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Abstract

The goal of this thesis is to solve some problems in dependence modeling. Under special
assumptions, we use Tankov [2011)’s result to give sharp bounds on variance of the sum
of two random variables with partial information available and point out some drawbacks
in his method. Thus, two different methods based on convex ordering are proposed. We
show the one inspired by Bernard and Vanduffel [2014] may fail and provide an improved
method. This thesis then discusses the compatible matrix problem. We characterize the
covariance matrix for sums of normal distributed random variables to reach the minimum
variance in dimensions three and four. This result is supported with application on variance
bounds with background risk. The last part reviews some existing dependence measures
and a new multivariate dependence measure focusing on the sum of random variables is
introduced with properties and estimation method.

Each chapter ends with a conclusion and future research directions.
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Chapter 1

Introduction

1.1 Motivation and Recent Works

Given a probability space (2, F, P), a random vector X = (X7, ..., Xy) is a mapping from
Q) to R? measurable with respect to F (see Billingsley [2008]). The dependence structure
of X refers to the joint distribution function,

F(x1,...,xq) := P(Xy < x1,..., Xg < 249)

for any (z1,...,z4) € R%.

This problem has been studied for centuries under different contexts, see Fréchet [1956],
Hoeffding [1940], Hardy et al. [1952] and Tchen [1980] for early history.

Modeling multivariate dependence is important because data is multivariate (see Joe
[1997] for problems in multivariate data modeling). Given marginal distributions, a func-
tion copula is introduced to model the multivariate dependence structure. Early references
include Fréchet [1956], Hoeffding [1940], Kimeldori and Sampson [1975], see Schweizer
[1991] and Dall’Aglio [1991] for a short history of copula, Embrechts [2009] for recent
developments and potential future work.

Copula has applications in many practical problems, including engineering, biology,
weather forecasting, Markov processes (see Darsow et al. [1992]), risk management (see



Embrechts et al. [2003b], Embrechts et al. [2002]) and finance (see Genest et al. [2009]).
Its use in actuarial science is introduced by Carriere and Chan [1986].

One central problem of dependence modeling is to investigate the bounds on distribution
of the sum S = X; + ... + X;. Earliest references date back to 1981 by Makarov [1982]
and Frank et al. [1987].

When dimension d = 2, this problem can be studied via the use of copula. The situation
becomes more complex with the existence of partial information available on the copula.
Tankov [2011] introduces the improved Fréchet bounds which is sharper than the classical
Fréchet-Hoeffding bounds. This is a generalization of Nelsen [2007]’s result. Nelsen [2007]
and Sadooghi-Alvandi et al. [2013] give the best-possible bounds when knowing the value
of the copula at a given point and at several points separately; Nelsen et al. [2001] and
Nelsen et al. [2004] give the improved bounds when a measure of association in terms of
the copula and the diagonal sections are given, also see Beliakov et al. [2007], Nelsen and
Ubeda-Flores [2005], Nelsen and Ubeda-Flores [2012] for related works. See Rachev and
Riischendorf [1998] and Rachev and Riischendorf [1994] for earlier results on improvement
of Fréchet bounds.

The improved Fréchet bounds have many applications in quantitative risk management
such as the portfolio selection problems (see Bernard et al. [2014a] and Bernard et al.
[2014b] for details), optimal investment strategies (see Bernard and Vanduffel [2011])),
uniform distribution theory (Hofer and laco [2014]), option pricing (see Tankov [2011],
Rapuch and Roncalli [2001]).

However, the problem is not fully solved as the result in Tankov [2011] does not give a
sharp bounds on copulas in some cases. Bernard et al. [2012] extends Tankov [2011]’s result
by giving a weaker sufficient condition for the quasi-copulas to be copulas and Bernard et al.
[2013a] further extends Tankov [2011]’s result.

For d > 3, copula is not that useful as the bounds on S = >% | X; also depend on
marginals (see Bernard et al. [2014]). Convex ordering is introduced here. The upper
bounds for a general d and the lower bound for d = 2 is given in Denuit et al. [1999].
Related work include Dhaene et al. [2002] and Wang and Wang [2011]. The sharp lower
bound when n > 3 is studied in Bernard et al. [2014] and generalized in Jakobsons et al.
[2014], also see Cheung and Lo [2013], Cheung and Lo [2014]. Some numerical methods to
approximate bounds are studied in Bernard and Mcleish [2014], Puccetti and Riischendorf
[2012], Embrechts et al. [2013], Puccetti [2013], Embrechts et al. [2014a], Bernard and
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Vanduffel [2014], see Aas and Puccetti [2014] for a real case study. With partial information

available in different situations, improved bounds on the sum are studied in Cheung and
Vanduffel [2013] and Cheung [2008].

In quantitative risk management, by viewing risk factors as random vectors, we can use
convex ordering to study bounds on the sum S, which is described as risk aggregation (see
an overview in Embrechts and Puccetti [2010b]). This is useful for financial institutions to
give more accurate risk assessment of portfolio and can be helpful for industry regulators
and risk managers. There are mainly three problems being studied under two situations,
with no or partial information available:

1. Bounds for the sum of dependent risk, namely
my(s) = inf{P(S < s) : X; has marginal F},i =1,...,d}

and
M, (s) =sup{P(S < s) : X; has marginal F;,i =1, ...,d}.

See Rischendorf [1982] and Embrechts et al. [2003a] for a short history of this problem,
Wang et al. [2013] for a review on the existing results, also Embrechts and Puccetti [2006],
Bernard et al. [2014], Riischendorf [1991], Embrechts and Puccetti [2010a], Embrechts et al.
[2013] for study of this problem under partial information available.

2. Bounds on the industry benchmark, Value-at-risk (VaR) (see Jorion [2007]), which is
closely related to problem 1. See Embrechts et al. [2014a] for a short history, see Embrechts
et al. [2003a], Wang et al. [2013], Wang and Wang [2013], Jakobsons et al. [2014] for the
context of no information available and Bernard et al. [2013b], Kaas et al. [2009], Bernard
et al. [2014], Bernard and Vanduffel [2014], Denuit et al. [1999], Bignozzi and Tsanakas
[2013], Werner [2002], Mesfioui and Quessy [2005] with partial information available. See
Alexander and Sarabia [2012] Kerkhof et al. [2010] for the worst VaR scenario. The issue
of asymptotic equivalence of worst VaR and worst TVaR is studied in Embrechts et al.
[2014b], Wang [2014], Embrechts et al. [2014a], Bernard et al. [2014] and Puccetti et al.
2013)].

3. Bounds on other convex risk measures or coherent risk measures (see Artzner et al.
[1999], Delbaen [2002], Kusuoka [2001]) Related work see Cont [2006], Kaas et al. [2009],
Valdez et al. [2009], Bignozzi and Tsanakas [2013], Jakobsons et al. [2014], Bauerle and
Miiller [2006].



Of course this is not a complete list and the problem is not fully solved especially when
partial information is available.

Other application of convex ordering include bounds on option pricing: see Albrecher
et al. [2008], d’Aspremont and El Ghaoui [2006], Hobson et al. [2005], Rogers and Shi
[1995], Vanmaele et al. [2006], Keller-Ressel and Griessler [2011], Curran [1994], Vanduffel
et al. [2008], Dhaene et al. [2005].

1.2 Setting and Notation

This section gives some definitions and theorems, which are used throughout the thesis.
All the random vectors X in this thesis are continuous and we only focus on the sum
S =X + ... + Xy where each (X;)1<;<q has fixed and known marginal.

1.2.1 Definitions

We first recall some definitions and theorems that can be found in Nelsen [2007]. A d-
variate distribution function with U|0, 1] margins is called copula, denoted as: C. It has
the formal definition as follows.

Definition 1.2.1. C': [0,1]¢ — [0,1] is a copula if and only if

(i) C(u)= 0 if min(u)=0

(ii) C is d-increasing, i.e. for all a < b, the volume of C' in a hypercube [a, b] is non-
negative.

(iii) C has uniform margins, i.e. C(u) =u; if u= (1,..,1,u;,1,...,1) for i = 1, ..., d.

The volume of C at [a,b] is given by,

2 2 i .
NapiC = S (1) 2= Oy, .o tta,) (1.1)
ig=1 i1=1
where
, if j.=1
T S (12)
bj lf lj: .



We focus on the bivariate copula C' : [0,1]> — [0, 1] in the following. Then the volume
is just C(&l, Gg) + C(bl, b2) — C’(al, bg) — C(bl, a2>.

Given random variables X, X5, ...Xy following some joint distribution function H,
where each X; has marginal distribution F}, i = 1, ..., d, we can use copula C' to model the
dependence structure between (X;)i1<;<q. This is a result of Sklar’'s theorem as follows
(see page 18 from Nelsen [2007]).

Theorem 1.2.2. (Sklar’s theorem)
(i) For any joint distribution function H, with margins F;, i = 1, ...,d, there exists a copula
C such that

H(x) = C(Fy(x1), ..., Fy(rq)),x € RY. (1.3)

Such C' is unique if F;,i = 1,...,d are continuous.
(ii) Given a d-variate copula C, and univariate distribution function F;i = 1,..,d, H
defined in equation (1.3) is a distribution function with margins F;,i =1, ..,d.

The following is the definition of generalized inverse of an distribution function F'.

Definition 1.2.3. (Generalized inverse of F', see more details in appendix of Embrechts
et al. [2005])
Fly)=inf{z €eR: F(z) >y} ye€l0,1] (1.4)

and inf ) = oo.

Definition 1.2.4. (Independence copula)
Given u € [0,1]¢, C is called an independence copula (denoted as []) if the following holds,

Then we recall some definitions on stochastic orders from Miiller and Stoyan [2002].

Definition 1.2.5. (Concordance order)
X =(Xy,....,Xq) <Y = (Y1,...,Yy) means X is smaller than Y in concordance order, if
both

P(Xl <t, Xo <ty,., Xy < td) < PY) <t,Y5 <tg,...Y; < td) (1.5)
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and
P(Xl > tl,XQ > 1o, ...,Xd > td> < P(Y1 > tl,Yé > to, ...,Yd > td)

hold for all (t1,ts,...,t;) € R%

Definition 1.2.6. (Convex order)
X is less than Y in convex order (written X <. Y), if Ff(X) < Ef(Y) for all convex
functions f : R? — R such that the expectations exist.

1.2.2 Simulation of a Copula in Two Dimensions

We define the derivative of the copula with respect to u and denote it as Cy(v).
Definition 1.2.7.

0C (u,v) . Clu+ Au,v) — C(u,v)
_ _ _ <o|U = .
9 AILIEO Ny PV <|U = u] (1.6)

Cyu(v)

From Theorem 2.27 of Nelsen [2007], C,,(v) exists for almost all u. C,(v) is also called
conditional copula, denoted as C'(v|u).

The following is a procedure to simulate the copula C', which is used in the examples
when we want to plot the support set (u,v) on the 2-dimensional u-v graph:

e Step 1. Generate a variate U that is uniform on (0, 1);
e Step 2. Generate a variate 7' that is uniform on (0, 1) and independent of U;

e Step 3. For n sufficiently large, k = |Un|, let u = %, v = % forj=1,...n—1. We
compute C, in an approximate form as,

(1.7)

where C,, is a vector and Cy(j) is the jth component;

e Step 4. We find the generalized inverse V = C~!(T) as follows. First find the index
j such that the following holds, then we denote this j as j

j=min{j€1,..n—1:C,(j) >T} (1.8)

6



Second, 3
J

BEESL (1.9)

e Step 5. Plot (U, V') on a graph to visualize the support of the copula C.

e We repeat step 1 to 5 for a large number of times.

This procedure of copula simulation is known as the conditional distribution method, (see
Section 2.9 of Nelsen [2007]) and it can easily be extended to higher dimensions (see Mai
and Scherer [2012]).

1.2.3 Comonotonicity and Countermonotonicity

We now introduce the classical Fréchet-Hoeffding bounds, these are general bounds for all
the copulas C' when there is no information at all about C.

Theorem 1.2.8. (Fréchet-Hoeffding bounds)
Suppose C' is a bivariate copula, for any (u,v) € [0,1]?, we have

W(u,v) := max{0,u+ v — 1} < C(u,v) < min{u, v} := M(u,v). (1.10)
Both W and M are copulas.

If random variables have copula M or W, we say they are comonotonic or counter-
monotonic.

When dimension d > 3, for any (uy, ..., uq) € [0, 1]¢, comonotonicity can still be defined
by the upper Fréchet-Hoeffding bound M (uy, ..., uq) = min{us, ..., us}, which is a copula
such that

Cugy oy ug) < M(ug, ..., ug).

However, W (uy, ...,uq) = max{>% , u; — d 4+ 1,0} is not a copula anymore. See Lee and
Ahn [2014] for multidimensional extension of countermonotonicity. One special case of the
most negative dependence structure is that (X7, ..., Xy) being completely — mizable, the
followings are some basic concepts which are used in the thesis. They are cited from Wang
et al. [2013].



Definition 1.2.9. (Completely mixable and jointly mixable distributions)
1. A univariate distribution function F'is n — completely mizable (n-CM) if there exist n
identically distributed random variables X7, ..., X,, with the same distribution F' such that

PXi+ .+ X, =C) =1 (1.11)

for some C' € R.
2. The univariate distribution functions Fi, ..., F}, are jointly mixzable (JM) if there exist

n random variables X7, ..., X, with distribution functions I}, ..., F},, respectively, such that
Equation (1.11) holds for some C' € R.

Theorem 1.2.10. 1. Suppose Fi, ..., F, are JM with finite variances o2, ...,02. Then

eey n:

1 n
max o; < 5 > o (1.12)
i=1

1<i<n

2. Suppose F; is N(u;,02) fori=1,...n. Then Fy,...,F, are JM if and only if Equation
(1.12) holds.

See Wang and Wang [2011], Puccetti et al. [2012], Wang and Wang [2014], Wang [2014],
Puccetti and Wang [2014] for some recent developments of complete mixability.

The following proposition is first derived by Miiller [1997], see Dhaene et al. [2002],
Kaas et al. [2009] for more details.

Theorem 1.2.11. For random variables (X;)1<i<n with marginals (F;)i1<i<n, the sharp
upper convex ordering bound is F;y (U) + ... + FY(U), called the comonotonic dependence
scenarto,

X1+ Xo+ .+ X, <o F7NU)+ ..+ FTHU)

and the sharp lower convex ordering bound is obtained when n = 2, called the counter-
monotonic dependence scenario,

FNUO)+F'(1-U) € Xi + X

where U ~ U0, 1].



1.3 Thesis Contributions and Overview

The main contributions of this thesis are as follows:

In Chapter 2, we study bounds on variance of the sum of two random variables X +Y
with partial information available under some special conditions. This part is based on the
work of Tankov [2011]. We propose another method inspired by Bernard and Vanduffel
[2014] and an improved one to get the same bounds with Tankov [2011]’s method. In
particular, the central problem is as follows.

(A) With partial information available on the dependence structure ((X,Y")’s copula C')
of (X,Y) on area F C [0, 1]?, Tankov [2011] gives sharp upper and lower bounds (denoted
as A and B respectively) of C. Then we get sharp upper and lower bounds of Var(X +Y")
as,

Var(X* +Y*) < Var(X +Y) < Var(X +Y)

where (X*,Y*) has copula B and (X,Y) has copula A. There are two drawbacks of Tankov
[2011)’s method. First, these copula bounds A and B are only sharp under some special
conditions and we do not know the necessary conditions for them to be sharp. Second, the
computation to get Var(X* +Y*) and Var(X +Y) can be very lengthy, which is shown in
Chapter 2. Third, it is not straightforward to extend this method to dimension n > 3.

Thus we propose another method as follows.

(B) Since we already know the dependence structure of (X,Y) on area F, we only
need to get an upper and lower bound of (X +Y)|(X,Y) ¢ F. By Theorem 1.2.11, do
the following convex order bounds give sharp bounds (the same result with method A) of
Var(X +Y)?

FixryerO)+Frixver(1=U) e (X + V)(X,Y) € F) <o Fx\(x )¢ (U)+Fyixvyer(U),

where U ~ U[0, 1].

We show that this method may fail to give sharp bounds and propose an improved
version based on the similar technique by splitting the area [0, 1]\F. The difficulty of this
problem is to choose the right way to split area [0, 1]\F.

In Chapter 3, this thesis discusses the compatible covariance matrix problem for sums
of normal distributed random variables S = X; + ... + X, to reach the minimum variance.



Under the assumption of complete mixability (see Definition 1.2.9 ), we characterize such
matrix when n = 3 and 4. This result is supported with applications on variance bounds
with background risk.

In Chapter 4, we give an overview on existing dependence measures. A new multivariate
dependence measure focusing on the sum of random variables is then introduced with
properties and estimation method.

We give conclusions and future research directions at the end of each chapter and a
small summary of the whole thesis in Chapter 5.
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Chapter 2

Bounds on Variance with Partial
Information on Dependence

This chapter is organized as follows. In Section 2.1, we give some background knowledge,
including some theorems and definitions. In Section 2.2, we give one special example of
calculating upper and lower bounds of Var(X + Y') using improved Fréchet bounds from
Tankov [2011] and two conjectures. In Section 2.3, we try a first attempt in getting bounds
of Var(X +Y) using Bernard and Vanduffel [2014]. We try a second attempt in Section 2.4
and propose an improved bounds using convex order. Section 2.5 gives some conjectures
and an example on how to get these improved bounds. Section 2.6 gives the conclusion
and future research directions while Section 2.7 is an appendix, including some simulation
details from Sections 2.3 - 2.5.

2.1 Background of Chapter 2

We start this chapter with some useful lemmas and a corollary.

Lemma 2.1.1. IfU > 0,V > 0 are two random variables with distribution functions Fy
and Fy, then

F;Y1) pF7)
E[UV] :/ Y / U PW s V> o) dudo (2.1)
0 0
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Proof.

(1)
/ / U>u,V >wv)dudv
0
[

U>u V>u ] dudv

/ v / U>u,VZU)dUdU] by Fubini theorem (2.2)
/ / dudv] since U < F;'(1),V < F,' (1)
=E[UV].
[l

Corollary 2.1.2. (Corollary of Lemma 2.1.1) Given random vector (X,Y) having copula
C, if we have point-wise upper and lower copula bounds A and B such that

for any (u,v) C [0,1]%. Then, the following inequality holds,
Var(X* +Y*) < Var(X +Y) < Var(X +Y)

where X*, X, X and Y*,Y,Y have same marginals respectively, (X*,Y*) has copula B and
(X,Y) has copula A.

Proof.

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)
— Var(X) + Var(Y) + 2[E(XY) — E(X)E(Y)].
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Let Fx, Fy be the marginal distribution functions for X,Y, and we know Fyx.« = Fy =
Fx,Fy. = Fy = Fy. By Lemma 2.1.1

)
E[XY]:/ x /Y P(XZx,YZy)dxdy
0

Fl() pFy Y

= P(X <z)—P(Y <y)+ P(X <z,Y <y))dady
0 0
Fl() pFy Y

=, ; (1= Fx(z) = Fy(y) + C(Fx(z), Fy (y))) dady.

Since

B(Fx-(x), Fy+(y)) = B(Fx(x), Fy (y)) < C(Fx(2), Fy (y)) < A(Fx(2), Fy (y)) = A(Fx (2), Fy (y)),

the inequality follows. O
Lemma 2.1.3. For a copula C and Vx,y,u,v € [0, 1], the following inequality holds,

Clr,y) = (z—u)s = (¥ —v)4 < Cu,v) < Cz,y) + (u—2)s + (v —y)+ (2.3)
Proof. See page 71 of Nelsen [2007] for a proof. O

We make use of the concept of copulas introduced in Section 1.2. When some partial
information on dependence is available, Tankov [2011] finds the improved Fréchet bounds.
To present his result, we first define quasi-copulas.

Definition 2.1.4. (Quasi-copula)

A two-dimensional quasi-copula is a function @ : [0, 1]* — [0, 1] with the following proper-
ties,

(i) @ satisfies the boundary conditions: Q(0,u) = Q(u,0) = 0 and Q(1,u) = Q(u,1) = u
for all w € [0, 1].

(ii) @ is increasing in each argument.

(iii) @ has the Lipschitz property: |Q(uz,v2) — Q(uy,v1)| < |ug — ug| + |vg — v1] for all
(u1,v1,u9,v9) € [0,1]%

Theorem 2.1.5. (Improved Fréchet bounds from Tankov [2011])

Let S be a compact subset of [0,1]%, and let Q be a quasi-copula. Let

Cs = {C" is a copula | C'(a,b) = Q(a,b), ¥Y(a,b) € S} (2.4)
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and

Qs ={Q' is a quasi-copula | Q'(a,b) = Q(a,b), V(a,b) € S}. (2.5)
Define
A% (u,v) ;= min{u, v, (gg)igs{Q(a, b)+ (u—a) + (v —0)"}}, o
B3 (u,v) = max{0,u +v =1, max {Q(a,b) = (a —w)* = (b= v)"}}. '
Then
(i) ASQ and B5C are quasi-copulas satisfying
B¥C(u,v) < Q'(u,v) < A% (u,v) V(u,v) € [0,1)? (2.7)
for every Q' € Qg and
A%9(a,b) = B59(a,b) = Q(a,b) V(a,b) € S. (2.8)

This means that A% and B%® are the best-possible bounds of the set Qg. Since a copula
is also a quasi-copula, Cg C Qg, then A%? and B%® are also bounds of the set Cg, which
18

B%9(u,v) < C'(u,v) < A%9(u,v) Y(u,v) € [0,1]? (2.9)
for every C" € Cg.
(i1) If the set S is increasing (i.e, for all (ay1,by) € S and (ag, b)) € S, either a; < ay and
by < by or ay > ag and by > by.), then B5Q s a copula; if the set S is decreasing (i.e, for
all (a1,b1) € S and (ag,by) € S, either a; < ay and by > by or a; > ag and by < by.), then
ASQ s a copula. This gives the best-possible bounds of Cg.

The following theorem from Bernard et al. [2013a] is an extension of Theorem 2.1.5,
which gives weaker sufficient conditions for A%? and B*? to be copulas.

Theorem 2.1.6. If S is a compact set satisfying the following property:
\V/(ao,bo) S S, V<CL1, bl> c S, (CL()?bl) S S, (a17bo) € s. (210)

Furthermore, suppose Q is a quasi-copula such that ¥(ag,by), (a1,b1) € S with ay < ay,
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by < by, we have
Q(a1,b1) + Q(ag, bo) — Q(ag, br) — Q(as, by) > 0, (2.11)

then A% and B¢ are copulas. Note Equation (2.11) is automatically satisfied when Q
is a copula.

2.2 Upper and Lower Bounds of Var(X +Y) Using Im-
proved Fréchet Bounds from Tankov [2011]

2.2.1 When Knowing Dependence Structure on [0, a] x [0, ]

Proposition 2.2.1. Fiza,b € (0,1) and assume random vector (X,Y") has U[0, 1] marginals.
Let F denote a subset [0,a] x [0,0] of [0,1]%, if we know (X,Y) has independence copula
C when (X,Y) = (Fx(X),Fy(Y)) € F. Then by Corollary 2.1.2, the lower bound of
Var(X +Y) is:

a®v® 2330 @b 2d%0 3a*h? ab?

Var(U+V):T T—F? T—F 9 —a2b+?—ab2+ab,

where (U, V') has copula B”*¢ with marginals U[0,1]. Note that this is the improved Fréchet
lower bound as in Theorem 2.1.5.

Proof. From Equation (2.6), B7“ is defined as

B7C(u,v) = max{0,u 4+ v — 1, (glz)mécf{C(m, y)—(z—uw)t —(y—v)"}} (2.12)

From Theorem 2.1.6, we know B7°C is a copula since C' is a copula and area F meets the
sufficient conditions. Since

Var(U 4+ V') = Var(U) + Var(V') + 2Cov(U, V)

1 1
- Lo Loy - BB (2.13)
= 2E(UV) - ;
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/01< —P(U <u) = P(V<v)+PU <,V <v))dudy
/0 (1 —u—uv+ B, v)) dudv
/01 B”%(u,v)dudv (2.14)

1 1
vl e Fdudv —I—/ / B”%(u, V) L(w,0) e, dudv
o Jo

) )
1 r1 1 1
+ / / BJ:VC(“) U)]I(u,v)elxdedU +/ / B]:’C(ua U)]I(u,v)elxlgdUdva
0 JO 0 JO

©) @

where the D, @), @), @ parts are shown in Figure 2.1.

v
1
0
b
U
—
0o a 1

Figure 2.1: When F = [0, a] x [0, b]

We need to get the support set to simplify the expressions @) — @.

The followings are three cases to simplify parts @) — @ respectively, treating C' as a general
copula. Denote C(z,y) — (x —u)y — (y —v)4 by H(z,y).

Case 1: (u,v) € Uy : When (u,v) € Uy, we have a < u < 1,0 < v < b. Since 0 < z <
a,0 < y < b, from Equation (2.3), we can see H(x,y) can not achieve its maximum
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H(u,v), but as H(x,y) = C(x,y) — (y — v)+ in this case, we can let y = v, pick = a. So
max  H(z,y) = C(a,v).

It gl At

Thus we get B7¢(u,v) = max{0,u +v —1,C(a,v)}.

We further simplify B7*%(u,v) and focus on cases when B”*¢(u,v) is not 0. Since if it is
0, then B,(v) = 0, then B,'(0) = 0. There is no support set here.

Case 1.1: BX%(u,v) =u+v—1

This is when u 4+ v — 1 > max{0,C(a,v)} = C(a,v). Then B,(v) = 1.

Case 1.2: B7¢ = C(a,v).

This is when C(a,v) > max{0,u + v — 1}, then B,(v) = 0.

1. Since 0 <
C(z,y). Thus

Case 2: (u,v) € Uy : When (u,v) € Us we have a <
r < a,0 <y < b then (z —u)y = (y —v)y =
H(z,y) = C(a,b) as C is increasing in x and

u < 1,0 <wv <
0, so H(z,y) =
Y.
So _B}v_c(_u, v) = max{0,u+v —1,C(a,b)}.

Case 2.1: BXC(u,v) =u+v—1

This is when u 4+ v — 1 > max{0,C(a,b)} = C(a,b), then B,(v) = 1.

Case 2.2: B¥%(u,v) = C(a,b)

This is when C(a,b) > max{0,u + v — 1}, then B,(v) = 0.

Case 3: (u,v) € Us : When (u,v) € Us, we have 0 < u < a,b < v < 1. Similar to case 1,
we get  max  H(z,y) = C(u,b).

L0V >

So B7C(u,v) = max{0,u +v — 1,C(u,b)}.

Case 3.1: BX%(u,v) =u+v—1

This is when u 4+ v — 1 > max{0, C(u,b)}, then B,(v) = 1.

Case 3.2: B7%(u,v) = C(u,b)

This is when C(u,b) > max{0,u + v — 1}, then B,(v) = %.

Now we take C'(u,v) = uv as the independence copula. The support set is plotted in Panel

A of Figure 2.2, which is the same as the simulation result in Panel B of Figure 2.2. The
simulation result is generated by a MATLAB program following the simulation procedure
stated in Section 1.2.2 where a=b=0.5 .

The detail in calculating the support set is as follows.

For B¢, when (u,v) € F, B¢ (u,v) = C(u,v) = uv.

Case 1: (u,v) € Uy :
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QU =uy

U
L . . | :
0 a 1 ' i
Panel A Panel B

Figure 2.2: Panel A: Plot of the support set. Panel B: Simulation of the support set when
a=>b=0.5.

Follows from the general case in the beginning, we have

if u+v—1<dC(a,v)=
B}-’C(u,v)]l(uyv)eulz av if wu+o < C(a,v) =av
max{0,u+v—1} if C(a,v) =av < max{0,u+v —1} (2.15)
1 if u+v—1>C(a,v)=av '
)=t T utel=2Cy)
0 if C(a,v) =av>max{0,u+v—1}.
This is just
1 if o> 1=
Byv)={ "= 1 (2.16)
0 if v<imax{0,u+v—1}.
So we get
Izu it >0
v=B ) =] (2.17)
if t=0.
So the support set lies on v = ;=%. When (u,v) € Uy, we have a <u < 1,0 < v <b. To
keepogvgb,weneedogﬁgb:>1—6+ab§u§1. Since (1 —b+ab) —a =
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(I —a)(1—=1b) >0, we get

1—-b+ab<u<l1
—1-b+ab<u<l. (2.18)

a<u<l

So the support set here is I'yy, := {1 —b+ab <u < 1,0 <v <blv = =2} and B7“ on U,

is shown in Figure 2.3.

+u—1

av

(1,0)

Figure 2.3: Case 1: (u,v) € Uy

So
av if a<u<l—b+ab,0<0v<bh
BTy wyers, (u,0) = { av if 1-b+ab<u<1,0<v <= (2.19)
u+v—1 if 1-b+ab<u<l, =2 <v<b

Case 2: (u,v) €Uy :

Since
B]:’C]I( s — ut+tv—1 if u+v—1>C(a,b)=ab
e C(a,b) if C(a,b) =ab> max{0,u+v — 1}
(2.20)
1 if —1>C(a,b) = ab
. Bus) = if u+w > C(a,b)=a
0 if C(a,b) =ab>max{0,u+v—1}.
Then
1 if >ab+1—
BJ@:{ Hovzabs i (2.21)

0 if C(a,b) =ab>max{0,u+v—1}.
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Similar to case 1,
b+1— if >0
v=B1t)=1{" v (2.22)
0 if ¢t=0.
So the support set lies on v = ab+ 1 —u. When (u,v) € Us, we have a <u < 1,b < v < 1.
Tokeep b < v <1, weneed b <ab+1—u<1= ab < u < ab+1—>b. Since
ab+1—-b=1+ba—1)<1and ab< a, then

————
<0

ab<u<ab+1-0b
—a<u<ab+1-0. (2.23)

a<u<l

So the support set here is Iy, := {a <u <ab+1—b,b <v < 1|v =ab+1—u}, and B5¢
on U, is shown in Figure 2.4.

(a,1)

u+v—1

(a,b)

(1,0)
Figure 2.4: Case 2: (u,v) € Us

So

ut+v—1 if a<u<l,ab+1—-a<v<l1
B Twye(u,v) ={u+v—1 if ab+1—v<u<lb<v<ab+1l—a (2.24)
ab if a<u<ab+1l—-v,b<v<ab+1-—a.

Case 3: (u,v) € Us :
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Since

u+v—1 if u+v—12>max{0,C(u,b)} =ub

B7C (u,v) =
C(u, b) if C(u,b) =ub > max{0,u+v —1}

(2.25)
u+v—1 if uw+v—12>max{0,C(u,b)} = ub

— B7%(u,v) =
C(u,b) =ub if C(u,b) =ub>max{0,u+v—1}.

Then

1 if v>14+ub—u

B,(v) = - (2.26)

b if wb> max{0,u+v—1}.
Since ub > max{0,u + v — 1} implies ub > u+v —1 and v > 1 — u; or ub > 0 and
v < 1 —u. This is equivalent to ub —u+1> v > 1 —wu or v < 1 — u, which is equivalent
tol+ub—u>w.
So

1 if v>1+ub—u

B,(v) = { (2.27)

b if v<1+ub—u.
Then

v=B(t) = {0 itr<b (2.28)
14+ ub—u if ¢t>0b.

So the support set lies on v = 1+ ub—u. When (u,v) € Us, we have 0 < u < a,b <v < 1.
Tokeepb<v<1l,weneedb<l+ub—u<1l=—=0<u<l.

So the support set here is Iy, := {(u,v) € Us|v = 1+ ub — u}, and B¥% on Us is shown
in Figure 2.5.

(0,1)

ub

0,
(0,0) )

Figure 2.5: Case 3: (u,v) € Us

21



So

u+v—1 if 0<u<ag,l4+ub—u<v<l1

Bf’cﬂ(w)eu:i(uw) = ub if 0<u<agl4+ab—a<v<l4+ub—u (2.29)

ub if 0<u<a,b<v<ab+1-—a.

In summary, B"¢ = wol, er + B “Luvyen + BT Luweu, + B Liuvyen, and the last

three terms are given in Equations (2.19), (2.24) and (2.29).
By Equation (2.14),
b ra 1
D :/ / wvdudv = ~a?b?.
0 Jo 4

By Equation (2.19),

b l—b+ab 1 = 1 b
@ = / / avdudv + / / avdvdu + / / u+ v — ldvdu
0 Ja 1—b+4ab JO 1—b+ab J 1=

N
2 2 2 2 6 6 6 6

By Equation (2.24),

1 1 ab+1—a r1
@:/ / (u+v—1)dudv+/ / (u+v—1)dudv
ab+1—a Ja b ab+1—v

ab+1—a prab+1—v
+ / / (ab)dudv
b a

B a*b® @b a*b @ d?bd 3aPh? ab? ab b

6 2+262+2 2 2 6

22
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(2.30)
(2.31)
(2.32)
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By Equation (2.29),

1+ub—u
@ = // u+v—1dvdu+// (ub)dvdu
1+ub—u 1+ab—a
ab+1—a
2.33
+ /0 /b (ub)dvdu (2.33)

R
6 3 6 2 2
Then

EUV)=0+@+3+@
a*h®  a*b?*  a*b a?b® 3% d*b ab®  ab® ab 1 (2.34)

~ %6 3 "6 371 276 2327w
SO
3b3 2 362 3b 2 2b3 3 2b2 b3
Var(U—l—V):aT— a3 —l—%— a3 + a2 —aQb—l—%—abQ—i-ab. (2.35)

]

Example 2.2.2. To check whether our calculated variance is right, we compare Equation
(2.35) with the simulation result. We simulate pairs of points (U, V) which has copula B*¢
according to the simulation procedure in Section 1.2.2 and calculate the variance of (U+V).
The sample size is n here. Denote the simulated variance of U + V' as Var(/U_: V). We
takge\veral choices of a, b and look at the error as the absolute difference of the simulated
Var(U + V') and the calculated Var(U 4+ V') when n is some large number. The error is
denoted as .

= |Var(U + V) — Var(U + V). (2.36)

Proposition 2.2.3. Fiza,b € (0,1) and assume random vector (X,Y’) has U[0, 1] marginals.
Let F denote a subset [0,a] x [0,0] of [0,1]%, if we know (X,Y) has independence copula

C when (X,Y) = (Fx(X),Fy(Y)) € F. Then by Corollary 2.1.2, the upper bound of

Var(X +Y) is

2030 4a’h*  2a%b  4a?*B® 5a*V* ,  2ab’ s 1
—ab+ —— —ab” +

5 3 T3 T3 T3 3 Ty

Var(U +V) =
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a b €50 €500 €5000

0.11]0.3 0.0085 | 0.0032 | 0.0029
04 0.6 0.0149 | 0.0031 | 0.0015
0.51] 0.5 0.0137 | 0.0059 | 0.0001
0.9 1 0.63 | 0.0103 | 0.0078 | 0.0003

Table 2.1: Simulation error of Var(U + V') when (U, V) has copula B*:¢

where (U, V) has copula ATC with marginals U[0, 1]. Note that this is the improved Fréchet
upper bound as in Theorem 2.1.5.

Proof. From Equation (2.6), A”*¢ is defined as

AT (u,v) = min{u, v, (;Iyl)igf{(?(:ﬂ, y)+ (u—2)t + (v —y)"}} (2.37)

From Theorem 2.1.6, we know A7 is a copula since C' is a copula and area F meets the
sufficient conditions. Similarly,

Var(U + V) = 2B(UV) — ; (2.38)

and
1 1 1 1
E[UV] :/ / uvﬂ(u,v)efdudv+/ / ATC (u, V)L, vyer, dudv
o Jo 0o Jo
® ®

1 1 1 1
+/ / Af’c(u,v)ﬂ(u,v)e%dudv—l—/ / Af’c(u,v)]l(ujv)e%dudv.
o Jo o Jo

©) ®

(2.39)

We need to get the support set to simplify the expressions @) — @).
Similar to the proof in Proposition 2.2.1, the followings are three cases to simplify parts
© — @ respectively, treating C' as a general copula. Denote C(z,y) — (z —u); — (y —v)4

by G(z,y).

Case 1: (u,v) €U :
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This is when a < u < 1,0 < v < b. By Equation (2.3), G(z,y) can not achieve its mini-
mum at (u,v) = (x,y) since 0 < z < a. Fix y = v, G(z,y) = C(z,v) +u — z, its minimum
depends on the choice of C.

Case 2: (u,v) €Uy :
This is when ¢ < u < 1,0 < v < 1. As0 <z < 4,0 <y <b, we have G(z,y) =
Cz,y) +u—x+v—y. bG(x, y) depends on the choice of C.

Il gl St

Case 3: (u,v) €Uy :
This is when 0 < u < a,b < v < 1. Similar to case 1, (z,y) = (u,v) is not achievable. Fix
r=u, G(z,y) = C(u,y) +v —y.

Now we take C'(u,v) = wv as the independence copula. The support set is plotted in
Panel A of Figure 2.6, which is the same as the simulation result in Panel B of Figure 2.6.
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Panel A Panel B

Figure 2.6: Panel A: Plot of the support set. Panel B: Simulation of the support set when
a="b=0.5.

The detail in calculating the support set is as follows.
For A% when (u,v) € F, A7 (u,v) = C(u,v) = uv.

Case 1: (u,v) €U, :

Follows from the general case, we get A% (u,v) = min{u,v,or<ni£1 {zv +u — x}} =
min{u, v,av + u — a} = min{v,av + v — a} since aw + v —a <wu.
S0
aw+u—a if avt+tu—a<vo
Af’c(u7 U)H(u,v)eul - .
v if v<av+u-—a
(2.40)
1 if av+u—a<vw
— A,(v) = -
0 if v<av+u-—a.
Then
=2 qf t>0
v=A ) = ] (2.41)
0 it t=0.

When (u,v) € Uy, we have 0 < v < b, so0 < =2 <b=a<u<a+b—ab, since
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l—(a+b—ab)=(1—a)(l—0)>0,so0

a<u<l
a<u<a+b—ab =—>a<u<a+b-—ab. (2.42)
a+b—ab<1

So the support set here is Iy, == {a < u < a+b— ablv = ¥=2} and A" on U; is shown
in Figure 2.7.

(a,b)
avl+ u/— a
(a,0) 1.0)

Figure 2.7: Case 1: (u,v) € Uy

So
aw+u—a if a<u<a+b—ab =2 <v<Db
ATy (u,0) = v if a<u<a+b—ab0<o <4l (2.43)
v if a+b—ab<u<I1,0<v<h

Case 2: (u,v) € Uy :

Follows from the general case, we get

AT C(u,v) = min{u,v, min {rytu—z+v—y}} = min{u,v, ab+u—at+v—>}. (2.44)

L0V >
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Since

u if w<min{v,ab+u—a+v—>b}
AI’C]I(M)@,Q: ab+u—a+v—>b if ab+u—a+v—>b<min{u,v}
v if v <min{u,ab+u—a+v—>b} (2.45)
A () = 0 if v <min{u,ab+u—a+v—>b}
1 if o> min{u,ab+u—a+ v —b}.
which is
Ay(0) = 1 if v>u,v>a+b—ab or v<a+b—abu<a+b—ab (2.46)
0 if otherwise.
Then
if t>0,v> b—ab
v=A7 ) ={" " v=atoma (2.47)
0 if otherwise.

So the support set here lies on v = u when v > a + b — ab. When (u,v) € Uy, we have
b<v<l,a<u<1 Sincea+b—ab>aanda+b—ab > b, then the support set is
Ty, = {(u,v) € Up|v = u,v > a+b—ab} and A7 on Uy, is shown in Figure 2.8.

Figure 2.8: Case 2: (u,v) € Uz
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So

A}-’C]I(u,v)GUg (’LL, U) =

Case 3: (u,v) €Uy :

u
(%
(%

ab+u—a+v—>

if
it
if
it
if

a<u<a+b—aba+b—ab<v<1
at+b—ab<u<v,a+b—ab<v<1
a+b—ab<u<l,b<v<a+b—ab
v<u<l,a+b—ab<v <1

a<u<a+b—abb<v<a+0b—ab.
(2.48)

Follows from the general case, since v < ub+v — b for u € [0,a] and v € [b, 1], we get

APC(u,v) = min{u, v, Ogligb{uy +v —y}} = min{u, v, ub + v — b} = min{w, ub+ v — b}.
SYS

Since

which is

Then

So the support set here is [y, :=

Figure 2.9.

(2.49)
AFC () = u it u<ub+v-—>
ub+v—>0 if u>ub+v-—>
(2.50)
1 if < ub —b
. Au(v) _ I uvw<ub+wv
b if u>ub+wv—0,
1 if >u—ub+b
Ay =] T vEuTe (2.51)
b if v<u—ub+b.
—ub+b if t>0b
v Ay =yt (2.52)
0 if otherwise.
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{(u,v) € Us|v = u —ub+ b} and A”>C on Uy is shown in



JFout+b

(a,b)

Figure 2.9: Case 3: (u,v) € Us

So
U if 0<u<a,a+b—ab<v<1
AT N yyeuss (1, v) = { u if 0<u<®2b<v<a+b—ab
uwb+v—b if <u<agb<v<a+b—ab

In summary, A7 = wvlly vyer + AT

H(u,v)elxh + A]:’C

H(u,v)GUz + A]:’C

three terms are given in Equations (2.43), (2.48) and (2.53).

By Equation (2.39),

By Equation (2.43),

a+b—ab a+b—ab T—a
= / / (av + u — a)dvdu + / vdvdu + / / vdvdu
11* g‘ a+b—ab

b*(ab—a —b+1)

Booab® 1
—1 Ny + = — —
6(a Y(a+1) -|—6 5 +2
1, ab®>  ab® U b?
e R
R T R
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b ra 1
® = / / wvdudv = ~a?b?.
0o Jo 4

u—a

(2.53)

Iiuv)ers; and the last

(2.54)

(2.55)



By Equation (2.48),

a+b—ab 1 1 v
0 :/ / udvdu +/ / ududv
a a+b—ab a+b—ab Ja+b—ab

1 a+b—ab 1 1 a+b—ab ra+b—ab
[ edvdut [ [edudv+ [T [T b+ w— v — b)dedu
a+b—ab Jb a+b—ab Jv a b

- ;(a —1)*(b—1)bla(b—2) —b) — é(a —1)*(b—1)*(2a(b—1) —2b— 1)

+ ;(a — Da(b—1)*(a(b—1) — 2b) — é(a —1)%0b—-1>2*2a(b—1) —2b—1)

1
+ 5(@ — Da(b—1)b(a+b)
a*h®  a*b? @ a?b? B 1

2

2,2 @
T I/ S T
3 5 T g T 5t 2713

(2.56)

By Equation (2.53),

a 1 a+b—ab H a+b—ab ra
® = / / udvdu + / / ududv + / / (ub+ v — b)dudv
0 Jatb—ab b 0 b v=b
a3 2 3

<

1—-b
b @ d* a® @ ddb 1,
> T3 o tate T Tt Do+

6 3 6 2 2
Then
EUV)=0+0+O+®
_a’b? 2a3b2+a3b 2a2b3+5a2b2 a2b+ab3 a62+1 (2.58)
3 3 3 3 4 2 3 2 3’
SO
2¢303  4ab®  2a%b  4a*b®  5a*b? 2ab3 1
X+Y)= — — —a’b+ —— —ab® + -. 2.
Var(+)3 5 T3 3+2a+3a+3(59)

]

Example 2.2.4. To check this calculated variance of (U + V'), we fixed the same pairs of
a,b as in Example 2.2.2 and compare the theoretical variance with the simulated variance
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in Table 2.2.

a b €50 €500 €5000
0.110.3 0.0222 | 0.0093 | 0.0074

04106 |0.0319 | 0.0072 | 0.0020
0.5]0.5 |0.0240 | 0.0129 | 0.0011
0.9 { 0.63 | 0.0268 | 0.0030 | 0.0008

Table 2.2: Simulation error of Var(U + V') when (U, V) has copula A7¢

Corollary 2.2.5. (Variance bounds using improved Fréchet bounds)

Fiz a,b € (0,1) and assume random vector (X,Y) has U0, 1] marginals. Let F denote a
subset [0, a] x [0,b] of [0,1]2, if we know (X,Y) has independence copula C' when (X,Y) =
(Fx(X), Fy(Y)) € F. Then sharp upper and lower bounds of Var(X +Y) are as follows,

@_ZLW+@_2LW+SCL262 _a2b+a7b3_ab2+ab
3 3 3 3 2 3
<Var(X +Y) <
2003 B 4a3bQ+2a3b B 4a’b3 n 5a%b? I 2ab3 LA 1
3 3 3 3 2 3 3
Proof. This directly follows from Propositions 2.2.1, 2.2.3 and Corollary 2.1.2. O]
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2.2.2 When Knowing Dependence Structure on [0, a;] x [0, ;] and
[as, 1] x [bo, 1]

1
o
by

Us U, Us

by
-
u

0 o a2 1

Figure 2.10: When F = F, U F,

Remark 2.2.6. Fix al,bl,ag,bg € (0, ].) where a; < as, by < by. Let F = F; U JFy denote
a subset [0, a1] x [0,b1] U [ag, 1] x [bg,1] of [0,1]* (see Figure 2.10), let C(u,v) = uv be an

independence copula. From Equation (2.6) of Theorem 2.1.5, A*:¢ is defined as

ATC(u,v) = min{u, v, (;ryl)igf{C(x, y)+u—2)"+@w-—y)"}} (2.60)

Under this case, whether A7 is a copula depends on the choice of aq, by, as, by. For in-
stance, when a; = 0.1,b; = 0.2, a9 = 0.7,b, = 0.6, A”>C is a copula, see Panel A of Figure
2.11. When a; = 0.1,b; = 0.3,a5 = 0.6,b, = 0.5, A7¢ is not a copula, see Panel B of

Figure 2.11, where 808(5’”) is decreasing when v = 0.3. (See Equation (1.6) for details.)

33



Q=i

L L L L L H L L
0 01 02 03 04 05 06 0T 08 08 1 gl L L I
v 0.2 04 06 08 1

Panel A Panel B

Figure 2.11: Panel A: Simulation plot when a; = 0.1,b; = 0.2, a5 = 0.7, b5, = 0.6.
Panel B: Simulation plot of W when v = 0.3 where
a; = 0.1,b; = 0.3,a5 = 0.6, by = 0.5.

Following Remark 2.2.6, we give two conjectures which give weaker sufficient conditions
for A7¢ and B7* to be copulas.

Conjecture 2.2.7. Fiz aj,bi,as,by € (0,1) where a1 < ag, by < by. Let F = F; U Fy
denote a subset [0, a;] x [0,b1] U [az, 1] x [by, 1] of [0,1]%(see Figure 2.10), let C(u,v) be a
given copula. When

Cl(ag, ba) + Clay,by) > ay + byt

then A7C (see Equation 2.60) is a copula.

Conjecture 2.2.8. Fiz aj,by,as,by € (0,1) where a1 < ag,by < by. Let F = F1 U Fy
denote a subset [0,a1] x [bg, 1] U [ag, 1] X [0,b1] of [0,1]* (see Figure 2.12), let C(u,v) be a
given copula. When

as + by > C(ay, be) + Clag, by) + 1,

then B”C (see Equation 2.12) is a copula.

!This actually comes from the condition to make Figure 2.18 a valid plot.
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0 m %) 1

Figure 2.12: When F = F; U F,

2.3 Upper and Lower Bounds of Var(X + Y) Using
Bernard and Vanduffel [2014]

The following proposition will be used in both Sections 2.3 and 2.4.

Proposition 2.3.1. Given random variables (X,Y") having U[0, 1] marginals, let Is be the
indicator variable corresponding to the event (X,Y) € S, assume that we know the copula of
(X,Y) on area F C [0,1]? and conditional distributions Fx|xyyeu;» Fy|xvyeu;,t = 1,...,m
where each U; C [0, 12, U, U; = [0, 1\F, Ui "U; = 0,1 # j. Then we have the following
convex order bounds:

Ir(X +Y)+ Z]Iui (F§\1(X7Y)eui(U) + F;\l(xy)eui(l B U)) S X +Y

i=1
e IF(X +Y) + 3 Ty, (Fxjixvyen (U) + Fritxyyan(0))» (261)
i=1
where U ~ U|0, 1] is independent of all 1,1y, i =1,...,m.

PT’OOf. Let F := {(X, Y) € ./_"}, Ul = {(X, Y) € Z/{Z}, G2i71 = FX|U¢7G21' = Fy|Ui,i =

1,...,m.
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For any convex function v(z) and each ¢ = 1, ..., m, by Theorem 1.2.11,
E(u(GyL,(U) + G (1 = U))) < BE((X +Y)|U;) < E(v(G3L1(U) + Gy (UV))). (2.62)
Since U; and U are independent, this is just,

E(u(Gyly(U) + Go' (1 = U)|Ui) < BE(u(X +Y)|U;) < E(v(Gy,L,(U) + G (U))|U)).
(2.63)

Then

m

E(@(X +Y)) = E@X +Y)|F)P(F)+ > E@(X +Y)|U)PU;).  (2.64)

i=1

Since we have

E((Ir(X +Y) + 3 Lu(Goy(U) + G5 (1 — U)))

=1

—ELAX + ) + 3 LG54 (U) + G~ U)IFIP(E)
+§:E (I7(X +Y) +Z]Iu L(U)+ G = 0)|U)P(U)
~E((X +V)IF)P(F) + 3 B0(G5 (0) + Gl (1= D)V P

and similarly,

m

E(u(Ix(X +Y) + Zﬂui(Gz_il(U) + Gy (U))))

=E(X +Y)|F)P(F) +ZE (U) + Go (O)|U)P(Uy).
Then by Equations (2.63) and (2.64),

E(F(X +Y)+ iﬂui(Giil(U) +Gy (1=1)))) S E@(X +Y)) <

i=1

BO(IAX + V) + 3 Lu(Gol 1 (U) + G (U))

i=1
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So we get Equation (2.61). O

Remark 2.3.2. Note in Equation (2.62), the inequality is a result of Theorem 1.2.11, but
not of Proposition 2 from Kaas et al. [2000].

The following proposition is inspired by Bernard and Vanduffel [2014].

Proposition 2.3.3. Fiz some 0 < a <1 and 0 < b < 1 such that F = [0,a] x [0,b] and
U =1[0,1>\F (See Figure 2.13).

Figure 2.13: When F = [0,a] x [0,b] and U = [0, 1]*\F

We have the following assumptions:
1. XY are two random variables follows Fy and Fy distributions where F;,i = 1,2 are
U|0, 1] distribution,
2. pp:=P(X,Y) € F), hence p, .= P((X,Y) € U) is also known as p, =1 — py;
3. The conditional distribution (X,Y)|(X,Y) € F is known, denote

H(Q?,y) = F(X7y)|(X7y)€]:(.T,y) = P(X S .ﬁI?,Y S y‘(X, Y) € .F), (265)

4. U is a standard uniformly distributed random variable and is independent of the event
(X,Y) e F;

For some x € [0,1], denote

Gl(.CC) = FX‘(X7y)€u(.CL’) = P(X S LE|(X, Y) < Z/{),
Ga(x) := Fyjxyyeu(z) == P(Y < z|(X,Y) € U).

(2.66)
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We assume 1,2,3,4, bounds on variance are

Var(I(X+Y)+(1-I)(G; 1 (U)+G5 1 (1-U))) < Var(X+Y) < Var(I(X+Y)+(1-1)(G; 1 (U)+G5 1 (U)))
(2.67)

where 1 is the indicator variable corresponding to event “(X,Y) € F” as

I:=Iixy)er
and G, Ga, G711, G5t are computed in Lemma 2.3.8.

Remark 2.3.4. If we change the marginal distributions Fj, F5 of X and Y, we can still
get bounds on variance following the similar technique in Proposition 2.3.3.

Remark 2.3.5. Though G; and G, (see Equation (2.66)) are defined as distributions
conditioned on (X,Y) € U, G; and G2 do not depend on the copula between X and Y/,
where (X,Y) € U (see Lemma 2.3.8).

Before proving Proposition 2.3.3, we use the following proposition to show that the
assumptions are equivalent to the assumptions imposed on Proposition 2.2.5 in Section
2.2.

Proposition 2.3.6. Given Figure 2.13, under assumptions 1,2 of Proposition 2.5.3, fixing
the conditional distribution of (X,Y)|(X,Y) € F (denoted as H(z,y), see Equation (2.65))
is equivalent to fixing the copula C of (X,Y) € F.

Proof. “ =7 When (z,y) € F,0 <z <a,0 <y <b, then

_PX <23,V <yX<aV<bh PX<2Y<y OOy
Hw.y) = P(X,Y) € F) - P(XY)eF)  opp 269

So C(x,y) = psH(z,y), (z,y) € F.
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“< 7 1If X, Y has fixed copula C when (X,Y) € F, by Equation (2.68),

C(z,y) ifr<ay<b
Opfb
(z,b) ifr<a,y>b
H = 4
(z,y) C(a,y) if x>a,y<b
Cpfb
M if z>a,y>b,
by

which means H is fixed.

(2.69)

O

Corollary 2.3.7. Given Figure 2.13, assumptions 1,2,3,4 in Proposition 2.3.3 are equiv-

alent to assumptions in Proposition 2.2.5 on producing the bounds on variance.

Proof. This follows directly by using Proposition 2.3.6.

Now we prove Proposition 2.3.3.

Proof. (Proof of Proposition 2.3.3) Let F' := {(X,Y) € F},F° := {(X,Y) € U}. By

Proposition 2.3.1, take m = 1, v(z) = 2%, we have
E(I(X+Y)+ (1 -D(GT(U) + Gy (1-0))*) S B(X +Y)*) <
E(I(X +Y) + (1 - D)(GT'(U) + G5 (U)))*).
Since GT(U) ~ Gy = Fy|pe, G5 (U), G5 (1 = U) ~ Gy = Fy|p,
E(X|F*) = E(G{'(U)), E(Y|F?) = E(Gy'(V)) = BE(Gy' (1 - U)).
So

EX+Y)=EX+Y|F)ps+ E(X +Y\FC)(1 — py)
= B(X +Y|F)py + E(GT'(U) + Gy (U)|F*)(1 — py)
= E(X +Y|F)ps + E(GT(U) + GT(1 = U)|F°)(1 — py)
=E[I(X +Y)+ (1 -D)(G" ) G W)
= B(I(X +Y) + (1 -D)(GT'(U) + G3' (1 = U))).

AA

+
+
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By Equation (2.3), we get inequality (2.67). ]

Now we calculate the variance bounds Var(I(X +Y) + (1 = 1)(GyH(U) + G5 H(1 = U)))
and Var(I(X +Y) + (1 = I)(G;*(U) + G51(U))) in Proposition 2.3.3.

Lemma 2.3.8. Given Figure 2.13, we assume 1,2,3,4 in 2.3.3. For x € [0, 1],

z—C(z,b)
Gr(z) = { 1-Ctan  When T =a (2.70)
f:gézg when = > a
and
z—C(a,z) 5 <b
Gao(x) = {;_2&"2 e = (2.71)
—Clab) when x> b.
Fory € [0,1],
Gii(y) = inf{O<z<a:z-C(x,b) =yp,} when y<Gi(a) (2.79)
! Ypu + Dy when y > G1(a)
and
Gl(y) = inf{0 <y <b:z—Cla,x) =yp,} when y < Ga(b) (2.73)
? YPu +pf when y > Gg(b),

where C(x,y) = prH(x,y). (See Remark 2.3.6.)

Proof. First, py = P(X < a,Y < b) = C(Fi(a), F5(b)) = C(a,b). Sop, =1 —ps =

1—C(a,b).
For z € [0,1],
G _PX<z,(X,)Y)elU) w::@) when z <a
1(17) - P((X, Y) c u) - P(Xga,Yzb)+I;(1La<X§x,0§Y§1) — @ when 7> a.

(2.74)
The two cases are shown in Figure 2.14.
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0 z<a 1 0 a<x 1

Figure 2.14: Graphs on calculating G

When z < a,
o P(X <z)-P(X <Y <b) Fi(z)— C(Fi(x), F5(b))
B 1—py N 1—py
2= C(ab) (2.75)
1-C(a,b)
When z > a,
_P(X<a)-PX<a,Y <b)+Pla<X <)
@ = 1—C(a,b) (2.76)
_a—Cla,b)+r—a x—Cla,b) '
B 1—C(a,b)  1-C(a,b)’
So

Gl ({L‘) =

a
a
a

{wc(x’b) when z <a
1—

1-C(ab) 2.77
- (( ’Z) when x> a. ( )

)
On the other hand, for a fixed x € [0, 1]

G _P(YS.%‘,(X,Y)EU)_ W:5@ when J,‘Sb
2(7) = P(X,Y)eU)  |DBUbX2a+POV<e0SX<) @y when 2> b
Pu ’ '

(2.78)

The two cases are shown in Figure 2.15.
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0 z<a 1 0 a<x 1

Figure 2.15: Graphs on calculating G

When z < b,
® - PY <z)-P(X <aY <zxz) Fz)-C(Fi(a), Fa(z))
1 —=py L=py
_z—C(a,n)
1-C(a,b)’
When z > b,
@ PYSD-PX<aY<h+Ph<y<u)
B 1—C(a,b)
_b—C(a,b)+x—-b x—C(a,b)
B 1—C(a,b) 1—-C(a,b)’
So

1-C(a,b)
z—C(a,b)
1-C(a,b)

Gy(x) =
2(2) when 2z > b.

{IC(“’I) when z <b

(2.79)

(2.80)

(2.81)

To calculate G;*(U) for i = 1,2, first fix y € [0,1], take i = 1, look at the generalized
inverse G7'(y) = inf{0 < x < 1: Gy(x) = y}. Since G, is a distribution function, it

a—C(a,b)
1-C(a,b)’

is non-decreasing in z, and Gi(a) =

y < Gi(a) and y > Gy(a).

42

we can now divide G7'(y) into two cases:



So

1-C(a,b)

inf{l >z >a: f:ggggg =y} when y > Gi(a)

. << g z—C(z,b) _ <
Gri(y) = {mf{() <z<a: y} when y < Gi(a)

(2.82)
_ inf{O<z<a:z—-C(z,b) =yp,} when y<Gi(a)
— ) = 1
Ypu + D when y > Gy(a).
By symmetry,
B inf{0 <y<b:z—C(a,x) =yp,} when y < Gy(b)
Gy'(y) = : (2:83)
YPu + Py when y > Go(b).
0

Then we calculate bounds on variance assuming C' is the independence copula.

Lemma 2.3.9. Given Figure 2.13, we assume 1,2,3,4 in Proposition 2.5.3, take C(u,v) =
uv the independence copula, then

Var(GE (U 4+ GE (1 — 1) = a?b?((4 — 3b)b + a®(—3 + 8b — 4b%) + 2a(2 — Tb + 4b?))

12(ab — 1)2
(2.84)
and
a*b42a3(b-1)b+a2b?~2a(b*+2)+4  (a2btab?—2)” ,
— if a<b
Var(G(U) + G5 (0)) = { Y -
ab*+2ab®(a—1)+a>b*—2b(a°+2)+4 a ao”— .
3(b—1)(ab-1) ~ @ 2a2 if a> b(.2 .
Proof. When C(u,v) = uv, then from Lemma 2.3.8,
r—xb
when z <a
Gi(z) = 17 - (2.86)
gl”:gg when z >a
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r—ax h < b
Ga(z) = {l—ab VIR = (2.87)

”1”:22 when x > b.
For y € [0, 1],

y(l—ab) when y < Gi(a)

Gllly) =4 . (2:88)
y(1 —ab) +ab when y > Gi(a)
y(l=ab) when y < Gy(b)

Gyl =1 o (2.89)
y(1 —ab) +ab when y > Gy(b).

We calculate Var(G7'(U) + G5 ' (1 — U)) first. Since

Var(GyH(U) + Gy (1= V) = E[(GyH(U) + Gy (1= U))*] = (B[Gy 1 (U)] + E[Gy ' (1= U)))*

(2.90)
and
/ GiH(u) - 1du
2.91)
Gi(a 1 — ab 1 (
= 1- .
/ — ul=ab) [ [0 = ab) - ablu
Since G1(a) = =2,
= u(l —
Equation (2.91) :/ - ﬁdu —|—/ u(1 — ab) + abldu
0 _
2 2 _
_ a“b _ a i CL ]. (292)
2ab—2  2ab—2  2ab-—2
_a’b—1
" 2ab— 2
By Equation (2.89),
(-w)l-ab) h >1—Go(b
Gil(l—u)={ 1@ when = 2(b) (2.93)
(1 —u)(1—ab)+ab when u<1—Go(b).
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So

E[G; (1 —-U)] :/01 Gy (1 —u) - 1du

2.94)
1—Ga(b) 1 (1 —u)(1 — ab) (
- 1—u)(1— .
/0 (U= w1 =ab) +abldut [ [
Since Gy (b) = =2
_ S t (I —u)(1—ab)
Equation  (2.94) _/O [(1— u)(1 — ab) + abldu + /1—i:zi;[ e du
el S Gt (2.95)
2ab — 2 2ab — 2
Cab* -1
2ab—2’
1
Bl (U) + Gy (1= )] = [ 67 (w) + G5 (1 — ) *du. (2.96)
Since ) 1 b
a—a —
G1<CL) 1—ab—=1—ab 1 GQ(b), (2 97)
then
“(%Zb)—l—(l—u)(l—ab)jtab if u<Gi(a)
Gyl (uw) + Gy (1 —u) = u(l — ab) + ab+ (1 — u)(1 — ab) + ab if Gi(a) <u<l1
u(1 — ab) + ab 4 1=20=ab) if 1—Ga(b) <u
abQu_bEul—’_b_l 1f U S Gl (a)
(et tau—1 if 1-Ga(b) <u.
(2.98)
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So Equation (2.96) =

Gi(a) 2, — 1-Ga(b) 1 2(p — —1
/ <abu bu+b 1)2du—|—/ (1 + ab)?du + (a (b —bu) + au V2du
0

b—1 G1(a) 1—G2(b) a—1
a(b—1)(a** +3ab+3) (a—1)(b—1)(ab+1)* N (a — 1)b (a®* + 3ab + 3)
3ab —3 ab—1 3ab —3
a?(—(b—2))b* + a®b (26> —3b+3) + 3a(b—1)b— 3
- 3ab— 3 .

(2.99)
So

Var(G;1(U) + G5 (1 — U)) = Equation (2.96) — (Equation (2.92) 4+ Equation (2.95))?
a?b*((4 — 3b)b + a*(—3 + 8b — 4b?) + 2a(2 — Tb + 4b2))
a 12(ab — 1)2

(2.100)

Then we calculate Var(G7(U) + G5 H(U)).
Since

Var(GH(U) + G5 1(U)) = E[(G(U) + G5 (U))*] = (E[GTH(U)] + E[Gy 1 (U)])?, (2.101)

and by Equation (2.92), we already know

(2.102)

By Equation (2.89),

/ - 1du

(2.103)
= u(1 — ab) + ab] du+/

sz)ul—ab)

|du.
1—a
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Since Gy(b) = =%

1—ab’

1

Equation  (2.103) = / w(1 — ab) ﬂ

l1—a

lfab
-1  (a—1)b
= +
2ab — 2 2ab — 2
Cab* -1
-~ 2ab—2’

and

BIGT(U) + G5 ()] = [ 16 () + G5 (u)du

The value of Gi'(u) + G5 ' (u) depends on whether a < b or a > b.

Case 1: a <)
As b b—ab
a—a —a
—= < =
Gila) l—ab ~ 1—ab G2(0);
then
“(}jj:b) + u(ll_sb) if u<Gi(a)
Gil(u) + Gy (u) = (1—ab)+ab+ 1 ab) if Gi(a)<u<G
2u(1 — ab) + 2ab if Gy(b) <u
== it u<Gia)
= —abu—i—uabl—i—ab—l—u if Gi(a) <u<@G
—2abu + 2ab + 2u if Ga(b) <.
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So Jo[GT (u) + G7 ' (w))du =

2d —ab
(a—1)(b—1) Jdu+ G’l(a)( avut a—1

/Gl(a) u(a+b—2)(ab—1) Ga(b) u(ab—1)
0

1
+ (—2abu + 2ab + 2u)*du

Ga(b)
_dP(b—1)(a+b—-2)*  3a’0®+3(a—2)a’b+ (a — 2)%a® 4 ((10 — Ta)a — 4)b°
~ 3(a—1)%(ab—1) 3(a —1)2(ab—1)
A(H = 1)
3ab — 3

_a'b+2aP(b—1)b+ a®b® —2a (VP +2) + 4
B 3(a—1)(ab—1) '

So

(2.108)

Var(G;1(U) + G5 1(U)) = Equation (2.108) — (Equation (2.92) + Equation (2.104))?

Ca'b+2a*(b—1)b+a’h® —2a (B +2)+4  (a®b+ab? —2)°

3(a—1)(ab—1) (2 — 2ab)?
Case 2: b<a
As b b—ab
a—a —a
— > fd
Gi(a) 1l—ab ~ 1—ab G(0).

then

Hebt L e if < Ga(b)

Git(u) + Gy (u) = L u(l — ab) + ab + =00 if  Ga(b) <u<Gila)
2u(1 — ab) + 2ab if Gi(a) <uw
e if < Gy(h)
= { 2z 4 g if Go(b) <u < Gi(a)
—2abu + 2ab + 2u if Gi(a) <wu.
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So Jo[GT (u) + G7 ' (w))du =

G2(0) u(a+b—2)(ab—1), Gi(a) (b—2)u(l — ab)
/0 S P T Put [

G (b) b—1
+ (—2abu + 2ab + 2u)*du
Gi(a)

(a—1)b(a+b—2)

+ ab)?du

a® (—=7b* +10b — 4) + 3a?b® + 3a(b — 2)b* + (b —2)%0*  4(a®—1)

 3(b—1)2(ab—1) 3(b—1)%(ab—1) M-
_ab* +2ab’(a — 1) + a®b* — 2b(a® 4 2) + 4
B 3(b—1)(ab—1)

(2.112)

So

Var(G7H(U) + G5 1(U)) = Equation (2.112) — (Equation (2.92) + Equation (2.104))?
_ab' +2ab%(a — 1) + a’0® = 2b(a® +2) +4  (a®b+ab® - 2)?

3(b—1)(ab—1) (2 — 2ab)?
(2.113)
In summary,
2
1 1 a4b+2a3(b;l)b—&;aQbZ—fa(b:”—&—Q)—&—él B (a21;+c;b2b—22) i oa<b
Var(GU) + G ) = { e T
ab®*+2ab’(a—1)+a°b”—2b(a°+2)+4 a ao” — .
3(b—1)(ab—1) T T2 2ab)? if az(b2. 114)
m
Proposition 2.3.10. (Minimum Variance)
Given Figure 2.13, assuming 1,2,3,4 in Proposition 2.5.3, if we take C(u,v) = uv, the
independence copula, then the lower bound of Var(X +Y) is:
Var (I(X +Y) + (1 - D)(Gy (V) + G5 (1 - U)))
v 2a°0*  aPb 240 3d%V? 5,  ab®
=— - — - —a*b+ — —ab® +ab, (2.115
3 3 + 5 3 + 5 a“b+ 5 ¢ +ab, ( )

where U, G, Go, 1 are defined in Proposition 2.5.35.
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Proof. Denote A := G7'(U), Ay := G3'(1—U), from Proposition 2.3.3, we know Var(X +
Y) > Var(I(X +Y) + (1 —I)(A; + Ay)). So we only need to prove

Var(I(X +Y) 4+ (1 = I)(A; + Ay)) (2.116)
av®  2a3* @b 247 3a*D* ,,  ab® )
_G_cay a0 2y - o . 2.11
3 3 + 5 5 + 5 a“b+ 3 ab® + ab (2.117)

Denote (I(X +Y) + (1 —I)(A; + As)) := Z, then by the conditional variance formula,

Var(Z) = E[Var(Z|)] + Var[E(Z]|I)].

And
X+Y|I=1
Zp= XY (2.118)
Ay + Aol =0.
So
EZIIl=1=EX+Y|(X,Y) e F). (2.119)
To calculate Equation (2.119), we need to know the distribution of X|(X,Y) € F and
Y|(X,Y) € F.
For any = > 0,
PX<zY<b)
. _PX <z (XY)eF) |PX<av<p = =1
X|(X,Y)ef(56) = P((X, y) c ]:) - P§X <a,Y < b; ¢
if z>a
P(X <a,Y <) (2.120)
br )
— =— it z<a
=qab a
{1 it x> a.
So X|(X,Y) € F follows U[0, a]. Due to symmetry, Y|(X,Y) € F follows U|0, b].
S0 ;
Equation (2.119) = E(X|(X,Y) € F) + E(Y|(X,Y) € F) = S + . (2.121)
Since when (X,Y) € F, (X,Y) follows independence copula,
a’ b?
Var[Z|T = 1] = Var(X+Y|(X,Y) € F) = Var(X|(X,Y) € F)+Var(Y|(X,Y) € F) = ITRETE
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As U is independent of I, then A; = G7'(U) and Ay = G5'(1 — U) are independent of I,
by Equations (2.91) and (2.94),

E[Z|T = 0] = B(A; + A5[T = 0) = E(A; + Ay) =

by Lemma 2.4.2,

a’b + ab* — 2
2(ab—1) ~’

Var[Z|I = 0] = Var(A; + Ayl = 0) = Var(A4; + Ay) = Equation (2.100) := $.

And

So

a?® + b?
12
a® + b?
12

2 b?
T ab+ (1 - ab)(©)

ab (4a3(b — 1)2b — a2 (8 — 1462 + 4b + 1) + da(b — 1)b* — ?)
12(ab — 1) '

PI=1)+ ()P =0)

(2.122)

a—+b a’b 4 ab®> — 2
Pl=1)+ 2T "=
=D+

a+b a’b+ ab® — 2 (2.123)
— I f '
plab)+ 2(ab— 1) (1= ab)

E[E[Z|T]] = P(I=0)

Var(E(Z|I)) = E[E*(Z|D)] — E*[E[Z|1]

_ <a§b>2 PI=1) + <ag(:baf1_>2>2 - P(I=0)—1° (2.124)

ab(a + b — 2)?
4ab — 4
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We add Equations (2.122) and (2.124) together to get the answer,

a*b®  2a30?  adb 24 3a2b? ab?
Var(Z) = —— — — = —a*b+ — — ab® + ab. 2.125
ar(Z) == 3 T3 T3 T Tettgoarta (2.125)
This is the same equation as Equation (2.35). ]

Proposition 2.3.11. (Mazimum Variance)
Given Figure 2.13, assuming 1,2,3,4 in Proposition 2.5.3, if we take C(u,v) = uv, the
independence copula, then the upper bound of Var(X +Y) is:

_a3(b72)b+3a2b272a(b3+1)+2 if a<b
Var (IX +Y) + (L= DG 0) 4 G5 0D) =4 o s wareyen oo
- 6(6—1) if a=b,
(2.126)

where U, Gy, Ga, 1 are defined in Proposition 2.3.3. The two equations above can also be

written as

(min(a, b))?(max(a,b) — 2) max(a,b) + 3a*b* — 2min(a, b)((max(a,b))® + 1) + 2
6(min(a,b) — 1) '

(2.127)

Proof. Denote B := G{*(U), By := G3*(U), from Proposition 2.3.3, we know Var(X +
Y) < Var(I(X +Y)+ (1 —I)(B; + By)). So we only need to prove

Var(I(X +Y) + (1 = 1)(B1 + By)) (2.128)
a3(b— a2b2—2a( b3
b 2)b+36(2_1)2 (b3+1)+2 it a<b
- b3(a—2)a+3a202-2b(a®+1)+2 (2.129)
- 66-1) if a>0b.

Denote (I(X +Y) + (1 —I)(By + Bs)) := Z, then by the conditional variance formula,
Var(Z) = E[Var(Z|I)] + Var[E(Z|I)].

And

X+Y[I=1
Zu= XY (2.130)
By + By|l = 0.
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From proof in Proposition 2.3.10,

a+b

EZl=1] = 5 (2.131)
and 2 | g2
a“ 4+
Var[Z|l = 1] =
arZl = 1) = ¢

As U is independent of I, then B; = G;*(U) and B, = G5 *(U) are independent of I, by
Equations (2.92) and (2.104),

a’b + ab® — 2

BZ|1=0) = E(By + Bl = 0) = B(By + Ba) = — (55

When a < b, by Lemma 2.4.2,

Var[Z|l = 0] = Var(B; + By|l = 0) = Var(B; + By) = Equation (2.109) := <.

So
E[Var[Z|I]] = a2;;b2P(]I — 1)+ (O)P(I = 0)
= a2;;b2pf + ()pu
_ “21+2b2ab+ (1= ab)($)

a*h (—20* + 4b + 3) + a3b (—6b* + 8b — 19) + ab (40 + 3b* — 12b + 28)
12(a — 1)(ab — 1)
a (Tb* — 1262 + 160+ 4) — 4
12(a — 1)(ab — 1)

(2.132)

And from proof in Proposition 2.3.10,

ab(a + b — 2)*

2.133
4ab — 4 ( )

Var(E(Z|l)) = —
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We add Equations (2.132) and (2.133) together to get the answer,

b—2)b+3a%* —2a (V> +1)+2

Var(Z) = o

2.134
6(a —1) ( )
Similarly, when a > b,
—2(a®+1)b+ 3a*b* + (a — 2)ab® + 2
Var(Z) = — 6(b—1) . (2.135)
In summary,
_ a®(b—2)b+3a%b*—2a(b3+1)+2 i a<b
Var(I(X +Y)+ (1 = 1)(B; + By)) = b3(a—2)a+3?1(20;7;i)2b(a3+1)+2 . - (2.136)
— 501 if a>0b
O

This is different from Equation (2.59).

Corollary 2.3.12. (Variance bounds using Bernard and Vanduffel [201}]) Given Figure
2.13, assuming 1,2,3,4 in Proposition 2.5.3, if we take C(u,v) = wv, the independence
copula, then upper (sharp) and lower bounds (not sharp) of Var(X +Y) are as follows,
373 372 3 213 272 3
a3b_2a3b+c%b_2agb+3a2b —aQb—l—ag—ab2+ab§Var(X—|—Y) <
(min(a, b))®(max(a,b) — 2) max(a, b) + 3a*b* — 2min(a, b)((max(a,b))® + 1) + 2
B 6(min(a,b) — 1) '

(2.137)

Proof. This directly follows from Proposition 2.3.3, 2.3.10 and 2.3.11. O

2.4 Improved Upper and Lower Bounds of Var(X +Y)
Using Convex Order Bounds

From both the theoretical result (see Equations (2.3.10) and (2.3.11)) and the simulation
details (see Sections 2.7.2 and 2.7.3 of Appendix 2.7), the lower variance bound derived
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using Bernard and Vanduffel [2014] is sharp but the upper bound is not (see Corollary
2.3.12). So now we propose another method using convex order bounds and call it improved
bounds, which give sharp bounds on variance.

Proposition 2.4.1. Fiz some 0 < a < 1 and 0 < b < 1 such that F = [0,a] x [0,],
U = [a,1] x [0,b], Uy = [a,1] x [b,1] and U3 = [0,a] x [b,1]. We have the following
assumptions:

1. X, Y are two random variables following U|0,1];

2. (X,Y) has copula C' on area F;

3. U is U0, 1] independent of events “(X,Y) € F,(X,Y) € U;,i =1,2,3".

For some x € |0,1], denote

Gai-1(2) == Fx|x,v)ey, (1), G2i(x) == Fy|x,y)eu, (®),1 = 1,2,3,

then bounds on variance are

Var(I(X +Y) + ZS:]IL,Z.(GJI(U) + Gy (1-U)) < Var(X +Y) <
Var(I(X +Y) + ZS: Ly, (Got (U) + G (U))  (2.138)

i=1

Proof. The proof is similar with the proof in Proposition 2.3 just by replacing m = 3. O

Assume we know how the masses are distributed on area [0, 1]?\F, then we calculate
these improved bounds under special case.

Proposition 2.4.2. (Minimum Variance) Given Figure 2.16 and assumptions in Propo-
sition 2.4.1, if we take C as the independence copula, then

3

Var (H;(X +Y)+ > Ly (Gt (U) + G3H (1 — U)))
=1

a*bd  2a%b% ddb B 2a2b3

N N 3a0*  , ab’
3 3 3 3 2

a“b+ 3 ab® +ab, (2.139)

which is the same as Equation (2.35), where U ~ U0, 1].
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to

Figure 2.16: When F = [0, a] x [0, b]

Proof.

P(XSCC,tng,YSb)_.T—tl
Pla<X < Y<b  b—ab

Gl(a:) = FX|(X,Y)€L{1 (:C) = if a S xr S Ifl. (2140)

Since G(t;) must be 1, we get t; =1 — b+ ab. So G7*(u) = u(b — ab) +1 — b+ ab.
Similarly,

PY <z,a<X,Y<b) z-—ax

x .
GQ(Z‘) = Fy‘(X7y)Eu1(l‘) = =—ifz S b, (2141)

Pla<X,Y<b)  b—ab b
so Gy '(u) = ub.
PX<z,a<X)Y >t T —a
Gale) = Fxonmeuslo) = 0 p SR R

so G3'(u) = u(l —a — b+ ab) +a.

Pla<X<t),b<Y <z) x—0b
Pla< X,b<Y) “l-a—b+ab

when z < t,,

(2.143)

Gi(x) = Fy|(xy)ew(z) =
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so Gyl (u) =u(l —a—b+ab) +b. When x = ty, G4(ty) = 1,50 ty = 1 — a + ab.

PX<z,X<ab<Y) zxz—-br =x

Gsle) = Fxiconan(@) = PX<ab<Y)  a—ab a

so G5 (u) = au.

Pty <Y <z, X<a) z—(1—a+ab)
Go(r) = Frixyyens () = P(X <a,b<Y) B a — ab ’

so Gg'(u) = u(a — ab) + 1 — a + ab.
For convenience, denote Ay;_; := G5t 1 (u), Ag; == G (u),i=1,2,3.
Define another random variable T" such that,

Lif Iy =1
9, =1

/A Bl
3if T, — 1
4ifTy, = 1.

(2.144)

(2.145)

(2.146)

Denote Z = Ix(X +Y) + Iy (GTH(U) + G5 (1 — U)) + Iy, (G3H(U) + GyH(1 - U)) +

I, (G5 (U) + Gg'(1 = U)). Then Var(Z) = E(Var(Z|T)) + Var(E(Z|T)).

And the distributions of (X,Y)|(X,Y) € F are computed in Proposition 2.3.10, thus

E(Var(Z|T)) Z P(T = i)Var(Z|T =1)

= abVar(X +Y|(X,Y) € F)+ (b—ab)Var(A; + A|(X,Y) € Uy)

+ (1 —a—0b+ab)Var(As + A4|(X,Y) € Us) + (a — ab)Var(As + Ag|(X,Y) € Us)

1 35 a’b? N a’b n a’b? N ab?
= ——Q —_— —_— —_— -
6 12 12 0 12 127
2
Var(E(Z|T)) ZP =i)E*(Z|T = i) — <ZP Z|T—z)>
3b3 3a30*  aPb  3a*D? 3a262 o2 ab® 9
=y T4 Tq g Tg mebh o mabdab
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So

a*b®  2aP0?  aPb 2a%b®  3a’b? ab?
Z)=——— e —a*b+ — — ab® + ab.
Var(Z) 3 3 + 5 3 + 5 a“b+ 5 +a
This result is the same equation with lower bound of Var(X +Y) when using the improved
Fréchet lower bound (Equation (2.35)). O

Proposition 2.4.3. (Mazimum Variance) Given Figure 2.17 and assumptions in Propo-
sition 2.4.1, take C as the independence copula, then
> _2d°0° 4aV? 20°b 4a?b® 5a’b? 2ab* 1

[r(X+Y I, (Gt o P+ —ab? =
Var(lr (X4 )+ 30T (Gl (U)+ G5 (0) = Z7 = S =S S0 b S —ab e,

which is the same as Equation (2.59), where U ~ U0, 1].

(%
1 =— Z51—>
U
b 2 lo
1
u
0 a 1

Figure 2.17: When F = [0, a] x [0, b]

Proof. Based on Figure 2.17, note here G} is different from the G; in the proof of Proposition
2.4.2.
PIX<z,a<X<t,Y<b) x-—

a .
G1<I) = FX|(X7Y)EL{1(I> = _P(a <_X Y_< b) — = b—ab if a S T S tl. (2149)

Since G (t;) must be 1, we get t; = a + b — ab. So G (u) = u(b — ab) + a.
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Similarly,

Gz(ﬂﬁ) = FY\(X,Y)eul(I) =

so Gy '(u) = ub.

PX<z,t <X)Y>t) x—a—b+ab

so G3'(u) =u(l —a—b+ab) +a+b— ab.
r—a—b+ab
_ A _ 2.152
G4<‘CE) Y|(X,Y)€Z/{2($) 1 —a— b+ ab’ ( 5 )
so Gy (u) =u(l —a—b+ab) +a-+b— ab.
PX<z,X<a,b<Y <ty) xz—br =
G5(£L') Xl(va)EMS(:E) P(X S a,b S Y) a — ab a’ ( 53)
so G5 (u) = au.
r—2b
Go(z) = Fyjxyyeus (z) = w—ab (2.154)
so Gg'(u) = u(a — ab) + b.
For convenience, denote A4; :== G;*(u),i = 1,...,6.
Define another random variable T" such that,
1ifTr =1
2if Iy, =1
T={°" (2.155)
3if Iy, = 1
4if Iy, = 1.

Denote Z := Ir(X + V) + 1y, (GT(U) + G5 (U)) + L, (G5 (U) + GTH(U)) + Ty (G5 (U) +
Gg'(U)). Then Var(Z) = E(Var(Z|T)) + Var(E(Z|T)).
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And

E(Var(Z|T)) Z P(T = i)Var(Z|T =)

= abVar(X +Y|(X,Y) € F)+ (b—ab)Var(A; + A|(X,Y) € Uy)
+ (1 —a—20b + ab)Var(A3 + A4|(X, Y) € Z/{z) + (a — ab)Var(A5 + A6|(X, Y) € Z/[g)
a*b®  7a’b*  5adb Ta?b? 5ab? 1

= — — 2?2 — 3a%b 24 " _3ab®+ 3ab — W —b+ =
5 B + B B + 3a 3a°b+ a” + B ab” + 3a a+ +3,

(2.156)

Var(E(Z|T)) ZP =\)E*(Z|T =1i) — E*(2)

3b3 3a30>  a®b  3a?V®  a®V? ab?
= — — — - — —— 4+ 2d%— 2ab* — 3ab —b* 4 b.
5 1 + 1 1 5 + Ve + 2a ab+a +
(2.157)
50 2630 4a’h*  2a%b  4a*B® 5a*V* . 2ab® s 1
Var(Z) = - - —a’b+ T —ab® +
ar(Z) = =3 33 3 T3 TN T3
This result is the same equation with upper bound of Var(X +Y’) when using the improved
Fréchet upper bound (Equation (2.59)). O

Corollary 2.4.4. (Improved variance bounds) Given Figure 2.183, assuming 1,2,3 in Propo-
sition 2.4.1, if we take C as the independence copula, then upper and lower bounds of
Var(X +Y) are as follows,

OV 2 a2 3V, b
3 3 3 3 2 3
<Var(X +Y) <
2a°0° 4a3bz+2a36  A4a?y? N 5a?b? e 2ab* b+ 1
3 3 3 3 2 3 3
Proof. This directly follows from Propositions 2.4.1, 2.4.2 and 2.4.3. O
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2.5 Relation between Improved Bounds and Improved
Fréchet Bounds

Conjecture 2.5.1. Assume (X,Y) has known copula on area F C [0,1)* and unknown
dependence structure on area [0,1]*\F, then improved bounds on variance using conver
order bounds (see Proposition 2.3.1) are sharp if and only if improved Fréchet bounds are
sharp (i.e., A7C and B*C are copulas.)

Using Conjecture 2.5.1 and 2.2.7, we give an example to illustrate how to produce the
improved upper bound using convex order bounds.

v
mproved BY bownds

| o Us | | U

st
09 KR 4, wi 1)2

R M

oAt T
08 T

$ JW‘E* T T

4 ettt
¥ MeEO U U

& F e 3 4 5
06 R
15 / t4 T

S ta u || u
05 P ‘ J' 1 2

- ay (05 1
E 4+ tli
n++ Hy 1 1 n 1 1 L 1 1 . t
[N] 02 03 04 05 06 07 08 09 1 ‘ 2

Figure 2.18: Comparisons of simulation and sketch of improved bounds using convex
order, ap = 017 bl = 02, g = 07, bg = 0.6.

Remark 2.5.2. One difficult part of using the improved bounds to get variance bounds is
that the right way to distribute the probability masses on the unknown area /. One possible
solution includes treating the problem as a linear programming problem. By Corollary
2.1.2, maximizing or minimizing Var(X + Y) is equivalent to maximizing or minimizing
E[XY]. Fix some large number n, we approximate X and Y by discrete distributions as
follows: X = x; := %,1 < i < n wherep;, ;= P(X =ux;) = %; Y =y, = %,1 < i < n where
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g == P(Y =y;) = . Denote p;; := P(X = z;,Y =y;). Then E[XY] =Y p; jzy; =

i=1j=1
n

S5 Sowe max 3 3y L or min 335y subject t0
i=1 =1 Pid i 3i= M i—1j=1

0<pi; <1
2?12 1 Dij =1
Vi, 30 1 pig =pi =
V7, E?:lpi] PJ
Dij = Diqj = p When (zi,y5) € F.

\H 3\’—‘

Example 2.5.3. Given F; = [0,a1] x [0,b1], F2 = [ag, 1] X [ba, 1] where a1 < ag,b; <
by, asby > aj + by — arby and Figure 2.18; assume (X,Y") has independence copula on area
Fi1,Fa. To produce the improved bounds on variance, we first plot the simulation of the
copula using Tankov’s method, then split the [0, 1]* rectangles based on the simulation.
Denote Goi—1(x) = Fxxy)yeu, (), Gai(x) = Fyyxyvyeu(x), = 1,2,...,7, then improved
upper bound on variance is defined as

Var (11;1 (X+Y)+I5(X+Y)+ Z]qu s (U) + G;}(U)))
i=1
where U is U|0, 1].
By Conjecture 2.2.7, when asby > a; + b; — a;b; holds, A7 is a copula. So by Conjecture
2.5.1, improved bounds are sharp and the plot is well-defined based on the condition
asbs > a; + by — a1by.
Then we show how to get G;(x).

P(ng,anggtl,ngl)_ r — aq
Pla; < X <a,Y <) by —aby

Gi(z) = Fxxyyeu (v) =

for a; <z <t.
By Gl(tl) = 1, we get tl =a; + b1 - albl. So Gl_l(u) = U(bl - albl) + aj.
Ga(w) = Fricevan(®) = 3
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so Gy ' (u) = ub;.
Based on the plot of Figure 2.18, G3(z) = G4(x) = Gy1(x) = Gi2(z) = 0.
P(XSZL‘,XSCM,ZHSYS&J,) X

Gale) = Fxiconan(®) = P(X<a,b <Y <by)  a

so G5! (u) = uay. ,
T — 01

Ge(r) = FYI(X,Y)eus(l“) = m;

SO Ggl(u) = u(a1 — (llbl) + bl. By GG(t3) = 1, we get t3 =a; + b1 - albl. Notice tg = tl.
Pty <X <a,t3<Y <t) z—t
Pla; < X <ag,by <Y <by)  ty—t;

Qi‘—tg
ty — 1t

G7(z) = Fx|x,vyeu (x) =

Gs(z) = Fy|(x,y)eu (z) =

By Gg(t4) = 1, we get t4 — tg = tz — tl. So t2 = t4.
We know (X, Y’) are independent when (X,Y) € F,
P(XZGQ,YZ[)Q) :P(XZCLQ)P(YZbQ):1—a2—b2+a2b2,

P(GQSXSZE,t4§Y§b2)_ZE—a2
P(CLQSX,blSYSbQ) _1—CL27

fL’—t4

Go(r) = Fx|x,yyeus (x) =

Gio(z) = FYI(X,Y)eus(w) = m-

By Gio(by) = 1, we get t4 = ashs.

So Gl (u) = u(ty —t1) +t, = u(aghy — ay — by + a1by) + ay + by — ar1by, Gg ' (u) = u(asby —
ay — by +aiby) +ay+by —arby, Gyt (u) = u(l —ag) +as, Gio (u) = u(by — agby) + agby. From
Figure 2.18, we need t3 < t4, which is asby > a1 + by — a0y, this is given in the proposition.

P(t2§X§x7bQSY) ZE—CLQbQ

Gi3(2) = Fxjxy)yeu (x) = Py < X <anby<Y) ag—ash’

P(bQéYSx,tQSXSGQ)_x—bQ
ag—agbg B 1—b2'

Gua(7) = Fy|xy)eu (7) =

Then G5 (u) = u(ay — asby) + asby, Gii (u) = u(1 — by) + by.
For convenience, denote A; := G;*(u) for i = 1,2,...14 except 3,4, 11,12. Define another
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random variable T' such that

1ifIr, =1
2if Ip, = 1
3if Iy, =1
T={4ifl =1
5if Iy, =1
6 if Iy, =
7if Ty, = 1.

Denote Z = I7 (X +Y) +15(X +Y) + X, L. (G511 (U) + G5 (U)). Then Var(Z) =
E(Var(Z|T)) + Var(E(Z|T)). Var(Z) can be computed. The procedure is similar if we
want improved lower bound, just replace G5;' (U) with G5! (1 — U).

2.6 Conclusion of Chapter 2 and Future Work

In this chapter, for any random variables X and Y, we give upper and lower bounds of
Var(X + Y) under the condition that X and Y are independent when (X,Y") € [0,a] X
[0,0],a,b € (0,1). Three methods are used: 1. the use of copula bounds from Tankov [2011]
(see Section 2.2), 2. the use of bounds from Bernard and Vanduffel [2014] (see Section 2.3)
3. the use of improved bounds (see Section 2.4). Method 1 and 3 gives the same result and
they are sharp bounds, while method 2 does not give sharp upper bound. The computation
of improved bounds is much simpler than the use of copula bounds from Tankov [2011].
We give an example in Section 2.5.3 on how to calculate it.

There are many open questions remaining in this chapter:

1. Several Conjectures 2.2.7, 2.2.8, 2.5.1 are not proved. Conjectures 2.2.7 and 2.2.8
give weaker sufficient conditions than in Bernard et al. [2013a] for A%¢, B¥:C to be copulas.

2. We illustrate with very special examples, assuming (X,Y") have the independence
copula when (X,Y") € [0,a] x [0,b]. More complex examples can be done.

3. We do not find necessary conditions for improved Fréchet bounds to be copulas.
If Conjecture 2.5.1 is proved, improved bounds can be investigated as a way to give the
necessary condition.
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4. The lower variance bound using Bernard and Vanduffel [2014] is sharp while the
upper bound is not. So what is the sufficient condition for bound using Bernard and
Vanduffel [2014] to be sharp?

5. In Example 2.5.3, we see that the right way to split the rectangle and distribute the
masses in Figure 2.18 is a key step to get the improved bounds. What will be a valid split
for the bounds to be sharp? When the improved Fréchet bounds are not sharp, does there
still exist a split that gets sharp bounds?

6. In Figure 2.11, the simulation plot in Panel A gives a copula while the simulation
plot in Panel B does not. This looks quite like a shuffle of the copula (see Mikusinski
et al. [1992], Durante et al. [2009], Durante and Fernandez-Sanchez [2010], Durante and
Sanchez [2012], Trutschnig and Fernandez Sanchez [2013], Ruankong et al. [2013] for detail
on shuffles) but the slopes may not be +1, —1. Can we find sufficient conditions to ensure
that it is a copula?

7. We only study bounds on variance, all the methods in Sections 2.2, 2.3, 2.4 can be
used to study bounds on other convex risk measures.

2.7 Appendix to Chapter 2

2.7.1 Checking Equations (2.115) and (2.134)

Since our computation in Section 2.3 is quite long, we verify that our Equations (2.115)
and (2.134) are right with the following 4 steps:

e Step 1
Simulate n pairs of uniform distributed random variables (X,Y’) which have copula
B7¢. Fix some a, b, check G(z) and Gy(x) empirically and plot them against the
theoretical result: Equations (2.86) and (2.87). To approximate G;(x) empirically,
as it is defined as (2.74), if we want to approximate P((X,Y") € U), since P((X,Y) €
U)=P(X >a or Y >0),

n
Zi:l ]I{Xl >a or
n

LG SN P(X>a or Y >b) when n— oo, (2.158)
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by the law of large numbers. Figures 2.19, 2.20, 2.21, 2.22 are comparisons of the
empirical G1, G and theoretical G, Go when n = 1000.

Comparisan of the srmpirical 51 and theoretical i1 Comparisan of the empiical 152 and thearstical 52

0s s
0e s s
us s /
06 06 <
0s s
04 04 P Y
o 0s A
02 0z e
01 01 ///
) e ol
o7 0z 63 04 05 05 07 00 09 1 o7 0z 03 o4 05 05 07 08 89 1

Figure 2.19: Comparison of empirical G, Gy and theoretical G, Gy when
a=0.1,b=0.3.
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Figure 2.20: Comparison of empirical G1, Gy and theoretical G1, Gy when
a=0.4,b=0.6.
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Figure 2.21: Comparison of empirical G1, Gy and theoretical G, Gy when
a=0.5b=0.5.

Figure 2.22: Comparison of empirical GGy, Gy and theoretical G, Gy when
a=0.90=0.63.

Plots in Figure 2.19, 2.20, 2.21, 2.22 look right in terms of Equations (2.86) and
(2.87).

Step 2
To check G7!' and G5!, we fix some a, b and take in some y = G, (), G2(z) to Equa-
tions (2.88), (2.89). Since G1, G are strictly increasing, the right result should give:

G (Gi(x) =2 and Gy (Go(x)) = . (2.159)

So we pick the same 4 pairs of a, b as above and plot (x, G71(G1(x))), (7, G5 (G(x)))
against y = x. All the four pairs give same graphs as in Figure 2.23,

So Equations (2.88) and (2.89) are right.

Step 3
To check Equation (2.100), we simulate n uniformly distributed numbers u and cal-
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Figure 2.23: Comparison of G;*, G5! and y = .

culate Var(Gy'(u) + G5 '(1 — u)), the result is shown in Table 2.3. Here n = 1000,
the theoretical result refers to Equation (2.100).

a b empirical result | theoretical result | error

0.1 ] 0.3 | 0.0001 0.0001 0.0000
0.41]0.6 |0.0064 0.0064 0.0000
0.5] 0.5 | 0.0062 0.0069 0.0007
0.9 ] 0.63 | 0.0313 0.0308 0.0005

Table 2.3: Error between the empirical result and the theoretical result of

Var(G7H(U) + G5 (U))

In a similar way, we check Equation (2.114) in Table 2.4.

a b empirical result | theoretical result | error

0.1]0.3 |0.3269 0.3224 0.0046
0.41]0.6 |0.3030 0.3014 0.0016
0.5] 0.5 |0.2992 0.3056 0.0063
0.9 | 0.63 | 0.2549 0.2614 0.0064

Table 2.4: Error between the empirical result and the theoretical result of
Var(G7H(U) + G3'(1 = U))
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e Step 4
To check Equation (2.115), which is Equation (2.116), we take n pairs of (X,Y) in
step 1 and n uniformly distributed random variables u to get

Var(I(X +Y) + (1 = (G (u) + G5 (1 — u)),

the result is shown in Table 2.5. Here n = 1000, the theoretical result refers to
Equation (2.115).

a b empirical result | theoretical result | error

0.1]0.3 |0.0113 0.0201 0.0089
0.41]0.6 | 0.0897 0.0942 0.0046
0.5 ] 0.5 | 0.0987 0.0990 0.0002
0.9 | 0.63 | 0.1458 0.1427 0.0031

Table 2.5: Error between the empirical result and the theoretical result of
Var(I(X +Y) + (1 - D)(Gy'(U) + G5 ' (1 = U))

Then we check Equation (2.128), Var(I(X +Y) + (1 —I)(B; + Bs)) in Table 2.6, the
theoretical result refers to Equation (2.136). Equation (2.136) looks good, however,

a b empirical result | theoretical result | error

0.1]0.3 |0.3358 0.3327 0.0031
0.4 106 |0.3227 0.3184 0.0043
0.5]0.5 |0.3195 0.3229 0.0034
0.9 | 0.63 | 0.2399 0.2425 0.0026

Table 2.6: Error between the empirical result and the theoretical result of
Var(I(X +Y) + (1 = I)(By + Ba))

this does not coincide with Equation (2.59) (which calculated using improved Fréchet
upper bound). Table 2.7 is a comparison between Equations (2.136) and (2.59), which
refer to theoretical result of Var(I(X +Y') + (1 — I)(By + Bz)) and upper variance
bound calculated using improved Fréchet upper bound.
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a |b (2.136) | (2.59) | error

0.1 0.3 |0.3327 | 0.3251 | 0.0076
0.410.6 |0.3184 | 0.2529 | 0.0655
0.510.5 |0.3229 | 0.2500 | 0.0729
0.9 | 0.63 | 0.2425 | 0.1914 | 0.0511

Table 2.7: Comparison between Equations (2.136) and (2.59)

Table 2.8 contains both empirical results of Equations (2.136) and (2.59), denoted as

empiricall and empirical2 respectively, n = 1000.

a b empiricall | empirical2 | error

0.1 0.3 |0.3263 0.3335 0.0072
0.4 106 |0.3145 0.2407 0.0738
0.5 0.5 |0.3282 0.2563 0.0720
0.9 | 0.63 | 0.2462 0.1836 0.0626

Table 2.8: Empirical results of Equations (2.136) and (2.59) when n = 1000.

Table 2.9 contains the above comparison when n = 5000.

a b empiricall | empirical2 | error

0.1 0.3 |0.3290 0.3200 0.0090
0.410.6 |0.3120 0.2584 0.0537
0.5 0.5 |0.3271 0.2442 0.0830
0.9 | 0.63 | 0.2470 0.1896 0.0574

Table 2.9: Empirical results of Equations (2.136) and (2.59) when n = 5000

2.7.2 Checking Bounds Using Bernard and Vanduffel [2014] by
Deriving Copula Directly

This section is to check the copula of upper variance bound using Bernard and Vanduffel
[2014] is indeed the same with the copula (X,Y’) in Equation (2.126).
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Proposition 2.7.1. If we start with assumptions 1,2,3,4 in Proposition 2.3.3 and take C'
as the independence copula, then the copula of (X,Y) in the upper bound of Var(X +Y),
Var(X +Y) = Var(I(X +Y) + (1 = D)(G{'(U) + G5 1 (U))) is

CP¥(x,y) = min(x,a)min(y,b) + min(G1(z), G2(y))(1 — ab),z,y € [0, 1]
Proof. For z,y € [0,1], V4, V5 are independent U0, 1] which are independent of G *(U), G5 (U)

PX<zY<y)=PX<z,Y<yl=1)+PX<zY <y I=0)

=P(Vi <2,Va <y, Vi <a, Vo <b)+ P(G7'(U) <2,G3'(U) <y, Vi > a, Vo <b)
+P(GTMU) < 2,G3M(U) <y, Vi > a,Va > b)
+ P(GTMU) < 2,GyH(U) <y, Vi < a,V, < b)

=P(V} <min(z,a), Vo < min(y,b))
+ P(GTNU) < 2,G3(U) < y)(P(Vi = a,Va < D)
+ PV >a, Vo >b)+ (P(Vh <a,Vo>0))

x), G

= min(z, a) min(y, b) + min(G;( 2(¥))(1 — ab)

]

The comparisons of the simulation of C”V and simulation of the copula of Equation
(2.126) are in Figures 2.24 and 2.25.

2.7.3 Another Approach for Comparing (X,Y) Simulated from
Bounds Using Bernard and Vanduffel [2014] and Tankov
(2011]

First, we start with assumptions in Proposition 2.3.3 and take C' as the independence
copula. We simulate (X,Y") from upper bounds in Equation (2.67) as follows: we simulate
n uniformly distributed random variables U. If U < p; = ab, simulate (X,Y") following
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Comparison of (X,Y] generatedirom upper BY bounds directly derived and upper BY bounds Comparison of [%,Y) generated from upper B bounds directly derived and upper BY bounds
T e

Figure 2.24: Comparisons of copula of the upper variance bound using Bernard and
Vanduffel [2014] derived directly and by simulation, where a=0.1, b=0.3 (left), a=0.4,
b=0.6 (right).
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Figure 2.25: Comparisons of copula of the upper variance bound using Bernard and
Vanduffel [2014] derived directly and by simulation, where a=0.5, b=0.5 (left), a=0.9,
b=0.63 (right).

the given copula (independence copula here). Denote

PX <z, X <aY <D
P((X,Y) e F)

Hi(x) :=P(X <z|(X,Y) e F) =

< < .
P(X<z,Y<b) if z S a
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Similarly,

We simulate independent Vi, Vo ~ U[0,1], let X = H; '(V1),Y = Hy ' (V3); if U > py = ab,
we simulate (X,Y) = (G7'(U), G5 (U)). Then plot (X,Y) on the graph.

Second, we plot the copula of (X,Y) from upper bound derived using improved Fréchet
bound, which is Equation (2.37).

Similarly, we plot (X,Y") from lower bounds with n = 1000. In Figures 2.26, 2.27, 2.28,
2.29, the left figure is the lower bound and the right is the upper bound. For the upper
bound, (X,Y’) do not coincide.

Comparison of (3,¥] generated from lower BY bounds and owertankov bounds Comparison of [X,¥] generated rom upper BY bounds and uppertankov bounds

+  lower BV bounds
0.9+ N ©  lowertankov bounds 0sl

LK Uaﬂ
by e
0.2 e oF 028 O
++¢ E%
nwzi;,g%? 0.1 [ 4
Fig e / &
¥

Figure 2.26: Comparison of (X,Y") generated from bounds using Bernard and Vanduffel
[2014] and improved Fréchet bounds, where a=0.1, b=0.3.
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Comparison of (3,Y] generated from lower BY bounds and lower tankov bounds Comparison of (X, Y] generatedfrom upper BY bounds and uppertankoy bounds
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Figure 2.27: Comparison of (X,Y’) generated from bounds using Bernard and Vanduffel
[2014] and improved Fréchet bounds, where a=0.4, b=0.6.
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Comparison of (3,Y] generated from lower BY bounds and lower tankov bounds Comparison of (X, Y] generatedfrom upper BY bounds and uppertankoy bounds

+  lower BY bounds
©  lowertankovbounds

Figure 2.28: Comparison of (X,Y’) generated from bounds using Bernard and Vanduffel
[2014] and improved Fréchet bounds, where a=0.5, b=0.5.

Camparison of (%,Y] generated fram lower BY bounds andlowertankov bounds Compaisor of (X,Y] generstedram upper BY bounds and uppertankoy bounds
0 .

+ lower BY bounds
lowertankov bounds

Figure 2.29: Comparison of (X,Y’) generated from bounds using Bernard and Vanduffel
[2014] and improved Fréchet bounds, where a=0.9, b=0.63.

2.7.4 Simulations of Improved Bounds Using Convex Order

Figures 2.30, 2.31 and 2.32, 2.33 include the simulations of lower and upper improved
bounds from Section 2.5 under different pairs of a,b. They coincide with simulations of
variance bounds derived using improved Fréchet bounds.
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Improved BY bounds Improved BY bounds

Figure 2.30: Simulation of lower improved bounds, a=0.1, b=0.3 (left), a=0.4, b=0.6
(right).

Inproved BY bounds Improved BY bounds

Figure 2.31: Simulation of lower improved bounds, a=0.5, b=0.5 (left), a=0.9, b=0.63
(right).
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Figure 2.32: Simulation of upper improved bounds, a=0.1, b=0.3 (left), a=0.4, b=0.6
(right).
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Figure 2.33: Simulation of upper improved bounds, a=0.5, b=0.5 (left), a=0.9, b=0.63
(right).
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Chapter 3

Bounds on Variance with
Background Risk

This chapter is organized as follows. In Section 3.1, we give the covariance matrix for
Var(3X1; X;) to reach its minimum where each X; is normal distributed. Sections 3.1.1
and 3.1.2 deal with cases n = 3 and 4 respectively. We apply our result in Section 3.2 by
deriving sharp bounds for the variance of the sum S = 7" ; X; when n = 3 and 4. Every
X; is normal distributed and we have additional information on a given risk factor Z such
that the distribution of (X;, Z) is given. See Bernard et al. [2014] for more details. In
Section 3.3, rearrangement algorithm from Puccetti and Riischendorf [2012] is introduced
to approximate the minimum of Var(X; + ...+ X,,) with the existence of a background risk
Z. Two examples on Pareto risks are presented. Section 3.4 gives a short conclusion and
future research directions of Chapter 3.

3.1 Dependence among Normal Variables Such That
Var(s4 ; X;) =0

Given random variables X; ~ Fj, 1 < < d, what is the covariance matrix for Var(X%, X;)
reaches minimum? In this section, this question is answered when d = 3,4 with assump-
tions that F} is normal distribution N(u;,0?) where o; > 0. We introduce several useful
definitions and propositions first, more details can be found in Horn and Johnson [2012].
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Definition 3.1.1. A real symmetric d x d matrix M is called positive-semidefinite if
' Mx >0

for all x in R?,

Definition 3.1.2. A matrix M is diagonally dominant if
@i = Bjzilas], Vi,

where a;; denotes the entry in the 7th row and jth column.

Lemma 3.1.3. A real symmetric diagonally dominant matriz M with non-negative diag-
onal entries is positive-semidefinite.

Proposition 3.1.4. If X; ~ N(u;,02),i = 1,...,d,d > 3, the sufficient condition for a
matriz M to be a covariance matriz for (X;)i1<i<a is:
(i) M is a real symmetric, positive-semidefinite matriz with diagonal element m;; = o2;

(ii) each element of M satisfies —1 < 22 < 1.
i0j
Remark 3.1.5. Condition (ii) in Proposition 3.1.4 is not necessary. We can get condition
(ii) by using the positive-semidefinite in condition (i). For Vi, j, by Definition 3.1.1, take
T = [OO%%OO]T Since "Mz > 0, we get m;; > —1. Similarly, take x =
i J

0...0... — 01 ULOO]T to get m; ; < 1. For convenience, we leave condition (ii) here.
J

k3

3.1.1 Case of 3 Normal Distributed Random Variables

We start with a special case.

Proposition 3.1.6. Assume that X1, Xo, X3 ~ N(0,1), the covariance matriz for Var(X;+
X2 + Xg) =0 s

Proof. By Lemma 3.1.3, this matrix is positive-semidefinite and it clearly satisfies con-
ditions (i), (ii) in Proposition 3.1.4. Then Var(X; + Xs + X3) = Var(X;) + Var(Xs) +
Var(X3)+2Cov(Xy, Xo)+2Cov(X7, X3)+2Cov(Xs, X3) = 1—|—1+1—2-%—2-%—2-% =0. O
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Proposition 3.1.7 is the generalization of Proposition 3.1.6.

Proposition 3.1.7. Assume random variables X; ~ N(u;,02), i =1,2,3,

1
(i) when max o < 52?’:102-, then the covariance matriz for Var(X; + Xy + X3) =0 is

2_ 2 2 22 2

0-2 037917703 93707703

2 21 2 2 2% 9

03791703 0-2 017937093
2 22 2 2 g 2 2
037017093 017057093 02
2 2 3

1
(7i) when max o; > §Z?zlai, WLOG, assume max o; = o1, if the covariance matriz is
1S <<

O'% —01092 —0103
—0102 0'% 09203
—0103 09203 0'%

lZ?:lUZ‘)Q.

then Var(X, 4+ X, + X3) reaches its minimum: (o, — 3

1
Proof. (i) When max o; < 52?:101‘, Xi, Xy, X3 are jointly mixable (see Theorem 1.2.10).
Then X; + X5+ X3 = C a.s. for some C € R.
So

X1 :C—XQ—Xg a.s.
Var(Xl) :Var(C — X2 — Xg)
o] =03 + 2Cov (X, X3) + 03

2 92 2
Cov(Xa, Xg) =L 22775 “22 %3

Similarly, Cov (X, X5) = W, Cov(Xy, X3) = % We do not need to check this
is a covariance matrix since this is the only possible solution.

(i)

This proof follows from the proof in Wang et al. [2013].

When o, > 05 + 03,

Var(X; + Xo + X3) > (07 — /Var(Xy + X3))* > (01 — (09 + 03))?
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Var(X; +Xy+ X3) reaches (01 — (02+03))? when taking X; = 01 Z+py, X; = —0;Z+ i, 0 =
2,3 where Z ~ N(0,1). O

3.1.2 Case of 4 Normal Distributed Random Variables

The following is a generalization of Proposition 3.1.7 under case (i) in dimension d = 4.

1
Proposition 3.1.8. Assume X; ~ N(u;,0?), max o; < 5221:102-, the covariance matrix

1<i<4
for Var(3Z}_, X;) =0 is

o} P1,20109 P1,30103 —01(01 + p1,202 + p1,303)
P1,20102 o3 —0109(A + p12) — 130103 0103(B + p13)
£1,30103 —0102(A+p1,2) — P1,30103 U;% 0102(C+P1,2)

—01(01 + p1,202 + p1,303) o103(B + p13) 0102(C + p12) Ui
(3.1)
where
A U%—i—ag—l—ag—az’B: a%—ag—i—ag—ai’C: O'%—FU%—U%—UZ (3-2)
20’10’2 20'10'3 20’10’2
and where py 2, p1,3 need to satisfy the following constraints:
(Z) When o9+ 03 > 07 + 0y,
Case 1 Ai(p12) < prs < Ag,  if Ay < pro < phrs
Left panel (3.3)
of Figure 3.1 As <prg < As(pra), if p*2% < pro < Ag.
When 02 + 03 § o1 + 04,
Case 2 As(pr2) < prs < A, if —1<pa<pts?
Right panel (3.4)
of Figure 3.1 —1 < p13 < As(pra), if p246 < pia < As,
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where

—01 — P1,202 — 04 —01 — P1,202 + 04

A — A =
1(p1,2) o5 s 2(,01,2) o
o o 090
As(p12) = —(A+P1,2)—2 - —2, As=—-B— 274
03 01 0103
0204 0304
6 + 0'10'37 ’ 0109 (3‘5)
AS _ 0304 . O, pAl,As _ (0'2 — 0'1)0'4 - D
0102 0102

Az A _ (01— 09)04 — D, pAg,—l _ (01— 02)03 A
0109 0102

P

where A, B,C'" are defined in Equation (3.2) and D = oftoi—oitol

20109

P1,3 P1,3

P1,2 P1,2

Case 1l: 09+ 03 > 01+ 04 Case 2: 09+ 03 <01+ 04

Figure 3.1: Illustrations of how to choose p1 2, p13

(ii) The sufficient condition for the covariance matriz to be positive-semidefinite, is
Li > 0 where

Li = (ply — 1)(pls — 1) — (pra(prs + 0102) + prsoios + 0102A)° . (3.6)
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Proof. WLOG, we arrange
g1 Z ()] Z 03 Z 4. (37)

Denote p; ; := Corr(X;, X;), the covariance matrix is symmetric, so it is

2
01 P1,20102 130103 P1,40104
2
P1,20102 O3 P2,30203  P240204 (3.8)
9 .
P1,30103 230203 03 £3,40304

2
P1,40104 P240204 P340304 0y

M =

Since Var(X1,X;) = 17 M1, let M1 = 0, we need

o1+ p1,202 + p1,.303 + praos =0
P1,201 + 02 + p2.303 + pa 404 = 0 (3.9)
p1,301 + p2,302 + 03 + p3404 =0
P1,401 + p2.402 + p3403 + 04 = 0.

It implies in particular that

Var(X;) = Var(Xs + X35 + X4)
Var(Xs,) = Var(X; + X5 + Xy) (3.10)
Var(X3) = Var(X; + Xo + X4)
Var(Xy) = Var(X; + Xs + X3)

and that
Var(X1 + XQ) = Var(X3 + X4)

Var(X1 + Xg) = Var(XQ + X4> (311)
Var(X1 + X4) = Var(X2 + Xg)
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So from Equation (3.9),

_ 01+p1,202+p1,303

P14 = o4
_U%+2,01,20102+U§+2p1,30103+ag*Ui
P23 20903 (3.12)
o a%—a§+2p1,30103+a§—02 :
p274 - 20204
P _ U%—i—?pl,galag—i—a%—ag—oi
3,4 20304 :

Then we get the covariance matrix M in terms of p; 2 and p; 3. To simplify writing, let

2 2 2

A U%—i—ag—l—ag—az’B: o —Ug—i—ag—ai’cz 0?4+ 05 — 02 — 03 (3.13)
20109 20103 20109
So M =
o} P1,20109 P1,30103 —01(01 + p1,202 + p1,303)
P1,20102 o3 —0109(A + p12) — p1,30103 0103(B + p13)
P1,30103 —0102(A+P1,2) — P1,30103 032, 0102(C+Pl,2)
—01(01 + p1,202 + p1,303) o103(B + p1,3) 0102(C + p12) o1

(3.14)
Now we only need to determine p; 5 and p; 3 and the matrix M (3.8) should be positive-
semidefinite.
Fix p12 = p and assume —1 < p < 1, since py 4, P23, P2.4, 3.4 are functions in terms of p; o
and p; 3, we only need to get a range of p; 3 in terms of p to investigate the existence of all
the parameters.
If —1 < p14 <1, by Equation (3.12),

—01 — po2 — 04

—071 — PO ag
< 102+4'

< p13 (3.15)

03

=A1
Similarly, by —1 < py 3 <1 and Equation (3.12),

—2po109 — 0% — J% — 0’32) + Ui — 20503 <

P13 =

20‘10‘3

=Ajg

84

03

=As

—2po109 — Jf — J% + 20903 — U% + 02
20‘10‘3

=Ay
(3.16)



To simplify writing, we write A3 = —(A + pl’g)% -2 A= —(A+ pm)% + 22 where A
is defined in Equation (3.13).
Similarly, by —1 < ps4 < 1 and Equation (3.12),

—0% + 0% — 20904 — 0% + 05 < prs < —0% + 03 + 20904 — 02 + 05 (3.17)
20'10'3 - o 20’10'3 ’ ’
=As :=Ag

Also, we write A5 = —B — 2221, Ag = —B + 222 where B is defined in Equation (3.13).

0103’

Similarly, by —1 < p34 <1 and Equation (3.12),

2 2, 2 2 2 2, 2 2
—0] — 05 + 05 — 20304 + 0} << —0] — 05 + 05 + 20304 + 0}

(3.18)

20109 20109

=Ar :=Ag

Also, we write Ay = — 2% — () Ag = 2% — (' where C is defined in Equation (3.13).

0102 o102

We first compare As, Ag with —1, 1.

Case 1: 09 + 03 > 01+ 04

—(0'1 — 0'3)2 + (0'2 — 0’4)2

As —(-1) = >0, (3.19)
20103
so As > —1.
dg—1= O F o)+ (oaton) (3.20)
6 20’10’3 ’ ‘
so Ag < 1.
As Ay = —Zp— %:47 Az =—2Zp+ 04701732;023*202”3, Ay, As, Az, As are parallel lines.
2 2
A A, = 2to) —(nta) (3.21)
20’10’3
SO A1 Z Ag.
N2 2
Ay— Ay = (01 = 04)" = (72 — 03) > 0, (3.22)
20’10’3
SO A4 Z AQ.
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Now we compare A7, Ag, —1, 1.

—(0'1 — 0'2)2 + (0‘3 — 0‘4)2

A; — (=1) = oo >0, (3.23)
so Ay > —1.
Since 01 > 03 > 03 > 04,
—(01 + 09)? + (03 + 04)?
Ag—1= o 22> s 201 <0, (3.24)
0102
so Ag < 1.
When A5 = Aj,
. —01 — 20104 — 03 + 20504+ 03 — 0} _ s
20109 ' '
Now define D := ZHZ=0557 then piids — (2-oims _
: 20109 ) 0102 '
phas _ g Ol =t os—on)
0102
so pArds > Aq.
When A, = Ag,
P —0} — 20104 — 05 — 20304 + 03 — 0} - pA1,A6
20109 ' 7
e g _04(01 + 09 — 03+ 04) <0,
0109
so pArds < Aq.
And pf24e — pAids = 25,(L — L) > 0. When Ay = 4,
P —07 + 20104 — 03 + 20304 + 05 — 0} = pl2s
20109 ' 7
Ag — plais o4(03 + 04 — 01 — 092) <0,

0102

so Ag < pA24s,
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When A2 = A@,

2 2 2 2

0 + 20104 — 05 — 20904 + O3 — 04 . Ay Ag

p= =p .
20109

A2,Ag _ (q1=02)ou Py

0102

Also, write p

Ag — plas — 04(02 + 03+ 04 —01) 0
0102 -

so Ag > pA2As,

Now we get an area for choosing p, p1 3 except checking Ly > 0. Panel A in Figure 3.2 is
a sketch of the shape of the area, the shaded area is the acceptance area for p, p; 3 (How
the line intercept x,y coordinate is not clear). Panel B in Figure 3.2 is a simulation plot
using MATLAB with o7 = 8,05 = 7.5,03 = 6.5,04 = 3 where the four red lines denote
+1, —1, cyan lines denote A;, As, green lines denote As, A4, black lines denote As, Ag, blue
lines denote A7, As. The white area is the acceptance area for (p, p13) which has the same
shape as in Panel A of Figure 3.2.

P13

S5
G
=1 s

A1
a2
43
A
A5
A6
a7 E
48

Q0O QO Q000000 O

Az

Panel A Panel B

Figure 3.2: Panel A: Sketch of the area under case 1.
Panel B: Simulation of the area under case 1
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Case 2: 09+ 03 < 01+ 04
By Equations (3.19), (3.20), (3.21), (3.22), (3.23), (3.24), we get

A5 S _17A6 S 17A1 §A37A4 21427147 S _17A8 S 1.

Next we need to decide how the lines intersect with each other to see the shape of the area.
When A2 = AG,

b —01 + 20104 — 03 — 20304 + 05 — 0] pizAs
20’10'2 . .
When —1 = As,
) —a%+20103—0§—20203—032,+03 Asz,—1
= = p ’ :
20'10'2

Az,—1 _ (01=02)os _ 4
- 0102 '

Also, write p

Az—1 _ (03 - 04)(—01 + 09+ 03+ 04)

plade —p >0,
0102
so pAzds > pAs—1,
When A3 = AG,
p= —09 — 03 — 04 — ,OA3’A6,
01
1 _ A _ 02 +03+ 04— 01 >0
p o1 =Y,
so —1 > pAsAs,
Sl (1) = i —201(02 + 03) + 03 + 20903 + 0F — 0]
20105 (3.25)
_ (094 03+ 04 —01)((01 + 04) — (02 + 03) -
20’10’2 -
so pAs~l > 1.
And
A pA27A6 _ 0-4(0-2 + 03+ 04 — 01) >0
8 - — Y,

0102
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so Ag > pA2Ae,

When Ay = —1,
0'3—|—0'4—0'1 o As—1
= =P )
09
,OAQ’_I _ A= (01 + 02— 03 —04)(02+ 03+ 04 —07) >0,

20109
so pA2Tt > Ag.
Similarly, we get a sketch of the area in Panel A of Figure 3.3. Panel B of Figure 3.3 is
a simulation plot using Matlab with oy = 10,05, = 6,03 = 5,04 = 4 where the four red
lines denote +1, —1, cyan lines denote A;, Ay, green line denotes As, A4, black lines denote
As, Ag, blue lines denote A7, Ag. The white area is the acceptance area for (p, p;3) which
has the same shape as in Panel A of Figure 3.3.

1,3

Ladire e e e It o Rt o I o B o Y o L0 B o
I
Fa

P12 “"\ b,
-0.5 H A : !

Panel A Panel B

Figure 3.3: Panel A: Sketch of the area under case 2
Panel B: Simulation of the area under case 2

In summary, every colored equation in the following corresponds to the colored area in
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Panel A of Figures 3.2 and 3.3.

Ai(p) < p13 < Ag, if A7 < p < piods
When 09 + O3 Z O'1+O'4, (326)
A < P13 < A2(/)>> if PA2’A6 < p < As,

As(p) < p13 < Ag, if —1<p<pla!
when oy + 03 < 01 + 04, (3.27)
—1 < p1s < Ay(p), if ptote <p < As.

An area works for both cases is,

mgx(Al,Ag) < p13 < A if max(Az, —1) < p < min(p?t4s, pAs—1)
max(—1, As) < p13 < Ag if max(pAids, pAs—1l) < p < pAzde (3.28)
max(—1,A5) < p13 < Ay(p) if pizds < p < Aqg.

To ensure the positive-semidefinite of M, we use Cholesky decomposition here: every real
symmetric, positive-semidefinite matrix M can be written as M = LLT where L is a
lower triangular matrix with real and non-negative diagonal entries, and L? denotes the
conjugate transpose of L (see Golub and Van Loan [2012]). If we can find such matrix
L, then the matrix M is positive-semidefinite. Note L is not unique when M is positive-
semidefinite matrix but not positive definite. Let L;; denotes the entries of L. By the
Cholesky-Banachiewicz and Cholesky-Crout algorithms (see Golub and Van Loan [2012])
and by M = LL",

U% P1,20102 P130103 P1,40104 L1,1 0 0 0 L1,1 L2,1 L3,1 L4,1_
P1,20102 o3 0230203 pP240204|  |Lag Lao 0 0 0 Los Lzos Lyo
P1,30103 230203 U;% P3,40304 B L3y Lzp Lzz O 0 0  Lzz Lug3
P1,40104 pP240204 340304 Uz L4,1 L4,2 L4,3 L4,4 0 0 0 L4,4

Lil LyiLoy Ly1L3, Ly1Ly |
10 L%,l + L%,g LoiL3i+ Laolso Lo1Lay+ LooLlys
10 0 L3, +L3,+ L3y LsiLyy+ LysLyo+ LasLys

0 0 0 Li,+ L, +Lis+ L3, |
(3.29)
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Then

\/ Jk’

(3.30)
L;= L—(M — Y1\ LipL;y) for i > j,
92
where M, ; denotes the entry of M. We need L;; # 0 to make this algorithm work.
Ly =01>0,La1 = p1202, L31 = p1303, La1 = p1404 = —01 — p1202 — p1,303,
L272 = \/O'% — P%,2‘7§7 (L272 >0= P1,2 7é :l:].),
1 1
L3,2 = (M3 2 — L3 1L 1) 7(,027303 - P1,301,203)
Loy V3i— P%,z
. _2,0172p1’30'20'3 + 2/01720'10'2 + 2p1730103 + O'% + O'% + 0'§ — O'z
2094/1 — P%,z ’
1
Ly = 17 (M42 — Ly1Lo 1)
2,2
_ 1 (3.31)

7(/)2 404 — P1,2P1 4(74)
A/ I- /)1 2
2

(291,2 - 1) 05 +201(p1209 + p1303) + 2p12p1,30203 + 07 + 05 — 0]

2094/1 — p%z
Lss = \/U:% - L%,Q - L%,la

(we need o — L3, — L3, > 0 here)
1

L4,3 - I <M43 - L4 1L3 1 L4 2L3 2)
3,3

Lyy= \/M4,4 —Li, —Li,—Li;=0.

If we pick p12 € (—1,1), then the only condition for M to be positive-semidefinite is
2 L2 . L2
03 3,2 31 >0,

2

g
o3 — L3, — L3, = 1_72%2 (1= pTo) (1= p33) = (pas — proprs)?] > 0, (3.32)

L1
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which is:
Li=(p1, = 1)(pis — 1) — (pr2(prs + 0102) + p130103 + 01024)* > 0. (3.33)
O

The following is an example on how to use Proposition 3.1.8.

Example 3.1.9. When X; ~ N(u;,0?), where p; € R and 0y = 10,09 = 6,03 = 5,04 = 4,
the covariance matrix for Var(X_ , X;) = 0 is

100 =2 -2 —40
-5 36 - 9
-2 -3 25 0

2 2
—40 24 0 16

(3.34)

Proof. By Proposition 3.1.8, Equations (3.2) and (3.5), A=2 B= C=3 D=1
Then by Equation (3.28), we can choose

P12 = PAQ’AG = 7(01 — 02)04 - D= —Ba
0109 24
090 1
p3=As=—-B+ =
0103 4

which satisfy constraint (i) in Proposition 3.1.4 (In addition, p; 5 = p246, p; 3 = Ag always
satisfy constraint (ii)). Then we check constraint (i) using Equation (3.33), L; = 225 is

indeed positive. So by the matrix in Equation (3.1), A = g—i, B = %, C = ;—Z, we get the

covariance matrix. O

Conjecture 3.1.10. In Proposition 3.1.8, we get a set of constraints for pi1 2, p1,3 under 2
cases (09 + 03 < 01+ 04 and 09 + 03 > 01 + 04) respectively. An area works for both cases
18!

I?aX(AlyAS) < p13 < 4 if max(Az, —1) < p1o < min(pArae pAeh)
1,2
max(—1, A5) < p13 < Ap if max(pAtAs pAs L) <y, < pAzde (3.35)

max(—1, A5) < p13 < As(pr2)  if pP246 < pro < As.
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There are some constants (in terms of o;) satisfy Equation (3.35) such as p1 o = p*4% p; 3 =

Ag. However, Ly > 0 needs to be checked.

For n > 5, a similar method can be used but there is a larger number of constraints
and the feasible set for the correlation coefficients is in dimension > 2.

3.2 Bounds on Variance with Background Risk

3.2.1 Case of 3 Normal Distributed Random Variables

Both Sections 3.2.1 and 3.2.2 can be seen as an application of Section 3.1.

Proposition 3.2.1. Assume X;, Xo, X3 follow N(0,1) marginals, Z is a background risk
and (X;, Z) has BVN(p;), i = 2,3. The mazimum and minimum variance Var(X; + Xo +
X3) when Z = X are 3 + 2(pay + p3) + 2paps — 2\/(1 —p3)(1 — p3) and 3+ 2ps + 2p3 +

2\/(1 — p3)(1 — p3) + 2paps respectively.

Proof. In general,

Var(X; + Xo + X3)
= Var(X,) + Var(Xy) + Var(X;) + 2Cov(X1, Xs) + 2Cov(X7, X3) + 2Cov(X2, X3)
=3+ 2p2 + 2p3 + 2Cov(Xo, X3).

(3.36)

And 2Cov (X, X3) = Var(Xy + X3) — Var(X,) — Var(X3) = Var(Xs + X3) — 2.

Var(X2 + Xg) = E((X2 + X3)2) — E(X2 + X3)2 = E((X2 + X3)2) = E(E((XQ + X3)2|Z>>

= B(B((X2|Z + X3]2)%)).

(3.37)

To get the maximum and minimum variance, we just need to maximize and minimize
E((Xs|Z + X3|2)%).

Let Us, Us follow U0, 1] independently of Z, and Fyz, F3z be the conditional distributions
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of Xo|Z, X3|Z. Then X3|Z + X3|Z = FQ_‘é(UQ) + F3_|%(U3), so by Theorem 1.2.11,
Fyz(U) + Fyz(1 = U) Sao Xo|Z + X312 <o Fyz(U) + Fy5(U)
where U ~ UJ0, 1] independent of Z. Then
E((Fyz(U) + F55(U))%) > B(X2|Z + X3]2)?) > E((Fyz(U) + Fy,(1 = U))%).

Since Z = X and (X;, Z) ~ BVN(p;), X;| X1 = 21 ~ N(piz1,1 — p?),i = 2,3.
We calculate the minimum variance first. Denote Y5 := FQT)l(lle (U),Y; := FzT)lflle (1-0),
then

Yi ~ N(pix1,1 = p}),

Y — piry

V1-—p}

since Ys,Y3 move countermonotonically and let ® denote the distribution function of
N(0,1),

~ N(0,1),

1/2 — P27 _ @—1([]) }/}) — P31 _ q)_l(]_ . U)

V1-03 V103

Yo+ Yy =/1—p3® Y (U) + powy + /1 — p3® (1 — U) + psz;.
Since ®~}(U) and ®~!(1 — U) are symmetric to 0,

So

Yo — poxy _Y3 — P31

Ji-3 1
V1-1r3

= Y3 =— (Yo — pox1) + paas

V1-103
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So

Fyx, (U) + Fyx, (1 \/1_P2 \/1—p3 “HU) + (p2 + p3) X
Since U, X; are independent and ®~(U), X; ~ N(0, 1),
Var(Fy,(U) + Fy2(1 = U))
=Var((y/1 = g = /1 = RO~ (U) + (p2 + p3) X1)
=Var((y/1 = g3 — /1= )0 (U)) + 2Cov((y/1 — p3 — /1 = B)@ 1 (U), (p2 + p3) X1)
+ Var((p2 + p3)X1)
=(\/1 — 5 — \/1 —p3)* + 0+ (p2+ p3)°
=ﬂl+pWr—¢U—p@U—p@)
B(Fyy(U) + Fy5(1 - E((\/1 = g3 = 1= )@ (U) + (p2 + p3) X1) = 0.
Then

E((F2\Z(U) + F3|Z(1 U))?) :Var(F{é(U) + Fgﬂ%(l -U))+ Ez(FmZ(U) + FSlZ(l U))
=(2(1+ paps — /(1 = p3)(1 — p3))).

So by Equations (3.36), (3.37), the minimum of Var(X; + X, + X3) is

3+ 202+ 205+ E(2(1+ paps — /(1= p3)(1 — p3)) — 2
=3+ 2(ps + ps) + 2p2p3 — 2y/(1 — p3)(1 — 3.

(3.38)

Then we calculate the maximum variance, denote Yy := Fyx,_, (U),Ys = Fyx, _, (U),
i M Y; — Vi
P N(0,1), let L 211

VA V1= 07

similar to above = & 1(U) so that Y5, Y3 move comono-

tonically.
So

F2|X1(U) +F3|X (U)=Y2+Y; = (\/1 —p5+ \/1 —Pg)‘b_l(U> + (p2 + p3)1

95



Since U, X; are independent and ®~1(U), X; ~ N(0, 1),
E((Fy2(U) + F55(U))?) =Var(Fy(U) + Fy5(U)) + B*(Fy(U) + Fy5(U))
=Var((y/1 = p3 + /1= RO (U) + (p2 + ps) X1) + 07

(3.39)
=(J1= g8 +/1— p3)% + (p2 + ps)?
=2+ 2y/(1 = p)(1 = p3) + 2paps.
So by Equations (3.36), (3.37), the maximum of Var(X; + X3 + X3) is
3+ 200 + 203 + 2¢/(1 — p3)(1 — p3) + 2paps.
]

We now illustrate Proposition 3.2.1 with a comparison of unconstrained and constrained
maximum (Panel A, C, E) and minimum (Panel B, D, F) variance under different assump-
tions on po. In Figure 3.4, the lines with x and solid lines indicate respectively the maxi-
mum unconstrained variance on Panel A, C, E and the minimum unconstrained variance

on Panel B, D, F.

When X, X5, X3 are comonotonic, Fi(X;) = F»(Xs) = F3(X3) = U, then Var(X; +
X5+X3) gets the maximum variance Var(F; H (U)+F, H(U)+F; 1 (U)) = Var(3®¢~1(U)) = 9.
The minimum of Var(X; + X5+ X3) is 0 since X3, X, X3 are jointly mixable (see Definition
1.2.9). The two cases correspond to the lines with .
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masimum viiance

mazimum variance

maimum veriance

maximum variance

rho3

Panel A: po =1, p3 € [-1,1]

of and

maximum variance

rhod

Panel C: ps =0, p3 € [—1,1]

of and maximum variance

rho3

Panel E: p, = —1, p3 € [—1,1]

minimum vasiance:

minirmum variance

minimum varian e
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F1s

6l
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ElS
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rho3

Panel B: py =1, p3 € [—1,1]

P of and minirnumn varianc e
5
4l
3l
2l
15}
s
T 06 ) ] i [ (k3 [ T

thod

Panel D: po =0, p3 € [—1,1]

p of and minimum varianc e
12|
1
04|
0 G ) 0 [ o (3 [ o

rho3

Panel F: py = —1, p3 € [—1,1]

Figure 3.4: Comparisons of unconstrained variance and constrained variance when py = 1
with ps varies from -1 to 1.

We apply Proposition 3.1.6 under the assumption that ps = p3. As can be seen from
the Panel B of Figure 3.5, Var(X; + X, + X3) reaches minimum 0 when py = p3 =
which is COV(Xl, XQ) = COV(Xl,Xg) = —%

1
-5
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of and maximum variance P of and minimurn veriance
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Figure 3.5: Comparison of unconstrained variance and constrained variance in
proposition 3.2.1 when ps = p3

3.2.2 Case of 4 Normal Distributed Random Variables

The following proposition is a generalization of Proposition 3.2.1 in dimension d = 4.

Proposition 3.2.2. Assume X1, Xo, X3, Xy follow N(0,1) marginals, Z is a background
risk and (X;, Z) has BVN(p;), i = 1,2,3. The mazimum and minimum variance Var(X; +
Xo+ X3+ Xy) when Z = Xy are

4+2p1+ 200 + 203+ 2/(1 = ) (1 = p3) + 2/ (1 — ) (1 — p3) +2/(1 = p)(1 — $3)
+ 2p1p2 + 2p1p3 + 2p2p3

1

2 i J1— <3 J1-p2
(p1+p2+p3+1) if max /1 pz<%2— 1—p;
_ N _ _ 2

ggggg) V1= 07 Ez Wl=pD)? if max /1 p; > E 1= pi

and
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Proof. In general,

Var(X; + Xo + X35+ Xy)
= Var(X}) + Var(Xy) + Var(X3) + Var(Xy) + 2Cov (X1, Xs) + 2Cov(Xy, X3) + 2Cov (X, Xy)
+ 2C0v(Xa, X3) + 2Cov(Xa, Xy) + 2Cov(Xs, X,)
=44 2p1 + 2p2 + 2p3 + 2Cov(X7, Xa) + 2Cov (X1, X3) + 2Cov(Xs, X3).
(3.40)

And
2COV(X1, XQ) + QCOV(Xl, Xg) + ZCOV(XQ, Xg) = Var(X1 + XQ) + Var(X1 + Xg) + Var(Xg + X3) — 6,

then

Var(X; + Xp) + Var(X; + X3) + Var(Xy + X3) = E((X1 + Xo)?) + E((X, + X3)?) + B((Xy + X3)?)
E(E((X;+ X2)* + (X1 + X3)* + (X2 + X3)%2))
E(E(X1|Z + Xo|Z)* + (X1]Z + X3|12)* + (Xo| Z + X3 2)?)).

(3.41)

To get the maximum and minimum variance, we just need to maximize and minimize
E(X1|Z + X5|2)? + (X1|Z + X3|2)? + (Xa| Z + X35]2)?).
For the upper bound, the argument is similar with the proof of Proposition 3.2.1, we have

E((F3(U) + Fy(U))?) + E(Fy(U) + Fy5(U))?) + E((Fy,(U) + Fy(U))?)
>E((X1|Z + X2|2)*) + E((X1]Z + X3]2)*) + E((X2| Z + X5|2)?)
where U ~ U[0,1] independent of Z, Fyz, Fyz, I, are the conditional distributions of
X117, X5|Z, X3|Z.

Since Z = X, ~ N(0,1) and (X;,Z) ~ BVN(p;), X;| Xy = 24 ~ N(pizg, 1 — p?),1 =1,2,3,
U and X, are independent. WLOG, by Equation (3.39),

E((FJAU) + Fyh(U)2) =2+ 2y/(1 - pA)(1 — p3) + 20102,

E((F5(U) + F2(U)?) = 2+ 2/(1 — 2)(1 — p3) + 2p1p5,
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B((Fyy(U) + Fy4(U)?) = 2+ 2y/(1 = p3)(1 — p3) + 2paps.
So by Equations (3.40), (3.41), the maximum of Var(X; + Xy + X3 + X,) is

4+ 2p1 + 202 + 205 + 2+ 2/ (1 = p)(1 — p3) + 201

+242/(1— pA) (1 — p3) + 20105 + 2+ 2/ (1 — p3)(1 — p3) + 2paps — 6

= 44201 +2p + 25 + 2/ (1 = p)(1 = p) +2/(1 — p) (1 — ) + 20/ (1 — pB)(1 — p3)
+ 2p1p2 + 2p1p3 + 2paps3.

To get the minimum variance,

Var(X1+X2+X3+X4) = E[E[<X1+X2+X3+X4)2‘X4H = / E((X1+X2+X3+X4)2’X4 = x4)dF4(x4),

—00

fixing X, as a constant x4, we only need to minimize

E((X1+X2+X3+X4)2’X4 = x4) = E((X1|X4 = £L‘4—|—X2’X4 = x4—|—X3]X4 = $4—|—X4‘X4 = .1'4)2).
(3.42)
Since we know X;| Xy = x4 ~ N(pizg,1 — p?),i = 1,2,3, denote

Xi| Xy = x4 := pjwg + /1 — p2W,,

where W; ~ N(0,1).
Then,

Equation (3.42) = (p1 + po + p3 + 1)%25 + E[(\/1 — piW1 + /1 — p3Wo + /1 — pdW3)?].

Now we minimize E[(y/1 — p?W; + /1 — p3W5 + /1 — p3W3)?] using Proposition 3.1.7.

1
: V1= p2 < I3 1= p?
Case 1: When max 1—pi < 221:1 1 —pi.

min{E[(y/1 — piW; + /1 — p3Wa + /1 — pdW3)?]} = 0. So,

min{Var(X; + Xo + X3 + Xy)} = / (p1 + pa + p3 + 1)°25dFy(z4)

= (p1+p2+ps+1)°E(X]) = (p1 4 p2 + p3 +1)°
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1
: W V1=p2 > =32 /1 —p?
Case 2: henll’;l?é 1 /%>2Zl:1 1—p;.
min{E[(y/1 — piWi + /1 — p3W + /1 — piW3)?]} = 1m<la<>g\/1—pz—72? W1=p7)%

So
min{Var(X1 + X2 + X3 + X4)}

oo 1
— [ o+ ot o+ 1%+ (a1 = g = 55001 = D)) dFu(a)

3
=(p1+ p2+ ps +1)° lrg%\/l—pl—ilz W1=p)2

3.3 Case of Non-normal Distributed Random Vari-
ables

3.3.1 Rearrangement Algorithm

Rearrangement algorithm (RA) is introduced in Puccetti and Riischendorf [2012], here is
a description on how to use it. Given a n x d matrix A as

a7 Q12 ... Q14

(3.43)
an1  QAp2 ... Qg

we rearrange the entries within each column to obtain row sums with minimal variance.
(Variance of (Zlggdau, Elgigda%, ceey Zlgigdam‘) is the Smallest.)

Step 1. For jth column, 2 < j < d, order the elements oppositely to the sum of the
other columns El§i§d7i¢jaij.

Step 2. Redo step 1 for each jth column, 1 < j < d.

When there are d risks X;,1 < ¢ < d with a background risk Z which takes k values
in {z1, ..., 2z}, we can still use rearrangement algorithm to approximate the minimum of
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Var(YX%, X;) since

Var(fj X,)=E lVar(zd: XilZ)] + Var [E(i XZ-|Z)1

i=1 i=1

(3.44)

() )
Then i .
D= Z P(Z = z;)Var <Z(XZ]Z = zj)> . (3.45)

j=1 i=1

For each Z = z;, we have submatrix A; =

@11 Q12 ... Q14 A1d+1
(3.46)

ap1 Ap2 ... QAnd an—l—l,d—l—l

where a; 441 = z;. If we know X;|Z = z; with some cumulative probability function F; ;,
then for some large number n, we generate F _1(#1),75 =1,...,n as a;; in the submatrix
A;. Then we approximate the minimum of Var (ZL(XAZ = z])) by using RA on the
submatrix A;. Now we evaluate @),

@=FE (EQ(;: XZ-\Z)> —E® (E(zd: XJZ))

i=1

= ]Xk‘i P(Z = z) <E(Zd; X,|Z = Z]))Q _ <i1 E(XZ)>2 (3.47)
_ ]zf:lP(Z = 2) (22 E(X,|Z = Zj)>2 B (i E(XZ)>2

If we know the distribution function of each X;|Z = z;,i = 1,...,d,j = 1,...,k and the
marginal distribution of every X;,7 =1, ...,d, then @) can be computed.
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3.3.2 Application with 2 Pareto Risks

We start with an example. Consider two random variables X, X5 and a background risk
Z such that P(Z =3) = P(Z =4) =

5
1 or 2, then the minimum variance Var(X; + X5») is

L) , TETE) 490669
3) T(3) 176400

8

Suppose X;|Z = z ~ Pareto(iz),z = 3 or 4,1 =

~ 0.4325 (3.48)

where I' is the Gamma function.

Proof. (Proof of Formula (3.48))

Var(X1 + XQ) =F [Var(Xl + XQ‘Z)] —|—Var [E(Xl + XQ’Z)],
@ )

(3.49)

@ = P(Z = 3)Var(X1|Z = 3+ Xo|Z = 3) + P(Z = 4)Var(X,|Z = 4+ Xo|Z = 4)

| 1 (3.50)

We consider the two terms separately. First when X;|Z = 3 ~ Pareto(3) and X5|Z =3 ~
Pareto(6). Denote (X1|Z = 3) = X1, (X3|Z = 3) = X, then
1 5 3 5 3

E(Xg) = —, Var(X;) = Z,Var(XQ) -2

E(X,) =
(X1) 5’ 50’

1
9’
Var(Xl + XQ)

:Var(Xl) + 2COV<X1, XQ) + Var(X'Q)

3 S 11 3 (3.51)
=24 2(E(Xi X)) — = =)+ —
i ( (£1X2) 2 5)+50
61
=105+ 28 (X1 %)
By Lemma 2.1.1,
/ / P(X, > u, X, > v)dudv
) ) . (3.52)
:/ / P(X; <) = P(Xy < v) + P(X; < u, X2 < v)) dudv.
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To get the minimum of E[Xng], let X;, X> be antimonotonic, thus X; = F)Ell(U) =
F);ll'Z:g(U),Xg = F)}Ql(l -U) = F)}21|223(1 — U) where U ~ U|0, 1] is independent of Z. If
X ~ F where F is the distribution function of a Pareto(#) distribution (6 > 1), then F'(x) =
1—(14a)7%. Let F(X) = U for some U ~ U[0,1], then X = F~Y(U) = (1—U)~ 5 —1. Then

X, = F)}ll(U) = (1-U)5-1,X, = F)};(l—U) — U~5 —1, so the minimum of E[X, X,] is:

1

E[((1-U) 51U =) =E[1-U)3U - (1-U)5-U5+1]. (353)
And

because the integral term is equal to 1 as it is the density of BETA(2,2). Further-

5
6
more, E[(l—U)_%} = X1 —w)3du = 3 and E[Us] = [lusdu = . Therefore

2 5
Equation (3.53) can be simplified to %g;g) -1
So

2I(3(E) 279
NE) 100°
Second, when X;|Z = 4 ~ Pareto(4) and X5|Z = 4 ~ Pareto(8), then we find that

min (Var((X1|Z = 3) + (X2|Z =3))) = (3.55)

1 1 2 4
B(X1|Z = 4) = 2, B(X|Z = 4) = =, Var(X,|Z = 4) = 5, Var(Xol 2 = 4) = =
Similarly, we get
, 2I(OIT(3) 1234
min (Var((X1|Z =4) + (X2|Z =4))) = Filgg) - TR (3.56)
So by Equations (3.50), (3.55), (3.56), we obtain
- . (BHreE) r(orE) 246439
the minimum of equation @) = F(%)G + ;(%3)4 ~ 28900 " (3.57)
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By Equation (3.47),

@ = P(Z=3) (i E(X;|Z = 3))2 + P(Z =14) <22: B(X;|Z = 4))2 — B (iz:E(Xi\Z)>

i=1 i=1

_1 (1 . 1)2 L1 (1 . 1)2 — (B[B(X,|2)] + E [E(X,|2)))?

2 \2 5 2 \3 7
31609 1 1 2
- (E(—— )+ E
88200 ( (Z—1>+ (22—1))
31609 1 1 1 1
- _(P(Z=3)-—— +P(Z=4)-—— +P(Z=3) —— i
88200 (( 3) 3_1+ ( ) i1 ( 3)- 6—1+P(Z 4) 8 —1
2209
176400

(3.58)

Then by Equations (3.57), (3.58),

L(HT(E) 490669
T(3) 176400

r
min (Var(X; + X)) = D+ @ = ~ 04325,  (3.59)

and Equation (3.48) is proved. O

In general, it is not possible to compute these bounds explicitly. It is thus helpful
to approximate them. To do so, we use the RA developed by Puccetti and Riischendorf
[2012]. We can then compare this result with the approximation from RA. Following the
procedures described in Section 3.3.1, here d = 2,k = 2,21 = 3, 20 = 4, the discretization
size n = 10%, we conduct RA on each submatrix A;,

min(Var((X,]Z = 3) + (X3 Z = 3))) = 0.6542,

min(Var(((X,|Z = 4) + (X3|Z = 4)))) = 0.1803,

SO
2209
i X1+ X2)) = = -0.6542 + - - 0.1 ~ 0. .
min(Var(X; + X)) = = - 0.65 + 10,1803 + - = 0.4208, (3.60)

which is very closed to the theoretical result in Equatlon (3.59).
Now we treat Pareto distribution as discrete distributions using discretization to get an
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approximation of the minimum variance, which is

min (Var((X1]Z = 3) + (X3|Z = 3)))
:Var(F)}11|Z:3(U) + F)E21|z:3(U))

i i | n i i
— )4 Fy! 1—) - Fglo o (—— (1 ——
n~|—1)+ Xl 7=3( n+1) n Pt X1|Z:3(n—|—1)+ Xal7=3( n+1

min (Var((X;]Z = 3) + (X3]Z = 3))) ~ 0.879287 — 0.471526 = 0.6353,
similarly,

min (Var((X1|Z = 4) + (X,|Z = 4))) ~ 0.358293 — 0.128374 = 0.1790,

then
min(Var(X; + X»)) ~ 0.40715,

which is slightly smaller than our result from RA (see Equation (3.60)).

3.3.3 Application with 3 Pareto Risks

There are random variables X, X5, X3 with background risk Z such that P(Z = 3) =

P(Z = 4) = 5. Suppose X;|Z = z ~ Pareto(iz),z = 3 or 4, then the minimum of

Var(X; + X5 + X3) is 0.3803 using RA approximation.

Proof. Following the procedures described in Section 3.3.1, here d = 3,k = 2,21 = 3,29 =
4, the discretization size n = 10, we conduct RA on each submatrix A;,

min(Var((X1|Z = 3) + (X2|Z = 3) + (X3|Z = 3))) = 0.5748,

min(Var((X,]Z = 4) + (Xa|Z = 4) + (X3]Z = 4)))) = 0.1526,

SO
1 1
min (B [Var(X, + X, + X3|Z)]) = - 0.5748 + 5 - 0.1526 = 0.3637.
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Since X1|Z = 3 ~ Pareto(3), X3|Z = 3 ~ Pareto(6), X3|Z = 3 ~ Pareto(9),

1 1 1
E(Xi|Z =3) = §7E(X2|Z =3) = 57E(X3|Z =3)= g

Since X1|Z =4 ~ Pareto(4), Xa3|Z = 4 ~ Pareto(8), X3|Z = 4 ~ Pareto(12),

1 1
E(Xi|Z =4) = §>E(X2|Z =4) = §;E(X3|Z =4) = ik

Var (E [Xl + X2 + X3|Z])

—r(z =) (12 =9) + Pz =9 (SEz=0) 82 (36002

i=1 i=1

85567729 1 1 1 2
T 170755200 (E (Z _ 1) B <2Z _ 1) B <3Z _ 1)>

~0.016628.

(3.61)

So
min (Var(X; + Xs + X3)) = 0.3637 + 0.016628 = 0.3803.

3.4 Conclusion of Chapter 3 and Future Work

In this chapter, we give characterizations of the covariance matrix of normal distributed
(X1, ..., Xp) so that Var(X; + ... + X,,) reaches minimum. An application has been done
on deriving upper and lower bounds of Var(X; + ...X,,) with knowing the distribution of
(X;, Z) where Z is a background risk. (X;)i<i<, are normal distributed here. Only case
n = 3,4 are studied here.

There are some open questions remaining in this chapter:
1. Conjecture 3.1.10 is not proved.
2. All of our result can be generalized to dimension n > 5.

3. We only focus on normal distributed random variables. For non-normal ones, the RA
can be used to get an approximation of the minimum variance. The compatible covariance
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matrix for sum of non-normal random variables to reach minimum variance can be studied
in the future. See Chaganty and Joe [2006] for related work on correlation matrix of
Bernoulli random variables.

4. Our result can be applied to many areas in risk management, such as the implied
correlation problem in option pricing.
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Chapter 4

A New Multivariate Dependence
Measure

This chapter is organized as follows, Section 4.1 is a summary of the existing bivariate
dependence measures. Section 4.2 reviews some existing multivariate dependence measures.
We introduce our new multivariate dependence measure g in Section 4.3 with its properties
(see Section 4.3.1) and estimation method (see Section 4.3.2). Section 4.4 gives a short
conclusion.

4.1 Existing Bivariate Dependence Measures

This section is a review of some dependence measures of bivariate data, which can mostly be
found in Nelsen [2007] and Joe [1997]. Nelsen [2007] makes a difference between measures
of concordance and measures of dependence, but we ignore this subtle difference.

To measure dependence between two variables, we can use Kendall’s 7, Spearman’s
p, Gini’s v or Blomqvist’s 8 defined as follows. All (X,Y’) below are continuous random
variables.

Definition 4.1.1. (Kendall’s 7 for a vector (X,Y’) of continuous random variables with
joint distribution H)

Txy = P[(X1 = X5)(V1 = ¥3) > 0] = P[(Xy — X5)(Y1 = ¥3) < 0],
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where (X1,Y]) and (X, Ys) are independent and identically distributed random vectors,
each with joint distribution function H.

1 1
TXy = 4/ / C(u,v)dC(u,v) — 1,
o Jo

where C denotes the copula of (X,Y).

Definition 4.1.2. (Spearman’s p for vector (X,Y’) with copula C)

pPxy = P(Fl(X1), F2<X2))7

cov(X,Y)

v var(X)var(Y)

where p is the linear correlation defined as p(X,Y") =

1 1
pxyYy = 12/ / C(u,v)dudv — 3,
0 Jo
where C' denote the copula of (X,Y).

Before the following definition, we recall copulas M and W defined in Theorem 1.2.8.
Definition 4.1.3. (Gini’s v for vector (X,Y’) with copula C')

1 1
ey =2 [ [ (utv =1 = u—o)dC(u,0)

According to Nelsen [2007], Gini’s 7 “measures a concordance relationship or distance
between C' and monotone dependence (i.e, comonotonic and countermonotonic defined in
Section 1.2.3), as represented by the copulas M and W”. In addition, there are measures
of association based on the “distance” (such as L,, [,-distance) between C' and M, W, (see
Chapter 5.3.2 of Nelsen [2007], Conti [1993], Gideon and Hollister [1987].

Definition 4.1.4. (Blomqvist /3)
Bxy = P[(X —2)(Y —g) > 0] = P[(X —2)(Y —7) <0,

where Z and g are medians of X and Y.

11
—40(2,2) ~1
BX,Y C<272> )
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where C' is the copula of (X,Y).

According to Schmid et al. [2010], Blomqvist 5 “can be interpreted as a normalized

difference between the copula C' and the independence copula at (%, %)”. Some other

measures of association between two variates include Spearman’s foot-rule, denoted as ¢.

Definition 4.1.5. (Spearman’s foot-rule where C' is the copula of X and Y)
1 1
Oxy =1-— 3/ / lu —v|dC(u,v)
0 Jo

By Genest et al. [2010], it is “an alternative to the correlation in the pairs (R, S1), ..., (Rn, Sp)
of ranks associated with a random sample (X1,Y)),...(X,,Y,) from some continuous bi-
variate distribution H(z,y) = P(X < z,Y <y)"

Nelsen [2007] defines a kind of measure of association as measure of dependence on
page 208, including:

Definition 4.1.6. (Schweizer and Wolff’s o)
11
Oxy = 12/ / |C'(u, v) — uv|dudv
0 Jo

In addition, according to Schweizer and Wolff [1981] and Nelsen [2007], the following
“normalized measure of distance between the surfaces z = C(u,v) and z = uv” yields a
symmetric nonparametric measure of dependence.

Definition 4.1.7. For any p, 1 < p < o0,

1,1 1/p
(kp/ / |C'(u,v) — uv|pdudv> )
0 Jo

where k, is a constant chosen so that the above quantity is 1 when C' =W or M.

Nelsen [2007] gives many other examples such as (90 [y Ji |C(u,v) — uv|>*dudv)'/?,

4sup,, e |C(u,v) — uv|, but we can not present all of them.

Tail dependence refers to measuring the likelihood of observing simultaneous small or
large values.
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Definition 4.1.8. (Upper tail dependence Ay and lower tail dependence Ap)
Av = lim Py > GH(t)]X > F7H(t)],
t—1-

A = lim PlY <G'(t)|X < F (1)),

where X and Y are continuous random variables with distribution functions F' and G,
respectively.

We end this section with the informational measure of dependence from Linfoot [1957],
although the list of dependence measures is far from being exhaustive.

Definition 4.1.9. (Informational coefficient of correlation ry)
ri=+vV1—e 2o,

where 7 is defined as follows,

ro = / / (p(z,y)logp(z,y) — p(x)q(y) log[p(z)q(y)])dxdy,

where XY are continuous variables with joint probability density distribution p(zx,y) and
p(z), q(y) are the probability density distributions of X, Y.

By Linfoot [1957], it is invariant under a change of parameterization X’ = f(X),Y’ =
g(Y). All the measures of associations here are defined when (X,Y’) are continuous, see
Mesfioui and Quessy [2010] for the situation when (X,Y) are not continuous.

4.2 Existing Multivariate Dependence Measures

4.2.1 Multivariate Dependence Measures Depending on the Cop-
ula Only

All the measures of association mentioned in Section 4.1 have different versions of multi-
variate generalizations, we list some of them mentioned in Schmid et al. [2010].
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Definition 4.2.1. (Generalization of Kendall’s tau by Joe [1990])
7(X) = Bi_gwip P{(D1, ..., Da) € Bra-1}

with d’ = |(d 4+ 1)/2] and By 4_ being the subset of x = (1, ..., 74) in R? with k positive
components and d — k negative or k negative components and d — k positive. There are
some additional constraints about wy, given in Joe [1990]. 7’s representation given in terms
of the copula is given by

+(C) = 26[11_1 {2d /W C(w)dC/(u) — 1} |

Some other multivariate versions of Kendall’s tau can be found in Nelsen [1996], Nelsen
[2002] and Taylor [2007].

Definition 4.2.2. (Generalizations of Spearman’s rho by Schmid and Schmidt [2007])

B f[o,l]d C(u)du — f[o,1]d [I(u)du . { d }
p(C) = P e — . e Ti(a)da hy(d) {2 /W C(u)du— 1%,

where h,(d) = (d+1)/{2% — (d+1)}.

Another version is

p2(C) = h,(d) {2d /[0 » [[(w)dC(u) — 1} ;
where [[(u) = [T, u; denotes the independent copula.

Nelsen [1996] proposes another version as p3 = (p1 + p2)/2. Some other multivariate
extensions can be found in Ruymgaart and van Zuijlen [1978], Wolff [1980] and Stepanova
2003].

Definition 4.2.3. (Generalization of Blomqvist’s beta )

B(C) = C(1/2) —T1(1/2) + C(1/2) — T1(1/2)
M(1/2) —T1(1/2) + M(1/2) — TI(1/2) (4.1)
= ha(d){C(1/2) + C(1/2) — 2"},

where C' denotes the survival function, C(u) = P(U > u), hg(d) := 57+ and 1/2 :=
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(1/2,...,1/2).
Definition 4.2.4. (Generalization of Gini’s gamma by Behboodian et al. [2007] )

1

O = s aty |y P + ANC() — afa)]

where normalization constants a(d) and b(d) are of the form:

_ 1 1 d ifd 1
a(d) = /[O,W {AC) A dndia = G gy + 3(1) <z>2(z+1)'

=0

W) = [ A+ Aw)aM ) =13

i=1 =

where A(u) = {M(u) +W(u)}/2,u € [0,1]% and A denotes the survival function of A.

According to Schmid et al. [2010], Joe [1989] introduces relative entropy (also known
as Kullback-Leibler divergence, see Kullback and Leibler [1951], Kullback [1997]) as an
information-based measure of association, defined as follows.

Definition 4.2.5. (Relative entropy of a random vector X = (X7, ..., X4) with copula C)

50%) = [ o | g

where f is the density of the distribution of X and (f;)1<;<q are the marginal distributions.
5(X) = 8(C) = /[ Joge(u))e(u)du,
0,1

where c is the density of the copula C.

4.2.2 Multivariate Dependence Measures Depending on the Mul-
tivariate Distribution

Some other multivariate dependence measures depending on the multivariate distribution
include:
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Definition 4.2.6. (From Dhaene et al. [2014], dependence measure p, of a random vector
X with non-degenerate margins)

- Var(S) —Var(Sl) . Eld:lzj<iCOV(Xi,Xj)

C X - - 9
pe(X) Var(S°¢) — Var(S+)  XL,%;,Cov(Xf, X¥)
where X°¢ = (X7, XS, ..., Xj) is a random vector with the same marginal distributions
as X but with comonotonic components. S¢ = %, X¢ and S+ = Y% X where

X+ = (Xi, X5, ..., X7 ) is a random vector with the same marginal distributions as X but
with independent components.

By Dhaene et al. [2014], p. measures dependence in X indirectly through the distri-
bution of the sum S of its components, focusing on the aggregate risk rather than on the
copula or joint distribution function itself.

The following dependence measure based on comonotonicity by means of product mo-
ment is motivated by p..

Definition 4.2.7. (From Zhang and Yin [2014]) The dependence measure p(X) of a ran-

dom vector X with non-degenerate margins is defined as

_ BIIL, X - I, E(X]]
BT, X = T B(XG]

p(X)

provided the expectations exist, where X¢ is a comonotonic random vector.

4.3 A New Multivariate Dependence Measure Depend-
ing on the Multivariate Distribution

Now we introduce a new multivariate dependence measure, denoted as o in the Definition
4.3.1 below. It also focuses on the aggregate risk just as p. in Definition 4.2.6.

Definition 4.3.1. (New multivariate dependence measure p)
> (DX, Y Xy)

all partitions S €5 ieS
o(X) =

number of ways to partition S into 2 parts’
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where ¢ is some existing 2-dimensional dependence measure. In particular, given a matrix
of data X = (X1, Xo, ..., X, _1, X,,), divide {1, ...,n} into 2 parts, {1,...,n} = SUS,SNS =
(. We denote by C the set that consists of all these partitions such that neither S nor S is

empty,
1

oX) = 5

> o> X, ) Xy).

SeC €S ies

Note that each partition appears twice in the summation.

4.3.1 Properties

We now introduce its properties. We assume that the 2-dimensional dependence measure

¢ in Definition 4.3.1 is a concordance measure and recall its definition from Lee and Ahn
[2014].

Definition 4.3.2. (2-dimensional measure of concordance)

Let X and X* be bivariate random vectors with distribution functions H = C(Fy, F»)
and H* = C*(FY, Fy), respectively. A numeric measure x(H) (or k(X)) is a measure of
concordance if it satisfies the following axioms. (Here X = (X3, X3), X* = (X7, X}) are
2-variate random vectors and F;, F* are the marginals for X;, X7,7 = 1,2, C,C* are the
copulas for (X, X*). See Definition 1.2.1 for definition of a copula.)

[S1]. =1 < k(H) <1, k(M(F\, Fy)) =1, (I1(F1, F2)) = 0, and (W (Fy, F»)) = —1 where
M, W are defined in Theorem 1.2.8, [] is the independence copula.

[S2]. If C < C*(e.g, C is smaller than C* in concordance order, C'(u) < C*(u) for all
u € (0,12 ), then x(H) < k(H*).

[S3]. If a sequence of joint distribution functions, {H, Hs, ...}, converges pointwise to H,
then lim; o k(H;) = k(H);

[S4]. k(X1, X2) = k(Xa, X1)';

(S5]. w(CH(F1, Fy)) = k(C¥ (Fy, F)) = —k(H) where CF is the copula associated with a
random vector (X, ..., X;_ 1, =X, Xiy1, ..., Xa).

Taylor [2010] extends Definition 4.3.2 to a multivariate measure of concordance.

Definition 4.3.3. (Multivariate measure of concordance)
Let X and X* be d-variate random vectors with distribution functions H = C(Fi, ..., Fy)

!Observe that it is a permutation of {1,2}.
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and H* = C*(FY, ..., F}), respectively. A numeric measure x(H) (or k(X)) is a measure of
concordance if it satisfies the following axioms.

[A1]. (Normalization) kq(H) < 1, kg(M(F\, ..., Fy)) = 1 and rq(T1(F1, ..., Fy)) = 0;

[A2]. (Monotonicity) If (X1, ..., Xq) < (Y4, ..., Yy), then k4(X1, ..., X4) < ra(Y1, ..., Ya);

[A3]. (Continuity) If Fj, is the joint distribution function of the random vector (X1, ..., Xjq)
and F' is the distribution function for (Xi,..., Xy). If Fy — F, then rq(Xg1, ..., Xpa) —
Ra( X1, ...y Xa);

[A4]. (Permutation Invariance) If (i1, ..., 44) is a permutation of (1, ..., d), then k4(X;,, ..., X;,) =
K(X1, ..y Xa);

[A5] (Duality) /id(—Xl, PN —Xd) = lﬂld(Xl, ...,Xd);
[A6]. (Reflection Symmetry Property; RSP) 3.,
g; = £1 and the sum is over all possible combinations of £1;

[A7]. (Transition Property; TP) There exists a sequence of numbers {r;}, where d > 2,

e, ka(e1X1,...,e4Xq) = 0 where each

such that for every n-tuple of continuous random variables (X7, ..., Xy), we have

Ta-1kd-1(X2, ..., Xa) = Ka(X1, Xo, ..., Xa) + £a(—X1, Xo, ..., Xg).

To prove Proposition 4.3.7, we need the following propositions.

Proposition 4.3.4. (Recalled from p199 of Embrechts et al. [2005])
Xy, ..., Xq are comonotonic if and only if

(X1, ..., X9) =4 (v1(2), ...,v4(2)) (4.2)

for some random variables Z and increasing functions vy, ...,vq, where notation “ = 7

means both sides of the equation have the same distributions.

Proposition 4.3.5. Given random vectors X = (X7, ..., X4), if each component is comono-
tonic, then for a fized partition SUS = {1,...,d}, S,cs X; and >icg X are still comono-
tonic.

Proof. For U ~ U[0, 1], since X1, ..., X4 are comonotonic, (X1, ..., Xq) =% (Fx(U), ..., Fx} (U)),
then

X =Y F(U) = g (U), (4.3)

€S ies
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where g1(+) := Yes Fx, () is increasing, and

S X =13 FMU) = 2(U) = gao g7 (O X), (4.4)

icS ies €S

where go(-) = X, g F )}il(-) is increasing. Since gy 0 g7 ! is still increasing, by Proposition

4.3.4, > e X; and Y. < X; are comonotonic. [

ieS
Proposition 4.3.6. If random vectors X and Y satisfy
X=(Xy,....Xq) <Y = (Y1,..., Yy), (4.5)
then for a fized partition S U S,
A= (ZXu ZX]-) < (ZY;, ZY]) = B.

€S jeg €S jeS
Proof. For convenience, denote the cardinality |S| = p, |S| = ¢ where p + ¢ = d. We list

S ={ir,yiph, S = {1, s Jq}-
By Equation (4.5),

¢ ’
F S 5 A
X1,.,Xq (tlv ) td) 0t10ty...0t,

- F.
Ot,0to...0t, " o

Lyeens Yd(tla"'7td)a

so the joint density functions of X and Y satisfy,

for all (t1,...,tq) € R%.
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Now for any fixed pairs of (z,y) € R?,

PO Xi<z> X;<y)

i€sS jes
=P(X;, <z— > X X;<y— > Xj)
i€S\{i1} jeS\{i}

— o o yizjeg\{jl} i xizies\{il} Li d d d d
= le ..... Xd(xl,...,:cd) Ly ALy - $ip .I'jq
—00 —o0 J—o00 —00

00 o0 y—z. TR z—zi iy Ti
S/ / / e J/ = fY1 ..... Yd(xh"-7xd)dledxh”'dxipdqu
Py Y, <YY<y

iES j6§
Similarly,
P(ZXZ- > SB,ZX]' >y) < P(ZYZ- > x,ZYJ > y).
’LGS jeg ZES ]Eg
So A < B. O

Proposition 4.3.7. In Definition 4.5.1, given a d-variate random vector X = (X1, ..., X4),
when d = 2, 04(X) = ¢(X); when d > 3, if ¢ is a measure of concordance, then gq is not
necessarily a measure of concordance. In particular, o satisfies axioms A1-A6 but not A7.

Proof. When d = 2,

d( X1, Xo) + o( X2, Xq)
2

02 (X1, X)) = = $(X1, Xa).

When d > 3, we will check A1-A7.

[A1]. 04(X) < 1 since each ¢(Xies Xi, > g Xi) < 1.

If X has comonotonic components, for each partition S U S = {1,...,d}, by Proposition
4.3.5, Yics X; and Y, 5 X; are still comonotonic Then each ¢(X ;e Xi, 25 Xs) = 1, so
0a(M(Fy, ..., Fy)) = 1. Similarly, o4(TT(F1, ..., Fy)) = 0 since when (X7, ..., X) is indepen-
dent, >7;c X; and >, 5 X; are independent.
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[A2]. Tf (X4, ..., Xq) < (Y1, ..., Yy), then for each partition S U S, by Proposition 4.3.6,
[Sxsn)«(£rgy),
iGS ]eg iGS ]e§
SO
iGS ]e§ ieS ]eg
by the monotonicity of ¢. Then g4(X7, ..., Xq) < 0a(Y1, ..., Yy).

[A3]. Consider a sequence of random vectors {(Xg1, ..., Xia) tren and (X7, ..., X4) with joint
distribution functions F' and F} such that F, — F, this also means (X, ..., Xgq) —2
(X1, ..., X4). Now for each fixed partition S U S, define function gg : R — R2:

gS’(Xla ceey Xd) = (Z Xi, ZXZ)

€S icS

Clearly, gg is continuous. By continuous mapping theorem (see Theorem 2.3 of Van der
Vaart [2000]),
95 (X1, -y Xpa) = gs(X1, ..., Xa),

then by continuity of ¢,

OO X Y X)) =7 0> Xi, Y Xo),

€S ieS ies ieS

for every S. So
Q(th ceny Xkd) —>d Q(XI; ...,Xd).

[A4]. If (iq,...,7q4) is a permutation of (1,...,d), then clearly o(Xj,,..., Xi,) = o(X1, ..., X4)
since we still get the same set of partitions after permutation.
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[A5]. By the duality of ¢,

1

(=X, e =Xa) =5 So(=> Xi,—> X))

SeC i€S i€
1
T “Sec  ieSs i€S
[46].
1
Z 0(e1 X1, ...,4Xq) = on _ 9 Z (Z ¢(Z€iXi,Z€iXi)),
Elyenny €4 T “e1,.08q SEC €S icS

there is an even number of terms in the sum. So for a fixed set of {1, ...,e4} and each 5,
we can pair ¢(3;cq€iXi, Y eg€iXs) With ¢(Xies —€iXi, X,c5€iXs), by ¢’s property (see
S5 of Definition 4.3.2), we get

o> X, Y X))+ o> —eXi, > e:Xi) = 0.

i€S i€S i€s i€S

So Yoo, e, 01X, eaXg) = 0.

,,,,,

AT clearly does not hold for different ¢s (since then p is a completely different depen-
dence measure). For fixed ¢, A7 still does not hold, see the counterexample in Example
4.3.8. m

Example 4.3.8. Given d = 3, assume (Y,Y,Y) has marginals U[0,1]. (X, Xs, X5) has
marginals exp(1), where X; and X, are independent. Assuming A7 holds, we can get a

contradiction.

Proof. We pick ¢ = ps, the Spearman’s rho, which is a measure of concordance satisfying
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A1-A7. Assuming A7 holds, then for the 3-tuple of continuous random variable (Y,Y,Y),

TQQQ(Y; Y) = QB(Ya Y, Y) + 93(_Y7 Y, Y)

1
re = gy [20,(Y.2Y) + 20,(Y.2Y) + 2p,(Y, 2Y)

1
+ 55— [20s(=Y52Y) + 2p,(Y, 0) + 29, (Y, 0)]

1
2 = oY 2Y) 5 [y (=Y,2Y) + 20,(Y,0)].

Y and 0 are independent, so ps(Y,0) = 0, ps(—Y,2Y) = —ps(Y,2Y) (This is by A5 and A6
and it only works in dimension 2). By the fact that Y and 2Y are comonotonic, we get
ps(Y,2Y) =1, 50 ry = 2.

Then we take another pair of 3-tuple random variables (X7, X5, X5), if A7 holds, this ro
should stay the same.

T2 =3 [p8<X27X1 + XZ) - ps(XQaXl - XQ)] .

T202(X2, Xa) = 03(X1, Xo, Xo) + 03(— X1, Xo, X»)
1
Ty = 3 [0s(X1,2X2) + ps(Xa, X1 + Xa) + ps(Xo, Xq + Xo) + ps(— X1, 2X5)]
1
+ g [pS(X27 _Xl + X2) + pS(X27 _Xl + X?)]
2
3

Then we take (Xo, X1, X5),

r20(X1, X2) = 0(X2, X1, X2) + o(— X2, X1, X5)

1
0= g[ﬂs(X% X1+ Xo) + ps(X1,2X0) + ps(Xo, Xi + Xo) + ps(—Xo, X7 + X5)

+ ps(X17 0) + pS(X27X1 - X2)]
—ps(Xa, X1 — Xa) = ps(Xa, Xq + Xo).
(4.8)
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So Equation (4.7) becomes

4
Ty = gps(X2,X1 + X)
- 4
3
4
= gp(l — €7X1, 1— 67(X1+X2)<1 + X1 + XQ))

p (Fx, (X1), Fxyx;(Xo + X3)) (4.9)

Since both Fy, (X;) and Fy, x, (X2 + X3) follow U[0, 1],

E (Fx,(X1)) = E (Fxpx, (X2 + X3)) = 5

Var (Fy, (X)) = Var (Fx,1x, (X2 + X3)) = =1

and X, Xy has moment generating function

1
E(etXl) = E(etXQ) = 1_¢
for t < 1.
So 1
B(e™) = B(e ™) = 2, Be %) = 3,
and

o0 1
72X1 -3z —
rie dr; = =
/0 ! 9
-X o —x 1
E(Xie ) / re” tdry = —,
0 4

E(Fx,(X1)Fx+x, (X1 + Xo) = B[l — e X 4 e2X17% —gmf1m %oy
6—2X1—X2X1 . e—Xl—XgXl + 6_2X1_X2X2 . €_X1_X2X2]
11

==
(4.10)
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So by Equation (4.9),

oA B (X0) P x (X0 + Xp)) — B(F% (X)) E(Fx4x,(X0 + Xp))
—
3 VVar(Fx, (X)) Var(Fx, x, (X1 + X2))
11 (4.11)
4 555 8
3 /1.1 9
121
which is different from the 75 we get from Equation (4.6) (ro = 2). There is a contradiction,
so A7 can not hold. O

Remark 4.3.9. Note by Proposition 4.3.5 and property Al of g, given X, o can be written
as

S (ZXuZXz-)

o(X) = sec  \ieS 3 7
> o (Z X5 Xf)
sec  \ieS €S

where X°¢ = (X¢, ..., X§) is a comonotonic random vector and S, C are defined in Definition
4.3.1.

Definition 4.3.10. (d-countermonotonic from Lee and Ahn [2014]) A d-variate random
vector X is called d-countermonotonic with (f1, ..., f4) if there exist non-decreasing contin-

uous functions fy, ..., f on R and a support, B, of X, which satisfy the following conditions:
i. fi(s1),..., fa(sa) are strictly increasing functions at (s, ..., Sq) = (1, ..., Zq),

i 3 filz) = 1,

for any (z1,...,24) € B.

We give a counterexample in Example 4.3.11 that d-countermonotonic is not the nec-
essary condition to ensure o(X) = —1.

Example 4.3.11. If X; ~ Pareto(2), X5, X3 ~ Pareto(1), denote U; = F;(X;),i = 1,2, 3,
and

U1+U2+U3:C

for some constant ¢, then X, Xy, X3 are 3-countermonotonic. But X; + X, and X3 are
not 2-countermonotonic (anticomonotonic).
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Proof. First, note that U; and U, can be independent, for instance, take U; = U, Uy =
U,U; =1—U—U where U and U are independent. We assume U; and U, are independent
in this example and ¢ = 1.
Then,

Xi+Xo=F ' (U)+FE N ) =0-U)"2+ 1 -Uy)™ ' =2,

Xs=F'1-U —Uy) = (U +Up) ' — 1.

If X;+ X5 and X3 are independent, then there are fi, fo strictly increasing on the support
set such that

A(A=U)P+ Q=) =2)+ o (Ui + Vo) = 1) = (4.12)

for some constant ¢,. Define fi(x) = fi(z —2), fo(z) = fo(x — 1) — ¢z, where z belongs to
the support set. Then fy, fo are still strictly increasing. Thus Equation (4.12) becomes

AQ=-U)24+0-U) ") =L (U +U2)7). (4.13)

Since f, has inverse function fgfl on its support set, Equation (4.13) becomes,

(=) o fi (1= 2+ (1= Ua)™") = (Uh + L) .

Now we take 2 pairs of (U, Us) = (%, %) (UL Uy) = (8 1), then

972

1-U)V4+(1-U) 't =5=01-U)""?+(1-0,)""

However,
12 ~ ~ 18
-1 _ 14 -1_ 1%
(U +Uy) " = 17 # (Uy + Us) 25"
So function g is not well-defined. There are no such functions fi, fo. O]

Thus when we take ¢ as a measure of concordance, ¢(X; + Xo, X3) > —1, 50 o(X) > —1
here. Now we give a sufficient condition to ensure p(X) = —1.

Definition 4.3.12. (3 — countermonotonic from Puccetti and Wang [2014])
A random vector X is said to be X — countermonotonic if for any vector a € {0,1}%, a- X
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and (1 —a) - X are countermonotonic.

Proposition 4.3.13. X is ¥ — countermonotonic, if and only if o(X) = —1.
Proof. “=" For any partition S U S = {1, ...,d}, take a = (ay, ..., aq) such that for each

1<i<d,

1 ifireS

a; = _

0 ifie S

then a- X and (1 —a) - X are countermonotonic. This means »  X; and ) X; are coun-
€S i€s
termonotonic. So by Definition 4.3.2, (>~ X;, Y X;) = -1, o(X) = —1.
€S ’l€§

“<” Fix some a € {0,1}%, we look at a-X and (1 —a) - X. Denote a = (ay, ...,aq). We
define the set S as following: for each 1 < i < d, if a; = 1, put index ¢ into set S. Thus
set S contains all the index ¢ such that a; = 1; set S contains all the index ¢ such that
a;=0.S0a-X=> X;and (1—a)-X =) X, Since o(X) = —1 and we use the same

€S ’L€§

notations as in Definition 4.3.1, each ¢ ZXi7ZXi = —1, thus ZX,» and ZXZ- are
€S i€S €S i€S

countermonotonic.

Since this a can be any vector in {0, 1}¢, we get a - X and (1 — a) - X are ¥ —countermonotonic.

[]

In Proposition 4.3.7, we prove that g4(X) = 1 if X = (Xj,..., Xy) is a comonotonic
random vector. Its reverse direction also holds.

Proposition 4.3.14. For any random vector (X,Y'), if ¢ satisfies: ¢(X,Y) =1= (X,Y)
are comonotonic. Then given a d-variate random vector X = (Xi,..., Xq), if 0a(X) = 1,
we have X is a comonotonic random vector.

Proof. When d = 2, o(X) = ¢(X), this automatically holds.
When d > 3, if o(X) = 1, since for each S, ¢(3 ;5 Xi, >oieg Xi) < 1, then ¢(Xce Xiy Yieg Xi) =
1. So > ies X and 37, g X; comonotonic. In particular, there exist increasing functions

gi, 1 <i < d such that ¢;(X;) = X2, X;. For k # 4,
Xk + gr(Xi) = Xi + 9:(Xy).
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As g;, g, are increasing, when Xy is increasing, Xy + gx(X}) is increasing, which is when
X; is increasing. So X, is an increasing function of X;, thus X, and X; are comonotonic.
This holds for all the ¢ and k. By Theorem 3 of Dhaene et al. [2002], the random vector
X is comonotonic when its component is pairwise comonotonic.

O

Definition 4.3.15. A random vector X = (Xj,..., Xy) is said to be positively orthant
dependent (POD) if both

d
P(Xi <y, Xg<uzg) > [[P(X; <),  forall (21,29, ...,14) € R?

i=1
and .

P(X)>a,..,Xqg>xq) > H (X; > x;), for all (z1, s, ...,24) € R?
hold.

Proposition 4.3.16. If a random vector X is POD, then o(X) > 0.

Proof. We take a random vector Y = (Yi,...,Yy), which has the same marginal as X.
Assume Y has independent components, then

d d
P(Xy <@y, Xag < 2q) zH (X; < ;) = [[P(Yi <) = P(Yy <2, Yy < 2q)

i=1
and

d d
P(Xy > @1,y Xg > 2g) 2 [T P(Xi > 2) = [[ P(Yi > @) = P(Y1 > 21,...,Ya > 24)

i=1 =1

for all (21, 29, ..., 14) € RY.
So Y < X. By Proposition 4.3.7, A1 and A2 properties of o(Y), we get o(X) > o(Y) =
0. O
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4.3.2 Estimation

In this section, we introduce some ways to estimate o given a sample of X. One simple
way is replacing bivariate measure ¢ by its sample version ¢ to get the estimate of p.
Another way is described as follows. Given a matrix of data of d-dimensional X =

d
(X1, ..., Xq), each column X; = (X1, Xoj,..., Xn;)7,1 < j < d. Let S, = ZXM for

J=1

each 1 < i < n, and (1), 1<j<q ~ Bernoulli(0.5) independently. We select those

I S Y

Jj=1 Jj=1
0 as

d d
0 <Y I; <d, and denote I;; = (Ii,j|0 <> I; < d). Now we define the estimator g of

SRS

o(X) =

n d d
j=1 j=1

=1

Proposition 4.3.17. Recall Definition 4.3.1 of o, 0 is an unbiased estimator of p. In
particular,

E<@>=2dl_22¢

SecC

(E:‘X}>§:‘X})

jes jes

Proof. Fix the ith sample, then we omit ¢ in the subscript now, (1;)1<j<a = (Lij)1<j<d, (Xj)1<j<a =
(Xijh<j<a-
IfZ1 :igz :idZOOI' ]., then

d
P(Il = il,lg = ig, ---7[d = Zd) == P([l == 7:1,[2 = ig, ...,[d = ’ld’O < ZIJ < d) - O

j=1
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Ifi; €{0,1},j =1, ...d and 0 < %}, i; < d,

d
P(Iy =iy, Iy =iy, ... g = ig) = P(Iy = ir, [ = i, ..., Iy = ig|0 < Y_ I; < d)

7j=1
P(fl - il,fg = ig, ...,fd = Zd)
PO<YI I; <d)
ngl P(fj = ij) _
1—- P4, [;=0)— P(X)_, [; =d)

1

1-2- 5
1
24 — 2’

So

E

d d
¢ (Z 1; X5, 8 — ZIij)]
=1 j=1
=¢(X1, Xo+ .. Xg) - P(h=1,I,=...= I; = 0)
+o+d(Xi+ Xo+ .. Xy 1, Xy) - P(Lh=L=.1,1=11,=0)

:2651_22¢ (Z)@E?@) :

SGC jGS ]€§

4.4 Conclusion of Chapter 4 and Future Work

In this chapter, we propose a new multivariate dependence measure o focusing on the
sum of random variables. We have derived its properties and studied how to estimate
it. Future work on p includes deriving more properties, other estimation methods and
its applications. The asymptotic normality, robustness and statistical inference associated
with the estimator can be studied. See Bernard and Mcleish [2014] for one application to
designing algorithms to minimize the variance of the sum.
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Chapter 5

Conclusion and Future Work

This thesis studies bounds on variance under partial information available, the compatible
matrix problem and gives a new multivariate dependence measure. Conclusion and future
directions of each part have been given in Sections 2.6, 3.4 and 4.4. The following topics
are beyond the scope of this thesis and thus left to future work:

1. In both Chapters 2 and 3, we study bounds on variance with partial information on
dependence: in Chapter 2, we know the copula on some restricted area S. In Chapter 3,
we assume that we know the interaction with some background factor Z. It is natural to
ask whether there is some relationship between the two problems.

2. The covariance matrix given in Chapter 3 can be studied in terms of other probability
distributions. When n > 4, the matrix is not unique anymore. When n — oo, do the entries
of the matrix converge to any value or follow any distribution? This problem is related to
random matrix theory (see Tao [2012]).

3. This thesis deals almost exclusively with the variance but it can be extended to
other risk measures, or to study the distribution of the sum.

4. We have only worked on sums of random variables. Our work can be extended to
bounds on f(Xj, ..., X,) for other functions f such as stop-loss premiums, exotic options.

5. This thesis only focuses on dependence of continuous random variables, see Neslehova
[2004] for discussion on non-continuous random variables.
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