (t), and

»(t) = T.(t)ho (2.27)

is the unique solution to (2.26) (see Curtain and Zwart [31, Theorem 3.2.1]).
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Define ¢(t) := y(t) — 2(t) — ¢ (t). Taking the time derivative of ¢ leads to

dt — dt dt dt
Substituting in (2.10) and (2.26) yields

d
D Ay )~ Az — ()~ AV~ dFv.
Replacing with ¢ =y — z — 1, it follows that
d
O~ Abtdfo+ )~ f(2) —dy—2), 6(0) =0, (228)

Taking the inner product of (2.28) with ¢ yields

1d

§£II¢IIQZ = Re(Ap, @)z 4+ Re(df.¢, ¢) 2 + Relf(y) — f(2) —df-(y — 2),0) 2

and applying Cauchy-Schwarz leads to

d
5 0113 < Re(40, 8) + lldr-6 8llz + 117() — £(2) — df.ly — 22l

Applying Re(A¢, ¢)z < 0 and Lemma 2.21 implies,

1d L
S=I8lZ < ldr.oll 19]17 +

=y — 2|l

where L, , is the Lipschitz constant. Since df, is a linear bounded operator on Z, then

1d

Lz,r
S NOIIE < MBI + =221y — =I12]16l]2

where M, is a positive constant that depends on z and M, # K ,. From this, we have

d
—l16llz < 2M. (18] + Leplly — 2117

20



Applying Gronwall’s inequality (Robinson [73, Lemma 2.8]) with ¢(0) = 0 implies

t
16]l7 < L., / e 2M=5 |y (s) — 2(s)| 3.

Applying Lemma 2.22 yields

t
< L, ,e2Mt | 2Ker—Mz)s — 20|32 ds.
¢llz < z,r Yo ollz
0

For t € [0, ;] with t; any positive constant, it follows that

ty
o]z < Lz,r€2Mztnyo - ZOHQZ/ 2(Bzr=Mz)s 1o
0
and solving the integrals leads to

16()l1z < k(t)llyo — 2ol %, for t € [0, ]

where
(62K27th o 62Mtf).

k(ty) =

Since ¢ =y — z — 1), we have

2 (Kz,r - Mz)

ly — 2 — ¢l|z < k(tg)|lyo — 2ol |7
From (2.27) and recalling that y(t) = F(t)yo and z(t) = F(t)zp, we obtain
1E()yo — F(t)z0 — To(t)ol |z < k(ts)llyo — 20ll%-
Defining hg = yo — 2o leads to
1F(#)(ho + 20) — F(t)20 — T.(t)hollz < k(tg)l[hollZ

and hence

lim [[F'(t)(ho + 20) — F(t)z0 — T.(t)hol| 2
lIhollz—0 [1hol |z

for all ¢ € [0,¢f]. Therefore, (2.13) is satisfied which means F'(¢) is Fréchet differentiable
at zp and its derivative is dF, (t) = T,(t) for t € [0,t7]. O

=0

Recall the usefulness of Theorem 2.23. It can allow the stability of a nonlinear infinite—
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dimensional system to be determined by its corresponding linear system. Such a result is
found in Desch and Schappacher [33, Theorem 2.1], which we state for completeness.

Theorem 2.24. (Desch and Schappacher [33, Theorem 2.1])

Let F(t) be a nonlinear semigroup and let Z be an equilibrium point. Suppose F(t) is
Fréchet differentiable at Z with Fréchet derivative dF:(t) and dF:(t) is an exponentially
stable semigroup, then Z is an exponentially stable equilibrium with respect to F'(t).

The assumptions needed to satisfy Theorem 2.24 are quite strong. Furthermore, it is
not always true that the stability of a linearized equation implies the same stability of
the original nonlinear equation. In the following example, we consider a nonlinear system
which does not have an asymptotically stable solution while its linearization does. The
example is due to Hans Zwart.

Example 2.25. Let /5 be the space of square summable sequences and N the set of natural
numbers. For any z(t) = (21(¢), 22(t), ..., 2n(t),...) € €y with n € N, consider

1
Gy = ——2p + 22, (2.29)
n
Denote Z, as the equilibrium solutions of (2.29). Then solving

Lo s
0=——2, + 2,
n

we find that z, = 0 and % This means the full system has an infinite number of equilibria
of the form z = (21, 25, ...) € {5 where Z, =0 or % That is, the equilibrium set is

1
{22(517527_,.)662 5n€{0,—} fOI'TLGN}.
n

We show that the linearization of (2.29) at Z = (0,...,0,...) is asymptotically stable.
Denote the nonlinear term in (2.29) as

fn(zn) = Zia
then f/(0) = 0 and hence the linearization is

1
b = ——w,, 2.30
w nw ( )

22



Solving, the solution is w,(t) = w,(0)e xt. It follows that
w(t) = (wi(0)e ™ wy(0)e 2", .. (2.31)

and hence for any wy = (wy(0), wz(0),...) € lo,
: 2 _ S 2 -2y _
Jim [|w(t)[[7, = tlgonoz_:lwn(O)e =0.

By Definition 2.4, this implies w(t) is an asymptotically stable solution.
Observe that w(t) in (2.31) is not exponentially stable. Let T'(¢) be the semigroup
of (2.30); that is, w(t) = T'(t)wy. For any ¢t > 0,

ITOlop = sup [fw(®)]]e,

llwolley =1

~ 1/2
= sup (Zwi(0)63t> (by (2.31))

llwolle, =1 \;,=1

. 1/2
= sup (hm wi(0)62t> :

llwolley=1

Since n < k, then e~wt < e~#t for all £ > 0 and hence the exponential is independent of
the sum. It follows that

() 1/2
. _2
170l = sup (;wi@ Jim ¢ )

[[wolley=1
-~ 1/2
= lim e *' sup (Zwi(O))
k=00 llwolley=1 \ iy
= lim e #!
k—o0
=1

and hence T'(t) is not an exponentially stable semigroup.

We now show the solution to the original nonlinear problem (2.29) is not asymptotically
stable. For z, # 0, define y,, = 2, !, then g, = —2z, 2%, and equation (2.29) can be rewritten
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as
1

yn - —Yn = —1.
n

Multiplying this equation by e~ ! leads to

Solving, y
Yn =N+ cpen

where ¢, is a constant of integration. Replacing y,, with z ! yields

1

(t) = ——.
n -+ cpen

This is the nontrivial solution to (2.29).

For the initial condition zy = (0,...,0, %, 0,...) € {5 where the nonzero entry is at the

n-th position, we have ¢, = 0 and hence z, = 1/n, while z;(¢) = 0 for ¢ # n. The solution
to (2.29) is

).

For any 6 > 0, pick n such that = < 4. For 2= (0,...,0,...), [|z0 — Z|[e, = £ < & but

N
—~
~
~—

I
—
=
=

3
=

. z 3 1
fin ||2(t) = Z|le, = Jim [l2(t)lle, = -

That is, there exists an initial condition, zp, such that lim; . ||2(¢)||s, # 0. This implies
z(t) is not an asymptotically stable solution. O

Example 2.25 illustrates the limitation of linearization for infinite-dimensions and sug-
gests that exponential stability is a necessary requirement for linear stability to imply the
same stability of the corresponding nonlinear equation and that asymptotic stability is
not sufficient. For a large class of systems, Theorem 2.24 demonstrates that exponential
stability is a sufficient condition.

Example 2.25 also illustrates the significant difference between stability for finite—
dimensions compared to infinite-dimensions. Consider the system described by (2.29)
for n < Nj; that is, finite-dimensions. The solution to (2.29) for any initial condition,
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20 = (2107 2205+ - - 7ZN0)a is

(1) = 210 220 o ZNO .
210+ (1 — z10)€t 2290 + (1— 2220)«9%’57 "Nzno + (1-— NzNo)e%t

This implies

2 N 2
. Zn0
= lim =0

t—o0
n—=

Jim [|=(0)}, = Jim

—nzy+ (11— nzno)elt Nzno + (1 — nzpg)en

and hence the solution is asymptotically stable. Recall from example 2.25 that (2.29) is
not asymptotically stable in infinite—dimensions.

2.2 Lyapunov Theory

Lyapunov Theory is useful for determining the stability of equilibrium points or invariant
sets. The latter is not as well-known but is nearly identical to the version for points. Lya-
punov Theory can be applied to finite-dimensions or infinite-dimensions and to linear or
nonlinear systems. It also has tractable conditions; however, finding an appropriate Lya-
punov function, which is vital in the application of Lyapunov Theory, can be a challenge.
Lyapunov Theory also provides global stability, which is proved by showing the Lyapunov
function is radially unbounded.

Definition 2.26. (Michel and Wang [65, Definition 5.1.11})

Let V : Z — R be a continuous function and suppose there exists ¢» : R, — R, such
that 1 is strictly increasing on Ry, ¥(0) = 0 and lim, . ¥(z) = co. Then V is radially
unbounded if V(0) = 0 and V'(z) > 9(||z||z) for all z € Z.

This definition of radially unboundness in Michel and Wang [65, Definition 5.1.11] is
in finite—dimensions and then remarked on page 320 to be identical for infinite-dimensions
after replacing the spaces appropriately. From the definition, it is clear that V' (z) is radially
unbounded if V(||z]|z) — oo as ||z]|z — .

Lyapunov stability theory for (2.9) is discussed in Michel and Wang [65, Chapter 6]
and Xu and Yung [98]. To be precise, it is a time-varying system,

£(t) = f(t. 2(1)), (2.32)
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that is investigated in these references but no information is lost as (2.9) is clearly a subclass
of (2.32). Walker [93] investigates the Lyapunov stability of (2.9) for f linear.

Theorem 2.27. [Lyapunov Theorem for Equilibrium Points] (Michel and Wang [65, The-
orem 6.2.13])

Suppose z(t) is a (strong) solution to (2.9). Let Z be an equilibrium point of (2.9) and
D C Z containing Z. Let V : D — R be a continuously differentiable functional such that
V(2) =0, V(2(t)) > 0 for all z € D\{z}, and

dV(=(t))

o <0 forall 2(t) € D,

then Z is stable. Moreover, if

dV(2(t))

o < 0 for all 2(t) € D\{z},

then Z is asymptotically stable. In addition, if V' is radially unbounded, then Z is globally
asymptotically stable.

Consider the heat equation with Dirichlet boundary conditions. Define £5]0, L] to be

the space of real square-integrable functions with norm [|w(t)|Z, = fOL w?(x,t)dx. The
one dimensional heat equation is

w(z, t) = w"(z,t) (2.33a)
w(0,t) = w(L,t) =0 (2.33b)
w(z,0) = wy(z) (2.33¢)

The solution to (2.33a) describes the distribution of temperature of an object, say a rod of
length L, at position « € [0, L] and time ¢ > 0. Equation (2.33) has an unique equilibrium
at w = 0.

Define A : Dy C £5]0, L] — L]0, L],
Aw =w
with
Dy ={w:w € Ly)0, L], w' € L]0, L], w" € L5[0, L], w(0,¢) =0=w(L,t)}.
It is known that A with domain D; generates a semigroup and is proved using the
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Lumer—Phillips Theorem (see Theorem 2.6). We apply Theorem 2.27 to determine the
stability of w = 0. Poincare’s inequality is needed in establishing the stability of w = 0. It
is stated and proved for completeness.

Lemma 2.28. [Poincare’s Inequality|(Krstic and Smyshlyaev [54, Lemma 2.1])
For any w continuously differentiable on [0, L],

L L
/ w?dr < 2w*(L,t)L + 4L2/ w'da. (2.34)
0 0

Proof of Lemma 2.28: For any continuously differentiable w,

L L
/ w?dr = w*(L,t)L — / 2ww'zdx (integration by parts)
0 0
1 (L
t)L + 5 / widx + / 2w 22 dx (Young’s Inequality)
0
1 (L L
t)L + 5/ w?dx + LQ/ 2w’ da (z €0, L]).
0 0

Rearranging leads to

1 (F L
5/ w?dr < w?(L,t)L + 2L2/ w’dz. O

0 0
Theorem 2.29. The equilibrium point, w = 0, of (2.33) is globally asymptotically stable
in the £o,norm.

Proof of Theorem 2.29: Consider the Lyapunov candidate, Vi (w) = 3||wl|Z,. It is clear
that V1(0) = 0 and when V}(w) = 0 then w = 0, which is the equilibrium point. Therefore,
Vi(w) > 0 for all w except w = 0.
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The derivative of Vj is

1 L
% = —i w?dz
dt  2dt J,
L
= / wwdz (chain rule)
0
L
:/ ww" dx (substituting in (2.33a))
0
L
= —/ w'dx (integration by parts with (2.33b))
0
= —| |||z,

Applying the boundary conditions in (2.33b) to Poincare’s inequality in (2.34) leads to
lwllZ, < 4L?[Jw'|IZ,
and hence
T < — gl
— < ——||wl|z,-
dt = 4L2"Ne

If 40 =0, then ||w||z, = 0 and hence w = 0. Therefore, &1 < 0 for all w # 0.

Since V; is radially unbounded, V;(0) = 0 and for all w # 0, we have V; > 0 and
avy

7+ < 0, Theorem 2.27 implies w = 0 is a globally asymptotically stable equilibrium of
(2.33). O

It turns out that @w = 0 in problem (2.33) is exponentially stable.

(2.35)

Theorem 2.30. (Krstic and Smyshlyaev [54, Section 2.2])
The equilibrium point w = 0 for (2.33) is globally exponentially stable in the Lo—norm.

Proof of Theorem 2.30: It follows immediately from (2.35) that

d — 2r2'"le

Solving yields ||w(z,t)||z, < ||w(z, O)||E2e_ﬁt and hence by Definition 2.12, @ = 0 is an

exponentially stable equilibrium. This is true for any initial condition w(z,0) and hence
global stability is obtained. O

Due to Theorem 2.30, the result in Theorem 2.29 is redundant since exponential stability
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implies asymptotic stability. As well, it is shown in Michel and Wang [65, Example 6.2.14]
that @ = 0 is a globally exponentially stable equilibrium point in the norm, ||w||Z,+|w'||Z, -

Now consider Neumann boundary conditions rather than the Dirichlet boundary con-
ditions in (2.33b). This leads to

w(z,t) = w'(z,t) (2.36a)
w'(0,t) = w'(L,t) =0 (2.36b)
w(z,0) = wy(x). (2.36¢)

Define A : Dy C £5[0, L] — £5]0, L],

Aw ="

with
Dy ={w:w € L5]0, L], w' € L5]0, L], w" € L5[0, L], w'(0,t) =0=w'(L,t)}.

It is known that A with domain D, generates a semigroup. This is proved using the
Lumer-Phillips Theorem (see Theorem 2.6).

Equation (2.36) has equilibrium w = ¢ where ¢ is a constant function. That is, the
equilibrium is not unique; in fact, there are an infinite number of equilibria. Denote the
set of equilibrium points of (2.36) by

E={weDy:w=ceR} (2.37)

Our objective is to establish asymptotic stability of the set E (see Definition 2.15).
Lyapunov stability theory can easily be applied to equilibrium sets. This is not surprising
since we can define an equilibrium point, Z, as an invariant set {Z}. This is precisely how
Michel and Wang [65, Definition 3.1.8] define equilibrium points.

Theorem 2.31. [Lyapunov Theorem for Invariant Sets] (Xu and Yang [98, Theorem 4.3])
Suppose z(t) is a (strong) solution of (2.9). Let M be a invariant set of (2.9) and D C Z

be a neighbourhood of M. Let V : D — R be a continuously differentiable functional such
that V(z2(t)) = 0 for all z(¢t) € M and V(2(t)) > 0 for all z(t) € D\M. If

dV(z(t))

o <0 forall 2(t) € D,
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then M is a stable invariant set. Moreover, if

dV(z(t))

TR 0 for all 2(t) € D\M,

then M is an asymptotically stable invariant set. In addition, if V' is radially unbounded,
then M is a globally asymptotically stable invariant set.

We can apply Theorem 2.31 to the heat equation described in (2.36) since the problem
is well-posed and the required Lyapunov function exists. Set Z = L5[0, L] and D = D, in
Theorem 2.31. Since we are interested in the stability of the equilibrium set, then M = F
defined in (2.37).

Theorem 2.32. The equilibrium set E defined in (2.37) is locally asymptotically stable
in the £y,norm.

Proof of Theorem 2.32: Consider the Lyapunov candidate

Ve _ 1 "2 1 L /2d
() = 3l =5 [ 0
It is clear that V5 > 0 for all w € Dy, and V3(c) = 0 whenever ¢ € E. If Vo(w) = 0, then
w' = 0 and hence w must be a constant; that is, w € E. Therefore, Va(w) > 0 for all
w € D,\E. (Notice if the Lyapunov candidate had been V;(w) = 3|jw — ¢|[Z,, then V;(w)

2
would be zero only for a particular constant and not for the entire set E.)

The derivative of V5 is

v, 1d [*F

12
o _ - d
a ~2at ),
L
= / w'w'dx (chain rule)
0
L
= —/ w"wdx (integration by parts with (2.36b))
0
L
= —/ w"dx (substituting in (2.36a))
0
= —|lw"|IZ,.
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It follows from Poincare’s Inequality (Lemma 2.28) that
lw']|Z, < 2w™(L,t)L +4L7|Jw"||Z,

and applying the boundary conditions in (2.36b) gives |[w'||Z, < 4L?||w”||%,. Substituting
into the derivative of V5 yields

dVs 1 e

T~ —4—L2Hw Iz,
It is clear that % < 0 for all w € Dy. Furthermore, if % = 0, we obtain v’ = 0 and
hence w is any constant. This implies % < 0 for all w € Do\ E. By Theorem 2.31, F is
an asymptotically stable equilibrium set of (2.36) in the £o—norm. ]

Recall that any constant, ¢, is an equilibrium of (2.36). The equilibrium is uniquely
determined by the initial condition, wy(z) and in particular

1 L
c= Z/o wo(x)dx; (2.38)

that is, the equilibrium is the average of the initial distribution (Boyce and DiPrima [19,
Section 10.6, Equation (38)]). Based on the boundary conditions in (2.36b), the rate
of change at the endpoints is zero and hence there is no heat flowing in or out of the
rod. Therefore, the heat distribution of the object will settle to the average of the initial
temperature.

We saw in Theorem 2.32 that E is an asymptotically stable equilibrium set. Is a
particular ¢ € F an asymptotically stable equilibrium point? The answer is that c is stable
but not asymptotically stable.

Theorem 2.33. Any equilibrium point of (2.36) is locally stable in the Lo—norm.

Proof of Theorem 2.33: Let ¢ be an equilibrium point of (2.36). Consider the Lyapunov
candidate

1 , 1 [f )
Vitw) = gl —ellz, = 5 | (w=ePde.

It is clear that V4 > 0 for all w and Vi(c) = 0. If Vi(w) = 0, then w = ¢ and therefore,
Vi(w) > 0 for all w except when w = ¢. (If the Lyapunov candidate had been Va(w) =
lJw'||%, instead, then for Va(w) = 0, it follows that w’ = 0 and hence w = d, where d is
any constant. Since d is not necessarily equal to ¢, then it is not true that Va(w) > 0 for
all w not equal to ¢ and hence V5 is not a Lyapunov function.)
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The derivative of Vj is

dvy 1d [* 2
— = —— (w—c)’dx
at 24t ),
L
= / (w — c)wdx (chain rule)
0
L
= / (w — c)w"dx (substituting in (2.36a))
0
L
= —/ wdx (integration by parts with (2.36b))
0
= —||w'||z,

Clearly, % < 0. Therefore, from Theorem 2.27, ¢ is a stable equilibrium of (2.36).

It % = 0, then w’ = 0 and hence w = d where d is a constant. Since d is not necessarily
equal to ¢, we cannot conclude that % < 0 for all w except when w = ¢. We cannot make

any conclusions from V; about the asymptotic stability of c.

It turns out that ¢ is not asymptotically stable. In order for ¢ to be asymptotically
stable requires that (2.11) be satisfied; however, the following shows (2.11) is not satisfied.
Let L =1 and wy(z) be a constant, say wy. From (2.38), it is clear that ¢ = wy. For any
0 > 0, if the system begins at wy + 0/2, which is within a d—ball of the initial condition 1y,
then since any constant is an equilibrium and @y + /2 is a constant, solutions will go to
Wy + 0/2 and not ¢. This means (2.11) is not satisfied and hence ¢ is not asymptotically
stable. ]

The result in Theorem 2.33 that ¢ is not asymptotically stable, does not pertain specif-
ically to the heat equation. That is, no matter which equilibrium is chosen and no matter
how small § > 0 is chosen, we can always find another equilibrium within the d—ball, which
implies that none of the equilibria can be asymptotically stable. If the set of all equilibria
is disconnected, then asymptotic stability may be possible because there can exist a d—ball
around ¢ such that no other equilibrium points are in the d—ball.

The solution to the heat equation with Neumann boundary in (2.36) is

w(x,t) =c+ Z Cp COS (n_zx) e 1t (2.39)
n=1
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where ¢ is defined in (2.38) and

o (L
Cpn = z/o wo(z) cos (%) dx

(see Boyce and DiPrima [19, Section 10.6, Equation (35)]). It is clear from (2.39) that
w(z,t) — c exponentially fast as t — oo. This does not contradict the result in The-
orem 2.33 which shows c is stable but not asymptotically stable because the solution in
(2.39) depends on a particular initial condition and hence Definitions 2.10 and 2.11 are no
longer applicable.

We chose the heat equation as our illustrative example because the Landau—Lifshitz
equation behaves similar to the heat equation. This similarity is useful when analyzing the
stability and control of the Landau-Lifshitz equation.
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Chapter 3

Hysteresis

Hysteresis is a phenomenon that occurs in nature and man—made processes. It often ap-
pears in engineering applications such as magnetization (Bertotti [15], Morris [67], Schnei-
der and Winchell [76]) and smart materials (Valadkhan et al. [85], Smith [80, Section 2.4]).
As well, many diffusion problems, such as freezing and thawing processes (Alimov et al.
[5, 4], Christenson [28], Petrov and Furo [72]), chemical reactors (Jensen and Ray [45],
Mancusi et al. [63]) and saturation of porous media (Bagagiolo and Visintin [8, 9], Kor-
dulova [52, 53], Visintin [92, Section 1.11], Wu et al. [97]), exhibit hysteresis. Biological
examples, such as predator and prey relationships (Aiki and Minchev [1], Murray [68, Sec-
tion 1.3]), also display hysteretic behaviour. A man—-made process that exhibits hysteresis
is the dynamics of a thermostat. From this small collection of examples, it should be clear
that hysteresis occurs in a number of different applications.

Hysteresis is difficult to define precisely; however, a common theme is the notion of a
looping behaviour. One reason it is challenging to rigorously define hysteresis is that the
shape of the loop can appear quite different even within the same problem (see Figure 3.5
for an example). There is still no consensus on how best to describe hysteresis from a
mathematical viewpoint and there are several definitions of hysteresis available.

In much of the literature, hysteresis is represented by an operator (Aiki and Minchev
[1], Brokate and Sprekels [20], Carbou et al. [21], Eleuteri and Krejci [35], Jayawardhana
et al. [44], Valadkhan et al. [86], Visintin [90], [92, Section 1.1]). A hysteresis operator
relates an input to the output of a system. One input can lead to more than one possible
output. Therefore, past output is required to determine present output. For this reason,
hysteresis is often said to require a memory. Another feature of hysteresis is that the
output is independent of the speed of the input. This is known as rate independence. For
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a precise definition of hysteresis operators, see Brokate and Sprekels [20, Definition 2.2.8].

Output
A

+1

»n
_|_
<

S—T

~ Input

S D ———

e ————— 4 ——————

Figure 3.1: The relay operator has exactly two outputs, {—1,+1}, and two threshold
input values, s +r and s — r.

There are different types of hysteresis operators. They differ in the shape of the loop
they govern. For example, Figure 3.1 shows a relay operator which is distinguished as
having two outputs and two “threshold” inputs (Brokate and Sprekels [20, Example 2.1.1]).
The dynamics of a thermostat exhibit hysteresis and the resulting shape of the looping
behaviour is governed by a relay operator. In particular, the thermostat has on and off
as its two outputs and the range of the desired room temperature provides a minimum
and maximum value for the two threshold inputs. Notice from Figure 3.1, if the desired
temperature is between s — r and s + r, then it is unknown whether the thermostat is
off or on, unless the previous output is given. This is the memory behaviour of hysteresis
previously stated. More hysteresis operators are discussed in Brokate and Sprekels [20,
Section 2.1].

Hysteresis operators are sometimes included as an additional term in a mathematical
equation and hence increase the complexity of the equation. As well, not all hysteretic
systems are rate independent and the definition of hysteresis operator can include oper-
ators that are not hysteretic (Morris [67]). These shortcomings are avoided if hysteresis
is considered from a more fundamental perspective as is the approach in the following
definition. This definition of hysteresis considers the properties of the dynamical system
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to establish hysteretic behaviour, whereas, considering a hysteresis operator assumes the
model already exhibits hysteresis.

Definition 3.1. (Morris [67, Definition 3])

A system exhibits hysteresis if it has

(a) multiple stable equilibrium points and

(b) dynamics that are considerably faster than the time scale at which inputs are varied.

Definition 3.1 is related to the looping behaviour often associated with hysteresis. Con-
sider a system with two stable equilibria (Figure 3.2) and suppose the system is initially at
the left equilibrium (Figure 3.2a). If the input is increased, the system will tend to stay in
equilibrium (Figure 3.2b) with only a small move upward along the hysteresis curve. When
the input is increased enough such that the equilibrium disappears, the system moves to
the right equilibrium (Figure 3.2c). This corresponds to moving along the steepest por-
tion of the hysteresis loop. The system stays at the right equilibrium (Figure 3.2d). For
systems which move to equilibrium faster than changes in the input, the transition from
one equilibrium to the other is nearly instantaneous (Morris [67]). Physically, this means
the system is observed only in equilibrium. If the input decreases enough so that the right
equilibrium disappears (Figure 3.2e), the system moves back to the left equilibrium (Fig-
ures 3.2f, 3.2g). For a specific example, see the discussion on the Schmitt trigger in Morris
[67], which explains how Definition 3.1 applies to the relay operator depicted in Figure 3.1.

However, the existence of a loop is not enough to identify hysteretic systems. Consider
the following second order ODE

y(t) + ey(t) + ky(t) = u(t) (3.1)

where ¢ and k are constants. This ODE often describes oscillatory motion such as the
motion of a cart attached to a spring (see Figure 3.3). The displacement of the cart is
denoted by y(t), the force exerted by the spring is governed by ky(t), and cy(t) describes
damping which is proportional to velocity. In this case, k is the spring constant and c
is the damping constant. The forcing term, u(t), is usually a sinusoid. Writing (3.1) in
first-order form with x = [y, ¢] leads to

T1(t) = xa(t) (3.2a)
' —cxo(t) — kxy(t) + u(t). (3.2b)

&
no
—~

~
N—

Il

A short MATLAB code (Appendix A) provides the appropriate input—output curves. The
input is chosen to be u(t) = sin(wt) where w is the frequency and the constants are set
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Figure 3.2: Dynamics of a system with two stable equilibria and its corresponding hys-
teresis loop. For the left curves, the horizontal axis is the output of the system and the
vertical axis is the state of the system. For the right curves, the horizontal axis is the input
while the vertical axis represents the output. As input varies, the dynamics of the system

move from (a) to (g). (a) The system is initially at equilibrium. (b) As input increases, the

system will tend to stay in equilibrium with only a small move upward along the hysteresis

curve. (¢) When input increases enough, the equilibrium disappears and the system moves

to the right equilibrium and (d) stays there. This corresponds to moving along the steepest
portion of the hysteresis loop. (e)—(g) Moving back to the left equilibrium is simply the
reverse procedure.
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Figure 3.3: A cart attached to a spring.

to ¢ = 15 and k£ = 1. When the forcing term is zero, the equilibrium is (0,0) and the
eigenvalues are

—c+ /2 —4k _ —V225 + v221

2 2
—c— /% — 4k . —V225 — /221
2 N 2 '

)\1:

(3.3a)

Ay = (3.3b)
Both eigenvalues are negative and hence the equilibrium is stable. Suppose the system
begins at equilibrium. It is clear from Figure 3.4 that for large w a loop appears. However,
since (3.2) has exactly one equilibrium, then from Definition 3.1 the system does not exhibit
hysteresis. Therefore, the existence of an input-output loop is not sufficient to indicate the
existence of hysteresis. Upon further examination of Figure 3.4, as w approaches zero,
the loop begins to vanish. Therefore, the notion of a persistent loop provides another
interpretation of hysteresis.

Definition 3.2. (Oh and Bernstein [70])
A system exhibits hysteresis if a nontrivial closed curve in the input—output map persists
for a periodic input as the frequency component of the input signal approaches zero.

For arbitrary initial conditions, y(0) = yo and y(0) = y;, the solution to (3.1) with
u(t) = sin(wt) is

1 (A1 — Aaw?) yo +w Art 1 (=X = Mw?) yo +w Aot
\/ﬁ( W2 —1- 15\, 1)6 _\/ﬁ< 02 —1— 15X +y1)e
15w cos(wt) + (w? — 1) sin(wt)

2w? — 1 — w?(15% + w?)

y(t) =
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Figure 3.4: Input—output curves for equation (3.1) with ¢ = 15 and & = 1. The initial
position is y(0) = 0,9(0) = 0 and the input is u(t) = sin(wt) for various w. Looping
behaviour is observed for large w but the loops do not persist as w approaches 0. By
Definition 3.2, equation (3.1) does not exhibit hysteresis.
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It follows that

) 1 Ao Nt 1 A2Yo Aot
lim y(t) = + et — + 2
w—»Oy( ) /221 (1 + 15)\1 yl) V221 1+ 15)\2 h

and since both eigenvalues are negative (see equation (3.3)), then y(¢) — 0 as t — oo, which
means regardless of the initial condition, the steady state is zero as w — 0 and t — oo.
This supports the fact that as w — 0, the input—output dynamics of (3.1) degenerate to a
function as illustrated in Figure 3.4.

Consider now a nonlinear equation of motion,

§(t) +ey(t) + k (y(t) = y*(1)) = u(t). (3.4)

This is equation (3.1) with an additional nonlinear term. The parameter ¢ = 15 as before
but k is set to —1. The initial condition is y(0) = 0 and y(0) = 0. These curves are
depicted in Figure 3.5. It is clear from the figure that even for low w a loop persists, which
by Definition 3.2 indicates the presence of hysteresis.

The dynamics governed by (3.4) also satisfy the requirements for hysteresis described
in Definition 3.1. Rewrite (3.4) as

Bo(t) = —cwo(t) — ki (t) + kad(t) + u(t).

For the unforced system, the equilibrium points are (z.,,0) where z., satisfies
r — 2 =0.

Therefore, equation (3.4) has equilibrium points, (0,0) and (£1,0). The corresponding
Jacobians are
0 1 q 0 1
k| ™ 2k —c

for the (0,0) and (£1,0) equilibriums, respectively. The eigenvalues of (0,0) are

—c+ 2 —4k
2

Ao =
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and the eigenvalues of (41,0) are

—cE+ e+ 8k
5 )

)\3,4 =

For ¢ = 15 and k = 1, we have A3, < 0 and hence (£1,0) are stable equilibrium points.
This satisfies the first condition in Definition 3.1. (The equilibrium (0, 0) is unstable since
one of A5 is positive.) Figure 3.6 demonstrates that the dynamics in equation (3.4) are
independent of the rate at which inputs are varied given the range of frequencies. This
satisfies the second condition in Definition 3.1. For larger w, the distinctly different shaped
hysteresis loops in Figure 3.5 show that dynamics are rate dependent. A similar example
illustrating the displacement of a magnetic beam is presented in Morris [67].

The dynamics in (3.4) illustrate it is crucial to have multiple stable equilibria and fast
dynamics in comparison to the rate of change of inputs when defining hysteresis. Although
hysteresis is synonymous with nonlinear systems (Bernstein and Oh [70]), linear systems
can exhibit hysteresis. This is because linear systems can have multiple stable equilibria.
Consider again equation (3.1) but with k& = 0; that is,

(1) + ci(t) = u(t). (3.5)
From (3.2), this leads to
() = x2(t) (3.6a)
To(t) = —cxa(t) + u(t). (3.6b)

Suppose the forcing term is zero, then (3.6) has an infinite number of equilibria given
by (Zeq, 0) where x., is any constant function. Moreover, the eigenvalues of (3.6) are 0 and
—c, which implies the equilibrium points are stable for ¢ > 0. The input-output curves are
displayed in Figure 3.7 with ¢ = 15, u(t) = sin(wt) and initial condition (x1,x2) = (0,0).
It is clear from the figure that a loop persists as w approaches 0. Furthermore, since the
solution to (3.5) is

y 11 w _o  wsin(wt) + ccos(wt)
t) = AT _
y() y0+c+w c(y1 w2+02)6 w (w? 4+ ¢2)
. sin(wt)  w? 4+ — ? cos(wt) — wre™
o (1 ey - St) os(wt) 7
c w?+c we (w? + ¢?)

then we have
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Figure 3.5: Input—output curves for equation (3.4) with ¢ = 15 and £ = —1. The initial
position is y(0) = 0,7(0) = 0 and the input is u(t) = sin(wt) for various w. As w approaches
0, looping behaviour persists. By Definition 3.2, equation (3.4) exhibits hysteresis. Notice
that the loops are differently shaped, which implies rate dependence of the system.
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Figure 3.6: Input—output diagrams for the nonlinear equation (3.4) with ¢ = 15, k = —1.
The initial position is y(0) = 0,9(0) = 0 and the input is u(t) = sin(wt) for w < 0.0001.
At these low frequencies, the system exhibits rate independence.

lim y(t) = yo + %(1 — e,

It follows that Y

‘ — 71

fim y(t) = yo + =

which means the equilibria of (3.5) depends on the initial conditions as w — 0. This leads

to a looping behaviour in the input—output map as w — 0, which from Definition 3.2
illustrates the presence of hysteresis in the dynamics of (3.5).

The arbitrary closeness of the equilibrium points of (3.5) explains the absence of sharp
jumps that usually appear in hysteresis loops (see Figure 3.7). For the nonlinear example
in (3.4), there are three distinct equilibrium points, (—1,0), (0,0) and (1,0). Due to
hysteresis the system moves virtually instantaneously from one equilibrium to another
which leads to the sharp jumps (see Figure 3.5). In the case of arbitrarily close equilibrium
points, the jumps do not occur. We will see in Section 4.4 that hysteresis in the Landau—
Lifshitz equation behaves similarly.
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Figure 3.7: Input—output curves for (3.5) with ¢ = 15. The initial condition is y(0) =
0,7(0) = 0 and the input is u(t) = sin(wt) for various w. It is clear the loops persist as w
approaches 0 and hence, by Definition 3.2 the system is hysteretic. The lack of jumps in
the loop is also clear and is due to the arbitrary closeness of the equilibria of (3.5).
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Chapter 4

Landau—Lifshitz Equation

The most common type of magnetism is ferromagnetism. It is responsible for the mag-
netism observed in everyday objects such as refrigerator magnets. Examples of pure fer-
romagnets include iron, cobalt and nickel. Ferromagnets created from a combination of
iron, cobalt and nickel are known as ferromagnetic alloys (Cullity and Graham [30, Sec-
tion 4.5]). The Landau-Lifshitz equation describes the magnetization dynamics within a
ferromagnetic object. On a molecular level, ferromagnets are divided into regions called
magnetic domains or simply domains. Domains are separated by domain walls. Landau
and Lifshitz derived their equation in 1935 as a way to model the motion of domain walls
[58]. They were particularly interested in the velocity of the domain walls. In recent years,
with the advancement of nanotechnology, the Landau—Lifshitz equation has been used to
describe the dynamics of magnetization inside nanostructures such as nanowires (Carbou
et al. [23, 26, 24], Noh et al [69], Gou et al. [39]), nanomagnets (Cowburn et al. [29]) and
nanoparticles (Mayergoyz et al. [64]).

Each domain in a ferromagnet is magnetized to the same saturation, M. That is,
every domain has the same magnetization magnitude but their directions may differ. Fur-
thermore, the direction of the magnetization of each domain is such that the sum of the
magnetizations is zero. When a magnetic field is applied to a ferromagnetic object, the
domains align in the direction of the applied magnetic field and hence its net magnetiza-
tion becomes nonzero. This is illustrated in Figure 4.1. For more details, see Cullity and
Graham [30, Section 4.1].

Mathematically, the characteristic that each domain is magnetized to saturation through-
out the ferromagnet is governed by ||m(x,t)||o = M, where m(x,t) is the magnetization
in the ferromagnet and || - || is the Euclidean norm. In much of the literature, M, is set
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(a) external magnetic field absent, net magnetization is zero

(b) external magnetic field present, net magnetization is nonzero

Figure 4.1: Two magnetic domains separated by a domain wall (solid line). The vectors
represent the direction and magnitude of each domain. (a) In the absence of an applied
magnetic field, the magnitude of both domains is the same while the directions are opposite.
This implies a net magnetization of zero. (b) When a magnetic field is applied, the magnetic
domains orient themselves parallel to the magnetic field and hence the net magnetization
is no longer zero.

to 1 and we follow the same convention; that is,
||m(z, )|z = 1. (4.1)
For x € [0, L] where L is a positive length and time ¢t € R, the magnetization,
m(z,t) = (mq(z,t), me(z,t), ms(x, 1)),
in a ferromagnetic object is described by the one—dimensional Landau—Lifshitz equation,

Oom

W =m X Heff —rvm X (m X Heff) (42)

where x denotes cross product and v > 0 is the damping parameter. The effective field,
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H.;, governs the various energy interactions within a ferromagnet. It is the sum of the
external applied magnetic field, H,, the demagnetization field, Hy, exchange energy H.,,
anisotropy energy H,,, and magnetoelastic energy H,,. (Gilbert [37]); that is,

Heff = Hea: + Han + Hme + Hd + Ha-

We now define these fields and describe how they interact with each other. Suppose a
ferromagnetic object is magnetized by H,. An external field surrounds the magnet, but
there is also a field within the magnet which tends to demagnetize the magnet. This is the
demagnetization field (Cullity and Thomas [30, Section 2.7]). The exchange energy, He,, is
due to the forces between magnetic molecules and can be thought of as the potential energy
of the ferromagnet (Cullity and Graham [30, Section 4.3]). The anisotropy energy is the
tendency of a magnetic molecule to stay in its current position (Cullity and Graham [30,
Section 7.2]). Tt is measured by the amount of energy, usually from an external magnetic
field, needed to change the molecule’s position. The magnetoelastic energy originates from
the stress and strains caused by H, (Cullity and Graham [30, Section 8.5]). Observe that
H, influences the behaviour of H; and H,,, and H,,,. but not H,....

When analyzing (4.2), often only some of these energies are included in the effective
field. For example, H; is sometimes omitted because its influence on the magnetization
dynamics is very small, such is the case in Bertotti et al. [17, Section 2.1] when he derives
(4.2) and hence his H.ss is

Heff - Hem + Han + Hme + Ha-

In another instance, Sanchez [75] considers only the exchange energy and applied external
magnetic field; that is,
Heff =H., +H,.

We consider H.;sy = H, because given this effective field, analytical stability results for
(4.2) are available (see Section 4.2). The exchange energy in one-dimension is H., = m,,
where the subscript partial derivative notation means

mx(xv t) = (mll(x7 t)’ mIQ(Ia t)? mg(a:, t))

m,(z,t) = (m](z,t), m5(x,t), my(z,t)).

The prime represents differentiation with respect to x. The Landau—Lifshitz equation with
effective field, H.s; = H,,, is investigated in Alouges and Soyeur [7], Carbou et al. [22],
Guo and Ding [40, Chapter 6], Fuwa et al. [36]. Therefore, the form of the (uncontrolled)

47



Landau-Lifshitz equation we will be investigating in this chapter is

aai? =m X m,, —vm X (m X mg,), m(z,0) = my(z). (4.3)

Note that
m X m, = (mgomy — mamsy, —mymy + mgmy, mimsy — mam) . (4.4)
The initial condition my(z) is chosen such that ||mg(z)||s = 1. This condition on

my(z) is standard in the literature (Alouges and Soyeur [7], Carbou and Fabrie [22], Guo
and Ding [40, Section 6.3.1]). Physically, |[my(z)||; = 1 means initially the magnetization
throughout the ferromagnet is the same, which represents the property that each domain in
a ferromagnet is magnetized to the same saturation. We also assume my(x) is real-valued.

We consider Neumann boundary conditions,
m,(0,t) = m,(L,t) =0, (4.5)

which means there is no magnetic flux at the boundaries.

The dynamics governed by (4.3) are such that (4.1) is preserved. This is proved in
Lemma 4.2. Lemma 4.1 is needed in the proof of Lemma 4.2, which requires properties
of cross products. Furthermore, much of our analysis of the Landau-Lifshitz equation
requires properties of cross products. For convenience, Table 4.1 contains a list of cross
product properties (Bernstein [14, Fact 3.5.25]) that will be useful in the analysis of the
Landau-Lifshitz equation.

Lemma 4.1. For m a solution of (4.3),

where T means transpose.

Proof of Lemma 4.1: Substituting (4.3) into m™ 22 yields

+0m

m—- = m’ (m x m,,;) — vm’ [m x (m x m,,)]
=m! (mxm)—v(mxm,) (mxm) (Table 4.1)
= 0. (Table 4.1) O
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1. pxp=0

2. gqxp=-pxq

3. px(a+y)=(pxaq) +(pxy)

4 (p+a)xy=(xy)+(axy)

5. pllaxy)=q' (yxp)=y' (pxaq)
6. (pxaq)xy=(Py)a—(qd"y)p

7. px(gaxy)=(p'y)a—(p'q)y

8. zx[px(axy)=p'y(zxq) —p'q(zxy)

Table 4.1:  Suppose p,q,y,z € R? and x denotes cross product. The table forms a
list of common cross product properties. A more detailed list is found in Bernstein [14,
Fact 3.5.25].

Lemma 4.2. (Guo and Ding [40, Lemma 6.3.1])
Suppose ||[m(z,0)||s = 1, then the solution, m, to (4.3) satisfies ||m(z,t)||z = 1.

Proof of Lemma 4.2: For m a solution to (4.3), it follows that

d|lm||2  O(mTm) rOm  OmT +Om
g pu— — P— 2 —
ot A T T
where T means transpose. Applying Lemma 4.1 leads to
o 2
ol
ot
and hence ||m(z,?)||3 = ¢(z). Since ||m(z,0)||; = 1, then ¢(z) = 1. O

Equation (4.1) is often written as part of the Landau-Lifshitz model and plays an
important role in the analysis of the Landau-Lifshitz equation. Further details are found
in Bertotti et al. [17, Section 2.1] and Guo and Ding [40, Section 1.1].
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Figure 4.2: The 3-dimensional coordinate system, {a,b,c}, form a right handed set of
orthogonal unit vectors.

The nonnegative parameter v in (4.3) is the dimensionless Gilbert damping constant.
It depends on the magnetization saturation and hence v varies depending on the type of
ferromagnet. Experimental values of v are between 0.0001 and 0.03 (Widom et al. [95,
Table 1]). When v = 0, the Landau-Lifshitz equation in (4.3) becomes

om

ot

=m X myg,. (4.6)

Equation (4.6) has been studied extensively with analytic solutions known (Bertotti et al.
[16], Gilbert [37], Lakshmanan et al. [57], Guo and Ding [40, Section 2.1, Section 3.3] and
Wang et al. [94]). One such solution is stated in Theorem 4.3.

Theorem 4.3. (Guo and Ding [40, Section 2.1])
Solutions to (4.6) are given by

m(z,t) = acos(a) + [bcos(kr — wt) + csin(kx — wt)] sin(«) (4.7)

where {a, b, c} form a right-handed coordinate system of orthogonal unit vectors as illus-
trated in Figure 4.2, « and k are arbitrary with w = k? cos(a).

The solutions in (4.7) are clearly oscillatory and describe the wave motion in a ferro-

magnet due to the change in direction of a magnetic atom. These wave motions are called
spin waves. The oscillations eventually die down due to internal friction (or damping)

20



within the ferromagnet. A source of damping is the interactions between spin waves from
different magnetic atoms. The damping behaviour in a ferromagnet is governed by the
second term in (4.3). For more details on spin waves and magnetic damping, see Akhiezer
et al. [2, Chapter 2] and Cullity [30, Section 12.6].

We end this section by briefly mentioning that there is another well-known equation
which describes the dynamics of magnetization in a ferromagnetic object. It is called the
Landau—Lifshitz—Gilbert equation,

= (1+7*)m x m,, — v(m x aa—r?) (4.8)

Om
ot
Both equations are derived from physics but from different arguments which lead to the
Landau-Lifshitz-Gilbert equation having a time dependent damping term (Gilbert [37]). A

literature search of each equation will reveal that they are equally regarded by researchers.
Aside from the discussion here, we consider only the Landau—Lifshitz equation.

From a mathematical viewpoint, the Landau—Lifshitz and the Landau-Lifshitz—Gilbert
equations are equivalent; that is, equation (4.3) can be recovered from (4.8) and vice versa.
This is illustrated in the next proposition.

Proposition 4.4. The Landau-Lifshitz equation in (4.3) is mathematically equivalent to
(4.8); that is, equation (4.3) can be recovered from (4.8) and vice versa.

Proof of Proposition 4.4: Taking the cross product of vm with (4.3) leads to

vm X om _ vm x (m x m,,) — ’m x [m x (m x m,,)]. (4.9)

ot
From Table 4.1, we see that the second term can be rewritten as

m x [m x (m x m,,)] = m"m,, (m x m) — m™m (m x m,,).

T

Since m"m = 1 from Lemma 4.2 and m x m = 0, then

mx [mx (mxmg,)|=-—-mxm,,

and substituting into (4.9), we obtain

0
vm x 2 — ym x (m x mg,) + v’m x m,,. (4.10)

ot
Adding (4.10) to (4.3) yields (4.8).

ol



On the other hand, we can recover (4.3) from (4.8) as follows. Taking the cross product
of m with (4.8) produces

mxa—r;l: (1+V2)m><(m><mm)—l/m><(m><aai?).
It follows that
m X (m X a(’)if) = (mTaa—r;l) m — meaa—T (Table 4.1)
0

= (mTa—T) m — %—T (Lemma 4.2)

= _38_1:1 (Lemma 4.1)
and hence 5 P

m X 8—?: (14 7%) m x (m><mm)+1/a—r;1.
Substituting this result into (4.8) leads to
8a_r;1: (1+1/2)m><mm—1/(1+y2)m>< (m><mm;)—1/288—1;l

and after rearranging, (4.3) is recovered. O

4.1 Well-Posedness

Existence and uniqueness results for the Landau-Lifshitz equation are shown in Gill and
Zachary [38, Theorem 1], Li [61, Theorem 2.7, Theorem 3.1] and Carbou and Fabrie [22,
Theorem 1.1, 1.2]. See also Chapter 3 in Guo and Ding [40] which includes existence and
uniqueness results for nonlinear boundary conditions [40, Section 3.2] and when v = 0 [40,
Section 3.3].

The uniqueness and existence results in Carbou and Fabrie [22, Theorem 1.1, 1.2] are
stated below but first we establish a few notational definitions. Let £3 be the Hilbert space

L3 = L£500, L] x L£5[0, L) x £50, L] (4.11)
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and

H ={me L} m, c L3}
Hy={mec L3 m, €L} m,, cL5}
H3={me L m, €L} m,, €L m,, €L}

The corresponding norms are

(]2 = ] 2, + llmal2, + lmal %,

3, = [l [y + [m,] %

m 3, = [l + [ + |ma 2y

3, = [ + [mg ]2 + [ma 2 + [m] .

Theorem 4.5. (Carbou and Fabrie [22, Theorem 1.1], Sanchez [74, Theorem 1.1])

If my(x) € Ha, mg,(0) = 0,mp,(L) = 0 and |[mg(z)|[2 = 1, then there exists a time ¢} > 0
depending on my(x) and there exists an unique m(z,t) € C([0,ts]; H2) N Lo([0, t]; Hy) for
all t; <t} such that m(z,t) satisfies (4.3), (4.5) and ||m(x, )|, = 1.

Theorem 4.6. (Carbou and Fabrie [22, Theorem 1.2])
If my(z) € Hy,my,(0) = 0,my, (L) = 0 and ||mg(z)||2 = 1, the solution given by Theo-
rem 4.5 depends continuously on my(x) on the topology of C([0, ¢s]; Hz).

Define D C L3 as
D={meL:m, €Ly m, L] m,0,t)=0=m,(L,t)}. (4.12)

From the existence and uniqueness of (4.3), (4.5) established in Theorem 4.5, we can define
for any my € D an operator F(t) on D by

F(t) : my(z) — m(x,t). (4.13)
Theorem 4.7. The operator, F(t), defined in (4.13) is a nonlinear contraction semigroup.

Proof of Theorem 4.7: We show (4.13) satisfies condition (i) to (iv) in Definition 2.9.
Setting t = 0, equation (4.13) becomes F(0)my(x) = mg(z). This is true for any
m, € D and hence (i) is proved.

For any mg € D and t,s € Ry, it follows from (4.13) that m(z,t+s) = F(t + s)my(z)
and m(z,s) = F(s)mg(z). Since solutions to (4.3) are unique (see Theorem 4.5), then
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m(z,t+s) is the unique solution to (4.3) with initial condition m(z, s); that is, m(z, t+s) =
F(t)m(z,s). It follows that F(t+ s)mg(x) = F(t)m(z,s) = F(t)F(s)mg(z) and hence (ii)
is proved.

Since m(x,t) = F(t)my(z), conditions (iii) and (iv) of Definition 2.9 follow immediately
from Theorems 4.5 and 4.6, respectively. It follows that F'(¢) is a nonlinear semigroup and
from Lemma 4.2, F'(t) is a contraction semigroup. O

4.2 Stability

Stability behaviour of the Landau-Lifshitz equation is discussed in Carbou and Labbé et
al. [23, 24, 56], Jizzini [46] and Gou et al. [39]. In Gou et al. [39], analytic stability results
are for the associated linear equation, while stability for the full (nonlinear) equation is
verified numerically. In Labbé et al. [56], equilibrium solutions of (4.2) with

Heff = My, — M€ — M3€3,
where e; = (0,1,0) and e3 = (0,0,1), are determined by writing

my(z) = cos(f(x))
my(x) = cos(tp(x)) sin(6(x))
ms(z) = sin(y(x)) sin(6(x)).

This defines the unit sphere on R and automatically satisfies equation (4.1). Further-
more, periodic boundary conditions are considered. It is shown that all equilibria, 0.4, are
solutions to

1
Or, — 3 sin(260.,) = 0

with 0.4(0) = 0cq(L) and 6;,(0) = 0.,(L). Equilibrium solutions are in terms of elliptic
functions. For more on elliptic functions, see Lawden [59]. After this, equation (4.2) with
H.;; = m,, —moe; —mge; is linearized around a particular equilibrium (see equation (30)
in Labbé et al. [56]). The resulting equation is of semilinear form. The spectral properties
of the linear operator are determined. The papers by Carbou and Labbé [23, 24] and Jizzini
[46] are similar to Labbé et al. [56] in their approaches for determining stability.

In Mayergoyz et al. [64], the stability of magnetization in nanoparticles is investigated.
The magnetization dynamics, my,, are assumed to be spatially uniform and are governed
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by
dmg,

dt
Equation (4.14) is an ODE and not a PDE. The F(my,) term describes a torque-like force
acting on the nanoparticles. Standard expressions for F(my,) are found in Mayergoyz et
al. [64]. The effective field, H. sy, is the sum of the exchange energy, anisotropy energy and
demagnetization field; that is,

= —my, X Hepp —vmy, X (my, x Hepp) + F(my,). (4.14)

Heff = He:v + Han + Hd'
Neumann boundary conditions are applied. A perturbed magnetization,
m = msu(t) + Vsn(t) + Vsu(t)7

is considered where v, (t) and v,(t) are spatially nonuniform and spatially uniform per-
turbations, respectively. The perturbed dynamics are governed by

Oom

5 = TmXx H.; —vm x (m x Hsf) + F(m)

and from this, equations for dvy, /0t and dvg,/dt are derived with both equations inde-
pendent from one another. It is shown that

d| ‘Vsnl‘ﬁg

<0
dt ’

which implies that spatially nonuniform magnetization dynamics is stable in the £3-norm
with respect to any spatially uniform perturbation.

In what is to follow, we determine in detail the equilibrium solutions of (4.3), (4.5) and
their stability. All of the results are analytical and pertain to the full equation in (4.3); that
is, there is no linearization. These results are found in Guo and Ding [40, Section 6.1.1] with
a slightly different proof than given here. Specifically, their results are for an equilibrium
that is not associated to a boundary condition. The main result is in Theorem 4.10. We
begin by establishing some lemmas needed in the proof of Theorem 4.10.

Lemma 4.8. For m € £3, m is an equilibrium solution of (4.3) if and only if m x m,, = 0.

Proof of Lemma 4.8: Suppose m X m,, # 0. Taking the product of (4.3) with m x m,,
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leads to

Tam

ot

(m X m,,) = (m x mm)T (m X m,,) + v (m X mm)T (m X (m X mg,))

= [|lm x my, |3 + v (m x m,,)" (m x (m x m,,))
= |[|m x mg,||2 +m*((m x m,,) x (m x m,,)) (Table 4.1)
= ||m x m,,||3 (Table 4.1).

Since m X m,, # 0, then

om

— #0

ot 7
and hence m is not an equilibrium. Considering the contrapositive, it follows that m is an
equilibrium if m x m,, = 0. On the other hand, substituting m x m,, = 0 into (4.3) gives

0m/0t = 0 and hence is an equilibrium solution to (4.3). Therefore, m is an equilibrium
solution of (4.3) if and only if m x m,, = 0. O

Lemma 4.9. If m € £} satisfies (4.1), then m™m,, = — |jm,||>.

Proof of Lemma 4.9: Differentiating (4.1) with respect to = produces

_ O|m[[; _ 9(m'm)

0 = =2m'm,
ox ox mom
and differentiating again yields
0
0= PP (mem) =m'm, +m'm,, = HmzHg +m'm,,.
T
This implies m™m,, = — ||m,||> as desired. O

Theorem 4.10. The set of equilibrium points of (4.3), (4.5) is

E = {a= (a,as,a3) € R®: ay,ay,as constants and a*a = 1}. (4.15)

Proof of Theorem 4.10: If m is an equilibrium solution of (4.3), Lemma 4.8 implies
m is parallel to m,,. That is, there exists a real function, {(z), such that m,, = [(z)m.
Taking the scalar product with m yields




From Lemma 4.2, mTm = 1 and hence,

m'm,, = ().

It follows from Lemma 4.9 that
2
|, |[; = —i(z). (4.16)

Substituting (4.16) into m,, = [(z)m yields
2
m,,; = — [|m,|[; m.

Taking the scalar product with m,, we obtain

m! m, = — ||m,||m"m,. (4.17)
Since
Oom!Im,
MM _ m. m, +m'm,, = 2m, m,
ox
a T
mm_ m;‘rm +m'm, = 2mex,
ox
equation (4.17) becomes
Om’m, |2 Oom™m
—L— = —||m,|[; ———.
ox 2 Ox
Applying equation (4.1) leads to
d 2
= g3 =0.
Equation (4.16) implies
0l(x)
= 0.
ox
This means that /() is a constant; that is, independent of z. Define this constant to be —k?
which we know is negative or zero from (4.16). Substituting I(z) = —k? into m,, = [(z)m
leads to m,, = —k*m. This is a system of linear second order ODEs,
m)(z) = —k*mq(z)
mhy(z) = —k*ma(z)
my(z) = —k*ms(z).
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These ODES are easily solved and have solutions

my(z) = ay cos(kx) + by sin(kx)
ma(x) = ag cos(kx) + by sin(kx)

mgs(z) = agcos(kx) + bssin(kx)

where a;,b; € R for i = 1,2, 3 are constants.

Equation (4.1) requires that ||m|[3 = m? + m3 + m3 = 1 which forces

ai+ay+ai=1
b+ b3+ b5 =1
(Z1b1 + agbg + agbg =0.

Therefore, the equilibrium solutions to (4.3) are of the form
m(x) = acos(kz) + bsin(kx)

for any £ € R with ||a|ls = 1, ||b||s = 1 and a’b = 0 where a = (a;,as,a3) and b =
(b1, g, b3). Given Neumann boundary conditions, we have m,(0) = kb = 0 which implies
either £k = 0 or b = 0; however, since ||b||a = 1, then &k = 0. Therefore, the equilibrium
solution to (4.3), (4.5) is m(x) = a which also satisfies the second boundary condition
m, (L) = 0. That is, the equilibrium is not unique; in fact, there are an infinite number of
equilibria. We denote the set of equilibrium solutions associated to (4.3) as

E ={(a1,as,a3) € R3 : ay,as, as constants}

with ||al[s = 1. O

In the following theorem, E' is shown to be an asymptotically stable equilibrium set.
A similar result to is shown in Guo and Ding [40, Proposition 6.2.1]; however, the authors
only establish the stability of the equilibrium points, and do not prove the equilibrium set
is asymptotically stable. We apply Lyapunov’s Theorem for sets (see Theorem 2.31) to
show F is asymptotically stable.

Theorem 4.11. The equilibrium set in (4.15) is asymptotically stable in the £3-norm.

Proof of Theorem 4.11: The Lyapunov candidate is

1
V(m) = o [[my|[z (4.18)

o8



where m(x,t) is the solution to (4.3). It is clear that V' > 0 for all m € D in (4.12) and
V(a) = 0 for any a € E. If V(m) = 0, we have m, = 0 which implies m = a for some
a € E. Therefore, V(m) > 0 for all m € D\F and V(a) =0 for any a € E.

The derivative of V is

dV(m) 1d
At 2dt

L

Applying integration by parts with the Neumann boundary conditions in (4.5) produces

L
dV(m) = —/ m, mdx. (4.19)
dt 0

Substituting in (4.3) yields

dV (m)
dt

L
:—/ m. (m x m,, — vm x (m x m,,))dz
0

and rearranging leads to

dV (m)
dt

L
= / —m” (m,, x m,,) +v(m x mm)T (m,, x m)dz
0

The first term in the integral is zero since any element cross product with itself is zero
(Table 4.1). The second term can be written as

dV (m)
dt

L
= —1// lm x m,,|[5de = —v||jm x mmHig
0

Since v > 0, it is clear that dd—‘; < 0 for all m € D. Furthermore, if dd—‘; = 0, then
m X m,, = 0. From Lemma 4.8, m x m,, = 0 if and only if m is an equilibrium solution
and since E is the set of all equilibria (see Theorem 4.10), then 4 < 0 for all m € D\E.
It follows from Theorem 2.31 that E is an asymptotically stable equilibrium set of (4.3),

(4.5). O
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Figure 4.3: Numerical solution of the Landau-Lifshitz equation on [0,1] in the m; di-
rection. The initial condition is my(x) = (sin(27x), cos(2mrx),0) and v is 0.02. On the
horizontal axis is the spatial variable, x € [0, 1], and on the vertical axis is the magnetiza-
tion. The initial magnetization is depicted in (a) and as time progresses, the magnetization
evolves from (a) to (d). It is clear that the dynamics eventually settle to 0. For a three—
dimensional depiction, see Figure 4.6a
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Figure 4.4: Numerical solution of the Landau-Lifshitz equation on [0,1] in the my di-
rection. The initial condition is my(x) = (sin(27x), cos(2mrx),0) and v is 0.02. On the
horizontal axis is the spatial variable, x € [0, 1], and on the vertical axis is the magnetiza-
tion. The initial magnetization is depicted in (a) and as time progresses, the magnetization
evolves from (a) to (d). It follows that the dynamics eventually settle to -0.6. For a three—
dimensional depiction, see Figure 4.6b
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Figure 4.5:  Numerical solution of the Landau-Lifshitz equation on [0,1] in the mg di-
rection. The initial condition is my(x) = (sin(27x), cos(2mrx),0) and v is 0.02. On the
horizontal axis is the spatial variable, x € [0, 1], and on the vertical axis is the magnetiza-
tion. The initial magnetization is depicted in (a) and as time progresses, the magnetization
evolves from (a) to (d). It follows that the dynamics eventually settle back to 0. For a
three—dimensional depiction, see Figure 4.6¢
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(¢) ma(x,t)

Figure 4.6: Magnetization dynamics to the Landau-Lifshitz equation as x, t varies. The
initial condition is my(x) = (sin(27x), cos(2nz),0) with » = 0.02 and L = 1. The magne-
tizations settle to (0, —0.6,0).

Figures 4.3 to 4.6 demonstrate that solutions to the Landau-Lifshitz equation nat-
urally settle to a constant. This supports the analytical results in Theorem 4.10 and
Theorem 4.11. The initial condition is chosen to be mg(z) = (sin(27x), cos(2mx), 0), which
satisfies ||mg(x)||s = 1. The parameter, v, is chosen to be 0.02 and L is set to 1. It is
clear from the figures that the magnetization settles to (0, —0.6,0). Comparing all three

63



figures, the influence of m; and msy on ms is apparent. That is, even though mjs begins at
a constant equilibrium of 0, which is already stable by Theorem 4.11, the dynamics require
some time to settle back to 0. This is due to the influence of m; and ms. See Appendix B
for the numerical approximation.

4.3 Linear Landau—Lifshitz Equation

To obtain the linear Landau-Lifshitz equation, we perturb (4.3) with
m(x,t) =m(z) + v(z,t)

where m is an equilibrium of (4.3) and v € £3 is a small perturbation.

To begin, rewrite the last term in (4.3) as follows

—vm X (m X my,) = —v (mem) m -+ v (me) m,, (Table 4.1)
= —v (m"m,,) m + vm,, (applying (4.1))
= v||m,||5 m + vm,, (Lemma 4.9)

and substituting into (4.3) implies

m
ot

= ym,, +m X m,, + v ||/m,||; m. (4.20)

Equation (4.20) is the semilinear form of the Landau-Lifshitz equation. Substituting
m(x,t) = m(x) + v(z,t) into (4.20) yields

i Vi + UV + (M + V) X (M, + Vap) + |0, + v, |5 (h + V) .
Expanding leads to

ov
ot

= VMg, + VUV T M XMy, + M X Vo +V X My, +V X Vg
v (|[1mg |5 + 205 v, + [[va][3) (@ + v)
and considering only the terms that are linear in v, we have

ov
ot

= UVyp + M X Vyp +V X My, + 2V (rh;rvx) m+ v ||rhx||§ V. (4.21)
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From (4.15), m = a, which is a constant vector and hence (4.21) becomes

ov

5 = VVas +ax vy. (4.22)

Equation (4.22) is the Landau-Lifshtiz equation in (4.3),(4.5) linearized at a = (a1, as, ag)
where as, as, a3 € R with ||a]|, = 1.

Let z = (21, 29, 23) € L3. Consider the linear Landau-Lifshitz equation in state-space
form
z = Az, z(0) = zg (4.23)

for all ¢ > 0 where A : D(A) — L3 is defined as

vz —aszzl + a2y

AZ = VZpy +a X Zyy = asz{ +vzy — a2y (4.24)
" Vi "
—Q22] T Q129 + V23

and
DA)={z:z€ L} z,€ L3 7z, €L z,(0,t) =0=1z,(L,t)}. (4.25)

4.3.1 Well-Posedness

We apply the Lumer—Phillips Theorem (see Theorem 2.6) to show the linear operator A
defined in (4.24) generates a contraction semigroup. The main result is in Theorem 4.14;
however, we first show A is closed in Lemma 4.12 and dissipativity in Lemma 4.13. These
lemmas are required in the proof of Theorem 4.14.

Lemma 4.12. The operator, A, defined in (4.24) is closed.
Proof of Lemma 4.12: Let Ay be the second derivative operator on D(Ay) = D(A). Tt

is shown in Curtain and Zwart [31, Example A.3.48] that Ay with D(Ay) is closed. Define
Ay L3 — L3 as

14 —das a9
A = as v o—a
—as aq 14

It is clear that A, is a linear bounded operator; that is, |[A12[| 3 < Ma,||2|| 3 for all z € £3
where M, , is a positive constant that depends on a and v. Furthermore, the determinant
of Ay is det(A4;) = ¥ +v(a? +a3+a2) = ¥+ v > 0 since a; € R with ||]al]ly = 1 and
v > 0. Therefore, A; is invertible. For all z € D(A), it follows that Az = AyA;z.
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For n € N; let z,, € D(A) with lim,, . z, = z and

lim Az, =y. (4.26)

n—od

Since A; is a linear bounded operator, then A; is continuous and hence, lim,,_,, A1z, =
Ayz. Define x,, = Az, and x = Ajz. It follows from (4.26) with A = AgA; that
lim,, .., Apx, = y. Since Aq is a closed operator, then x € D(Aj) and Apx = y. This
implies Az € D(Ap) = D(A) and ApA1z = y; and hence z € D(A) since A, is invertible
and Az =y, which means A is a closed operator. O

A similar result to Lemma 4.12 can be found in Hundertmark [42, Proposition A.9]. It
is written for a general closed linear operator and a general linear bounded operator.

Lemma 4.13. The operator, A, defined in (4.24) and its adjoint are dissipative.

Proof of Lemma 4.13: For all z € D(A),
(Az,2) 05 = (V2] —aszy +aszy, 21) e, +(as2] +vzy —a123, 22) 0, +(—a22] + a1z +v23, 23) 1,
and applying integration by parts yields

<sz Z>£% == V<Z£, Zi>£2 + a3<Z;7 Zi>ﬁz - a2<Z£/’n ZDLQ
- CL3<Z£, Zé>£2 - V('Zé? Zé>ﬁ2 + a1<Z§57 Zé>ﬂ2

+ a2<217 Zi/’>>£2 — a1 <Zé> Z£I3>52 - V<Zi/’,7 ZZIB>E2'
Upon rearranging, it follows that

(Az,2) 0y = — V|21, + as(21, 28)c, — ao(2], 25) 0,
- a3<217 Zé>£2 - VHzéH%Ig + (11<Z§, Zé>£2

+ a2<23, Zé>£2 - (I1<Z;, Z£/’,>Ez - V||Zi/’;||%2
Since v > 0, then

Re(Az,z) 05 = —vl|21[Z, — vil2llZ, — vIlzlz, <0.
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Before establishing the adjoint of A is dissipative, we first calculate A*. For z,w € D(A)

" 1 "
(Az, W) s = (V2] — azzy + a3, wi) g,
" " 1
+ <CL32’1 + Vzy — alz37w2>£2
1 " 1
+ (—agz] + a129 + vzg,ws) g,

and applying integration by parts twice,

<AZ7 W>£§ = V<Zlv w1/>£2 —as <Z27 w/1/>l:2 + a’2<Z37 w/1/>52
+ a3<Z1, w/2/>132 + V<227 wg>£2 - CL1<23, wg>ﬁ2
- a2<217 w§>£2 + a1<22, wg>ﬁ2 + V<Z3’ w§>£2‘
Rearranging leads to
<AZ7W>E§ - <Zl7 Vw;/>ﬁ2 + <Z1, a3w/2,>ﬁ2 + <Z17 _a2wg>£2

+ <Z2> _a3w/1/>132 + <227 Vw/2/>ﬁ2 + <z27 alwg>£2

+ (23, agwy) g, + (23, —a1w}y ) g, + (23, VW03 ) £,

and hence the adjoint of A is

" " "
A'w = | —azw] wvwi  agwf
aw]  —awi  vwl

with D(A) = D(A*). For all z € D(A"),
(A%z,2) 03 = (V2] +azzy —aszy, 21) 2, +(—az2) +vzy +arzy, 20), +(a22) —a12y + vy, 23) 1,
and applying integration by parts, we obtain

<A*Z7 Z>L’§ == V<Z17 Zi>ﬁ2 - a3<zé7 Zi>£2 + a2<2§37 Zi>ﬁ2
+a3(21, 25) £, — (%, 2%5) £, — a1(23, 29)

- CLQ(Z&, Zé>£2 +a; <Z;7 Zi/’)>ﬁz - V('Zév Zi/%>52'
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It follows that

(A*z,2) 3 = — v]|21|Z, — as (21, ) 2z + a2 (21, 2h) e
+ag(21, 25) 2, — V|2l [2, — a1 (b, 24)
- a2<217 Zi/’)>£2 + al('zé’ 25/5>C2 - V||Zé||%2
and since v > 0, then

Re(A"2,2) ¢y = —vl|4 1%, — vl — vllIR, <0. O

Theorem 4.14. The operator, A, defined in (4.24) generates a linear contraction semi-
group.

Proof of Theorem 4.14: Since £3 is dense and boundary conditions do not affect dense-
ness, then D(A) is dense in £3. Tt is easy to see that A is a linear operator and from
Lemma 4.12, A is closed. We also have from Lemma 4.13 that A and its adjoint are
dissipative operators. By the Lumer—Phillips Theorem, A generates a contraction semi-
group. O

The next main result is in Theorem 4.16, which shows A defined in (4.24) generates a
linear analytic semigroup. The proof of Theorem 4.16 relies on the following lemma and
Corollary 2.8.

Lemma 4.15. If a € E where E is defined in (4.15), then [|a x z[|z3 < 2[[z|[z3 for all
z € L3

Proof of Lemma 4.15: Consider

lla x 2|7y = llazzs — aszollZ, + || — @125 + asz [z, +[larzy — asz |12,
It follows that
2 2 2

la x [z < (llazzs]le, +laszlle.)” + (larzslle, + [laszlle)” + (larzalle, + lazz l|z,)”

xpanding the square and then applying Young's inequality implies
E ding th d th lying Young’s i lity impli

lla x 2|73 < 2llaszsl[Z, + 2llaszl|z, + 2llarzs| [z, + 2llasz [z, + 2llaizy|[z, +2[lazz |12,
Since aq, as, az are constants,

lla x 2|7 < 2a3||25][Z, + 2a3]|2,||2, + 207|232, + 2a3]|21[[Z, + 2ail[20]1Z, + 203122,
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and rewriting under the £3-norm leads to
lax 2|2y < 4(3 + a3 + a3) [zl 2.

We have af 4 a3 + a3 = 1 since a € E and hence [|a x z||z3 < 2||z][z3 as desired. O

Theorem 4.16. The operator, A, defined in (4.24) generates a linear analytic semigroup.

Proof of Theorem 4.16: This proof relies on Corollary 2.8. The state space for the linear
Landau-Lifshitz equation is £3. To determine a dense space Y C L3, multiply (4.24) by a
test function, ¢, and then integrate,

L L L
Az)" pdx = T bd )t od
| ) gis = [valgtr s [ (axa)” g

L

0

L L
- _/ vz, ¢ dr + [Zg¢}§ — / (axz,)" ¢ppdu + [(a X 75)" ¢]
0 0
L L
= —/ vz ppdr — / (a x zw)T ¢ dx.
0 0

Set Y = Hy ={¢ € L3, ¢, € L3} and define 0 : H; x H; — C as

U<¢7 Il)b) = <I/¢w7 ¢x>£§’ + <a X d)ﬂm ¢x>£§

for all ¢,9» € H;. The H; inner product and norm is as usual; that is,

<¢7 ¢>H1 = <¢7¢>Eg + <¢x; ¢z>£§
16112, = 191123 + l1:112

To show o satisfies (2.6), consider for all ¢, € H,

0(, )| = [(Vba, Pa) pg + (A X @, Pu) 3]
< [(Va, Yu) 3] + (@ X @, Yo) 3]
< V||@allzllballes + [la % dollczlltball e (Cauchy-Schwarz Inequality)
< (v +2) |9l cgllbell g (Lemma 4.15)

< w+2) (19lley + 1oellcs) (I1lley + bl )
= (v +2) 116l 9]
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which satisfes (2.6) with v = v + 2.
To show o satisfies (2.8), consider for all ¢ € Hy,

o(, %) +vl@llz; = (vea, ba) ez + (@ X o bu) gz + V|l

The term (a X ¢y, @.) 3 is zero since

L L
(@ X ¢u, Pu)rz = / (ax ¢,) ¢.dr = / (e X @) adz =0
0 0
by Table 4.1. It follows that

o(6. )+ VlIbllcz = vlIball2a + V][22 = v,

and hence (2.8) is satisfied with A\g = 0 = v.
If ¢, € L3, we obtain

|O’(¢,’I,b)| = |<_ (V¢zw +ax ¢ac:c) 777/)>£§|

< ||[vhew + a X Puall ]|l 3 (Cauchy Schwarz inequality)
< (I1bealley + Il < bualles ) 1146l
< (Vliusl g + 2l bralles ) 1901l (Lemma 4.15)

< (V4 2) ||l 2311911 23

Let Ky = (v + 2) [|@az|| 3, then 0 < Ky < 0o since ¢, € L3. Define

on D(A) where
D(A) = {¢ € Hy : ¢us € L3,0:(0) = ¢o(L) = 0}

and

U(¢7 ’(/)> = <_A¢7 1/)>£§ for all ¢ S D(A)7 w € Hy.

This is the operator, A, and domain, D(A), given in (4.24) and (4.25), respectively. By

Corollary 2.8, A generates an analytic semigroup.

Let the semigroup generated by A defined in (4.24) be denoted T'(t). Since T'(t) is a
linear analytic semigroup, then the spectrum determined growth assumption is satisfied
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(see equation (2.2)). This implies ||T(t)|lop < €' for all ¢ where wy is defined in (2.3).
We will see in the next section that the eigenvalues of (4.23) are either zero or have
negative real part. Therefore, wy = 0 and hence ||T(t)|lop < 1. This means T'(t) is a

contraction semigroup which was already established in Theorem 4.14 using the Lumer—
Phillips Theorem.

4.3.2 Eigenvalues

Eigenvalues play an important role in establishing the stability of semigroups and equilib-
rium points and helping to determine the appropriate controller. This is made even more
significant since the linear Landau-Lifshitz equation satisfies the spectrum determined
growth assumption (Section 4.3.1). Therefore, in this section we evaluate the eigenvalues
of the linear Landau—Lifshitz equation.

Let A € C. The eigenvalue problem of (4.23) is

vy = vo] — azvl + agvy (4.27a)
A\vg = azv] + vuy — aqvy (4.27b)
vz = —agvy + aqvy + vuy (4.27¢)
with boundary conditions
v1(0) =01 (L) =0 (4.27d)
v5(0) = v4(L) =0 (4.27e)
v5(0) = v3(L) =0 (4.271)

where v € £3. The eigenvalue problem is solved in Maple. See Appendix C for the code.

For the zero eigenvalue A; = 0, the corresponding eigenvector is v = (¢y, ¢o, c3) for any
constants ¢y, co,c3 € C. The choice ¢; = ¢o = ¢3 = 0 is excluded since this leads to the
zero vector. The remaining eigenvalues and eigenvectors are

—(1 277,22V 1 2n22 _i_a3_—m1a2 1 m
A = ( +L2) 7r +z'( +L2) v =2 I e (%aﬁ
a§+a§
7
o —(1+2n)*7%v (14 2n)%*x? N az—iaya 14 2n)1
Ay = ( L2) —z( L2> , Vo =2c5 EIT%Z cos %x
e
2 3
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—(1 + 2n)?n? 1+2
)\3: ( - n) T I/’ V3:2i06 a2 cos <ﬂ$)

L? s L
a1
—(2n)*7%v  (2n)*n? a3 iialag 2nm
= +1 . Vi =207 | T attal cos | —=x
4 L2 L2 4 T oumhE L
| a3+a]
22 2.2 | v ]
\- —(2n)* v (2n)*m -9 ag—iayas 2nm
= —1 , vV, =2c T a2 cos | —=x
! L2 L? T e L
| a3+a]
22 1
—(2n)*mv , s 2nm
A5 = — 72 V5= 2icy Z_;, cos | ——
a1
where ¢; € C for + = 4,5,...,9 are nonzero constants and n € Z. Figure 4.7 depicts plots

of the eigenvalues for various values of v with L =1 and n =0, +1, +2, 43, +4.

4.4 Hysteresis

It is well known that the Landau-Lifshitz equation exhibits hysteretic behaviour. The
shape of the hysteresis loop is governed by the composition and structure of the magnet
and the input. Physically, the input is the applied external magnetic field acting on the
ferromagnet. Cowburn et al. [29] investigated via experiments the shape change of the
hysteresis loop as the thickness and diameter of a circular—shaped nanomagnet varies.
Experiments conducted on nanowires also demonstrate hysteresis loops (Noh et al. [69]).
Suess et al. [83] investigates how the surface structure of a nanomagnet affects the behaviour
of hysteresis. They present numerical simulations illustrating the magnetization “jumping”
from one equilibrium to another. Numerical simulations illustrating hysteresis loops is also
found in Wiele et al. [87], and Yang and Zhao [100]. Carbou et al. [21] model the dynamics
of hysteresis by adding a hysteresis operator term to the effective field in (4.2). Visintin
[91] also considers a hysteresis operator.

In much of the aforementioned literature, the presence of hysteresis in the Landau—
Lifshitz equation is identified by the fact that input—output curves exhibit a looping be-
haviour. We demonstrated in Chapter 3 that this alone is not enough to characterize
hysteresis. In the following, we establish that the input—output curves of the Landau—
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Figure 4.7: Plots of the eigenvalues (Ao, A3, A5, Ay, Ad, A5, Ag) for various values of v with
L=1and n= —4,...,4. The real and imaginary axis are on the horizontal and vertical
axis, respectively. The red square represents Ay = 0, the blue dots are the eigenvalues with
real part —(1 + 2n)?m%v/L? (namely, A5, A5, A1) and the black asterisks are the eigenvalues
with real part —(2n)?m%v/L? (namely, A\J, A5, Ag).
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Lifshitz equation has persistent loops as the frequency of the input approaches 0. This
satisfies Definition 3.2 and hence the dynamics governed by the Landau-Lifshitz equation
exhibits hysteresis. This is not surprising as the equation has multiple stable equilibria.

The input—output curves for the Landau-Lifshitz equation is governed by
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10r 1 10}
5 5
ml 0 ml 0
5 -5
10} 1 10}
-15F ‘ ‘ ‘ N 15} ‘
-1 ~05 0 05 1 -1 ~05 0 05 1
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Figure 4.8: Hysteresis loops for my(x,t) of the Landau-Lifshitz equation with z fixed
and v = 0.02, L = 1. The input is u(¢) = (0.001 cos(wt),0,0). The initial condition is
my(z) = (1,0,0). It is clear loops persist as w approaches 0.
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Jom

ot
where u(t) is the input. We have selected the input to be u(t) = (0.001 cos(wt),0,0);
that is, there is a time—varying magnetic field in the m; direction and no magnetic field
in the my and mg. The associated hysteresis loops for m;(x,t) with z fixed is illustrated
in Figure 4.8. A constant initial condition, mgy(z) = (1,0,0), is chosen since for the
Landau-Lifshitz equation, any constant is an equilibrium (Theorem 4.11) and hence the
system begins at an equilibrium. The parameters v and L are chosen to be 0.02 and
1, respectively. It is clear from Figure 4.8 that the input—output curves of the Landau—
Lifshitz equation exhibit persistent loops. Furthermore, the hysteresis loops have the same
appearance as those governed by (3.6). This is because in both examples the equilibrium
points consist of the entire real line.

=m X m,, —vm X (m X my,) + u(t)

Hysteresis loops for ma(x,t) and mg(z,t) with initial conditions, my(z) = (0,1,0) and
my(z) = (0,0, 1), and input u(t) = (0,0.001 cos(wt),0) and u(t) = (0,0,0.001 cos(wt)) are
illustrated in Figure 4.9 and 4.10, respectively. They are nearly identical to the hysteresis
loops for my(x,t). This is due to the symmetric structure of the three differential equations
in the Landau-Lifshitz model.

Recall that in Section 4.3, we investigated the Landau-Lifshitz equation linearized at a
constant equilibrium, a. In particular, the equation is described by (4.23). The equilibrium
solutions of the linear Landau—Lifshitz equation is determined by

0=vz,, +a X z,,.

It is clear that any constant is an equilibrium solution of (4.23) and also satisfy the bound-
ary conditions, z,(0) = z,(L) = 0. Furthermore, we established in Section 4.3.2 that
the linear Landau—Lifshitz equation satisfies the spectrum determined growth assumption.
This means its eigenvalues can determine the stability of the equilibria. Since the eigenval-
ues of the linear Landau-Lifshitz equation have nonpositive real part (see Section 4.3.2),
the equilibrium solutions are stable. From Definition 3.1, this suggests the linear Landau—
Lifshitz equation exhibits hysteresis. The input—output curves are governed by

Z = VZyy +a X 2y, + u(t)

where u(t) is the input.

Figures 4.11 to 4.13 depict the input—output curves for the linear Landau—Lifshitz
equation. As in the nonlinear case, the parameters v and L are 0.02 and 1, respectively,
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and the same cosine input is applied. It follows from the figures that a loop persists as
the frequency of the input approaches zero. From Definition 3.2, the system is hysteretic.
Notice again that the hysteresis loop is smooth; that is, it does not have jumps. This is
reminiscent of the loops for the full (nonlinear) Landau—Lifshitz equation and the dynamics
described by (3.6), both of which have arbitrary constants as its equilibrium.
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Figure 4.9: Hysteresis loops for mg(x,t) of the Landau-Lifshitz equation with z fixed
and v = 0.02, L = 1. The input is u(t) = (0,0.001 cos(wt),0) and the initial condition is

my(z) = (0,1,0).



In general linear systems are not believed to exhibit hysteresis because they often have
only one equilibrium solution. However, we have demonstrated that the linear Landau—
Lifshitz equation and equation (3.6) have persistent loops in the input—output maps as
the frequency of the input approaches zero. By Definition 3.2, the two systems exhibit
hysteresis. This is because both linear examples have multiple stable equilibrium, which

is crucial for systems to display hysteresis (see Definition 3.1).
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Figure 4.12: Hysteresis loops for zo(z, t) of the linear Landau-Lifshitz equation with z fixed
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Chapter 5

Control of the Landau—Lifshitz
Equation

Ferromagnets are often found in memory storage devices such as hard disks, credit cards
or tape recordings. Each set of data stored in a memory device is uniquely assigned to a
specific stable magnetic state of the ferromagnet. As research and technology advance, the
amount of data and the speed at which they can be stored increases while their physical
size decreases. Today, their size is on the magnitude of nanoscales, which is why there is
a renewed interest in studying the Landau—Lifshitz equation.

The magnetic state of a ferromagnet can be changed by an applied magnetic field, H,,
which is viewed as the control (Carbou et al. [25, 26, 27|, Alouges and Beauchard [6], Noh
et al. [69]). Being able to control the stable states allows for exact storage of data. This
is difficult due to the presence of hysteresis because more than one stable equilibrium is
possible for a particular input. We are able to present a controller design that forces the
system to move from one arbitrary stable equilibrium to another. Essentially, this controls
the effect of hysteresis that arises in the Landau—Lifshitz equation and hence allows for a
more precise retrieval of the stored data.

Results on the control of magnetization described by the Landau-Lifshitz equation are
not well-developed. Most articles have been published in the last five years and many
are either experimental, numerical or simplify the Landau-Lifshitz equation. For example,
in Alouges and Beauchard [6], the controlled Landau-Lifshitz equation is considered on a
special domain which allows the spatial variable to be fixed and hence the control problem
simplifies to an ODE model. Experiments demonstrating the control of domain walls in a
nanowire is presented in Noh et al. [69]. Numerical simulations have also been conducted
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on the control of domain walls in nanowires (Wieser et al. [96]).

Much of the theoretical results on the control of the Landau-Lifshitz have been by
Carbou et al. [25, 26, 27]. In particular, they investigate the control of domain walls
in nanowires using the external applied magnetic, H,, as the control mechanism. The
effective field of the Landau-Lifshitz equation (4.2) is defined as the sum of the exchange
field, demagnetization field and applied field; that is,

Heff = M, + Hd + Ha.

It follows that the form of the Landau-Lifshitz equation considered by Carbou et al. [25,
26, 27] is
om

E:m><(mm+Hd+Ha)—ym><(mx(merquLHa)). (5.1)

In Carbou et al. [25], equation (5.1) is linearized with H, = 0 and shown to have an
unstable equilibrium, m,. Setting H, to be the average of the m;—magnetization; that is,

1 L
Ha = —/ ml(r, t)drel,
L Jo

m, is shown to be stable for (5.1) in Carbou et al. [25, Theorem 1.4].

In Carbou et al. [26, 27], H, is chosen to be a constant and is only applied in the m;-
direction; that is, H, = (d,0,0) = de; where d is a constant. The authors are interested in
controlling solutions of (5.1) to special domain walls, mg,, called Bloch walls. They show
solutions of (5.1) with H, = (d,0,0) = de; can be controlled to these walls mg,.

From a physical perspective, the external applied field, H,, can be viewed as the control
because it can change the magnetization within a ferromagnet. Rearranging (5.1) leads to

Oom
S5 = mx (mg, + Hy) —vm x (m X (m,, + Hy)) + mx H, —v(m x H,).

The terms depending on H, are the control terms, which are nonlinear with respect to H,.
If these terms are linearized, then the control is linear. This is the approach we consider

and hence we include a control, u(t), as follows

om

ot

=m X m,, —vm X (m X m,,) + bu(¢).
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Let a,r € E be stable equilibria of (4.3), (4.5) with r # a. The goal is to choose u(t) such
that the system moves from a to r. From a mathematical viewpoint, the control causes a
to no longer be an equilibrium and r to be an equilibrium that is asymptotically stable.
This indicates the system will reach the second equilibrium.

The controller design is a closed—loop with a proportional control (Figure 5.1). The
existence of a zero eigenvalue for the linear Landau-Lifshitz equation (see Section 4.3.2)
suggests that a proportional control is sufficient for the output, y, to track to r. We will
show this is in fact true. It follows that the controller design for the Landau-Lifshitz
equation is governed by

aa_r;l =m X m,, —vm X (m X m,,) + bu(t) (5.2a)
y=m (5.2b)
e=r—m (5.2¢)
u(t) = kye(t) (5.2d)

where £, and b are nonzero real constants. Therefore, the controlled Landau-Lifshitz
equation is

om

ot

=m X m,, —vm X (m X my,) + bk, (r —m), m(z,0) = mo(x) (5.3)

with Neumann boundary conditions m,(0,¢) = m,(L,t) = 0.

e(t) u(t)

» Landau—Lifshitz Equation - m(t)

Figure 5.1: Closed-loop system for the controlled Landau-Lifshitz equation. The dynamics
are described in equation (5.2).

In the following theorem, we establish that the controlled Landau-Lifshitz equation
described in (5.3) is well-posed; that is, (5.3) has a strong solution.
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Theorem 5.1. For m € D = D(B + f), where D is defined in (4.12), let

f(m) =m X m,, —vm X (m X m,,) (5.4a)

Bm = bk,(r — m). (5.4b)
For bk, > 0, the nonlinear operator B + f generates a nonlinear contraction semigroup.

Proof of Theorem 5.1: We show that B+ f is dissipative and the range of I — a(B + f)
for all @ > 0 is the entire space £3.

For any m,y € D(f + B) = D(f),

(f(m)+ Bm — (f(y) + By).m —y)3 =(f(m) — f(y) + Bm — By, m —y) 3
=(f(m) — f(y),m —y)5 +(Bm — By, m —y);.

Since f generates a nonlinear contraction semigroup (see Theorem 4.7), it is dissipative
(Luo et al. [62, Proposition 2.98]) and hence

(f(m) — f(y), m—y) <0

It follows that

(f(m) + Bm — (f(y) + By),m —y)s < (Bm — By, m — y) 3
= (bkp(r — m) — bky(r —y), m — y) 3
= <_bkpm + bkaa m — Y>£§
= —bk,(m —y,m —y)
= —bky||m — ||
<0

and hence f + B is dissipative.

To show the range of I — a(B + f) is the entire space L3, consider the following. Let
y1 € L3 and define
Vi Oébkfpr 3
= el
T+ abk, " 1tabk, <72

for some o > 0. Since f generates a nonlinear contraction semigroup (see Theorem 4.7),
then it is m-dissipative and hence, ran(l — af) = L3 for any & > 0 (see Kato [49,

Yo
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Lemma 2.2]). This means there exists m € D(f) such that m — &f(m) = y,. Let

a
1+ abk,

o=

It follows that
a yi abk,r

M= T S T T T abk

and solving for y; leads to
y1 = (1 + abk,)m — af (m) — abk,r
and then rearranging, we have
y1 =m — a(bky(r —m) + f(m))

This means for any y; € £3, there exists m € D(f) such that y; = (I — «(B + f))m and
hence ran (I — (B + f)) = L3 for some o > 0. By Kato [49, Lemma 2.2], this is true for
all a > 0.

Since B+ f is dissipative and ran(I — (B + f)) = L3, then B+ f generates a nonlinear
contraction semigroup (Luo et al. [62, Proposition 2.114]). O

Substituting m = r into (5.3) gives dm/0t = 0 and hence r is an equilibrium point of
(5.3). Moreover, it is clear that a is no longer an equilibrium of the controlled Landau—
Lifshitz equation. This is due to the addition of the control term. Lyapunov’s theorem is
used to establish asymptotic stability of r. Exponential stability is also shown in a similar
manner.

The main result is in Theorem 5.6, which shows that any initial magnetization can be
controlled to any arbitrary stable equilibrium point. The following lemmas are needed in
the proof of Theorem 5.6.

Lemma 5.2. For m € £3, the derivative of g = m x m, is g, = m X m,,.

Proof of Lemma 5.2: Recall from (4.4) that

!/ ! !/ ! ! !
m X m, = (Mmgmy — MsMmy, —Myms + Mgmy, MMy, — mamy) .
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Taking the derivative of each component yields

_ / / " / / I

g, = (mymy + momi — mims — mgma,
/ / iz / / "

—MmyM3 — MMy + M3yMy + M3my,

mimy + mymy — mymy — mam/ ).
Simplifying leads to
g. = (mamy — mamy, —myimy + mamY,mimy — mom/) =m x m,,. O
Lemma 5.3. For m € £3, the derivative of f = (m x m,)" (m x m,) is
f=2(mxm,)" (mxm,,).
Lemma 5.3 is a simple consequence of the product rule and Lemma 5.2.

Lemma 5.4. For m € £3 satisfying m,(0) = m,(L) = 0, then
L
/ (m —r)"(m x m,,)dr = 0.
0

Proof of Lemma 5.4: From Lemma 5.2, applying integration by parts to the integral
yields

/OL(m — 1) (m x my,)dr = [(m —r)"(m x mx)}g — /OL m’ (m x m,)dz.

Because of the boundary conditions, the first term is zero and hence

/ (1) (m x ) = / " (m x m,)dr.

From Table 4.1,
m, (m x m,) = m"'(m, x m,) =0,

and hence the integral is zero. O
Lemma 5.5. For m € £3 satisfying m,(0) = m, (L) = 0, then

Jon e < A7 %
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Proof of Lemma 5.5: For m € £3,

L
lm x m,|[|7; = / (m x m,)" (m x m,) dz,
0

then applying integration by parts and using Lemma 5.3 yields

L
||m x meig = [(m x m, )’ :L']g —/ 2(m x m,)" (m x my,) zdz.
0

The first term is zero from the boundary conditions. It follows from Young’s inequality
that
L
jm x mxHig = —/0 2(m x m,)" (m x m,,)zdz

L L
< %/ (m x rn:,:)T (m x m,)dz —|—/ 2 (m x mm)T (m x m,,) x*dx
0 0

and since = € [0, L], then

1 L
|[m x ranig < EHm X ranig —|—/ 2(m x m,,)" (mxm,,) L%z, (z€l0,L])
0
1
= §||m X mz||%3 +2L%|m x mm“ig

Rearranging gives the desired inequality. O]
Lemma 5.5 can be thought of as a Poincare’s inequality for cross products.
Theorem 5.6. Let r be any equilibrium point of (5.3). For any nonzero constants, b and

k,, such that k, > 16vL*/b, r is globally asymptotically stable in the £3-norm.

Proof of Theorem 5.6: The Lyapunov candidate is

1 1
V(m) = 2 fjm — ||z + o [m.|
2 219 2

which is clearly nonegative. Furthermore, since V' = 0 if and only if m = r, then V is
positive for all D\{r}. Taking the derivative of V' leads to

L L
av = / (m — r)Tmdz + / m) i, dx.
dt 0 0
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Applying integration by parts on the second integral we obtain

L L
v :/ (m—r)Tr'ndx—/ m} rdz.
Substituting in (5.3) leads to

av

o= [m e tmome e [ mox m m) e

L L
+ bkp/ (m—r1)"(r — m)dr — / m! (m x m,,)dr
0 0
L L
+ y/ m! (m x (m x myg,))dr — bk:p/ m_ (r —m)dz.
0 0
From Lemma 5.4, we have that the first integral is zero. Furthermore, since

m. (m x m,,) =m' (m,, x m,,) =0,
then
L
/ m) (m x m,,)dr = 0.
0
It follows that

av

L
- :—1// (m—1)" (m x (m x m,,))dz — bky||m — r|[%
dt | :

L
—v|jm x mm||ig — bk:p/ m_ (r —m)dz.
0

Applying integration by parts to the last integral leads to

av

L
= ) G ) b vy = v — b

L
= _V/ (m—r) xm)" (m x my,) de — bk,|/m — r||i§ — v|jm x mmH%g - bkamerﬁg
0
t T
= y/ (rxm) (m x m,,)dr — bky|jm — rHig —v||m x mm||ig — bkamxHig.
0

(5.5)
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Applying integration by parts with Lemma 5.2 to the integral implies

L L L
/ (rxm)" (m x mg,)dz = [(rxm)" (mx mx)] —/ (r xm,)" (m x m,)dz
0 0 0
and substituting in the boundary conditions leads to
t T
/o (rxm) (mxmg)dr=—(rXm,;,mX m).s.

Then from Cauchy-Schwarz and Lemma 5.5 we have

L
/ (r xm)" (m x my,)dr < [Jr x myl|zs|lm x my||
0
< AL2[|r X mg|gz]|m X mg,|| .

It follows from Young’s Inequality that
L . 1
/0 (r x m) (m><mw)dx§8L4||r><mx||ig+§||mxmm||ig
and from Lemma 4.15 we obtain
L - 1
/0 (rxm) (m X mg,,)dr < 16L4||m$||%g—|—§||mxmxx||%g

Substituting this result into (5.5) leads to

av

14
— < (bky — 160 L") [Jmy[[75 — §||m X My |7 — Oyl [m — |75 (5.6)

The derivative is nonpositive since bk, > 16 L*. Tt follows that

dVv
7 S —bky|[m — r|[7.

It is clear that
dV
dt

Therefore, dV/dt < 0 for all m # r and from Theorem 2.27, r is an asymptotically stable
equilibrium of (5.3). Since V(m) > %||m—r||%g, then V' — oo as |jm —r|| — oo and hence

=0 if and only if m =r.
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global stability is obtained. O

Numerical simulations for (5.3) are considered. The numerical code (see Appendix B)
for the uncontrolled Landau-Lifshitz equation is used; some small adjustments to the code
are required. The initial condition is chosen to be m(0) = (sin(27x),cos(27x),0) for
x € [0,L] and v = 0.02, L = 1, which is the same as the uncontrolled case and recall
that the uncontrolled Landau-Lifshitz equation naturally settles to the stable equilibrium,
(0,—0.6,0). We choose r to be (1,0,0); that is, the control forces the magnetization from
the stable equilibrium (0, —0.6,0) to another stable equilibrium, (1,0,0). These control
dynamics are illustrated in Figures 5.2 to 5.5. The control parameters, b and k,, are
chosen to be 1 and 0.5, respectively, which satisfies the constraint k, > 16vL*/b.

Figures 5.2 to 5.5 illustrate how the control can force the magnetization from one
stable equilibrium to another. However, since the result in Theorem 5.6 does not depend
on a specific initial condition, the control can actually force any initial magnetization
to an arbitrary stable equilibrium point. We illustrate this in Figures 5.6 to 5.9 with
m(0) = (sin(27x), cos(2mx),0) for x € [0,L], v =0.02, L =1 and r = (—\%,07 \/Li) The
control parameters are again chosen to be b =1 and k, = 0.5.

We now show that r is exponentially stable for the H;—norm. Recall the H;—norm is
[ f3, = [fml (2, + ffm, |2,

Theorem 5.7. Let r be an equilibrium point of (5.3). For any nonzero constants, b and
k,, such that k, > 16vL*/b, r is globally exponentially stable in the H;-norm.

Proof of Theorem 5.7: In the proof of Theorem 5.6, we have from (5.6) that the deriva-
tive of V' satisfies

av
dt

v
< — (bk, — 16vL*) ||mx\|ig — §Hm X mmH%g — bky||m — rHig

and hence

%
= - (bk, — 16vL*) Hmzuig — bky||m — 1r||§g

IA

— (bky — 160L*) (Il |2y + l[m — |12y
—2 (bk, — 16vL*) V.

Integrating with respect to time
0|2 + [[m - r||%, < e 2(Phem10nLt)e (Ilmx(O, t)|[7; + [Im(0,t) — rllig) :
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Figure 5.2: Dynamics of (5.3) for my(x,t) where b = 1, k, = 0.5, v = 0.02 and L =1
with m(0) = (sin(27z), cos(27rz),0) and r = (1,0,0). On the horizontal axis is the spatial
variable, x € [0, 1], and on the vertical axis is the magnetization. The magnetization evolves
from (a) to (f). Initially the magnetization begins at m;(z,0) = sin(27x) as shown in (a),
which naturally settles to 0 (d). The control forces m; from 0 to 1 (f). A three-dimensional
depiction of these dynamics is illustrated in Figure 5.5a.
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Figure 5.3: Dynamics of (5.3) for mg(z,t) where b= 1, k, = 0.5, » = 0.02 and L = 1 with
initial condition m(0) = (sin(27x), cos(27wx),0) and r = (1,0,0). On the horizontal axis is
the spatial variable, = € [0, 1], and on the vertical axis is the magnetization. The magneti-
zation evolves from (a) to (f). The system begins at mq(z,0) = cos(27x) as depicted in (a)
and eventually settles back to —0.6 (d). The control forces the magnetization from —0.6
to 0 (f). A three-dimensional depiction of these dynamics is illustrated in Figure 5.5b.
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Figure 5.4: Dynamics of (5.3) for ms(x,t) where b = 1, k, = 0.5, v = 0.02 and L =1
with initial condition m(0) = (51n(27rx) cos2(mz),0) and r = (1,0,0). On the horizontal
axis is the spatial variable, x € [0,1], and on the vertical axis is the magnetization. The
magnetization evolves from (a) to ( ). The system begins at mg(z,0) = 0 as shown in (a),
which naturally settles to 0 (d). The control forces the magnetization from 0 to 0 (f) and
hence the control is not needed in this case. A three-dimensional depiction is illustrated

in Figure 5.5c.
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(¢) ma(x,t)

Figure 5.5: The magnetization dynamics of the controlled Landau-Lifshitz equation as x,
t varies. The initial condition is mg(z) = (sin(27z), cos(27z),0) with v = 0.02 and L = 1.
The magnetization is allowed to naturally settle to (0, —0.6,0) (see Figure 4.6), after which
the control forces the magnetization to settle to r = (1,0,0).

94



0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X
() (d)
1 1
0.8¢ . 0.8}
0.6/ E 0.6}
0.4f . 0.4}
0.21 . 0.2
ml ol ml 0
-0.2f . -0.2f
-0.4f . -0.4¢
-0.6 - -0.6
_—
-0.8f E -0.8
-1 -1
0 02 04 06 08 1 0 0z 04 06 08 1
X X
() (f)

Figure 5.6: Dynamics of (5.3) for my(z,t) where b= 1, k, = 0.5, v = 0.02 and L = 1 with
initial condition m(0) = (sin(27x), cos2(nz),0) and r = (—\/Li, 0, \%) On the horizontal
axis is the spatial variable, x € [0,1], and on the vertical axis is the magnetization. The
magnetization evolves from (a) to (f). Initially the magnetization begins at m4(z,0) =
sin(27z) and then the control forces the magnetization to —\%. Without the control, the
magnetization naturally settles to 0 (see Figure 4.3 or 4.6a). A three—dimensional depiction

is illustrated in Figure 5.9a.
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Figure 5.7: Dynamics of (5.3) for mg(z,t) where b= 1, k, = 0.5, v = 0.02 and L = 1 with
initial condition m(0) = (sin(27x), cos2(nz),0) and r = (—\/Li, 0, \%) On the horizontal
axis is the spatial variable, x € [0,1], and on the vertical axis is the magnetization. The
magnetization evolves from (a) to (f). Initially the magnetization begins at mq(z,0) =
cos(2mz) and then the control forces the magnetization to 0. Without the control, the
magnetization naturally settles to —0.6 (see Figure 4.4 or 4.6b). A three-dimensional

depiction is illustrated in Figure 5.9b.
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Figure 5.8: Dynamics of (5.3) for ms(z,t) where b= 1, k, = 0.5, v = 0.02 and L = 1 with
initial condition m(0) = (sin(27x), cos2(nz),0) and r = (—\/Li, 0, \%) On the horizontal
axis is the spatial variable, x € [0,1], and on the vertical axis is the magnetization. The
magnetization evolves from (a) to (f). Initially the magnetization begins at mg(z,0) = 0
and then the control forces the magnetization to \/Li Without the control, the magne-
tization naturally settles to 0 (see Figure 4.5 or 4.6¢). A three-dimensional depiction is

illustrated in Figure 5.9c. o7



(¢) ma(x,t)

Figure 5.9: Magnetization dynamics of the controlled Landau-Lifshitz equation as z, ¢
varies. The initial condition is mg(z) = (sin(27z), cos(27z),0) with v = 0.02 and L = 1.
The control forces the magnetization to settle to r = (—\/ii, 0, \/Li) Without the control,

the magnetization naturally settles to (0, —0.6,0) (see Figure 4.6).
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Since r does not depend on =,
1 m —x), |2+ [lm — xl 2y < e 2O (1 (m(0,0) — 1), |12, + [lm(0.1) —x][%).

Therefore,

[m — ||, < e 20k 1L im0, ¢) — r|[2,

and hence by Definition 2.12, since bk, —16vL* > 0, r is an exponentially stable equilibrium
point of (5.3). This is true for any initial condition and hence global stability is obtained.
O

Recall the linear Landau-Lifshitz equation in (4.23). We show that r is an exponen-
tially stable equilibrium of the controlled linear Landau—Lifshitz equation using the same
controller design as for the nonlinear case; that is,

% = VZyp + A X 2y, + bu(t)
y =12

e=r—y

u(t) = kye

It follows that the controlled linear Landau-Lifshitz equation is

% = UZyy + @ X Zyy + bk, (r — 2), z(0) = 2 (5.7)
with Neumann boundary conditions z,(0) = z,(L) = 0. Since the uncontrolled linear
Landau—Lifshitz equation generates a linear semigroup (see Theorems 4.14 and 4.16) and
bk, (r — z) is a bounded linear (affine) operator, then the operator in (5.7) generates a
semigroup (Curtain and Zwart [31, Theorem 3.2.1]). Substituting z = r into (5.7) leads to
0z/0t = 0 and hence r is an equilibrium point of (5.7).

Theorem 5.8. Let r be an equilibrium point of (5.7). For any nonzero constants b and
k, such that bk, > 0, r is globally exponentially stable in the £3-norm.

Proof of Theorem 5.8 For z € D(A), where D(A) is defined in (4.25), consider the
Lyapunov candidate

1
Viz) = 5|1z il

It is clear that V' > 0 for all z € D(A) and furthermore, V(z) = 0 only when z = r.
Therefore, V(z) > 0 for all z € D(A)\{r}.
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Taking the derivative of V/(z) implies

L
% = /0 (z —r)"zdr.

Substituting in (5.7) yields

av

L L L
— = 1// (z —1)Tz,pdx + / (r—2z)" (a x z,,)dv + bk:p/ (z—1)T(r — z)dr.
dt 0 0 0

By Lemma 5.4, the middle term is zero and applying integration by parts the first term

becomes ;
T
—v / Z,Z,dx.
0

= [zl %y — bk, ||z — r]12

It follow that

av
dt

and since v > 0,

i < —bky||z — r||% = —2bk,V.
dt 2
Solving yields

—2bk,

12— rllzg < 7|20 — r[|Z.

By Definition 2.12, if bk, > 0 then r is a locally exponentially stable equilibrium point of
(5.7). This is true for any initial condition and hence global stability is obtained. O

Theorem 5.8 suggests that the equilibrium point in Theorem 5.6 for the controlled
nonlinear Landau-Lifshitz equation (5.3) is exponentially stable in the £3-norm.

We now consider the input—output dynamics for the controlled Landau-Lifshitz equa-
tion in (5.3). Figure 5.10 illustrates the input-output dynamics for m4(x,t) with z fixed,
L =1 and v = 0.02. The input is u(t) = (0.001 cos(wt),0,0) and the initial condition is
my(x) = (1,0,0). The control parameters are chosen to be b = 1, k, = 0.5 and r = (1,0, 0).
It is clear from Figure 5.10 that persistent looping behaviour does not occur. Similar be-
haviour is observed for ma(x,t) and mg(z,t) (see Figures 5.11 and 5.12, respectively). This
suggests from Defintion 3.2 that the control term in (5.3) removes the presence of hystere-
sis in the Landau-Lifshitz equation. Furthermore, the result in Theorem 5.6 shows that r
is globally stable, which means r is the only equilibrium point of the controlled Landau—
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Lifshitz equation (5.3). It follows from Definition 3.1 that the dynamics described by the
controlled Landau-Lifshitz equation does not exhibit hysteresis. The lack of hysteresis
implies controlling the magnetization from a to r is the same dynamics as controlling from
r to a but in reverse.
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Figure 5.10: Input—output dynamics for m,(z,t) of the controlled Landau—Lifshitz equa-
tion in (5.3) with z fixed and v = 0.02, L = 1. The input is u(¢) = (0.001 cos(wt), 0,0) and
the initial condition is mg(x) = (1,0,0). The control parameters are chosen to be b = 1,
k, = 0.5, r = (1,0,0). It is clear loops do not persist as w approaches 0, which suggests
the controlled Landau-Lifshitz equation does not exhibit hysteresis.
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Figure 5.11: Input-output dynamics for mq(x,t) of the controlled Landau-Lifshitz equa-
tion described in (5.3) with = fixed and v = 0.02, L = 1. The input is u(t) =
(0,0.001 cos(wt),0). The initial condition is mg(z) = (0,1,0) and the control parame-
ters are b =1, k, = 0.5, r = (0,1,0). It is clear loops do not persist as w approaches 0,
which suggests the control in (5.3) removes hysteresis in the Landau-Lifshitz equation.
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Figure 5.12: Input-output dynamics for ms(x,t) of the controlled Landau-Lifshitz equa-
tion described in (5.3) with = fixed and v = 0.02, L = 1. The input is u(t) =
(0,0,0.001 cos(wt)). The initial condition is mgy(z) = (0,0,1) and the control parame-
ters are b =1, k, = 0.5, r = (0,0,1). It is clear loops do not persist as w approaches 0,
which suggests the controlled Landau—Lifshitz equation does not exhibit hysteresis.

103



Chapter 6

Conclusion and Future Research

The research in this thesis was initially motivated by the notion of controlling hysteresis
arising in nonlinear PDEs. This is of interest because of the presence of hysteresis in many
natural processes and the lack of research regarding hysteresis in PDEs and its control.
Eventually this led to exploring methods for determining the stability of equilibrium sets
and points in PDEs, and the implementation of a controller design to force systems to move
from one stable equilibrium to another. The Landau—Lifshitz equation is of interest because
it is a nonlinear PDE for which few control results are known. It models magnetization
in nanostructures which is of continued interest in technological sectors. A discussion of
the Landau—Lifshitz equation was presented with an emphasis on its stability, control of
its equilibrium points and the presence of hysteresis.

The Landau-Lifshitz equation has an asymptotically stable equilibrium set (Theo-
rem 4.11). An open question is whether global stability holds for this equilibrium set
and also if the equilibrium set is exponentially stable. Furthermore, investigating the sta-
bility of nonlinear PDEs raises the question: for a given nonlinear infinite-dimensional
system, can the stability of the linearized system be applied to the original nonlinear sys-
tem? The answer is only partially known and so far all the results require the linear
system to exhibit exponential stability. Furthermore, based on example 2.25, it appears
exponential stability is a necessary requirement. Therefore, an open question remains: is
the exponential stability of a linearized infinite-dimensional system a necessary condition
to imply the same stability of the original nonlinear system? Moreover, what conditions,
in addition to exponential stability, are needed?

The limitations of linearization means that another stability technique is needed. This
led to Lyapunov theory, which was relied on significantly to provide analytical control
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and stability results to the Landau-Lifshitz equation. We also emphasized that Lyapunov
Theory can be applied to invariant sets, which is not very common but virtually identical
to the well-known version for equilibrium points.

We discussed hysteresis from a more fundamental and precise approach and demon-
strated that the existence of multiple equilibria; and not nonlinearity, is crucial for systems
to exhibit hysteresis. Based on this, both the linear and original (nonlinear) Landau—
Lifshitz equations exhibit hysteretic behaviour. Determining a rigorous definition of hys-
teresis is an issue because of the complex nature of hysteresis. There is also virtually
no literature for defining hysteretic systems that have arbitrarily close equilibrium points,
which is the case for the Landau—Lifshitz equation.

Our main result is the control from one stable equilibrium to another in the Landau—
Lifshitz equation. A feedback controller design with a proportional control was shown to
successfully achieve this. The control causes the initial equilibrium to no longer be an
equilibrium of the controlled system, and ensures the second equilibrium is an asymptoti-
cally stable equilibrium point of the controlled system (Theorem 5.6). It is still unknown
whether the second equilibrium is exponentially stable, but analysis of the corresponding
linear Landau—Lifshitz equation, which shows the second equilibrium is exponentially sta-
ble (Theorem 5.8), suggests this may be true for the original nonlinear Landau-Lifshitz
equation. Moreover, we showed the linear Landau-Lifshitz equation has an analytic semi-
group (Theorem 4.16) and hence satisfies the spectrum determined growth assumption.

Our control can also force any magnetization to any arbitrary stable equilibrium, r.
This is because the stability of r in Theorem 5.6 is a global result and the proof of the
theorem does not rely on a specific initial magnetization. For the damping constant v
and length L, the control parameters, b and k,, in Theorem 5.6 must be chosen such that
bk, > 16vL*; however, numerical simulations suggest that bk, > 0 is a sufficient condition.
It follows that future research could explore weakening the requirement that bk, > 16vL*.

Currently, the control result in Theorem 5.6 applies to any equilibrium magnetization
only, and not an arbitrary magnetization. Controlling to any point would require significant
modification of the work presented in Chapter 5, as the results rely on the equilibria being
constant. Other future work on the control includes reducing the necessity of full state
feedback and implementing our control and stability framework to related Landau—Lifshitz
equations.
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Appendix A

Matlab Code for Equation (3.1)

Equation (3.1) is solved in Matlab using the following function file:

function [t,x,input]=Dynamics(tspan,x0,w)
%tspan is the interval of time

%x0 is the initial condition

%w is the frequency of the input

c=15; k=1;

[t,x]=ode45(@linearequations,tspan,x0);
input=u(t);

function dx=linearequations(t,x)

dx1=x(2);

dx2=-c*x(2) -k*x(1)+u(t);
hdx2=-c*x(2) -k*x (1) +k*x (1) "3+u(t); %Nonlinear Equation
dx=[dx1;dx2];

end;

function f=u(t)
f=sin(w*t);

end;

end
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Appendix B

Numerical Approximations for the
Landau—Lifshitz Equation

Two common numerical approaches for the Landau-Lifshitz equation are a finite—difference
computation (Fuwa et al. [36], Serpico et al. [77] and Wiele et al. [88]) or a finite—element
method (Bottauscio et al. [18], and Wiele et al. [88]). We apply a Galerkin finite—element
scheme with linear spline elements to approximate the weak form of the Landau-Lifshitz
equation. Galerkin approximations are demonstrated to be successful for the controlled
heat equation where approximations are shown to converge asymptotically (Morris [66,
example 4.12]); that is,

lim ||wy —w||lg =0

N—o0
where wy and w is the approximate and exact solution to the heat equation, respectively.

To begin, recall the semilinear form of the Landau-Lifshitz equation from (4.20):

om

ot

:me—i—mxmm+1/]|mx||§m. (B.1)

This form of the Landau-Lifshitz equation allows for a weak formulation that consists of
only first order derivatives.

The magnetization, m(z,t), is approximated as

M(r,t) = 3 e (b)) (B.2)

=0
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Figure B.1: Linear spline functions.

where ¢;(t) = (¢} (t),c2(t), c}(t)); that is,

Mz, 1) = (Z c3<t>¢i<x>,Zc§<t>¢i<x>,zc§<t>¢i<x>) .

The approximation in (B.2) is the same one chosen by Yang and Fredkin [99]. The func-
tions, ¢;(x), are chosen to be simple linear spline functions (Figure B.1),

(1
ﬁ(‘rl _‘T)a ) S T S gl
po(z) =
\ 0, otherwise,
(1
ﬁ(‘r B Ii—l), Tiog <o <
() — 1 - ) )
(bz(x)_ E(xi+1_x)7 z; < x < Tipq fOI‘Z—l,Q,...,N Q’N 1
\ 0, otherwise,
1
¢N(l’) = E(x_fol)v TN-1 SSL’S$N
0, otherwise

where h = L/(N + 1). The one-dimensional spatial domain is uniformly discretized with

Taking the scalar product of (B.1) with a test function, v = (v, vq, v3), then applying
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integration by parts and Lemma 5.2, we obtain the weak form of the Landau-Lifshitz
equation,

6m T t 2 T
—— vdr=—v | mlv,dr — (m xm,) vpdr+v [ ||mgl[;m vdz.
0 0

The components of the test function are made to be equivalent; that is, v; = vy = v3.
As well, the test function is chosen to be the same as ¢;, which is a standard approach.
Therefore, substituting in (B.2) into the weak form of the Landau—Lifshitz equation leads
to

N N N N
Z Klzc, = —V Z -Plzcz Z Z Qllj C; X CJ +v Z Z Z Slian;ijCn (BS)
=0 =0 7=0 =0 7=0 n=0

forl =0,1,..., N, where

L
Ky — / biide
0
L
Py — / dildz
0

L
Qlij:/o Gpid;de
L
Stijn = /0 P10 Onda.

Notice from the choice of ¢; that many of the integrals are zero. Equation (B.3) is a system
of 3(N + 1) coupled nonlinear ODEs with unknowns

c= {007(317 T ,CN—1,CN}
_ 1 2 3 1
- {CO7COa007claclvcl7"' 7CN—17CN—lacN—l?CNacN7CN}'

These ODEs are solved using an explicit fourth and fifth order Runge-Kutta method
(Kharab and Guenther [51, Chapter 12.4]). The corresponding MATLAB solver is ODE45.

The numerical approximations described in (B.3) is coded in Matlab using the following
function files. The main function file is FEMLL and it calls the functions LoadVectorE-
quation and MassMatrix, which create the system of ODEs in (B.3).
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function [t,m,N,L]=FEMLL
clc

N=10; %number of elements

L=1; %length of interval

v=0.02; %damping parameter

h=L/N;

endtime=20;%end time for ODE solver

hinitial condition: mO=(sin(pi*x),cos(pi*x),0)
mO=zeros (3*x(N+1) ,1);
%for ml component
for i=1:(N+1)
x=(i-1)*h;
y(1)=sin(pi*x);
end
j=1;
for i=1:(N+1)
m0(j)=y(i);
J=3+3;
end
%for m2 component
for i=1:(N+1)
x=(i-1)*h;
y(i)=cos(pi*x);
end
J=2;
for i=1:(N+1)
m0(j)=y(i);
J=3+3;
end

%solve ODE using built in Matlab ODE solver

%solves ODE of the form m=K\dg

Jwhere K is the mass matrix and dg is the load vector
options = odeset(’Mass’,@mass);
[t,m]=0de45(QequationsMassForm, [0:0.1:endtime] ,m0,options);
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%Calling Load vector function
function dg=equationsMassForm(t,m)

dg=LoadVectorEquation(N,h,v,m);
end

%Calling Mass matrix function

function K = mass(t,m)
K=MassMatrix(N,h,v);

end

end

%Load vector function

function dg=LoadVectorEquation(N,h,v,m)
%N is the number of elements

WL is the length of space interval
%h=L/N

%v is the damping parameter

%m is the solution vector

hat the x=0 boundary

dg(1)=-v*(m(1)-m(4))+(m(2) *m(6)-m(3) *m(5) ) +v* ((m(1) "2+m(2) “2+m(3) “2) * (1/3*m(1) . ..
+1/6xm(4))-(m(1)*m(4)+m(2) *m(5)+m(3)*m(6) ) *(2/3*m(1)+1/3*m(4)) ...
+(m(4) ~2+m(5) "2+m(6) "2) *(1/3*m(1)+1/6*m(4))) ;

dg(2)=—v*(m(2)-m(5) ) +(-m(1)*m(6) +m(3) *m(4) ) +v* ((m(1) "2+m(2) "2+m(3) "2) *(1/3*m(2) . ..

+1/6*m(5))-(m(1)*m(4)+m(2)*m(5)+m(3)*m(6))*(2/3*m(2)+1/3*m(5)) ...
+(m(4) "2+m(5) "2+m(6) "2) *(1/3*m(2) +1/6*m(5))) ;

dg(3)=-v*x(m(3)-m(6))+(m(1)*m(5)-m(2) *m(4) ) +v*((m(1) "2+m(2) "2+m(3) "2) *(1/3*m(3) . . .
+1/6*m(6))-(m(1)*m(4)+m(2)*m(5)+m(3) *m(6) ) *(2/3*m(3)+1/3*m(6)) . ..
+(m(4) "2+m(5) “2+m(6) "2) *(1/3*m(3)+1/6*m(6)) ) ;

%dg(4) ,dg(5),dg(6), .. .,dg(3x(N+1)-4) ,dg(3* (N+1)-3)

J=4;
for i=1:(N-1)
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dg(j)=-v*(-m(j-3)+2*m(j)-m(j+3))-(m(j-2)*m(j+2) -m(j-1)*m(j+1))+(m(j+1)*m(j+5) . ..
-m(j+2)*m(j+4) ) +vx ((m(j-3) "2+m(j-2) "2+m(j-1) "2) *(1/6*m(j-3)+1/3*m(j)) . ..
-(m(j-3)*m(j)+m(j-2)*m(j+1)+m(j-1)*m(j+2) ) *(1/3*m(j-3)+2/3*m(j)) . ..
+(m(j)"2+m(j+1) "2+m(j+2) "2) *(1/6*m(j-3)+2/3*m(j)+1/6*m(j+3)) . ..
-(m(§)*m(j+3)+m(j+1) *m(j+4) +m(j+2) *m(j+5) ) *(2/3*m(j)+1/3*m(j+3)) ...
+(m(j+3) "2+m(j+4) "2+m(j+5) "2) *(1/3*m(j) +1/6*m(j+3))) ;

dg(j+1)=-v*(-m(j-2)+2*m(j+1)-m(j+4)) - (-m(j-3)*m(j+2) +m(j-1) *m(j) ) +(-m(j) *m(j+5) . . .

+m (j+2) *m(j+3) ) +vx ((m(j-3) "2+m(j-2) "2+m(j-1) "2) *(1/6*m(j-2)+1/3*m(j+1)) . ..
-(m(j-3)*m(j)+m(j-2)*m(j+1)+m(G-1)*m(j+2) ) * (1/3*m(j-2)+2/3*m(j+1)) . ..
+(m(j)"2+m(j+1) "2+m(j+2) "2) *x (1/6*m(j-2)+2/3*m(j+1)+1/6*m(j+4)) . . .
-(m(§)*m(j+3)+m(j+1) *m(j+4) +m(j+2) *m(j+5) ) * (2/3*m(j+1)+1/3*m(j+4)) ...
+(m(j+3) "2+m(j+4) "2+m(j+5) "2) *(1/3*m(j+1)+1/6*m(j+4))) ;

dg(j+2)=-v*(-m(j-1)+2*m(j+2) -m(j+5) ) - (m(j-3) *m(j+1)-m(j-2) *m(j) ) +(m(j) *m(j+4) . ..
-m(j+1)*m(j+3) ) +v* ((m(j-3) "2+m(j-2) "2+m(j-1) "2) *(1/6*m(j-1)+1/3*m(j+2)) . ..
-(m(§-3)*m(j)+m(j-2)*m(j+1)+m(j-1)*m(j+2) ) *(1/3*m(j-1)+2/3*m(j+2)) . ..
+(m(j)"2+m(j+1) "2+m(j+2) "2)*x(1/6*m(j-1)+2/3*m(j+2)+1/6*m(j+5)) . . .
-(m(§)*m(j+3)+m(j+1) *m(j+4) +m(j+2) *m(j+5) ) * (2/3*m(j+2)+1/3*m(j+5)) ...
+(m(j+3) "2+m(j+4) "2+m(j+5) "2) *(1/3*m(j+2)+1/6*m(j+5))) ;

J=3+3;
end

%hat the x=L boundary

dg (3x (N+1)-2)=-v* (-m (3% (N+1)-5) +m (3% (N+1)-2) ) - (m(3*x (N+1) -4) *m (3*x (N+1) ) . . .
-m(3*x (N+1)-3)*m(3*x (N+1) -1) ) +v*x ((m(3* (N+1)-5) "2+m(3*x (N+1)-4)"2. ..
+m (3% (N+1)-3) "2) *(1/6*m (3% (N+1)-5)+1/3*m(3*x (N+1)-2)) . ..
-(m(3*(N+1)-5) *m (3% (N+1)-2) +m (3« (N+1) -4) *m (3*x (N+1)-1) . . ..
+m (3% (N+1)-3) *m(3* (N+1) ) ) *(1/3*m (3% (N+1)-5)+2/3*m (3« (N+1)-2)) . ..
+(m(3*x(N+1)-2) "2+m(3* (N+1)-1) "2+m(3* (N+1) ) ~"2) *(1/6*m (3« (N+1)-5) . ..
+1/3*m (3% (N+1)-2))) ;

dg (3*x(N+1)-1)=-v* (-m (3% (N+1)-4) +m (3% (N+1)-1) ) - (-m(3* (N+1) -5) *m (3*x (N+1) ) . . .
+m (3% (N+1)-3) *m (3* (N+1)-2) ) +v* ((m (3% (N+1)-5) "2+m (3* (N+1)-4) 2. ..
+m (3% (N+1)-3) "2) *(1/6*m(3* (N+1)-4)+1/3*m(3*x(N+1)-1)) . ..
-(m(3*%(N+1)-5)*m (3% (N+1)-2) +m (3% (N+1) -4) *m (3% (N+1)-1) . . .
+m (3% (N+1)=3) *m (3% (N+1) ) ) % (1/3*m (3% (N+1) -4)+2/3*m (3% (N+1)-1)) . ..
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+(m(3*x(N+1)-2) "2+m(3*x (N+1)-1) "2+m(3* (N+1)) "2) *(1/6*m(3*x (N+1)-4) . ..

+1/3*m (3% (N+1)-1)));

dg (3*x(N+1))=-v* (-m(3* (N+1) -3) +m (3* (N+1) ) ) - (m (3* (N+1) -5) *m (3% (N+1)-1) . ..

-m(3% (N+1)-4) *m (3% (N+1)-2) ) +v* ((m (3% (N+1) -5) "2+m(3* (N+1)-4)"2. ..
+m (3% (N+1)-3) "2) *(1/6*m(3* (N+1)-3)+1/3*m(3* (N+1))) ...
-(m(3*(N+1)-5) *m (3% (N+1)-2) +m (3* (N+1) -4) *m (3* (N+1)-1) . ..

+m (3% (N+1)-3) *m(3* (N+1) ) ) *(1/3*m (3% (N+1)-3)+2/3*m (3* (N+1))) ...

+(m (3% (N+1)-2) “2+m(3*x (N+1)-1) "2+m(3*x (N+1) ) "2)*(1/6*m(3*x (N+1)-3) . ..

+1/3*m (3% (N+1)))) ;
dg=1/hx*dg’;
end

%Mass Matrix function

function K=MassMatrix(N,h,v)

%N is the number of elements

%L is the length of space interval
%h=L/N

%v is the damping parameter

%m is the solution vector

%K at the x=0 boundary
%1lst row

K(1,1)=1/3;
K(1,4)=1/6;

%2nd row

K(2,2)=1/3;
K(2,5)=1/6;

%3rd row

K(3,3)=1/3;
K(3,6)=1/6;

Jj=4;
for i=1:N-1
%jth row
K(j,j-3)=1/6;
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K(j,j)=2/3;
K(j,j+3)=1/6;
%jtith row
K(j+1,j-2)=1/6;
K(j+1,j+1)=2/3;
K(j+1,j+4)=1/6;
%hj+2th row
K(j+2,j-1)=1/6;
K(j+2,j+2)=2/3;
K(j+2,j+5)=1/6;
J=j+3;

end

%K at the x=L boundary
%3rd last row
K(3x(N+1)-2,3x(N+1)-5)=1/6;
K(3*(N+1)-2,3*%(N+1)-2)=1/3;
%2nd last row
K(3*(N+1)-1,3%(N+1)-4)=1/6;
K(3*(N+1)-1,3*(N+1)-1)=1/3;
%3rd last row
K(3*(N+1) ,3*x(N+1)-3)=1/6;
K(3*(N+1) ,3*(N+1))=1/3;
K=hxK;
end
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Appendix C

Maple Code to Solve the Eigenvalue

Problem of the Linear
Landau—Lifshitz equation

The eigenvalue problem for the linear Landau-Lifshitz equation described in (4.27) is solved
in Maple. To make the computations a little easier, we rescale the problem with y = = /L.

Then (4.27) becomes

" " "

Avy = pv] — bsvy + bavg

" 1 "

Avg = b3vy 4 pvg — bavsg
"

/\U3 = _bQUi/ + 611}2 + pUg

with boundary conditions

where the prime notation is with respect to y and

a1
R

a2
JEX

o H by as

:ﬁ7 b2:

The following commands in Maple are used:
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(C.1a)
(C.1b)
(C.1c)

(C.1d)
(C.1le)
(C.11)



V VV V V V V V V V V.YV

#eigenvalue problem

eql:= lambda*vl(x)=rho*diff (v1(x),x,x)-b3*xdiff (v2(x),x,x)+b2*diff (v3(x),x,x):
eq2:= lambda*v2(x)=b3*diff (v1(x),x,x)+rhoxdiff (v2(x),x,x)-al*xdiff (v3(x),x,x):
eq3:= lambda*v3(x)=-b2*diff (v1(x),x,x)+bl*diff (v2(x),x,x)+rho*diff (v3(x),x,x):

#boundary conditions

icsl := D(v1)(0)=0, D(v1) (1)=0:
ics2 := D(v2)(0)=0, D(v2)(1)=0:
ics3 := D(v3)(0)=0, D(v3)(1)=0:

#solving in terms of eigenvectors and eigenvalues
dsolve([eql,eq2,eq3, icsl,ics2,ics3], [v1i(x),v2(x),v3(x), lambdal);
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