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Abstract

In this thesis we consider the use of a linear periodic controller (LPC) for the control of
linear time-invariant (LTI) plants in the decentralized setting with an H..-performance
criterion in mind. If a plant has an unstable decentralized fixed mode (DFM), it is well
known that no decentralized LTT controller can stabilize it, let alone provide good perfor-
mance, which is why we turn to more complicated controllers. Here we show that if the
graph associated with the plant is strongly connected and certain technical conditions on
the relative degree hold, then we can design a decentralized LPC to provide a level of H,
performance as close as desired to the centralized H.-optimal performance; this will be
the case even if the plant has an unstable decentralized fixed mode (DFM). The proposed
controller in each channel consists of a sampler, a zero-order-hold, and a discrete-time
linear periodic compensator, which makes it easy to implement.
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Chapter 1

Introduction

1.1 Background

The information flow of a system plays a vital role in the design of a feedback controller. If
the information flow constraints imposed that each disjoint subset of inputs of the system
has access to only one subset of the outputs and that the information fed back through the
local input only depends on the corresponding subset of outputs, then the system is said
to be in a decentralized setting and the overall feedback strategy is called decentralized
control. The information flow constraints may arise due to a geographical separation of
sensors and actuators, such as in a large power grid, or in a large chemical plant. Of course,
there are more complicated examples of restrictions on information flow, e.g., the input u;
depends not only on y; but also on a delayed version of y;_1, which may arise in specific
application problems such as controlling a platoon of vehicles or in networked control, e.g.
see [27], [23], and some of the cases considered in [21]. However here we are considering
only the classical constraint on information flow: input u; depends solely on output y;.

In the context of this classical decentralized control problem, a linear time invariant
(LTT) plant can be stabilized using a decentralized LTI controller if and only if the system
does not possess any unstable DFMs [7]; however, it has long been known that this is
not the case when using time-varying controllers. In [3] it has been proven that certain
time-invariant systems that cannot be stablized by a LTI decentralized controller can be

stabilized by a decentralized time-varying controller. Moreover the author of [28] showed
that sample-and-hold feedback strategy can be applied to eliminate some unstable-DFMs
with certain properties; the author of [29] expands the idea presented in [28] and [22] and

proposed a methodology to precisely identify the DFMs that cannot be moved by sampling.



In [11], the authors propose decentralized control strategies to stabilize linear-periodically
time varying plants and it turns out that these decentralized controllers are linear periodic
in nature.

It is worth noting that the structure of the directed graph associated with the system
plays a significant role in designing a decentralized controller. In [I] the authors show
that by applying a decentralized generalized sample data hold functions (GSHF)(See [10])
to a LTT continuous time plant, the associated graph can be suitably modified to form a
hierarchical system model, for which the design of the controller is substantially simplified.
Indeed, [9] provides an approach to classify DFMs into those which are truly fixed and
those which can be moved using a sufficiently sophisticated controller by inspecting the
graph associated with the system; an associated ‘quotient system’ is defined and it is proved
that its DFMs, labelled QDFMs, are exactly those DFMs of the original system which are
immoveable by any form of nonlinear time-varying (NLTV) feedback.

In this document we are interested not only in closed-loop stability but also in H..-
optimal (or near-optimal) performance. Carrying out optimal controller design in the
decentralized setting is difficult, and has only been solved in special situations. These
include:

(i) that of [5], in which the the plant has no unstable DFMs and is minimum phase;

(ii) that of [23], where a variety of cases are considered, including a classical one in which
there is a ‘triangular constraint’ on information flow;

(iii) that of [24], which discusses the central notion of quadratic invariance, and considers
which provides a detailed historical account of work on decentralized optimal control,
and where it is argued that the underlying concept in most of these approaches is that
of 'quadratic invariance’, and computational techniques are provided; a variety of cases,
including some of the classical kind, with followup work by the same author given in [20],

[13];

(iv) that of [25], in which a general class of systems having a poset structure is considered,
and an Hs-optimal decentralized LTI controller is provided;

(v) that of [18], wherein a centrally controllable and observable plant with an associated
strongly connected graph is considered, and a linear periodic controller is designed which
provides a level of performance as close as desired to the centralized optimal LQR perfor-
mance.

We conclude that (a) the optimal decentralized control problem is difficult, and (b) in all
of the cases listed above except the last one, either the optimal performance is achieved by
an LTT controller or only LTT controllers are considered.



In this document our goal is to extend the approach of [18] on providing (near) LQR-
optimal performance discussed in (v) above to providing the more demanding goal of
providing (near) H.-optimal performance. In [18] it was shown, under reasonably general
conditions, that L) R-optimal centralized performance can be recovered by a decentralized
linear periodic controller. In that paper the assumptions are that the plant is centrally con-
trollable and observable and the graph associated with the system is strongly connected. It
is important to note that the class of systems considered there does not have the quadratic
invariance property of [241] nor the poset stucture of [25]; however, it turns out that the
three required system properties are generic, which demonstrates that the result is typical
and not atypical (see Proposition 1 of [18]). The H,, performance objective is much more
demanding than the LQR performance objective. Of course, since we will be using a linear
periodic controller we can no longer use the frequency domain interpretation of the H.
performance index; instead we adopt the natural time-domain interpretation of the system
gain in the induced 2—norm sense. In contrast to [18] but in accordance with a typical H,
optimal problem, both inputs and outputs of the plant are partitioned into two different
classes: a set of control inputs, a set of disturbance(reference) inputs, a set of outputs to
be controlled and a set of measured outputs. This added complexity of the problem re-
quires some additional assumptions, e.g., for our approach to work, certain relative degree
conditions are imposed.

Our approach is motivated by the earlier work on the robust control of linear (possibly
time-varying) centralized systems using linear periodic controllers [20], [15], and [19] and
[21] as well as the earlier work on decentralized LQR performance [18]. The first step
is to compute an LTI centralized controller K., which provides a level of performance
as close as desired to the centralized H..-optimal performance. Next, we construct a
linear periodic sampled-data decentralized controller which emulates the behaviour of the
afore-mentioned LTI centralized controller K..,; we impose a relative degree constraint to
ensure that the approach works. We make use of the strongly connected assumption to
pass information between channels, and we end up with a linear periodic decentralized
controller parametrized by the period 7' > 0; we show that as T" — 0, the closed loop
performance tends toward that provided by the centralized LTI controller K..,.

The periodic controller works as follows: with p channels, we place a copy of K., in
one of the channels - we somewhat arbitrarily choose the last one. In each channel i we
maintain an estimate of the corresponding output of the copy of K., which we label I1;.
While at all times applying our estimate [; in channel 4, during the first part of each
period we probe the system with v, ¥, ..., yp—1, so that in channel p we can estimate these
quantities, which are then coupled with the measurement of y, to yield an estimate of
y, which can then be used to drive the copy of K., to update the 'near-optimal control



signal’. In the last part of the period we probe the system in the p** channel to pass this
information to the first p — 1 channels. The relative degree assumption plays a critical role
in ensuring that the probing is successful.

We emphasize that the proof for the H,, problem considered here is significantly differ-
ent from the earlier work on the LQR problem [15]: (i) first of all, the centralized controller
K en is now dynamic output feedback rather than static state feedback, (ii) second of all,
now the problem is tracking rather than stability, which significantly complicates the prob-
ing and estimation, which gives rise to the need for relative degree assumptions, and (iii)
now we need to use input-output operator norms rather than the norm of signals.

1.2 Mathematical Notation and Preliminaries

Before proceeding further, we will provide an overview of the mathematical tools and
the notations that are being used throughout the document. The natural numbers, real
numbers, non-negative real numbers, integers and non-negative integers are denoted by
N,R,R*",Z and Z" respectively. The Euclidean norm is used for the vectors and the
corresponding induced norm is used for the matrices. The norm of a vector or matrix
is denoted by ||.||. The Lebesgue space Lo(R™) denotes the set of R" valued, Lebesgue
measurable square-integrable signals x on [0 co) for which

el o= | [ latrPar] <o

On occasion we wish to measure the size of a signal on an interval: with x € £L5(R") and
ty > t; > 0, we define

t2
(e / e (r) | dr.
1

Throughout the thesis, we often use the size of the signal measured over a period of T' > 0;
with z € L5(R") and k € Z we define

(k+1)T .
o= ([ (] dr
kT

A function f : R* — R™™ is said have an order of 77 and is written as f = O(T7), if
there exist constants ¢; > 0 and 7} > 0 such that

1F(T)] < al’, Te (0,77).
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Here we consider the order notation for small 7" € (0,7}). The order notation has several
properties that will be used in later sections. If functions fi, fo : Rt — R™ ™ are orders
of TV and T respectively, i.e., fi = O(T7) and fo = O(T"), then the sum property implies
that

fi+ fo=0(T" +TY

and the product property implies that
fifa =0O(T"").

Moreover, the order notation is used in conjunction with arithmetic operations. For exam-
ple if we write f; = fo + O(T*) for some k € R, then we mean that there exist constants
¢, > 0 and T}, > 0 such that

1/1(T) = fo(T)|| < &T*, T € (0, T).

Positive definite matrices are very useful when applying Lyaponov’s direct method of

A B
& ¢
with A € RP*?, B € RP*?, and C € R?*?. The Schur complement S, of block matrix A
is written as

stability analysis. Let M € R™*" be a symmetric matrix partitioned as M :=

Sa=0C— BTAle,
and the Schur complement S of block matrix C'in M is given by
Se=A—-BC'B".

From [31] the matrix M is positive definite if and only if A and its Schur complement Sy
are positive definite:
M=0&sA=0,54 0.

Similarly both C' and its Schur complement S¢ are positive definite if and only if M is
positive definite.

Let G C R" be a euclidean subset. A continuous function h : G — G has a fixed point
if there exist « € G such that h(z) = x. The Brouwer fixed-point theorem states that any
continuous function h will always have at least one fixed point if G is convex and compact.
We invoke this idea to find a root of a function in a later chapter.

A single-input-single-output(SISO) system with a state space representation of
T = Az + bu

y=czr
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said to have a relative degree (rel.deglc(sI — A)~'0]) of n, if
cAb=0 fori=0,1,---,n—2

and
cAT 1) # 0.

We assign a relative degree of oo if the transfer function is identically zero. We extend the
idea to a multi-input-multi-output(MIMO) system by defining its relative degree to be the
smallest relative degree of all the possible SISO subsystems.

1.3 Organization of the Thesis

The thesis is organized as follows. Chapter 2 is partitioned into three sub-sections. In the
first sub-section we formulate the decentralized setup and discuss the assumptions. In the
second sub-section, we discuss the control problem and provide a high level description
of the approach. Finally in the last sub-section we discuss a regularization step which
simplifies the controller description. We partition Chapter 3 into two sub-sections. First
we present a preliminary result on estimation, which is used to motivate the controller
description presented in the next subsection. Chapter 4 provides the detailed proof in
threefold: first we start off with a lengthy Preamble followed by a stability analysis for the
the closed loop system and finally we tie in our objective by analysing the performance.
Chapter 5 illustrates the simulation results using the proposed controller in a simple plant
with a DFM and a non-minimum phase zero. In Chapter 6 we provide a comprehensive
summary of this thesis and we recommend potential future expansions for this research.
In the Appendix we provide proofs for the preliminary Lemmas that are been used in the
main proof.



Chapter 2

Problem Formulation

2.1 The Setup

The plant model P is modelled as follows:

i = Ar+ Y Bu+ Er, x(t)) = xo
z = Cll' + Z?:l Dzlluz + Dor (21)
yi = C%m, Z: 17"'7p7

with () € R™ the state, u;(t) € R™ the " control input, r(t) € R* the disturbance (or
reference) signal, z(t) € R” the output to be controlled and y;(t) € R% the measured i"

output for i = 1,...,p; we set m =Y 7 my;, and [ = "7 I;. Associated with this model
are
(0 uy Cy
Yy = y U= ’ CQ = :
Yp Up Cy
B=[B - B,], Du=[D} - D ].

Notice that it is implicitly assumed that the disturbance r(t) does not appear directly
in the measured output u(t) (Dg; = 0 in the centralized context). This assumption is
not overly restrictive as with any sample-data controller, it is the norm to pass the signal
through an anti-aliasing filter prior to sampling. On the other hand this assumption is
crucial for the implementation of the controller.



Another implicit assumption is that in the decentralized context the channels are local-
ized, i.e. u; depends solely on y;, regardless of the type (LTI, linear time varying (LTV),
or non-linear time varying (NTLV)) of the controller used. This is assumption is not too
restrictive as it possible to reconfigure input-output map so that the resulting channels
are localized. For example, consider a plant with 4 channels and the following information
flow characteristics.

e wu; has access to y; and y3
® w15 has access to yo and y3
e wu3 has access to y3

e u, has access to yi, y2 and y,.

A set of new outputs can be implemented to ensure the system is fully decentralized.

Y1
Consider the outputs y; := { th ], Yo 1= [ 32 }, ys :=ys and g4 := | y2 |. With these
3 3
Ya

outputs the plant is completely decentralized as all four channels are localized.

The overall objective of this thesis to design a decentralized controller to closely match
the performance of the centralized H,, optimal controller. In order to design a H ., optimal
controller using the method of [8], it is required that

Assumption 1: (A, B) is stablizable and (Cy, A) is detectable;

Assumption 2: (C4, A) is detectable.

These technical assumptions play a pivotal role in designing the centralized optimal con-
troller.

Before we talk about performance, it is crucial to discuss the issues surrounding closed-
loop stability in the decentralized setting. The notion of DFM was introduced in [7]; the
goal is to identify those eigenvalues that are immovable using LTI feedback which respects
the information flow constraints. It has been shown in [7] that an eigenvalue is movable
using dynamic output feedback if and only if it is movable using static output feedback.
In the decentralized setting the set of static output feedback gains is given by:

Kaec(A; By, -+ -, By; 021,~-- L) :={K € R™*! -

8



K = diag{K,,--- , K,}|K; € R™>h},

or simply Ky for short is used to specify the unmovable eigenvalues known as DFM.

Definition 1 The decentralized fixed modes of (2.1) are given by

mKe]CdeCO-(A + BKCQ)

Remark 1 As mentioned in the Introduction, for some systems, some of the DFMs are
moveable using non-LTI control laws, e.g. [3], [25], [22], [29] and [11]. The DFMs which
are immoveable by any NLTV control law are the QDFMs - see [I] and [17].

Graph theory can be used to study decentralized systems, and was used in [9] to identify
QDFMs. Following [1], one can build a directed graph of the plant (2.1) as follows: there
are p nodes representing the p control agents and p sensor agents, with an edge from node
¢ to node j iff C’g(sl — A)7'B; # 0. Recall that a directed graph is said to be strongly
connected if there is path from every node to every other node in the graph.

Remark 2 [t was proven in [0] that if the plant is centrally controllable and observable
and the associated graph is strongly connected, then the system has no QDFMs (though it
may have DFMs).

Hence, we can be assured that the system will not have any unstable QDFMs if we
insist that the directed graph associated with the plant is strongly connected. Hence we
impose

Assumption 3: The directed graph corresponding to (2.1) is strongly connected.

We will be using ideas from the paper on decentralized control in the LQR setting [1]
as well as the earlier work on simultaneous stabilization in the H,, context [16]. We will
be carrying out probing at each plant input u; and measuring the response at each plant
output y;; for this to work, we need to ensure that the effect of the probe overwhelms the
effect of the disturbance signal r. We do so by imposing a relative degree assumption.
The relative degree of a non-zero siso transfer function is the degree of the denominator
less the degree of the numerator, with the understanding that if the transfer function is



identically zero then the relative degree is defined to be oo; for a multivariable transfer
function the relative degree is the smallest relative degree of the scalar elements, with the
understanding that it is infinity if the multivariable transfer function is identically zero.
For our set-up we are interested in two distinct relative degrees, one associated with the
control input and one associated with the disturbance input:

m = max rel.deg.(Cy(sI — A)™'By),
6,5 € {L,---p}
= rel.deg.(Co(sI — A)T'E).

’ Assumption 4: 7y > ;. ‘

The motivation of this assumption is as follows. Suppose for simplicity that [; = m; = 1,
and that at time 0 we probe the input u; with a small test signal ¢ on a small interval
[0, A, with all other inputs zero and with the plant initial condition equal to zero. With 7
the relative degree of CJ(sI — A)~'B; and 7, the relative degree of CJ(sI — A)"'E, after
the small time period h we have

h .
yi(h) = /0 CIeA-) By + Er(r)] dr

Q

o hin X h
CLAM B 0 O %) ([ r(r)|Par) 2
m: 0
From the definition of 7; we have that C’gAﬁl*lBi # 0, so

—1 i’ fla—f—1/2 " 2 7.\1/2.
g, i) = ¢+ ORI () lr(mlan) ™, (22)
but 77 < 7y and 7y > 1, which means that
o —Mh —1/2>m—m —1/2>1/2.

This means that the LHS of (2.2) provides a good estimate of ¢, even in the presence of the
disturbance r. Of course, the above is more complicated in the case of non-scalar inputs
and output, non-zero initial conditions, and when one is trying to carry out control at the
same time as estimation. These issues will be dealt with in due course.

2.2 The Problem

The objective of this thesis is to design a linear periodic controller that not only provides
closed loop stability, but also guarantees near optimal H ., performance in the decentralized

10



setting. To proceed, we need to make precise the notion of stability and H., performance.
We first consider a centralized LTT controller K., described by

U= F’U+GQ, ’l)(t()):’U()E].:{Z

v = Hv+ Jy. (2:3)

By closed-loop stability we mean that, if r(¢) is identically zero, then for every ¢, and

every set of initial conditions xy and vy, we have that [ ig; ] — 0 as t — oo. With
to =0, xo = 0, and vy = 0, we let F(P, K.ep,) denote the closed-loop map from r € Lo(R*)
to z € Lo(RP). The classical H-optimal control problem is to find the LTI controller
Ken, which stabilizes P and minimizes the cost || F(P, Kee)||. In general the minimizing
controller does not exist, but one can obtain an LTI controller which provides a level of
performance as close to optimality as desired [$]. So given a near optimal centralized
LTI controller K..,, our goal here is to obtain a decentralized controller K. which
provides a level of performance close to this; to achieve this we use a linear periodic
sampled-data controller.

Here we consider decentralized sampled-data controllers K. of the form

k1) = LI+ M),
wz I%GRZ
ik +7) = QU+ RIK(K), 24
€ [0,h)

with the controller gains L;, M;, @);, and R; periodic of period ¢ € N for every ¢ €
{1,2,...,p}; the period of the overall controller is T' := gh, and we associate this system
with ((L;, M;,Q;, R;),i = 1,....,p; T;q). Note that for each i, (2.4) can be implemented
with a sampler, a zero-order-hold, and an [!* order periodically time-varying discrete-time

Un k]

system of period g. We define the augmented controller state as 1[k] := : and

UpK]
P[0] == tho.

The state of the closed loop-system is a combination of discrete and continuous states,
defined by

2oa(t) == { x(t) } . te[kh, (k+1)h);

the dimension of 1 is [ :=Il; + Iy + - - + [,. Now we make precise our notion of stability.

11



Definition 2 The sampled-data controller (2.4) exponentially stabilizes (2.1) if
there exist constants v > 0 and A < 0 so that, with £, = 0 and r = 0, for every
ro € R™ and v € R, we have

lzsa®)ll < ve*zsa(0)ll, ¢ > 0.

Suppose that the sampled-data controller (2.4) labelled Kg.. exponentially stabilizes
(2.1); then with t, = 0, 2(0) = 0 and [0] = 0, we let F(P, K4.) denote the closed-loop
map from r € Lo(R*) to z € Lo(RP). The goal is to design a stabilizing controller K. so
that || F(P, Kge)|| is as close as desired to ||F (P, Keen)||-

Before we proceed to the formal controller design, we will provide some intuition on
how to design such a controller. The centralized controller K., has access to all of y,
whereas in the decentralized case the controller in the i** channel can only measure y;. We
place a discretized version of K., in one of the channels - we somewhat arbitrarily choose
the p™ one - which we drive with a running estimate 4 of  and which generates a running
estimate of the control signal:*

vk +1] Fulk] + Gy(kT) }
Nk+1] = Hvlk+ 1]+ Jy(kT),

(2.5)

where F = efT and G = (fOT efdr)G. On each period [kT,(k + 1)T), we apply an
estimate M[k] of M[k|, at the same time doing a small amount of probing to obtain a better
estimate of this quantity for use during the next period. We make use of the fact that
the graph associated with the plant is complete to pass information amongst the channels.
More specifically, first we carry out probing in channels 1,...,p — 1, using scaled versions
of y1(kT), ..., yp,—1(KT) so that an estimate of y;(kT), ..., y,—1(kT) can be constructed in
channel p, which is combined with the local measurement of y,(k7") to construct an estimate
g(kT) of y(kT) which can be used to drive (2.5) to generate v[k + 1] and hence M[k + 1].
Second of all, we then probe from channel p with elements of M[k+1] to provide an estimate
[k + 1] of the updated control signal for use in channels 1, ..., p— 1 during the next period.
It turns out that we can do this in a linear periodic fashion, and end up with an overall
controller of the form (2.4). The ensuing control signal is of the form displayed in Figure 1.
With this controller implemented, we will show not only that the controller exponentially
stabilizes (2.1), but also that we can make the closed-loop performance as close as desired
to the level of performance provided by K..,.

n order to use the available information in constructing the control signal, we use 7(kT) rather than
9((k+ 1)T) in constructing the control signal M[k + 1].

12
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«— Probing, Estimation A
and Control

Figure 2.1: A typical control signal over a period for the proposed controller.

2.3 Regularization

At this point it is convenient to put our system into a form which is amenable to analysis.
In particular it is desirable to have the graph associated with the system not only strongly
connected, but also complete; recalling that a graph is complete if and only if there exist
an edge between every two nodes, i.e. in our case

CY(sI — A)™'B; # 0,

foralli=1,2,---,p, j=1,2,--- ,pand i # j. As proven in [12] (and used in the earlier
work [15]), most static decentralized output feedback control laws of the form u = Ky +u°
will result in the graph associated with the new system

2 = (Cr+ DuKCy)a+ 300, Dyui + Dior :
b = Cie. i=1.p,

being complete. To avoid cumbersome new notation, instead of assuming that the graph is
strongly connected, we may as well assume that it is complete, since it can easily adjusted
if need be.

Assumption 5: The directed graph corresponding to (2.1) is complete.

In order to implement the idea of the previous section, we will be passing information
from one channel to the rest. In order to do so, it is particularly convenient to convert the

13



system to one with single-input single-output (siso) channels. To this end, consider vectors
v € R! and w € R™ partitioned in a natural way as

U1 wy
v, eRE w= : , w; € R™.

Up Wp

S
I

Proposition 1 [/8] For almost all (v,w) € R x R™, we have that for every i,j €
{1,2,...,p}, the transfer function v] Ci(sI — A)~'Bjw; is not identically zero.

It turns out that we can strengthen Proposition 1: there exist (v,w) € R! x R™ so that
for every i,j € {1,2,...,p}, the transfer function v} C;(sI — A)~' B;w; is not only non-zero
but also has the same relative degree as C;(sI — A)~'B;; so freeze such a v and w. We
now introduce the natural notation

~t . T i R. .

A Tvie
Uy =Chr =v; Cox, 1 =1,..,p.

During probing and estimation, we will carry out probing on one channel at a time, so the
following notation will prove useful: w; := [ 0 ij 0 }T e R™.

At this point we are ready to construct a controller to achieve our objective. This will
be carried out in the next chapter.

14



Chapter 3

Controller Design

In this chapter we design a controller achieve our objective.

3.1 Estimation

The underlying idea of the proposed controller is to apply an estimate 1[k] of M[k], while
at the same time constructing a new estimate for use during the next time period. !
The method we use in this thesis for estimation is similar to the one developed in [15]
and [18] with some modifications. To this end we choose n € {1,...,n} and define two
(n+ 1) x (n + 1) matrices and a vector of samples of g;:

1 0 0 0
1 1 1 1
g.= |1 22 2" |
17 n? " |
. h? h™
H(h) := diag{1, h, o ﬁ}’
(k] My (k]
'We partition r1[k] = and M[k] = :
ﬁp[k] I_Ip[k}



i vi(t)
IR
y;(t + nh)

The following result illustrates how information can be passed from one channel to another.

Lemma 1 (Key Estimation Lemma) For every h € (0,1) there exists a constant
v > 0 so that for every ty € R, zg € R™, h € (0, il), u e R™ and ¢ € R, the solution
of (2.1) with
ult) = { u+wip tE [to,to+ nh)
u—wjp tE [ty +nh,ty+ 2nh)

satisfies, fori=1,...,p and j =1,...,p:

0
] ] B,
[1H (R)~'S™H Vi(to) — Vilto + ah)] — 2 : al

CiA™ 1B,

:IMZ'J'

-

~ to+2nh ) L
< yh(|zoll + llull + |o]) +Vh”2_"_2(/ () [|*dT)>

t,
) to+2nh L ’
sabd([T rolPan}
to
and
- ) to+2nh ) )
o) ol < (ol + 1l + 18] + [ () |Pan),
to

t € [to, to + 21h).

Proof: See the Appendix (A.1).

Here we scale our probing signal by a factor of T° with § € (0, %), the controller period
T is an integer multiple of the base sampling period h, so O(h) = O(T'). To see how this
lemma can be used, first consider the control signal

. Tow,;[y; (kT))y t € [kT, kT + nh)
u(t) =Nk} + { —TJw?j[yj(sz)]l t € [kT + nh, kT + 2nh),

16



where [y;(kT)]; is the first element of output signal y;(k7T). Using Lemma 1 (and the
definition of M; ; provided there), observe that

T-9 - -
TH(h)_ls[yi(kT) — Yi(kT + nh)] =
707
2B 1-6 B
; Ly (KT + O(T ) (lz (KT + [[F1K]]])+
Ci A1 B,
M
L e KT+27h L
O(T)ly; (KT)|| +[O(T>7°) + O(T™ ”)](/k lr(7)[[7dT)>.
T
Now fix n = n;; then the quantity
1 11
772—7_1—5—52772—771—5—525—5>07
which means that the last three terms of the above equation tend to zero as T tends to
zero; furthermore, this means that M;; # 0 for every 4,5 € {1,2,--- ,p}, in which case we
can construct an estimate of [y;(kT")]; in channel ¢ as follows:
T 7 13T “1g-1
:Zﬁi,]'

YVi(kT) — Vi(KT + nh)] =: [;(kT)]1,
Of course, we can adopt the same procedure to estimate [y;(kT')]2, [y,;(kT")]s, and so on, in
channel p, and we can use the same technique to probe in channel p to pass information
about M;[k + 1] to channel i for i = 1,...,p — 1. Therefore, at this point we freeze the
value of 7 to be 7;. Now observe that the error bound on [g;(kT")]; is given by:

(KT =[y; (KT = O(T' =) (la(kT) |+

o) [ U rmPdn?t. 3.1)

Since our objective is to obtain an estimate of y;(k) of dimension l;, i = 1,...,p — 1, in
channel p, and an estimate of M;[k] of dimension m; in channels 1,...,p — 1, it is convenient
to define some new block diagonal matrices containing multiple copies of M, ;:

~

M, ; = diag{M,;, ..., M,;}, i=1,...,p—1,
N’

[; copies

17



Mi,p = diag{Mi,p, ceey MLP}, 1= 1, ey P — 1.
————

m; copies

3.2 The Controller

Recall that we have fixed 7 = #; and 6 € (0,3). Let h > 0 and define h := nh. Now we
set the controller period to be T':= (2n(l +m — 1, —m,) + 1) h. As discussed above, we

(.

—q
designate channel p to be the channel where a copy of K., is placed. With [0] € R’ and
M[0] € R™, we define the controller in three steps - for k € Z:

(i) Estimate the output signals y;(kT'), i = 1,...,p — 1, on [kT, kT + 2(l —l,)nh). We
—_——

probe y;(kT) in channels j = 1,2, ...,p — 1, in the following manner: with

T1 = kT B
T2 = T1 + 2l1];L
T3 = T2 + 2l2h
T, = Ty_1+2l,1h,

we apply I[k] while at the same time probing with weighted elements of y; (kT), ..., y,—1 (kT
in sequence:

( T5w1[y1(kT)]1 t e [Tl,T17+ B) B
—Tw [y, (KT))y t € [Ty + h, Ty + 2h)
u(t) = N[k + : ) . (3.2)
T(Swp—l[yp—l(kT)]lp_l te [Tp _?ha Tp - h)
\ —T5u7p,1[yp,1(kT)]lp_1 te|l,—hT,).

Now we form the estimate 3;(£7") in the channel p :

) Vi(T;) — Vi(T; + h)

Z)Z(kT) = Mpﬂ'

Vi(Ts + (21, — 2)B) — YVi(T; + (21; — 1)h)

18



for i =1,...,p — 1, and then form an overall estimate of y(k7") in channel p:
i (kT)
T = |

?)p—l(kT>
yp(kT)

(ii) Update the control signal M on [T, T, + h) using (2.5):

vik+1] = Fvlk]+ Gy(kT) }
Nk +1] = Hylk+ 1]+ Jy(kT)

while applying the present estimate:

u(t) =Nk, te[l,,T,+h).

(3.3)

(3.4)

(iii) Estimate the updated control signal N[k + 1] on channels 1,...,p — 1 during the

time period [T}, + h, T, + 2n(m — m,)h + h): with
Tl == Tp + h

T2 = T1—|—2m1;L
T3 = T2+2mgh

Tp = Tp_1+2mp_1;_l,

we apply [[k] while at the same time probing with weighted elements of the first m — m,

elements of M[k + 1] in sequence:

Tom, [ [k + 1)1 te[l,Ti+h)
—T%w,[M [k + 1)) t € [Ty + h,Ty + 2h)
u(t) =FIk +{
Twp[Mpa[k + 1, t € [T, —2h,T, —h)
( —T°w, [Ty [k + 1], , t € [T, —h,Tp).

(3.5)

Now we form the estimate I';[k + 1] of M;[k + 1] in channel i: for i = 1,...,p — 1 we define
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CWT) - WT R
o Yi(T; + 2h) — Vi(T; + 3h)
Mi,p .

and then we define
Mplk + 1] := N[k + 1] (3.6)

The above controller given by (3.2)-(3.5) is a description of its behaviour on each period

of length T'. It turns out that it has a desireable state-space representation of the form
(2.4), which we label Kgye.(T):

Lemma 2 There exists an LPC of the form (2.4) given by
(Liy Mi7 Qia R’L>7Z = 17 Y 2 T7 Q)

with the parameters and the state partitioned as

[ i1 M} 5]
Vilj] = éﬂ , Mi[j] = gﬁﬂ

L Yild i lJ

[ Li'j] 0 0 &0
Liljl = | LF'lj] LP[i] 0

L 0 LP]

with the following properties:

(i) L[0] = 0, L2'[0] = 0, L3'[0] = 0.

(ii) L3[j] = 0, M2[j] = 0 for alli € {1,2,--- ,p— 1} and Vj € Z™.

(1i) With ¢2[0] = 1[0] and ¢3[0] = v[0] the behaviour of this LPC' is identical to
that of (3.2)-(3.5). Moreover,

and

¢3[]: V[k]ajsz77kQ+QP

Proof: See the Appendix (A.2).
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Remark 3 The initial conditions of (3.2)-(3.5), namely v[0] € R® and N[0] € R™, are

i [0]
connected to the initial conditions of 1;[0] = | ¥2[0] | via

7 [0]

and
M;[0] = 2[0], i=1,..,p.

The remaining elements of 1;[0] are irrelevant, and play no role in the controller output.
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Chapter 4

Analysis

To prove that the proposed controller achieves our objective, we first analyse the the
closed-loop behaviour over a single period of T' time units. More precisely, we prove that
the desired estimation of the plant output y and the passing of the desired control signal
from channel p to the rest of the channels works well while the inter-sampler behaviour of
the plant state = and the control signal u have acceptable upper bounds:
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Lemma 3 (One Period Lemma): For every § € (0,3) there exist constants v > 0
and T > 0 so that for every T € (0,T), xog € R™ and k € Z", when the controller
(3.2)-(3.5) is applied to the plant (2.1), the closed loop system satisfies the following:
. 1

Joft) = 2T < AU+ PRI + T Wil T el

te kT, (k+1)T),
[ut) = ALK < AT (la(RT)I| + (VKD + AT [AE + AT (el (4.2)

te kT, (k+1)T),
1Ak + 1] = N[k + 1| < T (la kD) + [|AR][]) + AT [k + 1] (43)

+ AT ||l

1§(T) = y(RD)|| < AT (kT + |A[K]]]) + T2 [l (4.4)

Proof: See the Appendix(A.3).

Lemma 3 provides a comprehensive outlook of the behaviour of the closed-loop system
over a single period. This result can be leveraged to prove that the proposed decentralized
linear periodic controller works very much like the centralized LTT controller:

Theorem 1 There exists a T > 0 so that for every T € (O,T), the linear periodic
controller Kae.(T) exponentially stabilizes the plant (2.1) and satisfies

lim || F(P, Keen) — F(P, Kaee(T))|| = 0.

T—0

Proof:

We will carry out the proof in three parts: we start with a lengthy preamble, then
move onto exponential stability and finish up with an analysis of the performance. We let
2(0) € R", ;[0] € R%, r(t) € L3(R*) and T > 0 be arbitrary and set h = T'/q.
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Step 1: Preamble
Here we apply the controller (3.2)-(3.5), suitably rewritten in the form of (2.4) courtesy

1
of Lemma 2. Observe that ¢;[0] = 2[0] |. Using Lemma 2 we can connect the intial
3

conditions of (3.2)-(3.6), namely z(0) € R", v[0] € R’ and 11[0] € R™ to that of the LPC
(2.4) via

v[0] = 4, [0]
(0] = 7[0], i =1,2,--- ,p.

)

Before we proceed further let us introduce intermediate states

Clk] == [k] = Hy[k] = Jy((k — 1)T) € R™,
€[k] = §((k — 1)T) — Coa(kT) € R,
z(kT)
and define z4[k] := Z[[l]j . We define §(—T') := 0. Observe that we can write [[k] in
§[K]

terms of these new variables:

A

Nk] = Clk] + Hulk] + JE[k] + JCox(KT). (4.5)
We first prove that x4[k] is bounded by a decaying exponential and we use this to prove

the same for z4(t). The first step is to obtain a bound on each sub-vector of x4k + 1]. We
start with plant state. Solving the plant equation 2.1 yields

z((k+1)T)
(k+1)T (k+1)T
— ATx(k;T) —|—/ A1) T—7 Bu( )dT—I—/ eA((kH)T_T)Er(T)dT
kT kT

(k+1)T (k+1)T

Bu(r)dr + / Er(r)dr

T

= (I + AT)z(kT) + O(T*)x(kT) + /
kT

(k+1)T (k+1)T
—i—/ (eAMEIVT=7) _ 1) Bu(r)dr —i—/ (eAMEVT=T) _ NEr(r)dr.  (4.6)
k

T kT
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The probing part of the control signal averages out on [kT, (k+1)T'), so from its definition
and equation (4.5) we have

/(k+1)T Bu(t)dr = TBrk]
= TB[C[k] + Hv[k] + JE[K] + JCou (KT

Using the second equation (4.2) of Lemma 3 to bound ||u(t)|| on [kT, (k+1)T") we see that

= 0(T?)

(k+1)T
/k (eMEEVT=D — 1) Bu(r)dr AR+ O ) (|l (kD) || + [[v[F]])

T

+O(T%) |7l ;

using equation (4.5) for another representation of I1[k], we have

(k+1)T
/k (AEHT=D — 1) Bu(r)dr || = O(T?)(|la(KT)|| + [[w k][] + [ICIK]] + [I€[K]]D)

T

+0(T%2) [Irel, -

Using the Cauchy Schwarz inequality, we have

We conclude that there is a constant 73 > 0 and a function u(7") so that (4.6) can be
rewritten as

(k+1)T
/ (eA((kH)T_T) — I)Er(r)dr
kT

= O(T?) ||rel,

z((k+1)T) = (I + AT)x(kT) + TBHv[k]| + TBJCox(kT)
(k+1)T

+ TB([k] + TBJE[K] + /kT Er(r)dr + i (T) (4.7)

with u1(T') satisfying
(D) < ATl KT + ek + 1SR+ IERD +n T2 [lrell, — (4:8)

for small T

Now we turn to the controller state. By expanding the discrete controller states in
(2.5), we obtain
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vk +1] = T olk] + /T FDGH(RT)dr
= (I + FT)v[k] + TG§(KT) + O(T*)v[k] + O(T*)j(kT).

We now use the bound from (4.4) of the One Period Lemma to rewrite the quantity g(k7")
and equation (4.5) to obtain another representation of (k] we conclude that there exists
a constant v, and a function p(7) so that

vik+ 1] = (I + FT)v[k] + TGCox(kT) + ps(T), (4.9)
with uo(T') satisfying

s ()| < AT (e (KT + k]| + ISR + 1R + 3277 [lrell, - (4.10)

Now we obtain a bound on ||([k + 1]||. From the definition of ([k] and the control
update law (2.5) we see that

Clk+1] =nk+1] — N[k +1].
Using this fact and the equation (4.3) from the One Period Lemma, we can write

Ik + 1] = O@ ) (Je(RT) | + [AKI]]) + OT) (vl + 1]]) + OT2 ) [l

From equation (4.5) we see that
MN[k] = Oz (kT) + O(1)v[k] + O(1)C[k] + O(1)¢[k]),
from equation (2.5) observe that

vk + 1] = O(1)v[k] + O(T)§(kT)

and from Lemma 3 observe that

~

[9(RT)]| = OW) lz(RT) || + O(T* ) [|A]| + O(T°) [,

So we conclude that
I¢[k + 1]l = O@* =) (la(BT)I| + vkl + IS + IR + OT ) el (4.11)
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Now we derive the bound on |[{[k + 1]||. Using the definition of {[k + 1] it follows
immediately that
y(kT) — Cox(kT) — Co(x(k + 1)T — x(kT)).

Using (4.4) and (4.5) we obtain

I§(KT) = Cox(RT)| = OT ) (|l (kT) || + v K]l + [CR]] + €k + O(T2 ) [lrell,
We use (4.7) and (4.8) to find a bound on Cy(x(k + 1)T — z(kT)):

ICs(x(k + )T = 2(kT))|| = OT) (=KD + v [K]l| + I+ €K + OT2) [lrell,

Now combining these two bounds yields
16Tk + 11l = O =) (lx(RD) | + k]| + ISR + €K + O [[rel, . (4.12)

Now we combine (4.7)-(4.12) to obtain the update equation for x4[k|. Since the con-
troller can be written as an LPC of period T', it follows that the map from (24[k], 7z, (k+1)7))
to x4[k+1] is linear, so we can combine (4.7)-(4.12) and conclude that there exist functions
pa(T), g (T), p1c(T), p1e(T) and a constant s so that

z((k+1)T) I+ (A+BJC,)T TBH | O(T) O(T) z(kT)
vik + 1] B TGC, I+ FT 0 0 (k]
Ck+1] | O(T'") o) [ O(T'=°) O(T*™?) C[K]
¢k +1] o(T') O(T'=*) | O(T*°) O(1'~) ¢[k]
T Ermdr | [ (D)
0 /’LZ/(T) 2—
-+ 0 + MQ(T) +(9(T 5)$d[k]
0 pe(T)
(4.13)
with ,
la(D) < T2 ||m||2>
(T < sTZ 7kl
DI < T Il 1
lpe(DI < T2 |Irell, -
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Before we proceed further, let us examine what the centralized closed loop system looks
like; we use the subscript '¢’ to differentiate them from the decentralized counterparts

“| _ [A+BJC, BH|[a ] [E )
v | T GC,  F || 0"

-~

=Ae L1 (4.15)
Ze = [ Cl +D11JCQ DHH } |: Uc :| +D127”.
+
ZTe )

Now we return to the decentralized case, but now we will adopt some of the notation

of the centralized case. A careful examination of the closed loop system given by (4.13)

reveals that it has two time-scales: a slow one and a fast one. Hence, we partition the states

x(kT)
v[k]

is elk] := [ LA } With this notation, (4.13) can be rewritten as

¢[k]
e

accordingly: the slow sub-system state is z[k] := [ } while the fast sub-system state

pe(T)

. eAcT 4 O(Tz—é) O(T) a_:[k] k(;Jrl)T EC’I”(T)dT MV(T)
_\[ o)  oT') } [ e[k] } - [ 0 } + MCET; - (4.16)

i pre(T

=:A44(T)

Step 2: Exponential Stability

In this part of the proof we assume that r = 0.

Claim 1 : There exist constants T >0, 7 > 0and Ay < 0 so that for every
T € (0,7) with 7(t) = 0 we have

lzalk]| < F0e™* |zal0]]| & > 0

Proof: See the Appendix (A.4).

We leverage Claim 1 to prove that the sample-data controller (2.4) exponentially stabi-
lizes the system. At this point we will prove that x(t) is well-behaved on [kT', (k+1)T"). To
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this end, from the One Period Lemma we see that there exists a 77 € (0,7) and a y; > 0
so that for T € (0,Ty):

lo(t) = 2(KT) | < NT(la(®T)| + [|AE]|| + V),
te kT, (k+1)T).

Using (4.5) to provide a bound on ||F[k]||, we conclude that there exists a constant 2 such
that for 7€ (0,7):

[(t) = 2(KT)[| < T ||zalk]ll, t € [KT, (K + 1)T). (4.17)

The next step is to prove that z4(t) decays exponentially to zero. First of all, from Lemma
2(iii), we see that

lv[o]]l = [|[*[oj]] - (4.18)
From the definition of {[0], we have
¢[0] = 1[0} — Hv[0] = J§(=T); (4.19)
but by Lemma 2(iii),
F1[0] = ¥*[0]

and by definition §(—7") = 0, so combining (4.19) and (4.18) yields

It < [l?ol] + 1 - [l+*fo]|-

Similarly, by the definition of xi[0], we have
€101l = Nl9(=T) = Co(KT)|| < |G| - [[(0)]] -
We conclude that
[l 2za[O]]]
< ()] + [l [O][] + [ICTOD I + g [o]]
< Nz(O)]| + [[&*[o]]| + [|w*[0]]]
+H| - [[w* 0] + I1Call - [l2(0)]
< @ 1] + 1Co] il

=3

Hence if we combine this with (4.17) and Claim 1, we see that there exists a constant -,
so that for T € (0,T): .
le (@) < vae™* lzsa(0)]l ¢ >0, (4.20)
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lzalk][| < 72** |24(0)], & > 0. (4.21)

It remains to find a bound of the form (4.21) for ¢». Fix T € (0,7}). We start with
Y': by Lemma 2 (i), we see that 1! provides a weighted sum over at most ¢ samples of y;
clearly there exists a constant ~; so that

1 . .
k < t =12
||ZZ’ [ q +]]H > Te[k%l(%i(_l)T) Hy( )H ) J » 4 4,

SO

1 .
k < C. t
| (kg + 5]|| < sl ofl | gmax ()]
j: 1727"' , q.
Using (4.20) we see that
[0 kg + 4]|| < 75 |Call 74 [lza(0)],
kzoa .]:]-727 ,q

SO

[0 g + 5|| < 75 [|Call yae™ T X ETHM |1z 4 (0)]]
k207 ]:1a27 » 4

If we set g := maz{1,v574 ||Ca| e T}, we see that

[ < e [leaalO]l] j € Z*. (4.22)

Now we turn to 2. We see from Lemma 2 (iii) that

But (4.5) yields a formula for M[k] as a linear function of x4[k|, so using (4.21) we conclude
that there exist a constant v; so that

[0°[kq + 1| < 72" |lza(0)],
kZOa ]:1727 » 4,
SO
[92[kq + 5| < yre T ETHM |17 ,(0)]] .
kzo? ]:1727 4,
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setting vs = max{1, yre 2T} yields
12T < e llaaalO]l 5 € 2 (4.23)

Finally we examine ¢®. We see from Lemma 2 (ii) that
Wl =0j=1i=1-p-1
From Lemma 2 (iii), we see that
[Uplka + 51| < max{[[v[K]], lv]k + 1]]I}

< max{||zq[k][| , [[zalk + 1]},
k>0,5=01,--,q—1.

Using (4.21) we see that
[plkg + ]| < 7€ [lzaa(0)]],
kZO? jIO,]., 7q_17

5l + 1| < gae T T 2 (0)]],
=19
k207 j: 1727"' »q-

If we define 719 := max{1,79}, we have
[W*11] < o llzaal0]], 5 € 2. (4.24)
If we combine (4.20),(4.22),(4.23) and (4.24), we conclude that

zsa()|] < [ra + e (96 + 78 +710)]e™" [|lz.a(0)],
k>0,7=01-,q—1.

Hence, the sampled-data controller provides exponential stability for 7" € (0,7}).

Step 3: Performance

Here we set the plant initial condition zy and the controller initial condition [0] to
zero. To facilitate our analysis we apply a similarity transformation to decouple the slow-
moving sub-state Z[k] from the fast-moving sub-state e[k]. To this end, we would like to
define the matrix W € R T)x("+0) g6 that

w1 | e 7= 15
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For this to hold, we need

W = [e%T + O(T*)] " [WO(T)W + O(T* )W + O(T"%)]
= f(W). (4.25)

It is easy to see that for small T" the continuous function f maps the closed unit ball
in RMTOx(+0) ¢4 jtself. Brouwer’s Fixed Point Theorem guarantees the existence of a
solution to (4.25); since f(W) is O(T'~°) for all W in the closed -unit ball, it follows that
this solution (which we simply label W) is also O(T*?). So for T € (0,T3), define

] e T
then (4.16) can be rewritten as

k+1)T
k(T ) E.r(r)dr

e*lk + 1]

{ Mr<T)
n 1o(T)
w[ D] T
1o (T) pe(T)
(4.26)
It is convenient to define )
(T
x* T -
2 ( ) |:/~’L”U(T):|
. () ()
| H¢ T ] |: fo (T ] .
o (T) = + W :
)= | i) ol )
it follows from (4.14) that there exists a constant 77 so that for T € (0, T3):
3
e || < 11 T2 70 (|
1_
el < AT |7l (4.27)

In the analysis we will occasionally measure the size of a discrete signal. Rather than
introducing new notation, which differs from the continuous time notation, we will simply
. o 1
define the norm of such signal z[k] as ||lz||l, = (372, [|=[¥]||*)2. Now that the states are
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decoupled, we can obtain bounds on the size of the states. First of all, using frequency
domain analysis

lell, = ZHE %)

= sup H(e"‘”—O(T1 M)
weR

k\.’)\»—t

Z %)%

Observe that .
2,1
O lrall®)z = lirlly;
k=0

hence it follows that )
le*]ly = O(T27%) |7, (4.28)

Using this bound and the same approach, we can obtain bound on ||z*||,:

Hx*HQ = sup H(ejw . eACT . O(T2—5))71
weR

[O(T) ||e*|l, + O(T2) |Irll, + O(T27°) [I7l,). (4.29)

Using standard Lyapunov stability arguments, it is straight forward to verify that there
exist T3 € (0,73), f* > 0 and A* < 0 such that for all £ and T" € (0,T3), we have

H(eACT_’_O(TQ—(S))kH SB*(@A*T)’“, k>0,

Using this fact with the matrix power series expansion of [/ — eAT — O(T?7%)]7! we
obtain,

a7 -0 < T
weR

5*

T 1 _NT

=0O(T™). (4.30)

Substituting (4.30) and (4.28) into (4.29) results in
[2*lly = OT2) Il (4.31)
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From (4.28) and (4.31) we can find bounds on the original variables:

12ll5 = ll2"l,

= O(T72) ||r, (4.32)

and

llelly < [[Wa*[| + [le*]]
1_
=O(T=") ||, (4.33)

Now we wish to compare the performance provided by this controller with the centralized
behaviour provided in (4.16). With

we see from (4.16) that

k+1)T
1) et +/ 1B )
kT
k+1)T (k+1)T
W+ [ mdr [T - B (430)
kT JET
::/“LQ_:C(T)
it easy to see that
iz, = O(T%) il (4:35)

If we define Z[k] := Z.[k| — Z[k] = Z.[k] — 2*[k] and combine the above with (4.26), we
obtain

&k + 1] = e*TEk] + O(T*7)a*[k] + O(T)e * [k] = o (T) + p1a, (T).

But as proven above, .
sup H(ejwf — eA“T)’1|| =0O(T!
weER

so using frequency domain analysis together with the bound on ||z*||, given in (4.31), the

bound on ||el|, given in (4.28), the bound on p,(7) given in (4.27) and the bound on
|z, (T)]|| given in (4.35), we obtain
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1Z]l, = O(THO(T*=)O(T %) ||r|ly + OO =) ||rl, + O(T=%) |17,
+O(T2) ||r]|,)
= O(T=7%) ||r|l, . (4.36)

Now we will shift our focus to the output z. First we will find a bound on z(t) for
t € [kT, (k+ 1)T; from the plant equation (2.1), we have

Z(t) = C’lx(t) + Dnu(t) + Dlz’f‘(t).

Using (4.1) to bound ||z(¢) — z(kT)|| and (4.2) to bound |[u(t) — M[k]||, we see that there
exist a constant 712 and a function pg(¢,7T") so that

Z(t) = Cll‘(k?T) + Duﬁ[kﬁ] + Dlg’f’(t) + [I,d<t, T), t e [kZT, (k + ].)T),
with ug(t, T) satisfying

e 1) < 0t [ “G0 ]|+t | [ 1] |+ 2 e

t € [kT, (k + 1)T). (4.37)

Using the expression for M[k] given in (4.5), we can rewrite the equation as

2(t) = Chx(kT) + D11 [C[k] + Hvlk] + JE[k] + JCox(KT)] + Dror(t) + pa(t, T),
te kT, (k+1)T).

Now we stack the sub-states in a suitable manner to obtain

0=y Dt ]| G+ (0w pus ]| G

+ Dlgr(t) + Md(t, T), te [k’T, (l{ + 1)T) (438)

Now we analyse the nominal centralized output. From (4.15) we have,

s(t)= [ C + D1JCy DyH | Hgg } +Diar(t).

=Z(t)
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If we sample Z.(t) every T units of time we end up with a constant y;3 and a function
pe(t, T) so that

z(t) = [ Ci+ D JC, D H | [ zo(kT) 1 + Dior(t) + pe(t, T),

ve(kT) (4.39)

e kT, (k+1)T),
with
(KT 1
te.T) <t || 0 [t reBmaun.
Next we form the output error 2 := z.(t) — 2(t) for t € [kT, (k + 1)T. By subtracting

(4.39) from (4.38) we obtain

2(t> = [ Cl + DHJCQ D11H } i’[k‘] — [ D11 DHJ :| €[k] +,uc(t,T) — ud(t,T),

te kT, (k+1)T). (4.41)

By taking 2-norm on both sides of equation(4.41) we end up with

~112
1215 =

oo ) o0 (k+1)T
Z(r)||"dr = /
[ >,

o0 (k+1)T 9
SQZ ||[ Cl+D11JCQ DHH ]f” dr
k=0 KT

(k+1)T 2
#2350 [0 -Dn =D Jelb] 4l T) — pu( D b
k=0

<2||[ Gy + DuJCy DuH J|PTY (k]|
k=
’ (k+1)T

+4|[[ Dy DuJ | \TZH |+4Z/ 17, T) = ualr, T dr
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<2||[ Cv+ DuJCy DuH J|PTY " NZKIS +4 [ Du Dud P TS llefk]|?

k=0 k=0

J/

—t1(T) —its(T)
(k+1)T

e PP ae 53 [ e

J/

(k+1)T

+82/

-~

::tg(T) ::t4(T)
(4.42)
From (4.36) we see that

t(T) =2 H [ Ci+ D JCy D H ] HZTO(Tl_%) Hfllg
=O(T* ) |rll;.-
From (4.33) we see that
to(T) =4||[ D DnJ | H2 TOT ) |Irll;
= O(T* ) |Irll;.
From (4.40) we see that

t3(T) < 8T (27157 [|Zc[k]||* + 25T |||
k=0

=O(T%) ) llz[k]I* +O(T?) 175

=zl
But from (4.34) we see that
Tolk + 1] = Tz [k] + O(T2) ||l
By using frequency domain analysis we obtain
zell, = O(THOT=) |,

SO
IZcll5 = 0T |7,
Hence,
t3(T) = O(T?) |Ir5.-
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From (4.37) we see that

ta(T) < 32T, Y [T2 ||z [K]|* + T [le[k]|* + T [[r4]|”]
k=0

=0T ||zl + O(T?) |lell; + OT?) ||l -

Using (4.32) to provide a bound on ||Z||3 and (4.33) to provide a bound on ||e|3, we conclude
that

ta(T) = O(T** HO(T) [Irlly + OTH)OT ) |3 + O(T?) |Irll;
=0T |Irl5.

If we substitute the bounds on t1(7T), t5(T'), t3(T) and t4(7T) into (4.42), we obtain
121, = O(T°) |I7ll3

We conclude that
| F(P, Keen) — F(P, Kaee) | = O(T?),

and the right hand side tends to zero as T' goes to zero as required. [

Remark 4 [t turns out that our closed loop system is noise tolerant. By this we mean
that if we inject noise at the plant-controller interfaces, then the map from the noise to the
plant inputs and outputs are bounded in the induced L..-norm sense.
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Chapter 5

An Illustrative Example

Here we consider the closed-loop configuration given below, where P, plays the role of the
physical plant model and W plays the role of a filter shaping the reference signal r

T y u
{? [

Figure 5.1: A typical tracking problem

The model of F is given by

0 1
T, =10 0 1 |2,+] 0 [ur+ |0 |u
1 -1 -2 1 0
N ~~ d N—— S~——
=:A, =:b =:bg

=:c1

yp2:[0 -1 1 ]xp
~——_——
=:co

Here u = [uy ug) and W is snnply a low-pass filter with a transfer function of dlag{ € +1 T G j1)3 }
with a minimal realization of —3 G +1 be given by C,,(sI —A,) ' B,, and a minimal realization
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of W is given by

Last of all, the output signal to be controlled is z = {
state-space model of the plant P:

]

Yi

|

A, 0

(A, 0 LB O
0 A, |™7 ] 0 B,|"
%C_'/ %/
=:Ay =:By
[ C, 0 -x
0 Cyu |7
L v
=:Cyp
Y .
0.1u ] This yields an overall

I A E kI Pk

0

Lol [z]+[4):

[ e 0}[?’1, i=1,2.

The system has a decentralized fixed mode at 1, which means that no LTI controller can
stabilize it, let alone provide good performance; furthermore, Assumptions 1, 2 and 3 hold.
Our objective here is to design a controller which not only achieves closed loop stability
but also provides a desireable level of H ., performance.

The optimal LTI centralized controller performance is 0.21 and the optimal controller
uses extremely large gains. To
centralized controller K., which yields a closed loop performance of || F(P, K )|| = 0.73.
In transfer function form, K., is described by

with

and

avoid this, we have designed a reasonable sub-optimal




with k = —15.43, a; € {—24.47, —-2.104£1.7725, —0.083, —1.001, —0.999} and b; € {—2.00+
1.7324, —1.0058 + 0.0104, —1.000, —0.988}.

Let us construct the controller outlined in this paper. We set n =1, = 2, § = 0.25; ¢
turns out to be equal to nine, so that the controller period is 7" = 9h. For our simulation,
we choose h = 0.005. For the case of

r1(t) = sin(t), ro(t) = sin(0.5¢),

,(0)=[1 11 ]T, 7,(0) = 0, v(0) = 0, and M[0] = 0, we carried out a simulation and
display the results in Figure 5.2-Figure 5.7. We compare the results with that provided by
the centralized controller K., (the variables are denoted using a superscript of ‘c’). Figure
5.2 shows behaviour of the original plant states for both decentralized and centralized
settings. While Figure 5.3 shows the overall control signal through out the simulation,
Figure 5.4 shows a close-up of the control signal and clearly it is equal to its centralized
counterpart but with some dither added. Figure 5.5 and Figure 5.6 illustrates the similarity
between the centralized and decentralized outputs of the original plant. Observe that the
decentralized behaviour is nearly identical to the centralized performance as illustrated in
Figure 5.7.

Of course it will not be surprising that there are trade-offs for this exceptional behaviour.
First of all, as proven before the smaller the sampling period T, the closer the performance
provided by the decentralised controller compared to the performance provided by the
centralized controller. Consequently, the sample-data controller not only requires sensors
with fast sampling, but also potentially high-band width actuators for better performance.
Secondly, due to the large gains involved during probing we may have poor noise tolerance;
in Figure(5.9) we redo the simulation when the measured output is corrupted by noise of
the form

n(t) = 5 x 10~ *sin(30t);

we see that even though the performance is degraded from the nominal and it is still quite
acceptable.

41



X, solid

- - - x‘i dashed

_l rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
| |
0 2 6 10 12 14 16 18
Time(s)
2F P T S EE L T T - T
— X, solid

- xzsolid

| |
0 2 6 10 12 14 16 18
Time(s)

Figure 5.2: Plant state x(t).
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Figure 5.3: The control signal .
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Figure 5.4: A close-up of the control signal u.
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Figure 5.5: The original plant output y,:.
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Figure 5.6: The original plant output ys.
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Figure 5.7: The 2-norm of the output z(¢) and the 2-norm of ()
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Figure 5.8: The control signal u for the system with noise.
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Figure 5.9: The 2-norm of the output z(¢) and the 2-norm of r(¢) for the system with noise.
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Chapter 6

Summary and Conclusion

In this thesis we consider the problem of designing a controller to provide (near) optimal
centralized H,, performance in the decentralized context. It is well known fact that de-
signing a controller in a decentralized setting is a challenging task. Indeed in the presence
of an unstable DFM, there is no LTI controller that stabilizes the plant, let alone provides
good performance. In [18] the authors showed that with the use of an LPC, near-optimal
LQR-type performance is achievable even at the presence of a DFM. Here we present a
methodology to design a decentralized LPC that achieves the stability and the near-optimal
centralized H,, performance.

Since we are considering a more complex plant with the addition of an external ref-
erence signal, it is expected that there will be some conditions imposed on the plant for
this approach to work. We prove that if the graph associated with the plant is strongly
connected and certain technical conditions on the relative degree hold, then we can design
a decentralized LPC to achieve this objective. The approach works even in situations in
which the plant has an unstable decentralized fixed mode (DFM). The controller guaran-
tees stability for small sampling period; the centralized performance is recovered as the
sampling period tends to zero. This exceptional behaviour has its drawbacks; as we have
seen in the Example chapter, due to probing, the control signal has high frequency com-
ponents and to capture these high frequency components accurately we may need fast
actuators. Although the controller tolerates noisy measurements - it is actually Bounded-
Input-Bounded-Output (BIBO) stable - the gain on the noise may be large.

We would like to extend this approach to the situation in which the plant no longer
has a strongly connected graph. A possible starting point is make use of [1], where it is
proven that every decentralized system can be partitioned into a set of strongly connected
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subsets, inter-connected in a hierarchy. Perhaps recent work on handling hierarchical
decentralized systems could be of use. Furthermore it will be interesting to see what can
be achieved, instead of the H., performance measure if we consider optimal H, performance
in a decentralized setting.
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Appendix A

A.1 Proof of Lemma 1

Fixie Nand h e (0,1). Let h € (0,1); to € R, 20 € R, h € (0,h) ,u € R and ¢ € R be
arbitrary. The state of the plant(2.1) satisfies

t ¢
x(t) —eA(t_to)xg—i—/ eA(t_T)Bu(T)dT)/ A Br(r)dr.

to to

For the interval t € [to, to + 2nh), using the Cauchy Schwarz inequality we can easily form
a bound

l(t) = ol < || — D)ao| +/t [ B]| (llall + |o])(r)dr)

¢ ) 3/ gt 3
+ </ ||eA(t*T)E|| d7'> (/ HT(T)HQdT) )
to to

Irzo.all

Clearly there exist a constant v; > 0 such that,

l(t) = woll < yihllzoll + [all + [61) + 71152 70 042 |
t € [to, to + 2nh). (A1)
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Using the fact that y;(t) = vy;(¢) for t € [to, tg + nh) we have

‘ t—to t
gi(t) = UZTC’;(eA(t’tO):cO + / eA(T)Bu(t —7)dr + / €A(t7T)E7’<T>dT))
0

to

"L CLAR(E — to)F o= C3AR(t —to)"' B

_ a+1 -
k=0 k=0
t
+ O(h™" ™Y (u + ¢) + C4 / €A(t_T)ET(T)dT)
to
u;@)
s
_ CiA
=[1 t—ty -+ (t—to)"/n!] , T
Ci AT
0
_ CiB
+[1 t—ty - (t—to)"/n! ] : (4 + w;0)
CiA™'B

+ O(h" ™o + OW" ™) (U + @) + pa (2).

Before we proceed further, let us get a bound on the term p;(¢). Using the Cauchy-Schwarz
inequality p;(¢) can be written in following manner:

¢ 1 ¢ i
ol < ([ 16z pPar) ([ Ire)par )
to to
nh 2
<
<\

Note that CiA*E is identically zero for all k < rel.deg(Ci(sI — A)~'E) — 1. However

NI

i C’%AkETk
Z k!

dr Hr[to,toJrﬁh} 2

k=0

rel.deg(Ci(sI — A)'E) > rel.deg(Cy(sI — A)™'E)
= T2,
so CiAFE is zero for all k < 1, — 1. Using this fact we can easily show that

[l ()1 = O)= 2 g o 1anl2-
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If we sample 7; in the interval of [t,to + k) and form Y;(ty) we see that there exists
a constant 7, and a function ps(h) so that

G 0
] CiA aB |
Yi(to) =SH(R)[| Lo + : (@ + w;¢)] + pa(h),
CiA™ C;A™'B
with
2 ()| < Ah™ (laoll + all + 161) + ¥2h™ 2 || sosn]], - (A.2)

If we analyse ¢;(t) for t € [ty + fih, ty + 27h) in a similar fashion and form Y;(ty + nh) we
see that there exists a constant v3 and a function uz(h) so that

& 0
_ - CiA - CiB o
Yi(to+nh) =SH(R)[| ~ | z(to+nh)+ : (@ — w;@)] + ps(h)
CiA" CiA™'B
with
(Pl < ysh™ (|| (to + k)| + 1]l + [B]) + ¥3h™ 2 7 tg4mmt0-+25m - (A.3)

Using the fact that B; = Bw; and subtracting Y;(to + fh) from ¢; we obtain

0
o CiB,
Vilte) — Vilto + nh) — 2SH(R) | ¢
CgAﬁilgj
&

C3A _
= SH(h) : (z(to + 1h) — x0) + pa(h) — ps(h)

CiA™

=: pg(h).

We can form a bound on ||z(tg + nh) — x¢|| using (A.1) and bounds on us(h), ps(h) using
(A.2) and (A.3) respectively. It follows that there exist a constant -4 such that

(M) < 7ah™ (ol + l1al] + 161) + 1ah™ 2 7o vomn |, + 140" || tos2mn]|,
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Using the fact that H(h)™! = O(h™™) we see that there exist a v so that
— 0_
- . _ C3B;
[ Hin(h) ™55 [Vi(to) — Vi(to + nh)] — 2 : al
CiA" 1B,
_ 1 Al
< sh(llzoll + llall + [o]) + v5h2 || roor2mn ||, + 150" "2 || 7004251 |

as required. [J

27

A.2 Proof of Lemma 2

We will model the proof on that of Lemma 2 of to [18]. Here our objective is to show the
existence of the controller outlined and we will not pursue the lowest order representation
of the controller.

Since the controller is LPC, it is sufficient to look at what happens on the interval
[kT, (k + 1)T). In channel i we partition the state into three sub-states: 1} ,%? and ?.
We will use 1} of dimension ¢l; to store {y;(kT),y;(kT +h), -+ ,y;(kT + (¢ — 1)h)}. The
second sub-statei? of dimension m; stores the estimation of the control signal (I;[k]). The
last sub-state 17 of dimension ¢ only comes comes to play in channel p. 17 stores v[k] in
channel p.

We will limit our analysis to the interval of [0,7") as it can easily be extended due to
the periodic nature of the controller. Let e; denote the i normal vector. We set

vy =4 Geaeh)
( i z)[]] {(I,€j+1®]m> ]:1,,([_17

1 .
It is clear that the vector [ ngj[‘;l]) } for j = 0,1,--- ;¢ — 1 contains all the elements
{v:(0), yi(h), - -+ ,wi(jh)}. Next we set
0,1,0) j=0,1,---,g—2
L217L22,M2 _{ ( s 4 ‘ s )
EEESMOV= @l =002l 1)) =g -1
P | WLl] o

Since M;[1] is a linear function of y-(Zj h) (See Key Estimation Lemma) we can choose

L?'[q — 1], M?[q — 1], such that ¢?[q] = M;[1]. With g, = 2a(l — [,) we set
(L?l’ L??’?Mzg)[j] = (07070)
22{172a 7p_1}a ]:{0717}
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(07[70> j:()al? 7QP_1
(L' Ly M) g) = § (L3l o Mlgp)) 7= g
(0,],0) jZQP+177q_1
¥; 7]

(h) } (See Key Estimation Lemma), we can choose

Since §(0) is a linear function of [

L3'[gy) and M;[g,] such that

Lj;l [QP]Q/}; [qp] + M;’ [9)Yp(qph) = 9(0).

So if we initialize ¢} = v/[0], we see that

371 V[O]a j:0717"'7qp_1
¢p[]]_{ V[]-]v jZQPv'” 7q_1

At this point we define
| vild] ]
bil7] { yi(ih) |
It is straightforward to verify that ¢;[j] contains {I;[0],4;(0),--- ,y;((jh)}; for the case of
i = p, ¢;[j] also contains

{V[O]> j:0>17"'7qp
I/[l]’ .]ZQP+177q_1

At this point we have defined L; and M; of K4.. It remains to define the time varying
matrices (); and R; related to the outputs.

(i) For j =0,1,---,g, — 1 the control signal u;(jh) equals 1;[0] plus a linear combination
of the elements of y;(0). Since 1,[0] is contained in v;[j] and y;(0) is contained in

[ ¥ilJ]
yi(jh

(i1) At j = g, u;(j) = (0] and 17;[0] is contained in 5[], hence it is a linear combination
of elements in ¢;(j).

) } ; we see that u;(jh) is a linear combination of ¢;[j] for j =0,1,--- g, — 1.

(iii) Now consider j = ¢, + 1,--- ,q — 1, the control signal w;(jh),i =1,--- ,p — 1 equals
r;[0], which is contained in 1;[j], so it is a linear combination of elements in ¢;[j].
The control signal u,(jh) equals 1;[0] plus a scaled quantity of M[1], both of which
are contained in v, [j], so it is a linear combination of ¢,[j].
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Using the fact that
u(t) = u(jh), t€ [jh,(j+1h), keZ"

we conclude for 7 = 0,1,---,¢—1 the control signal u;(jh) is a linear combination of ¢;|j],
which means that @); and R; can be defined so that the controller (2.4) is identical to that
of (3.2)-(3.5).0

A.3 Proof of Lemma 3

Suppose that the controller (3.2)-(3.5) is applied to the plant (2.1), and let zq € R™,
v[0] € RE 11[0) € R™, k € ZT and T > 0 be arbitrary. With the estimate §(kT') of y(kT)
given by (3.1) we see that

§(KT) — y(KT) =

@p—l(kT) - yp—1<kT)
0

We can use Lemma 1 to derive the estimation error of each individual quantity y;[k]; for
i€{1,2,....,p—1} and 5 € {1,2,...,0;}. More specifically, extending the error bound
provided in (3.1) to the general case, we have

[§(kT) = y(KT)|| = O(T*°) sup lz()|| +O(T*?)
re[kT kT+2n(1—1y)h)

alizll

+ @(T%_é) HT[kT,kTJr%(l*lP)h) ”2 '

For t € [kT, kT + 2a(l — 1,)h),

t

t
x(t) :eA(t_kT)x(kT)qL/ eA(t_T)Bu(T)dT+/ A Br(r)dr).
kT KT

Therefore we can show that

le@ = OQ) l=(KT)[| + /kT[O(l) A + O(T°) lla(kT)[]dr

1

+ ([ owrar) i,

= O(1) (k)| + O(T) [[A[K]]| + O(T) [l -

o8



Using this we can simplify the output estimation error as
[9(KT) — y(kT)]| = O(T') a(kT) | + O<TH> A[km
+O(T>70) [[rill, + O ][] +O(T=7°) [lrell, -
It is clear that there exist constant «; > 0 such that

19(kT) = y(KT)| < T (||l (kT)]

which yields (4.4).

Now let us find a conservative bound for the signal u(¢) in the interval ¢t € [kT, (k+1)T).
Observe that

[u(t) = AK][| = OT) ly(KT)|| + O(T°) [IN[k + 1]
= O(T°) [lx(kT)|| + O(T°) [v[k + 1]|| + O(T°) [|5(KT)|l,
te kT, (k+1)T).

Using (A.4) to bound ¢(kT) and using the fact that v[k+1] = v[k]+O(T)v[k]+O(T)y(kT),
we can simplify this to

[E][)) +n T2 el (A.4)

|u(t) = TIK]|| = O(T°) [|(kT) || + O(T°) |[v[K]]| + O(T") lv[k][| + O(T"°) [|g(KT)||
+ O(T%)i(kT)
= O(T°) [lz(KT) || + O(T°) |w[k]|| + O(T) ||F[k]
te kT, (E+1)T),

|+ 0T Irell,

(A.5)
which yields (4.2).
Solving the state equation (2.1) yields
t t
x(t) :eA(t_kT)x(kT) +/ Alt—r Bu( )dT~|—/ et ET( )dr),
kT kT
te kT, (k+1)T).
Using (A.5) we can form a bound on
t
lz(t) — z(kT)|| = O(T)z(kT) + /kT O)(IN[} [&] + OT) (| (KT) || + v [K]]I)
(A.6)

t 3
+o(n) |k H+0<T2>||m||2>df+(/kTomdf) Il

— OT)(||«(kT)] [K]||) + Q@) [u[k]|| + O(T) ||yl

29



which yields equation (4.1). We can perform similar analysis as before to obtain a bound
on the quantity Mk + 1] — N[k + 1].We can use lemma 1 to obtain the estimation error of
each element of M;[k+1]; fori € {1,2,--- ,p—1} and j € {1,2,--- ,m;}. More specifically,
we use the bound in (3.1) with a minor change reflecting the fact that we are now probing
with T°w,M;[k + 1]; rather than T°w;[y;(kT)];. So (3.1) becomes (for i = j = 1):

gy

O(T* ) (lz (kT 4 (2n(1 — 1,) +
O(T)|M[k + 11| + O(T=7%) |m\|2-

As a result we end up with

Hﬁ[k + 1] — N[k + 1]” :O(Tl_‘;) sup l|x(7)||
[kT+(2ﬁ(l—lp)+1) )s(k+1)T) (A.7)
+O( [K)]| + O(T) [IN[k + 1] + O(T=>7°) |||l

It is easy to show that
Ak + 1] = O(L)v[k] + O(1)y(kT).

After we use the bound on y(kT') given by (A.4) to simplify this, we substitute the resulting

expression for M[k + 1] into (A.7) and use (A.6) to obtain a bound on sup  jz(7)]|
TE[RT, (k+1)T)

yielding (4.4):

IRk + 1] = 1k + 1| =0T =) (e (KT + [|AK]]]) + O(T) [k + OT°) il

4

A.4 Proof of Claim 1

Let k € Z™ be arbitrary. By definition, the near optimal centralized controller guarantees
closed loop stability. Thus there exist constants 79 > 0 and \g < 0 such that

e

To this end, freeze \g € (Ao, 0) and consider the unique positive definite solution P, of the
Lyapunov equation

0™t > 0. (A.8)

(Ae — M) Py + Py(A, — NoI) = —1 (A.9)
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Py
0 I
stability of the decentralized system. First define w[k] := e** ' z4[k]; it follows that

Using an expanded positive definite matrix P := { } we can analyse the Lyapunov

wlk + 1] = Ay(T)e T wlk], k>0
—_—
Aq(T)
Given the Lyapunov candidate function
V(wlk]) == w[k]" Pwlk]
we would like to show
AV[k] := V(wlk + 1]) = V(wlk])
= W[k]"(Au(T)"PA4(T) = P)wlk]
is negative definite. After some simplifications, we see that
P(T):= P — Ay(T)"PA4(T)
becomes
IT + O(T?79) O(T)
O(T) I+ O(T*2)

Pu(T) Pra(T)

We partition P(T') as [ Pu(T) Po(T)

} in a natural way.

For sufficiently small T, the term Py, is positive definite. Moreover the Schur comple-
ment of Pi1(T) in P(T) is

PQQ(T) - Pgl(T>p11(T>_1P12(T) - ] + O(T)

is clearly positive definite. It follows that —P(T) is negative definite. Using standard
arguments, it follows that for small T" there exists a 45 > 0 such that

W]l <50 lw[O]]], & = 0.
Hence, it follows immediately that for small T,

lzalk]| < Foe**" |lzal0]]|, K > 0. (A.10)
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