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Abstract

Let X be a smooth variety and let p € X. Given an effective line bundle L on X, we
define
Yp(L) =sup{t > 0: 7"L — tE is effective }

where 7 : X — X denotes the blow-up of X at p with exceptional divisor E. This thesis
develops the theory of v,, particularly on surfaces.

In chapter 2, after some calculations on curves and projective spaces, we specialize to
the case of smooth, projective surfaces. We demonstrate a relationship between ~,(L) and
(L), the Seshadri constant of L at p. We derive some general bounds on 7, involving
some Riemann-Roch type calculations, and we show that -, is linear on a finite collection

of subcones of Eff(X), provided that Nef(X) is finitely-generated.

In chapter 3, we specialize to the case where X is a smooth, complete, toric surface. We
first show that 7,(L) is related to the number of copies of the two divisors corresonding to
p that show up in L. Our main result, however, is that if A, B € Nef(X) then we have that
V(A + B) = 7,(A) + 7,(B). As a corollary we also obtain a result about which divisors
show up in Nef(X), and answer a question about the product 7,(L)e,(L) for a large class
of toric X.

In chapter 4, we exhibit a surface X and a point p of X where 7p|ner(x) is not linear.
We calculate v, on several smooth toric 3-folds, and discuss future directions for this work.
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Chapter 1

Introduction

1.1 Toric Varieties

A toric variety is a normal variety X which contains a torus T' = (C*)! as a dense open
subset. The torus 7" is required to act (algebraicly) on X in a manner that extends the
usual action T" x T" — T'. These are a family of varieties very worthwhile of study due to
their ease of calculations. For example, there are simple descriptions of Picard Groups,
Intersection theories, and sheaf cohomology groups on toric varieties.

The simplest examples are the torus 7T itself, or X = A™ with the natural action. An-
other example is X = P", where we write a point of X as [a; : --- : @, : ay41] with the
usual homogeneous coordinates. The open subset U C X, defined by the first n coordinates
being non-zero, is isomorphic to (C*)", and acts on X via (t1,...,t,) ® [by, ..., by, bpi1] =
[t1b1, .oy tuby, byy1]. Another less trivial example, which is not obviously toric, is a Hirze-
bruch surface H,. = P(Op:i(r) ® Op1). Explicitly describing the torus action would require
local coordinates; however, we note that H, has one dense orbit, 4 1-dimensional orbits,
and 4 T-invariant points.

There are singular examples too, such as a quadric cone X = {xy = 22} C A3. Here, the
open subset U of X is defined by the non-vanishing of all the coordinates. The isomorphism
(C*)? — U is given by (s,t) — (s2,t%,st), and we have the action (s,t) e (a,b,c) =
(s%a,t?b, stc). In this thesis, we focus on smooth, compact examples.

Such a variety is rational; these therefore form a spase subset of the class of varieties:
for example, the only compact toric curve is P'. Not every rational variety is toric; for
example, the blow-up of P? at 4 points in general position is not toric. Nonetheless,
this family of varieties provides an excellent source of examples. In fact, there are only
countably many isomorphism classes of toric varieties - this follows from Theorem 3.13 as
there are countably many distinct fans.

The above definition does not properly illustrate why these varieties are a great source
of examples and calculation. Another characterization of a toric variety is that it is a
variety obtained by gluing the spectra of certain semigroup algebras. We tersely describe
this construction at the beginning of chapter 3. The collection of semigroups, called a fan,
is definited similarly to how a simplicial complex is defined in topology.



Just like in topology, properties of the variety may be readily deduced from properties
of the fan. For example, it is simple to tell if a toric variety is complete (compact) or
smooth, and the semigroup description tells us all the different orbits of the T-action. As
well, it is straightforward to calculate the Picard group of such objects, and explicitly write
down the intersection pairing.

Many conjectures in algebraic geometry are known to be true for toric varieties. For
example, consider the coveted Fujita conjecture: this is especially worth mentioning since
Seshadri constants were originally developed to help attack this conjecture:

Conjecture 1.1. Let X be a smooth projective variety of dimension n over the complex
numbers, and let A be an ample divisor on X. Let Kx denote the canonical divisor of X.
Then

o If¢>n+1 then Ox({A+ Kx) is basepoint free.

o If{ >n—+2 then Ox({A+ Kx) is very ample

The proof of this, for smooth projective toric varieties, is quite simple. One first remarks
that for these varieties, we have that A is basepoint free if and only if A is nef, and A
is very ample if and only if A is ample. Then the conjecture follows from the Mori Cone
Theorem (see, for example, theorem 7-2-1 of [15]). (An analogue of) the Fujita conjecture
is even known for singular toric varieties [15].

Toric varieties were first introduced by DeMazure in 1970 in his paper [¢]; he was in-
terested in looking at certain subgroups of Cremona groups. This makes them a modern
research area, postdating even the language of schemes. They have since become main-
stream, and provide many bridges between algebraic geometry and combinatorics [1]. This
class of varieties forms an important testing arena for new conjectures or theories.

One area of current research is the study of Cox rings; for a projective variety X, it is
a ring that contains every homogeneous coordinate ring of X; it is defined to be

¢ H(X.D)

DePic(X)

The multiplication is defined by the tensor product of sections. These rings have been
studied on many classes of varieties, such as for K3 surfaces; see [1] for example. These
rings are well understood on a toric variety - see Cox’s paper [0]. (He did not name them
after himself.) The reason that these rings are well understood on toric varieties is because
there is a simple description of the effective cone of such varieties.

1.2 Seshadri Constants

There are many ways to measure the “size” of a line bundle L on a variety X. One method
is to look at the asymptotics of the sequence (h°(X, L®")),>o. Seshadri constants take a
different approach: we fix a point p on X, and study the family of curves C' C X which
pass through p, and see how small the ratio oré;?c’) becomes. Thus we are studying the
local behaviour of L. An introduction to Seshadri constants may be found in [13].
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Let X be a smooth projective variety, and let p € X. Recall that a divisor D on X is
numerically effective, abbreviated nef, if D.C' > 0 for all irreducible curves C' C X. Let
N be a nef divisor on X. The Seshadri constant of N at p, denoted €,(N), is defined to
be the quantity

sup{t > 0: 7N — tE is nef} (1.1)

where 7 : X — X denotes the blow-up of X at p. So €,(IN) provides a measurement of
how “positive” N is “at p”. Note that this quantity may be defined at a possibly singular
point by blowing up along the ideal sheaf Z, of Ox. This quantity is also equal to

N.C
pedicx ord,(C)

where the infimum is taken over all irreducible curves C' that contain X.

An excellent introduction and survey of Seshadri Constants is [2]. They were originally
introduced by Damailly to prove the Fujita Conjecture. While this did not pan out, they
have been realized to be an extremely interesting object of study in their own right. The
Nagata Conjecture, a major open problem in algebraic geometry, may be formulated in
the language of Seshadri constants.

In general, it is extremely difficult to precisely calculate €,(N). Bounds may sometimes
be obtained. Giving an upper bound is not so bad: simply pick a curve p € C' and voila:
ep(N) < #’(CC). However, lower bounds are notoriously difficult. This involves showing
that a divisor 7* N —tF is nef, and even if we understand the structure of Nef(.X), we may
know very little about Nef(X).

If N is very ample then we of course have that €,(/N) > 1 for all p € X in this situation
we have that X C P" and N = Opn(1)|x. Then, for any curve C' through p we have that

N.C = deg(C) > ord,(C). Thus €,(A) > 0 if A is ample.

There are many results giving lower bounds. For example, here is a result of Szemburg
([20]) concerning surfaces whose Picard rank is one:

Theorem 1.2. Let S be a smooth projective surface with ps = 1, and let L be an ample
line bundle on S. Let p € X.

e If S is not of general type, then €,(L) > 1.

o If S is of general type, then €,(L) > m
S

Both bounds are sharp.

Naturally, there has been much work trying to calculate Seshadri constants on toric
varieties. At T-invariant points, the situation is quite simple, as will be shown for surfaces.
This is because the blow-up of a toric variety at a T-invariant point is again a toric variety,
and it is easy to tell if a divisor is nef on a toric variety. There are also results away from the
T-invariant points, but these are harder, and usually manifest as bounds rather than exact
values. For example, in [11], Ito starts with a surjective morphism f : X — Y a point
p of X, and a pair of nef line bundles L —+ X and M — Y with some mild assumptions
in place. He proves a bound involving €,(L) and €f¢,)(M). This is then used to provide
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nice estimate of €, away from T-invariant points of toric varieties. He even studies some
non-toric examples using toric resolutions.

Another question people ask about Seshadri constants is whether they are rational.

If Nef(X) is finitely generated, then €,(IN) € Q for all N € Nef(X). The connection is

as follows: there exists a largest a/b € Q so that b7*N — aE € Nef(X), and we have

€p(N) = a/b. There exist surfaces X so that Nef(X) is finitely generated, but Nef(X) is
not finitely-generated, which presents difficulties.

There are known examples where Nef(X) is not finitely generated, and yet we still
obtain examples of €,(/N) € Q. For example, let X be a smooth projective K3 surface with
ranky (Pic(X)) = 20. It is shown in [19] that Aut(X) is infinite, which implies that Nef(X)
is not finitely generated. Furthermore, every such X contains a line L. Let p belong to the
line. Then €,(Opn(1)|x) = 1. This follows from the alternate equality

o) =it { 575 (12)

where the infimum is taken over all irreducible curves C' C X passing through p. Here, the
witnessing curve is the line L itself, and we have that Opn(1)|x @ L =1 and ord,(L) = 1.

It is conjectured that these constants are always rational, and this is indeed the case
in every known example. Of course, they are rational provided that there is a witnessing
curve (as in (1.2)). On a smooth complete toric surface, we always have that €, € Z; this
is proved in this thesis, though was previously known.

There are known examples where €,(L) € Q — Z. For example, Theorem 4.5 of [10]
gives the following: let X be a smooth cubic surface in P?

1: if x lies on one of the 27 lines
% : if x does not lie on any line.

ep(—Kx) = {

This also shows that € does depend on the point p.

1.3 Effective Divisors and -,

As before, let X be a smooth projective variety, let p € X. Let L be an effective divisor
on X, meaning that h®(X, L) > 0. Like the Seshadri constant, we define gamma of L at
p, denoted by 7,(L), to be the quantity

sup{t > 0: 7"L — tE is effective}. (1.3)

The pullback of a nef divisor is always nef: this is not true for effective divisors. However,
the pullback of an effective divisor via a dominant morphism is always effective, so 7*L is
indeed effective. In the literature, 7, has not been as intensively studied as €,. One example
of its appearance is in [17]. In this paper, McKinnon and Roth investigate a relationship
between €,(L) and another quantity «,(L), which contains arithmetic information. They
show that a,(L) is sometimes well approximated by 7,(L).

Another paper where 7, appears is [5]. In this paper, the symbol ¢, is used instead of
7p, and the paper is called the Nakayama constant. However, we stick with the name
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gamma. As in shown in this paper, 7, is related to other more common notions of volume,
and the asymptotic behaviour of divisors. In this paper, Choi generalizes to a subvariety:
given an effective divisor D and a subvariety V' C X, he defines

((D,V)=sup{t >0: f*D —tE is effective}

where f : X — X is the blow-up of X along the ideal sheaf Zycx. He proves that this
number is related to the numerical Iitaka dimension of D, another construction that only
depends on the numerical class [D] € NS(X). He proceeds to show that these notions are

related to Okounkov bodies, another construction used for measuring the positivity of line
bundles.

There are very few explicit examples of 7, on varieties. This arose to the question of
investigating the behaviour of v, on smooth, complete, toric surfaces: the machinery of

toric geometry is more than sufficient to calculate v,, at least if p is a T-invariant point of
X.

This thesis is organized as follows. In chapter 2, we define the fundamental object of
study: 7,. We develop its elementary properties and then specialize to the case of (smooth,
projective) surfaces. Almost immediately we get an elementary relationship between ~,
and €,:

Lemma 1.3. Let X be a smooth, projective surface and let p € X. Let D € Nef(X)N
Eff(X). Then
1(D)ey(D) < D?

We prove some bounds on v, using sheaf cohomology and the Riemann-Roch Theorem.
As an application, we obtain the following result:

Theorem 1.4. Let X be a smooth projective surface with Pic(X) = Z, and suppose that
we have a point p € X which satisfies ho()N(,KX) = 0. Let L be both nef and effective.
Then

VI? + LKy <2x(Ox)

If these numbers are equal, then we in fact have
(L) = €(L) = VL?

Besides P2, there are surfaces of general type that satisfy the hypotheses of the theorem.
The result is a culmination of two separate bounds, both of which apply to a larger class of
surfaces. We end chapter 2 with a theorem that shows that, if Nef (X ) is finitely-generated,
then there exists a decomposition of Eff(X') into finitely many subcones so that v, is linear

on each subcone. This theorem is how we calculate 7, in explicit examples.

In chapter 3, we specialize to the case where X is a smooth, complete, toric surface.
In this special case, we calculate some bounds on coefficients on nef divisors; these bounds
are precisely what we need to prove the main theorem:

Theorem 1.5. Let X be a smooth, complete, toric surface, and let p be a T-invariant point
on X. Let m: X — X denote the blow-up of X at p. There exists a divisor W € Nef(X)
so that

V(D) = W.n*D
for all D € Nef(X). In particular, v,(A+ B) = v,(A) + v,(B) for all A, B € Nef(X) and
(D) € N for all D € Nef(X).



Along the way to proving Theorem 1.5, we also prove an observation made by the
author that arose over the course of this investigation. We later explain what the term
“adjacent” means.

Theorem 1.6. Let X be a smooth, complete, toric surface, and suppose we take a basis of
adjacent divisors Ay, ..., Ag for Pic(X). Then

Nef(X) C é(ﬂz@%)

e all the coefficients of a nef divisor are non-negative.

The question of how 7, behaves on the entire effective cone Eff(X) is also discussed.
On every surface we investigated with rankz(Pic(X)) > 3, we found that -, is not linear
on the effective cone. Furthermore, it is not always integer valued:

Theorem 1.7. There exists a smooth, projective surface X, a divisor D € Eff(X), and a
point p € X so that v,(D) € Q — Z.

Finally, in the fourth chapter, we work out some examples of 7, on varieties that are not
smooth, complete, toric surfaces. We also raise some unsolved (by the author) questions,
and comment on possible future directions to take this work. In the appendix, we provide
explicit examples of «, on our toric surfaces, both on the effective cone and restricted to
the nef cone.



Chapter 2

7p on Algebraic Surfaces

2.1 First properties of v,

Everything I know about Algebraic Geometry, particularly surfaces, may be found in [3]
or the relatively unknown [10].

Let X be a smooth algebraic variety defined over the field C of complex numbers. The
Picard Group of X, written Pic(X), is the group of divisors modulo linear equivalence.
Given a curve C' on X, there is a linear map Inte : Pic(X) — Z called intersection
with C. This may be found, for example, in the appendix on Intersection Theory in [10]
Here, by linear, we just mean that Inte([A] + [B]) = Int¢([A]) + Inte([B]) for all divisor
classes [A], [B] and all curves C. Two divisor classes [D;],[Ds] are called numerically
equivalent if Intc([D]) = Inte([Dy]) for all curves C' C X. The Neron-Severi group
of X, denoted by NS(X), is the quotient of Pic(X) by the subgroup of those [D] which
are numerically equivalent to [0]. From here on, we often omit the square brackets when
talking about the class of a divisor inside Pic(X) or NS(X). It is a theorem that NS(X)
is free, abelian, and finitely generated (i.e. NS(X) = Z* for some k € N).

We say that a divisor L € Pic(X) is numerically effective, abbreviated ‘nef’, if
L.C' > 0 for all irreducible curves C' C X. We say that L is effective if h’(X, L) > 1.
We say that L is basepoint-free if L is effective and the corresponding rational map
to projective space is a morphism; in other words, L = h*Opn(1) for some morphism
h: X — PV, We say that L is very ample if L is basepoint-free and if the corresponding
morphism is a closed embedding. Finally, we say that L is ample if kL is very ample for
some k > 1. The linear system of L, denoted |L|, is the collection of effective divisors
which are linearly equivalent to L. It carries the structure of a projective space whose
dimension is one less than h’(X, L). All notions above are defined on Pic(X); they are
all well defined on the quotient NS(X'). Thus we will use these definitions on elements of
NS(X).

We may naturally view NS(X) as a lattice inside the R-vector space NS(X)®zR. More
precisely, denote this vector space by V. Define g : NS(X) — V by g(z) = x ® 1. Then
the map g embeds NS(X) into V; we view NS(X) as a subgroup of V' via the map g. In
the Neron-Severi group NS(X), we have the two semi-groups (with identity) Nef(X) and
Eff(X) - the collection of all nef and effective divisor classes. We may also view them
as convex semigroups inside V' by taking convex hulls. More precisely, the convex hull of
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g(Nef(X)) is a convex sub-semigroup of V, and Nef(X) may be recovered as the inverse
image under g of this semigroup. The same holds for Eff(X). We will use these two objects
interchangably, and likewise for Eff(X).

A Q-divisor is an element of NS(X) ®z Q and a R-divisor is an element of V.

Given an non-degenerate bilinear pairing < e, >: /W x W — R on a real vector space
W, and a closed convex additive sub-semigroup G of W, we define its dual, denoted GV,
to be the set

{r eW :<g,x>>0forall g € G}

On a surface X, since curves coincide with divisors, the intersection pairing is actually
a bilinear map NS(X) x NS(X) — Z, which is non-degenerate since we quotiented by all

curves numerically equivalent to 0. It is a theorem that Nef(X) = Eff(X )v, where we are

viewing both objects as convex semigroups in the space V' = NS(X) ®7 R. Here, Eff(X)
means the closure of Eff(X) in the Euclidean topology on V.

We now define the main object of interest for this thesis. Given a (closed) point p € X,

consider the blow-up 3
m: X =X

of X at p. Let E denote the exceptional divisor. If L is effective, then so is 7*L since the
map 7 is surjective. Our quantity of interest measures ‘how effective’ L is at p.

Definition 2.1. We define gamma of L at p to be the quantity
7,(L) = sup{t € R=? : 7L — tE is effective}.

Remark 2.2. What does it mean to say that 7#*L — eV2F is effective? There are two
equivalent options. The first is that we actually define

Yp(L) = sup {% € Q=" :br*L — ak is effective}

and never actually talk about R-divisors. The above definition is purely in terms of Z-
divisors (i.e elements of NS(X)), even though it yields a rational number. Equivalently,
we define an R-divisor D to be effective if D belongs to the convex hull of Eff(X) inside
NS(X).

Remark 2.3. Since 7,.(7*L) = L (7 is generically finite of degree 1) and 7,04 (—F) =
T,cx (this latter sheaf is the ideal sheaf of p in X.) we have that

a
(L) = sup {7 € QW (X, L% @ (L,ex)™) > 0}

Hence 7,(L) measures how much a section of some power of L can vanish at p, without
making the power of L too big.

Here are the basic properties of .

Proposition 2.4. Let A, B € Eff(X), then we have

e 1,(lA) = ly,(A) forl € N.



e WA+ B) 2 %(A) + 7(B).

Proof. For the second claim, let ¢ < 7,(A) and let o < v,(B), so that 7*A — (E and
1B — o E are effective. In this case their sum

(m"A—CE)+ (r"B—0oFE)=71"(A+B)—({+0)FE

is also effective, and hence ,(A + B) > ¢ 4+ o. This inequality holds for any ¢ < v,(A)
and o < v,(B), which proves the inequality. The other claim is similar. O

As is pointed out on page 25 of [17], for any ample divisor A on X and D € Eff(X) we
have that ( ) Adm ()1
D). AY™ )~
(D) < E Adim(X)—1

This follows immediately from the Nakai-Moishezon Criterion for ampleness. In particular,
7p(D) is finite.

Let’s calculate v on a curve.

Proposition 2.5. Let C' be a smooth projective curve of genus g > 0. Let D € Div(C) be
a divisor satisfying d = deg(D) > 0. Then v,(D) =d for any p € C.

Proof. The case g = 0 is covered in Example 2.6. Thus we assume that g > 1 for this
proof.

Since points are divisors on curves, we use capital letters to denote the divisor P
associated to the point p. Note that we are not insisting that D be effective, only that it’s
degree be positive. This is because (as we will see) the quantity 7,(D) is still well defined
for any such divisor.

Since C' is a smooth curve, we may take the blow-up 7 : C' — C' to be the identity map
C — (. Then the exceptional divisor E' is just the point p. Thus we wish to calculate the
quantity

sup {% € Q=":bD —aP is effective} .
Observe that v,(D) < d: if ¢ > d then
deg(bD —aP)=bd —a <0

and such a divisor does not have a non-zero global section.

Conversely, for n € N, define the divisor D,, = (n+2g — 1)D — ndP. Since deg(D,,) =
d(n+2g — 1) > 2g — 1, the Riemann-Roch theorem gives us that

hW(C,D,)=d2g—1)+1—-g>29—1)+1—-g>0.

Therefore we obtain that
nd
n+2g—1

This ratio approaches d as n — oco. ]

”Vp(D) >

We can also calculate v on a projective space.
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Example 2.6. Let X = P" for n > 1. Let L = O(a) be effective (i.e. a > 0). Then we
have that, for any blow-up 7 : X — X

Eff(X) = Cone(E, m*O(1) — E).

Of course the divisor 7*O(1) — E is effective, since it is the strict transform of a line
through p. Also, we cannot have br*O(1) — ak effective for § > 1; this would correspond
to a degree b curve which has multiplicity a at p, contraditing Bezout’s Theorem.

Therefore, 7*L—aFE € Eff(X), and clearly no larger value of a gives us this membership.
Hence v,(L) = a.

2.2 Surfaces

We now assume that X is a smooth, algebraic, projective surface. We first obtain another
expression for v,.

ord, (C) }

Lemma 2.7. For a surface X and effective divisor L, we have that ,(L) = suppccepri =&

Here, k ranges over all of N — {0}.
Proof. Recall that Remark 2.3 says
(L) =sup{§ € Q2 WX, L% ® (L,cx)™) > 0}

We may view L% @ (Z,cx)®* as an Ox-submodule of L in a natural way: specifically,
L® @ (Z,cx)®* may be considered as the sections of L® which vanish at p enough times.
Hence H°(X, L?® ® (Z,cx)®*) may be viewed as a subspace of H°(X, L®®). In particular,
it makes sense to talk about the divisor of a section of L®® ® (Z,cx)®®. On the one hand,
if 0 # s € H(X, L® ® (Z,cx)®*), then C := div(s) € |bL| and C satisfies ord,(C) > a.
Conversely, given C' € |nL| we have that H°(X, L®" ® Ifgo;dp(c))) # 0, whence v,(L) >
ord, (C) ]

n

Definition 2.8. Given a nef divisor L on a smooth projective variety X, and a point p of
X, we define the Seshadri Constant of L at p, denote €,(L), in a way analogous to ,:

ep(L) =sup{t > 0: "L —tE is nef}.

One may show that (see Chapter 5 of [13] for instance)

. L.C
&(l)= inf {W}

where C' ranges over all irreducible curves on X which contain p.

Note that €,(L) is finite: we actually have that €,(L) < v/ L?: if 7*L — tE is nef, then
(m*L—tE)? > 0, which says that L?—#* > 0. On surfaces, there is a basic relation between
€p and 7y,.

Lemma 2.9. If L be a divisor which is both nef and effective, then ~,(L)e,(L) < L2

10



Proof. Define the modified Seshadri constant €,(L) to be

f L.C
in :
peceldr],d>1 | ord,(C)
Since the modified infimum is taking over a subset of all curves through p, we have that
ep(L) < &(L).

Next, observe that for C' € |dL| we have that L.C' = dL?, and so

d
~ 12
&)=L peggdu {ordp(C) } '

By Lemma 2.7, we thus see that the terms which €, are minimizing are exactly the recip-
rocals of the terms that v, is maximizing. Therefore, we obtain

Ww(L)ep(L) < vp(L)E(L) = L.

]

Remark 2.10. By Lemma 2.9, a lower bound on 7,(D) yields an upper bound on €,(D),
and vice versa.

Does €,(L)7,(L) = L? for some point p for all L € Eff(X) N Nef(X)? By Lemma 2.9,
this is equivalent to asking if €,(L) = €,(L) for some point p and all L € Eff(X) N Nef(X).

Lemma 2.11. Suppose that Pic(X) = Z. Then ~,(L)e,(L) = L? for any L both nef and
effective.

Proof. Let A be the ample generator of Pic(X). Then Eff(X) = Nef(X) = Cone(A).
Also, every curve C' through p lives inside |[A] for some [ > 1. Therefore v,(nA)e,(nA) =
Ww(nA)é(nA) = (nA)?. 0

Theorem 2.12. Let X be a smooth projective K3 surface with Pic(X) = ZL for L ample.
Let B = |V L?|. There exists a point p on X so that either

o (L)< L/

L2(B+1) L2(28+1
o or (L) € {Z5 st )

Proof. This is just tacking on Lemma 2.11 to [12]. The unique theorem in [12] asserts that
there exists a point p of X so that either

e ¢,(L) > p.

o ore,(L)e{p— %75 - ﬁ}

from which our claim follows immediately. O]
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Let’s look at some other special cases. We can sometimes use the Riemann-Roch
theorem to obtain a bound on 7,.

Lemma 2.13. Let X be a surface, and let p be a point of X satisfying h(X, K¢) = 0. If
L s an effective divisor on X, then we have

1
v,(L) < -5+ V2x(Ox) + L2 — L.Kx +1/4.

Proof. We use the Riemann-Roch theorem on the divisor 7*L — tE on X. We know that
X(O%) = x(Ox) and that K3 = 7*Kx + E. We thus obtain that

1
X(m*L —tE) = x(Ox) + §(L2 — L.Kg—t(t+1)).
We are finding the largest ¢ so that 7L —tFE is effective. Since K ¢ is not effective, it follows

that for our optimal ¢ we will have that h*(X,7*L — tF) = h%(X, K — (7*L — tE)) = 0.
By dropping the h' term, we see that for our winning ¢

hO(X,7*L — tE) > x(Ox) + %(L2 — L.Kg—t(t+1)).

To make the left hand side positive, it suffices to make the right hand side positive. Doing
this yields that v,(L)[y,(L) + 1] < 2x(Ox) + L?> — L.Kx. Completing the square (!) gives
the final answer. O

Theorem 2.14. Let X be a surface with Pic(X) = Z and h°(X, K¢) = 0 for some point
p € X. Let L be both nef and effective (i.e. a multiple of the minimal ample divisor). Then

V L2 + LKX S 2X<OX)
Furthermore, if they are equal we have that
(L) = (L) = VL

Proof. Since €,(L) < v L?, we have that v,(L) > v/L?. This is because v,(L)e,(L) = L?
since Pic(X) = Z. Along with the previous lemma, we thus have the bounds

VL2 < (L) < /2x(Ox)+ L2 — L.Kx +1/4—1/2.

The first statement is just from rearranging the inequality obtained by ignoring +,(L). The
second statement is when the upper bound equals the lower bound. O

Here is one possible way to establish that ,(L) > 1 in terms of a subvariety.

Lemma 2.15. Let p be a point on a subvariety Z of X, and let L be an effective divisor
on X. Suppose that H'(X,L ® Izcx) = 0 and that H*(Z,L|; ® Tycz) # 0. Then
(X, L) > 1.

12



Proof. Let + : Z — X denote the inclusion map. Then we have the restriction map
Zipvex — tZyprcz whose kernel is 7z x. Tensoring by L, we have the short exact sequence

0> L®ZIzcx -+ L®Zypyex — L @ uuLyycz — 0.
Taking cohomology yields a surjection
HY(X, L ® Tyyex) = HU(X, L@ t.Zyycz) = HY(Z, Ll 7 @ Tpyc ).
Since the target space is non-zero, so is the image space. O

Here is another basic remark about 7,. The definition of 7,(L) involves knowing that
certain line bundles have a global section. If said line bundles have enough global sections,
then we can obtain a better bound on ~,.

Lemma 2.16. Let L. — X be effective and let p € X, and let 7 : X — X denote the
blow-up of X at p. Suppose that h’(X,7*L — CE) > ¢ +2. Then v,(L) > ¢+ 1.

Proof. On X, consider the sequence
0— O3(—E) = O3 = 1.0 — 0.
Tensor by 7*L — (E and take global sections to get the exact sequence
0= HY(X, 0% (r* L—(C+1)E)) — H(X, O (r* L—CE)) % H(X, (1,05)@7" Lo O ¢ (—CE)).

We wish to show that h®(X, O (7*L — (¢ + 1)E)) > 0. This is equivalent to showing that
1 is not injective. One way to make sure that v is not injective is if the dimension of the
domain is larger than the dimension of the codomain. Since

HY(X, (1,0p) @ "L @ O (—CE)) = HY(E, (7*L — (E)|g)
=H(P', Or (¢))

has dimension ¢ + 1, the assumption ensures that v is not injective. O]

We can repeatedly apply the technique of Lemma 2.16 to obtain the following lower
bound, valid at any point.

Theorem 2.17. Let L — X be an effective line bundle on X. Let p € X. Let N satisfy
1+2+3+---+ N <h”X,L). Then ~,(L) > N.

Proof. Let m: X — X be the blow-up of X at p. Then we have a map of sections
™ :HY(X,L) — HY(X,7*L)

which is injective since 7 is surjective. Furthermore, 7* is surjective: given a section
o € H(X,n*L), we may restrict to obtain a section o|;_, of H(X — E, (7*L)|5_). The
isomorphism X —F 2 X —{p} induces, in a natural way, a section 7 of H*(X —{p}, L|x_p})-
Note that 7 does not have any poles on p, since the divisor of 7 is a union of curves. Thus
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7 extends to a section 7 of H(X, L), and the section 7 maps to o under the map 7.
Therefore we have that h®(X, L) = h(X, 7*L).

Write 7% L = O (D) for some divisor D. Consider the sheaf sequence
0= Ox(D—E)— Ox(D) = (t.0r) ® Ox(D) — 0. (2.1)

For k > 0, let €, denote the image of the map H(X,04(D — kE)) — HY(E, (Ox(D —
kE))|g), and let wy, denote its dimension. Since H'(E, (O (D — kE))|g) = H* (P!, Op: (k))
we have that wy, < k + 1. Take global sections of (2.1) to obtain the short exact sequence

0— H(X,04(D—E)) = H(X,04(D)) = Qy — 0
from which we count dimensions to obtain
h(X,04(D - E)) =h%(X,04(D)) —wy >h°(X, L) — 1.

Provided that h°(X, L) > 2, this shows that v,(L) > 1. Multiply the sequence (2.1) by
—F and take sections to obtain the sequence

0— H(X,04(D—-2E) - H"(X,04(D—FE) - Q —0
from which dimension counting gives
h®(X,04(D —2E)) =h%(X,04(D - E)) —w, >h%(X, L) —1-2.
Provided that h”(X, L) — 1 — 2 > 0, this shows that ,(L) > 2.

Suppose, for the sake of induction, that we have 1+24---4+A+(A+1) < h°(X, L). By
taking global sections of the appropriate sheaf sequence we obtain the short exact sequence
0—HX,D—-(A+1)E) = H(X,D — \E) = Q;, — 0.

This yields that
h(X,D— (A+1)E) =h%X,D — \E) — w,
>h%(X,D - AE)— (A+1)
>h(X,L)—1-2—--=A—=(\+1)

where the final inequality is the inductive step. Thus, if the final term is positive, so is
hO(X, D — (A +1)E), and so 7,(L) > A + 1.

]

Theorem 2.18. Let 7 : X — X denote the blow-up of X at p. Suppose that Nef(X) 18
finitely-generated. There exists subcones C1, ...,Cs of Eff (X)), which cover Eff(X), so that
Vp s linear on each C;.

Proof. Let E be the exceptional curve of the blow-up. Let T be a finite set of generators

of Nef(X) and let S C T be defined as the collection of N € T" which satisfy N.E > 0. Let
D € Eff(X). We have that

V(D) =sup{t > 0: 7"D — tE is effective},

14



Now, 7*D — tE is effective if and only if (7*D —tE).N > 0 forall N € T. If N ¢ S then
(m*D — tE).N = 7*D.N > 0, so the t only matters for those N which belong to S. For
those N the condition (7*D — tFE).N > 0 is rewritten as

™ D.N
t < .
- EN

Therefore ¢ is the largest number which satisfies the above inequality for all N € S, ie

. [ D.N
D) =i T}

Label the elements of S as Ny, ..., N,. Associated to N, we define the set C}, to be the set
of all D € Eff(X) which satisfy

7D . Ny, < 7 D.N;
E.N, — E.N;

for all 1 < 5 < s. Since the expression “*E? NJZ L is linear in D, each C} is a subcone of
Eff(X). It is also clear that each L € Eff(X) belongs to some C}. O
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Chapter 3

Smooth Complete Toric Surfaces

In this chapter, we say everything we can about v on smooth, complete, toric surfaces.

3.1 Introduction to Toric Varieties

This section is a terse introduction to the theory of toric varieties. No proofs or examples
are included; a good source of both these is [7] or [J]. Since we are working with finitely-
generated C-algebras, all occurences of the term ‘Spec’ are taken to mean ‘variety’ rather
than ‘scheme’.

Definition 3.1. Let o be a subset of R™. We call ¢ a cone if there exist vectors vy, ..., v, €
Z" C R™ so that o = Zle R=%;. In other words, o is a cone if it is a convex additive
sub-semigroup of R", finitely generated by integer points, which contains the origin.

For the rest of this section, o denotes a cone in R"™. The integer points of ¢ are also a
semigroup. In fact, they are finitely generated: this is the content of Gordon’s Lemma:

Lemma 3.2. 0 NZ" is a finitely generated semigroup.

Let V = R™ and V* = Homg(R",R) be the dual vector space. Let ey, ...,e, denote
the standard basis of V. For 1 < j < n, let e; denote the corresponding dual functional:
ei(e;)) = 0;5. Welet N =7Z" CV and M = &} Zef C V*. We call N a lattice in V, and

J
M is the dual lattice in V*.

Definition 3.3. The dual cone of o, denoted ¢V, is defined to be the set
{p e V*:4h(x) >0 for all x € o}.

The dual cone is a cone in V*; this is the content of Farkas’s Theorem:

Theorem 3.4. There exist ¢y, ...,¢00 € M so that ¥ = Zle R=%;.

Lemma 3.2 and Theorem 3.4 imply that oY N M is a finitely generated semigroup, which
we denote by S,. Thus C[S,] is a finitely generated C-algebra, and hence determines a
complex algebraic variety.
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Definition 3.5. The affine toric variety associated to o is defined to be Spec C[S,]. We
denote this by U,.

The association ¢ — ¢V is order-reversing. Thus ¢V is contained in {0}Y = M, and
hence C[S,] is a C-subalgebra of C[M]. Since C[M] = Clxy, 27", ..., 7,z '], we thus have
that U, is irreducible.

Definition 3.6. The n-dimensional torus is defined to be Spec C[M]. We denote it by 7.
It is isomorphic to (C*)™.

T acts as an algebraic group on U,: this action corresponds to the C-algebra homo-
morphism C[S,] — C[S,] ®c C[M] given by a — a ® a.
Theorem 3.7. U, is normal and T is a dense open subset of U, .

Definition 3.8. Given A € V* we define A to be the subset {x € V : \(z) = 0}. Provided
that A\ # 0, it follows that A" is a hyperplane in V. Let 7 be a subcone of o. We say that
7 is a face of ¢ if 7 = o N A+ for some 0 € oV.

For a cone ¢ in R™ we denote by A, the algebra C[S,]. Let 7 be a face of o, realized by
0 € ¢V. Then it may be shown that S; = S, + Z#. This shows that A, is the localisation
of A, at 0, i.e. that A, = (A,)s. Therefore we obtain that

Lemma 3.9. If 7 is a face of o, then U, is the principal open subset of U, defined by the
non-vanishing of 6 (viewed as an element of A, ).

A general toric variety is obtained by glueing together affine toric varieties. The relevant
definition is that of a fan:

Definition 3.10. A fan in V is a finite collection A of cones (in R™) which satisfy the
following two properties:

o [f o € A and 7 is a face of o, then 7 € A.

e If 01,09 € A, then o1 N oy is a face of both o7 and o».

For the rest of this section, A will denote a fan in V.

Definition 3.11. The toric variety Xx associated to A is defined to be the (| |, . Us)/ ~
where ~ is defined by the glueing of U, and U, along Uy~ for 0,0’ € A.

The torus T acts on each U,, and the action agrees on overlap. Therefore T acts on
XA.

Theorem 3.12. The variety Xa is normal, and is separated over Spec(C). Furthermore,
XA contains the torus T as a dense, open subset of Xa; there is an action of algebraic
groups of T on XA which extends the usual action of T on itself.

Every variety satisfying the above hypothesis is of the above form:
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Theorem 3.13. Let Y be a variety satisfying the conditions of Theorem 3.12. Then there
exists a fan A so that Y = Xa. The fan A is unique modulo SL(Z™).

Definition 3.14. The minimal generators of a cone ¢ are the smallest collection of
vectors vy, ..., vy so that o N Z" = Nuy + - - - + Nug. They are unique for any cone.

Definition 3.15. The support of A, denoted |A|, is defined to be |, ., 0 € R". We say
a cone o is smooth if the minimal generators o are part of a Z-basis of Z". This means:
denote the minimal generators of o N Z" by vy, ...,vx. Then we require that the v; are
R-linearly independant, and may be extended to a Z-spanning set of Z".

Theorem 3.16. The variety Xa is compact (i.e. the morphism Xa — Spec(C) is com-
plete) if and only if |A| = R"™. The variety Xa is smooth if and only if each o € A s
smooth.

The following theorem, known as the Orbit-Cone Correspondence, gives a correspon-
dence between elements of A and the orbits of the T action on XAa.

Theorem 3.17. There is a bijection between A and the orbits of Xa. For a cone o
we denote its orbit by O,. FEach O, is a torus (not of full dimension) in Xa. In fact,
dim(O,) = n — dim(o), where dim(o) is defined to be dimg(Spang(c)). We have that

v,= |J o.

7Co,TEA

The closure of each orbit is a T-invariant subvariety of X, denoted by V(o) for the orbit

O,. We have that
Viey=|J Ox

oCY YeEA

and that dim(V (0)) = n — dim(o).

This leads into the theory of divisors on toric varieties. Theorem 3.17 shows that each
one-dimensional cone p (called a ray) of A determines a T-invariant (since it is a union of
orbits) subvariety D, of codimension one. Here, T-invariant means that 7’e D, = D, not
that each point is fixed by 7. Conversely, given an (irreducible) T-invariant subvariety Y
of X of codimension one, it must be a union of orbits, and hence must be one of the D,
by Theorem 3.17.

Denote by Divy(Xa) the group of T-invariant divisors of X . More precisely, let A(1)
denote the one-dimensional cones of A. Then Divy(Xa) = €D ,caq) ZD)-

There are some distinguished rational functions on X, namely the characters of T
More precisely, a character of a torus T' = (C*)* is a group homomorphism y : T — C*
which is a morphism of varieties. The characters of x form an abelian group isomorphic
to Z¢. In fact, it can be shown that the characters of X naturally correspond to M, the
lattice dual to Z". That is, each dual linear functional m € M yields an element x™ of
C[M]. Elements of C[M] correspond to regular maps 7' = Spec(C[M]) — C, and it may
be verified that these x™ are precisely the characters.

Thus we may ask for the divisor of a character. It may be verified that for a character
X" we have that div(x™) € Divy(Xa). More precisely: each ray p € A(1) has a unique
minimal generator u, € Z", and the following lemma computes div(x"™).
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Lemma 3.18. We have that

div(x™) = Z m(u,)D,

PEA(L)

where m(u,) means the usual evaluation map V* x V. — R.

Denote by CI(Xa) the group of Weil divisors on X, modulo linear equivalence. We
get the following lovely method of computing Cl(X,).

Theorem 3.19. The sequence
0 — M — Divyp(Xa) = Cl(XA) = 0

is exact, where the first map is m — div(x™) and the second map is the standard projection.

From here on, we are going to assume that X is smooth and complete. In this case,
the group Cl(Xa) coincides with the group Pic(X) of line bundles modulo isomorphism.
From now on, we denote a T-invariant (Weil) divisor by D =3 1) a,D,; an arbitrary
divisor is linearly equivalent to a T-invariant divisor by Theorem 3.19. For the sake of
notation, we will simply write D = > ,apDp. Also, let A(n) denote the n-dimensional
cones of A (= the highest dimensional cones).

There is a convenient description of hO(X A, D) as well. Begin by representing D as a
T-invariant divisor, ie D ~ > ,apDp. In V™ we form the polytope Pp = P defined by

{p € V" : ¢(u,) > —a, for all p € A(1)}.

On any smooth variety Y the space H° (Y, D) may be realized as those rational functions
f € C(Y) which satisfy div(f) > —D. Thus, by Lemma 3.18, Pp contains all characters
x which satisfy div(x) > —D. These characters are in fact a basis of H’(Xx, D), and we
therefore obtain:

Proposition 3.20. The dimension h®(Xa, D) is equal to #(Pp N\ M). (Recall that M is
the dual lattice inside V*, whose elements correspond to the characters of T'.)

From here on, we are going to assume that, in addition to XA being smooth and
complete, it is also a surface. Thus such a surface is specified by a fan in R?, whose support
equals R?, and where each two-dimensional cone has two minimal generators which span
Z?. Both these requirements follow from Theorem 3.16. There is a classification of such
surfaces, which roughly says that each surface is obtained by finitely many blow-ups of P?
or a Hirzebruch Surface at T-invariant points.

In our illustrations of fans, it is understood that the fan includes all two-dimensional
cones coming from adjacent vectors, all rays (coming from a single vector), and the zero
cone.

Theorem 3.21. A smooth complete toric surface has the following structure. All fan
descriptions are after possibly transforming by an element of GL(2,Z).
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o Ifr =3 then X = P2. [Its fan is of the form

1

with u; = (0,1), ug = (—1,—1), and uz = (1,0).

e Ifr =4 then for some n > 0 we have X = H,, the n'* Hirzebruch Surface, which is
defined to be P(Op, ® Op,(n)). Its fan is of the form

2

with uy = (0,1), us = (—1,n), ug = (0,—1), and uy = (1,0).

o [fr > 5 then there exists some 1 <t < r and \ € Z so that AMuy = us—1 + upy1. In
this case, X is a blow-up of the toric variety whose fan is equal to the original fan
minus ug. In this case, Dy is the exceptional curve of the blow-up.

Remark 3.22. The labeling conventions used above are unconvential. More precisely,
it is standard to label the ray corresponding to (1,0) as the first ray, and move around
counterclockwise. We label the ray corresponding to (0,1) as the first ray and move
around counterclockwise. This is because the results are nicer to state with this labeling
convention.

Definition 3.23. The Cartier data of D = Zp a,D, is the collection {m,},ea@m) where
m, € M is defined by m,(u,) = —a, for p € o(1).

This coincides with the notion of a Cartier divisor on a variety. More precisely, the
collection {(Usy, X™) }oca(n) is Cartier data for the divisor D, in the sense of Proposition
6.11 of [10]. We mention the Cartier data because it is used to compute intersection
numbers.

On a surface, a curve is a divisor, and therefore the intersection pairing is a non-
degenerate bilinear map NS(X) x NS(X) — Z. The T-invariant curves correspond to the
rays. Each ray determines a pair of two-dimensional cones: namely the two cones whose
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intersection is the ray in consideration. The following result describes the computation of
the intersection theory. We set the notation before stating the proposition:

Let D = Zp a,D, have Cartier data {m,},ca(2). Let C' be a curve, corresponding to
two cones o1, oy of A(2). Let u be the minimal generator of the ray corresponding to C'.
Pick v € o1 N Z? so that ¥ is a generator of & in R? /Ru.

Proposition 3.24. We have that D.C = (my, — My, )(v).

Proposition 3.24 actually holds on complete toric varieties of arbitrary dimension.
When we are in the case of smooth, complete, toric surfaces, there is actually a much
simpler description of the intersection pairing: let u, denote the minimal generator of the

ray p.

Theorem 3.25. For each i there exists \; € Z so that A\ju; = u;_1 +u; 1. The intersection
theory of X is given by

D;.D; =< 1:i# j,u; is adjacent to u;
0:14# j,u; is not adjacent to u;

This description comes from the fact that on a smooth, complete, toric surface, the
Cartier data of a T-invariant curve is particularly simple to compute.

Corollary 3.26. NS(X) = Pic(X).

Proof. We must show that the only divisor numerically equivalent to 0 is the zero divisor.
Since X is smooth, by Theorem 3.19 we have that

r—2
Pic(X) = @D ZD;
=1

where 7 = #A(1) is the number of rays of the fan A. Let D = 327_26;,D; be a divisor
which is numerically equivalent to 0. By Theorem 3.25, we have that D.D,_; = §,_o = 0.
We then have that D.D,_5 = 6,_3 = 0. Keep doing this to get that all §; = 0. O

We also need to know about the nef cone Nef(X) C Pic(X).

Theorem 3.27. Let D € Pic(X). The following are equivalent:

o D is nef.

e D.D; >0 foralll<i<r

e D is basepoint free.

In particular, Nef(X) C Eff(X).

Proof. This is Theorem 6.3.12 of [7]. The “in particular” part: every basepoint free divisor
is, of course, effective. O
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Finally, we mention the toric description of blow-ups at T-invariant points. Let p be
the point corresponding (Theorem 3.17) to the cone generated by the adjacent vectors u;
and u; 1. Let X denote the blow-up of X at p. Then the fan associated to X is the same as
the fan of X, except with the ray u; + u;;; added in. This new ray corresponds (Theorem
3.17) to the exceptional curve of the blow-up.

Remark 3.28. There is a wonderful description of toric morphisms, that is morphisms
g : X — Y of toric varieties which satisfy g(Tx) C ¢g(7y) and g(t @ x) = g(t) e g(x) for
all t € Tx and € X, in terms of the fans of X and Y. However, we only use this once
(Lemma 3.34) and as such do not include a description of these. See Chapter 3 of [7] for
details.

3.2 Hirzebruch Surfaces

The Hirzebruch surface H,,, whose fan is shown in Theorem 3.21, is a P!-bundle over P*.
In the fan, we have that A, and A, are fibres of the projection H, — P! (in fact, they
are the fibres above the two T-invariant points on P'), A; is the unique irreducible curve
which satisfies A7 = —n, and A3 is a section which satisfies A2 = n. A proof of these facts
may be found in chapter 1 of [J].

We work with the basis ZA; ® ZAs of Pic(X). Let D = aA; 4+ bA,. In this section, we
write down a closed form expression for the number

h’(X, D)

in terms of r, a, and b. The author has never seen this formula written down in another
source, and it seems like a nice example of some of the toric machinery. We assume that
n > 0, since we already know global sections of Hy = P! x P!

Let’s determine Pp, the polytope used to calculate h”(X, D) by Proposition 3.20.

Let e € Homg(R? R) be defined by e}(1,0) = 1 and €}(0,1) = 0, and likewise for €.
Then Pp is the collection of linear functionals ¢ = aej + e which satisty

p(u) =B > —a

d(ug) = —a+nf > —b
P(uz) = =B >0

dlug)) =a>0

It is easy to see that Pp = () if either a < 0 or b < 0, so assume both a and b are non-
negative. We count the number of lattice points of Pp. Along the (5 = 0)-axis, we have
the b+ 1 lattice points (0, 0), (1,0), ..., (b,0). Along the (5 = —1)-axis, we have the b+1—n
lattice points (0,—1), (1,—1), ..., (b — n,—1). Continue summing the number of lattice
points, counting along each row. We stop at either —a or L_Tbj, whichever comes first. This
yields the expression

min(a,l_%]) .
WO(X = Hp, D = ady + bAg) = 2k=0 (b 1—nk) a,b>0
0 ca<0orb<0

Remark 3.29. The author has since been informed that this result has appeared in the
literature using alernative methods. More precisely, this is Example 2.9 of [14].
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3.3 NEF and Effective Divisors

We begin by describing the Picard group. Let r denote the number of rays on our fan.

Lemma 3.30. Pic(Xa) is free abelian of rank r — 2. In particular, if A; and A;1q1 are
adjacent divisors (possibly A, and Ai), then Pic(Xa) is the direct sum of the terms ZAy
as Ay ranges over all other divisors.

Proof. Since X, is smooth, after transforming by an element of GL(2,Z) we may assume
that our adjacent divisors are A; and A, and that u; = (1,0) and ug = (0,1). By Theorem
3.19 we have that

Al -+ ZT: CLZ'A,L' ~ 0
1=3

i=3
This implies that both A; and A, live inside @::3 Z.A;; since there are no other relations
(by Theorem 3.19) we have that Pic(X) equals this direct sum. O

Theorem 3.31. Let D be a nef divisor on X = Xa, and let p be the point corresponding
to the two-dimensional cone generated by uy and uy. Then €,(D) = min{D.A;, D.As}.

Proof. Let w : X — X be the blow-up of X at p, and let E be the corresponding exceptional

curve. Recall that
ep(D) =sup{t > 0: 7D — tE is nef}.

Now, a divisor is nef if and only if it lives inside Eff(X )V. Since Eff(X) is finite-generated,
it is already closed. Note that (7*D —tFE).E =t > 0. Letting A; being the strict transform
of A; under m we thus have that

7D —tE is nef «» (7°D — tE).le- >0foralll <i<r.

For all but A; and A, we have that A;.F = 7*A;.E = 0; since D is nef we thus have for
these ¢ that (7*D —tFE).A; = D.A; > 0. Therefore, we have that

7D —tE is nef < 7D — tE. A, > 0 and 7*D — tE. Ay > 0.

So we are looking for the largest ¢ so that

t < —— and t < -
A )

Observe that

and likewise that 7*D.Ay = D.A,. Since E.A; = E.A, = 1 we thus have that (D) is the
largest ¢ so that t < D.A; and t < D.A,. We are done. O
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Remark 3.32. On a toric surface, €, was so easy to calculate because we expressed it in
terms of intersection theory on the effective cone of the blow-up; and it is easy to write
down the generators of the effective cone. We will use the same strategy to calculate ,; it
gets tricky because writing down generators of the nef cone is hard.

Here is a cute little numerical “result”.

Corollary 3.33. Let D be a nef divisor on our surface, and consider two adjacent divisors

Ak, Ak:-i-l- Then mln(DAk, D~Ak;+1) S vV D2,

Proof. For any point p we always have that €,(D) < v D?2. O

3.4 ~, on toric surfaces

In this sub-section, we always assume that u; = (0,1) and u, = (1,0). Here is the picture.

We first show that on our toric surfaces, we (in principle) don’t need to blow-up in order
to calculate v,. However, we first include a lemma that computes the pullbacks of certain
divisors under blow-ups.

Lemma 3.34. Let B; denote the strict transform of A; under the blow-up © : X — X of
X at p, with exceptional divisor E. Then we have that

. B; if2<i<r—1
7TA7;: .
B;+FE :ifie{l,r}.

Proof. By Theorem 3.17 the point p lives on both A; and A,, and not on any of the other
divisors. Since A; and A, are both smooth curves (they are isomorphic to P'), we have
that ord,(A;) = ord,(A,) = 1. That each B; is the strict transform of A; under 7 comes
from the machinery of toric morphisms (Chapter 3 of [7]), and it easy enough to verify.
Thus the lemma follows from the fact that for any curve C' on a surface S, and a blow-up
7:S — S at a point ¢, we have that

mC = C* + ord,(C)E

where C** denotes the strict transform of C' under 7. ]
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Theorem 3.35. Let p be the point corresponding to Cone(u,,uy). If D is an effective
divisor, then 7,(D) is the supremum (,(D) of s+t where s,t range over all non-negative
rational numbers so that D — sA, — tA; is effective.

Proof. We first show that (,(D) < ~,(D). Suppose that D — oA, — fA; € Eff(X); ie.
suppose that (,(D) > a + (. Letting 7 denote the blow-up of X at p, we have that
(D — A, — fA;) is also effective. But
(D — aA, — fA)) =7"D — an* A, — A
=7n"D—a(E+ B,) — (E+ By)
=7'D — (a+ B)E — aB, — BB;.
Since this divisor is effective, so is the divisor 7*D — (a4 ) E, and therefore v,(D) > a+f.

For the other inequality, suppose that 7*D — ¢ I is effective for some a/b € Q. What
this really means is that the Z-divisor bn*D — aFE has a non-zero global section. Write
D =37 | 1 A;; since D is effective, we may assume that all the 7; > 0. Writing u; = (a;, b;)

we have the relations )
_

Dr ~ — Z aiAi
i=3

r—1
=3

in Pic(X). Thus we have that

r—1

D~ Z(TZ — T,rQ; — lez)Az

=2

Since this divisor is supported away from A; and A,, we have that

So we are assurning that
r—1
Z b(Tl — T,rQ; — lei)Bi —al
=2

is effective. By Proposition 3.20, this is equivalent to saying that the polytope P associated

to this divisor satisfies
PNZ*#0.

By definition, P is the collection of all linear functionals m = aej + [e; which satisfy
m(u;) > —z; where z; is the coefficient of D;. Let ¢ = Me} + Neb € PN Z2. This gives us
the inequalities

M,N >0
Mai+Nbi2—b(Ti—Trai—lei) for2§z§r—1
M+ N > a.
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Multiplying the middle inequalities by —1 we thus obtain

Z b(1; — Tra; — Tb;) D;

r—1

=2
r—1 r—1
=2 =2
=MD, + ND,

where we write A > B for divisors A and B to signify that each coefficient of A is greater
than or equal to its B-counterpart. Therefore, the Z-divisor bD — M D,. — N D is effective,
and hence the Q-divisor D — %D, — & Dy is effective. It follows that (,(D) > 2 > ¢ [0

Remark 3.36. This theorem tells us that v, is always “witnessed” by a combination of
D, and D;. In practice, this has not been useful for calculating 7,. However, it has been
useful for obtaining lower bounds for 7.

Example 3.37. In general, v, : Eff(X) — R=° is not linear. Let X be the blow-up of
P! x P! at a torus-invariant point. The fan ¥ of X is pictured below

1

and we will calculate 7, where p is the point corresponding to Cone(us,u;). Here u; =
(0,1), ug = (—1,0), us = (—=1,-1), uy = (0,—1), and us = (1,0). Let A; be the curve
(=divisor) corresponding to u;. We use the basis

LAy ®ZA3 B LA,

for Pic(X). The intersection theory of X is A? = 0, A2 = —1, A2 = —1, A2 = —1, and
A% = 0. It is straightforward to verify that

Eff(X) = NA, & NA; & NA,
Nef(X) = N(AQ + Ag) D N(A4 + A3) D N(AQ + Ag + A4)

We will use Theorem 2.18 to calculate 7,. As indicated in the proof, this requires knowing
generators for the nef cone of X. Pictured below is the fan for X:

1 o)
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where u, = (1,1) gives the exceptional curve E. Let B; be the curve (=divisor) corre-
sponding to each ray. (Of course, B; is the strict transform of A;.) We have the new
intersection theory

B =—1forall1<i<5

E?=-1.
On X, we use the basis

7.B1 & 7By ® ZBs ® 7By
of Pic(X). It is straightforward to verify that

Nef(X) = COHG(Bg + B4, B2 + Bg, BQ + B3 + B47 Bl + Bg, B1 + BQ + Bg)
The first three are the pullbacks of generators of Nef(X), while the last two are the ones

that intersect E. In particular, the generators N of Nef(X) which satisfy N.E > 0 are
Ny =B+ B
Ny = By + By + Bs.

By Theorem 2.18 we thus have for D = aAy + bA3 + cAy effective (a,b, ¢ > 0) that

7 D.Ny 7n*D.Ny

/YP(D) = mln( E N]_ ) E ]\/’2 )
= min([a32 + ng -+ CB4].[Bl + BQ], [CI,BQ + ng -+ CB4] [Bl + Bg + Bg])
= min(b, a + ¢)

which is certainly not linear. However, for a nef divisor N = x(Ay + A3) + y(As + A3) +
2(As + Az + Ay) (with z,y, z > 0) we have that
W(N) =%+ 2)As + (2 +y + 2)As + (y + 2) A)
=min(zx +y+z,x+y+2z2)
=Tr+y+z

which shows that 7p|Nef( x) is linear. This is not a coincidence: our main result, which we
now begin developing the machinery to prove, is that 7,|ner(x) is linear.

In the above example, 7,(D) is expressed as the minimum of the intersection of D with
two different divisors. So saying that v,|nef(x) is linear is saying that the intersection by
one of these divisors (/Vq) is always lower than the intersection with N,. What makes the
divisor N; more special than the divisor N7 This is what we begin to investigate.

Example 3.38. In the previous example, N; satisfied some kind of “minimality” condition
over No-it is the “smallest” nef divisor which intersects F positively. Consider the following
fan:
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where u; = (0,1), us = (—1,2), ug = (—=1,1), ug = (=2,1), us = (—1,0), ug = (-1, 1),
ur; = (0,—1), ug = (1,0), and uq = (1,1). Let X denote the corresponding variety, and let
X denote the variety that X is obtained from by adding the ray w,. Letting E denote the
exceptional divisor of this blow-up, we have that for D € Eff(X) that

™ D.N
D) = min .
(D) NeNef(X),N.E>0{ E.N }

So we wish to find a nef divisor W' that meets £ positively, while having a small intersection
number against the pullback of other effective divisors. The intersection theory of X is

dy = -3
dy = —1
ds = —3
dy=—1
ds = —3
de = —1
dr = —1
dg = —1
E? = —1.

Work with the basis Dy, Do, D3, Dy, D5, Dg, D7 of Pic(X). We are looking for our divisor
W. Where to start? Well, it had better satisty W.E > 0. Let’s choose to make it 1. The
only (basis) divisor which satisfies W.E > 0 is Dy, so let’s define W = D;. Now, W is
not nef because it intersects D; negatively (W.D; = —3), so let’s add on another divisor
to make our divisor intersect D; 0 times. The only divisor that meets D; positively is
Dy. Thus we redefine W to be D 4+ 3D5. Well, now W.D; = 0 but we've created a new
problem: W.Dy = —2. We better modify W again. We don’t want to add on more D;’s
: that would just be going around in circles. So redefine W as Dy + 3Dy + 2D3. We now
have W.D3 = —3, so let’s redefine W = Dy + 3Dy + 2D35 4+ 3D,. Again, we have a problem
at Dy since W.D, = —1, so we redefine W to be Dy + 3Dy + 2D3 + 3D4 + D5. Will this
process ever end? You bet it does! Since W.Ds; = 0, we have a nef divisor:

W =D1+3Dy+2D3s+3Ds+ D5 € Nef(X)

You can check for yourself that v,(N) = [7*N].W for N € Nef(X).

Remarkably, the process described in the above example above always terminates, and
the divisor you end up with is always the v, winner (for divisors in Nef(X'), not for Eff(X)).
This is what we work towards proving.

In the process used, there is nothing special about E. Given any divisor D;, we could
attempt to find a “minimal” nef divisor that meets D; exactly once by using a basis of
adjacent divisors for Pic(X). We thus temporarily forget about blow-ups, and consider
the more general situation: use the basis Dy, Dy, ..., D,_5 of Pic(X), and find a nef divisor
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which intersects D, exactly once. Since our “process” may be a bit vague, let’s make it
formal; as a reminder, here is our fan:

Algorithm to construct W € Nef(X') which satisfies W.D, = 1:

e Step 1: Assign W = Dy, and assign i = 1.

e Step 2: If i = r — 2 then stop, and the algorithm is finished. If W.D; > 0, then
stop, and the algorithm is finished. Otherwise, assign W := W + (=W.D;)D,;1, and
assign ¢ := 1+ 1. Repeat step 2.

On the blown up surface, this algorithm may be used to construct a divisor which intersects
E once. This divisor is going to be the ‘winner’ for -, on Nef(X). It is not clear that the
algorithm always gives us a nef divisor - if we get to the stage where ¢ = r — 2, then we
have no way of knowing if W.D; > 0. However, the algorithm does indeed always stop:
this is the content of the next lemma.

Let 1 < T < r be the (unique) integer which satisfies by > 0 and by < 0 (recall that
b; denotes the y-coordinate of ;).

Lemma 3.39. Define ) to be the divisor Zszl b;D;. Then W = Q. The divisor 0 has the
following intersection theory:

e O.D,.=1.

e 0.Dp = —bpyy > 0.

e 0.Dpyy = by > 0.

o Foralli ¢ {1,T,T + 1} we have that Q.D; = 0.

In particular, this divisor is nef.

Proof. The key point is that we always have the equality u; 1 + (—D?)u; + ;41 for three
consecutive rays. In particular, b; 1 + (—D?)b; + b1 = 0.

We follow the algorithm to construct W, noting that at each stage the coefficient of D;
is in fact equal to b;. Let p; denote the coefficient of D; in W. Note that iy = 1 by step 1,
and by = 1 also. If T' = 1, we are done: since by + (—D?)b; + b, = 0 and b, = 0 and b, < 0,
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we thus have that W2 = D? = —by > 0. So assume that 7' > 1, and proceed inductively.
By definition of W, we have that py = —D? = by as was remarked in the previous sentence.

Suppose that we have shown that p, = by for all 1 < k < T. So at this stage in the
algorithm we have the divisor W = Zle w;D; = Zle b;D;. Since k < T we have that
W.D,, < 0; this is because W.D,, = ,ukD,% + g1 = ka,% + b1 = —bry1 < 0. In particular,
we must add on the (positive) multiple by to Dyyq.

This proves that W = Z;F:l b;D; = ). The intersection claims are obvious. O

From now on, we denote this divisor by W. It is our candidate for the witness of the
minimum divisor appearing in -, |nef(x). We now begin to develop the machinery to prove
that it is indeed the witness. This will culminate in a series of estimations (Lemma 3.50
and Lemma 3.51), from which our main theorem (Theorem 3.55) will follow.

Definition 3.40. For n > 0 we define the n'* toric surface polynomial P,(z1, ..., z,) €

Z[z4, ...x,) recursively as follows:
Fh=1

Plz—xl

Pi‘f‘l'iP@'flﬁ—Pifz :Oforz'22
Example 3.41.

P2 = T1T2 — 1
P3 = —Z1T2%3 + X1 + T3
P4 = T1X9T3L4 — T1Lg — T1L4 — T3T4 + 1

Ps = —x1x9x32475 + T1X9%3 + T1T2T5 + T1X4T5 + T3TaXs — T1 — T3 — T

Why do we care about these polynomials? Let’s start with an example.

Example 3.42. Consider the fan shown below

with ray vectors u; = (0,1), uy = (—1,4), us = (=1,3), uy = (—2,5), us = (—1,2),
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ug = (0,—1), uy = (1,—1), and ug = (1,0). We write d; for D? for the sake of notation;
you will thank me later. It is readily verified that

dy = —4
dy = —1
dy = —3
dy = —1
ds = —2
de = 1
dy = —1
dg = —1

Pi(d) = —dy =4 =b,
Pg(dl,dg) = dldg —1=3= bg
Py(dy, do, ds) = —dydads + dy + d3 = 5 = by.

That’s kind of neat. What’s going on? We are saying that with knowledge of di, ds, ..., di,
it is possible to determine uy1; this is how we do it. The lemma formalizes this pattern.

Lemma 3.43. Let d; = D?. Then
Pi(dl; d27 ceey di*l? dz) = biJrl'

Proof. We have that Py = 1 = by and P(dy) = —dy = —dy1by = by + by = by. Proceed by
induction. By the definition of the TS-polynomials, for n > 2 we have that

Pn(dla ceey dn) — _dnpnfl(db ...dnfl) - Pan(dla -'-dn72)
= _dnbn - bn—l

= bn+1~

]

There is no reason why we should have to start at d;, or move around anti-clockwise.
We can plug in a consecutive sequence of the d;’s in the TS-polynomials. After all, we
could always change basis to give ourselves the same setup of lemma 3.43. For what is
coming, we are going to need to know that some of these terms (the P’s evaluated at a
sequence of consecutive d;’s) are non-negative. Here is the (easy) corollary.

Corollary 3.44. Consider a sequence of j consecutive d;’s of the form dy, dyy1, ..., dgtj—1.
Then Pj(dy, dg+1, ..., di+j—1) > 0 if and only if uy; lies in the second quadrant of the plane
obtained by performing the change of basis ux—1 — (1,0), u, — (0,1). Likewise, for a
sequence of the form dy,dy_1, ..., dx—j11, we have that P;(dg,dg_1,...,dx—j+1) > 0 if and
only if u,_; lies in the second quadrant of the plane obtained by performing the change of
basis ug+1 — (1,0), ug — (0,1).
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Proof. Change basis, and use Lemma 3.43. [

Example 3.45. If you don’t like abstract nonsense, here is an example of 3.44 in action.
Consider a fan pictured below.

We are going to plug in a sequence of the d; starting at ds and going back clockwise. We
thus are going to change basis by sending us +— (0,1) and ug — (1,0). After changing
basis, the first quadrant is equal to Cone(ug, us). We draw the negatives of us and wug to
see where the quadrants are. The second quadrant contains wuy, us, us, 1, and wu,, while
u,—1 lies in the fourth quadrant. We therefore have, by corollary 3.44 that

Pi(ds) >
Py(ds, dy) >
Ps(ds, dy, d3) >

P4(d57d4 d37 2)
Ps(ds, dy, ds, dy, dy) >
Ps(ds, dy, d3, dy, dy, d,) <

This corollary formalizes the previous example.

Corollary 3.46. As before, we let T satisfy by > 0 and bryy < 0. Let 1 < j < T —1.
Then we have that

Pi(d;)

Py(dj,dj-1)
Psy(dj,dj 1, dj )

AVARAVARLYS

0
0
0
Pj(dj,dj_1,dj_s,...,d;) > 0.
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Furthermore, if T + 2 < 7 < r — 2 then we have that Let T+ 2 < j <r — 2. Then

Pi(d;) >0
Py(dj, dj+1) = 0
P._j1(dj, djsiq,...;dr—3) > 0.

Proof. 1 hear proof by picture is a good thing - this picture is to use for the first set of
inequalities.

r-1

It is clear that w;_1,u;j_9,...,us,u, all lie in the second quadrant of the transformation
u; +— (0,1), uj41 — (1,0). So use Corollary 3.44. A similar picture easily proves the
second set of inequalities. O

Remark 3.47. If we evaluate the various P, at sequences involving dr or dr1, we may get
a negative number. This reflects the fact (whose proof I have not put into this document)
that a curve with positive self-intersection either appears at the spot r, r — 1, T, or T+ 1.
To prove our main result, we don’t need such a (possibly negative) expression however.

Lemma 3.48. Forn > 1, define M, to be the set of monomials L = x;,x;,..7;,, 1 <141 <
19 < ... < ig < n, which satisfy:

e deg(L) <n and deg(L) =n mod 2.

o i, =m mod 2 for all m.

Then P, is an integer linear combination of the monomials in M,,. Furthermore, P, has a

unique term of degree n with coefficient (—1)". Any term of degree n — 2k has coefficient
(_1)n+k.
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Proof. Both Py and P, satisfy these claims. For n > 2, the definition P,(z1,...,z,) =
—TnPy1(x1, .oy 1) — Py_a(x1, ..., ,_2) shows that each monomial has only linear powers
of each ;.

Assume that n is even, so that n — 1 is odd and n — 2 is even. The case with n odd
is similar. Note that the recursive definition ensures that each monomial of P, has even
degree, and that the degree of each monomial is clearly at most n.

Every monomial of P, is either a monomial from P, 5, or the product of a monomial
from P,_; with x,,. Consider the monomials of P, 5. Since n—2 is also even, by the induc-
tion hypothesis we have that these monomials satisfy both bullets. Consider a monomial
T, ...x;, of P,_y. By the induction hypothesis, this monomial satifies both bullets (with n
replaced by n — 1). Thus the monomial x;,...x;, %, satisfies both bullets as well.

The statement about the sign of each monomial also follows by the inductive definition.
O

Corollary 3.49. P, (1, %2, ..., Zn_1,Tn) = Ppy(@p, Xpn_1, ..., T2, x1)

Proof. This follows from Lemma 3.48. It suffices to show that for £ > 0 then degree d :=
n — 2k piece of P,(x1, 29, ..., Tpn_1,%,) equals the degree d piece of P,(xy, Tp_1,..., T2, Z1).
A monomial in the degree d piece of P, (z1, ..., x,) is of the form

Ljy Ly Lijy_ 1 Liy

with 1 < i3 < iy < ... < iy < nand i =1 mod2. Since this monomial shows up in
P,(x1,...,x,), certainly the monomial

LigLig_q LigLiy

shows up in P,(z,, ..., z1). But the variables are all commutative - to put it into the form
of Lemma 3.48 we must switch the order again, since we want to write the indices from
smallest to largest, and currently they are written largest to smallest. Thus the monomial

Liy Ly Lijy_1 Liy

appears in P,(x,, ...,x1), and so they are equal. O

Here is the critical lemma. It is the reason why the properties of the P, had to be
developed.

Lemma 3.50. Let N = Zi n;D; be a nef divisor which satisfies N.D, > 0. Let p; denote
the quantity n; — b;. Then, for all 1 <1 < T we have that p; > p1b;.

Proof. Since W.D,, = 1 and N.D, = n; > 1, we have that y; > 0. Furthermore, since
by = 1, we do have that p; > byp1. Now intersect both W and N with D;. We have that

WDl = b2+b1d1 =0 S ND1 :n2+n1d1

which yields that
po > i (—dy) = prbs. (3.1)
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For 3 <k < T, since W.D,_1 =0 and N.Dy_, > 0, we have the inequality

fie > pg—1(—dp—1) + pp—2(—1).

Now fix some value 3 < [ < T. Let’s prove, by finite induction, that p; > uib;. We
will continually modify the previous inequalities by multiplying by various P;’s. Begin by
considering the two inequalities

> 1 (=diey) + p—2(=1) (3.2)
fi—1 > pu—2(—di—2) + py—3(—1). (3.3)
More suggestively of things to come, (3.2) may be written as
> i1 P(di—y) + pu—o(—Fo)
Multiply (3.3) by —d;_; to obtain
-1 (=di—1) > p—o(di—odi—1) + pu—3(di—1).
Note that —d;_; > 0 by Corollary 3.46. Substitute this back into 3.2 to obtain

pa > p—o(di—adi—1) + pu—s(di—1) + pr—2(—1)
= p—o(di—1dj—o — 1) + py_s(d;—1)
= pu—oPo(di1, di—2) + pu—s(—Pi(di—1)).

This is the bound we prove by induction: that, for 2 < k < T — 1 we have that
p > pu- ik Pre(diy, o diog) + k1 (= Pr1(di1, -, di—gy1))- (3.4)

The base case has been proved. Assume that 3.4 for some fixed k; we establish the above
inequality for k£ + 1. Multiply both sides of the inequality

fi— > pi—g—1(—dj—g—1) + p—g—2(—1)

by the number Py(d;_1,d;_o, ...,d;_i). Note that this number is positive by Corollary 3.46.
We therefore obtain the inequality

p—iPi(di—1, ooy di—) > pu—g—1 (= di—k—1 P (di—1, -y di—g)) + pu——o(— P (di—1, ... di—g)).

Use this bound on (3.4). This yields that

> Nl—k—l(_dl—k—lpk(dl—b ey dl—k)) + Ml—k—?(_Pk(dl—la ey dz-k))
+ pu—p—1(=Po1(di—1, .., di—p41))
= ,Ulfk71<_dlfkflpk(dlfla ey dlfk) - Pk71<dl71; ey dszﬂ)) + ,Ulfk72<_Pk(dlfly ey dlfk))
= pi—r—1Prpr(di—1, o di——1) + p—p—2 (= Pe(di—1, ..., di—y)).

This is exactly the desired bound where k& has been replaced by k + 1, provided that
k <1 —3. This gives the induction step. When we are at step k = [ — 2, we have the final
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step
> poP_o(di—y, ..., da) + py (—Pi—3(di-1, ..., d3))
> (—padi)P_o(di—1, ..., da) + i (= P—3(di—1, ..., d3))
= Hl(_dlplf2<dlfla e dz) - Plf3(d171, e d3))
= Mlpl—l(dl—1, -~-;d1)
= /L1P1—1(d1, -~-,dl—1)
= by

The second inequality is by (3.1). The second last equality is by Corollary 3.49 and the
final equality is by Lemma 3.43. m

Lemma 3.51. Let N = 22;2 n;D; be a nef divisor on X. Then n; > 0 for all T +1 <
j<R.

Proof. For a general quality of life upgrade, define R to be r —2. We use a similar strategy
to that of Lemma 3.50. Since N is nef, we have the inequalities

nr Z 0
nr-1 > nr(—dg)
n; Z le+1(—dj+1) + nj+2(—1) for T +1 §] S R -2

Note that we may assume —dgr > 0. For if dg > 0, then R = T'+ 1, and there is nothing to
worry about in the lower half of the fan anyway. So our first two terms (starting at r — 2
and counting down) are non-negative. Fix some k satisfying T+ 1 < k < R — 2.

Consider the inequalities
ng > Npy1 (—diyr) + ngga(—1) (3.5)

Nit1 > Mo (—dpga) + Nigs(—1). (3.6)

Multiply both sides of (3.6) by —dj.41 to obtain nyy1(—dgr1) > ngro(drrodirr) +nkas(dgsr)-
Substitute this back into (3.5) to obtain that

g > Nppo(dirodir) + Migs(dis1) + npga(—1)
= Npt2Po(diy1, dit2) + nigs(—Pr(dgy1))-

Proceed by finite induction. Suppose we have established that
g 2> gy i Py (digrs diyas o dirg) + Mgt (= Pioa (disns diyas o diyjo1)- (3.7)
From the nef-ness of N we have the inequality
Norj = N1 (—itjr1) + M jra(—1). (3.8)

Multiply (3.8) by Pj(dk+1,dk+2, ..., dktj) - this number is non-negative by Corollary 3.46 -
to obtain

Mt Py (i1, dicras ooy dicrg) 2 M jit (=i g1 P (diirs digas oo di ) A2 (= Pi(dirr, diyas - diy )
(3.9)
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and substitute (3.9) back into (3.7) to obtain that

g 2 Mgt (=i j1 Py (digrs diyas o dis)) + i jra (= P (i, diras - dit )
+ M1 (= Pjo1(dis1s disas -y diprj1)
= N ji1 Py (dierts s, ooy A jn) + i jio (= Pj(diyrs diyas oo dicr ).
This is the conclusion of our inductive step: it is the next step (ie. j has been replaced

with j + 1) for the induction hypothesis (3.7). Before the final step, by induction, we will
have established that

g > N1 Prop—1(dis1, dir2, -, dr—1) + nr(—Pr—k—2(dii1, diga, ..., dp—2)). (3.10)

Use the bound ng_1 > ngr(—dg) (which is just the statement that N.Dg > 0) on (3.10) to
obtain that
n > np(—dr) Pr—g—1(dk+1, diy2, -, dr—1) + nr(—Pr—k—2(dkt1, dit2, ..., dr—2))
= np|—drPr-k-1(dp+1, div2, .., dg—1) — Prg—2(diy1, dit2, .., dr—2)]
= ng[Pr—i(drt1, dis2, .-, dR)].

In particular, n, > 0. [

Remark 3.52. The actual bound we get for Lemma 3.51 is very similar to that of Lemma
3.50. However, for the main theorem, coming soon to a thesis near you, we only need the
weaker inequality that the lower n; are non-negative.

Corollary 3.53. Use a basis of Pic(X) coming from r—2 adjacent rays (say Dy, D, ..., D,_3).
Then

r—2
Nef(X) NPic(X) € EHND.
=1

Proof. Combine Lemma 3.50 and Lemma 3.51. n

Remark 3.54. If we do not use a basis of Pic(X) coming from adjacent divisors, then the
coefficients of a nef divisor are not necessarily non-negative. For example, consider the fan
>’ below.

Starting from (1,0) and going around anti-clockwise, label the rays as wuy, uy, us, us, uy.
The variety X = Xy, is equal to P! x P! blown up at a torus-invariant point. Label E as
the exceptional curve in this blow-up, ie as the curve corresponding to the ray u,. Since
D+ FE ~ D3 and Dy + E ~ Dy, we have that

ZDs ® ZDy ® LE
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is a basis of Pic(X). In this basis, it is easily checked that
Nef(X) = COIle(Dg7 D4, D3 + D4 - E)

which does not lie inside ND3; + ND, + NE.
Recall that the natural number T is defined to be the unique number 1 < 7T < r which

satisfies by > 0 and by < 0 (recall that b; denotes the y-coordinate of u;). We now state
and prove our main theorem:

Theorem 3.55. If A, B € Nef(X) then v,(A+ B) = v,(A) +1,(B).

Proof. Change basis of our fan so that ugp = (1,0) and u; = (0,1). Here is the picture of
the new fan:

Let W =" b;D;. We claim that 4,(D) = 7*D.W for any D € Nef(X). Let T be the

set of generators N of Nef(X) which satisfy N.E > 0. By Theorem 2.18, the claim is
equivalent to showing that

T D.W < ™ D.N
EWwW — EN

We have that E.W = 1. Let such a N be written as Z::_ll n;D;. Then E.N =n; > 0. So
we must show that

forall N eT.

7 D.IN —n, W] > 0.
Well, we have that

r—1 T
=1 i=1

T r—1
= (n; —mb)[x*D].D; + Y nlx*D].D;.
=1 i=T+1

Now, 7*D is nef since D is, and so each term 7*D.D; is non-negative. By Lemma 3.50 we
therefore have that the first sum is non-negative. By Lemma 3.51 we also have that the
second sum is non-negative. Therefore we indeed have that 7*D.[N — n;W] > 0. O

Corollary 3.56. If D € Nef(X) then v,(D) € N.
Proof. We showed that v,(D) = #*D.W, which is a natural number. O
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We can describe «, without using pullbacks also.

Corollary 3.57. Let p be our point shown, and define G to be the unique integer so that
b — ag > 0 while bg — ag < 0.

y=r G+1 r1

Then ,(D) = D. 3. (b; — a;).D;.

Proof. In the proof of Theorem 3.55, we changed basis for the blown up fan to make results
more convenient. That resulted in leaving u; alone, while we sent ug = (1,1) to (1,0).
Therefore, if we didn’t change basis, we would have the divisor Y% (b; — a;)D;. Since

G G

> (b —a)Di) => (bi —a;)D; + E

i=1 i=1

it follows that ~,(D) = 7*D.W = D. X (b; — a;)D;. O

3.5 More toric surface stuff

We proved earlier than for any divisor D which is nef and effective we always have that
Yp(D)ey(D) < D? We return to the question of asking whether or not equality can always
hold.

Theorem 3.58. Let A be a fan for a smooth toric variety X which satisfies bry1 # 0 and
T+1<r—1. There exists a divisor D € Nef(X) = (Nef(X) NEff(X)) and a point p of
X which satisfy

Ww(D)ey(D) < D

Proof. Let D = Z;‘le b;D;, and let p be the point corresponding to Cone(u,_1,u,). Then

€p(D) = min{D.D,_4,D.D,} = min{0, 1} = 0; we have D.D,_; = 0 since T +1 < r — 1.
On the other hand

T
D* = "b(D;.D) = by(Dr.D) = —brbry; > 0
=1

and so v,(D)e,(D) < D?. O

Another question was whether or not we have ,(D) € N for D € Eff(X). This question
has a negative answer:
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Theorem 3.59. There exists a smooth complete toric surface X and a divisor D € Eff(X)
so that v,(D) € Q — Z.

Proof. This is Example A.4 of the Appendix. We flesh out some of the details here. Let
X be the variety coming from the fan

where u; = (0,1), ug = (=1,1), ug = (—1,0), ugy = (=2,-1), us = (=1, 1), ug = (0, —1),
ur = (1,—1), and ug = (1,0). Let p be the point corresponding to Cone(usg,u;), and let D
be the divisor Ay + A3z + A4 + A5 + Ag. Pictured below is the fan for the blow-up:

Since D is supported away fgom A; and A,, we have that 7D = By + B3+ B, + Bs + Bg.
The intersection theory of X is E? = —1, by = =2, by = —1, b3 = =3, by = —1, by = —2,

bg = —2, by = —1, and bg = —2. Out of the 18 generators of Nef(X), 7 of them intersect
E positively. They are

Ny =B +2By+ B3+ By

Ny = By + 2By + Bs + By + Bs + B¢ + By

Ny = 3B + 6By + 3Bs + 3B, + 2Bs + Bs

Ny= B +2By+2B3+ 4B, + 2Bsx

Ny =2B; 4+ 4By 4+ 2B3s + 2B, + B;s

Ng=B;+2By+ B3+ 3Bs + 2B5 + Bg

N7 = By + 2By + B3 + 2B4 + Bs.

This gives the intersections

7™ D.Ny =1
7" D.Ny =1
7" D.N3 =2
m*D.Ny=3
7D . N5 = 2
7 D.Ng = 2
7 D.N; = 2.
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We thus have

WD) = g,

{W*D.Nl

= '(1123122)—2/3
E.Nl = min 9 73a )y S - .
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Chapter 4

Examples and Future Work

4.1 7p|xef(x)nEfi(x) iS not, in general, linear

We are going to prove that in general, 7yp|ner(x) (and actually v,|gpe(x)) is not linear.
Here we use Bpf(X) to denote the semigroup of basepoint-free divisors in NS(X). The
comment in parathentheses is because, on our smooth complete toric varieties, we have
that Nef(X) = Bpf(X). Thus it would be reasonable to ask if 7, is linear on the smaller
cone Bpf(X), even if it is not linear on Nef(X'). The example will use the following lemma.

Lemma 4.1. Let S be a smooth projective surface and let F' € Bpf(S) satisfy h°(S, F) = 2.
Then for most points p of S we have that v,(F) = 1.

Proof. The hypotheses tell us that F' corresponds to a morphism f : S — P!. Then generic
fibre of f is a smooth curve; let C' be such a smooth curve and let p € C. Let 7 : S — S
denote the blow-up of S at p with exceptional curve E.

Since C' ~ F we have that F? = 0. Let F\ denote the divisor 7*F — AE. Since C is
smooth at p we have that 7*F = C** + F| and thus F)\ = C* 4+ [1 — A]E. The smoothness
of p of C also tells us that (C*)? = C? — 1 = —1.

Certainly ~,(F') > 1 since F; = C*" is effective. Suppose that 7,(F) > 1 for an eventual
contradiction. Under this assumption, there exists § > 1 so that Fg = C*" + (1 — f)E is
effective. Observe that Fj.C* = (C*")? + (1 — B)E.C*" = —8 < 0. Since Fj is effective
we therefore have that C'*" must be a component of Fs. So Fj is linearly equivalent to a
divisor of the form C* 4+ 3¢_ n;A; with all n; > 0 for some (irreducible, reduced) curves
A; € S. Tt follows that (1 — 8)E is linearly equivalent to the effective divisor, hence is
effective. But this is impossible: if D is a non-zero divisor, we cannot have both a positive
and negative multiple of it being effective. This is our contradiction.

O

Example 4.2. This example follows from certain calculations done in [16]. Let X be a
smooth cubic surface in P?, and let p belong to a line of X. It is shown that ,(—Kx) = 2,
and hence 7,(2(—Kx)) = 4. However, we are able to write —2Ky = Fy + F; + F3 with
F; certain nef and effective divisors that satisfy +,(F;) = 1; F} belongs to I'(L,), while F;
and F3 belong to I'(h). For most choices of p we have v,(F;) = 1 by Lemma 4.1. Thus
Vo(F1L 4 Fo + F3) > 7, (F1) + 7 (F2) + 7,(F3) since 4 > 3.

42



Remark 4.3. It is worth noting that all of Fy, F,, and Fj are basepoint free (they all
determine morphisms to P!). For our toric varieties, a divisor is nef if and only if it is
basepoint free. Thus a natural question to ask would be if v,|gp(x) is in general linear.
The example shows that it is not.

4.2 Dimension 3

Remark 4.4. What about dimensions three or higher? One issue that immediately comes

to mind is that if dim(X) > 3, we no longer have that Nef(X) = Eff(X)v. Indeed, we no
longer have a bilinear form Pic(X) x Pic(X) — Z. However, v, : Eff(X) — R= is still
well-defined, where Eff(X) = {D € NS(X) : h°(X, D) > 0}.

We work out a couple of three-dimensional examples.

Example 4.5. Let X be the variety P! x P! x P! blown up at a point p. We will calculate
7, at a point away from the exceptional divisor. Consider the following vectors in Z?:

7_17_1) =u2+u4+u6.

We denote by C;, C;;, and Cjj;, the cones Nu;, Nu; +Nu;j, and Nu; +Nu; +Nuy, respectively.
The C; correspond to hypersurfaces, the Cj; correspond to curves, and the Cjj; correspond
to points. Let A; denote the divisor corresponding to C;. We have the relations

AlNA2+A7
Az ~ Ay + Ay
As ~ A+ A7

in Pic(X), and we use the basis ZA; & ZA, & ZAs & ZA7 of Pic(X). Let D = aAs +bAs+
cAg + dA; € Pic(X).

There are 10 top dimensional cones: they are the cones
C(1357 C(1367 CYléLE')a C11467 C(2357 C(2367 02457 C12477 02677 C(467-

The Cartier data of D, as in Theorem 4.2.8(d) of [7], are the elements m;j, € Homgz(Z*, 7Z)
associated to Cjj, defined by myjx(u;) = —(; where (; is the coefficient of a; for D. These
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are given by

myzs =0
*
mi3e = CE3
%
migs = b62

Mg = beg + 062’3<

Mags = CL@T

Mage = ae] + ces

Moys = CL@T + b@;

Moyr = ae] + bey + (d —a —b)ej
Megr = ae] + (d —a — c)e; + cej

myer = (d — b — c)e] + bes + cej.
The T-invariant curves of X are
0137 0147 CY157 CY167 0237 0247 CZS) CY26-C’277 C35> CY367 0457 C(467 0477 CY67'

With the Cartier data of D in hand, we use Proposition 6.3.8 of [7] to calculate D.C;;. We
obtain that

D.Cizs=c
DCyy=c
D.Ci5s =0
D.Cig=0b
D.Cy =c
DCy=d—a-0
D.Cys =b

D.OQGZd—CL—C
D.C’27:a—|—b—|—c—d

D.035 = a
D.036 =a
D.O45 =a

D.C46:d—b—c
D.C'47:a+b+c—d
D.CG7:a+b+c—d.

From the intersection data, it follows that Nef(X) is generated by

Ny = Ay + A7
N2:A4+A7
N3:A6—|—A7

N4:A2+A4+A6+2A7.

The divisors Ny, Ny, and N3 are the pullbacks of the usual three generators of Nef (P! x P! x
P!). On X, let p be the point corresponding to Ci35, and let m : Y — X be the blow-up
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of X at p with exceptional divisor £. Write B; for the ray of A; in the fan of Y, ie B;
corresponds to the strict transform of A;. We use the basis ZBs ® ZBys ® ZBs & Z.B; ® ZE
of Pic(Y).

To calculate v, we can no longer use that the Nef(Y") is dual to Eff(Y’), and so instead
we resort to counting the size of polytopes. Let N = a3 Ny + as Ny + a3N3 + a4 Ny be an
arbitrary nef divisor (so o; € N). For p € R define N, to be the divisor 7*N — pE: we
have that

NM = ((1/1 —f- Oz4)BQ —I— (042 + Of4)B4 —f- (CY3 —I— 044)B6 + ((1/1 —f- (0D)] —f- 3 —I— 20(4)B7 — [,LE

The polytope Py, associated to N, is the collection of ¢ = rej + sej + te € Homg(R? R)
which satisfy

0<r<om+a
0<s<as+ay
0<t<az+oay
pw<r+s+t<oa+as+ az+ 2ay.

We want to make p as large as possible while still having these inequalities satisfied. Since
the first three inequalities sum to say r + s+t < a1 + as + az + 3ay, then fourth inequality
is the one that matters: in particular, we can have y =r + s+t = a; + as + asz + 2a4.
Therefore v,(N) = a1 + as + a3 + 2ay, so 7, is linear on the nef cone.

Example 4.6. Perhaps the previous example wasn’t complicated enough! We take the
previous variety X and blow up at a point on A;. Consider the following vectors in Z3:

u; = (1,0,0)

ug = (—1,0,0)

ug = (0,1,0)

ugy = (0,—1,0)

us = (0,0,1)

ug = (0,0, —1)

ur = (=1, —1,—1) = ug + uy + ug
ug = (=2, -2, —1) = ug + ug + us.

As before, we use the notation Cj;, C;;, and Cjji, and let A; be the divisor corresponding
to C;. We have the relations

AlNA2+A7+2A8
Az~ Ay + A7 + 243
A5NA6+A7+A8.

We use the basis ZAy ® ZA, & ZAs ® ZA7; ® ZAsg of Pic(X). There are 12 top dimensional
cones: they are the cones

01357 C'1367 01457 C’1467 02357 C'2367 02457 02487 02677 C'2787 04677 C’478'
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Let D = aAy + bA, + cAg + dA7 + eAg; we work out the Cartier data of D:

mizs =0
*
Mmize = CE3
%
Miss = bes

mise = bes + cej

Mozs = aeT

Mage = ae] + ces

Mays = ae] + bey

Moy = ae] + bel + (e — 2a — 2b)e;
Moy = aey + (d — a — c)es + ce;

Mars = ae] + (e —d — a)ey + (2d — e)e;
myer = (d — b — c)e] + bes + cej

Myrs = (e —d — b)e] + bes + (2d — e)ej.

The T-invariant curves are
C1137 0147 Cl5a Clﬁa 0237 0247 0257 C’26-61277 0287 0357 0367 C1457 0467 C47; C48; 0677 078'

Using the Cartier data, we calculate D.Cj;:

D.Ciz=c
D.Cy=c
D.Ci5 =05
D.Cig=0b
D.Cy=c
D.Cyy=e¢—2a—2b
D.Coys =b

D.C’%:d—a—c
D.027:€+C—2d
D.C28:a+b—|—d—e

D.Cg5 =a
D.Og(; = a
D.O45 =a

DCy=d—b—c
DCy=c+e—2b
DCig=a+b+d—e
DCsg=a+b+c—d
DCwx=a+b+d—e.
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It follows that Nef(X) is generated by

Ny = Ag+ A7 + Ag
Ny = Ay + A7 + 2Ag
N3 = Ay + A7 + 2A3
Ny = Ay + Ay + 2A6 + 3A7 + 4 A5
Ny = Ay + Ay + Ag + 2A7 + 4 As.

On X, let p be the point corresponding to Ci35, and let 7 : Y — X be the blow-up of X at
p with exceptional divisor E. Write B; for the ray of A; in the fan of Y, ie B; corresponds
to the strict transform of A;. We use the basis ZBy ® ZBy & ZBs ® Z.B; & Z.Bg & ZE of
Pic(Y).

Let N = 327 ;N; be an arbitrary nef divisor (so all ay > 0). For p € R, let N,
denote the divisor 7*N — pFE. We have that

NN = (Oég —+ Oy + 015)32 + (Oéz + Oy —+ 045)B4 + (Ozl + 20./4 + Oz5)BG
+ (061 + oo + a3 + 30&4 + 2&5)B7 + (Oél + 20(2 + 20(3 + 40[4 + 40(5)38 — ,uE

The polytope P, associated to N, is the collection of ¢ = re} + sei + te € Hom®(R?, R)
which satisfy

0<r<az+as+as

0<s<a+as+as

0<t<a+2a4+ as

p<r+s+t< o+ a+ as+ 304 + 205
2r +2s +t < oy + 209 + 2003 + 4oy + das.

From this it follows that fyp(Z?ZI a;N;) = a1 + as + az + 3ay + 2as.

4.3 Future Work

There are many directions that this work could be continued. In view of the examples on
three-folds in the previous section, we raise the following question:

Question 4.7. Let X be a smooth, complete, toric variety, and let p € X be a T-invariant
point. Is v,|net(x) linear?

In view of the examples of section 4.2, as well as Corollary 3.53, we also make a
conjecture about the positivity of coefficients of nef divisors. Note that the smoothness
assumed below means that any top dimensional cone has dim(X') generators. Since the idea
of ‘adjacent’ rays no longer make sense, we use the appropriate analogue, which generalizes
the two adjacent divisors for surfaces.

Conjecture 4.8. Let X be a smooth, complete, toric variety coming from a fan A. Let
A(1) denote the collection of rays (1-dimensional fans of A). Let o be a top-dimensional
cone of A. It follows that Pic(X) is free abelian of rank #A(1)—dim(X). Choose a basis of
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Pic(X) coming from all the rays which aren’t part of o. Denote the divisors by Ay, ..., Ag.
Then

k
Nef(X) € O NA;.
i—1

In this thesis, we focused on the case of smooth varieties. It would be interesting to
do some calculations on singular varieties, especially surfaces. The constant v, could yield
valuable information for the general program of resolution of singularities.

Furthermore, we focused on calculating «, for p a T-invariant point of X. Another
avenue of study would be to follow the spirit of Ito ( [11]), and study the situation at other
points on our toric varieties (ie on the orbits that are bigger than one element). One would
expect to only obtain bounds on 7, rather than explicit values.

Furthermore, following the setup of [5], it would be interesting to replace our T-invariant
point p with a T-invariant subvariety V of X. We may then form the blow-up 7 : X — X
of X along the ideal sheaf Zycyx of V in X. Let E denote the exceptional divisor. Given
an effective divisor D on X, we then define

(L) =sup{t > 0:7"D — tE is effective}.

Since V is T-invariant, the blow-up X will again be toric, and explicit calculations should
be possible.

Another question the author was unable to answer, for smooth surfaces, concerns the
product 7,(L)e,(L) for L € Nef(X) N Eff(X). In every example worked out which has
Picard rank at least 2, we are able to find an L which satisfies ,(L)e,(L) < L?. Further-
more, Theorem 3.58 shows that such an L exists for a large class of the toric surfaces. We
thus make the following conjecture.

Conjecture 4.9. Let X be a smooth, complete, surface with rankz(NS(X)) > 2. Let
p € X. There exists L € Nef(X) NEff(X) so that v,(L)e,(L) < L?.

To the best of the author’s knowledge, apart from the examples provided in this doc-
ument, there are no other varieties X for which -, is well understood. The theory of this
invariant should be studied on other classes of surfaces, such as K3 surfaces or abelian
varieties.
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Appendix A

Some examples

In this appendix, we give examples of closed form expressions for <, on many smooth,
complete, toric surface, for both the effective cone and nef cone. Code to generate this
data was written in Maple. A, refers to the divisor corresponding to the i ray of our
fan. We use E; for generators of the effective cone, and N; for generators of the nef

cone. Unless said otherwise, we are always calculating 7, at the point corresponding to
Cone((1,0),(0,1)).

Example A.1. Let n be a non-negative integer. Let X be the variety coming from the

fan
2

where u; = (0,1), us = (—=1,n), us = (0,—1), and uy = (1,0). In this example In fact,
X = H, is a Hirzebruch surface, and our point p lives on A;, the unique irredicuble curve
which satisfies A? = —n, while ¢ is not supported on A;. The effective cone Eff(X) is
generated by

E1:A1
E2:A2

and Nef(X) is generated by

N1 = A2
NQ = Al +TlA2

We have that
Y€1 Er + esEy) = e1 + e
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and that
Yp(ni N1 4+ naNo) = ng + (n+ 1)ngy

For the point ¢, we continue using the basis ZA; ® ZA, of Pic(X). We have that
Ye(e1Ar + e24s) = €9

and that
Yq(n1N1 + naNo) = ny + nng

This example illustrates that the point we work with does indeed matter. We see that
Ay does not contribute to 7,: this is not surprising, in accordance with theorem 3.35: the
divisor A; cannot be moved to have ¢ in its support.

Example A.2. Let X be the variety coming from the fan

2 1
3 6
4 5

where u; = (0,1), us = (=1,1), u3 = (=1,0), uy = (=1, —1), us = (0,—1), and ug = (1,0).
The effective cone Eff(X) is generated by

By = A
Ey = Ay
E3 = A;
E,= Ay

E5 = Al + AQ - A4
and Nef(X) is generated by

Ny = Ay + Az + Ay

Ny =A; + Ay

N3 =A; + Ay + Az + Ay
Ny =2A, +2A5 + Az
N5 = A; +2A,+ As

We have that

5
%(Z @iNi) = q1+ g2 +2¢3 + 2q1 + g5
j=1

and that

5
”yp(z e;B;) = e + min(ey, e3 + es5, €3 + 2e5)
k=1
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Example A.3. Let X be the variety coming from the fan

2

1
4 7
) 6

where u; = (0,1), ug = (—1,2), ug = (—=1,1), ug = (=1,0), us = (—1,—-1), ug = (0, —1),
and u; = (1,0). The effective cone Eff(X) is generated by

E,=A4A
Ey = Ay
Ey = A4
E,= A,
Es = A;

E6:A1+2A2+A3—A5
E7:A2+A3+A4+A5

The nef cone Nef(X) is generated by

Ny = Ay + Az + Ay + As

Ny = Ay + 245 + A

Ny = A + 240+ Ay + A, + A
Ny =2A; +4A5 +2A3 + Ay

Ny = A1 +2A5 +2A3 4+ 2A, + 2A5
No = 34, + 64y + 445 + 24,

N; = A; +3A5 +2A3 + Ay

We have that

7
’Yp(z @Ni) = ¢1 + 2 + 2¢3 + 2q4 + 3q5 + 3¢5 + q7
i=1

and that :

VP(Z e;E;) = e + e7 + min(es, eq + eg, €3 + 2€6, €3 + 3eg)
i=1

Example A.4. Let X be the variety coming from the fan

) 1
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where Uy = (0, 1), Uy = (—1, ].), Uz = (—1,0), Uyg = (—2, —1), Us = (—]_, —]_), Ug = (0, —1),
ur = (1, —1), and ug = (1,0). The effective cone Eff(X) is generated by

By =4
Ey = Ay
E; = A;
E, =4
E5 = As
Eg = Ag

E7:A1—|—A2—A4—A5—A6
EgZ—A1+A3+3A4+2A5+A6

and the nef cone Nef(X) is generated by

Ny =2A,+2A;, + A3+ Ay

Ny =3A; + 345 + Az

Ny = A; + Ay

Ny = Ay + Ay + 24, + As

N = Ay + 24, + As + A,

Ng = 2A; + 3A5 + Az

N; = As+ 3A4 + 2A5 + Ag

Ng = 3A5 + 3A3 + 6A, + 4A5 + 2A4
Ng = Ay + A3+ 3A, + 2A5 + Ag
Nig = A1 + Ay + Ay + 244 + As
Ny =2A5 + 2A5 +4A, 4+ 2A5 + Ag

We have that
11
(O aiN:) =2q1 + 3g2 + g3 + @a + g5 + 2q5 + 2g7 + 4gs + 2g0 + 2q10 + 2011
=1
and that

8

) 1 1
yp(z e;B;) = e1 + eg + min(es, ey, 5(264 + e7), 5(64 + eg), 2e3 + e7, e3 + eg, €2 + 2€6)
i=1
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Example A.5. Let X be the variety coming from the fan

1

where u; = (0,1), ug = (=1, -3), ug = (—1,—4), ug = (0, —1), us = (1, -2), ug = (2, —3),
ur = (1, —1), and ug = (1,0). The effective cone Eff(X) is generated by

E7:A1—3A2—4A3—A4—2A5—3A6
EBI—A1+4A2+5A3+A4+A5+A6

and the nef cone Nef(X) is generated by

N1:A1
Ny = A + Ay
N3:A2+A3

Ny =5A9 +5A3+ Ay + As + Ag
Ny = 1145 + 1145 + 24, + A
Ng =645+ 645+ A,

N; =4A5 +5A35+ Ay + As + Ag
Ng = 9Ay + 11 A3 + 2A4 + As
Ng =545+ 645+ A,

We have that

9
(D aiN:) = 3¢y +4g2 + g3 + 5qa + 11g5 + 66 + 4g7 + 9gs + 5go

i=1
and that
8
’yp(z e;B;) = 3e1 + eg + min(eq, e + e3)
i=1
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